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Abstract

Robust quantum routing is essential for scalable quantum technologies. This paper
investigates the resilience of routing protocols in network architectures designed for
perfect, high-fidelity transfer of both classical and quantum information under ideal
conditions. We encode information in the position of a quantum walker on a graph,
modelling the routing of a generic qubit state from a single input to multiple (orthogonal)
outputs. We analyse and assess routing performance in various regimes, evaluating their
robustness against static and dynamical noise.

1 Introduction
Quantum routing is a fundamental protocol for directing quantum information encoded in a
general quantum state across physical systems [1-3]. It consists in applying controlled Hamiltonian
operations that select specific communication paths without disturbing the quantum states being
transmitted. This capability is becoming increasingly relevant, as nearly all quantum information
protocols, from computation to networking, require efficient and robust methods to exchange
information both within quantum devices and over long distances. The field is receiving attention
in several directions. On a hardware level, routing can be implemented in noisy, near-term
quantum devices integrated with error correction schemes [4]. Alternatively, a router architecture
can be constructed from quantum memories connected via a photonic switchboard to manage
entanglement distribution across quantum networks [5]. Furthermore, machine learning techniques
are being employed to design architectures that optimize routing paths for maximum
throughput [6]. Experimentally, a wide variety of platforms have demonstrated quantum routing.
Successful proposals and implementations have been based on interferometric approaches [7],
superconducting quantum circuits [8], optical systems [9-12], among others [13-17]. On the other
hand, network-theoretical tools often provide a distinct advantage by significantly reducing the
number of required measurements compared to usual methods applied in repeater schemes [18].
Quantum spin chains provide a well-established platform for implementing quantum state
transfer [19-22] and routing [23,24]. Indeed, in the single-output setting, this problem is typically
referred to as quantum state transfer and has been widely investigated in those systems [25,26]. In
spin models, if the Hamiltonian conserves the number of excitations, the problem can be
reformulated as a continuous-time quantum walk (CTQW), by restricting the analysis to the
single-excitation subspace [27]. The goal, in this case, is to transfer an arbitrary superposition state
from one spin to another. Within this setting, it is known how to choose the edge weights to
achieve perfect state transfer [28]. Similarly, the task of quantum routing can be analysed in the
single excitation subspace, i.e. in terms of CTQWs on the underlying network, thus offering a
convenient representation for studying quantum transfer schemes in networked quantum systems.
Single-particle CTQWSs describe the coherent evolution of an excitation over a discrete set of
positions whose connectivity defines the underlying graph [29,30]. Extending the CTQW concept
to Hamiltonians with complex-valued couplings introduces directionality into the dynamics, giving
rise to chiral quantum walks [31-33]. QW inherent quantum properties, like self-interference,
together with chirality enables routing of quantum and classical information [34,35]. Moreover,
chiral QWs have been employed in quantum transport and state transfer schemes [32,36-40] as
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well as for quantum algorithms [41,42]. Progress in the study of chiral QW has lead to networks
models that theoretically support pretty good [43] and perfect routing through chiral control [44].
In this paper, we investigate the robustness of quantum routing protocols implemented in an
architecture that, under ideal conditions, support perfect routing of both classical and quantum
information (i.e., with unit routing fidelity). Our goal is to assess how imperfections and noise
affect the routing performances in possible implementations.

This paper is organized as follows. In Section 2 we review the theoretical framework underlying
CTQWs and quantum routing, and introduce a network topology supporting perfect quantum
routing. We then introduce two paradigmatic kinds of noise, modeled by static von Mises or
Gaussian error distributions, and dynamic Ornstein-Uhlenbeck processes. In Section 3, we discuss
the robustness of routing against noise, identifying noise regimes in which the routing fidelity
remains sufficiently high to enable a reliable transmission of quantum information. Finally, in
Sections 4 and 5, we provide a summary of our findings and discuss their implications for the
transmission of quantum information.

2 Method

In this section, we first review the fundamental concepts of graph theory together with the basis of
routing procedures, which allows us to define the network structure and its associated quantum
dynamics. In this framework, a router is a quantum network with one input region associated with
|¢i“> and n possible outputs associated with {|¢0m>§:17_”,n}- We then analyse the impact of
multiple noise sources on the ideal routing protocol.

2.1  Quantum walks on networks

The transfer of the information encoded onto a quantum state across a discrete structure can be

modelled through a continuous-time quantum walk on a graph, in which the time evolution of the

system takes place in a position Hilbert space ¢ = span{|z)}. The states |z) are the sites of a

N-dimensional discrete network associated with a graph G (V, £) with vertices (or nodes) V and

edges £. The graph topology, i.e. the connections between the nodes, is fully characterized by the

adjacency matrix A of the graph, whose elements A;j, correspond to the edges:

Ajk:{l 1f]7ék.:and(j,k)€5, (1)
0 otherwise.

The adjacenct matrix is a valid generator for the dynamics of CTQWs, and indeed a common
choice for its Hamiltonian. On the hand, the quantum nature of the system allows us to consider
also non-real but Hermitian matrices [31,33,45], as

ij = Ajk 6_i¢jk, (2)

where the phases ¢, € [0, 27) (satisfying ¢;r = —¢x; to ensure the Hermiticity condition)
describes the effect of local gauge (e.g., magnetic) fields [33]. Weighting the edges of the network is
also possible, and corresponds to tuning the moduli of the transition amplitudes in the
Hamiltonian, e.g. setting |H;x| = 8% € Ry. In turn, the edge weights can be controlled, by
changing the distance among the elements of the network [46-50].

2.2 Qubit quantum routing by CTQW

An ideal quantum router is a distributed system that takes an input quantum state supported by a
small subset of nodes {’x;“>} and deterministically transfers it to a designated target subset
{’x?“t>}g, without any losses or decoherence. The target location is selected by tuning the
Hamiltonian parameters £, such as couplings and phases. The time evolution associated with the
transferred quantum state, setting A = 1, is given by

|,¢out>5 _ U({,t*) |win>’ U(€7t*) — o H(E) t*7 (3)

where t* is the routing time at which the evolution achieves perfect state transfer to the specified
output nodes. The time evolution operator effectively acts as a projector from the initial state into
the desired output state |¢)°ut) ¢ <1/1m|. For the routing a generic quantum state

|win> _ ij SU;H> % |¢OUt>£ _ Zwy |.’E?Ut>£, (4)
J J
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where the amplitudes 1); are preserved while the support of the state is changed from the input
nodes to the target ones. In order for the routing scheme to work correctly, the dynamics must
exhibit a universal routing time t*, that does not depend on the input state ‘wi“>. Moreover, the
input [)™) and all the possible output states {|)°"*) ¢} must be mutually orthogonal, i.e.
<win|w°‘“>€ =0 V¢ and , (" [¢°1"), = 0V, v with § # v, ensuring that each routed state is
perfectly distinguishable from both the initial state and from the states associated with other
targets. Finally, the protocol must allow for the possibility to select the desired output through the
controlled tuning of the Hamiltonian parameters, such that |¢°ut) e=U (&,t%) |¢in> and

|,¢out>y — U(Z/, t*) win>.

As the basic building block of quantum technologies is the qubit, we focus on the routing of qubit
states. The state of the qubit is encoded in the position of the walker, i.e., in the superposition
states over two nodes of a graph {‘xll’“)& , |xi2“>§}, such that the input and output qubit take the

form:
) = (2) o) + s (3 o
) o (5) )+ () »

with o € [0, 7] and x € [0,27) and the pair of nodes {[z9""),[2$""),} identifies the target location,
which is selected through the choice of the Hamiltonian parameters £.

A topology enabling perfect quantum routing has been put forward in [44] and termed Lily
Graph. Its structure is depicted in Fig.1a. We also notice that other networks may support perfect
quantum routing. Indeed, every graph which is reduced to the Lily Graph grouping together
identically evolving vertices inherits the same time evolution properties, and consequently the
operational function of quantum routing. The Lily router consists of a central set of nodes
connected to several identical branches, arranged so that quantum states can be routed from any
chosen input branch to any selected output branch with unit fidelity independently of the form of
the initial wave-function. The aim is to route an initial qubit encoded in nodes |1) and |2) into the
qubit identified with the vertices |r) and |f). The Hamiltonian corresponding to the Lily graph is
the sum of the adjacency matrices of the different layers of the structure, i.e. the input layer Z, the
chiral layer C, the routing layer R and the output layer O, as:

H (n, B, o, ¢1, p2) = Az + BCc (¢0) + BCR (n, b1, $2) + Ao(n). (6)

Az refers to the input adjacency matrix, i.e.
Az = [1) (2] +[2) (1], (7)

and is associated to the input state ’wi“>. Then, there is the chiral adjacency C¢ contribution
which reads: A
Ce (¢o) = €% 12) (k1| + [2) (ka| + hec.; (8)

the routing adjacency Cr(n, ¢1, ¢2), defined as

n

O (n,¢1,02) = ) (e”” (k1) (1] + [k2) <l|> +e |r) (k| + |r) (ko] + hoc. 9)

and finally, the output adjacency Ap which is given by

n n
Ao () =) U1+ 19 (] 3237 (1) (ol + Jo) ) (10)
lER 0O
I#r o#f
Since in principle the number of outputs can be arbitrarily high, to efficiently study the quantum
dynamics over the Lily graph it is necessary to resort to dimensionality reduction
techniques [51,52]. Grouping identically evolving vertices [53], it is possible to get an orthonormal
basis for the Lily Graph. The new basis, which preserve the properties of dynamics in the graph,
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o
I

(a) Lily Graph topology (b) Reduced Lily Graph topology

Figure 1: (a)- The input nodes (|1) and |2)) are green and magenta labelled, the chiral layer ({|k;)}),
composed of 2 nodes, is blue labelled, the routing layer (|I) and |r)) composed of n vertices is yellow
labelled and the n outputs (| f) and |o)) are orange labelled. Here for simplicity the structure present
3 outputs, but in general the number of outputs can be arbitrary high, as theoretically presented
in Eq.(10). (b)- Reduced Lily Network. Exploiting the symmetry of the structure, it is possible
to define a reduced network, in which the vertices associated with the same quantum probability
are grouped together. The colour palette reproduce the one presented in Fig.1la. The mathematical
definition of each node is presented in Eq.(11).

but with a lower Hilbert space dimension, reads

D=1, )=,

3) =5 (e lin) + )
=, 5)=1n
6 ——>"1)
i
7 =———>" 1o
o7

(11)

In such basis, it is possible to write a reduced Hamiltonian that reproduces the quantum dynamics
of the overall structure, as H; ; = <z’ H ‘j>

0 1 0 0 0 0 0
1 0 BV2 0 0 0 0
N 0 BV2 0 EB,v) 0 I'(n,B,6) 0
H(n,B3,7,8)=10 0 =2*(8,7) 0 1 0 o], (12)
0 0 0 1 0 0 0
0 0 I*n,pB,0) 0 0 0 1
0 0 0 0 0 1 0

with the coefficients Z(8,v) = B(1 + e~ “@1+90)) /\/2 and T'(n, 3,0) = B/(n — 1)/2(1 4 e~ #(¢2F0))
depending only on the effective phases v = —(¢1 + ¢o) and 6 = —(d2 + ¢o). These two coefficients
govern two distinct properties of the structure. Z(8, ) is related to the transition probability
between the input and output state, while I'(n, 8, 0) is related to the probability of unwanted
routing, as it mathematically represent the connection of the undesired output with the rest of the
network (see Fig.1b). Upon setting the value of 8 = v/3/2 and ¢y = ¢1 = 7, o = 0 at time

t* = 7+ 2mm, with m € N, the time evolution operator is reduced to [44]

Ut =7+ 2mm) = e 1 = |1) (5| + 2) (4] + [3) (3] + |B) (1] + |2) (3| + [6) (7| +|7) (6], (13)
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and then the routing procedure perfectly transport the initial qubit

[ (0, X)) = cos( ) 1) + e'x sm< ) |2) (14)

into the target qubit

|1l}°ut(a,x)> = cos( ) |5> + e'x sm( ) ’4> (15)

Summarizing: the structure supports ideal quantum routing from the initial nodes nodes |i> = 1)
and |§> = |2) to the desired output nodes }Zl> = |r) and |5> = |f), excluding from the dynamics all
the unwanted output regions. The position of the phases allows the selection among the possible
outputs, acting as the parameter & that discerns the n outputs. Additionally, as expressed by
Eq.(13), the symmetry of the structure guarantees that each selected output can also act as an
input and, vice-versa, the input can act as an output region. This property guarantees that the
Lily Graph is a network that support quantum information exchange among n senders and
receivers (see Appendix A for further details).

On the other hand, in physical implementations the fine tuning of the parameters 3, v and 4 is
inevitably affected by some uncertainty due to noise sources, leading to non-perfect routing
protocols. In the following we will analyse the impact of different noise models on the routing
procedure to assess its robustness against static imperfections and dynamical fluctuations in the
parameters 3, v and 9.

2.8 Phase Noise Models

The routing procedure strongly depends on the value of the phases v and ¢ in Eq.(12). If v = 7 the
coefficient I'(n, 5,6) = I'(8,v) = 0 and the dynamics of the systems involves only the desired
output region among all the possible n outputs. Contrariwise, if for some noise effect v # 7w the
information may also be routed to the undesired outputs, leading to potential loss of information.
Additionally, the coefficient = (3, 0) is a source of noise if § # 0, as it changes the transition
amplitude from the input to the output spatial region.

2.83.1 Static Phase Noise As a first noise model, we analyse the effects of static fluctuations in
the phases v and 6, as Ynoisy = ¥ + €1 and dnoisy = 0 + €2, in which the two independent random
variables {e1, 2} follow the von Mises distribution [54-56]:

ekr cos €

pr(e) =
where Iy(k) is the modified Bessel function of the first kind. The parameter k is a concentration
parameter, which controls the distribution’s width: larger k lead to a tighter distribution around
€ = 0. We assume that the k is the same for the distribution width of both €¢; and e5. This working
condition is physically justified by the experimental procedure that induce the phases, which
consist in the application of local magnetic fields [57]. For small values of k, the von Mises
distribution is well approximated by a Gaussian with variance 02 = 1/k. Starting from an initial
state |¢'"), the evolved state in the presence of static phase noise be expressed as:

pla, x,n,t, B,7,6, k) = (17)

/ / dey d62pk 61762) (n7t7ﬂ7’)’+61754‘62)|1/Jin(04aX)><1/Jin(04aX)|UT(n>taﬁ7’Y+61754‘62)7
where the single realization evolution operator is U(n,t,~v + €1,0 + €3) = e—iH(nty+er,d+e)t

2.3.2  Dynamical Phase Noise To include dynamical noise in the routing scheme, we model phase
fluctuations using a Ornstein—Uhlenbeck (OU) processes [43,58]. OU noise is a Gaussian,
mean-reverting, stochastic process {X;}: governed by the differential equation:

dX, = 0(p — X,)dt + 2 dW, (18)

where p is the long-time mean of the process, 8 is the mean reversion speed, ¥ the volatility and
dW; is a Wiener increment. For a random initial condition, the variable X; follows a normal

2
distribution with variance o2 = % for all ¢, including the initial time. For small k, the OU process

may be seen as the dynamical counterpart of the von Mises noise through the approximation
2
o? ~1/k.
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If OU noise affects the chiral phases, the Hamiltonian becomes time-dependent and the
dynamics of an initial state pg = !z/Jm> <1/)m| over the router is described as an ensemble average
over all realizations of the stochastic process, that is,

p(a7 X’ n) t’ B’ 77 67 E? 9) = <U(n7 t7 /6’ ’y? 57 Z’ 9) po(a7 X) UT(n’t)/87’y7 67 Z’9)>)( (19)

where U(n,t,3,7,0) = Te—ily dHnBA().6() ig the evolution operator generated by the
time-dependent Hamiltonian H(n, 8,~(t),d(t)), T is the time ordering operator, (t) and d(t) are
stochastic phases describing a OU process according to Eq.(18) and (-) x denotes the ensemble
average over the realizations of the noise process X.

2.4 Weight Noise Models

Fluctuations in the coupling strengths between the nodes of the network [59] also affect the routing
performance. Previous works have shown that an appropriate distribution of couplings weight in
spin network is fundamental for achieving high fidelity state transfer [25,60,61], and the same
applies to quantum routing [44]. As for phase noise, we examine the influence of both static and
dyanmical noise. Differently from the phase noise models, however, a sub-optimal value of the
parameter S does not route the quantum information to unintended outputs. Instead, it only
changes the probability of finding the quantum state in the chosen output. This difference arises
because the phases determine which outputs participate in the dynamics of the initial state.
Indeed, they induce destructive interference in all undesired regions while enabling constructive
interference only at the selected output. The weight 3, on the other hand, ensures a unit transition
probability from the input to the output region [44].

2.4.1 Static Weight Noise Static fluctuations in the weight S may be described by writing
Broisy = B+ ¢, where ¢ is drawn from a Gaussian distribution:

po(C) = (20)

Unlike the phase parameters, here we employ a Gaussian distribution because [ is not restricted to
a compact domain, in contrast to v and §. Nonetheless, this Gaussian distribution is comparable
with the von Mises one, through the above-mentioned correspondence o2 — 1/k, valid for small k.
As for the phase noise, the time evolution of the initial state |[¢)'™™) in such noisy network can be
expressed as

oo

p(a,x,n,t,ﬁm&o):/ d¢p(Q)U(n,t, B,7,6,¢) [¥™(a, X)) (™ (a, X)| UT(n, t, 8,7,6,¢).  (21)

— 00

2.4.2  Dynamical Weight Noise The dynamic weight noise is modelled using an OU process,
following the same framework used for the phase parameters in Eq. (18). In this case, however, the
stochastic perturbation acts on the coupling weight 3, rather than on the chiral phases of the
Hamiltonian.

3 Results

A central step in assessing the performance of a quantum routing protocol is to quantify how
different noise mechanisms affect its ability to faithfully transfer quantum information. Given a
specific initial state, the routing fidelity quantifies the overlap between the time evolved state and
the desired target output state. Since no preferred input state undergoes the routing procedure,
the performances of the Lily network is characterized by evaluating the average routing fidelity in
the presence of noise. This quantity is obtained by averaging the fidelity over all possible input
states, as defined in Eq. (14), on the Bloch sphere. The average routing fidelity in the presence of
noise, may thus written as

_opt - 1" o _opt -
F(n,t, i, 7,) = E/Smada/ dyx (0" (e, x)| plov, X ma b, e ) [0 (e, X)), (22)
0 0

where, for simplicity, we omitted the subscript that specifies the dependence of the target output

state on the protocol parameters. The optimal set of Hamiltonian parameters (i.e, 8 = @, v=0

and § = ) is denoted by 7] ;’Ipt, while 77, refers to the parameters associated with the chosen noise
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Figure 2: Effect of static Phase Noise — (a) Average quantum fidelity as a function of time, for
different values of the concentration parameter k and for n = 2 outputs. To facilitate the comparison
with the dynamical noise, we label the curves with the effective Gaussian variance 02 = % The
continuous gray curve is the unperturbed unitary case and the vertical grey lines mark its first
peaks, located at t = 7 and ¢t = 3. (b) Scaling of the maximum of the average fidelity as a function

of the effective Gaussian standard deviation o = \/% , for different number of outputs.

model. Depending on the kind of noise, 7j,, may represent the concentration parameter k for the
von Mises distribution, the drift @ or the volatility ¥ for the OU noise or to the variance o2 of a
Gaussian distribution. Any reduction in the mean routing fidelity compared to the noiseless case is
a signature of imperfect routing process. The detailed derivation of the fidelity expressions for each
noise source is reported in the Appendix B. For notational convenience, in the following we will
refer to the mean fidelity simply as F', keeping its dependence on all the parameters (n,t, ﬁflpt7 7Tn)
implicit.

3.1 Phase Fluctuations

In this section, we discuss how static and dynamical fluctuations of the phases § and v impact the
routing protocol. In both the static and dynamic scenarios, the analysis for different number of
outputs is required, since the noisy phases no longer guarantee perfect constructive interference at
the desired output nor destructive interference at the unwanted ones. For this reason, we consider
routing networks with n = 2,10, 30 outputs and, for each value of n, we evaluate the effect of both
static and dynamic phase noise.

3.1.1 Static Phase Noise In the presence of static phase noise, the main effect of the noise is a
progressive degradation of the periodic ideal routing of the initial state towards the target output.
As shown in Fig.2a, an increase in the noise strength leads to a gradual reduction of the height of
the fidelity peaks!. This behaviour occurs because phase fluctuations perturb the value of the
parameter Z(3, ), hence modifying the transition probability between the input and the selected
output region. However, the protocol is quite robust at the first ideal routing time ¢* = 7, which
still exhibits a considerably high fidelity peak within the considered noise range. As noted above,
the constructive and destructive interference condition depends on the number of outputs n, which
in turn determines the robustness of the overall procedure. In Fig.2b different shapes and colours
correspond to a different number of outputs n, showing that larger number n of outputs results in a
more significant impact of noise on the routing process. This increased sensitivity arises because a
higher number of outputs modifies the parameter I'(n, 8, §) appearing in Eq. (12), enhancing
unwanted transmission toward non-selected outputs.

3.1.2 Dynamical Phase Noise We next examine the effects of time-dependent phase noise,
modelled as an OU process. The dynamical noise model extends the static case by introducing

1The noise strength is represented by the parameter ¢ in Fig.2. This parameter is related to the von Mises
concentration parameter k through the correspondence o2 =~ 1/k. We use the quantity ¢ here because it allows for a
more direct comparison with the other noise models considered in this work
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temporal fluctuations of the phases, with the static scenario recovered in the limit of infinitely slow
dynamics. In this sense, the OU model provides a broader characterization of phase noise in routing
protocols. The behaviour observed under OU noise is similar to the von Mises one. As shown in
Fig. 2b and Fig.3b, the scaling of the main fidelity peak is comparable. This trend is further
confirmed by the time evolution of the average routing fidelity shown in Fig.3a. Consistently with
the static scenario, the first fidelity peak remains robust also against dynamic noise. With the noise
strength considered, the first fidelity peak occurs, also in this case, around t* = m. This
demonstrate that the routing behaviour is robust also under time-dependent phase fluctuations.

1.0 1 noiseless 1.0 "TYRagge sess,
s T
0.8 | 0.91 ........"'-_. %00eee,
> 0.8 1 ...ﬁ
= '-._.
0.6 | 9., "'._...
|V E
0.4 1 X 06 .."-.
=
0.2 1 0.5
® 2 outputs
0.41 = 10outputs
0.0 1 30 outputs
0 2 4 6 § 10 12 00 01 02 03 04 05 06 07
time o
(a) OU Phase Noise Mean Fidelity (b) OU Phase Noise Maximum Fidelity Scaling

Figure 3: Effect of the OU dynamic Phase Noise- (a) Average quantum fidelity as a function
of time, for n = 2 outputs and for different values of the noise parameters # and X. The parameter
0 is kept fixed at the value of 1 while ¥ = 0.4 (green), ¥ = 0.8 (blue) and ¥ = 1 (red). The
curves are labelled with the effective Gaussian variance (02 = g—;) The continuous gray curve is
the unperturbed unitary case and the vertical grey lines mark its first peaks, located at ¢t = 7 and

t = 3m. (b) Scaling of the maximum of the average fidelity as a function of the standard deviation

o= ?—; of the effective Gaussian distribution for different numbers of outputs.

3.2  Weight Fluctuations

We now proceed by examining the effect of the edge weight fluctuations. Even before performing
the numerical analysis of the fluctuations in 3, it is possible to identify a substantial difference
between this noise and the phase fluctuation models. When the chiral phases are set to their ideal
value, the weight noise influences the fidelity of the routing protocol independently of the number
of outputs n. This happens because the chiral phases determine the routing destination, while the
parameter S only governs the magnitude of the transition probability between the input and the
selected output state. Mathematically, this is reflected in the behaviour of the parameter I'(3, d),
which quantifies the transmission of the information towards the non-selected outputs. If the
optimal chiral phases are chosen, then I'(3,6 = 0) = 0 V 3, ensuring that, regardless of the value of
the weight parameter, transmission from the input to any unwanted output remains zero, as long
as the phases are set correctly.

3.2.1 Static Weight Noise The main effect of the static weight fluctuation consist in the decrease
of the maximum fidelity as the noise strength increases. Nonetheless, as for the phase noise, the
routing procedure proves quite robust at the first ideal routing time, i.e. t* = 7, showing a
considerably high fidelity peak in the considered noise range, see Fig.4a. Even if the effect of the
noise is comparable to the phase fluctuation one, their origin is substantially different. The
reduction of the transition probability from the input to the desired output state is originated from
the explicit dependence of the Hamiltonian terms <i| H ’3> = V2 and <i’ H ‘Zl> = Z(8,~) over the
weight parameter. A deviation from the ideal value of 8 = v/3/2 directly influences the time
evolution operator leading to a non perfect routing of information. In Fig.4b we show how the first
fidelity peak scales as a function of the noise strength (indepndently of the number of outputs n).
A direct comparison of these results with the phase fluctuation scaling in Fig.2b shows that, even if
weight fluctuations do not induce leakage of information towards undesired outputs, they degrade
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the height of the first fidelity peak faster than the phase noise for n = 2,10, 30 for a fixed value of
o. This indicates that for a moderate number of outputs (our numerical results have been obtained
for n < 30), weight fluctuations constitute the main source of noise affecting routing performances.
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Figure 4: Effect of static noise on the weights —(a) Fidelity over time averaged with respect to
the initial state, for different values of the variance ¢2. The continuous gray curve is the unperturbed
unitary case and the vertical grey lines mark its first peaks, located at t = 7 and t = 3.

(b) Reduction in the peak Fidelity as the standard deviation of the weight Gaussian distribution is
raised.

3.2.2 Dynamic Weight Noise Finally, we consider dynamical fluctuations of the weight 8. As in
the case of dynamic phase noise, the OU model for weight fluctuations generalizes the static
scenario. The qualitative agreement between Fig.4b and Fig.5b confirms it. The scaling of the
main fidelity peak exhibits the same qualitative behaviour in both static and dynamic regimes. As
for the other considered noise models, the main effect is a reduction of the first fidelity peak, which
nonetheless remains highly pronounced around t* = 7. This behaviour, consistently observed for all
noise models, highlight an almost universal feature of the routing protocol, effectively promoting

t* ~ 7 to a suitable routing time even in the presence of noise. In other words, irrespective of the
main source of noise (phases or weight) and of its temporal structure (static or dynamical) the
routing fidelity always reaches its maximum nearly at the same universal time and this is a relevant
feature of the scheme.

4 Discussion

Chirality constitutes a key resource for the design of efficient quantum routing protocols.
Particularly, the introduction of chiral phases in the network plays a central role, as it enables
interference effects that cannot be realized with real Hamiltonians and that are essential for
achieving high-fidelity quantum state transfer. Our results show that the protocol maintains a
large degree of robustness under different noise conditions suggesting its potential for the
development of qubit-based quantum communication schemes. Let us now summarize and discuss
results in two specific frameworks.

4.1 Noisy Qubit Routing

For routing of qubits, chiral phases are fundamental for achieving perfect quantum routing, as they
enforce the directional interference patterns required for deterministic information transfer.
However, when noise perturbs the chiral phases, the routing fidelity decreases with increasing noise
strengths with respect to the noiseless case. This degradation is stronger when multiple output
ports n are available. This dependence arises because fluctuation in the chiral phases alter the
reduced topology of the network (see Fig.1b) modifying the coefficient I'(n, 3, ¢) and the connection
between the unwanted outputs and the rest of the structure. Phase noise also affects the coefficient
=(8,7), which determines the transition probability from the input to the target output state. The
second relevant noise is related is the fluctuation of the weight parameter of the network.
Interestingly, the impact of weight fluctuations is independent of the number of outputs. When the
chiral phases are correctly set to their optimal values, the term I'(n, 8,5 = 0) = 0 for all the possible
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Figure 5: Effect of dynamical noise on the weights —(a) Average routing fidelity as a function

of time, for different values of the noise parameters 6 and X. The parameter 6 is kept fixed at the

value of 1 while ¥ = 0.1 (green), ¥ = 0.2 (blue) and ¥ = 0.3 (red). The curves are labelled with
2 =2

the effective Gaussian variance (0% = 55). The continuous gray curve is the unperturbed unitary

case and the vertical grey lines mark its first peaks, located at ¢t = m and ¢ = 3w. (b) Scaling of the

maximum of the fidelity as a function of the standard deviation o = \/g—; of the effective Gaussian
distribution.

value of the parameter (3, ensuring that there is no leakage of information towards the unwanted
outputs. The fluctuation of the S parameter, with the ideal values for the phases, only influence
the value of the coefficient Z(3,~) and thus affect solely the transfer fidelity. Our systematic
analysis provides a characterization of the routing performance under non-ideal conditions,
identifying regimes where high transfer fidelity remains achievable. Remarkably, we have found
that, regardless of the noise model or noise strength, the optimal routing time consistently remains
t* ~ 7, indicating an almost universal transfer time for noisy quantum routing protocols.

4.2 Long range noisy qubit routing and qudit routing

The structure of the Lily network can be in principle generalized to the routing of qudits, or qubits
over arbitrary distant spatial regions, by employing a larger number of nodes. Assuming that the
input and output regions are now composed of D nodes, the router implementation needs a weight
distribution as H(n, 3, ¢, ¢1, d2) [44]. For the correct phase distribution, the routing protocol is
effectively reduced to the transport of information from the selected input to the desired output
and the noisy time evolution can be compared to the noisy evolution in spin chains [26,59,62,63],
providing fundamental insights in the resilience of the procedure in engineered couplings. The
phase mechanism, corresponding to the chiral and routing layer, is the same as the one presented in
Fig.1a promoting the structure presented to the most general mechanism to implement quantum
routing in networks. The time needed to perform long range routing procedures turns out to be the
same as the standard qubit routing, i.e. t* = 7 [64] ensuring the universality of t* not only in noisy
conditions, but also for more complex protocols.

5 Conclusions

We have investigated the performances of quantum routing in a chiral network, focusing on the
transfer of arbitrary qubit states from a given input location to multiple possible outputs. Our
analysis have addressed the robustness of the protocol under several noise models, both static and
time-dependent thus providing a detailed characterization of quantum routing in noisy networks.
Our results show that the protocol is robust against moderate noise on the chiral phases or the
coupling weight. For higher noise strengths, the transfer fidelity progressively decreases, indicating
the operational limit of the routing scheme. Our results have shown that for networks with a
moderate number of outputs (n < 30), noise in the edge weights constitute the main source of
degradation, compared to the chiral phase fluctuation. Moreover, we have identified an almost
universal routing time under any noisy conditions. Indeed, the fidelity consistently reaches its
maximum at a time ¢t* & 7 in every noisy condition. Overall, our findings offer practical insight in
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the design of realistic communications architectures and provides guidelines for the realization of
next-generation quantum routing networks.
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A — Comparison between Routing and Multiple State Transfer
The main distinction between quantum routing and quantum state transfer lies in the different
number of resources required to implement the two schemes. Consider a system composed of n + 1
senders and receivers that want to exchange quantum information pairwise. Then they need
n(n +1)/2 independent channels that support perfect state transfer (see Fig.6a). A standard
implementation of such channel is a spin chain of length lqgr = 2D [28]. The total amount of
resources Rqst needed is then

Rqst = D(n2 +n) (23)

which scales quadratically with the number of senders and receivers.
On the other hand, exploiting the Lily graph symmetries (see Fig.6b) the resources Rqr
required for quantum routing reduce to

Ror =D(n+1)+2, (24)

since every sender and receiver channel, composed of just lqr = D elements, is connected through
the central routing structure (schematically represented as a Lily in Fig.6b). Choosing the length
lgr = D for each routing channel connected to the central structure, guarantees a fair comparison
between the two schemes since the total distance between any sender-receiver pair throught the
quantum router matches the state transfer channel length, i.e. lqsT = 2D. The +2 contribution in
Eq.(24) is due to the central routing structure, which is composed of just two vertices (see Fig.la)
shared by all the senders and receivers.

B — Average routing fidelity

In this section we derive in detail expressions for the average routing fidelity under different noise
models. We consider here that the control parameters of the Hamiltonian (namely, the weights and
the chiral phases in the pink and blue links of Fig. 1a) differ from the optimal ones reported

in [44], which lead to perfect quantum routing. Under the assumptions that the other links (the
ones with no weight or phase) are not affected and that the weights 8 fluctuate together, the
Hamiltonian can be written in the reduced form of Eq.(12). We now analyse two different noise
models: static noise, in which the control parameters of the Hamiltonian remain fixed throughout
the time evolution, and the dynamic noise, in which they continuously fluctuate in time. In both
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(a) Schematic procedure for multiple (b) Schematic Lily Network topology
state transfer. for quantum routing.

Figure 6: (a)— A perfect state transfer procedure for exchanging information among n senders and
receivers requires n(n+1)/2 independent channels. Each sender activates only one channel (depicted
as a continuous double red line) to communicate with the intended receiver, while all other channels
(shown as double dotted lines) remain inactive. (b)- A network connecting among each others
n senders and receivers through the Lily Topology. The chiral phases select the desired output
connecting it to the input (depicted as continuous double red lines) and leaves all the other channels
unused.

cases we considered fluctuations on either the weight value S or on the chiral phases to better
distinguish and isolate the effect of the different noises. Regarding the phases, we modelled the
noise in such a way that it affects directly the effective phases v and ¢ in Eq.(12).

B.1 Static Noise

Referring to Fig. 1a, we choose as the initial state the most general superposition of the states |1)
and [2), which coincide with the reduced states |1) and |2):

|1/)i’“(cu7 X)> = cos (%) |i> + eX sin (%) ’Q> The target state is then weighted with the same
coefficients in the chosen output branch: [¢°"(c, x)) = cos (%) |5> + e sin (%) |Zl> In the reduced
subspace, the time evolution operator U (n,t,B8,7,06) depends on the number of outputs, time, and
the actual configuration of the control parameters (the weight 5 and the effective chiral phases
{~,8}). For fixed Hamiltonian parameters, the evolution operator is U(n,t, 8,7, 8) = e *H(.87.0)t,
Due to the presence of noise, we do not have perfect control over the parameters 5, v and §
(denoted from now on by 7 ), which fluctuate according to a noise model described by the set of
parameters 77,,. The time evolved state is then described by

. . ) . T
. dﬁH p(ﬁHa ﬁjt?jpta ﬁn) U(na t, ﬁH? ﬁn) |’¢)’Ln(aa X)> <wzn(a, X)’ (U(’Il, t, ﬁHa ﬁn))

NH

(25)
The integration is performed over the possible realizations of the Hamiltonian parameters and is
controlled by the probability distribution p(7j, 7 flpt, 7jn), which depends on the actual values of the
control parameters 77y, on their optimal values ﬁ;}pt, and on additional parameters 17, associated to
the noise model.

As we are interested in assessing the routing procedures, the quantity of interest is the fidelity

between the evolved state and the target state, which reads

pla, X,y by i i) = /

Flo, x,m,t, it i) = (07" (a, x)| plas, o na 8, 10 i) [0 (0, X)) - (26)

Since there is not a preferred state for routing procedure, to evaluate the overall performances
of the structure, we calculate the quantum fidelity averaged over all the possible initial states:

-0 — 1 ﬂ-~ 2 ou =0 g ou
F(n7t’ant7TI7L) = E / Slnada dX <1/) t(OGX)‘ p(a’X7n7taant7nn) |1/’ t(O‘aX» . (27)
0 0

Overall, we have two different integrations: one over the Hamiltonian parameters and one over the
initial state parameters. By explicitly expressing the evolved state we can rewrite the previous
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expression:

—0 — 1 7r. °n ou = = =0 = 7 = n in
Pl ) = g [smadan [y (o0 | [ ot 73775 D 087,70 [670,20)
n

H

. ~ T
<1/Jm(0¢a X)| (U(TL, t,1H, nn)) :| |1/)OUt(Oé7 X)> )
(28)
and by changing the order of the integrals

F(TL t nopt7ﬁn) -
N - =0 - [1 Tr- ’r ou 7 — = in
:/dan(nH7ant777n) - smada/ dx (¥ (a, x)| U(n,t, 7w, ) [0 (0, X)) % (29)
TH LT Jo 0
in & — — t out
()| (Ot ) o0 0)

— — —0 — [ 1 Tl'. °r ou 7 — — in 2
:/dan(nH,ant,nn) o Osmada/o dx ]<w Yo X)| Un,t, e, i) @ (a,x)>’ ]
MNH L

/an (T, TPt ) % Oginada/;?:ix‘ (cos( ) <5{ + e sm( ) <4|)
U(n, t, e, ) (cos( ) 1) +e'x sm( ) ‘2)) ‘ } (30)

The integral over all the possible initial states (the quantity in square brackets in Eq. (29))
leads to

B T N S 2 T T
SU = (‘Ug)l’ + ‘U42‘ ) g + (U51U42 + ‘U41‘ + ‘UE;Z‘ + U42U51> 67 (31)
which provides a formula for the fidelity averaged over all the possible initial states, given the
matrix elements of the evolution operator U. Since we do not have an explicit analytic expression
for the evolution operator U, the integral over the Hamiltonian parameters is done numerically:

Fu 37 1) = | i o, T 7)o, 7). (32
NH
When the noise affects the chiral phases, the integration is over the effective phases v and § of

Eq.(12), both governed by a von-Mises probability distribution p(€) = gh oo 7 and Eq. (25) becomes:

2 Io(

( ; —opt / / kcos €1 ek cose€x ( ; /8 \/3 0 5 N ‘,L/)in )> y
o n n, = € =T € a,
P GG X T Uy Ty 7 . 27_(_1—0 27T10(k) - = 1 2 X

;
(W™ (a, x)| < (n,t,8 = fa7—0+6175—77+62)> derdes, (33)

where Iy(k) is the modified Bessel function of the first kind, and €3, ¢; represent the deviations
from the optimal values of v and §, namely 0 and 7. The parameter k, called concentration
parameter, controls the width of the von-Mises probability distribution: the higher it is, the quicker
the probability goes to zero when deviating from the mean value. Indeed, for high values of k, the
von-Mises probability distribution is well approximated by a Gaussian with variance o2 . In the
end, the averaged fidelity in Eq.(32) becomes

ot k cos €1 ek Cos €2 \/g
F T t,=—,vy=0 6= deydes. 34
( 77H 3 / / 271']0 271_]0(]{) gU(’IL 76 2 3 Y +613 7T+62) €10€2 ( )

If instead the noise affects the value of the weights, the integration is over the values of 3, and is
governed by a normal probability distribution with variance o2, Eq.(25) is reduced to:

—0 * e? - \/g in
ety = [ b5 =24 Gy = 0.6 =) 6" (@, 0)

—0 OV 2T
t
<win(a’X)| <ﬁ<n t,Bp=— \/g +¢,v=0, 6_7T)> dg, (35)
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where ¢ represents the discrepancy between the optimal value of the weight (5 = ‘[) and the
actual value. Eq.(32) becomes then

2

— o0 20

Fon oo = [ ot g = %2 4 ey =05 =mc (30
B.2  Dynamic Noise

Here we assume that the control parameters of the Hamiltonian (either the effective chiral phases v
and ¢ or the weight 8) continuously fluctuate around their optimal values. We call realization 7, [7]
the sequence of values that the control parameters assume over time. We numerically generate a
realization throughout an Ornstein-Uhlenbeck process centred in the optimal values. Once a
realization is generated, the evolution operator evolving the initial state at any time ¢ can be
obtained in an approximate form according to the Trotter-Suzuki formula as

U(n,t,ijar]) = o~ HH (0,7 [t=A]) At ,—iH (n,iTn[t—240]) At —iH (n,7j,[0]) At (37)

This procedure would give just the evolution operator associated to a single particular realization.
The stochastic nature of the OU process requires to mediate the results over the realization of
many different possible realizations (enough to arrive at convergence) to obtain reliable physical
results. Thus, the evolved state at a certain time t is obtained by averaging the evolved states
associated to every realization:

pla, Xm0, 8) = <U(n,t,ﬁn[T])pm(a,x) (U(n,t,ﬁn[ﬂ))T> ; (38)

Tn

where pin(c, x) = f¢i”(a,x)> <¢i"(a, x)|, |1/Jm(oz, X)> = cos( ‘1> + eix sm( |2> and we used
< ° >ﬁ to denote the average over the realization of the process. Note that after the averaging

procedure the state depends only on the optimal values of the Hamiltonian parameters (7] Ic}pt.

8= 2 ,7=0and § =), and on the parameters 0, % controlling the stochastic process . As for
the static noise case, since we are interested in the routing procedure, the target state

[t (o, x)) = cos (§) ’5> + eXsin (§) ’4> is pure, and the quantum fidelity between the time
evolved state and the target state reduces to

Fla,x,n, 1,0, %) = (7 (e, )| plas X, ns 71 2) [0 (@, X)) - (39)

To asses the mean routing performances and to compare them with Eq.(34) and Eq.(36) we
evaluate the mean value of the fidelity integrating over all the possible initial states:

—0 1 T : o ou —0 ou
F(n,t,ijF",0,5) = - / Sm(a)da/ dy (0 (a, X)| pla, x;n t, 7" ) | (o, X))
0 0

2

! " o out — in
— <47r/0 s1n(oz)cloz/0 dy (" (e, x)| U (n, t, 7, [7]) |07 (e, X)) |

Mn

— <§U(n,t,ﬁn[7])>ﬁ : (40)

7n

Practically speaking, since the average over the realizations is just a linear summation, it is
possible to exchange it with the integral over the initial states, and the evaluation of Eq.(40) is
reduced to the average over the different realizations of Eq.(32).
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