(,

J/ractional Calculus
& /(\pplied C\’nalysis

An Iriternational Journal for Theory and Applications

VOLUME 20, NUMBER 6 (2017) (Print) ISSN 1311-0454
(Electronic) ISSN 1314-2224

RESEARCH PAPER

ON GENERALIZED BOUNDARY VALUE PROBLEMS
FOR A CLASS OF FRACTIONAL
DIFFERENTIAL INCLUSIONS

Irene Benedetti ', Valeri Obukhovskii ?, Valentina Taddei *

Abstract

We prove existence of mild solutions to a class of semilinear fractional
differential inclusions with non local conditions in a reflexive Banach space.
We are able to avoid any kind of compactness assumptions both on the
nonlinear term and on the semigroup generated by the linear part. We
apply the obtained theoretical results to two diffusion models described by
parabolic partial integro-differential inclusions.
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1. Introduction

Due to the more flexibility given by the non-integer derivatives, frac-
tional calculus is an excellent tool for the description of memory and hered-
itary properties of various materials and processes. For instance, frac-
tional derivatives find interesting applications in variational principles, con-
trol theory as well as in fractional Lagrangian and Hamiltonian dynam-
ics. Among several different definitions we consider the Caputo fractional
derivative. It is especially suitable for physical applications. Unlike the
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Riemann-Liouville fractional derivative, the Caputo derivative of a con-
stant is zero and it allows a physical interpretation of the initial conditions
as well as of boundary conditions. For a survey on the subject see e.g.
[22] 25| 28]. We consider ultraslow processes, i.e. when the derivation or-
der a € (0,1). For results on intermediated processes, i.e. when «a € (1,2),
see, e.g., [11].

Since the pioneering work of Byszewsky [10], nonlocal problems have
been extensively studied for their interest in several contexts. For instance,
Deng in [13] showed that the so called multipoint boundary value problem,
which allows measurements at ¢t = t; € [0,b],4 = 1,...,n rather than
just at the initial time ¢ = 0, gives better results in the description of the
diffusion phenomenon of a small amount of gas in a transparent tube. More
recent results in this topic are due to Benedetti, Malaguti and Taddei [6],
Benedetti, Taddei and Vath [§], Garcia-Falset and Reich [17] and Paicu
and Vrabie [26].

In this paper we give existence results for the solutions of two diffusion
models driven by fractional parabolic differential equations with the non-
linearity depending on an integral term, precisely, for t € [0,b] and x € Q,
a bounded domain in R” with a sufficiently regular boundary:

CDiz=Az+f (t,a:, /Q E(x,€)z(t,€) d§> (1.1)

and

CDgz(t,r) € v2(t, x)

# (e [ ke st de) o (10, [ b s0.0)dc) |
(1.2)
We consider equations (L) and (L2) associated with several nonlo-
cal conditions, see Section Ml for the detailed problems description. These
kind of problems, coming from applied sciences, describe anomalous dif-
fusion in disordered materials or with memory effects. For instance, the
first equation is a perturbation by means of a nonlocal forcing term of the
diffusion of particles verifying a generalized Fick’s second law, for other
kind of perturbation we refer to [I] and [32]. Important applications in-
clude viscoelasticity and seismic-wave theory, diffusion in turbulent plasma,
fractal media and porous media (see, e.g., [19] and the references therein).
The second equation arises in population dynamics theory, it is a nonlinear
perturbation of fractional epidemic models in which contacts between indi-
viduals are spatially distributed, for fractional epidemic, predator-pray, or
birth-processing models see [3], 4, [I4] and the references therein.
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We transform equations (L)) and (L.2) into the following class of frac-
tional semilinear differential inclusions with non local conditions in abstract
space:

CDey(t) € Ay(t) + F(t,y(t)), for a.e. t € [0,b],
Ly € M(y) (1.3)
0<a<l,

where y is a function with values in a reflexive Banach space E,¢D®
means the Caputo fractional derivative, A is the generator of a bounded
Co—semigroup {T'(t)}s>0; F : [0,b] x E — E is a multivalued map; L :
C([0,b]; E) — E is a linear operator and M : C([0,b]; E) — E is a non
necessarily linear multioperator.

The boundary condition considered is fairly general and obviously in-
cludes the initial valued problem, the periodic and anti-periodic problem
and more general two-point problems as well as several nonlocal conditions.
For instance, the following particular cases are covered by our general ap-
proach:

b

(i) M(y) = 3 /0 p(t)y(t) dt with p € L([0,b],R).
n

(i) M(y) = > aiy(si) + o, with yo € E, a; # 0, s; € [0,b], i =
1,...,n. =

(iii) M(y) = B, with B C E a prescribed set.

In this paper we prove the existence of mild solutions to problem (L.3]),
obtaining the corresponding existence of solutions to ([LI) and ([2)) with
z € C([0,b], L3(£,R)). We extend to semilinear differential inclusions a
recent result obtained in [7] given for fully nonlinear inclusions. It is worth
noting that considering a semilinear inclusion instead of a fully nonlinear
one it is not a trivial generalization. In literature there exist several defi-
nitions of mild solutions to fractional semilinear differential inclusions. We
consider the one introduced in [I5] 34], since it is satisfied by a possible
strong solution (for details see Section 2] and [3)). For a different definition
see the survey [30].

Contrary to the case of fully nonlinear fractional differential equations
(or inclusions), see e.g. [2], few results are known for semilinear fractional
equations or inclusions with nonlocal conditions. Some papers concern non
local conditions for an equation (see [23]), others deal with a generalized
Cauchy condition for inclusions (see [12], 24 [31]). However, in all quoted
results and usually in literature in order to solve fractional differential prob-
lems of type (I3) in an infinite dimensional framework some compactness
assumptions are required on the semigroup generated by the nonlinear part,
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or on the nonlinear term. For instance, a regularity assumption in terms
of measures of non compactness is required on the non linear term or the
linear part is assumed to generate a compact semigroup (or a compact
evolution operator).

Unlike all those results, by means of a technique based on weak topology
and developed in [6], we are able to prove the existence of at least a solution
of problem (L3]) avoiding any kind of compactness hypotheses both on the
nonlinear term F' and on semigroup generated by the linear part.

2. Preliminaries

Let (E,| - ||) be a reflexive Banach space. We denote by E, the space
E endowed with the weak topology and by B the closed unit ball in E. For
a set M C E, the symbol M" means the weak closure of M while

M == sup{lly[| : y € M}, (2.1)

denotes the norm of a bounded set M.

In the whole paper we denote by || - ||o and || - ||, the C]0,b]; E)-norm
and the LP([0,b];R)-norm (p < oo) of a function respectively. We recall
(see [9, Theorem 4.3]) that a sequence {y,} C C([0,b]; E') weakly converges
to an element y € C([0,b]; E) if and only if

1. {yn} is uniformly bounded, i.e., there exists a constant ||y, (¢)|| < N,
for each n € N and for each t € [0, d];
2. yn(t) — y(t) for every t € [0, b].
For a function f : [0,b] — E, the definition of the Riemann-Liouville frac-
tional derivative with 0 < a < 1 is the following:

oy L d [t fs)
0= =y ), -

where I' is the Euler function:
o0
I'(«) :/ 2 e d.
0

The Caputo fractional derivative is defined through the Riemann-Liouville
fractional derivative as

[“D°f](t) = D*[f(-) = F(O)](t).
Let us briefly recall that a multivalued map (multimap) ®: X — Y of
topological spaces X and Y is a relation that assigns to every point x € X
a nonempty set ®(z) C Y. A multimap ® of Banach spaces is called
weakly sequentially closed, provided the conditions z,, — xg, ¥, — o, and
Yn € ®(xy,), imply yo € ®(xp). It is clear that this condition is equivalent to
the hypothesis that ® has a weakly sequentially closed graph. A multimap
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®: X — Y is said to be upper semicontinuous (u.s.c. for short), if the set
(V) :={r € X : ®(x) C V} is open for every open subset V C Y.

Finally, for sake of completeness, we recall some results that we will
need in the sequel. Firstly we state the Glicksberg-Ky Fan fixed point
theorem ([16], [18]).

THEOREM 2.1. Let K a non-empty compact convex subset of a locally
convex topological vector space and G : K — K a u.s.c. multimap with
closed, convex values. Then G has a fixed point x, € K : z, € G(zy).

We mention also a result contained in the so-called Eberlein-Smulian
theory.

THEOREM 2.2. [2I Theorem 1, p. 219] Let Q2 be a subset of a Banach
space X. The following statements are equivalent:

1. Q is relatively weakly compact;
2. Q) is relatively weakly sequentially compact.

We assume that A : D(A) C E — E'is a linear, not necessarily bounded
operator generating a bounded Cp-semigroup 7" : Ry — L(FE), i.e., a family
of bounded linear operators T'(t) : E — E, for t € R, such that

(a) T(0) = I;
(b) T(t+7r)=Tt)T(r) =T(r)T(t) for every t,r € Ry;
(¢) the function t € Ry — T'(t)x € E is continuous for every x € E.

Define the families of operators {Sa () }ie[0,00) and {Ta(t)}ief0,00) in E by
the formulas

Su(t)r = /O " )T (t°s) ds,

where ¢, is the probability density function

¢a(5) = 55_T¢a(5_1/a)7
Ya(s) = % (—1)”_13_”0‘_1W sin(nma),
n=1 ’

and

T,(t)x = a/ooo $¢a ()T (t%s) x ds.
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REMARK 2.1. (See, e.g., [33]).

[ stutris = it [ oaoras=1

By Lemma 3.2 and 3.3 in [33] the next regularity result holds.

LEMMA 2.1. The operator functions S, and T, possess the following
properties:
a) for every t € [0,00), S, (t) and T,(t) are linear and bounded oper-
ators. More precisely

[Sa (@) < D
and
D«
T, <
IOl < Fr g oy
where

D= sup ||T();
te[0,00)

b) the operator functions S, and T, are strongly continuous, i.e., for
each x € E, functions t € [0,00) — So(t)r € E and t € [0,00) —
Thx € E are continuous.

According to [5], [33], [34] a function y € C([0,b]; E) is a mild solution
of the Cauchy problem

CDY%(t) € Ay(t) + f(t), for a.e. t € [0,0],
y(0) =yo (2:2)
O0<axl

with f € LP([0,0]; E), p > é, if it satisfies the integral formula
t
) = Satwo + [ (¢ = 5" Talt = )f(5) ds.
0
Therefore, defining S: LP([0,b]; E) — C([0,0]; E) as
t
S(E) = / (t =) ' Ta(t —s)f(s)ds, t €[0,b], (2.3)
0

we see that a continuous function y is a mild solution of (2.2)) if
y(t) = Sa(t)yo + S(f)(¢), t € [0,b]. (2.4)

Hence, we can define the mild solution of (L3]) as follows.
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DEFINITION 2.1. A continuous function y : [0,b] — E is a mild solution
to problem (3] if and only if there exists a map f € LP([0,b]; E),p > é,
with f(t) € F(t,y(t)) for a.e. t € [0,b] such that

y(t) = Sa(t)y(0) + S(f)(t), t € [0,0]
and
Ly € M(y).

3. Existence result

We will study problem (3] under the following assumptions.

(A) A is the generator of a bounded Cy—semigroup {7'(¢)}+>0-
Concerning the multivalued nonlinearity F : [0,b] x E — E we will suppose
that it has closed bounded and convex values and, moreover, the following
conditions hold true:

(F'1) the multifunction F'(-,c) : [0,b] — E has a measurable selection for
every ¢ € E, i.e., there exists a measurable function f : [0,0] — F
such that f(t) € F(t,c) for a.e. t € [0,b];
(F2) the multimap F'(t,-) : E — E is weakly sequentially closed for a.e.
t € [0,b];
(F'3) condition of local integral boundedness: for every r > 0 there exists
a function p, € LP([0,b];R4) with p > é such that for each ¢ €
E/ ||| <r:
|F(t,c)|| < pr(t) forae. te]0,b].
Notice that under conditions (F'1) - (F3), by Proposition 3.1 in [7] the
superposition multioperator Pp: C([0,0]; E) — LP(]0,b]; E), p > é, given
as
Pr(y) ={f € LP([0,0]; E) : f(t) € F(t,y(t)) a-e. t €[0,b]}
is well defined.

Initially we assume that operators L and M satisfy the following con-
ditions.

(L) L: C([0,b]; E) — E is a bounded linear operator;
(M1) M: C([0,b]; E) — E is a weakly sequentially closed multioperator,
with convex, closed and bounded values, mapping bounded sets into
bounded ones.

To formulate the next conditions, consider the subspace Cy C C([0,b]; E)
consisting of functions y(-) having the form

y(t) = Sa(t)y(0)
and denote Lo = L|¢,. We will assume that
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(A) there exists a bounded linear operator A: E — Cj such that for
every y € C(0,b], E), w € M(y), and f € Pr(y),
(I - LoA)(w — LSf) =0,
where the operator S is defined by (Z.3]).

REMARK 3.1. To present an example when condition (A) is fulfilled,
consider the linear operator K: E — Cj defined as

K(y)(t) = Salt)y
and define the linear operator L: E— E, Ly = Lo(K(y)). It is easy to
see that condition (A) holds true if L has a bounded inverse L~!. Indeed,

in this case we may take A = K L~!. In the particular case of Ly = y(0)

the last condition is trivially satisfied being L=1. Moreover, in the case
of a periodic problem (Ly = y(0) — y(b); My = 0) the last condition takes
the form of the existence of a bounded inverse (I —S,(b))~! what is similar
to an usual condition used in the search of periodic solutions for semilinear
inclusions with classical derivative (see [20], Section 6.1, condition (A’)).

Now, consider the multioperator 7 : C([0,b]; E) — C([0,b]; E) defined
as
T(y) = AM(y) + (I = AL)SPr(y)- (3.1)
Let y € C([0,b]; E), be a fixed point of T, i.e y € T (y). Hence, there exist
w € M(y) and f € Pr(y), such that
y = Aw+ (I = AL)S(f) = AMw — LS(f)) + S(f).
By condition (A) it follows
Ly = L(Aw+ (I —AL)S(f)) = LoAw+ L(I — AL)S(f)
= w— (w— LoAw) + LS(f) — LoALS(f)
= w— (I — LoA)w + (I — LoA)LS(f)
= w— (I - LoA)w— LS()) = w € M(y)
Moreover, denote z := w — LS(f). By the definition of the operator A we
have that Az = ¢ € C(]0,b]; E) defined as ¢(t) = S, (t)¢(0). Hence

y(0) = [A2)(0) = »(0),

and

y(t) = [A2](t) + [S(N))(E) = Sa(t)y(0) + [S(H(), t € [0,0],

yielding that y satisfies (2.4]). Therefore, we have proven that any function
y € C([0,b]; E) which is a fixed point of the multioperator 7 is a mild
solution of problem (L.3]).
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We will assume, additionally, the following condition posed on the mul-
tioperator M

(M2) M satisfies the following asymptotic estimate

M 1
lim sup [ M(w)] =1 withl < —. (3.2)
fullo—oo  llullo Al

It is usual in literature to assume that the limit in ([B.2)) is equal to zero.
This is the case when the multimap M is bounded. On the contrary, we
are able to consider operator M satisfying a linear growth condition. For
our main result (see Theorem [B.]), instead of condition (F3), we need the
stronger assumption below:
(F3) sup ||F(t,2)|| < @n(t), fora.a. t € [0,b], with ¢, € LP([0,b];R), p >
llz]|<n
é and such that

limi f1 ’ b :
it -{ [leuoras}” <o (33

In order to prove the existence of a fixed point of T, let us study its
properties.

LEMMA 3.1. The operator S is linear and bounded.

P r o o f. The linearity follows from the linearity of the integral opera-
tor. We now prove that S is bounded. For every 71,79 € [0, b],

p—1 p—1

(e ) < g2t o

Thus, denoted H := %C’, using Holder inequality, we get for any f €

LP(]0,b]; E) and t € [0,0]

=:C.

B =

ISCH®) S/O(t—8)‘”_1\\Ta(t—S)HHf(S)HdS

Do
< mc”f”p = H||fllp-

(3.4)

a

ProroOsITION 3.1. The multioperator T has a weakly sequentially
closed graph.
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Proof Let {z,} C C([0,b; E) and {y,} C C([0,b]; E) satisfying
Ym € T(xy,) for all m and z,, — x, ym — y in C([0,0]; E); we will prove
that y € T (x).

By the weak convergence of the sequence {z,,} in C([0,b]; E), it follows
that there exists a constant » > 0 such that ||z,,]o < r for every m € N
and zp,(t) — z(t) for every t € [0,b]. Therefore, it follows that ||z(t)]| <
livgglof |z (t)|| < r for all t. The fact that y,, € T (z,,,) means that there

exist a sequence {fm}, fm € Pr(zm,) and a sequence w,, € M(x,,) such
that
Ym = Mwn — LS frn) + S fin-

We observe that, according to (F3), ||fm(t)| < n.(t) for a.a. t and ev-
ery m, i.e. {fp} is uniformly bounded and by the reflexivity of the space
LP([0,0]; E), we have the existence of a subsequence, denoted as the se-
quence, and a function g such that f,,, — g in LP([0,b]; E).

Lemma[3dand (L1) imply that Sf,,, = Sg in C([0,b]; E) and LS f,,, —
LSg in E. The operator M maps bounded sets in bounded sets and it is
weakly sequentially closed, hence, up to subsequence, w,, — w in F, with
w € M(z). In conclusion, we have

Ym — A(w = LSg) + Sg = yo,

thus, by the uniqueness of the weak limit in F, we obtain that yo = y.
Reasoning as [7, Proposition 4.1] it is possible to prove that g(t) €
F(t,z(t)) for a.a. t € [0,b], i.e. that y € T (x). O

ProproOSITION 3.2. The multioperator T is weakly compact.

P roof. By Theorem it is sufficient to prove that T is weakly
relatively sequentially compact.

Let {x,,} € C([0,b]; E) be a bounded sequence and {y,,} C C([0,0]; E)
satisfying y,,, € T (x,,) for all m. By the definition of the multioperator T,
there exist a sequence {fn}, fm € Pr(zm), and a sequence wy, € M(x,,)
such that

Ym = Mwy, — LS fin) + S fin-
Reasoning as in Proposition Bl we have that there exists a subsequence,
denoted as the sequence, and a function g such that f,,, — ¢ in LP([0,b]; E).
Moreover, since the multioperator M maps bounded sets into bounded sets
and {z,,} is bounded, we obtain that, up to subsequence, w,, = @ € F as
m — 00. Therefore
Ym — AW — LSg) + Sg

in C([0,]; E). 0
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ProPOSITION 3.3. The multioperator T has convex and weakly com-
pact values.

Proof. Fix z € C([0,b]; E) since F' and M are convex valued, the
set T (z) is convex from the linearity of the involved operators. The weak
compactness of T (z) follows from Propositions B.2 and B.11 o

THEOREM 3.1. Under assumptions (A), (F1),(F2),(F3'),(L),(A),
(M1) and (M2), problem (I.3) has at least a mild solution.

P r oo f. FixneN, consider @, the closed ball of radius n of C(]0, b]; E).
We show that there exists n € N such that the operator 7 maps the ball
@y, into itself.

Assume to the contrary, that there exist two sequences {z, } and {y,}
such that x,, € Qn, yn € T (x,) and y,, ¢ @, for all n € N. By the definition
of T, there exist a sequence {f,} C Pr(z,) and a sequence w,, € M(x,)
such that

From the assumption y,, ¢ @, we must have, for any n,
n < lynllo < IAH{[wnllo + ILIH | fallp} + HIl fallp, (3.5)

where H is defined in ([34). Moreover z,, € @, implies, by (F3'), that
| fn(®)]] < @n(t) for a.a. t € [0,b], hence || fullp < |l¢nllp- Consequently

n < [[AI{IM (zn)llo + ILIH ][ @nllp} + Hllenllp-

Therefore

1 _ IM(@n)llo H |lenllp
[[A] Al n

Notice that if ||z, [0 < H1 < 400 for any n € N then

n—oo n

||90n||10

+ || L||H +

)

because M maps bounded sets into bounded sets.
If lim ||z,]lo = +o0 by hypothesis (M2) we have
n—oo

M M M 1
lim M < hmsupM < lim sup 1M ) =< —.
noo  nm n—oo  ||Tnllo lufo—oo  llullo Al
In both cases
M 1
o MG

nweo M [
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Moreover, according to (B.3)), there exists a subsequence, still denoted as
the sequence, such that

i 1 ' Pd %
dn = [eneras}” o (3.6)
Hence
1 : | M ()] llonl] H oy 1
—— < limsup,, OO{7—|-||L||H L+ Lo <
Al - n n Al n A

giving the contradiction.

The conclusion then follows from Theorem 2] as in [7, Theorem 4.1].
O

When considering the periodic problem, Theorem Bl turns into the
following assertion.

COROLLARY 3.1. Assume (A), (F1),(F2),(F3") and suppose that the
operator I — S, (b) has a bounded inverse. Then the periodic problem

CDy(t) € Ay(t) + F(t,y(t)), for a.e.t € [0,0]

y(0) = y(b)
O<a<l,

has at least a mild solution.

REMARK 3.2. For a periodic problem, conditions (M1) and (M2) are
trivially fulfilled with [ = 0.

4. Applications

4.1. Time-fractional diffusion model. Given a bounded domain 2 C
R” with C?-boundary, we consider the integro-differential equation

CDps = Az f (t,a:, JRCORS dg) Hel, wen
Q .
2(0,z) = z(b, z). x el

The equation Df*z = z,,, known as time-fractional diffusion equation or
generalized diffusion equation, is a mathematical model of wide application
in science, due to anomalous diffusion effects in disordered materials where
the environment is constrained and trapping and binding of particles can
occur. It describes anomalous diffusion characterized by the mean square
displacement of particles from the original starting site, verifying a gen-
eralized Fick’s second law. Important applications include viscoelasticity
and seismic-wave theory, diffusion in turbulent plasma, fractal media and

(4.1)
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porous media (see, e.g., [I9] and the references therein). We consider a
perturbed equation in the multidimensional case, like in [I] and [32], but
in our case the forcing term is nonlocal. A periodic condition is associated
to the system. We assume

(i) for all r € R, f(-,-,7) : [0,b] x @ — R is measurable;
(ii) for a.a. t € [0,b] and = € Q, f(t,z, ) : R — R is continuous;
(iii) there exist ¢ € LP([0,b];R), withp > 1 and p : [0,400) — [0, 400)
increasing such that, for a.a. = € Q and every ¢ € [0,b] and r €
R,|f(t,7)] < p((lr]) and

lim m =0.
r—+4+oco r
(iv) k: QxQ — R is measurable with k(xz,-) € L?(;R) and ||k(z,-)||2 <
1 for a.a. x € Q.

Let y : [0,b] — L?(£;R) be the map defined by y(t) = 2(t,-). We can
write the periodic problem (1)) as the fractional inclusion with impulses
in the Hilbert space E = L?({); R)

“Dy(t) € Ay(t) + F(t,y(t)), t € [0,0], y(t) € B
@)
y(b) —y(0) =0
where A : W22 (Q;R) N I/VOL2 (R) — L?2(Q;R) is the linear operator
defined as Ay = Ay, F : [0,b] x E — F is the single valued map

Pt y)( <t:17/k:1:£ >

and the maps L : C([0,b]; E) — E and M : C([0,b]; E) — E are respec-
tively defined as L = y(b) — y(0) and M (y) = 0.

We show, now, that all the hypotheses of Corollary 3] are satisfied. It
is known that A generates a strongly continuous semigroup of contractions
T(t) on E (see e.g. [29], Theorem 4.1.3). Hence hypothesis (A) is satisfied.
Moreover, it is well known that

y_ze y?el eZJ

where {e;}; is an orthonormal basis of L?(Q;R) formed by eigenvectors of
A corresponding to the eigenvalues A;.
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Given y € L?(€;R) and denoted by £(g)()\) the Laplace transform of
the function g, we get that

(I = Sa®))y = y-— /0 @ ()T (0% s)yds

= Z[l— / Dal(s)e MOV ds| (y, ei)eq
0

i=1
00

= D1 L(@a)NibM)](y, er)es.

i=1

Now, since A; > 0 for every ¢ and ®,, is a probability density function, it
follows that £(®,)(AdY) # L(P4)(0) = 1 for every i, i.e. that I —S,(b)y =
0 if and only if y = 0. Hence I — S, (b) is injective. Moreover the operator
Sa(b) : E — E is compact. In fact, take {y,}, C E bounded. Since
E is reflexive, there exists a subsequence still denoted as the sequence
such that y, weakly converges to yg € E. Denote now L(®,)(\;b*) = ¢;.
Then So(b)yn = > oy ¢i(yn,€i)ei. By the weak convergence, we get that
(Yn,€i) = (Yo, e;) for every i. Since {e;} is an orthonormal basis for F, it
follows that > 22, ¢ (yn, €i)ei = > ooy ¢i(Yo, €;)e;, hence the compactness of
Sa(b). According to the Fredholm alternative it follows that I — S,(b) is
also surjective, thus invertible.

We prove, now, that the map F verifies condition (F1),(F2) and (F3’).
Notice first of all that Pettis measurability theorem (see [27, p. 278]),
the separability of L2([0,7];R) and conditions (i) and (ii) imply that F is
globally measurable (see [20, Corollary 1.3.1]), hence, being single-valued,
it satisfies condition (F1).

We now prove that F'(¢,-) is weakly sequentially continuous for a.a.
t € [0,b]. To this aim take y,, — y in L?(2, R). From (iv) we get that

/ ke, €)yn(€)dE — / ke, €)y(€)de
Q Q

for a.a. = € 2, thus (ii) implies that

f(t.x, /Q k(. €)yn(€)dE) = f(t.1, /Q Kz, €)y(€)de)

for a.a. = € Q. Moreover, according to (iv), we have, for a.a. x € Q and
every y € L2(Q;R),

' / k(x,oy(f)df'g [ WOl < e el < e
Q Q
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thus (iii) implies, for a.a. t € [0,b] and every y € L*(Q;R),

‘f Eypesery ‘g 0 (

/ k(x,@y(adg‘) < o u(lyll).
Q
(4.3)

Since the weak convergence implies the boundedness in norm, (£.3]) implies
the existence of a positive constant L such that | f (¢, z, [ k(z,&)yn(£)dE) | <
e(t)u(L) for a.a. = € Q and every n € N, and (F2) follows from the
Lebesgue’s dominated convergence theorem.

Finally, (£3) yields

1F(t,w)> = \/ / [f (t,x, / k(x,@y(g)dg)rdaz < o(Ou(lyl2) VI,

and so also the growth condition (F3') is satisfied with ¢, (t) = @(t)u(n)/[9],
with

1 b
lim inf — / on(t)dt = liniinf @H@Hl\/ 2] = 0.
0 n—oo

n—oo n

The solvability of problem (4.1]) then follows from Corollary B.1l

REMARK 4.1. Similarly as before it is possible to show that also the
multipoint boundary value problem

D¢z =Az+ f <t,x,/ k(x,&)z(t, &) d§> , t€[0,b],x €Q
Q
2(0,x) = > 0 aiz(si,x) + zo(x) € Q

with zg € L2(;R), a5 # 0, s; € [0,b], i = 1,...,n, or the weighted bound-
ary value problem

D¢z =Az+ f <t,:z:,/ k(z,8)z(t,€) d§> , t€[0,b],z €Q
Q
b
2(0,2) = %/ p(t)z(t,x)dt x € Q
0

with p € L([0,0],R), are solvable, provided respectively that Y1, |a;| and

@ are sufficiently small.

Indeed, introducing as before the auxiliary map y : [0,b] — L?(;R)
defined as y(t) = z(¢,-), in both cases Ly = y(0) and condition (A) i
trivially satisfied, see Remark Bl Moreover, in the first case M(y) =
o oiy(ti)+yo, with yo = 29(-), is the translation of a linear and bounded
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single valued operator, hence it is a weakly sequentially closed multiopera-
tor. Furthermore

1> imy cay(si) + ool ity [ailly(si)l + llyol

1yllo - iyllo .
< Iyllo 3=y levil + llyoll S o] + lyoll
lyllo lyllo
Hence
lim HZZ 1047,y +y0H <Z‘a‘
7
lyllo—o0 IIyIIo
In the second case M(y) = 3 fo s)ds is a Weakly continuous single

valued operator, thus 1t is a weakly sequentlally continuous multioperator.
Moreover we have

t)dt
13 J7 p( l < iy
||y||o b
Hence
t)dt
POy pl
llyllo—oo IIyHo b

Notice that by Lemma 2TJ|A|| < 1. So if we respectively assume that
n
> il <1
i=1
and
Il
b
we get that also condition (M2) holds and all the hypotheses of Theorem

[B.1] are satisfied also by the multipoint and the weighted boundary value
problems.

<1,

4.2. Fractional integro-differential model. This application concerns
the integro-differential equation

CDgz(t,x) € ya(t,x)+

[fl <t,x, JREORS d§> o <t,x, JREORS df)} |

t €[0,b],z € Q,
z(b,z) € B(2(0,z)) = € Q,

(4.4)
where €2 is a bounded domain in R™ with a sufficiently regular boundary.
We assume the following hypotheses:

(i) forall r e R,i = 1,2, fi(-,-,7) : [0,b] x @ — R is measurable;
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(ii) for a.a. t € [0,b] and x € Q, fi(t,z,-) : R — R is lower semicontin-
uous and fa(t,x,-) : R — R is upper semicontinuous;
(iii) fi(t,z,r) < fo(t,z,7) in [0,0] x  x R;
(iv) there exist ¢ € LP([0,b;R), with p > 1, and a non decreasing
function p : [0,00) — [0,00) such that, for a.a. x € Q and every
t €1]0,b],7 € R and i = 1,2, we have |f;(t,z,7)] < o(t)u(|r|) with
(r)

lim inf )
r—00 r

(v) k: QxQ — Ris measurable with k(z,) € L*(Q;R) and ||k(z, )|z <
1 for all z € Q;

(vi) v <0;
(vii) B : R — R is bounded, convex, i.e. for any z,y € R and any
A € [0,1] it holds

AB(xz) 4+ (1 = N)B(y) € B(Ax + (1 = \y),

upper semicontinuous and with closed values.

=0; (4.5)

Problem (44]) can be represented in the form of the following abstract
system in the Hilbert space E = L?(2;R)

{ CDoy(t) € Ay(t) + F(t,y(t))
y(b) € M(y(0)),

where y : [0,b] — E is defined as y(t) = z(t,-), F : [0,b] x E — E is the
multimap

Flt,y)(x) = [fl <t,x, / k(x,@y(s)ds),fz <t,x, / k(x,@y(s)ds)]

and A is a bounded linear operator in E generating the non-compact semi-
group of contractions

(4.6)

T(t)y(x) = e"y(x).

System (6] reads as an attainability problem, i.e. the study of the ex-
istence of at least a trajectory of the system reaching a given set at the
final time. The attainability problem (6] can be written as (3] with
L(y) = y(b) and M(y) = M o 6, where 0 is the evaluation operator, i.e.
the linear and bounded operator §: C([0,0]; E) — E,0(y) = y(0), and
M : E — E is the multimap defined as M (y)(z) = B(y(z)) for a.a. z € Q.

Let us show that Theorem [3.Tlcan be applied to the abstract formulation
of the system ([@4]). Given y € L?(Q;R), recalling that ®, is a probability
density function, we get that

e}

LKy =Salbly= [ @u(s)T0s)yds =y [ @als)e™" s,
0 0
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ie. LK = (I, where 8 denotes the real number fo 5)eM sds £ 0.
Hence we have that LK is invertible and so condition (A) is Satlsﬁed
Reasoning as in Subsection d.I]and using Pettis measurability Theorem,
it is possible to show that the maps ¢ — fi(t,',fQ y(s)ds), i = 1,2 are
measurable selections of F(-,3) for every y € L?(2;R); hence condition

(F1) is satisfied. Moreover, from (v), we easily get that for a.a. x € Q and
y € L*(,R)

/ k(x,ay(g)dg‘ < Iyl

thus from (iv) that

i (t / k(x,»s)y(s)ds)‘ < o(lylb)

for i = 1,2. Therefore the growth condition (F3') is fulfilled with ¢, (t) =

p(H)u(n)\/19.

Now we verify condition (F2). Fix ¢ € [0,b] and consider the sequences
{yn}, {Bn} C L*(Q;R) satisfying y, — v, B, — B in L?(;R) and 3, €
F(t,yy) for all n € N. Since 8, — [, applying Mazur’s convexity lemma,
we have the existence of a sequence

ﬂn —Zdnzﬁn—l—z 5nz 20 Z(S”Z =1

=0

such that ﬁn — B in L*(;R) and up to a subsequence denoted as the
sequence f,(z) — [B(z) for a.a. = € Q. By definition we have, for a.a.
T € €,

S ik (ta, fo k(a, E)ynti(€)de) < Bu(@)
< Zz 0 0n,if2 (t €T, fQ z,§ yn+z(£)d£) .

Reasoning again as in Subsection [A.1] and taking the limit as n — oo,
according to (ii), we obtain that

i (t,x, / k(x,@y(s)ds) < @) < fo (t,x, / k(x,oy(s)ds),

i.e. that 8 € F(t,y). We have showed that F(t,-) has weakly sequentially
closed graph.

It remains to prove conditions (M1) and (M2). From (vii) we obtain
that M has convex and closed values and it is bounded. Moreover, since 0 is
linear and bounded, it is sufficient to prove that M is weakly sequentially
closed. Consider the sequences {y,},{¢,} C L*(;R) satisfying g, —
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Y, (n — ¢ in L2(4R) and ¢, € M(yn) for all n € N. Since {, — (,
applying Mazur’s convexity lemma, we have the existence of a sequence

kn kn
Cn = Z 5n,i<n+i 5n,i > 07 Z 5n,z' =1
=0 =0

such that 5n — ¢ in L?(;R) and up to a subsequence denoted as the
sequence C,(z) — ((x) for a.a. x € Q. By definition, ¢,(z) € B(yn(z))
for a.a. x € Q, thus the convexity of B yields (,(z) € B(jn(x)) for a.a.
r € Q, with g, = ngo On,iYn+i- Taking the limit as n — oo, from the
upper semicontinuity of B we obtain ((z) € B(y(z)) for a.a. z € €, i.e.
¢ € M (y). We have proved the weakly sequentially closedness of M , l.e.
condition (M1).

Finally, since B is bounded, there exists a constant L > 0 such that
|¢(x)] < L for every y € E,( € M(y) and a.a. = € Q. Therefore, we have

ICll2 = ,//Q C(a)2dx < DV

M L/]Q
lim sup M < lim sup it =0.
lylla—oo  1Yll2 lylla—oc  1¥ll2

which implies

We conclude that (M2) is satisfied with [ = 0, thus all the assumptions
of Theorem (B.I]) are satisfied and the existence of a solution of (4] is
proved.

REMARK 4.2. Typical examples of multimap B trivially satisfying
condition (vii) of the application above are B(x) = [0, L] for every z € R
or B(z) = [0, min{x, L}], for every x € R.
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