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We explore cosmology of intersecting brane worlds with induced gravity on the branes. We find the

cosmological equations that control the evolution of a moving codimension-one brane and a codimension-

two brane that sits at the intersection. We study the Friedmann equation at the intersection, finding new

contributions from the six-dimensional bulk. These higher dimensional contributions allow us to find new

examples of self-accelerating configurations for the codimension-two brane at the intersection and we

discuss their features.
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I. INTRODUCTION

Brane-world models offer new perspectives for explain-
ing the present day acceleration in purely geometrical
terms, without the need to introduce dark energy [1–3]
(for a review see [4]). A celebrated example is the Dvali-
Gabadadze-Porrati (DGP) model in a 5d space-time [1].
The brane action includes a quantum-induced Einstein-
Hilbert action that recovers 4d gravity on small scales.
This model realizes a so-called self-accelerating solution
that features a 4d de Sitter phase even though the 3-brane is
completely empty. However, so far, only codimension-one
examples of such solutions have been proposed and these
backgrounds are known to suffer from ghost instabilities
[5]. An interesting possibility then is to look for other such
solutions in higher-codimensional setups, initially intro-
duced to address the cosmological constant problem [6–
12]. This might lead to ghost free models [13] (see, how-
ever, [14]).

In this paper, as a continuation of [15], we consider a
codimension-two brane that lies at the intersection of two
codimension-one branes embedded in a six-dimensional
space. This system was studied in the past in the context of
standard gravity [16] (cosmological properties were inves-
tigated in [17]), and Gauss-Bonnet gravity [18] elaborating
an idea developed in [19]. The latter was generalized to
higher-codimensional models in [20]. Models with a ge-
neric angle between two intersecting branes were first
considered in [21] and then further generalized into the
so-called Origami world in [22]. More recently, in [15], we
added brane induced gravity terms to this system to ana-
lyze the features of a configuration of static branes em-
bedded in a time-dependent, maximally symmetric
background. We showed the existence of new self-
accelerating solutions and of configurations with poten-
tially interesting self-tuning properties.

In the present paper, we continue the analysis of this
system by studying cosmological models, obtained by the
motion of one of the branes through the bulk, in a mirage
approach [23]. The energy-momentum tensor different
from pure tension on the branes causes the brane to move
and bend in the bulk and induces cosmological evolutions
from the point of view of observers sitting on the branes.
We allow the branes to intersect at an arbitrary angle and to
deform in the preferred shape.
The analysis of gravitational [24] and cosmological [25]

aspects of codimension-two brane worlds is a subject that
is receiving some attention. Cosmology is mainly studied
in the context of a mirage approach. In higher-
codimensional brane worlds, the mirage approach has
usually some drawbacks (critically examined, for example,
in the introduction of [26]), mainly due to fine-tuning
relations that the brane energy-momentum tensors must
satisfy. These are usually associated with the fact that an
analogue of Birkhoff theorem does not hold in this case, in
contrast to the codimension-one case. In the codimension-
one case, this theorem ensures that a system composed by a
homogeneous and isotropic brane, moving through a static
higher dimensional space, fully catches all the relevant
time dependence of the system [27]. In our case, this is
not true: generically, a moving higher codimensional brane
induces time-dependent effects in the bulk [18,28]. In order
to avoid the time dependence in the bulk, one must impose
a static ansatz for the bulk geometry, and this is reflected on
fine-tuning relations between matter on the brane and in the
bulk. Nevertheless, it remains the most direct approach to
study cosmological aspects of these models analytically.
The most interesting problem in this system is the iso-

lation of the six-dimensional effects in the induced
Friedmann equation on the codimension-two intersection.
As we will see, the Friedmann equation at the intersection
receives contributions due to induced gravity terms on it
which ensure the recovery of normal 4d cosmology in the
relevant regimes. Moreover, there are terms coming from
induced gravity on the codimension-one branes, of the
typical DGP form [2]. Finally, and more interestingly in
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our framework, the Friedmann equation contains also con-
tributions that come from the six-dimensional bulk. They
vanish in the limit in which the branes intersect at a right
angle, but for generic brane configurations they play an
important role for the cosmological evolutions. Indeed,
they can provide the late time acceleration, regardless of
the energy content of the codimension-two brane, general-
izing the self-accelerating branch of the codimension-one
DGP model to higher codimensions [2]. This fact has been
realized already in [15], but the present analysis is more
general because we do not impose the maximal symmetry
on the branes under consideration. By properly choosing
the embedding for the codimension-one branes, the six-
dimensional effects at the intersection can depend on the
inverse of the induced Hubble parameter, and we will
analyze the consequences of this in our discussion.
Another peculiar feature of our construction is that six-
dimensional contributions to the Friedmann equation are
also associated to the nonconservation of the energy den-
sity at the intersection. During the cosmological evolution,
the energy density indeed flows from the codimension-one
to the codimension-two branes, unless the codimension-
one branes intersect with a right angle.

This paper is organized as follows. In Sec. II, we will
present the general formalism that is necessary to study
cosmological properties of the systems we are interested
in. In Sec. III, we apply this formalism to a particular
embedding for the codimension-one branes, and in
Sec. IV we study in some detail cosmological solutions
derived from this embedding. Then, in Sec. V, we study
applications of these cosmological solutions to some inter-
esting situations. We conclude in Sec. VI.

II. THE GENERAL FORMALISM

A. The model

We consider a system of two intersecting codimension-
one branes embedded in a six-dimensional space-time.
They intersect on a four-dimensional codimension-two
brane, where observers like us can be localized. We take
an Einstein-Hilbert action for gravity in the bulk and we
allow for induced gravity terms on the codimension-one
branes, as well as on the intersection. Besides gravity, we
allow for a cosmological constant term in the bulk,�B, and
for additional fields localized on the branes described by
general Lagrangians L’s. The general action takes the form

S ¼
Z

bulk
d6x

ffiffiffiffiffiffiffi�g
p �

M4
6

2
R��B

�

þX

2

i¼1

Z

�i

d5x
ffiffiffiffiffiffiffiffiffiffiffi�gðiÞ

p �M3
5;i

2
RðiÞ þ LðiÞ

�

þ
Z

�\
d4x

ffiffiffiffiffiffiffiffiffiffi�g\
p �

M2
4

2
R\ þ L\

�

; (1)

where�\ � T

i �i denotes a three-brane at the intersection

between all codimension-one branes �i. We can have
different fundamental scales in the different regions of
the space, M6, M5;i, and M4. The induced gravity terms

could be generated, as was proposed in the original model,
by quantum corrections from matter loops on the brane. It
is also interesting to note that induced curvature terms
appear quite generically in junction conditions of higher
codimension branes when considering natural generaliza-
tions of Einstein gravity [29,30] as well as in string theory
compactifications [31], orientifold models, and intersect-
ing D-brane models [32].
The six-dimensional bulk is characterized by a maxi-

mally symmetric geometry

ds2 ¼ A2ðt; z1; z2Þð���dx
�dx� þ �khdz

kdzhÞ;
Aðt; z1; z2Þ ¼ 1

1þ �Htþ kiz
i
: (2)

The parameters �H and ki appearing in the warp factor A
satisfy the following relation:

�B

10
¼ �H2 � k21 � k22; (3)

in order to solve the Einstein equations in the bulk.
We embed moving and static codimension-one branes

(�2 and �1, respectively) on the background given by (2).
The moving brane �2 is characterized by an embedding

XM
ð2Þ ¼ ðt; ~x3;Z1ð!1Þ;Z2ðt; !1ÞÞ: (4)

Here, w1 is an embedding coordinate. In the following,
for simplicity, we will demand that the intersection with
the other brane lies at the position w1 ¼ 0, and that the
function Z1 does not depend on time. The vectors V
tangent to �2 are given by (we introduce indices on the
left of V: they indicate which brane we are talking about)

ð2ÞVM
ðaÞ ¼

@XM

@xa
; xa ¼ ðt; xi; w1Þ; (5)

where ð2ÞVM
ðtÞ is (proportional to) the velocity vector

ð2ÞVM
ðtÞ ¼ ð1; 0i; 0; _Z2Þ ¼ _XM: (6)

The other four vectors are

ð2ÞVM
ðiÞ ¼ ð0; �M

i ; 0; 0Þ; (7)

ð2ÞVM
ðw1Þ ¼ ð0; 0i;Z0

1;Z
0
2Þ ¼ X0M: (8)

The normal vector to the brane is thus given by the con-
ditions

nMV
M
ðaÞ ¼ 0; 8 a: (9)

Orthogonality with respect to the i vectors simply re-
moves from nM all its three-dimensional spacelike compo-

nents. Imposing orthogonality with respect to ð2ÞVM
ðw1Þ we

then find
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nð2ÞM ¼ A

N
ð� _Z2Z0

1;
~03;�Z0

2;Z
0
1Þ; (10)

with

N �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z02
1 þZ02

2 � _Z2
2Z02

1

q

: (11)

Doing exactly the same steps for the static brane �1,
with embedding

XM
ð1Þ ¼ ðt; ~x3; 0; z2Þ; (12)

the vectors tangent to the brane, ð1ÞVM
ðaÞ, are immediate to

find, and the normal is simply

nð1ÞM ¼ Að0; ~03; 1; 0Þ: (13)

B. A useful change of coordinates

Proceeding identically as in the static case [15,22], it is
useful to change a frame in order to impose the Z2 sym-
metry in the case of a general angle. We go to coordinates
parallel to the branes ðz1; z2Þ ! ð~z1; ~z2Þ, where

d~zk � nðkÞ � dz:
One obtains two two-vectors lð1Þ and lð2Þ parallel to the

branes:

l ð1Þ ¼ 1

Z0
1

ðZ0
1;Z

0
2Þ; lð2Þ ¼ N

Z0
1

ð0; 1Þ; (14)

and dz ¼ ld~zkðkÞ. Then the components of the vectors ð2ÞV
parallel to the moving brane become

ð2Þ ~VM
ð!1Þ ¼

@ ~XM
ð2Þ

@w1

¼ ð0; ~03;Z0
1; 0Þ; (15)

and

ð2Þ ~Vð0Þ ¼
�

1; ~03; 0;
Z0

1
_Z2

N

�

: (16)

Notice that the consistency relation

@2XM
ð2Þ

@t@w1

¼ @2XM
ð2Þ

@w1@t

in our case implies the condition

@

@w1

�

Z0
1
_Z2

N

�

¼ 0: (17)

The normal to the moving brane becomes in these coor-
dinates

~n ð2Þ
M ¼ AT

�

�
_Z2Z0

1

N
; ~03; 0; 1

�

; (18)

where T is a normalization factor that we will fix once we
define the six-dimensional metric.

In order to proceed, we must take into account that the
branes are fixed points of Z2 symmetries. We focus our
analysis on the moving brane �2 in order to compute Israel
junction conditions at its position: the analysis for the static
brane �1 can be performed along similar lines. The Z2

symmetry acting on the static brane �1 implies the invari-
ance of the 6d metric under ~z1 ! �~z1, that can be obtained
replacing ~z1 ! j~z1j.
After the change of frame, imposing the Z2 symmetry,

the six-dimensional metric becomes

~�mn ¼ 1

Z02
1

Z02
1 þZ02

2 NZ0
2 signð~z1Þ

NZ0
2 signð~z1Þ N 2

� �

; (19)

with inverse

~�mn ¼ 1

N 2C2
N 2 �NZ0

2 signð~z1Þ
�NZ0

2 signð~z1Þ Z02
1 þZ02

2

� �

;

(20)

where

C 2 ¼ 1þZ02
2

Z02
1

ð1� sign2ð~z1ÞÞ: (21)

With this information, we determine the normalization

factorT by requiring that the normal ~nð2Þ has a unit length.
Then T is determined as

T ¼ CN
Q

; (22)

with N defined in formula (11), C in (21), and

Q 2 ¼ Z02
1 þZ02

2 � C2Z02
1
_Z2
2: (23)

On the other hand the induced metric is invariant under
bulk reparametrization, and thus reads

ds25;�2
¼ A2ðt;w1Þ½�ð1� _Z2

2Þdt2 þ d~x23 þðZ02
1 þZ02

2 Þdw2
1

þ 2 _Z2Z0
2 signð~z1Þdtdw1�: (24)

The inverse induced metric is given by

hab ¼ A�2 �ij 0
0 H��

� �

; (25)

with

H�� ¼ Q�2 �ðZ02
1 þZ02

2Þ _Z2Z0
2 signð~z1Þ

_Z2Z0
2 signð~z1Þ 1� _Z2

2

 !

; (26)

and Q defined in Eq. (23). At the intersection, the four-
dimensional metric is given by

ds4 ¼ A2ðtÞ½�ð1� _Z2
2Þdt2 þ dx2�: (27)

C. Extrinsic curvature

Given all this information, one can compute the compo-
nents of the extrinsic curvature at the position of the brane
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�2, using the general formula

Kmn ¼ ~VM
ðmÞ ~V

N
ðnÞ

~rM~nN: (28)

Since the expression for Kmn is invariant under bulk rep-
arametrization, to evaluate the right-hand side of the pre-
vious expression one can use the six-dimensional metric in
the original frame, or in the frame parallel to the brane.

The calculation of the regular part of Kmn is easier to
work out in the original frame. The nonvanishing compo-
nents are the following:

K00 ¼ � A

N
€Z2Z0

1 �
A2

N
ð1� _Z2

2ÞKðw; tÞ; (29)

Kw1w1
¼ A

N
ðZ00

1Z
0
2 �Z00

2Z
0
1Þ þ

A2

N
ðZ1

02 þZ2
02ÞKðw; tÞ;

(30)

K0w1
¼ �signð~z1Þ A

N
Z0

1
_Z0
2 þ signð~z1Þ A

2

N
Kðw; tÞ _Z2Z0

2;

(31)

Kij ¼
A2�ijKðw; tÞ

N
; (32)

where

K ðw; tÞ ¼ k1Z0
2 � k2Z0

1 � �H _Z2Z0
1: (33)

In addition, the component Kw1w1
of the extrinsic curvature

may contain terms localized at the intersection due to the
presence of the sign functions in the six-dimensional met-
ric. Let us then look for the singular pieces of the extrinsic
curvature

Kabjsing ¼ ~VM
ðaÞ ~V

N
ðbÞrMnNjsing: (34)

This quantity is much easier to calculate in the tilded
reference frame. There are, a priori, two classes of con-
tributions to the singular pieces. The first one comes from
partial derivatives acting on nN , due to the sign function
included inT . However such a contribution is proportional
to nN itself as the sign function only appears in the pre-
factor of nM, and thus vanishes due to the orthogonality
between nM and VM

ðaÞ.
Then

Kabjsing ¼ �VM
ðaÞV

N
ðbÞnR�

R
MNjsing; (35)

and since �0
MN has no singular part, one is left with �~z2

MN . Its

only singular component is �~z2
~z1~z1

¼ g22@1g12 since they

involve derivatives of the sign function. Then, in the end,
we find that

Kw1w1
jsign ¼ �AK

Z02
1 þZ02

2

C2N
Z0

2

�

@

@~z1
signð~z1Þ

�

(36)

is the only singular component of the extrinsic curvature.
Notice that the previous expression contains products of
distributions, since the C contains squares of sign func-
tions. In order to dispel any doubts about how to define
such a singular expression, it is convenient not to set
@signð~z1Þ

@~z1
¼ 2 �ðw1Þ

Z0
1
, but instead to maintain the derivative of

the sign function. Later, in the specific examples we will
discuss, in order to extract the singular terms localized at
the intersection wewill perform an explicit integration on a
small interval around the singularity. The result of this
integration will provide the value of the various quantities
localized at the intersection.
For the static brane �1, the extrinsic curvature is simply

given by

Ka
b ¼ �k1�

a
b: (37)

D. Junction conditions

The previous expressions for the extrinsic curvature are
important in order to obtain the equations that govern the
induced cosmology on the brane. They are dictated by the
Israel junction conditions

2½K̂ab� � 2½Kab � Khab� ¼ � 1

M4
6

ðSab þ Slocab Þ; (38)

where ½X� � ðXð�2;þÞ � Xð�2;�ÞÞ=2, while the induced

codimension-one brane metric is hab. The extrinsic curva-
ture tensor evaluated on�2 is given by Kab ¼ hMa h

N
brMnN

with K ¼ Ka
a, and energy-momentum tensors relative to

matter localized on �2, appearing on the right-hand side of
(38), are calculated in the usual way:

Sab ¼ � 2
ffiffiffiffiffiffiffiffiffiffiffiffi�hð2Þ

p

�ð ffiffiffiffiffiffiffiffiffiffiffiffi�hð2Þ
p

Lð2ÞÞ
�habð2Þ

; (39)

Slocab ¼ ��ð�1Þ��
a ��

b

2
ffiffiffiffiffiffiffiffiffiffiffiffi�hð2Þ

p

�ð ffiffiffiffiffiffiffi�h
p

L\Þ
�h

��
\

� �ð�1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi�h\
�hð2Þ

s

��
a ��

bS��: (40)

In our model the localized energy-momentum tensor also
includes contributions from the induced gravity terms. The
last quantity Slocab denotes energy-momentum tensor that is

localized on the intersection �\ between the branes.

Notice the presence of the factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h\=hð2Þ
q

that renders

the expression covariant with respect to the metric at the
intersection.
In the previous discussion, we learned that the only

singular term of the extrinsic curvature for the brane �2,
that is localized at the intersection, is contained in Kw1w1

.

This implies that the six-dimensional contributions to the
energy-momentum tensor must be proportional to the in-
duced metric, Sloc�� ¼ fðx�Þh\��, for some function f. We
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still do not know whether this function f is a constant (in
which case, it corresponds to a pure tension) or not, since
we do not know whether the conservation of the energy
holds at the intersection or not. The Codazzi equation holds
in this case1

raK̂
a
b ¼ 0 ) raS

a
b ¼ 0; (41)

which means that there is no exchange of energy between
the bulk and the codimension-one branes. But the previous
relations may contain singular terms, associated with an
exchange of energy between the codimension-one and the
codimension-two branes. This is indeed what generically
happens, and we will encounter an example of this phe-
nomenon in Sec. III. Singular terms in the first of the

previous formulae can appear if K̂a
b has singular pieces,

or if some of its components become singular when cova-
riant derivatives act on them. This possibility occurs when
the angle between the brane is not right: then the compo-
nent K0

w1 is nonvanishing at the intersection, and, being

proportional to the sign function [see Eq. (31)], it normally
generates an additional singular term.

III. APPLICATIONS

We then consider a system with the static brane �1 and
the moving brane �2. Here, �2 is free to move and bend
arbitrarily. We assume that the induced gravity term on the
moving codimension-one brane vanishes: M5;2 ¼ 0 for

simplicity. For this brane, we take an embedding

XM ¼ ðt; ~x3;Z1ðw1Þ;Z2ðt; w1ÞÞ; (42)

with

Z 1 ¼ w1 cos�ðw1Þ; (43)

Z 2 ¼ z2ðt; w1Þ þ w1 sin�ðw1Þ; (44)

where we wrote the two functions Zi in terms of the
auxiliary functions z2 and �. We demand that these func-
tions are continuous with respect to the variable w1, at the
position of the intersection w1 ¼ 0, and to avoid subtleties
related with the reflection symmetry at the intersection we
require smoothness conditions z02ðt; 0Þ ¼ z002 ðt; 0Þ ¼
�0ð0Þ ¼ 0.2 From these definitions, we have

_Z1 ¼ 0; Z0
1 ¼ cos�� w1�

0 sin�;
_Z2 ¼ _z2; Z0

2 ¼ z02 þ sin�þ w1�
0 cos�:

(45)

Notice that the previous embedding satisfies the constraint

(17); for a time-dependent angle (17) would instead imply
_�ðt; w1 ¼ 0Þ ¼ 0.
The junction condition on the static codimension-one

brane gives the tension �1 as

�1 ¼ 6M2
5;1ð �H2 � k22Þ þ 8M4

6k1: (46)

The induced metric on the brane �2 is obtained by plug-
ging the previous expressions in (24). The complete cal-
culation of the cosmological behavior for the moving
codimension-one brane is complicated as the brane is
inhomogeneous, but it can be obtained straightforwardly
from the general formulae (29)–(32). In the next subsection
we discuss some of its properties that are useful when
comparing them with cosmology on the codimension-two
brane.

A. Cosmology on the moving four brane

The cosmological evolution on the moving brane �2 is
complicated by the fact that its induced scale factor and
energy-momentum tensor must be inhomogeneous, in or-
der to satisfy Israel junction conditions (29)–(31), (31), and
(32): such conditions require some off-diagonal compo-
nents of the energy-momentum tensor Sab to be nonvan-

ishing. In what follows we will only need the explicit form
of the codimension-one equations evaluated at the inter-
section. We thus concentrate on such a limit where the
form of the needed energy-momentum tensor is the follow-
ing:

Sab ¼

�	2 0 0 0 0
0 p2 0 0 0
0 0 p2 0 0
0 0 0 p2 0

 0 0 0 p2

0

B

B

B

B

B

@

1

C

C

C

C

C

A

; at w1 ¼ 0: (47)

Then the junction conditions impose the following rela-
tions:

	2 ¼ �8M4
6N

�1K; (48)

p2 ¼ 8M4
6ðN �1Kþ 1

4N
�3A�1 €z2 cos�Þ; (49)


 ¼ 2M4
6A

�1N �3 _z2 €z2 sin� cos�; (50)

where we defineN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� cos2� _z22

q

andK ¼ k1 sin��
ðk2 þ �H _z2Þ cos�.

B. Cosmology at the intersection

We start from discussing the contributions from the
brane �2 to the codimension-two brane. At the intersec-
tion, characterized by w1 ¼ 0, the induced metric is
straightforwardly extracted from the five-dimensional one
and is simply given by

1The right-hand side of this formula vanishes because both the
bulk and the static brane have maximal symmetry [33].

2Asking that only the first derivative vanish at the intersection
may be enough to ensure sufficient smoothness to render the
system well behaved. In fact later we will briefly mention a
situation where a nonvanishing second derivative z002 ðt; 0Þ � 0
can turn out to be useful.
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ds24 ¼ A2ð0; tÞf�½1� _z22�dt2 þ d~x23g ¼ �d�2 þ að�Þ2d~x23;
d� ¼ Að0; tÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q

dt: (51)

Then the induced Hubble parameter is

H ¼ 1

að�Þ
dað�Þ
d�

¼ �H þ k2 _z2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q
: (52)

In order to find the Friedmann equation at the intersection,
we have to extract the singular part of the Israel junction
conditions for the codimension-one branes. This singular
part receives contributions from the energy-momentum
tensor localized on the codimension-two brane (containing
also the induced gravity terms at the intersection), from the
induced gravity terms on the codimension-one branes, and
from singular contributions of the extrinsic curvature
terms. The final contribution represents the most interest-
ing feature of our model since it corresponds to six-
dimensional contributions to four-dimensional physics.
We start our discussion with their evaluation.

Recall that only the singular part on the extrinsic curva-
ture for brane �2 is contained in the ðw1; w1Þ component.
From its expression one straightforwardly obtains

K̂
�ðsingÞ
� ¼ T sin�

ANQ2C2
ð1� _z22Þ

�

@

@~z1
signð~z1Þ

�

��
�; (53)

as the only singular piece, and it is easy to see that its
contribution to the energy-momentum tensor at the inter-
section results proportional to the induced metric [recall
the definitions of T , N , C, and Q, respectively in
Eqs. (11) and (21)–(23)]. Let us, for example, calculate
its contribution to the energy density at the intersection.
Plugging the previous expressions inside the Israel equa-
tions, one finds the relation

�	

4M4
6

�

@

@~z1
signð~z1Þ

�

¼ T tan�

C2NQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z2
p

�

@

@~z1
signð~z1Þ

�

;

(54)

where �	 indicates the contribution to the brane energy
density, due to purely six-dimensional effects.

The previous equation contains sign2ð~z1Þ functions in-
side the expressions for N , Q, and C. The safest way to
handle them is to integrate both sides of (54) along an
infinitesimally small interval centered at the origin, fur-
nishing the value of the contribution to energy density
localized at that point. Performing the integration we get
the expression

�	

2M4
6

¼ tan�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q

Z þ1

�1

d signð~z1Þ
CQ2

: (55)

After a few calculations, the previous expression can be
written as

�	

2M4
6

¼ sin�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q

Z þ1

�1
dx

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sin2�x2
p 1

1þ _z2
2
sin2�

1� _z2
2

x2
:

(56)

By performing the integration, we get

�	 ¼ 4M4
6 arctan

�

tan�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q

�

: (57)

Notice that, in the limit of static brane _z2 ¼ 0, this con-
tribution is proportional to the angle �, exactly as happens
in the case of codimension-two conical singularities.
Proceeding with our calculation, we can determine the

contributions to the intersection from the induced gravity
terms on �1 (recall that we have chosen M5;2 ¼ 0 so there

are no induced gravity terms on the moving brane �2). We
find

ðG0
0Þsing ¼ � 6ðk2 þ �H _z2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q
: (58)

Putting all this information together, we find the follow-
ing equation relating energy density to geometrical quan-
tities (here 	 indicates the total energy density at the
intersection):

	 ¼ 3M2
4H

2 þ 6M3
5

k2 þ �H _z2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q
þ 4M4

6 arctan

�

tan�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q

�

(59)

that can be interpreted as the Friedmann equation for an
observer localized at the intersection. The induced gravity
terms on the codimension-one branes do not induce a
violation of the continuity equation at the intersection
because the intersection can be seen as a codimension-
one object from the point of view of the four branes and
then the properties of the Israel formalism for the
codimension-one brane ensure the conservation of energy
[see Eq. (41)]. On the other hand, the last six-dimensional
term in Eq. (59) is explicitly time dependent, while we
know that it appears as a tension term in the effective
energy-momentum tensor at the intersection. This is be-
cause it is proportional to the induced metric. This indi-
cates that this term is likely to be associated with a
violation of the continuity equation at the intersection.
This issue can be understood by reconsidering the

Codazzi equation:

rMK̂
M
N ¼ ðrMK̂

M
N ÞðregÞ þ ðrMK̂

M
N ÞðsingÞ ¼ 0; (60)

where r is the covariant derivative with respect to the five-
dimensional metric on the codimension-one brane. From
the previous formula, we learn that both the regular and
singular parts must vanish simultaneously. However, it can
happen that the covariant derivative induces singular con-

tributions when it is applied to certain components of K̂M
N

by taking derivatives of sign functions. This is indeed what
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happens in our case. Consider the caseN ¼ 0. The singular
part of the previous formula tells us that

@

@t
ðKw1

w1
Þsing ¼ ðrMK

M
0 Þsing; (61)

where the left-hand side contains the singular term asso-
ciated with Kw1w1

jsing, while in the right-hand side the

singular terms come from the covariant derivatives. But
the piece in the left-hand side corresponds precisely to the
term associated with the six-dimensional contribution at
the intersection. Thus the six-dimensional contribution to
the Friedmann equation on the intersection does not satisfy
the energy conservation and there is an exchange of energy
from the codimension-two brane to the higher dimensional
space.

In the light of this fact, one expects that the conservation
of energy at the intersection does not hold. Instead, one
finds the continuity equation

_	þ 3Hð	þ pÞ ¼ 4M4
6

@

@�
arctan

�

tan�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q

�

: (62)

Hence, the conservation of energy is ensured only when �
vanishes or when _z2 is constant.

We close this section by summarizing the equations that
govern cosmology of the codimension-one branes and the
intersection:

�B

10
¼ �H2 � k21 � k22; (63)

�1 ¼ 6M2
5ð �H2 � k22Þ þ 8M4

6k1; (64)

	2 ¼ �8M4
6

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� cos2� _z22

q
ðk1 sin�� ðk2 þ �H _z2Þ cos�Þ;

(65)


 ¼ 2M4
6

_z2 €z2 sin� cos�

Að0; tÞð1� cos� _z22Þ3=2
; (66)

	 ¼ 3M2
4H

2 þ 6M3
5;1

k2 þ �H _z2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q
þ 4M4

6 arctan

�

tan�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� _z22

q

�

;

(67)

where Að0; tÞ ¼ 1=ð1þ �Htþ k2z2ðtÞÞ, �B is the bulk cos-
mological constant, 	2 is the energy density on the moving
codimension-one brane at w1 ¼ 0, 
 is the ðw1; tÞ compo-
nent of the energy-momentum tensor on the moving
codimension-one brane at w1 ¼ 0, and 	 is the energy
density at the intersection. The Hubble parameter at the
intersection is given by Eq. (52). The energy conservation
at the intersection is given by Eq. (62). In the following we
put M1;5 ¼ M5.

IV. COSMOLOGICAL SOLUTIONS

In this section, we discuss the property of the cosmo-
logical solutions by focusing on the Friedmann equations
on the moving four brane and at the intersection.

A. The branes at a right angle

We first consider the simplest case in which the branes
are at a right angle � ¼ 0 and �H ¼ 0. In this case, the
energy-momentum tensor on the moving four brane be-
comes the perfect fluid and there is no energy flow 
 ¼ 0.
Using the cosmic time �, the 5D metric is given by

ds25 ¼ �d�2 þ A2ðw1; �Þðd~x23 þ dw2
1Þ;

Aðw1; �Þ ¼ 1

1þ k1w1 þ k2z2ð�Þ :
(68)

Although the scale factor depends on w1, the Hubble
parameter in terms of the cosmic time is independent of
w1 and given by Eq. (52). By expressing _z2 in terms of the
Hubble parameter H, we get

	2 ¼ 8M4
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2 þ k22

q

: (69)

Since there is no energy flow, the energy density is con-
served

@�	2 þ 4Hð	2 þ p2Þ ¼ 0: (70)

At the intersection, the Friedmann equation is given by

	 ¼ 3M2
4H

2 þ 6M3
5k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þH2

k22

s

; (71)

and the standard continuity equation holds since tan� ¼ 0.
Notice that the static brane gives a contribution of the 5D
DGP form.
Since the Hubble parameters are equal in both Eqs. (69)

and (71), by expressing H as a function of the energies in
the two cases and equalling the results, they will imply a
fine-tuning relation between the two homogeneous energy
densities 	2 and 	. Geometrically, this is because when the
codimension-one brane �2 moves through the static bulk,
it completely controls the dynamics of the brane �\ that
sits at the intersection with �1. Then, �\ can only follow
the motion of �2, without an independent dynamics on its
own. The problem becomes clearer by the fact that the
energy density and the Hubble parameter on the moving
codimension brane do not depend on the coordinate w1.
Then, the energy density at the intersection actually fixes
all the properties of the energy density on the moving brane
�2, including its equation of state.
There is a simple way out of a part of this problem. The

fine-tuning we found is so strong because we demand that
the moving brane �2 keeps a straight shape—that is, it
cannot deform along the z1 direction. Suppose however
that we allow the moving codimension-one brane to be free
to deform and bend, forming a nontrivial angle � with �1

which explicitly depends both on z1 and t. Then, the energy
density on �2 will explicitly depend on z1. This implies
that, although the energy density at the intersection must
equal the energy density on�2 calculated at z1 ¼ 0, never-
theless this fine-tuning is ameliorated with respect to the
previous case. Indeed, it involves only the quantities cal-
culated at the intersection.
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B. Arbitrary angle between the branes

Now let us consider the case in which � � 0. In this
case, the Hubble parameter at w1 ¼ 0 is given by Eq. (52).
Again taking �H ¼ 0 for simplicity, the Friedmann equation
on the moving four brane at the position of the intersection
is given by

	2 ¼ 8M4
6ðk2 cos�� k1 sin�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2 þ k22
H2sin2�þ k22

s

: (72)

On the other hand, the Friedmann equation at the intersec-
tion is given by

	 ¼ 3M2
4H

2 þ 6M3
5k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þH2

k22

s

þ 4M4
6 arctan

�

tan�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þH2

k22

s

�

: (73)

When the angle � vanishes and k2 remains finite, we
recover the results of the previous subsection. Notice also
that a comparison between Eqs. (72) and (73) imposes a
fine-tuning relation between 	 and the energy density 	2 of
the codimension-one brane, when evaluated at the inter-
section. Nevertheless, this fine-tuning is much milder than
the one we met in the previous subsection. This fine-tuning
is associated with the restrictive ansatz we have chosen for
the bulk metric.

The form of the previous Friedmann equation is quite
complicated to study with full generality. While the second
term on the right-hand side of Eq. (73) corresponds to the
well-known DGP-like term, the last term in the right-hand
side of Eq. (73) is less standard, and it is associated with
six-dimensional contributions.

Notice that, in the limit of large H, this term approaches
the constant value 4M4

6 signðk2Þ, and then can help to drive
acceleration in this regime. We will discuss in the last part
of the paper more general situations, where six-
dimensional contributions can provide sources of accelera-
tion for the induced cosmology at the intersection.

The continuity equation is given by

_	þ 3Hð	þ pÞ ¼ 4M4
6

@

@�
arctan

�

tan�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þH2

k22

s

�

;

(74)

so, under the assumption that k2 is nonzero, the conserva-
tion of energy is ensured only when � vanishes or when H
is constant. For � � 0, it is also necessary to have the
energy flow on the moving codimension-one brane, 
,
which also breaks the conservation of energy on the mov-
ing codimension-one brane. Then we can understand that
the energy at the intersection is transmitted to the moving
codimension-one brane.

V. APPLICATIONS

In this section, we derive some interesting consequences
of the cosmological equations we discussed in the previous

section. In the first two subsections, we examine some of
the cosmological properties of the solutions we discussed
in [15] in the present context. In the last subsection, we will
instead derive a new self-accelerating configuration in
which the codimension-one branes are not maximally
symmetric; a case that we did not discuss in our previous
work.

A. Self-tuning solutions

Here we reexamine the self-tuning solution presented in
[15]. We take k1 ¼ 0, k2 ¼ 0, M5;1 ¼ 0, and _z ¼ 0. Then
we have

�4 ¼ 3M2
4
�H2 þ 4M4

6�;
�H2 ¼ �B

10
; (75)

whereH ¼ �H. Then the expansion rate does not depend on
�4. The self-tuning mechanism consists on the fact that if
we change tension �4, � changes so that induced cosmol-
ogy remains the same. Unfortunately, our embedding is not
well suited to study the self-tuning property of the solution
as � ¼ constant is actually imposed by hand. A possible
way out would be to consider a situation in which
z00ðt; 0Þ � 0 at the intersection. This would generalize
(17) with new pieces that would not necessarily impose
that _�ðt; 0Þ ¼ 0. It would be nice to study in more detail
this kind of generalization to understand whether it can be
compatible with the reflection symmetries of our system or
not. It is important to understand whether the eventual self-
tuning property would be compatible with the recovery of
small scale 4d general relativity on the intersection, in
order not to contradict big bang nucleosynthesis and other
cosmological tests. In order for this last tricky issue to be
solved, it seems to be necessary that the dynamical angle
reacts only to the vacuum energy density component of the
localized matter on the intersection: a priori this is rather
counterintuitive. However, a few observations are in order
here: it is well known that 6d brane worlds with conical
singularities treat tension type of matter on a completely
different footing with respect to a generic fluid (! � �1)
[34]. In fact, also in the present setup the six-dimensional
contribution to the 4d stress tensor has a tensionlike struc-
ture; moreover as we showed, a generic fluid localized on
the intersection does not seem to render the bulk geometry
singular as opposed to what happens in the thin conical
setups [34], but violates the conservation of energy. It is
therefore not excluded that the self-tuning might be at work
here.

B. Self-accelerating solutions with �H � 0

Here we reconsider the self-accelerating solution pre-
sented in [15], for maximally symmetric configurations.
We assume there is no cosmological constant nor matter in
the system �B ¼ 	 ¼ 	2 ¼ �1 ¼ 0 with _z ¼ 0. Then we
get
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0 ¼ �H2 � k21 � k22; (76)

0 ¼ 3M2
4
�H2 þ 6M3

5k2 þ 4M4
6�; (77)

0 ¼ k1 sin�� k2 cos�; (78)

0 ¼ 6M3
5ð �H2 � k22Þ þ 8M4

6k1: (79)

If k1 < 0 and k2 < 0, there are nontrivial solutions for k1,
k2, �, and �H. The solution is roughly given by

�H�M2
6

M4

; M3
5 �M4M

2
6 (80)

in accordance with what we found in the previous paper.
Once �, k2, and �H are fixed, Eqs. (62) and (67) determine
the cosmological dynamics with 	 without ambiguity. The
resulting cosmology is complicated due to the nonconser-
vation of energy. Instead of dealing with this complicated
case, we will discuss a simpler, different situation in the
next subsection.

C. Self-accelerating solution with �H ¼ 0

We consider the case �H ¼ 0, k1 ¼ 0, and k2 ¼
��2�j sin�jM6, for some positive constant � and �2 ¼
�1. To make a more direct comparison to analog studies in
the codimension-one case, we focus on a regime in which
the quantity H2 satisfies the condition

H2 � �2sin2�M2
6; (81)

and we will later check in which cases this relation can be
satisfied in our context. The continuity equation becomes

_	þ 3Hð	þpÞ ¼�4�1M
4
6

@

@�
arctan

�

H

�M6 cos�

�

; (82)

with �1 � � sin�
j sin�j ¼ �1. Notice that �1 ¼ 1 means that

we are taking negative values for the angle�: in the conical
case, it would correspond to take an excess angle for the
conical singularity.

On the other hand the Friedmann equation acquires the
form

	’ 3M2
4H

2�6M3
5�2H�4�1M

4
6 arctan

�

H

�M6 cos�

�

; (83)

with �2 ¼ �1 corresponding to the usual DGP choice of
branches for the codimension-one brane. The first term in
the right-hand side is dominant at large H and ensures the
correct four-dimensional form for early time cosmology.
The second term is the typical DGP contribution, while the
third term, a six-dimensional effect, is less standard as we
discussed before. The previous expression can be easily
rewritten as

	

3M2
4
¼
�

H � �2
M3

5

M2
4

�

2 �M6
5

M4
4

� 4�1M
4
6

3M2
4

� arctan

�

H

�M6 cos�

�

; (84)

from which we obtain

H ¼ �2
M3

5

M2
4

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

	

3M2
4

þM6
5

M4
4

þ �1
4M4

6

3M2
4

arctan

�

H

�M6 cos�

�

v

u

u

t ;

(85)

by imposing that the quantity inside the square root is
positive. Now, the choice �1 ¼ �2 ¼ 1 corresponds to the
standard DGP self-accelerating branch, and the quantity
inside the square root is always positive. It implies that,
even when 	 vanishes, the Hubble parameter satisfies the
inequality

H 	 M3
5

M2
4

�

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4M4
6M

2
4

3M6
5

arctan

�

H

�M6 cos�

�

v

u

u

t

�

; (86)

and so we find a lower bound for H, as in the well-known
self-accelerating branch of the DGP model.
This case is very similar to the standard five-dimensional

case, since the acceleration is mainly driven by the effects
of the codimension-one brane. It is, however, also possible
to study the case in which M5 ¼ 0, to understand whether
six-dimensional effects provide acceleration by them-
selves. We will focus on this case, choosing �1 ¼ 1
for the remaining discussion. Then, the continuity equa-
tion (82) can be formally integrated as

	 ¼ 	0

�

aðtÞ
a0

��3ð1þ!Þ

� exp

�

�
Z XðHÞ

Xð1Þ
d~x

3M2
4

4M2
6

�2cos2�tan2~x� ~x

�

; (87)

defining

XðHÞ � arctan

�

H

� cos�M6

�

; (88)

and introducing the constants 	0, a0 (corresponding to the
quantities evaluated at a fiducial time) and calling w ¼
p=	. This solution shows that, in the limit H ! 1, one
recovers the usual relation between the energy density and
scale factor because in this limit the last factor in the
previous equation becomes 1. Using the Friedmann equa-
tion, it is straightforward to get the following relation for
the acceleration:

€a

a
¼ _H þH2

¼ � 1

2M2
4

�

1

3
þ!� 8M4

6

3

� arctan½H=ð� cos�M6Þ�
3M2

4H
2 � 4M4

6 arctan½H=ð� cos�M6Þ�
�

	; (89)

so we have the acceleration when

!<� 1

3
þ 8M4

6

3

XðHÞ
3M2

4H
2 � 4�M4

6XðHÞ : (90)
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Then for small H we learn that the six-dimensional con-
tributions help to provide the acceleration and it can be
achieved even when !>� 1

3 .

To conclude, we discuss the late time cosmological
evolution for our system. In an expanding universe, at
late times 	 ! 0; then H approaches a constant value,
given by the solution of the equation

H2 � 4M4
6

3M2
4

arctan

�

H

� cos�M6

�

¼ 0: (91)

Let us study two limiting cases, compatible with the con-
dition (81), in which Eq. (91) admits simple solutions. The
first is the case in which � is not too small, from which
applying (81) in (91), we get the equation

H2 ’ 4M4
6

3M2
4

: (92)

In this case, H can be rendered small by choosing M4

sufficiently larger than M6. On the other hand, condition
(81) requires M6 � �M4, so the constant � must be
chosen correspondingly small. Notice that relation (92) is
similar to the one we already met in Eq. (80), although in
the present case we have M5 ¼ 0.

The second possibility is to consider � extremely small,
and at the same time focus on a regime in which H 

�M6. The solution of (91) provides a different relation
between H and the mass scales

H ’ 4M3
6

3�M2
4

; (93)

and also in this case we can get a sufficiently small value of
H by choosing M4 much larger than M6.

Notice that the present examples of self-acceleration
require a different analysis, with respect to the ones dis-
cussed in the previous subsection originally found in [15].
This is because, for the particular choice of our embedding,
the codimension-one branes do not need to be maximally
symmetric, nor empty. It would be nice to understand
whether in this case ghosts are present in the low energy
spectrum, and if so how they manifest themselves.

VI. CONCLUSIONS AND OPEN ISSUES

In this paper, we explored the cosmological features of a
codimension-two brane with induced gravity terms, sitting

at the intersection between two codimension-one branes in
six dimensions. We found that the cosmological expansion
at the intersection is controlled by contributions coming
from the codimension-one branes and from the six-
dimensional bulk. We first showed that the effect of the
codimension-one branes on the Friedmann equation at the
intersection has the well-known DGP form. Then, we
learned that six-dimensional contributions are much less
standard. They can have an important role for late time
cosmology providing a new source of the geometrical
acceleration, controlled by the angle between the branes.
At the same time, they are also associated with a violation
of the energy conservation at the intersection, allowing a
flow of energy between the codimension-two brane and the
higher dimensional space. We discussed consistency rela-
tions that matter on the codimension-two brane must sat-
isfy and the connection with the choice of energy-
momentum tensor localized on the codimension-one
branes.
The main aim of this work was to formulate a general

and powerful formalism based on the approach of mirage
cosmology that can be used to study cosmological solutions
in this and similar models, and to apply it to a couple of
representative examples. Because of the fact that the
codimension-one branes that intersect with general angle
are not homogeneous and isotropic, a numerical analysis is
likely to be needed in order to analyze in full detail the
cosmological evolution of this class of models. As a natural
continuation of the present work, it would be interesting to
study the low energy effective action for the light modes
associated with our brane configurations. This analysis
would be necessary in order to investigate whether ghosts
are present in the spectrum of the low energy theory, and, if
so, whether they can be eliminated with a mechanism
similar to the one of [13]. We leave these issues to future
work.
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