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Abstract

This PhD thesis addresses complex decision-making and management problems emerging
in some real-world manufacturing and service business contexts. It considers economic,
environmental, and social aspects of optimization, with the objective to devise effective
solution methods for the problems at hand and apply them to solve real-world instances.
The aim is to contribute to the advancement of the state of the art in Sustainable
Operations, a recent interdisciplinary field that employs quantitative methods from
Operations Research to achieve economic, environmental, and social sustainability in
business, by solving real-world applications of increasing complexity, starting from
mono-objective problems, then moving to bi-objective and finally bilevel problems.

The first part of the thesis explores applications within the traditional setting of a
single decision maker with a single optimization goal. Mixed Integer Linear Programming
(MILP) is applied to formulate and solve in an exact way two optimization problems in
the educational and healthcare sectors. Additionally, exact decomposition approaches
are used to solve a scheduling problem in a test laboratory environment, and machine
learning methods are employed to forecast demand in an environmentally impactful
production planning application. The second part of the thesis is devoted to bi-objective
optimization, which allows to make a trade-off between conflicting goals of a single
decision maker. Facility location for waste management and equipment replacement
problems for energy transition are studied under the bi-objective setting, incorporating
both economic and environmental goals. By the iterated use of MILP models, it is
shown how decision makers can simultaneously consider costs and carbon emissions.
In the third part of the thesis, bilevel optimization is explored. Bilevel optimization
allows to model optimization problems with multiple decision makers in a hierarchical
two-level relationship. This appears in many realistic situations involving, for instance,
government and private businesses, or suppliers and manufacturers of the same supply
chain. We aim to comprehensively review the existing literature on bilevel optimization
with sustainable perspectives. Overall, this thesis showcases the potential of Operations
Research in achieving sustainability even in very complex decision-making settings,
solving several real-world applications with a variety of optimization methods.

Keywords: Sustainability; Mixed Integer Linear Programming; Machine Learning;
Optimization; Real-World Applications
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Abstract (in italiano)

Questa tesi di dottorato affronta problemi decisionali e gestionali complessi che emergono
in contesti reali di imprese manifatturiere e di servizi. La tesi esamina aspetti economici,
ambientali e sociali dell’ottimizzazione, con l’obiettivo di sviluppare metodi di risoluzione
efficaci per tali problemi e applicarli per risolvere istanze reali. Lo scopo è contribuire
all’avanzamento dello stato dell’arte nell’area di ricerca cosiddetta delle “Operazioni
Sostenibili”, un recente campo interdisciplinare che impiega metodi quantitativi della
Ricerca Operativa per perseguire la sostenibilità economica, ambientale e sociale nelle
imprese, risolvendo applicazioni reali di crescente complessità, partendo da problemi
mono-obiettivo, passando ai problemi bi-obiettivo e infine a quelli bi-livello.

La prima parte della tesi esplora diverse applicazioni nel contesto tradizionale di
un singolo decisore con un singolo obiettivo di ottimizzazione. La Programmazione
Lineare Intera Mista (PLIM) è utilizzata per formulare e risolvere in modo esatto
due problemi di assegnamento nei settori dell’educazione e della sanità. Inoltre, si
applicano algoritmi esatti di decomposizione per risolvere un problema di schedulazione
in un laboratorio di testing e metodi di machine learning per prevedere la domanda
in un’applicazione di pianificazione della produzione con elevato impatto ambientale.
La seconda parte di questa tesi è dedicata all’ottimizzazione bi-obiettivo, che consente
di bilanciare obiettivi contrastanti di un singolo decisore. Si studiano problemi di
localizzazione di impianti per la gestione dei rifiuti e di sostituzione di veicoli per la
transizione energetica nel contesto bi-obiettivo, incorporando obiettivi sia economici
che ambientali. Attraverso l’uso iterato di modelli PLIM, si dimostra come i decisori
possano considerare contemporaneamente costi ed emissioni di carbonio. Nella terza
parte di questa tesi, si esplora l’ottimizzazione bi-livello. L’ottimizzazione bi-livello
consente di modellare problemi di ottimizzazione con molteplici decisori coinvolti in una
relazione gerarchica a due livelli. Questo si verifica in molte situazioni realistiche, che
coinvolgono, ad esempio, entità governative e imprese private, o fornitori e produttori
della stessa catena di approvvigionamento. L’obiettivo è esaminare in modo esaustivo
la letteratura esistente sull’ottimizzazione bi-livello con prospettive di sostenibilità. Nel
complesso, questa tesi mostra il potenziale della Ricerca Operativa nel perseguire la
sostenibilità anche in contesti decisionali molto complessi, risolvendo diverse applicazioni
reali con una varietà di metodi di ottimizzazione.

Parole chiave: Sostenibilità; Programmazione Lineare Intera Mista; Machine Learning;
Ottimizzazione; Applicazioni Reali
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Chapter 1

Introduction

This PhD thesis studies increasingly complex decision-making and management prob-
lems arising in the �eld of Sustainable Operations (SO), starting from mono-objective,
moving to bi-objective, and �nally to bilevel optimization problems. The thesis aims to
contribute to the advancement of Operations Research (OR) by employing various opti-
mization techniques, by addressing economic, environmental, and social sustainability,
and by solving problems encountered in real-world manufacturing and service contexts.
Given that the chapters are self-contained and explore a range of analytical methods
from OR and related disciplines, this introduction section �rst provides a brief outline
of the main methodologies applied within each chapter of the thesis, and then provides
a summary of the key contributions of each chapter and their corresponding outcomes
as documented in peer-reviewed journal publications and conference proceedings.

Operations Research

OR is the science of driving better decisions through the application of advanced
analytical methods (Hillier and Lieberman, 2021). Mathematical programming, among
other methodologies, is applied to complex decision-making problems typically faced by
enterprises of any kind, but also public institutions and Non-Governmental Organizations
to �nd optimal or near-optimal solutions. OR has various �elds of application, among
which the most famous ones include the transportation (e.g., to optimize the routing
plans of vehicles for goods transportation), telecommunication (e.g., to de�ne the
best location for concentrators in the network to reach demand points), logistics (e.g.,
to design the optimal network of the supply chain), project management (e.g., to
allocate resources to project tasks), and healthcare (e.g., to manage hospital patients
�ow) sectors. Over time, OR has continuously grown in terms of both methods and
applications (Petropoulos et al., 2023). This growth has been driven by the well-known
complexity of OR problems, which has been stimulating new branches of research to
address the challenging task of solving these problems, and the great success in many
applications since the early moments of the existence of OR. Moreover, thanks to the
advancements in computer technology, data management, optimization software, and
machine learning tools, greater theoretical and practical achievements have been made
by the OR community in the last decades (see, e.g., Agrawal et al., 2010). Sustainability
and sustainable development have been addressed by OR giving rise to novel branches
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within the discipline, such as SO, thereby presenting new problems and solution methods.

Mathematical programming

Given a set of discrete variables, a Combinatorial Optimization (CO) problem is to
�nd a subset of variables whose values identify an optimal solution with respect to a
given (minimization or maximization) objective function subject to a set of speci�c
combinatorial constraints. Enumerating all feasible solutions is very often impossible,
thus most of the CO problems are known in the complexity theory to beN P -hard
(Garey and Johnson, 1979). On the other hand, CO problems arise in many industrial
sectors, involving a mix of continuous and integer-valued decision variables. Given
vectorsb; c; dand matricesA; B , a Mixed Integer Linear Programming (MILP) problem
(Conforti et al., 2014) can be mathematically formulated in matrix notation as

min z = cT x + dT t (1.1)

s.t. Ax + By = b (1.2)

x; y � 0 (1.3)

x 2 Z (1.4)

Equation (1.1) represents the objective function, with any maximization possibly
rewritten as minimization. Equation (1.2) includes the linear constraints that must
be satis�ed by a feasible solution together with equations(1.3)-(1.4), stating the
non-negative domain ofx and y variables, with x limited to integer values. When
integrality is relaxed, we obtain a pure Linear Programming (LP) problem formulated
as minf cT x : Ax = b; x � 0g. When all variables are integer-valued, MILP reduces to
ILP.

The variables represent the decision of the problem. To solve an MILP problem
to optimality means to �nd the best feasible solution, that is a set of decisions that
give the best objective function value while satisfying all the constraints. Real-world
decision-making problems modelled with MILP are countless and many of them are
notably di�cult to solve to optimality. Enumerating all possible solutions is not
possible in practice (i.e., computationally in reasonable time) even for simple problems
like assigningn jobs to n workers to minimize the overall completion time of all
the jobs. Therefore, since back to the 1960s, several exact and heuristic algorithms
have been proposed in the literature to solve MILP problems to optimality or near-
optimality, respectively (Hillier and Lieberman, 2021). Most exact algorithms are
based on implicit (i.e., intelligent) enumeration of solutions and on simpli�cations of
the original problem. In the famous Branch&Bound (B&B) method for MILPs, a
branch-decision tree is built by dividing the original problem, at the root node of the
tree, into subproblems (�branching�) and estimating a bound on the optimal solution for
each subproblem, then pruning tree branches that cannot lead to an optimal solution
based on these bounds and exploring the ones with good bounds (�bounding�). State-of-
the-art commercial MILP solvers, such asGurobi, IBM ILOG CPLEXand FICO Xpress,
include built-in exact algorithms based on B&B. A great e�ort has been addressed
to improving more and more the computational performance of optimization solvers.
All modern solvers enhance the B&B framework with the extensive use of additional
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algorithmic components, preprocessing and primal heuristics. Today we can model a
variety of decision-making problems in di�erent programming languages and obtain
optimal or good solutions in short times. Further approaches based on B&B have
been theoretically designed and implemented in the literature, including Branch&Cut
(B&C), Branch&Price (B&P), which basically reduce the search space of solutions by
tailored mathematical programming techniques. Decomposition is another optimization
approach that allows to simplify the original problems by breaking it down into, typically,
a master problem that is easier to solve and subproblems solved iteratively until the
optimal solution for the original problem is found. Several decomposition methods
have been studied for MILPs, based on the characteristics of the problem (i.e., the
natural divisibility of primary and secondary decisions). Famous decompositions are the
Benders' decomposition and the column generation method, that is typically integrated
with B&B into B&C. When the complexity of the problem is too high to be treated with
exact approaches, that is, when too many branching steps or decomposition iterations
are necessary to reach the optimal solutions, heuristic algorithms can help to obtain
solutions of good quality (i.e., close to the optimal).

Mathematical programming has soon evolved to consider multiple con�icting objec-
tives of a single decision maker. A multi-objective LP (Ehrgott, 2005) is formulated
as

min (z1; z2; : : : ; zp) = ( cT
1 x; cT

2 x; : : : ; cT
p x) (1.5)

s.t. Ax = b (1.6)

x � 0 (1.7)

with p objectives in equation(1.5), under the assumption that there is not a feasible
solution that minimizes all the objectives at the same time. Therefore, �nding the
optimal solution for each single objective is easier than �nding the overall optimum.
Restricting some (all) decision variables to be integer-valued, we get a general multi-
objective MILP (ILP). Solving multi-objective programming problems to optimality
means to �nd one or more Pareto-optimal or non dominated solutions, that are feasible
solutions in the criteria space of all the objectives such that no other feasible solution
exist that strictly improve one of the objectives without worsening (or not improving)
the others. ThePareto set is the complete set of Pareto-optimal solutions. Notable
solution methods for multi-objective programming are the weighted sum and the� -
constraint approaches. The weighted sum method consists in de�ning a single objective
function as a linear combination of thep objectives de�ned by

z� = � T (z1; z2; : : : ; zp) =
pX

i =1

� i cT
i x (1.8)

and then solving the resulting single-objective problem �min z� �. This method provides
a single Pareto-optimal solution. The decision maker guides the method in deciding
a priori the set of weights� 1; � 2; : : : ; � p that mathematically express the importance
of each objective. The� -constraint method generates a set of bi-objective solutions
by converting all objectives apart from one into additional constraints that restrict
the objective values to be lower than an arbitrarily small� , and iteratively solve the
single-objective problem with updated� values at each iteration. In the bi-objective
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case (p = 2), the resulting mono-objective problem at theh-th iteration is formulated
as

min z1 = cT
1 x (1.9)

s.t. Ax = b (1.10)

cT
2 x � � h (1.11)

x � 0: (1.12)

This method allows to generate a set of solutions, containing the full Pareto front
of solutions spread in the criteria space between the best solutions for one objective
and the other. One can thus observe the trade-o� between the objectives and select
a posteriori the best solution with the desired balance of objectives. Although less
attractive for the OR community from a theoretical point of view (or at least until very
recently), multi-objective optimization allows to model a variety of real-world problems
where two or more objectives must be balanced.

Going further in the complexity of decision-making problems, one can consider
realistic scenarios with multiple actors with multiple and di�erent goals and di�erent
levels of decision power/in�uence. While single- and multi-objective optimization model
a single level of decision with one or more goals, multi-level optimization extends the ILP
theory to deal with multiple decision levels. In particular, bilevel optimization allows
to formalize decision processes where multiple decision makers are organized within a
two-level hierarchy (Fischetti et al., 2017). A general optimistic bilevel programming
problem (Dempe, 2020) modeling a sequential game with two players, called theleader
and the follower, is formulated as

min
x2 X;y

F (x; y) (1.13)

s.t. G(x; y) � 0 (1.14)

y 2 S(x); (1.15)

whereS(x) is the set of optimal solutions of thex-parameterized problem

min
y2 Y

f (x; y) (1.16)

s.t. g(x; y) � 0: (1.17)

Models (1.13)-(1.15) and (1.16)-(1.17) de�ne, respectively, the so-called upper-level
(UL) and lower-level (LL) problems. The UL variablesx 2 Rnx represent the decisions
of the leader, and the LL variablesy 2 Rny represent the decisions of the follower.
The leader, positioned higher in the hierarchy, decides �rst anticipating the follower's
decision outcome. The follower, lower in the hierarchy, reacts to the leader's decision
afterwards. In the optimistic scenario, that is the most studied so far, the leader controls
the variables of the follower such that the follower makes the best solution for the leader
among the multiple LL optimal solutions. More complex bilevel frameworks allows to
include multiple leaders and followers in cooperation or competition. Bilevel problems
are proven to be extremely complex due to their nested structure. Exact approaches
are based on single-level reformulations, which usually generate Mixed Non-Linear
Integer Programs (MINLP), that in turn require advanced mathematical programming
techniques to be treated in theory and practice. The literature on exact (Kleinert et al.,
2021) and heuristic (Camacho-Vallejo et al., 2024) methods is growing rapidly.
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Forecasting

Forecasting refers to the systematic process of predicting future values or outcomes
related to speci�c decision variables that are essential for decision-making within an
organization. This predictive analysis is often based on historical data and mathematical
models. OR practitioners typically use forecasting to anticipate demand for products or
services, optimize resource allocation, and enhance inventory management by predicting
demand trends and inventory levels to allow operational decision makers making
informed decisions and ultimately improve the overall operational e�ciency. Although
production contexts are the most common �elds of application, forecasting is widely
spread in all human systems, including project management, tra�c management, retail,
and �nance (Petropoulos et al., 2022). Forecasting is one approach among many others
developed in OR for dealing with uncertainty, by providing reliable estimates of future
events or conditions. This approach is typically embedded withinpredict-then-optimize
approaches (Elmachtoub and Grigas, 2022), where the forecasting outputs become
the input of the following optimization step. On the contrary, predict-and-optimize
approaches directly integrate uncertainty within mathematical programming models
and methods. These approaches include stochastic and robust optimization, as well as
new Machine Learning (ML) methods.

When predicted values are gathered over time, particularly at regular intervals, one
refers to time-series forecasting. Forecasting models provide not only point estimates but
also probabilistic forecasts, prediction intervals, or path forecasts. Several statistical and
ML tools have been designed for time-series forecasting. Statistical methods (Hyndman
and Athanasopoulos, 2018) rely directly on mathematical relationships between data
(e.g., by estimating a linear regression model on the data) and can be generally expressed
as

yt+1 = f (y1; y2; : : : ; yt ) + 
 t (1.18)

whereyt+1 is the predicted value for the next time period,f (y1; y2; : : : ; yt ) is a mathemat-
ical function that captures the relationship between past observations and the predicted
value, and 
 t is the forecasting error term. The goal is to estimate the best-�tting
relationship function. Forecasting ML methods (Sarker, 2021), in contrast, aim to
capture complex patterns and non-linear relationships. In this case, a complex function
maps a set of input features (potentially not only historical data) to the predicted value.
ML methods leverage algorithms such as neural networks, support vector machines,
or ensemble methods (e.g., random forest) to identify intricate patterns within the
data. Often, a hybrid approach combining both classes is employed for comprehensive
forecasting solutions.

Sustainable Operations

SO employs quantitative methods from OR to achieve economic, environmental, and
social sustainability in business (Jaehn, 2016). This emerging interdisciplinary �eld
can develop to be considered the main tool for OR researchers and practitioners to
face the urgent climate crisis. The concept of sustainable development, as introduced
by the United Nations (UN) in 1987 and further developed in the �2030 Agenda� for
sustainable development (United Nations, 2015), has signi�cantly in�uenced the global
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understanding of sustainability. Additionally, the adoption of the triple bottom line
accounting framework in business (Elkington, 2002) has contributed to establish the
de�nition of sustainability as a three-dimensional principle, based on which economic
development should be pursued by companies and societies in a manner that bene�ts
both the well-being of people and the health of the planet. OR plays a central role
in sustainable development and, more speci�cally, in pursuing UN SDGs. Consider
for instance Goal 1 (�No Poverty�) and Goal 2 (�Zero Hunger�) that are addressed,
among many, by humanitarian logistics for food chains (Peters et al., 2021), but
also Goal 7 (�A�ordable and Clean Energy�) and Goal 11 (�Sustainable Cities and
Communities�) tackled, for instance, by routing with emissions reduction (Bekta³ and
Laporte, 2011) , and more generally Goal 8 (�Decent Work and Economic Growth�), Goal
9 (�Industry, Innovation, and Infrastructure�) and Goal 12 (�Responsible Consumption
and Production�) addressed by product design, manufacturing, technology selection, and
reverse logistics (Tang and Zhou, 2012). In addition to classical OR problems, whose
aim is to improve e�ciency and pro�tability of �rms, multi-objective programming
and multi-level programming allow, respectively, to balance economic, environmental,
and social goals (e.g., not only maximizing a pro�t function/minimizing costs but also
minimizing the environmental footprint and maximizing social inequality) and involve
multiple stakeholders' decisions (e.g., the authority sets carbon public policies and
companies adapt their production plan to reduce the �nancial impact). The new �eld
of SO brings these e�orts together and, in this sense, sustainability enriches OR. In
turn, working on sustainability problems, which involve decision-making, optimization,
uncertainty, and ML, enriches OR by generating new challenging sustainability problems.

Engineering Economics

Engineering Economics (EE) applies economic principles to the analysis and solution
of engineering problems (Hartman, 2007; Blank and Tarquin, 2014). It involves
evaluating the costs and bene�ts associated with engineering projects, investments, and
decisions. The primary goal is to optimize resource allocation and decision making
within engineering contexts to maximize e�ciency and achieve desired �nancial and
strategic outcomes. Applications of EE include project valuation and selection (i.e.,
evaluating di�erent project alternatives and selecting the most economically viable option
with respect to organizational objectives), capital budgeting (i.e., prioritizing projects
based on their potential to generate value and contribute to long-term pro�tability),
project cost estimation and control, asset management, and replacement analysis.
Corporate �nance models typically seek to derive economic value from projects (Brealey
et al., 2023), whereas OR concentrates on optimizing a given operational objective
through the determination of optimal decision variables. EE integrates both aspects,
addressing both the �nancial considerations and operational facets of managerial
decision-making. For instance, it considers trade-o�s among economic, environmental,
and ethical considerations in replacement analysis (see, e.g., Riechi et al., 2017).
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Contributions

The overall motivation of the present thesis is to explore the potential of OR in achieving
sustainability in less and more complex decision-making contexts of industrial and
service businesses through the formulation of original models and methods and the
review of advanced techniques. Each chapter of the thesis is self-contained and can be
read independently of the others.

Methodology Chapters 2-4 and Chapters 6-7 deal with di�erent CO problems in the
classes of assignment, scheduling, facility location, and asset replacement inspired by
real-world decision-making contexts of, respectively, education and healthcare, industrial
production, waste management, and transportation. The common methodology involves
the de�nition of original and e�ective MILP formulations. In Chapter 5, ML methods
are employed for a forecasting problem in the food industry. Tailored optimization
algorithms are proposed to �nd optimal solutions for real-world instances of such
problems. Extensive computational experiments are also performed to test the validity
and scalability of the algorithms and provide valuable results within the realm of OR
scienti�c research. On the other hand, Chapters 8-9 contain surveys. More than 120
optimization problems are classi�ed and analyzed to provide original and comprehensive
overviews of the selected topics.

Chapters outline We can consider the present thesis divided in three parts, dealing
with di�erent OR problems of increasing complexity with respect to mathematical
programming aspects and decision-making elements related to sustainability perspectives.
The �rst part of the thesis (Chapters 2-5) deals with MILP models, tailored exact
approaches, and machine learning algorithms for real-world single-objective problems
involving one decision maker.

In Chapter 2, the Tutor Allocation Problem, that is assigning tutors to workshops of
academic courses to maximize tutors' preferences, is formulated and solved by an ILP
model to optimality. The model is tested on one real instance of a British university,
obtaining a signi�cant improvement with respect to the manual assignment in use at
the time. Further computational experiments prove that such improvement could be
maintained while optimizing other key performance indicators for workers' satisfaction
such as load balance among groups of tutors and the total number of courses assigned.
This work has been published as a paper in Caselli, Delorme, Iori (2022).

In Chapter 3, a di�erent assignment problem faced by an Italian hospital during the
COVID-19 emergency is studied for the reduction of overcrowding in the waiting rooms
dedicated to outpatient services. Overcrowding is a measure of infection risk at the
pandemic time, where strict social distancing measures were introduced by governments.
An ILP model is formulated to identify the weekly optimal layout and applied to real
data from the hospital. Several tests are performed on the model to �nd the best
trade-o� between the reduction of overcrowding and the changes across the weeks to
provide an optimal solution applicable in practice. This work has been published as
proceedings of the 2021 IEEE International Conference on Industrial Engineering and
Engineering Management in Caselli et al. (2021).

Chapter 4 addresses a real-world scheduling problem occurring in the engineering
test laboratory of a multinational company producing hydraulic components for motion
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systems, where the objective is to allocate a set of tasks to a set of machines and to
a set of workers in such a way that the total weighted tardiness is minimized. The
problem is original in the scheduling literature. The chapter presents two MILP formu-
lations, a Constraint Programming (CP) model, and an original combinatorial Benders'
decomposition and demonstrates their e�ectiveness through extensive computational
experiments on both real-world and random instances. This work has been published
as a paper in Caselli, Delorme, Iori, Magni (2024).

Chapter 5 investigates a forecasting problem faced by an Italian company in the
perishable food industry and, more speci�cally, in the highly pollutant business of
processed meat. The demand of a variety of products from supermarkets and food
retailers to a production facility must be predicted day by day as accurately as possible
(i.e., to minimize the forecasting error). Three ML methods are applied to a real
dataset provided by the company: random forests, support vector regression, and
arti�cial neural networks. Their performance is compared with classical baseline models,
among which the method currently used by the company is included. Computational
experiments measure the outperformance of the proposed combination of ML methods
on the baselines, and a simulation test shows the practical implications of the use
of forecasting models on the company's inventory management. In the latter, three
key performance indicators of productivity and inventory are simulated, that are the
daily manual adjustments on forecasting error, the size of the warehouse, and the
daily number of expired products, all resulting in reduced values under the proposed
forecasting scenarios. The results of this chapter have been submitted for publication
to an international journal (Mucciarini et al., 2024).

The second part of the thesis (Chapters 6-7) studies two bi-objective problems and
provide exact and approximated bi-objective optimization approaches with the aim of
balancing economic e�ciency and environmental sustainability goals of a single-decision
maker. Chapter 6 deals with a bi-objective real-world facility location problem faced by
an Italian multi-utility company operating in the sector of waste management. The
�ow of di�erent classes of recyclable waste must be optimized by deciding whether
and where to open additional intermediate transfer facilities among a set of dedicated
points in a regional waste transfer network. The aim is to minimize the total costs
and the CO2 emissions involved in the process. A detailed description of the cost and
emissions parameters estimation is provided. Two MILP models are formulated and
applied within three multi-objective optimization methods: the exact and heuristic
weighted sum and an approximated� -constraint methods. Two real-world case studies
are solved, for which approximated Pareto fronts of solutions are given with signi�cant
reductions of costs and emissions with respect to the status quo of the network. Further
computational experiments on random instances show that the models can be employed
for analogous real-world applications. A preliminary work was published as proceedings
of the 2022 International Network Optimization Conference in Caselli, Columbu, Iori,
Magni (2022). The extended version of this work has been submitted for publication to
an international journal and is currently under review (Caselli, Columbu, Iori, Magni,
Olveira, 2024).

Chapter 7 is the result of an open work which started from the collaboration with
Professor Joseph Hartman of the University of Massachussetts Lowell (US). During
the third year of my PhD, I visited UMass Lowell for a one-month research period.
Research on original formulations, theoretical results, and computational tests have
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been conducted and are still ongoing. The topic of the chapter is a bi-objective vehicle
replacement problem with budget constraint, where the goals are the minimization of
the total discounted costs and the minimization of the total CO2 emissions generated
by the use of the �eet. The problem is inspired by two real-world applications of
Italian companies that every year must evaluate the state of the vehicles �eet used for
transportation, considering e�ciency and technology selection (e.g., �eet electri�cation).
Two alternative ILP formulations and a forward Dynamic Programming (DP) model are
presented with preliminary computational results. Principles and modeling approaches
from EE are integrated in the proposed methods for evaluating the economic sustain-
ability of the vehicle replacement problem within the objective function. Preliminary
computational experiments, which were presented at the 2023 POMS International
Conference (Caselli, Hartman, et al., 2024), show that ILP is a promising approach
for trading o� �nancial and environmental sustainability in the considered vehicle
replacement problem. The chapter is closed by presenting the future work, that will be
mainly address to further improve the proposed algorithms, derive valuable results on
the bi-objective replacement literature, and ultimately solve the real case studies.

The third part of the thesis (Chapters 8-9) explores the �eld of bilevel optimization.
This is the result of two open works (see Caselli, Iori, Ljubi¢, 2024a and Caselli, Iori,
Ljubi¢, 2024b) which started from the collaboration with Prof. Ivana Ljubi¢ from
ESSEC Business School of Paris (France), where I did a �ve-month research stay during
the third year of my PhD.

Chapter 8 contains a survey on bilevel optimization problems speci�cally addressed to
applications with sustainability perspectives, where multiple stakeholders with multiple
economic, environmental, and social objectives are involved. The survey starts by
outlining a complete overview on the structure of the bilevel problems, the type of
leaders and followers involved, the di�erent goals, and the common solution methods for
the selected bilevel applications. A following section presents the typical mathematical
formulation for basic bilevel problems as a starting point for generalization. Then, �ve
sections summarize the selected work. The classi�cation is based on the application
sectors. The considered sectors are: transportation and logistics; production planning
and manufacturing; waste, material, and environment management; supply chains;
disaster prevention and response. Sections are divided in subsections de�ned by speci�c
topics or famous OR problems, and for each subsection a summary table is provided
giving information on bilevel games, UL and LL players and goals, and solution methods
for each reference. The survey, which is still under authors' revision, is concluded by
identifying the interrelation between bilevel optimization and sustainability perspectives
and gives insights on possible directions for future research in the �eld.

Chapter 9 contains a second survey dedicated to bilevel optimization problems
exclusively in the green energy sector. Given the importance of the sector and the
numerous works already present in the literature, we analyze the energy sector as a
distinct topic. Again, the focus is on energy-related bilevel problems with sustainability
perspectives of the leader and the followers. The survey is structured similarly to that
contained in Chapter 8 and is still under authors' revision.

List of contributions The content of this thesis is the result of two peer-reviewed
journal articles, three conference proceedings, and �ve technical reports (two currently
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submitted for publications). All the works are the results of past and present collabora-
tions with several co-authors and involve a company, a foreign university, or both. Table
1.1 summarizes the main contributions related to each chapter, including academic and
industrial partners involved in the works.

Table 1.1: Summary of contributions.

Chapter Reference Partners

2 Caselli, G., Delorme, M., Iori, M. (2022). Integer Linear Programming for
the Tutor Allocation Problem: A Practical Case in a British University.
Expert Systems with Applications, 187, 115967.

3 Caselli, G., De Santis, D., Delorme, M., Iori, M. (2021). A Mathematical
Formulation for Reducing Overcrowding in Hospitals' Waiting Rooms.
In Proceedings of 2021 IEEE International Conference on Industrial
Engineering and Engineering Management (IEEM) (pp. 297-301). IEEE.

4 Caselli G., Delorme M., Iori M., Magni C. A. (2022). Mixed Integer Linear
Programming for a Real-World Parallel Machine Scheduling Problem with
Workforce and Precedence Constraints. In: Amorosi, L., Dell'Olmo, P.,
Lari, I. (Eds.) Optimization in Arti�cial Intelligence and Data Sciences ,
AIRO Springer Series, vol 8., pp. 61-71, Springer, Cham.

Caselli, G., Delorme, M., Iori, M., Magni, C. A. (2024). Exact algorithms
for a Parallel Machine Scheduling Problem with workforce and contiguity
constraints. Computers & Operations Research, 163, 106484.

5 Mucciarini, M., Caselli, G., Iori, M., Lippi, M. (2024). A Real-World
Application of Demand Forecasting in the Perishable Food Industry
(under review).

6 Caselli G., Columbu G., Iori M., Magni C.A. (2022). Mixed Integer Linear
Programming for CO2 emissions minimization in a Waste Transfer Facility
Location Problem. In Proceedings of the 10th International Network
Optimization Conference (INOC) , Aachen, Germany, June 7�10, 2022
(pp. 51-56).

Caselli, G., Columbu, G., Iori, M., Magni, C. A., Oliveira, M. (2024).
Minimizing costs and CO2 emissions in a waste transfer facility location
problem (under review).

7 Caselli, G., Hartman, J., Iori, M., Magni, C. A., Zucchi, G. (2024).
Optimal vehicle replacement with budget constraints and CO2 emissions
minimization (technical report presented at POMS2023 International
Conference, Paris, France, July 18�20, 2023).

8 Caselli, G., Iori, M., Ljubic, I. (2024). Bilevel optimization with sustain-
ability perspective: a survey on applications (technical report).

9 Caselli, G., Iori, M., Ljubic, I. (2024). Bilevel optimization for green
energy problems (technical report).
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Chapter 2

Integer Linear Programming for the
Tutor Allocation Problem: A Practical
Case in a British University 1

Abstract

In the Tutor Allocation Problem, the objective is to assign a set of tutors to a set
of workshops in order to maximize tutors' preferences. The problem is solved every
year by many universities, each having its own speci�c set of constraints. In this
work, we study the tutor allocation in the School of Mathematics at the University
of Edinburgh, and solve it with an integer linear programming model. We tested the
model on the 2019/2020 case, obtaining a signi�cant improvement with respect to the
manual assignment in use and we showed that such improvement could be maintained
while optimizing other key metrics such as load balance among groups of tutors and
total number of courses assigned. Further tests on randomly created instances show that
the model can be used to address cases of broad interest. We also provide meaningful
insights on how input parameters, such as the number of workshop locations and the
length of the tutors' preference list, might a�ect the performance of the model and the
average number of preferences satis�ed.

2.1 Introduction

As in many other countries, British academic courses are divided into lectures and
workshops. While lectures bring the necessary theoretical background to the students,
workshops allow them to put their newly acquired knowledge in practice. Lectures are
delivered by lecturers and workshops are delivered bytutors. In most courses, only one
lecturer is responsible for the lectures during the academic year. As most lecturers have
open-ended contracts with their universities, once a lecturer is assigned to a course,
there is an interest in keeping it over the years: the preparation time becomes shorter
and the teaching abilities increase. Such consistency is unfortunately not possible for the

1The results of this chapter appear in: Caselli, G., Delorme, M., Iori, M. (2022). Integer Linear
Programming for the Tutor Allocation Problem: A Practical Case in a British University. Expert
Systems with Applications, 187, 115967.
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workshops: indeed, as the majority of the tutoring sta� is composed of PhD students
and post-doctoral researchers, it changes every year. In addition, as workshops require
more than one tutor (depending on the ratio tutors/students wished by the university),
the problem of assigning tutors to workshops, also called theTutor Allocation Problem
(TAP), is far from trivial and has to be solved every year, representing a signi�cant
workload for the administrative team.

In the School of Mathematics at the University of Edinburgh, the TAP is solved
manually by the administrative sta� in August, before the beginning of every academic
year. An update taking into account the sta� changes is also performed in November.
Even though the TAP is solved manually, the decision makers have to take into account
several parameters. First, tutors have di�erent sets of skills, and high quality workshops
require tutors with the appropriate skills. Second, di�erent kinds of constraints have
to be respected: for example, some tutors have a maximum number of tutoring hours
speci�ed in their working contracts and there are incompatibility constraints between
two simultaneous workshops. Third, some tutors have a preference list (not ranked in
our case), that consists of a subset of courses that they wish to tutor. In general, a tutor
is happier and gives better tutoring if she is assigned to a workshop in her preference list.
Another key aspect of the TAP is the fact that the university is a dynamic environment:
indeed, the members of sta� may change unexpectedly, or the number of students in a
given workshop may increase, requiring an additional tutor. The slightest update in
the data makes the assignment obsolete and requires a new solution.

Currently, the School of Mathematics �rst assigns lecturers to lectures, then sched-
ules the lectures and workshops (together with the room allocation), and then uses
an iterative process to solve the TAP. Based on the tutors' preferences, skills, and
availabilities, an initial assignment is proposed to the faculty members. After collecting
the requests for changes, another solution with minor modi�cations is proposed. The
process may be iterated a few times before the �nal assignment is reached.

In this work, our goal is to ease the work by the administrative sta� by proposing an
Integer Linear Programming(ILP) model whose goal is to provide the initial assignment.
The ILP model has several advantages. First, it ensures that all the constraints are
satis�ed (we observed that a manual assignment sometimes allocates a tutor to two
simultaneous workshops, resulting in a request for changes). Second, as our objective
function is to maximize the tutors' satisfaction, it provides better allocations for the
tutors. Third, it can be easily generalized to include further constraints, thus making it
a powerful tool for addressing several real-world situations.

The rest of this work is organized as follows. A concise description of the related
literature is given in Section2.2. In Section 2.3, we provide a detailed description of
the problem. In Section 2.4, we formally present our mathematical model. Section 2.5
reports the computational experiments, including a set of tests on our real-world case
in which we explore the use of additional constraints to make the allocation fairer and
the use of ordered preference lists, as well as a number of additional tests performed on
randomly created instances with the aim of assessing the model behavior and evaluating
the impact of some key input parameters. Concluding remarks are �nally provided in
Section 2.6.
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2.2 Concise literature review

The TAP and its related problems have been studied since the early seventies (see
Andrew and Collins, 1971). We refer the reader to the survey of Carter and Laporte
(1998), who reviewed in details the papers related to real-world allocation problems
faced by universities. In the following, we mention some of the most important
mathematical models and heuristics proposed in the literature for the TAP and closely
related problems. To ease the comprehension, we always use the TAP terminology (i.e.,
tutors and workshops) to describe the models. We also provide a recapitulative table
summarizing the main features of each problem at the end of the section (Table 2.1).

In the late seventies, Dyer and Mulvey (1976) proposed an ILP model to assign
workshops to tutors. The model maximizes the tutors' preferences, while taking into ac-
count a minimum/maximum number of tutors per workshop, and a minimum/maximum
number of workshops per tutor. The model also takes into account a large time period
(such as a quarter or a semester) in order to balance the tutors' workload. They showed
that the problem could be transformed into a network �ow problem, but did not provide
computational experiments. A few years later, a similar model was used by Hill et al.
(1983) for solving a more general class of problems. Their model was tested on two
real-world problems: assigning students to job interview slots and assigning students to
project teams in an MBA �eld project course. The model could also take into account
the tutors' skills and make sure that a minimum number of tutors with the appropriate
skills were assigned to the workshops. Dinkel et al. (1989) also proposed a network
�ow formulation for an extension of the TAP in which the room and the schedule is
determined by the model.

As noticeable variations of the previous models, we mention the work of Breslaw
(1976), who proposed a model based on continuous variables used to assign percentages
of workshops to tutors. The model still maximizes the tutors' preferences, however,
it also takes into account the notion of time slots, making sure that a tutor is not
assigned to two simultaneous workshops. We also mention the work of Tillett (1975),
who introduced a zero-one programming model in which the objective function combines
tutors' preferences and e�ectiveness. In the work of Yang and Pineno (1989), the tutors'
e�ectiveness is measured through 15 di�erent scores performed by a survey given to the
students. Harwood and Lawless (1975), Lee and Schniederjans (1983), and Al-Husain
et al. (2011) also used an advanced objective function involving positive and negative
deviations from the tutors' targeted numbers of hours.

Shih and Sullivan (1977) presented a two-stage optimization approach: in the �rst
stage, tutors are assigned to workshops maximizing their preferences; in the second
stage, workshops are assigned to time slots. Hultberg and Cardoso (1997) proposed
a model for the TAP that aimed at minimizing the number of di�erent courses the
tutors are assigned to. In other words, the model prefers assigning a tutor to many
workshops of few courses rather than few workshops of many courses. The authors also
pointed out the resemblance between their version of the TAP and the �xed charge
transportation problem.

McClure and Wells (1984) introduced the �rst model in which tutors are assigned
to a pattern of workshops. As every pattern respects the tutoring load, the model has
very few constraints. However, it has a very large number of variables, as the number of
tutoring patterns is exponential. They later extended their work in McClure and Wells
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(1987) to allow a more advanced objective function involving positive and negative
deviations from the tutors' targeted numbers of hours. Theoretical investigations on
such models were provided in Brucker et al. (2011).

An ILP model for the TAP with ad hoc constraints was proposed by Al-Yakoob
and Sherali (2006). Their model considers incompatibility constraints for simultaneous
and successive workshops, and gender-based policies. Another model for the TAP,
speci�cally targeted for tutors and workshops, was proposed by Al-Yakoob and Sherali
(2017). Due to the exponential number of variables the latter model involved, they
proposed a column generation procedure. Over the last two decades, many other
mathematical and heuristic approaches have been proposed, each of them involving
speci�c constraints related to the authors' institution. We mention in particular the
work of Wang (2002) in Taiwan, Gunawan et al. (2008) in Indonesia, Güler et al. (2015)
in Turkey, da Cunha Jr and de Souza (2018) in Brazil, and Domenech and Lusa (2016)
in Spain.

Very recently, other problems closely related to the TAP have been studied. Ghiani
et al. (2017) addressed the issue of remedial education for underprepared students that
need additional support by teachers. They focused on high school remedial education,
although they explicitly underlined the problem applicability to university systems.
Assignment of teachers to courses and timetabling were modeled into a unique ILP
formulation, and a heuristic approach was implemented to solve large size instances.

The aim of our work is to provide an ILP model able to solve exactly the TAP with
constraints that are speci�c to our case study. Table 2.1 gives a summary of the TAP
models previously mentioned, with indicators on whether or not they consider speci�c
features. The last line is speci�c to our case. The following notation is used in the
table:

ˆ Nature of the objective function: O1: Multi-objective function solved through goal
programming (hierarchical optimization); O2: Multi-objective criterion solved as
a standard ILP (where each objective function is given a weighted factor); O3:
Single objective function (e.g., tutors' preferences, tutors' productivity, cost of
allocating a tutor to a workshop);

ˆ Sets of constraints: C1: Workshops need a minimum/exact number of tutors (or
tutoring hours); C2: Tutors can be assigned to a minimum and/or maximum
number of workshops (and/or tutoring hours); C3: Tutors can be assigned to
maximum one (pre-determined) con�guration of workshops for each course; C4:
Tutors are eligible for workshops (for instance in terms of knowledge, computer
skills, academic position and so on); C5: Tutors cannot be assigned to two
concurrent workshops; C6: Tutors cannot be assigned to two following workshops
located in di�erent sites if they don't have the time required for travel; C7: Some
tutors-workshops assignments are forced by the model; C8: Some tutors-workshops
assignments are forbidden by the model.

ˆ Domain of the decision variables: V1: Binary decision variables; V2: Integer
decision variables; V3: Non negative continuous decision variables.
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Table 2.1: Literature review of the main models for the personnel assignment problem.

Model Obj. func. Constraints Variables

O1 O2 O3 C1 C2 C3 C4 C5 C6 C7 C8 V1 V2 V3

Al-Husain et al. (2011) X X X X X X
Al-Yakoob and Sherali (2006) X X X X X X
Al-Yakoob and Sherali (2017) X X X X X X X X
Breslaw (1976) X X X X X
Brucker et al. (2011) X X X X
da Cunha Jr and de Souza (2018) X X X X X
Dinkel et al. (1989) X X X X X X
Domenech and Lusa (2016) X X X X X X X
Dyer and Mulvey (1976) X X X X
Ghiani et al. (2017) X X X X X
Güler et al. (2015) X X X X X X X
Gunawan et al. (2008) X X X X X
Harwood and Lawless (1975) X X X X X
Hill et al. (1983) X X X X X
Hultberg and Cardoso (1997) X X X X X
Lee and Schniederjans (1983) X X X X X X
McClure and Wells (1984) X X X X
McClure and Wells (1987) X X X X X
Shih and Sullivan (1977) X X X X
Tillett (1975) X X X X X X
Wang (2002) X X X X X
Yang and Pineno (1989) X X X X

Our case X X X X X X X X X X

2.3 Problem description

In this section, we describe each component of the TAP and give an exhaustive list of
the constraints that need to be considered.

2.3.1 De�nitions

Courses A course is a combination of lectures and workshops. Each course has a set
of research groups to which it is associated and is delivered at a speci�c academic year
(e.g., �rst year, second year, post-graduate). On the students' side, a course is composed
of at most one lecture and one workshop per week. As the amphitheatres are large
enough to accommodate hundreds of students, lectures are given only once. However,
due to certain restriction such as the room size or the high number of participants, it
is possible that the same workshop has to be repeated several times during the week.
We identi�ed three types of courses: small courses, with one lecture and one workshop
section per week; medium courses, with one lecture and two or three workshop sections
per week, generally in di�erent days of the week; and large courses, one lecture and
four or more consecutive workshop sections in the same day of the week.

As far as scheduling is concerned, some courses are proposed twice during the year
(once per semester) while some others are semester-speci�c. Lectures and workshops
are delivered either every week, every even week, or every odd week.
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Lectures Each lecture is given by one lecturer and has a location, a day, and a time
slot. All these data are �xed (i.e., determined before solving the TAP), so we consider
them as inputs. They are used to de�ne scheduling incompatibilities. For example, a
member of sta� cannot lecture a course and tutor another at the same time.

Workshops Each workshop has asupertutor, a location, a day, a time slot, and a set
of computer skills (e.g., softwares Maple or Matlab) that are �xed, and a set of tutors
that needs to be determined.

Supertutors Each workshop section has a supertutor that is �xed. The main task
of the supertutor is to manage the other tutors, and possibly answer the questions
tutors are not able to answer. In most cases, the lecturer of a given course is also the
supertutor for the workshops of that course. Supertutoring hours are included in the
tutoring hours.

Tutors Tutors refer to all the faculty members of the department (academics, post-
docs, PhD students) and external members (hired as consultants or members of other
departments). Tutoring is mandatory for some of the academic members (e.g., when
the working contracts involve a minimum number of tutoring hours to do), while it is
based on volunteering for some others (e.g., some postdocs wish to tutor to get some
teaching experience).

A minimum and a maximum number of hours of tutoring are assigned to each tutor
every semester. This number depends on the category in which the tutor belongs and
her speci�c requests (e.g., some members prefer to do all their tutoring hours in one
semester). In addition, the tutors have a maximum number of courses they are allowed
to be involved with each semester to prevent someone to be assigned to many di�erent
small courses. For a standard tutor, with a balanced workload between semesters, the
limit is set to three di�erent courses per semester.

Each tutor belongs to one or several research groups, may have one or several
computer skills, and is allowed to tutor courses from a speci�c set of years. In addition,
tutors have a preference list of courses they wish to tutor. The preferences are expressed
through the annual tutor survey, together with all the special requests in terms of
availability, including sabbatical semesters and extra commitments. A tutor can only
be assigned to a workshop if she has all the appropriate skills, if she has at least one of
the appropriate research group, and if she is allowed to tutor at the level (year) of the
course.

2.3.2 System requirements

The speci�c requirements of the system described in this problem are the following:

1. a tutor can be assigned to a workshop only if her research group, the years she is
allowed to tutor, and her skills are consistent with those required by the workshop.
Note that, as the skills depend on the workshop and not on the course, a tutor
may be assigned to only certain workshops of a given course;

2. the number of required tutors for each workshop section must be respected;
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3. the minimum and maximum number of hours and courses per semester for each
tutor must be respected; the number of hours spent in a given workshop is the
multiplication between the actual number of hours spent in that workshop and a
parameter called theTutor Marking Multiplier (TMM) , which is assigned to each
course as a scaling factor so that certain activities are taken into account (e.g.,
marking);

4. each tutor can be assigned to multiple tutoring sections of the same course, but
no more than three in a row;

5. workshops are delivered in two locations, i.e., two campuses; each daily movement
from one campus to the other requires at least one hour to travel;

6. an academic should not be supertutor and tutor of the same course, even on
di�erent workshops;

7. the allocation should satisfy tutors' preferences as much as possible.

The administrative sta� in charge of the tutor allocation is also able to give additional
preferences based on historical data, remove preferences they believe are not adequate,
or force/forbid a tutor to be assigned to a given course.

2.3.3 Model setting

In order to clarify the model formulation reported in the following section, we introduce
the concept ofcon�guration and incompatibilities.

Con�gurations A con�guration is a subset of workshop sections scheduled for one
speci�c course that respect the system requirements: it can be a single section, two
or three following sections in the same day, or multiple sections in di�erent days. In
practice, (i) small-sized courses (e.g., course (S) in Table 2.2) have a unique con�guration
consisting in a single workshop section, (ii) medium-sized courses (e.g., course (M)
in the table) have several con�gurations consisting in either a single workshop or a
combination of workshops occurring in di�erent days, and (iii) large-sized courses (e.g.,
course (B) in the table) have several con�gurations consisting of either two or three
consecutive workshops. Feasible con�gurations are determined in a separate procedure
called before the model. We say that a con�guration isactive at a given time slot if
one workshop included in the con�guration occurs at this time slot. Each tutor can be
assigned to at most one con�guration of each course. If a tutor cannot be assigned to a
given course, then we prevent her to be assigned to any con�guration of that course.

Incompatibilities We identi�ed two types of incompatibilities: (i) for each time slot,
no tutor can be assigned to more than one con�guration that is active in that time slot
(e.g., in Table 2.2, con�guration 1 of course (S) and con�gurations 1 and 2 of course
(M) are incompatible); (ii) a tutor cannot be assigned to two con�gurations that are
active in consecutive time slots if they are in two di�erent locations (e.g., in Table 2.2,
con�guration 1 of course (S) and con�gurations 1 and 2 of course (B) are incompatible
if the workshops of courses (S) and (B) take place in di�erent locations).
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Table 2.2: Example of con�gurations generation for small (S), medium (M), and big
(B) courses.

Course Workshops Con�gurations

(S) Mon 09.00-10.00 1) Mon 09.00-10.00

(M)
Mon 09.00-10.00
Fri 14.00-15.00

1) Mon 09.00-10.00
2) Mon 09.00-10.00, Fri 14.00-15.00
3) Fri 14.00-15.00

(B)

Mon 10.00-11.00
Mon 11.00-12.00
Mon 12.00-13.00
Mon 13.00-14.00

1) Mon: 10.00-11.00, 11.00-12.00
2) Mon: 10.00-11.00, 11.00-12.00, 12.00-13.00
3) Mon: 11.00-12.00, 12.00-13.00
4) Mon: 11.00-12.00, 12.00-13.00, 13.00-14.00
5) Mon: 12.00-13.00, 13.00-14.00

Forced and forbidden con�gurations Some speci�c system requirements have to
be included in the model as forced con�gurations. For instance, externals not working
in the department are included in the list of tutors because they are needed for a speci�c
course. Therefore, we have to make sure that they are assigned to the appropriate
con�guration of the course they are hired for. Similarly, we use forbidden con�gurations
to prevent them to be assigned to any con�guration of a course they were not hired
to tutor. We also forbid all the con�gurations a tutor cannot do, either because she is
lecturing during one of the time slot in which the con�guration is active, or because she
does not have the appropriate skills, research group, or year.

2.4 Mathematical model

In this section, an ILP model is formulated to address the TAP. The needed mathematical
notation is de�ned in Table 2.3.

We introduce a set of two-index binary variablesx ij that take the value 1 if tutor i
is assigned to con�gurationj , and 0 otherwise (i 2 I; j 2 J ).

The TAP is modelled as follows:

max
X

i 2 I

X

j 2 J

1
minf mi ; Ui g

x ij (2.1)

s.t.
X

i 2 I

X

j 2 Js

x ij = Ns s 2 S (2.2)

l i �
X

j 2 J

hj t j x ij � ui i 2 I (2.3)

L i �
X

j 2 J

x ij � Ui i 2 I (2.4)

X

j 2 Jk

x ij � 1 i 2 I k 2 K (2.5)

X

l2f 1;2g

X

j 2 C(d;t;l )

x ij � 1 i 2 I; d 2 D; t 2 T (2.6)
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Table 2.3: Mathematical notation.

Notation De�nition
I Set of available tutors in the semester
K Set of courses scheduled in the semester
S Set of courses' sections requiring tutors
J Set of courses' con�gurations to be assigned to tutors
JK Set of possible con�gurations for coursek
JS Set of con�gurations including section s
D Set of teaching days in the considered semester (D = 1 ; 2; : : : )
Tmax Last time slot of a teaching day
T Set of time slots in a teaching day (T = 1 ; 2; : : : ; Tmax )
T0 Set T without the last time slot ( T0 = T n f Tmax g)
T00 Set T without the last two time slots ( T00= T n ff Tmax g [ f Tmax � 1gg)
C(d; t; l ) Set of con�gurations active at time slot t of day d at location l
Pi Set of preferences for tutori (con�gurations of preferred courses)
Fi Set of forced con�gurations which tutor i is forced to tutor
F 0

i Set of forbidden con�gurations that cannot be tutored by tutor i
l i ; ui Min/max number of tutoring hours per semester for tutor i 2 I
L i ; Ui Min/max number of allocated courses per semester for tutori 2 I
hj Total number of tutoring hours per semester for con�guration j 2 J
t j TMM of course which con�guration j 2 J belongs to
Ns Number of tutors required by each course sections
mi Number of preferences (courses) expressed by tutori

X

j 2 C(d;t; 1)

x ij +
X

j 2 C(d;t+1 ;2)

x ij � 1 i 2 I; d 2 D; t 2 T0 (2.7)

X

j 2 C(d;t; 2)

x ij +
X

j 2 C(d;t+1 ;1)

x ij � 1 i 2 I; d 2 D; t 2 T0 (2.8)

X

j 2 C(d;t; 1)

x ij +
X

j 2 C(d;t+2 ;2)

x ij � 1 i 2 I; d 2 D; t 2 T00 (2.9)

X

j 2 C(d;t; 2)

x ij +
X

j 2 C(d;t+2 ;1)

x ij � 1 i 2 I; d 2 D; t 2 T00 (2.10)

x ij = 1 i 2 I j 2 F (2.11)

x ij = 0 i 2 I j 2 F 0 (2.12)

x ij 2 f 0; 1g i 2 I j 2 J (2.13)

The objective function (2.1) maximizes tutors' preferences. Tutors are free to express
as many preferences as they want in the annual survey and their preference lists may
be shortened or made longer by the administrative sta�. Coe�cients 1

min f m i ;Ui g
make

sure that every tutor has the same weight, whether they listed a number of preferences
greater than, equal to, or lower thanUi . For example, if tutor i expresses �ve preferences
(i.e., mi = 5) for a semester while her maximum number of courses for that semester
is equal to three (i.e.,Ui = 3), every satis�ed preference counts for13 units in the
objective function, so that tutor i contributes to at most 1 in the objective function.
If that tutor had only expressed two preferences, every satis�ed preference would
have counted for 1

2 in the objective function. This policy is used in order to avoid
favoring a tutor based on the number of expressed preferences. Note that if tutori
had expressed zero preferences, she would not appear in the objective function as the
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sum over all her preferred con�gurations would be equal to zero (i.e., no elements to
sum). Constraints (2.2) ensure that the required number of tutors is allocated to each
workshop section. Constraints (2.3) and (2.4) ensure that the number of tutoring hours
and courses allocated to each tutor respect the given limits. Constraints (2.5) are
necessary to guarantee that each tutor is assigned to at most one con�guration for each
course. Constraints (2.6) represent incompatibility constraints for concurrent sections:
each tutor can be at most in one location in each time slot. Constraints (2.7)-(2.10)
are location incompatibility constraints. Courses are distributed in two locations in
the presented model and a �xed number of time slots (2 in our case) is required for
tutors to move from one location to another so they cannot be assigned to any activity
during those time slots. Constraints (2.11) and (2.12) refer to forced and forbidden
con�gurations respectively. Note that the preprocessing of most mathematical solvers
automatically removes the variables set to 0 in (2.12). Finally, constraints (2.13) state
that variables x ij are binary.

For the sake of conciseness, the model only considers one semester, but can easily be
extended to handle both semesters simultaneously by making a copy of constraints(2.3)
and (2.4) per semester. Constraints related to the skills, the research group, and the
academic years are included in the forbidden con�gurations constraints(2.12). These
three aspects are related to tutors' teaching competences and play a key role in our
model to provide a valuable assignment solution. Indeed, research puts a signi�cant
e�ort in the study of competence analytics and good results have been obtained in the
literature with the use of similar mathematical approaches, as shown by, e.g., Bohlouli
et al., 2017.

2.5 Computational experiments

In this section, we study the performances of model(2.1)-(2.13) on a real TAP instance
(from the University of Edinburgh, School of Mathematics, academic year 2019-2020),
and on randomly generated instances with larger sizes. Our model has been coded in
C++ and solved with Gurobi 8.1.1. on an Intel Core i7, 1.80 GHz, with 16 GB of RAM
memory, running under Windows 10 64 bits. A time limit of 3600 seconds per instance
has been imposed to the solver.

2.5.1 Case study

We ran our model on two semesters, for a total of 115 days (11 weeks in the �rst
semester and 12 weeks in the second semester). Activities are scheduled from Monday
to Friday, between 9 am and 6 pm, so there are 18 time slots of 30 minutes every day.
Lectures and workshops of the School of Mathematics are distributed in two campuses,
one hour distant from each other (around 95% of the workshops take place in the �rst
location, 5% in the second). Around one hundred courses are proposed in the 2019-2020
academic year, equally split among the two semesters. The TMM is usually equal
to 2, but can take values between 1 and 2.5. Almost 300 tutors are available for the
considered academic year. The maximum number of assignable courses per semester
is equal to 3 for most tutors with rare exceptions. The maximum number of tutoring
hours per semester varies in general between 80 hours and 120 hours. There are 9
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Figure 2.1: Total sum of preferences satis�ed by the model solution and the manual
assignment.

research groups in the School of Mathematics and each tutor belongs to one group or
more. Courses are typically compatible with more than one research group. On average,
a tutor is compatible with 37% of the courses and expresses 1.4 preferences.

An optimal solution was found by the model within ninety seconds. On average,
tutors obtained 60% of their preferences, which is an improvement with respect to the
manual solution obtained by the administrative team that only gave them 31% of their
preferences. Note that only tutors who expressed at least one preference are considered
when performing the indicator on proportion of satis�ed preferences. Figure 2.1 shows
a detailed comparison between the two solutions. Tutors are classi�ed with respect
to the number of preferences they expressed in the horizontal axis. For each group,
the graph shows in they axis the total number of preferences expressed by the tutors,
the number of preferences satis�ed by the solution of our model, and the number of
preferences satis�ed by the manual assignment. We observe an interesting pattern:

ˆ for the groups of tutors with few preferences (1 and 2), the manual assignment is
slightly worse than our model;

ˆ for the groups of tutors with a large number of preferences (3 and 4), the solution
given by the manual assignment is signi�cantly worse than our model;

ˆ for the groups of tutors with a very large number of preferences (5 and 6), the
solution given by the manual assignment is still worse than our model, but at a
lesser extent.

One possible explanation is that the administrative team tries to satisfy as much as
possible the tutors expressing 1 or 2 preferences. For tutors expressing 3 or 4 preferences,
the administrative team tries to satisfy at least one of their preferences, if it is possible.
Tutors with 5 preferences or more seem to have been in the system for several years,
and it may be possible that the administrative sta� tries to give a higher priority to
these �experienced" tutors.

When we compared our solution with the manual solution, we observed that only a
third of the allocations were similar, indicating that there is a high interest in using an
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ILP model to generate the initial solution of tutors to workshops, as this can lead to
solutions that are very di�cult to obtain manually. We want to underline that even if
our results are very promising, the two solutions can only be compared to some extent:
on one hand, the manual solution violated some constraints of the model (increasing
the solution space, which gives it an advantage with respect to the ILP model), but
on the other hand, the manual allocation had less tutors available as the workshops
assigned to tutors who left the university after the allocation was published had to be
redistributed among the remaining tutors (reducing the solution space, which gives the
ILP model an advantage).

As it maximises the number of satis�ed preferences, a clear downside of our approach
is that the tutors who did not express any preferences do not have any impact on the
objective function. As a result, we observed that tutors who expressed some preferences
were allocated more tutoring hours on average than the tutors who did not express any
preference (1.38 times more hours for the tutors who expressed one or more preferences
with respect to those who did not). Such feature was also noticed in the manual
allocation (1.14 times more hours for the tutors who expressed one or more preferences
with respect to those who did not) but at a lesser extent. A similar trend was observed
with the average number of allocated courses. As this is not a desirable feature (we do
not want to encourage tutors to not express their preferences with the hope that they
can reduce their tutoring loads), we added a set of two constraints in our next set of
experiments to enforce a certain level of fairness between the two groups of tutors and
we measured their impact on the total number of preferences satis�ed. If we considernp

as the number of tutors with preferences belonging to setI p, n �p as the number of tutors
without preferences belonging to setI �p, and � as the level of fairness, our additional
constraints to model (2.1)-(2.13) are the following:

(1 � � )np

X

i 2 I �p

X

j 2 J

x ij � n �p

X

i 2 I p

X

j 2 J

x ij � (1 + � )np

X

i 2 I �p

X

j 2 J

x ij : (2.14)

These constraints makes sure that the average number of hours per tutor in group
I p (i.e., the tutors who expressed 1 preference or more) does not deviate from the
average number of hours per tutor in groupI �p (i.e., the tutors who did not express any
preferences) by more than a factor of� .

Di�erent values of � were tested between 0.1 and 0.5, in order to reduce the disparities

among the two groups of tutors (measured as
n �p

P
i 2 I p

P
j 2 J x ij

np
P

i 2 I �p

P
j 2 J x ij

) as the ratio was 1.38

in the solution obtained by our model while it was 1.14 in the manual allocation. As
observed in Table 2.4, the additional constraints were able to provide more balanced
solutions among the two groups of tutors without deteriorating the objective function,
but at the expense of an increase in the computing time (+96s for� = 0:13). The
�rst column of the table indicates the value of� , columns �time� and �obj� give the
computing time and its optimal solution value, the three following columns report
the average number of hours for the tutors who expressed at least one preference, the
average number of hours for the tutors who did not express any preferences, and the
ratio between the two values. The last three columns give the same information for the
average number of courses assigned. The last row of the table (row �mod.�) reports the
results of the model without constraint(2.14). We point out that lower � values were
also tested, but the resulting models were either infeasible (e.g., for� = 0) or undecided
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Table 2.4: Model performance measures depending on� .

� time (s) obj. avg. nb.
hours p

avg. nb.
hours �p

avg. nb.
hours p= �p

avg. nb.
courses p

avg. nb.
courses �p

avg. nb.
courses p= �p

0.50 93.38 108.95 108.15 75.68 1.43 3.78 2.44 1.55
0.40 96.92 108.95 106.88 77.22 1.38 3.52 2.63 1.34
0.30 94.91 108.95 104.36 80.29 1.30 3.45 2.77 1.25
0.20 101.22 108.95 101.06 84.28 1.20 3.45 2.81 1.23
0.15 111.44 108.95 99.33 86.39 1.15 3.31 2.97 1.11
0.13 183.84 108.95 98.61 87.27 1.13 3.35 2.88 1.16

mod. 87.72 108.95 106.86 77.25 1.38 3.61 2.59 1.39

(i.e., the model was not proven to be infeasible, but no feasible solution was found)
after 8 hours of computing (e.g., for� = 0:1).

2.5.2 Further analysis with the case study

When given the choice, a tutor who listed more than one course in her preference
list might prefer to be assigned to one course over the others. Such feature can be
captured by using ordered preference lists. In the next set of experiments, we tested
the impact of ordered preference lists by replacing the weights 1

min f m i ;Ui g
associated

with every preference from tutori with a set of decreasing weights. For this set of
experiments, we assumed that a tutor ranked the courses in her preference list from
the most favorite to the least favorite. If tutor i expressesmi preferences, the set of
weights is de�ned as (1; 1

2 ; 1
4 ; 1

8 ; : : : ; 1
2m i � 1 ). The new objective function becomes:

max
X

i 2 I

X

j 2 J

wi;c (j )
P min f m i ;Ui g

k=1
1

2k � 1

x ij ; (2.15)

wherewi;c (j ) is the weight given by tutor i to the coursec associated with con�guration
j (we recall that constraints (2.5) prevent a tutor to be assigned to two con�gurations
of the same course). Similarly to our initial model, the weights are scaled to give the
same importance to every tutor who expressed at least one preference. For example,
if a tutor expresses three preferences, the weights are1; 1

2 ; 1
4, and the scaled weights

are 4
7 ; 2

7 ; 1
7. By using objective function (2.15), we obtained an optimal solution value

equals to 111.12 in 91.33 seconds of computing time. This indicates that the model can
also handle ordered preference lists if necessary and that it could potentially lead to
better assignments for the tutors (the overall satisfaction when the preference lists were
not ordered was 108.95). We could not compare this value to the manual assignment as
it is not a feature the administrative team is currently using.

One potential downside of model(2.1)-(2.13) is that, if a course is really popular
for the tutors, the solution will tend to assign a small con�guration of that course to
many tutors in order to increase the number of satis�ed preferences. As this is not
a desirable feature, in the next set of experiments, we minimize �rst the number of
courses assigned to tutors (nc) with the following objective function:

min nc =
X

i 2 I

X

j 2 J

x ij : (2.16)
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Table 2.5: Model performance measures depending on�̂ .

�̂ time (s) obj.

0 88.33 96.18
10 92.63 103.95
20 103.03 106.53
30 104.94 108.35
40� 88.30 108.95

mod. 87.72 108.95

� The original solution value was obtained with 37 additional courses.

and then we measure how the maximum number of satis�ed preferences change if the
number of courses assigned to the tutors is constrained to be at most�̂ away from its
minimum value with the following constraint:

X

i 2 I

X

j 2 J

x ij � nc + �̂ (2.17)

Table 2.5 shows how the computing time and the solution value vary when the number
of additional courses (̂� ) increases. The last row reports the results of the original model
without constraint (2.17). If the total number of courses assigned to tutors is kept at
its minimum (nc = 826 in our case), the objective value is deteriorated by roughly
12% to reach 96.18 (which corresponds to 244 satis�ed preferences in the solution). If
we allow the total number of courses to bê� away from its minimum, the objective
value is only deteriorated by 5% for̂� = 10, 2% for �̂ = 20, less than 1% for�̂ = 30,
and is unchanged when̂� = 37 (which corresponds to 279 satis�ed preferences in the
solution). This is particularly interesting considering that the total number of courses in
the unconstrained model was 1046, indicating that it is bene�cial to constrain the total
number of courses to stay at a reasonable distance from its minimum value, especially
considering that the computing time required when this constraint is added remains
acceptable (+8s on average, with a maximum of +17s for̂� = 30).

Finally, we reran the model using both constraints (2.14) and (2.17) with values
� = 0:13 and �̂ = 37 in order to obtain a solution that is relatively fair for the tutors who
do not express preferences and in which we keep the total number of courses assigned
to tutors close to its minimum. We obtained an optimal solution with value 108.55 (a
decrease of 0.38% with respect to our initial experiment) in 2709 seconds of computing
time.

2.5.3 Experiment with random instances

To gain some deeper insight on the performance and scalability of the mathematical
model, we also used it to solve randomly generated instances. We designed an ad-hoc
data-generator that could reproduce the structure of our real-world instance, but in
which we could also vary the number of tutors and courses. With the generator, we
created 50 instances of 5 di�erent sizes (number of tutors, number of courses), namely:
(250, 100), (500, 200), (750, 300), (1000, 400), and (1500, 600).

A summary of the results we obtained is reported in Table 2.6. The �rst three
columns of the table contain the instance size (number of tutors and courses) and the
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Table 2.6: Results obtained with the ILP model.

nb. tutors nb. courses nb. instances nb. feasible nb. optimal avg. avg. solution
solutions solutions time (s) value

250 100 50 46 46 58.16 102.01
500 200 50 47 47 200.23 205.05
750 300 50 40 40 436.85 303.67

1000 400 50 39 39 746.08 408.36
1500 600 50 28 28 1749.49 614.30

number of instances, the two following columns display the number of instances for
which a feasible solution (�rst column) or an optimal solution (second column) was
found, and the two last columns indicate the average computing time (in seconds) and
the average solution value computed with objective function (2.1).

We observe that: some instances are infeasible, meaning that the problem can be
over-constrained sometimes; all instances were solved, some of them with a proof of
infeasibility, and the remaining ones with a proven optimal solution; the model can
cope even with large size instances (up to 1500 tutors and 600 courses), however, the
average computing time grows rapidly with the number of tutors; on average, tutors
obtain around 50% of their preferences, which is consistent with our real instance.

We note that as the number of tutors grow, the number of infeasible instances grow
as well. Infeasibility is usually caused by the lower and upper limits on the number of
tutoring hours per tutor, indicating that there can be an incentive to put constraints
(2.3) in the objective function, as done in other works such as Al-Husain et al. (2011)
and Güler et al. (2015).

We also carried out a sensitivity analysis to evaluate model behavior and robust-
ness with respect to small changes in the values of input parameters, observing the
corresponding variations in the outputs of the model.

First of all, we studied the di�erences in solution values by varying the maximum
number of preferences expressed by the tutors. In the �rst experiment explained in
Section 2.5.3, the number of preferences expressed by a tutor was an integer number
randomly generated between 0 and 3 per semester, which corresponds to the maxi-
mum number of courses a tutor can be assigned to in each semester. Two additional
experiments were performed, by generating the same instances as the �rst experiment,
but only reducing and enlarging the maximum number of preferences per semester
to two and four, respectively. The results we obtained are compared to the previous
experiment as reported in Table 2.7. The solution value decreases on average by 3%
with a maximum of two preferences expressed by tutors and increases on average by
4% with a maximum of four preferences.

A second analysis was executed on the number of locations, in order to detect the
importance of this parameter in the model, especially focusing on how it a�ects the
computing time. In all previous computational experiments, the number of locations
was equal to two as we aimed at reproducing the real case presented in Section 2.5.1.
Two additional experiments were carried out by considering one and three locations,
respectively. For the instances with 3 locations, 90% of the workshops are in location 1,
5% in location 2, and 5% in location 3. Results are shown in Table 2.8, where they are
compared with the results of the original experiment. While the solution value remains
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Table 2.7: Sensitivity analysis on tutors' preferences.

max nb. nb. tutors nb. courses nb. instances nb. feasible nb. optimal avg. avg. solution
preferences solutions solutions time (s) value

2

250 100 50 46 46 60.60 98.21
500 200 50 47 47 208.71 198.56
750 300 50 40 40 467.75 295.56

1000 400 50 39 39 772.44 396.62
1500 600 50 28 28 1877.61 598.88

3

250 100 50 46 46 58.16 102.01
500 200 50 47 47 200.23 205.05
750 300 50 40 40 436.85 303.67

1000 400 50 39 39 746.08 408.36
1500 600 50 28 28 1749.49 614.30

4

250 100 50 46 46 61.51 105.88
500 200 50 47 47 209.26 212.73
750 300 50 40 40 441.94 316.84

1000 400 50 39 39 839.58 425.05
1500 600 50 28 28 1790.91 636.59

Table 2.8: Results obtained with the sensitivity analysis of number of locations.

nb. locations nb. tutors nb. courses nb. instances nb. feasible nb. optimal avg. avg. solution
solutions solutions time (s) value

1

250 100 50 44 44 49.74 100.25
500 200 50 43 43 186.49 201.67
750 300 50 41 41 389.50 305.00

1000 400 50 36 36 676.61 404.63
1500 600 50 31 31 1518.22 608.28

2

250 100 50 46 46 58.16 102.01
500 200 50 47 47 200.23 205.05
750 300 50 40 40 436.85 303.67

1000 400 50 39 39 746.08 408.36
1500 600 50 28 28 1749.49 614.30

3

250 100 50 46 46 83.53 101.95
500 200 50 47 47 268.94 204.90
750 300 50 40 40 575.87 303.48

1000 400 50 39 39 990.40 408.08
1500 600 50 28 28 2275.65 613.91

stable in the three experiments, the computing time varies signi�cantly. In particular,
instances with only one location are solved with an average reduction of 11% in the
computing time. When switching from two to three locations, we noticed an average
increment of 35% in the computing time.

2.6 Conclusion

This work deals with the Tutor Allocation Problem, which aims at assigning tutors to
workshops and is a key problem faced by many universities every year. This problem
is important as tutors tend to give high-quality workshops when they are assigned to
courses they wish to tutor. We proposed an Integer Linear Programming model that
maximizes tutors' preferences for workshops, while satisfying a large set of constraints
such as location, min/max number of hours, min/max number of courses, number of
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required tutors per workshop, scheduling, and incompatibility constraints.
To validate the model, three kinds of computational experiments were carried

out. First, the 2019/2020 problem for the School of Mathematics at the University
of Edinburgh was solved, and we showed that we could satisfy 60% of the tutors'
choices while respecting all constraints. This is a clear improvement from the hand-
based assignment that only satis�ed 31% of the tutors' choices. However, we observed
some disparities in the number of hours allocated between the tutors who expressed
some preferences and the tutors who did not. In order to avoid unfairness issues, we
constrained the level of disparity and observed that we could still reach the same optimal
solution with a fairer balance between the two groups. We also tested the impact of
ordered preference lists and how restricting the total number of courses assigned to
tutors deteriorate the number of satis�ed preferences. For the former experiments, we
observed that the model could still reach an optimal solution within a reasonable time,
but it is harder to evaluate the improvements with respect to a manual assignment
as it is not a feature the administrative team is using. For the latter experiments, we
observed that, as one would expect, the total number of satis�ed preferences and the
total number of courses assigned to tutors are two con�icting objectives, and we could
�nd a set of Pareto optimal solutions. We also combined some of our experiments in
order to �nd a fair solution that keeps the total number of courses relatively low, and
we observed that the model could still reach an optimal solution that is very close to
the one obtained by the initial model, but in a much larger computing time. Then,
a more complete analysis based on randomly generated data showed that our model
could potentially solve instances with up to 1500 tutors and 600 courses in reasonable
time. We also observed that the di�culty of the problem mainly comes from the high
number of variables and constraints, so that any combinatorial optimization technique
aimed at reducing the model size could be bene�cial. Finally, a sensitivity analysis was
performed to evaluate the model behavior with respect to two important parameters of
the model. We observed a variation around 4% in the solution value adding or removing
one unit to the maximum number of preferences a tutor can express per semester. A
di�erent analysis on the number of locations considered in the problem showed a good
stability in the solution value yet a signi�cant variation in the computing time. Indeed,
a decrease of 11% was measured removing one location while an average increase of
35% was shown adding one location.

We conclude this work by reminding that, as the university is a dynamic environment,
changes in the tutors' availability or in one or more of the course speci�cations could
make the solution obsolete. Therefore, if a change occurred before the Integer Linear
Programming solution is made public, we could simply rerun the model. If a change
occurred instead after, readjustment would be more problematic as it is not an option
to rerun the model and obtain a completely di�erent solution if the tutors have been
communicated a �rst assignment. One option could be to rerun our model with an
alternative objective function with the aim of minimizing the di�erences between the
new and the old assignments. However, the number of changes might still be signi�cant
because the model prevents any constraint violation. Thus, it is important that the
administrative members continue to actively participate in the process, so that they
are able to monitor any change required after the solution publication. Indeed, they
have the knowledge about what constraints could possibly be relaxed in order to �x a
solution without adding large perturbations, if the model was not able to do so. This
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represents an interesting future research direction. It would also be interesting to study
multi-objective optimization techniques more in depths to �nd, for example, a set of
solutions with an appropriate balance between the number of satis�ed preferences, the
total number of courses assigned to tutors, the total number of trips between the two
locations that tutors must perform, and the load disparities among tutors.

Another interesting future research direction is the study of metaheuristic algorithms
to be applied to the Tutor Allocation Problem as it has been done for similar problems
in the literature. We mention in particular the work of Leite et al. (2019) and Hossain
et al. (2019) who studied advanced heuristic techniques for the optimization of university
timetabling and scheduling problems. These types of techniques could be bene�cial
to solve very large instances or problems characterized by additional complicating
constraints.
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Chapter 3

A Mathematical Formulation for
Reducing Overcrowding in Hospitals'
Waiting Rooms 1

Abstract

The COVID-19 pandemic has triggered several new measures in public and private
companies to limit the spread of the virus. One of the most e�ective measures was
shown to be social distancing, but such measure is not easy to implement for every
entity, especially for hospitals. In this work, we study the case of an Italian hospital
whose goal is to �nd the best layout of outpatient services to reduce overcrowding in
the waiting rooms. We propose an Integer Linear Programming model to identify the
weekly optimal layout and we test it on a set of real data from the year 2019. The
results obtained by our model reduce the overcrowding by 80% on average with respect
to the results obtained with the con�guration used by the hospital, but such results
can only be obtained if the layout is allowed to change every week. We then study the
case in which we force the layout to be �xed for two or three consecutive weeks and
outline that both the computational time and the solution quality worsen signi�cantly.

3.1 Introduction

Among the measures introduced to prevent the spread of COVID-19, social distancing
is probably one of the most e�ective but comes with many logistical challenges. While
companies can often enforce the 1.5-meters rule by reducing the number of people
(workers and customers) in their premises, public entities such as hospitals must �nd
other ways to limit physical interactions. In this work, we study the layout design of an
Italian hospital (i.e., the room allocation) in order to avoid over-capacitated waiting
rooms.

1The results of this chapter appear in: Caselli, G., De Santis, D., Delorme, M., Iori, M. (2021). A
Mathematical Formulation for Reducing Overcrowding in Hospitals' Waiting Rooms. In Proceedings of
2021 IEEE International Conference on Industrial Engineering and Engineering Management (IEEM)
(pp. 297-301). IEEE.
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In the considered problem, each doctor delivers a set of visits during the week, which
is also called anagenda. Every visit takes place at a giventime slot of a givenday and
may require a speci�c machine (e.g., an X-ray machine for an agenda in radiology).
Each visit takes place in aclinic room, which is characterized by its location in the
hospital and its equipment. Patients wait for their appointment in awaiting room,
which is characterized by its location and its capacity. The aim of the problem is to
�nd an assignment of agendas to clinic rooms and clinic rooms to waiting rooms that
minimizes overcrowding (i.e., the number of patients over the waiting room capacity)
while satisfying a set of logistical constraints.

The logistical constraints considered in this work are the following: (i) an agenda
must be assigned to exactly one clinic room for the entire time horizon, (ii) a clinic
room can be assigned to at most one waiting room for the entire time horizon, (iii) an
agenda can only be assigned to a subset of clinic rooms (determined by the equipment
and the location of the room), and (iv) a clinic room can only be assigned to a subset
of waiting rooms (determined by the location of the rooms).

Even though our problem has some similarities with well-known combinatorial
optimization problems (e.g., the vector packing problem) and with existing healthcare
optimization problems (e.g., operating room planning and outpatient appointment
system), to the best of our knowledge, it was never studied in the literature. Indeed,
its objective function (minimizing overcrowding in hospital common spaces) originates
from the recent COVID-19 emergency and its ad hoc constraints are hospital-speci�c
(the same way as the constraints of a teacher allocation problem are university-speci�c,
see Caselli et al., 2022).

Considering these remarks, we provide in the following a new Integer Linear Pro-
gramming (ILP) formulation to solve our problem. We test the model with a real-world
data set provided by the hospital which contains the agendas of the 53 weeks of year
2019 and we solve the problem with di�erent time horizon lengths.

3.2 Literature review

The literature dedicated to optimization in healthcare is large. We mention the survey
by Rais and Viana (2011) who identi�ed and categorized the scienti�c literature into
four categories, namely healthcare planning (e.g., for determining the optimal location
of healthcare centers), healthcare management and logistics (e.g., for determining the
best allocation of shifts to nurses), treatment planning (e.g, for designing the optimal
radiation therapy), and specialized and preventive healthcare (e.g., for maximizing
the number of kidney transplants). The problem we study belongs to the category
�healthcare and logistics�. In the following, we outline optimization problems that are
related to our room allocation problem.

Our problem has some similarities with operating room (OR) planning and scheduling
(see Cardoen et al., 2010 for a recent survey). For example, Santibáñez et al. (2007)
developed an ILP model to schedule surgical blocks for each specialty, considering OR
time availability and resource constraints. Each surgical block had to be assigned to an
OR that was compatible with its specialty and the assignment was �xed for the entire
time horizon. Unlike our work however, capacity was considered as a �hard constraint�
and could not be exceeded. In Denton et al. (2010), the authors introduced stochastic
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optimization models for the allocation of surgery agendas to ORs. Their objective was
to minimize the costs that comprised a �xed component to open an OR and a variable
component to use the OR longer than its available time. In our case, we do not consider
that using a room (either a waiting room or a clinic room) has a cost.

Our problem has also some similarities with the Outpatient Appointment Systems
(OASs) for which we refer the interested reader to the recent survey by Ahmadi-Javid
et al. (2017). For example, Wang and Gupta (2011) designed an OAS able to learn
the patient's preferences to improve booking decisions. They used an ILP model to
assign appointments to clinic room, with the objective of maximizing the overall patient
satisfaction. Another relevant study was proposed by Green et al. (2006) who optimized
patient management in a hospital diagnostic facility. They identi�ed three categories of
patients: (i) the outpatients, whose appointments are scheduled weeks in advance, (ii)
the inpatients, whose appointments are scheduled the same day, and (iii) the emergency
patients, who do not have any appointments, but must be taken care of as soon as
possible. The authors studied the design of dynamic priority rules for admitting patients
into service in real time.

Finally, we refer to the vector packing problem (see Brandao and Pedroso, 2016)
where one wants to pack a set of items, each of them having a set of weights, into the
minimum number of capacitated bins. The agendas are the items, the weights are the
agenda occupancy per time slots, the waiting rooms are the bins, and the clinic rooms
serve as an intermediary level that is both an item and a bin (an agenda is �packed�
into a clinic room which itself is packed into a waiting room).

3.3 Problem description and mathematical model

We consider a set of agendasi 2 I , a set of clinic roomsj 2 J , and a set of waiting rooms
k 2 K with capacity Ck . Each agenda must be assigned to exactly one clinic room, and
each clinic room must be assigned to exactly one waiting room. The assignments are
�xed through the entire time horizon. This time horizon is divided into daysd 2 D,
which are themselves divided into time slotst 2 T.

For each agendai , we de�ne an integer matrix pidt that indicates the number of
people that are expected in a waiting room in each time slott of each dayd. Note that
this matrix is not necessarily binary as some patients (e.g., children or elders) must be
accompanied. We also introduce a binary matrixbidt indicating whether agendai is
active or not at time slot t of day d. Note that in our case, ifbidt is equal to 0, thenpidt

is also equal to 0. The opposite is not necessarily true: for example, if an agenda is
active at time slots t � 1 and t + 1, then it is also considered active at time slott, even
if no patients are expected. Indeed, it is not practical for a doctor to leave the clinic
room to another doctor for a single time slot.

Because of logistical constraints, we distinguish three types of agendas: (i) the�xed
agendasi 2 I F requiring heavy machinery (e.g., X-rays) that can only be assigned to a
small subset of clinic rooms, (ii) thesemi-�xed agendas requiring non-heavy machinery
(i.e., that can be moved occasionally from one clinic room to another such as gynecologist
tables) that must be assigned to a clinic room in a speci�c hospital �oor, and (iii) the
free agendas requiring no machinery at all (e.g., general practitioner consultancy) that
can be assigned to any clinic room. Fixed and semi-�xed agendas cannot be assigned to
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the same clinic room as �xed agendas. We use binary compatibility matrixQij taking
value 1 if agendai is compatible with clinic room j (i.e., if the clinic room has the
suitable machinery and is located in the suitable �oor). We use binary compatibility
matrix Q

0

jk taking value 1 if clinic roomj is compatible with waiting room k (i.e., if the
waiting room is located in the same �oor and at a reasonable distance from the clinic
room). In our model, we use �ve sets of variables: (i) binary variablexJ

ij taking value 1
if agendai is assigned to clinic roomj , (ii) binary variable xK

ik taking value 1 if agenda
i is assigned to waiting roomk, (iii) binary variable yjk taking value 1 if clinic roomj
is assigned to waiting roomk, (iv) integer variable � kdt indicating the overcrowding
of waiting room k at time slot t of day d, and (v) binary variable zj taking value 1 if
clinic room j is used for �xed agendas and value 0 if it is used for semi-�xed and free
agendas. Our problem can be modeled as follows:

min
X

k2 K

X

d2 D

X

t2 T

� kdt (3.1)

s.t.
X

i 2 I

pidt xK
ik � Ck + � kdt k 2 K; d 2 D; t 2 T (3.2)

X

j 2 J

xJ
ij = 1 i 2 I (3.3)

X

k2 K

xK
ik = 1 i 2 I (3.4)

X

k2 K

yjk � 1 j 2 J (3.5)

X

i 2 I

bidt xJ
ij � 1 j 2 J; d 2 D; t 2 T (3.6)

xJ
ij � Qij i 2 I; j 2 J (3.7)

yjk � Q
0

jk j 2 J; k 2 K (3.8)

xJ
ij � zj i 2 I F ; j 2 J (3.9)

xJ
ij � 1 � zj i 2 I=I F ; j 2 J (3.10)

xJ
ij + xK

ik � 1 = yjk i 2 I; j 2 J; k 2 K (3.11)

xJ
ij 2 f 0; 1g i 2 I; j 2 J (3.12)

xK
ik 2 f 0; 1g i 2 I; k 2 K (3.13)

yjk 2 f 0; 1g j 2 J; k 2 K (3.14)

zj 2 f 0; 1g j 2 J (3.15)

� kdt � 0; integer k 2 K; d 2 D; t 2 T (3.16)

The objective function (3.1) minimizes the total overcrowding. Constraints(3.2)
compute the overcrowding� kdt for each waiting room at each time slot of each day.
Constraints (3.3) and (3.4) make sure that each agenda is assigned to exactly one clinic
room and one waiting room, constraints(3.5) ensure that each clinic room is assigned
to at most one waiting room. Constraints(3.6) prevent two con�icting agendas (i.e.,
two agendas which are both active at the same time slot of the same day) to be assigned
to the same clinic room. Constraints(3.7) make sure that each agenda is assigned to a
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compatible clinic room and constraints(3.8) make sure that each clinic room is assigned
to a compatible waiting room. Constraints(3.9) and (3.10) prevent free and semi-�xed
agendas to be assigned to a clinic roomj if it is used for �xed agendas (i.e., ifzj is
equal to 1). Constraints(3.11) are used to relate the three families of variablesxJ

ij ,
xK

ik and yjk . Constraints (3.12)-(3.15) state that the variablesxJ
ij ; xK

ik ; yjk ; zj are binary.
Finally, constraints (3.16) state that the variables� kdt are non-negative integers.

We point out that a preliminary version of model(3.1)-(3.16) using a set of 3 index
variablesx ijk (taking value 1 if agendai is assigned to clinic roomj and waiting room
k) instead of three sets of 2-index variablesxJ

ij , xK
ik and yjk was tested but exhibited

a worse computational behavior. We also underline that constraints(3.7) and (3.8)
belong to the model for the sake of clarity: in practice, the variables set to 0 by the two
constraints were not generated in our implementation (they would have been removed
by the preprocessing of any state-of-the-art ILP solver anyways).

3.4 Computational experiments

We implemented model(3.1)-(3.16) using Python 3.9 as programming language and
Gurobi 9.1.2. as ILP solver. The experiments were run on a virtual machine Intel(R)
Xeon(R) Gold 6130 with 2.1 GHz and 16 GB of RAM memory, with Windows Server
2019 Standard as operating system.

In our �rst set of computational experiments, we studied the performance of the
model on real-world instances from an Italian hospital. We ran the model for each of
the 53 weeks of 2019, imposing a time limit of 3600s. Each instance is composed of 483
agendas spread over 34 specialties (e.g., angiology, cardiology, dermatology, radiology),
119 clinic rooms, and 31 waiting rooms. The integer matrix indicating the number of
patients for each week, each day, each time slot, and each agenda and the corresponding
activity matrix b were given by the hospital. In the following, we provide relevant
statistics from our real-world data:

ˆ On average, an agenda has 16 patients per week and it is active 21 time slots per
week (we recall that an agenda can be active at a time slot even if no patients are
expected: this prevents another agenda to occupy the same clinic room during
the short period of inactivity).

ˆ An agenda is compatible with 56 clinic rooms on average.

ˆ A clinic room is compatible with 227 agendas and 2 waiting rooms on average.

ˆ A waiting room is compatible with 9 clinic rooms on average.

The hospital has four �oors, and each �oor is decomposed into several blocks where
clinic rooms and waiting rooms are located. The distribution of clinic rooms and waiting
rooms per �oor is relatively even (i.e., there are around 30 clinic rooms and 8 waiting
rooms in each �oor). The location of each waiting room and its capacity was provided
by the hospital. The capacities range from 1 to 16, with an average of 4 spots available.

Out of the 53 tested instances, 52 could be solved to optimality within the time
limit. The average CPU time required was 660s (we used 3600s as the time required
for the unsolved instance). The solution value found by the model and the computing
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Figure 3.1: Solution value and computation time required by the ILP model for each of
the 53 tested weeks.

Figure 3.2: Proportion of agenda-clinic room and clinic room-waiting room allocations
kept stable from one week to the other.

time for each week are summarized in Figure 3.1. We observe that the computational
time is highly correlated with the period of the year: for holiday weeks (e.g., Christmas,
Easter, and during the summer), the time to solve an instance is very low (a few
dozens of seconds): this can be explained by the fact that there are less patients during
these weeks, which results in smaller size models as there are less non-zero values in
constraints (3.2) and (3.6). In the opposite, during the most active weeks, (i.e., where
the hospital is full of appointments such as in October), the time required to solve an
instance often goes above 1000s. For the unsolved instance (week 43), the solution
provided by the solver has a noticeable relative gap (UB � LB = 19), but the solution
found by the solver (UB = 24) is acceptable when compared to other weeks.

On average, we obtained solutions that were from 70% to 90% below those observed
by the hospital with its manual allocation. This indicates that there is an interest to
use optimisation techniques to allocate agendas to clinic rooms and waiting rooms.
These good results should be put in perspective however, as in its current allocation,
the hospital tends to avoid any major shift in the con�gurations from one week to the
other, which is not the case in our model. Indeed, we observed from Figure 3.2. that,
on average, the proportion of assignments kept stable from one week to the other is
only 4% for the agenda-clinic room allocations and 68% fort the clinic room-waiting
room allocations.
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Figure 3.3: Solution value and number of overlapping for each of the 53 tested weeks if
the allocation found for week 2 is used in other weeks.

Even if the hospital is not against having a new agenda/clinic room and clinic
room/waiting room allocation every week, this would require a very reactive management
system. In addition, it is not realistic to impose such a drastic change to the doctors
who have mostly used the same clinic room for a given agenda every week. We took this
aspect into account in our second set of experiments in which we evaluated how good
the allocation found in a given week would be if it was maintained in the other weeks.
We decided to pick the con�guration from week 2 as the solution from week 1 fall in
Christmas holidays. We used two indicators to evaluate the �tness of this allocation:
the overcrowding in the waiting room as in our �rst set of experiments, but also the
average number of overlapping (or con�icts). When two agendas who are active during
the same time slot are assigned to the same clinic room, this results in an overlapping.
The solution value found by the model and the number of overlapping for each week
are summarized in Figure 3.3.

The average overcrowding for the whole year when using the con�guration of week 2
is 116 on average, which is closer to the level of overcrowding observed by the hospital
in practice. In addition, we identi�ed 50 con�icts on average, indicating that besides
having signi�cantly more overcrowding, the best con�guration found in a given week
cannot directly be used in the other weeks. We also underline that more than 50
con�icts and an overcrowding of above 100 were observed in week 3, indicating that
even two successive weeks have signi�cant agenda di�erences.

We tried to take this aspect into consideration in our third set of experiments by
considering a longer time horizon. Our setD now contains 14 days (i.e., 2 weeks) while
it was 7 days in the previous experiments. Model(3.1)-(3.16) now provides a unique
con�guration that is valid for both weeks that minimizes the overcrowding happening
during the 14 days of the time horizon. The model is signi�cantly bigger as it now
contains twice as many� kdt variables and twice as many incompatibility constraints
(3.6). As for the previous experiments, we set a time limit of 3600s. The results are
summarized in Figure 3.4.

When we consider two weeks simultaneously, the computation time required to solve
an instance increased from 660s on average to 2470s (we still used 3600s as the time
required for the unsolved instances). Only 9 instances out of 26 could be solved to
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Figure 3.4: Solution value, lower bound, and computation time required by the ILP
model for each of the 26 pairs of weeks.

optimality within the time limit. We observed that the average overcrowding during
these 9 pairs of weeks was 12 while it was 8 for the corresponding 18 weeks in our �rst
set of experiments. Thus, keeping the con�guration �xed has a signi�cant impact on
the minimum overcrowding. For the instances that could not be solved to optimality
but that were feasible, the average absolute gap between the upper and lower bound
was 84 (56 if we exclude the outsider pair of weeks 11 and 12) and the average relative
gap was 56,45% (53,76% if we exclude the outsider). We identi�ed several possible
causes for the increase in computing time: (i) the increase in the model size due to the
additional � kdt variables and incompatibility constraints(3.6), and (ii) the di�culty
for the solver to �nd good quality solutions. We also point out that one instance was
infeasible (the one corresponding to weeks 21 and 22). This indicates that the ideal
goal of �nding a unique �xed con�guration for the whole year is not reachable.

We also noticed some similarities with our �rst set of experiments, namely that the
instances that could be solved to optimality correspond to holiday weeks, which are
periods in which the hospital has less appointments. Finally, we also mention that we
tried similar experiments with a 3-week time horizon, but the results were signi�cantly
worse (both in terms of feasibility and average computing time) indicating that other
techniques should be developed if we want to have a relatively steady con�guration for
longer time horizons.

3.5 Conclusions and future research directions

In this work, we studied the layout design of an Italian hospital with the aim of
reducing overcrowding, an objective that is particularly important during the COVID-
19 pandemic. We proposed an integer programming model to assign agendas to clinic
rooms and waiting rooms, and we showed through extensive computational experiments
based on a real-world data set that if the layout can be changed every week, a signi�cant
decrease in the overcrowding can be reached (between 70% and 90%). We also showed
that the optimal layout for one week of the year might not be necessarily good or even
feasible for another week of the year, even if we consider two successive weeks. We
concluded our experiments by solving the model with time horizons of two weeks and
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found out that solving the model required more computing time, that a feasible solution
was not guaranteed to exist, and that the overcrowding increased signi�cantly, meaning
that there is a clear trade-o� between keeping the layout identical over the weeks and
minimizing overcrowding.

As a follow-up of this work, we would like to enhance the performance of our model so
that it becomes able to solve instances with larger time horizon (a trimester, a semester,
or a full year). We would also like to modify its constraints so that it allows a given
number of changes from one week to the other. We will also investigate decomposition
techniques where the allocation of agendas to waiting rooms is done at a �rst stage
while the allocation of agendas to clinic rooms is done at a later stage. Finally, we will
also study the quality of matheuristic approaches where one does the allocation �oor
by �oor or even block by block.
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Chapter 4

Exact Algorithms for a Parallel
Machine Scheduling Problem with
Workforce and Contiguity Constraints 1

Abstract

We consider a real-world scheduling problem where the objective is to allocate a set of
tasks to a set of machines and to a set of workers in such a way that the total weighted
tardiness is minimized. Our case study takes into account four types of constraints:
precedence, resource, eligibility, and contiguity. While the �rst three are common in the
scheduling literature, contiguity constraints, which can be de�ned as a form of precedence
constraints that requires both a predecessor and its successor to be processed on the
same machine with no intermediate jobs in-between (but idle time is allowed), have
never been studied in the literature. We present four exact methods to solve the problem:
two methods use integer linear programming, one uses constraint programming, and one
uses a combinatorial Benders' decomposition. We introduce method-speci�c strategies
to model the contiguity constraints for each of the proposed methods. We empirically
evaluate, through an extensive set of computational experiments, the performance of
the four methods on a heterogeneous dataset composed of real, realistic, and random
instances, and outline that every method o�ers a competitive advantage on a targeted
subset of instances. We also show that our algorithms can be generalized to solve
related scheduling problems with contiguity constraints.

4.1 Introduction

Owing to the numerous practical applications and theoretical properties, the �eld
of Parallel Machines Scheduling Problems (PMSP) is one of the most studied in
combinatorial optimization. In a PMSP, one wants to allocate a set of jobs to a set
of machines, and determine, for each machine, the order in which the jobs should
be processed (see, e.g., Baker and Trietsch, 2019). Some PMSPs can be solved in

1The results of this chapter appear in: Caselli, G., Delorme, M., Iori, M., Magni, C. A. (2024).
Exact algorithms for a Parallel Machine Scheduling Problem with workforce and contiguity constraints.
Computers & Operations Research, 163, 106484.
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polynomial time, but most of them areN P -hard (see Pinedo, 2016). Over the years,
many additional features have been introduced and studied in PMSPs, by considering
the characteristics of the machines (e.g., machine speed), of the jobs (e.g., precedence
constraints), and of the objective function (e.g., sum of completion time minimization).
A particularly important feature in real-world applications is resource consumption. In
a Resource-Constrained Parallel Machine Scheduling Problem (RCPMSP), one also
considers a set of resources that must be used in order to process a job on a machine.

Even though RCPMSPs have been extensively studied in the literature (see Edis
et al., 2013 for a complete survey; see also Section 4.2 below), there are practical
applications that have not yet been modeled in the literature because they either involve
a novel combination of features or because they require a type of constraints that
was never studied before. Our work deals with the latter case and originates from a
collaboration with the engineering test laboratory of Dana Inc., a company working
in the hydraulic automation industry, where complex and customized components
of motion systems (such as pumps, motors, and valves) require several tests (e.g.,
performance or endurance tests) before being delivered to the customers.

The decision problem faced by the company can be modeled as an RCPMSP where
the tests (called jobs in the remainder of the paper to stick with the most common
scheduling notation) are assigned to machines and workers by meeting a number of
operational constraints. The job occupies the machine entirely for a �xed number of
days, and for each day the worker is required to process the job for a few hours. A
limited number of workers is available every day; each of them can process one or more
jobs, without exceeding their daily maximum number of hours.

The problem also requires to consider three sets of eligibility constraints: (i) a job
can only be performed by a subset of workers (for example, a test on a valve must
be done by a worker who is an expert in valves); (ii) a job can only be performed by
a subset of machines (for example, a performance test on a valve must be done on a
machine dedicated to valves performance tests); (iii) a worker can only manipulate a
subset of machines (in our case, a worker can only use a machine for which they have a
skill certi�cation). In addition, every job has a release date, a duration, a desired due
date, and a weight (expressing the priority of the job). The objective is to minimize
the total weighted tardiness.

The main novelty of our application comes from the relations existing between pairs
of jobs. We consider (i) standard precedence constraints that require a predecessor to be
�nished before its successor starts and (ii) contiguity constraints, which are precedence
constraints that additionally require both a predecessor and its successor to be processed
on the same machine with no intermediate jobs in-between (but idle time is allowed).
As de�ned by the company, precedence relations occur between two types of jobs that
must be performed on the same product (such as a short performance test followed by
a long endurance test on the same hydraulic component), whereas contiguity relations
take place on a chain of similar jobs that must be performed on the same product and
on the same machine (such as consecutive performance tests on the same hydraulic
component with di�erent system conditions, like the oil pressure level for example), but
not necessarily by the same worker. To the best of our knowledge, contiguity constraints
were never studied in the RCPMSP literature. Indeed, as reported by Khatami et al.
(2020), there is a research gap in the area of RCPMSPs with non-ordinary precedence
constraints (such as �coupled tasks� in Khatami et al.'s paper or contiguous tasks in
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our case).
In this work, our �rst objective is to provide a set of exact algorithms able to solve

real instances provided by the company. Inspired by the recent trends in the scheduling
literature (see Fang et al., 2021; Koné et al., 2011; Lovato et al., 2022), we propose (i)
a descriptive Mixed Integer Linear Programming (MILP) formulation, (ii) an enhanced
MILP model, (iii) a new Constraint Programming (CP) formulation, and (iv) a new
combinatorial Benders' decomposition that �rst determines the starting date of every
job and then �nds a suitable machine and a suitable worker to process each job at
the scheduled time. For each method, we also introduce an innovative strategy to
model contiguity constraints. Another objective is to determine the e�ectiveness of our
techniques on large size realistic instances (i.e., randomly generated instances aimed at
mimicking the dataset provided by the company) and on arti�cial instances studying the
impact of key features such as the presence of precedence constraints, the presence of
eligibility constraints, and various worker/machine/job ratios. These experiments show
that the e�ectiveness of the proposed approaches depends on the instance features and,
therefore, that no method consistently outperforms the others. Our contribution is not
only limited to the problem considered in this work: we show that our algorithms can
easily be generalized to model other scheduling problems with contiguity constraints.
This can be useful if, for example, Dana Inc. prefers minimizing the total weighted
completion time or the total weighted �ow time in the future.

The rest of the paper is organized as follows. In Section 4.2, we provide a review
of the RCPMSP literature related to our problem. In Section 4.3, we give a detailed
description of our RCPMSP and introduce the descriptive MILP formulation. The
enhanced MILP formulation, the CP model, and the decomposition approach are
described in Section 4.4. Section 4.5 gives a summary of the results obtained by an
extensive set of computational experiments. Finally, concluding remarks are provided
in Section 4.6. A preliminary version of this work in which an MILP formulation was
used to solve a single instance with unrelated parallel machines was presented as Caselli
et al. (2022).

4.2 Literature review

Scheduling problems on parallel machines have been extensively studied since the early
�fties. We refer to Mokoto� (2001) for a survey on PMSPs, to Pinedo (2016) for a
comprehensive review of the scheduling theory, and to Fuchigami and Rangel (2018)
for a discussion on analysis and perspectives on scheduling case studies. Following the
three-�eld notation by Graham et al. (1979), our problem can be denoted asPjres1; M j ,
r j ,dj ,prec,contj

P
wj Tj . Speci�cally, we aim to minimize the total weighted tardiness

(�
P

wj Tj �) on identical parallel machines (�P�), with an additional resource (�res1�),
eligibility constraints (� M j �), release dates (�r j �), due dates (�dj �), and precedence
(� prec�) and contiguity (� cont�) constraints. To the extent of our knowledge, character-
istic � cont� has never been formally de�ned in the three-�eld notation. In the following,
we brie�y review closely related scheduling problems and their applications.

Additional resources ( res1) As stressed by Blazewicz et al. (1983), most RCPMSPs
areN P -hard, even though some of them with unit-length jobs are polynomially solvable
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(see also Lawler et al., 1993 and Ventura and Kim, 2000). Various kinds of additional
resources were considered in the literature, including human workforce (Sei� et al., 2021,
Edis and Ozkarahan, 2011), tools (Ventura and Kim, 2000 and Hall et al., 2000), and
automated guided vehicles (Ulusoy et al., 1997 and Reddy et al., 2022). For a complete
survey on PMSPs with additional resources, we refer the reader to Edis et al. (2013).
We only mention the work of Edis and Ozkarahan (2012), who used solution methods
similar to the ones we propose in this paper. The authors solved a real-world RCPMSP
with identical machines by using a two-phase algorithm that �rst assigns the jobs to
the machines and then �nds the optimal sequence of jobs on every machine. The �rst
phase was solved with a MILP formulation while both CP and MILP were tested to
solve the second phase. The two resulting algorithms were run on realistic instances
with up to 100 jobs, 36 machines, and 12 workers, and consistently outperformed the
original MILP model.

We also point out that in some RCPMSPs, known as parallel machine �exible-
resource scheduling problems, resources can be used to speed-up the processing time of
a job (see Daniels et al., 1997 and Chen, 2004). This is not the case in our problem
because assigning two workers to perform a job does not shorten the job processing
time.

Eligibility constraints ( M j ) Eligibility constraints are used in many practical
applications where jobs must be processed on a speci�c subset of machines. For a
complete survey on PMSPs with eligibility constraints, we refer the reader to Leung
and Li (2016). Problems closely related to ours were studied by Afzalirad and Rezaeian
(2016) and Edis and Ozkarahan (2011). The former introduced metaheuristics to solve a
PMSP with unrelated machines, several additional resources, eligibility constraints, and
precedence constraints. The latter used a combination of CP and MILP to solve a PMSP
with identical machines, one additional resource, and eligibility constraints. To the best
of our knowledge, our work is the �rst in the RCPMSP literature dealing with multiple
eligibility constraints simultaneously: worker/machine, worker/job, and job/machine.
We point out, however, that such multiple eligibility constraints could be modeled within
the framework of the multi-mode resource-constrained project scheduling problem, with
one resource per machine and per worker, and, for each job, one mode per compatible
(i.e., eligible) machine/worker pair. For an extensive literature review on multi-mode
resource-constrained project scheduling problems, we refer the reader to Section 2.4 of
the recent survey by Hartmann and Briskorn (2022) focusing on resource-constrained
project scheduling problem extensions, and to Section 5 of the survey by W¦glarz et al.
(2011) focusing on multi-mode project scheduling problems.

Due dates and total weighted tardiness minimization ( dj j
P

wj Tj ) Total
weighted tardiness is one of the most common objective functions in the scheduling
literature, because it models many practical problems in industrial engineering and pro-
duction management (see, e.g., Cheng and Sin, 1990). We refer the reader to Koulamas
(1994) for a survey focused on total tardiness minimization in scheduling problems and
to Janiak et al. (2015) for a survey on scheduling problems with due windows. We also
mention the relevant work of Su et al. (2017), who studied a PMSP with eligibility
constraints where the objective was to minimize the total weighted tardiness, and the
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recent work of A. Kramer et al. (2019), who proposed MILP formulations for a PMSP
where the objective is to minimize the total weighted completion time (equivalent to
the total weighted tardiness if all due dates were set to 0).

Release dates ( r j ) The addition of release dates for jobs tends to make PMSPs
harder to solve. Graham et al. (1979) showed that1jr j ; dj j

P
wj Tj is N P -hard while

1jdj j
P

wj Tj can be solved in polynomial time. We refer the reader to Lee (2004) for
a survey on machine scheduling problems with availability constraints. Several recent
works include release dates in their PMSPs (see, e.g., Afzalirad and Rezaeian, 2016 and
Li et al., 2022).

Precedence relations between jobs ( prec) The complexity of scheduling problems
with precedence constraints has been studied since the seventies (see Lenstra and
Rinnooy Kan, 1978). Chudak and Shmoys (1999) introduced approximation algorithms
for the PMSP with precedence constraints where each machine has its own speed. Hu
et al. (2010) proposed a heuristic for a realistic PMSP with precedence and eligibility
constraints. An extended literature on precedence constraints is also available in the
area of assembly line balancing problems (Becker and Scholl, 2006), bin packing (R.
Kramer et al., 2017), and (resource-constrained) project scheduling problems (Hartmann
and Briskorn, 2022).

Contiguity constraints ( cont) Contiguity constraints can be seen as a special form
of precedence constraints where the successor of a job must be processed on the same
machine as its predecessor and without any intermediate jobs in-between (but idle time is
allowed). The roots of contiguity constraints can be found in batch scheduling problems
(see Potts and Kovalyov, 2000 for an extensive survey) and scheduling problems with
set-up times and changeover costs (see Bruno and Downey, 1978), where the concept
of families of jobs that must be performed together was introduced. In recent years,
concepts that are related to contiguity constraints have been introduced. We mention
the recent work of Mischek and Musliu (2021), who introduced the test laboratory
scheduling problem, an extension of the resource-constrained project scheduling problem
inspired by a real-world problem similar to ours. They introduced the notion of �link�
between two jobs to indicate that they need to be performed by the same employee.
In contrast, we originally consider the interactions between contiguity constraints and
workforce. Khatami et al. (2020) surveyed coupled task scheduling problems, where it is
required to have an exact time interval between the two jobs of a pair and this time can
be used to process other jobs (see also Khatami and Salehipour, 2021a and Khatami
and Salehipour, 2021b for other recent works). While the de�nition of contiguity in our
problem has a few similarities with the aforementioned constraints, it cannot exactly
be considered just a combination of existing concepts, because we formalize the notion
of contiguity constraints between pairs of jobs, which enriches the RCPMSP literature.
We mention that a di�erent de�nition of contiguity in which one requires a pair of jobs
to be scheduled in consecutive machines exists in the cutting and packing literature.
To the best of our knowledge, that de�nition was only used to introducePjcontjCmax ,
a relaxation of the well-known strip packing problem (see Côté et al., 2014).
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We categorize in Table 4.1 the relevant PMSP literature discussed in this work and
identify, for each paper, the types of constraints considered (among those studied in our
problem) and the type of approaches used: heuristics and metaheuristics (HM), MILP
models, CP models, or decomposition approaches (DA).

Table 4.1: Categorization of the recent related PMSP literature.

Reference Constraints Approach

res1 M j r j dj prec cont HM MILP CP DA

Afzalirad and Rezaeian (2016) X X X X X X
Chen (2004) X X X
Chudak and Shmoys (1999) X X
Daniels et al. (1997) X X X
Edis and Ozkarahan (2011) X X X X
Edis and Ozkarahan (2012) X X X X X
Fang et al. (2021) X X X X
Fleszar and Hindi (2018) X X X X
Gökgür et al. (2018) X X
Hooker (2006)* X X X X X X X
Hu et al. (2010) X X X
A. Kramer et al. (2019) X X
Li et al. (2022) X X X
Mischek and Musliu (2021) X X X X X X X
Su et al. (2017) X X X
Ventura and Kim (2000) X X X

Caselli et al. (2022) X X X X X X X
This paper X X X X X X X X X

4.3 Problem statement and descriptive model

In our RCPMSP, we are given a setJ of jobs that must be scheduled on a setM of
machines by a setK of workers in the time horizonT = 0; : : : ; tmax expressed in days.
Every job j 2 J has a release dater j , a due datedj , a daily resource consumption
qj (number of working hours), a processing timepj , and a weightwj . The weighted
tardiness of each job is computed by multiplying its weight by its delay with respect
to the due date, if any. The aim of our RCPMSP is to minimize the total weighted
tardiness (z). To this aim, each jobj must be processed on a machinei that belongs to
the subsetM j � M of machines compatible with jobj , and by a workerk that belongs
to the subsetK ij � K of workers compatible with both jobj and machinei . We also
de�ne K j � K as the set of workers compatible with jobj . We assume that every
machine can be used every day of the time horizon, while every workerk is available
for ukt hours in day t (k 2 K; t 2 T ).

We are given a setP of precedence relations and a setQ of contiguity relations. A
precedence relation(j; l ) 2 P between jobj and job l implies that the starting time
of l must be greater than or equal to the completion time ofj . A contiguity relation
(j; l ) 2 Q between jobj and job l states that the starting time of l must be greater
than or equal to the completion time ofj and that the two jobs must be processed on
the same machine without any other jobs in-between (but idle time is allowed).
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Interestingly, the notion of contiguity is only relevant in our problem because of
the workers. One could think that the tasks involved in a contiguity constraint could
simply be merged so that they are forced to be processed one after the other on the
same machine. However, doing so would remove the possibility to slightly postpone
the second task to free its associated worker so that they become available to perform
another (more urgent) job. A numerical example illustrating this situation is given
in Figure 4.1. We consider three jobsJ = f 1; 2; 3g (in white, gray, and black in the
�gure) with release datesr j = f 4; 0; 4g, due datesdj = f 8; 5; 9g, processing times
pj = f 2; 4; 4g, and weightswj = f 1; 1; 1g. There is a contiguity relation between jobs2
and 3 (Q = f (2; 3)g). We consider two machinesM = f M 1; M 2g with M 1 compatible
with job 1 and M 2 compatible with jobs 2 and 3, and a single worker compatible
with every job and every machine who can perform one job at a time. We show in
Figures 4.1a and 4.1b the two possible outcomes if contiguous jobs2 and 3 are merged.
In that case, the total weighted tardiness (z) is either equal to 2 if the merged jobs
are scheduled before job 1 or it is equal to 10 if the merged jobs are scheduled after
job 1. If a contiguity relation is considered between the two jobs instead, then a better
solution with objective value 1 can be found as displayed in Figure 4.1c. We point out

(a) z = 2 (b) z = 10 (c) z = 1

Figure 4.1: Numerical example on contiguity relation.

that if there is a contiguity relation (j; l ) between two jobsj and l, then the sets of
compatible machinesM j and M l should be identical. If this is not the case, then a
simple preprocessing step setsM j and M l to M j \ M l for every (j; l ) 2 Q.

For each jobj and day t, we also de�ne the set of starting timesSjt for which a
machine would still be occupied at dayt if job j were to start at any day� that belongs
to Sjt . Set Sjt is equal to f;g if r j > t , to f r j ; : : : ; tg if t � r j � t � pj + 1, and to
f t � pj + 1; : : : ; tg otherwise. The mathematical notation is summarized in Table 4.2.

Our RCPMSP can be modeled using a so-called discrete-time formulation (see
Pritsker et al., 1969) where binary decision variablex ijkt takes the value1 if job j
is processed on machinei by worker k on day t (j 2 J; i 2 M j ; k 2 K ij ; t 2 T ) and
where continuous decision variablesCj and Tj indicate the completion time of jobj
and its tardiness (i.e., the maximum between 0 andCj � dj ), respectively. We obtain
the following MILP model:

min
X

j 2 J

wj Tj (4.1)

s.t.
X

i 2 M j

X

k2 K ij

X

t2T

x ijkt = 1 j 2 J (4.2)

X

j 2 J

X

k2 K ij

X

� 2 Sjt

x ijk� � 1 i 2 M; t 2 T (4.3)
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Table 4.2: Mathematical notation.

Notation De�nition
J Set of jobs
M Set of available machines
M j Set of machines compatible with jobj
K Set of available workers
K j Set of workers compatible with jobj
K ij Set of workers compatible with jobj and machinei
T Set of days in the time horizon (T = 0; : : : ; tmax )
r j Release date of jobj
dj Due date of jobj
qj Daily resource consumption of jobj (hours per day)
pj Processing time of jobj (days)
wj Weight of job j
ukt Working availability of worker k in day t (hours)
P Set of precedence relations
Q Set of contiguity relations
Sjt Set of starting times for which jobj would not be �nished by day t

X

j 2 J

X

i 2 M j :k2 K ij

X

� 2 Sjt

qj x ijk� � ukt k 2 K; t 2 T (4.4)

Cj =
X

i 2 M j

X

k2 K ij

X

t2T

x ijkt (t + pj ) j 2 J (4.5)

Cl � pl � Cj (j; l ) 2 P [ Q (4.6)
X

k2 K ij

X

t2T

x ijkt =
X

k2 K il

X

t2T

x ilkt (j; l ) 2 Q; i 2 M j (4.7)

X

j 02 J nf j;l g

X

k2 K ij 0

x ij 0kt � 1 �
X

k2 K ij

tX

� = r j

x ijk� +
X

k2 K il

tX

� = r l

x ilk� (j; l ) 2 Q; i 2 M j ; t 2 T (4.8)

Tj � Cj � dj j 2 J (4.9)

x ijkt = 0 j 2 J; i 2 M j ; k 2 K ij ; t 2 T n f r j ; : : : ; tmax � pj g(4.10)

x ijkt 2 f 0; 1g j 2 J; i 2 M j ; k 2 K ij ; t 2 T (4.11)

Cj ; Tj � 0 j 2 J (4.12)

The objective function (4.1) minimizes the total weighted tardiness. Constraints(4.2)
guarantee that each job is processed exactly once and is assigned to exactly one compat-
ible machine and one compatible worker. Constraints(4.3) ensure that each machine
processes at most one job at the same time (i.e., one job per day). Constraints(4.4)
guarantee that no operator works more than the number of hours they are supposed
to work in each day of the time horizon. Constraints(4.5) de�ne the completion
time of each job. Constraints(4.6) guarantee that the order between jobs de�ned by
precedence and contiguity relations is respected. Constraints(4.7) make sure that two
contiguous jobs are processed on the same machine. Constraints(4.8) forbid any job
j 0 to be processed on a machinei at day t (i.e.,

P
j 02 J nf j;l g

P
k2 K ij 0

x ij 0kt = 1) if that
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machine has processed a jobj , the �rst element of a contiguous pair, before dayt (i.e.,P
k2 K ij

P t
� = r j

x ijk� = 1) but has not yet processed jobl, the second element of that

same contiguous pair, by dayt (i.e.,
P

k2 K il

P t
� = r l

x ilk� = 0). Constraints (4.9) de�ne
the tardiness of the jobs, constraints(4.10) prevent any job from starting before its
release date or �nishing after the time horizon (note that in the model implementation
the variables set to zero are not created), and constraints(4.11) and (4.12) limit the
variable domains. We point out that the innovative aspect of this formulation comes
from constraints (4.7) and (4.8), which are used to model contiguity. The other con-
straints are fairly common in the scheduling literature (see, e.g., Koné et al., 2011).
Model (4.1)-(4.12) can be solved with an MILP solver to produce an optimal solution,
but computational experiments have shown that the model could quickly become too
large to be solved in a reasonable time (it involvesO(jJ j � j M j � j K j � tmax ) variables).

4.4 Advanced algorithms

In this section, we introduce an enhanced MILP model, a CP model, and a combinatorial
Benders' decomposition for our RCPMSP.

4.4.1 Enhanced MILP model

There are often more than one MILP formulation to model a given combinatorial
optimization problem. The literature has shown that, for a given instance of a problem
and a given MILP solver, some MILP formulations could be faster to solve than others,
all else being equal. This di�erence can be explained by major di�erences in terms of
number of variables, number of constraints, number of non-zero elements, and continuous
relaxation value (among others). For example, we refer the reader to Koné et al. (2011)
for a comparison of MILP formulations for the resource-constrained project scheduling
problem. A question frequently arising in MILP modeling is whether or not one should
use a set of� -index variables or two sets of (� -1)-index variables together with a set
of linking constraints. While the former is usually shown to have a better continuous
relaxation value, the latter tends to involve much fewer variables. As preliminary
results showed that the model size was an issue with model(4.1)-(4.12), we tried a
version of the model using two sets of 3-index variables instead of one set of 4-index
variables: we now de�nexm

ijt that takes the value 1 if job j is processed on machine
i on day t (j 2 J; i 2 M j ; t 2 T ) and xw

jkt that takes the value 1 if job j is processed
by worker k on day t (j 2 J; k 2 K j ; t 2 T ). The resulting MILP model, which uses
O(jJ j � j M + K j � tmax ) variables, is de�ned as follows:

min
X

j 2 J

wj Tj (4.13)

s.t.
X

i 2 M j

X

t2T

xm
ijt = 1 j 2 J (4.14)

X

k2 K j

X

t2T

xw
jkt = 1 j 2 J (4.15)

X

j 2 J

X

� 2 Sjt

xm
ij� � 1 i 2 M; t 2 T (4.16)
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X

j 2 J

X

� 2 Sjt

qj xw
jk� � ukt k 2 K; t 2 T (4.17)

Cj =
X

i 2 M j

X

t2T

xm
ijt (t + pj ) j 2 J (4.18)

Cl � pl � Cj (j; l ) 2 P [ Q (4.19)
X

t2T

xm
ijt =

X

t2T

xm
ilt i 2 M; (j; l ) 2 Q (4.20)

X

j 02 J nf j;l g

xm
ij 0t � 1 �

tX

� = r j

xm
ij� +

tX

� = r l

xm
il� i 2 M; t 2 T ; (j; l ) 2 Q (4.21)

Tj � Cj � dj j 2 J (4.22)
X

t2T

xm
ijt �

X

t2T

X

k2 K ij

xw
jkt j 2 J; i 2 M j ; (4.23)

X

i 2 M j

xm
ijt =

X

k2 K j

xw
jkt j 2 J; t 2 T (4.24)

xm
ijt = 0 j 2 J; i 2 M j ; t 2 T n f r j ; : : : ; tmax � pj g (4.25)

xw
jkt = 0 j 2 J; k 2 K j ; t 2 T n f r j ; : : : ; tmax � pj g (4.26)

xm
ijt 2 f 0; 1g j 2 J; i 2 M j ; t 2 T (4.27)

xw
jkt 2 f 0; 1g j 2 J; k 2 K j ; t 2 T (4.28)

Cj ; Tj � 0 j 2 J (4.29)

Model (4.13)-(4.29) is an adaptation of model(4.1)-(4.12) where the additional con-
straints (4.23) allow a job j to be assigned to a compatible machinei only if j is assigned
to a worker k that is compatible with both j and i , and the additional constraints(4.24)
link the two sets of 3-index variables.

4.4.2 Constraint Programming model

In the last decade, the literature has shown that CP is particularly e�ective to solve
highly constrained combinatorial optimization problems (see, e.g., Jain and Grossmann,
2001 and Gedik et al., 2016). While CP is sometimes used as a stand-alone approach,
it can also be integrated into more sophisticated algorithms, either to quickly �nd
a feasible solution to serve as a warm start for an MILP model (see, e.g., Delorme
and Santini, 2022) or to solve the subproblem of a decomposition approach (see, e.g.,
Delorme et al., 2017). We refer the reader to Bockmayr and Hooker (2005) for an
outline of CP basic concepts and its integration with MILP.

Several works using CP models to solve scheduling problems have been proposed in
the PMSP literature (see Hooker, 2006, Gedik et al., 2016, Fleszar and Hindi, 2018,
Gökgür et al., 2018, and Lovato et al., 2022). In the following, we describe our CP
formulation together with a detailed explanation of every necessary function. To take
the worker availability into account, we consider that every worker is initially available
at full capacity every day and we use a set of worker-dependent dummy jobs with
pre-de�ned resource consumption and starting/ending dates to represent the possible
reduction of the full capacity. To model the eligibility constraints, we use the multi-mode



4.4. Advanced algorithms 55

resource-constrained project scheduling problem transformation mentioned in Section
4.2, which is to considerjM j + jK j resources and create, for each jobj , one mode for
every single compatible machine/worker pair(i; k ) ( i 2 M j ; k 2 K ij ) that occupies
machinei and consumes resourcek for pj days. To represent the contiguity relations
(j; l ) 2 Q, we use a dummy job with one mode per compatible machinei (i 2 M j ) that
occupies machinei and no worker resource for an unrestricted duration. This dummy
job must start exactly when job j �nishes and must stop exactly when jobl starts.

We make use of the following sets of interval variables to model the problem:

ˆ ivl j , interval variable that represents the execution of jobj ;

ˆ ivl _ mijk , interval variable that represents the execution of jobj using the mode
that occupies machinei and worker k;

ˆ ivld jl , interval variable that represents the execution of the dummy job associated
with the contiguity relation between jobsj and l;

ˆ ivld_ mijl , interval variable that represents the execution of the dummy job
associated with the contiguity between jobsj and l using the mode that consumes
machinei .

Every interval variable must be processed in exactly one of its modes, and if a constraint
applies to a speci�c interval variable, then this constraint is propagated to each of the
variable modes. For example, if a constraint states thativl j cannot start before dayr j

for a given job j , then none of theivl _ mijk involving job j can start before dayr j .
In our CP formulation, we minimize the total weighted tardiness:

min
X

j 2 J

wj � max(0; endof(ivl j ) � dj ) (4.30)

where endof(ivl j ) indicates the completion time of jobj . Constraints (4.31)-(4.32)
limit the domain of the variables so that the jobs are processed between their release
date and tmax :

ivl j :setStartMin (r j ) j 2 J (4.31)

ivl j :setStartMax (tmax � pj ) j 2 J (4.32)

The following constraints �x the duration of each jobj to be equal topj :

ivl j :setSizeMin (pj ) j 2 J (4.33)

ivl j :setSizeMax(pj ) j 2 J (4.34)

We use the constraintsalternative to ensure that exactly one modeivl _ mijk (i 2
M j ; k 2 K ij ) per job j (j 2 J ) is present in the solution:

alternative (ivl j ; ivl _ mijk : 8i 2 M j ; k 2 K ij ) j 2 J (4.35)

To guarantee that each machine processes at most one job per day (whether the job is a
real one requiring a worker or a dummy one representing an idle time on the machine),
we impose

X

j 2 J

X

k2 K ij

pulse (ivl _ mijk ; 1) +
X

(j;l )2 Q:i 2 M j

pulse (ivld_ mijl ; 1) � 1 i 2 M (4.36)
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wherepulse (ivl _ mijk ; 1) counts one unit of occupation for machinei from the starting
time of ivl _ mijk to its completion time, provided that modeivl _ mijk is used. Similarly,
to guarantee that every worker is only active for the number of hours they are supposed
to work, we add

X

j 2 J

X

i 2 M j :k2 K ij

pulse (ivl _ mijk ; qj ) +
X

h2 H k

pulse (ivl h; qh) � max
t2T

f ukt g k 2 K (4.37)

where maxt2T f ukt g is the number of hours per day workerk is available when they
work at full capacity, and whereHk contains the dummy jobs with �xed starting/ending
dates and the resource consumption associated with workerk that is used to model a
decrease in the worker availability (e.g., for holidays). Precedence relations (including
those coming from contiguity) are modeled as

endBeforeStart (ivl j ; ivl l ) ( j; l ) 2 P [ Q (4.38)

whereendBeforeStart (ivl j ; ivl l ) indicates that ivl j must end beforeivl l can start. The
supplementary constraints related to contiguity relations are enforced by

X

k2 K ij

presenceOf(ivl _ mijk ) =
X

k2 K il

presenceOf(ivl _ milk ) ( j; l ) 2 Qj ; i 2 M j (4.39)

X

k2 K ij

presenceOf(ivl _ mijk ) = presenceOf(ivld_ mijl ) ( j; l ) 2 Qj ; i 2 M j (4.40)

StartAtEnd (ivld jl ; ivl j ) ( j; l ) 2 Q (4.41)

EndAtStart (ivld jl ; ivl l ) ( j; l ) 2 Q (4.42)

alternative (ivld jl ; ivld_ mijl : 8i 2 M j ) ( j; l ) 2 Q (4.43)

Constraints (4.39) and (4.40) use job modes to make sure that two contiguous jobsj
and l and their associated dummy jobivld jl are processed on the same machine. To do
so, constraintpresenceOf(ivl _ mijk ) returns true if ivl _ mijk is present in the solution.
Constraints (4.41) and (4.42) force the dummy job ivld jl to start at the end of job
j and �nish at the start of job l. To do so, constraintsStartAtEnd (ivld jl ; ivl j ) and
EndAtStart (ivld jl ; ivl l ) impose an exact starting and ending time forivld jl . Finally,
constraints (4.43) ensure that exactly one mode among those associated with contiguity
relation (j; l ) is selected.

4.4.3 Combinatorial Benders' decomposition

Benders' decomposition, which was introduced more than sixty years ago by Benders
(1962), splits a large MILP problem (calledoriginal problem afterwards) into two
problems, calledmaster problem(MP) and subproblem(SP). The main idea behind the
decomposition is to solve an MP of reasonable size (typically, a relaxation of the original
problem where a set of variables/constraints is aggregated or removed) to obtain a
solution � and check in the SP if� is also feasible for the original problem. If that is
the case, then� is also optimal for the original problem, otherwise a cut is added to
the MP, so that � cannot be generated once more, and the MP is solved again.

Benders' decomposition has signi�cantly evolved during the last decades. In the
seminal work of Benders (1962), the MP was an MILP and the SP was an LP. A few
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years later, Geo�rion (1972) generalized the decomposition to the case where the SP
too was an MILP. Later on, Hooker and Ottosson (2003) proposed the logic-based
Benders' decomposition, where the SP was modeled with CP. A major advance in the
area can be attributed to Codato and Fischetti (2006), who introduced the concept of
combinatorial Benders' cuts by searching for the smallest subset of variables in the MP
solution that causes infeasibility. Even though such cuts can be costly to �nd, they
were shown to be more e�ective in practice because they strongly reduce the number of
MP/SP iterations since they cut larger portions of the solution space. Another advance
was proposed by Côté et al. (2014) who used a lifting procedure to increase even further
the solution space removed by the cuts. Recent successful applications can be found in
Dell'Amico et al. (2019), Fang et al. (2021), Karlsson and Rönnberg (2022), and Seo
et al. (2022), among others.

In our decomposition, the MP determines the starting day of every job while taking
into account the precedence constraints and an aggregated form of resource constraints
(derived from the machines and the workers). The SP tries to assign every job to a
suitable machine and a suitable worker while also ensuring the contiguity relations
among jobs. In such a decomposition framework, only feasibility cuts are added to the
MP. Indeed, optimality cuts are never needed because the objective value of a given
MP solution is always equal to the objective value of the corresponding solution for
the original problem (if such a corresponding solution was shown to exist by the SP).
Preliminary experiments showed that, most of the time, only a few MP/SP iterations
were needed to reach an optimal solution by using this strategy. An alternative idea
would be to take the decisions in reverse order and assign workers and machines to
jobs in the MP and then determine the best schedule in the SP. Such a decomposition
framework would require feasibility cuts as the objective value of a given MP solution for
the original problem would only be known after solving the SP. Considering that many
instances have a non-zero optimal value and that it is di�cult to get any non-trivial
bound on the total weighted tardiness in the MP without knowing the starting dates of
the jobs, it is expected that using such a strategy would result in signi�cantly more
MP/SP iterations. We thus opted not to investigate this alternative idea. In the
following, we describe each component of the decomposition method in more detail.

Master Problem In the MP, we only consider two resources: one is an aggregation of
the jM j machines and the other one is an aggregation of thejK j workers. Therefore, the
MP does not take into account the eligibility constraints and only considers a relaxed
version of the contiguity ones. The MP uses a new set of binary variablesy de�ned as

yjt =
X

i 2 M j

X

k2 K ij

x ijkt

whereyjt takes the value 1 if jobj starts at day t, and 0 otherwise (j 2 J; t 2 T ). We
re-use the two sets of continuous variablesCj and Tj to represent the completion time
and tardiness of jobj , respectively. The MP is de�ned as follows:

min
X

j 2 J

wj Tj (4.44)

s.t.
X

t2T

yjt = 1 j 2 J (4.45)
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X

j 02 J

X

� 2 Sj 0t

yj 0� � j M j �
X

(j;l )2 Q

t � pjX

� = r j

yj� +
X

(j;l )2 Q

tX

� = r l

yl� t 2 T (4.46)

X

j 2 J

X

� 2 Sjt

qj yj� �
X

k2 K

ukt t 2 T (4.47)

Cj =
X

t2T

yjt (t + pj ) j 2 J (4.48)

Cl � pl � Cj (j; l ) 2 P [ Q (4.49)

Tj � Cj � dj j 2 J (4.50)
X

(j;t )2 �

yjt � j � j � 1 � 2 Z (4.51)

yjt = 0 j 2 J; t 2 T n f r j ; : : : ; tmax � pj g (4.52)

yjt 2 f 0; 1g j 2 J; t 2 T (4.53)

Cj ; Tj � 0 j 2 J (4.54)

which is an adaptation of model(4.1)-(4.12) using the two-index variablesyjt . The only
di�erences are for constraints(4.51), which forbid the solutions that were previously
shown to be infeasible by the SP, and for constraints(4.46), which merge constraints
(4.3) and (4.8). More speci�cally, constraints(4.46) limit the number of jobs running
in parallel to the total number jM j of machines minus the number of machines that
cannot be used because of the contiguity relations. For every dayt, the latter quantity
can be computed as the number of contiguity pairs for which the �rst member has been
completed by dayt (i.e.,

P
(j;l )2 Q

P t � pj
� = r j

yj� ) minus the number of contiguity pairs for

which the second member has not started by dayt (i.e.,
P

(j;l )2 Q

P t
� = r l

yl� ).

Subproblem Given an MP solution f fyjt ; fCj g indicating the starting time of every
job, the SP determines whether or not there is a feasible job/machine/worker allocation
respecting both the eligibility and contiguity constraints. The SP uses a set of binary
decision variables� ijk that take the value 1 if job j is processed on machinei by worker
k, and 0 otherwise(j 2 J; i 2 M j ; k 2 K ij ). Let J Q

jl = f j 0 2 J n f j; l g : fCj � pj <
fCj 0; fCj 0 � pj 0 < eClg. The SP becomes

min 0 (4.55)

s.t.
X

i 2 M j

X

k2 K ij

� ijk = 1 j 2 J (4.56)

X

j 2 J
fCj � pj 2 Sjt

X

k2 K ij

� ijk � 1 i 2 M; t 2 T (4.57)

X

j 2 J
fCj � pj 2 Sjt

X

i 2 M j :k2 K ij

qj � ijk � ukt k 2 K; t 2 T (4.58)

X

k2 K ij

� ijk =
X

k2 K il

� ilk (j; l ) 2 Q; i 2 M j (4.59)
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X

j 02 J Q
jl

X

k2 K ij 0

� ij 0k +
X

k2 K ij

� ijk � 1 (j; l ) 2 Q; i 2 M j (4.60)

� ijk 2 f 0; 1g j 2 J; i 2 M j ; k 2 K ij (4.61)

Model (4.55)-(4.61) is an adaptation of model(4.1)-(4.12) where the starting date of
each job is �xed. We point out the necessary adaptations in resource constraints(4.57)
and (4.58), where, for each dayt, the � ijk sum is taken only over the jobsj that are
active at day t (i.e., those whose starting timefCj � pj is in setSjt ). As far as constraints
(4.60) are concerned, they simply indicate that a jobj 0 cannot be processed on the
same machine as a pair of contiguous jobs(j; l ) 2 Q with which it is in con�ict. A job
j 0 is in con�ict with a pair of contiguous jobs (j; l ) if the completion time of job j 0 is
greater than the starting time of job j (i.e., fCj 0 > fCj � pj ) and if the starting time of
job j 0 is smaller than the completion time of jobl (i.e., fCj 0 � pj 0 < eCl ). We also tried a
version of the SP that uses two sets of two-index binary variables instead of one set
of three-index variables, but we did not observe signi�cant improvements in terms of
average computation time.

Cut generation and overall framework Given an MP solution f fyjt ; fCj g that was
proven to be infeasible by the SP, a valid cut to preventf fyjt ; fCj g to be generated again
is

X

(j;t )2 �

yjt � j J j � 1 (4.62)

where � contains all the variablesyjt (j 2 J; t 2 T ) for which fyjt is equal to 1 in the
solution. Such a constraint is known as a �no-good cut� in the literature (Hooker, 2011)
and does not forbid any integer solution besidesf fyjt ; fCj g. In other words, it only forbids
the integer solution in which every jobj starts exactly at day fCj � pj .

Stronger cuts can be obtained by using the combinatorial Benders' cuts of Codato
and Fischetti (2006). To do so, one needs to �nd a reduced subset of jobsJ 0 for which
the SP remains infeasible. In other words, one now aims at forbidding all the integer
solutions in which every jobj in J 0starts exactly at day fCj � pj , regardless of the starting

day of the jobs inJ n J 0. This enhanced cut therefore forbidsO
� Q

j 2 J nJ 0(tmax � r j )
�

solutions. As more MP solutions are removed whenjJ 0j decreases, we are interested
in �nding the smallest subset of jobsJ 0 causing infeasibility for the SP, also known
as the Minimum Infeasible Subset (MIS) in the literature. Since �nding a MIS is
usually N P -hard, a common strategy is to determine it heuristically by removing the
set of variables that is the least likely to cause infeasibility, solve the SP again, and
iterate until the SP becomes feasible. In our case, this di�culty is con�rmed by the
N P -completeness of the SP. We thus adopt the same strategy.

In detail, the variables that are less likely to cause infeasibility in model(4.55)-
(4.61) are the � ijk 's associated with the jobs that (i) are short, (ii) are involved in few
precedence/contiguity constraints, (iii) are compatible with most machines and workers,
and (iv) have their completion interval [fCj � pj ; fCj ] intersecting with few other jobs.
Preliminary experiments showed that criterion (i) was the most relevant in our instances.
Therefore, we determine the minimum subset of jobsJ 0 that cause infeasibility in the
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SP by initializing J 0 to J and removing the job with the smallest duration fromJ 0 until
the SP becomes feasible. The last subsetJ 0 for which the SP is infeasible is then used
to generate the combinatorial Benders' cut:

X

(j;t )2 � 0

yjt � j � 0j � 1: (4.63)

This is the modi�ed version of(4.51)where� 0contains all the variablesyjt (j 2 J 0; t 2 T )
for which fyjt is equal to1 in the MP solution. A �owchart summarizing the main idea
behind the combinatorial Benders' decomposition is shown in Figure 4.2.

START

Solve MP Solve SP SP feasible? END

Find minimal in-
feasible subset

Add � 0 to Z

Instance

fyjt ; fCj Yes

No

� 0

updated (4.51)

Figure 4.2: Flowchart of the combinatorial Benders' decomposition approach.

In our implementation, we embedded the SP solution in a callback function provided
by the MILP solver we adopted. In this way, we only need to solve MP once. We also
tried the lifting procedure proposed by Côté et al. (2014). The idea behind such a cut
lifting is to forbid integer solutions in which every jobj 2 J starts within a job-speci�c
range. The resulting cut is a generalization of the combinatorial Benders' cut that
forbids integer solutions in which every jobj 2 J 0 starts in the (job-speci�c) range
[fCj � pj ; fCj � pj ] and every jobj 2 J nJ 0 starts in the (job-speci�c) range[r j ; tmax � pj ].
We adapted the lifting procedure described in Côté et al. (2014) to our problem but
did not observe signi�cant improvements in terms of average computation time.

4.5 Computational experiments

In this section, we study the empirical performance of each of the proposed algorithms
on three sets of instances. All algorithms were coded inC++. The MILP models were
solved with Gurobi 9.5.1 while the CP model was solved withIBM ILOG CPLEX CP
Optimizer 22.1.0 (as Gurobi does not o�er a CP solver). The tests were executed
on a single thread of a virtual machine Intel(R) Xeon(R) Gold with 2.30 GHz and 20
GB of RAM memory, running under Windows 10 Pro N. We fed each approach with a
warm start obtained by running the CP model until a feasible solution was found.

We �rst investigate the impact of key instance features such as the presence of
precedence/contiguity constraints, the worker/machine/job ratios, and the probability
for worker/ machine/job to be compatible. We then describe a case study originating
from Dana Inc. and outline the potential gain that could be reached using optimization
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models instead of handmade solutions. We conclude by studying the scaling potential
of our algorithms using large size instances designed to mimic the case study. All
instances can be downloaded from the online repository https://github:com/regor-
unimore/Parallel-Machine-Scheduling-with-Contiguity.

4.5.1 Experiment on random instances

To test the impact of various instance features, we generated a set of random instances
where some parameters are randomly created while others are taken from the case study.
The features that were investigated are:

1. number of jobs, machines, and workers: we tested 9 combinations(jJ j; jM j; jK j) 2
f (50; 2; 2),(50; 5; 3),(50; 5; 5),(100; 4; 4),(100; 10; 5),(100; 10; 10),(200; 8; 8),(200; 20;
10),(200; 20; 20)g;

2. number of precedence and contiguity relations: we tested two con�gurations, one
without any precedence/contiguity constraints at all, and another one with a
number of precedence/contiguity constraints randomly distributed in the range
[0; 0:05jJ j + 1] for the precedence constraints and[0; 0:35jJ j + 1] for the contiguity
constraints. Once the numbers of constraints were determined, we randomly
selected pairs of successive jobs(j; j + 1) and added them to eitherP or Q.
The resulting chain structure for the precedence/contiguity relations imitates the
project structure of the case study. Instances without precedence and contiguity
relations were tested in order to serve as a �control group� and determine whether
an approach is better than another because it is more e�ective at handling
precedence and contiguity constraints or because it is more e�ective overall;

3. job/machine, job/worker, and machine/worker eligibility ratios: we tested �ve
ratios r 2 f 1; 0:9; 0:8; 0:7; 0:6g and randomly selectedr � j M j compatible machines
and r � j K j compatible workers for every job. We also randomly selectedr � j K j
compatible workers per machine. A post-processing step changed the eligibilities
of the jobs involved in the same chain of contiguities so that every job in the chain
has the same job/machine and job/worker eligibilities as the �rst job of the chain.

One instance was generated for each of the9 � 2 � 5 = 90 combinations. The other
features are:

1. the time horizon was �xed at tmax = 400;

2. every worker is available 8 hours per day during the week and is not available
during the weekend;

3. the release dater j of a job j was randomly selected in the range[0; 230]. A
post-processing step changed the release dates of the jobs involved in the same
chain of precedence/contiguity relations so that every job in the chain has the
same release date, which is set to the earliest release datermin among all the jobs
in the chain;
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4. the daily resource consumptionqj of a job j is either equal to 1, with probability
0.2, or 8 with probability 0.8. In other words, a job needs a worker either
punctually (we call such a job �passive�) or for its whole duration (we call such a
job �active�);

5. the processing timepj of every job j is a value randomly selected in the range
[1; 10] for active jobs and[10; 50] for passive jobs;

6. the due date of every jobdj was set to r j + �p j , where � is an integer value
randomly selected in the range[1; 3]. A post-processing step changed the due
dates of the jobs involved in the same chain of precedence/contiguity relations so
that every job in the chain has the same due date. This was set tormin + �

P
pj ,

where� is an integer value randomly selected in the range[1; 2]. Note that due
dates above the time horizon were set totmax ;

7. the weight of every jobwj is equal to 4 with probability 0.4, to 3 with probability
0.3, to 2 with probability 0.2, and to 1 with probability 0.1.

We report in Tables 4.3-4.6 a summary of the results obtained by our algorithms
on the random instances. In each table, the �rst set of columns indicates the instance
features, while the following columns report, for each algorithm, the number of optimal
solutions found within the time limit (�# opt�), the average CPU time in seconds (�T(s)�)
including the instances that were not solved to optimality and the instances that were
stopped because of the memory limit (for such instances, 3600 seconds of running time
were considered), and the average CPU time in seconds computed only on the instances
solved to optimality (�T opt(s)�). In the tables and thereafter, �MILP� refers to the
MILP model (4.1)-(4.12), �MILP+� refers to the enhanced MILP model (4.13)-(4.29),
�CP� refers to model(4.30)-(4.43), and �Decomp� refers to the combinatorial Benders'
decomposition algorithm in Section 4.4.3. We also report in columns �OBA� (�Only
Best Algorithm�) the results obtained by the best approach among MILP, MILP+, CP,
and Decomp for every instance. In other words, OBA simulates the performance of a
hyper-algorithm able to predict with 100% accuracy the algorithm that is the fastest to
solve a given instance; it is thus of interest as a comparison term with respect to the
performance of the previous algorithms. To identify the methods that contribute the
most to the performance of OBA, we also include in the �# opt� columns (within round
brackets) the number of instances that are solved to optimality by a given approach
while being unsolved by the other three algorithms. If no number is included within
brackets, then each of the instances in the group was solved to proven optimality by
two or more algorithms.

We report in Table 4.3 the summary of results on the nine(jJ j; jM j; jK j) combina-
tions. Overall, we observe that algorithms MILP+ and Decomp are both able to �nd
an optimal solution for 71 out of 90 instances, compared with 66 for CP and 57 for
MILP. The results obtained by the hypothetic OBA hyper-algorithm show that 82
instances could be solved to optimality (if we knew a priori which is the best algorithm
for each instance). This indicates that the best algorithm is not always the same for
all the instances: for example, �ve instances are solved by Decomp but not solved by
MILP, MILP+, and CP; similarly, one instance is solved by MILP+, but not solved
by MILP, CP, and Decomp. As far as instance combinations are concerned, MILP+
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Table 4.3: Summary of results: impact of(jJ j; jM j; jK j) combinations.

Parameters Results

jJ j jM j jK j #
MILP MILP+ CP Decomp OBA

# opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s)

50 2 2 10 8 966 307 9 762 446 5 2233 867 6 1456 27 9 546 207
50 5 3 10 10 129 129 10 124 124 10 2 2 7 1089 12 10 2 2
50 5 5 10 10 102 102 10 57 57 9 360 0 10 3 3 10 1 1
100 4 4 10 4 2372 528 5(1) 2342 1083 1 3259 188 4(3) 2314 385 8 1173 566
100 10 5 10 10 774 774 9 570 234 10 2 2 9 385 28 10 2 2
100 10 10 10 8 889 211 10 145 145 10 1 1 10 4 4 10 1 1
200 8 8 10 2 3289 2044 2 3159 1395 1 3249 94 5(2) 2078 557 5 2078 557
200 20 10 10 3 2718 659 7 1239 227 10 8 8 10 25 25 10 7 7
200 20 20 10 2 2936 279 9 824 516 10 8 8 10 9 9 10 6 6

Tot 90 57 1575 402 71(1) 1025 336 66 1014 73 71(5) 818 74 82 424 114

solves the most instances for combinations (50,2,2) and (100,4,4), Decomp solves the
most instances for combination (200,8,8), and CP solves the most instances, together
with MILP, for combination (100,10,5). We also point out that CP and Decomp results
are very heterogeneous in the sense that the algorithms either solve an instance to
optimality very fast or not at all, as witnessed by the low Topt(s) values for the two
algorithms compared with the values of MILP and MILP+. The most di�cult instances
seem to be the ones with 200 jobs, 8 machines, and 8 workers.

Table 4.4: Summary of results: comparison between MILP and MILP+.

Parameters Results

jJ j jM j jK j #
MILP MILP+

# opt T(s) T opt (s) LP # var. # cons. # nzs. # opt T(s) T opt (s) LP # var. # cons. # nzs.

50 2 2 10 8 966 307 692.20 39;106 5444 2;157;317 9 762 446 692.20 44;528 25;594 1;380;991
50 5 3 10 10 129 129 0.00 115;790 14;985 7;844;411 10 124 1234 0.00 89;742 35;285 4;019;729
50 5 5 10 10 102 102 0.00 192;341 13;780 11;707;342 10 57 57 0.00 112;252 34;080 3;960;135
100 4 4 10 4 2372 528 78.90 265;873 16;984 15;787;486 5 2342 1083 77.50 178;565 57;484 5;862;264
100 10 5 10 10 774 774 0.00 780;006 60;450 64;969;996 9 570 234 0.00 342;722 101;550 20;064;260
100 10 10 10 8 889 211 0.001;346;082 22;840 43;757;243 10 145 145 0.00 423;762 63;940 10;382;416
200 8 8 10 2 3289 2044 6.981;750;779 9675 37;842;773 2 3159 1395 6.98 673;733 91;475 11;047;170
200 20 10 10 3 2718 659 0.004;648;955 12;600 97;902;775 7 1239 227 0.00 1;193;206 96;800 21;548;621
200 20 20 10 2 2936 278 0.006;265;306 16;600 125;042;161 9 825 516 0.00 1;455;916 100;800 26;859;121

Tot 90 57 1575 402 86.45 1;711;582 19;262 45;223;501 71 1025 336 86.31 501;603 67;445 11;680;523

Our next set of experiments, which is reported in Table 4.4, aims at comparing the
performance of MILP and MILP+. In the table, column �LP� indicates the average
continuous relaxation value of the model and columns �# var.", �# cons.", and �#
nzs." indicate the average number of variables, constraints, and non-zero elements in
the coe�cient matrix of the model, respectively. To provide meaningful comparisons,
the averages were computed by only using the instances for which the LP relaxation
value could be obtained by both models (i.e., the instances for which neither of the two
algorithms ran out of memory). We observe that, overall, MILP+ is faster on average
(336s to solve an instance on average compared with 402s for MILP) and solves more
instances (71 instances solved in total compared with 57 for MILP). These results can
mostly be explained by the reduced size of the model (501;603variables on average for
MILP+ compared with 1;711;582 for MILP) at the expense of a negligible decrease in
the quality of the continuous linear relaxation.

We report in Table 4.5 the impact of the job/machine/worker eligibility ratios (� r �)
and the impact of precedence/contiguity relations (�P/Q�) on the performance of our
methods. Following the aforementioned description, an instance in which the eligibility
ratio � r � is 0.9 has (i) each of its jobs compatible with 90% of the machines, (ii) each of



64 Chapter 4. Exact Algorithms for a Parallel Machine Scheduling Problem

Table 4.5: Summary of results: impact of eligibility percentage and prece-
dence/contiguity relations.

Parameters Results

r P/Q #
MILP MILP+ CP Decomp OBA

# opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s)

1
No 9 6 1339 208 9 150 150 7 803 4 9 5 5 9 5 5
Yes 9 3 2431 93 6 1408 312 6 1205 8 8(1) 577 200 8 575 197

0.9
No 9 6 1264 96 7 815 20 7 891 117 9(2) 9 9 9 8 8
Yes 9 4 2326 733 7 1196 509 6 1204 6 9(2) 306 306 9 292 292

0.8
No 9 6 1414 321 9(1) 480 480 8 689 325 8 407 7 9 219 219
Yes 9 6 1534 501 7 1084 365 6 1224 35 6 1210 15 8 429 32

0.7
No 9 9 492 492 8 560 180 7 864 82 7 824 31 9 89 89
Yes 9 5 2038 789 6 1828 942 6 1203 5 5 1608 14 7 991 245

0.6
No 9 8 563 183 8 567 187 7 851 66 6 1218 27 8 430 33
Yes 9 4 2347 781 4 2159 358 6 1203 4 4 2019 43 6 1203 4

Tot 90 57 1575 402 71(1) 1025 336 66 1014 73 71(5) 818 74 82 424 114

its jobs compatible with 90% of the workers, and (iii) each of its machines compatible
with 90% of the workers. Overall, it appears that instances with lower eligibility ratios
are harder to solve, and so are instances with precedence/contiguity constraints. A
detailed analysis shows that Decomp obtains the best results for instances with eligibility
ratio above 0.9, CP shines on instances with precedence/contiguity constraints and
eligibility ratio below 0.7, and MILP+ is working well in the remaining cases.

Table 4.6: Summary of results: impact of size and worker/machine/job ratios.

Parameters Results

Par. Value #
MILP MILP+ CP Decomp OBA

# opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s)

jJ j
50 30 28 399 170 29 314 201 24 865 182 23 849 12 29 183 65
100 30 22 1345 525 24(1) 1019 374 21 1087 10 23(3) 901 80 28 392 163
200 30 7 2981 946 18 1741 501 21 1088 12 25(2) 704 125 25 697 116

j J j
jM j

25 30 14 2209 618 16(1) 2087 764 7 2914 659 15(5) 1950 299 22 1266 417
10 60 43 1258 332 55 493 211 59 63 4 56 253 13 60 3 3

j J j
jK j

25 30 14 2209 618 16(1) 2087 764 7 2914 659 15(5) 1950 299 22 1265 417
20 30 23 1207 479 26 644 190 30 4 4 26 450 23 30 4 4
10 30 20 1309 163 29 342 230 29 123 3 30 5 5 30 3 3

jM j
jK j

2 30 23 1207 479 26 644 190 30 4 4 26 500 23 30 4 4
1 60 34 1759 351 45(1) 1215 420 36 1518 131 45(5) 978 103 52 634 178

We report in Table 4.6 the impact of other instance features (in column �Par�)
on the performance of our methods such as the number of jobs (jJ j) and the ratios
job/machine, job/worker, and machine/worker ( jJ j

jM j ,
jJ j
jK j , and jM j

jK j , respectively). As
expected, instances with 200 jobs tend to be harder to solve than instances with 50
jobs, especially for the two MILP models.

We also notice that instances are easier to solve when the ratiosjJ j
jM j and jJ j

jK j decrease.

This can be explained by the fact that the optimal schedule for instances with highjJ j
jM j

and jJ j
jK j ratios tend to be very busy compared with the optimal schedule of instances

with lower ratios. This can be observed in Figure 4.3, which reports the best machine
schedule (Figures 4.3a-4.3b) and the best worker schedule (Figures 4.3c-4.3d) for two
instances, one with jJ j

jM j = jJ j
jK j = 10 (on the left) solved in 0.23s by CP (214.45s for

MILP+), and the other with jJ j
jM j = jJ j

jK j = 25 unsolved after 3600s by CP and MILP+.
In the two top �gures, a rectangle represents the machine occupation for a job. In the
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two bottom �gures, a rectangle represents the worker occupation for at least a job (since
a worker may perform either one active job or up to eight passive jobs per day). As far

(a) Machine schedule for an instance with
jJ j
jM j = 10

(b) Machine schedule for an instance with
jJ j
jM j = 25

(c) Worker schedule for an instance with
jJ j
jK j = 10

(d) Worker schedule for an instance with
jJ j
jK j = 25

Figure 4.3: Graphical representation of the optimal schedule for 2 instances with
di�erent jJ j

jM j and jJ j
jK j ratios.

as the ratio jM j
jK j is concerned, we observe that instances with twice as many machines

as workers are easier to solve than instances with the same number of machines and
workers. This can be explained by our instance generation procedure, since each of the
30 instances in which the ratiojM j

jK j is equal to 2 has a counterpart (i.e., an instance
with the same numbers of jobs and machines) in which the ratio is equal to 1 (i.e., with
twice as many workers). In other words, supplementary workers increase the instance
di�culty (all other parameters being equal). If we focus on the individual performance
of each algorithm, we notice that (i) MILP+ is the most e�cient approach in practice
for instances with 50 and 100 jobs while instances with 200 jobs are solved best with
Decomp; (ii) CP is particularly e�ective on instances where the ratiojJ j

jM j is equal to 10,
while MILP+ obtains the best performance on instances where that ratio is equal to
25; (iii) Decomp obtains the best results on instances where the ratiojJ j

jK j is equal to 10,
CP is the best when that ratio is equal to 20, and MILP+ is the best when that ratio
is equal to 25; and (iv) CP performs best on instances where the ratiojM j

jK j is equal to
2, while Decomp obtains the best results for instances where this ratio is equal to 1.
Once more, an analysis of Topt(s) shows that, when CP and Decomp solve an instance
to optimality, they tend to do so relatively fast, whereas MILP and MILP+ require a
few hundred seconds on average. Overall, we observe that each algorithm is e�ective on
a subset of instances.
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4.5.2 Case study

We now test our approaches on the case study instance provided by Dana Inc. Aproject
is de�ned as a set of one or moretests (i.e., jobs) to be executed on the same product.
Each project has a release date, a desired due date, and apriority (i.e., a weight).
Therefore, all jobs belonging to a given project have the same release date, the same
due date, and the same weight, and are linked by either a precedence or a contiguity
relation.

To transform the original data into a valid instance, we took into account all the
jobs taking place in calendar year 2019. We selected the jobs whose release date was
between day 01 (January 01) and day 240 (early December � note that Saturdays and
Sundays are not counted) and whose due date was before day 400 (mid-July 2020),
obtaining an instance with 49 projects, 86 jobs (with an average duration of 10 days), 6
precedence relations, 27 contiguity relations, and a time horizon of 400 days. In the
real-world application, there were also some tasks that were released in year 2018 and
scheduled for early 2019. Based on the discussions with the company and the limited
data we could access, we estimated that an additional 20% of jobs were in that situation.
As we had no accurate information regarding the release date or due date of such tasks
in the available dataset, we decided to take them into account by forbidding the jobs to
be scheduled during the �rst 2 months and a half of the year.

In the resulting instance, machines are considered available all the time after 2.5-
months. Workers are active at most eight hours per working day and are all available
eight hours per day except during the weekends, the bank holidays, and the four annual
weeks of holidays in which the company is closed. Tasks can be interrupted during the
weekend (i.e., a three-day job may start on a Friday morning and �nish on the following
Tuesday evening) but not during the annual holidays (i.e., every job that was started
needs to be �nished before the �rst day of holidays). As explained in the previous
section, a job is either active (i.e., it necessitates the constant supervision of a worker)
and requires eight worker hours per day or it is passive (i.e., it only involves a punctual
supervision) and requires one worker hour per day. Eligibility relations were given by
the company and are based on machine features and worker skills. On average, a job is
compatible with 14% of machines and 38% of workers, while a machine is compatible
with 29% of workers.

MILP+ was able to �nd an optimal solution in 572 seconds. Figure 4.4 shows the
manual schedule used by the company (on the left) and the optimal schedule found by
MILP+ (on the right). We obtained an overall decrease of 73% in the total weighted
tardiness, with 27 late jobs against 44 jobs in delay in the manual solution. This
outstanding result can be explained by two reasons. First, manual solutions are often
sub-optimal, even when they are provided by experienced workers (see, e.g., Sei� et al.,
2021 and Baykaso§lu and Özbel, 2021). Second, there are some real-world aspects
that could not be captured by our model, such as machine breakdown/maintenance,
worker-speci�c unavailability (e.g., due to illness or extra holidays), stochasticity of the
job duration due to unexpected delay of product delivery, among others. In summary, it
is very unlikely that the best schedule for Dana Inc. can be determined solely with our
optimization tools, but the solutions found can serve as a basis to support the company
experts in producing the �nal schedules.
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(a) Machine manual schedule (z = 6540) (b) Optimal machine schedule (z = 1722)

(c) Workers' manual schedule (z = 6540) (d) Optimal workers' schedule (z = 1722)

Figure 4.4: Graphical representation of solutions for the Dana case study (summer and
winter holidays are identi�ed by two white rectangles).

4.5.3 Experiment on realistic instances

To test the scaling potential of our algorithms, we generated a set of realistic instances
that include the real-world features of the case study. In particular,

1. the number of projects is set to 40, 80, 120, 160, or 200. For each project, the
number of jobs is equal to 1 with probability 0.7, 2 with probability 0.2 (linked
by a precedence constraint with probability 0.4 or a contiguity constraint with
probability 0.6), or is a random number between 3 and 15 with probability 0.1
(always linked by contiguity constraints);

2. every job is considered active (requiring eight worker-hours per day) except
the second job of the projects that contains two tasks linked by a precedence
constraint;

3. the job/machine, job/worker, and machine/worker eligibility ratios are set to the
realistic values (14%, 38%, and 29%, respectively). We enforced consistency in
the eligibility matrices by imposing that every worker that is compatible with job
i must also be compatible with at least one machine that is compatible withi ;

4. 20% supplementary late projects are included to model all jobs from the previous
year. All tasks in these projects have their release date and due date set to the
�rst time period.

We report in Table 4.7 a summary of the results obtained by our algorithms on the
realistic instances. Table 4.7 has the same structure as the other tables except for the
�rst column which now indicates the number of projects contained in the instance.

As expected, larger instances (with 120/160/200 projects) are harder to solve, even
though we observe that a few instances with 200 projects (4 times as large as the
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Table 4.7: Summary of results: impact of size on realistic instances.

Parameters Results

Size #
MILP MILP+ CP Decomp OBA

# opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s)

40 10 10 526 526 10 332 332 10 61 61 10 16 16 10 10 10
80 10 5 2944 2288 9 1681 1467 3 2521 2 10 108 108 10 42 42
120 10 0 3600 - 2 3309 2143 4 2163 6 10(4) 799 799 10 284 284
160 10 0 3600 - 0 3600 - 4(2) 2172 31 8(6) 1887 1459 10 784 784
200 10 0 3600 - 0 3600 - 1(1) 3248 82 3(3) 3297 2591 4 2946 1964

Tot 50 15 2854 1113 21 2504 991 22(3) 2033 38 41(13) 1222 699 44 813 433

case study) can be solved to optimality. MILP and MILP+ appear to be the weakest
approaches on this dataset as they are only able to solve 15 and 21 instances in total,
respectively. CP performs slightly better than MILP+ as it is able to solve 22 instances
in less than one minute on average (compared with 17 minutes on average for MILP+,
if we exclude unsolved instances). Interestingly, we observe that CP is often able to �nd
good-quality (or even optimal) solutions, even for the largest instances, but it struggles
in �nding good-quality lower bounds. Decomp is the most e�ective algorithm in terms
of the number of instances solved to proven optimality (41 out of 50, among which
13 are unsolved by the other three methods, compared with 22 for CP, among which
3 are unsolved by the other three methods). However, an analysis of Topt(s) shows
that Decomp may take more than a thousand seconds to solve an instance whereas CP
solves an instance to optimality in less than one hundred seconds. We also emphasize
that if one could pre-select the best algorithm for each instance, then the total number
of instances solved to optimality would have increased by 3 compared with Decomp,
while simultaneously reducing the average computation time of the solved instances by
266 seconds.

We also tested a version of MILP and MILP+ in whichCplex 22.1.0.0 was used
instead of Gurobi 9.5.1 as solver. The results, reported in Table 4.8, show that both
models solved more instances to optimality with Gurobi than they did with Cplex.
While one should be cautious before claiming an empirical advantage of one solver
over another (see, e.g., Mittelmann, 2020), such a comparison indicates that the poor
performance of the two MILP models on this dataset is not caused by the choice of the
solver.

Table 4.8: Summary of results: solvers comparison.

Parameters Gurobi Cplex

Size #
MILP MILP+ MILP MILP+

# opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s)

40 10 10 526 526 10 332 332 2 2905 123 3 2970 1501
80 10 5 2944 2288 9 1681 1467 0 3600 - 0 3600 -
120 10 0 3600 - 2 3309 2143 0 3600 - 0 3600 -
160 10 0 3600 - 0 3600 - 0 3600 - 0 3600 -
200 10 0 3600 - 0 3600 - 0 3600 - 0 3600 -

Tot 50 15 2854 1113 21 2504 991 2 3461 123 3 3474 1501

Our next set of experiments, which is reported in Table 4.9, aims at comparing
the performance of MILP and MILP+ on the realistic instances. As MILP ran out
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of memory when solving the instances with 120 projects (which means that the LP
relaxation value could not be computed or was not returned), we only compare the
two models on instances with 40 and 80 projects. Once more, we observe that, overall,
MILP+ is faster on average (1467s to solve instances with 80 projects on average
compared with 2288s for MILP, if we exclude unsolved instances) and solves more
instances (19 instances with 80 projects or less solved compared with 15 for MILP).
Again, these results can mostly be explained by the reduced size of the model (683;197
variables on average for MILP+ on instances with 80 projects compared with869;438
for MILP). This time, MILP and MILP+ had the same continuous linear relaxation
value for all instances.

Table 4.9: Summary of results: comparison between MILP and MILP+.

Parameters Results

Size #
MILP MILP+

# opt T(s) T opt (s) LP # var. # cons. # nzs. # opt T(s) T opt (s) LP # var. # cons. # nzs.

40 10 10 526 526 993.28 230;910 559;444 53;061;913 10 332 332 993.28 250;044 600;028 32;912;832
80 10 5 2944 2288 874.00 869;438 1;336;717 173;201;182 9 1681 1467 874.00 683;197 1;398;401 81;498;170

Our two �nal sets of experiments, which are reported in Tables 4.10 and 4.11, aim
at evaluating whether our algorithms remain e�ective when solving related RCPMSP
with contiguity constraints. We �rst tested our three best approaches MILP+, CP,
and Decomp on the version of our problem where one wants to minimize the total
weighted �ow time, which is the same as minimizing the total weighted tardiness when
the due date of every task is equal to its release date. Note that the total weighted �ow
time (a generalization of the total �ow time, which is a common measure in system
performance) is often used in the PMSP literature (see, e.g., Shabtay and Kaspi, 2004
and Becchetti et al., 2006). As shown in Table 4.10, changing the objective function from
weighted tardiness minimization to weighted �ow time minimization barely impacts
the performance of Decomp and MILP+, whereas it has a negative e�ect on CP. This
could be explained by the fact that the optimal weighted �ow time is always strictly
positive, meaning that a good quality lower bound (which can be di�cult to obtain
with CP) is necessary to provide a certi�cate of optimality.

Table 4.10: Summary of results: impact of size on realistic instances with weighted �ow
time minimization.

Parameters Results

Size #
MILP+ CP Decomp OBA

# opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s)

40 10 10 200 200 10 327 327 10 28 28 10 9 9
80 10 9 1029 744 2 2880 2 10 85 85 10 39 39
120 10 2 3063 1181 4 2162 6 10(4) 578 578 10 310 310
160 10 0 3600 - 2 2887 37 8(6) 1705 1231 8 1232 640
200 10 0 3600 - 1(1) 3248 81 4(4) 2691 1327 5 2339 1078

Tot 50 21 2283 526 19(1) 2301 182 42(14) 1018 526 43 786 328

We then tested the same three approaches on the version of our problem where
one wants to minimize the maximum tardiness. As shown in Table 4.11, changing
the objective function from weighted tardiness minimization to maximum tardiness
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minimization has a slight positive impact on the performance of Decomp and MILP+
and an outstanding positive e�ect on CP. This could be explained by the fact that the
optimal maximum tardiness is always a small number (sometimes even zero), meaning
that being able to �nd a good quality upper bound (which is where CP shines) is more
important to obtain a certi�cate of optimality.

Table 4.11: Summary of results: impact of size on realistic instances with maximum
tardiness minimization.

Parameters Results

Size #
MILP+ CP Decomp OBA

# opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s) # opt T(s) T opt (s)

40 10 10 338 338 10 0 0 10 16 16 10 0 0
80 10 8 1646 1157 10 3 3 10 111 111 10 3 3
120 10 1 3346 1060 10 11 11 10 651 651 10 11 11
160 10 0 3600 - 10(1) 28 28 9 2047 1875 10 28 28
200 10 0 3600 - 10(6) 49 49 4 3283 2808 10 49 49

Tot 50 19 2506 721 50(7) 18 18 43 1222 835 50 18 18

4.6 Conclusions

We studied a new parallel machine scheduling problem motivated by the real-world case
study of an hydraulic motion components engineering test laboratory. The problem
contains release dates, due dates, weights, workforce resource with daily availability,
three sets of eligibility constraints, precedence constraints, and contiguity constraints.
The introduction of contiguity constraints makes our problem original in the machine
scheduling literature. We proposed two original MILP models, a CP formulation,
and a combinatorial Benders' decomposition. We also introduced method-speci�c
strategies to model the contiguity constraints for each of the proposed approaches. We
tested the e�ectiveness of the four algorithms with an extensive set of computational
experiments, which included random, realistic, and real instances. Our best algorithm,
the decomposition approach, was able to solve 71 out of 90 random instances and 41
out of 50 realistic instances to optimality in one hour of computing time. However, we
empirically showed that this algorithm does not clearly dominate the others because (i)
both the CP formulation and the MILP formulations were able to solve instances that
the decomposition approach could not solve and (ii) the CP formulation was able to solve
some large realistic instances much faster than the decomposition approach. We also
showed that our approaches could easily be extended to take other objective functions
into account. We also identi�ed some features that make an instance more di�cult to
solve (e.g., the presence of precedence/contiguity constraints, and high job/machine
and job/worker ratios). We were also able to solve a real instance to optimality with
a signi�cant improvement on the total weighted tardiness with respect to the manual
solution produced by the company. However, there are a few aspects that we could not
take into account in our problem modelization such as machine unavailability caused
by a breakdown or by a maintenance intervention, worker unavailability due to illness
or supplementary holidays, and the job release date and duration stochasticity caused
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by unexpected events such as a delay in the product delivery or a machine breakdown
happening while the job is being processed.

Future research directions include (i) the development of a hyper-algorithm able to
predict and select the most e�ective method to solve a given instance with supervised
learning techniques (i.e., an algorithm able to replicate the results of OBA) and (ii)
the study of the dynamic version of the problem to include a rolling horizon aspect
where the problem is solved at regular time intervals and where, in each run, a set of
job/machine and job/worker assignments is �xed (because it was determined in the
previous run), a set of job/machine and job/worker assignments is planned (because
it was determined in the previous run but can still be modi�ed if necessary), and
a set of job/machine and job/worker assignments is free (because the projects were
released after the last run took place or were delayed and need to be rescheduled); the
objective function would then be hybridized to also include a minimization component
for disruption (number of planned assignments that are modi�ed). While Dana Inc. is
interested in the one-year-ahead solutions obtained by our approaches for scheduling
and prevision purposes, the company also needs to have the tools to regularly update
those schedules and predictions later on when new data are available.
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Chapter 5

A Real-World Application of Demand
Forecasting in the Perishable Food
Industry 1

Abstract

Demand forecasting is a critical area of study with widespread applications in decision-
making, inventory management, and production planning across various industries.
Accurate forecasts are particularly needed in the perishable food industry, characterized
by products with highly variable demand trends and short storage, leading to severe
operational challenges along the supply chain. This work provides an extensive analysis
of statistical and machine learning methods for predicting daily demand of perishable
food products on the real dataset of a large company operating in the processed meat
industry. By exploring di�erent training procedures and evaluating their forecasting
error, we demonstrate that machine learning methods are able to outperform classical
approaches of the forecasting literature. We also perform a simulation on the same
dataset, showing that by the use of forecasting models signi�cant improvements can
be obtained on the economic performance of the company. The research thus helps
bridging the gap between theoretical advancements and practical implementation in
the demand forecasting literature.

5.1 Introduction

The global market of consumer goods is today faced with the growing need to expand
both the number and the variety of its products. To satisfy the large and personalized
market demand and, on the other hand, to limit their economic and environmental
impact, industrial businesses require e�cient solutions for process optimization. Among
many optimization practices, such as inventory management and workforce planning,
demand forecasting is acquiring more and more attention from production managers
and business leaders (Spiliotis et al., 2022). To achieve this goal, companies collect

1Mucciarini, M., Caselli, G., Iori, M., Lippi, M. (2024). A Real-World Application of Demand
Forecasting in the Perishable Food Industry (under review).
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historical product demand data through their management systems and organize it
into databases. This data is then analyzed using statistical or Machine Learning (ML)
tools to predict future demand values. Accurate forecasts are especially needed in the
food industry, where perishable products require reactive markets with e�cient stock
management and �exible production to manage variable demand trends and high stock
turnover rates. Optimization is needed in all the activities across the food supply chain
from production to distribution, including, for instance, inventory management and
vehicle routing (Violi et al., 2020). Therefore, forecasting tools represent a competitive
advantage not only for individual companies operating in the food industry, but also
for the whole food supply chain (Dellino et al., 2018; Lemma et al., 2014).

The literature on the theory and practice of demand forecasting is vast (see, e.g., the
work by Petropoulos et al., 2022 and references therein). A notorious area of application
is demand forecasting for perishable goods in the retail industry (Fildes et al., 2022)
and, more speci�cally, in the food industry. With short production times and shelf-life,
fresh food requires accurate forecasts at the level of both production and sales. In
this work, we focus our attention on the former. The majority of works in this area
deal with the application of statistical forecasting methods such as simple exponential
smoothing models and autoregressive integrated moving average (ARIMA) models
(Mor et al., 2019; Silva et al., 2019). Although such methods have the advantage of
low computational cost, ML methods have been shown to achieve a better forecasting
performance within a limited or even negligible increase in the computational e�ort
(Barrow and Kourentzes, 2018; Huber and Stuckenschmidt, 2020). Our attempt is
indeed to provide a successful application of ML methods to demand forecasting in the
perishable food industry �eld.

Our work deals with a real-world demand forecasting problem originated from a
long-term research collaboration with Inalca SpA, which, with an annual revenue above
3 billion euro, is the leading company in the Italian market of processed meat. We
study the problem of forecasting the daily demand of di�erent processed meat products
required by supermarkets and food retailers to a production facility located in Calabria
and serving one of the main market segments of Inalca in Italy. The typical process
of Inalca is to start producing every day (Monday-Saturday) in the early morning to
ful�ll the orders for the same day, before receiving them. Then, orders are collected
during the day and production is adjusted accordingly. If demand was underestimated,
more packages are produced by the end of the day (at the cost of additional setups).
On the other hand, if demand was overestimated, the additional packages already
completed but not shipped are stored in a refrigerated warehouse. Packages can be
stored for at most 24 hours (and used to meet the demand of the following day), after
which they must be discarded. Production is operated on a six-day working week, from
Monday to Saturday. The daily demand of products is a�ected by a general intermittent
trend, in which a day with high volume is typically followed by a day with low volume.
The demand time series of each item strongly depends on its speci�c characteristics,
including seasonality (e.g., some items are ordered only in some seasons or during a
speci�c period, such as boiled beef meat in winter and lamb products during Easter),
novelty (e.g., some items have been in the market for years, while others have just
entered it) and market promotions. Demand time series are also a�ected by special
events (e.g., some larger-size items are introduced for special promotion weeks) and
holidays. The company's goal is to improve production e�ciency and minimize waste
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by accurately predicting market trends.
In this work, our objective is to apply di�erent ML methods to the Inalca demand

forecasting problem and to compare their performance, also with respect to classical
approaches from the forecasting literature. Comparisons are made by measuring the
forecasting error in terms of the number of ordered packages, using a real dataset
provided by the company on a 12-month period. We applied support vector regression,
random forests, and arti�cial neural networks. We compared the performance of such
methods with classical baseline models, among which we included the one currently
used by the company. Since demand forecasting has a practical importance in inventory
management, as recognized by the forecasting literature (Barrow and Kourentzes, 2018;
Teunter and Duncan, 2009; Yuna et al., 2023), we further investigated the performance of
our forecasting models in terms of inventory-related aspects. In particular, we simulated
the implementation of our most e�ective model on the Inalca test set, assuming that the
company sets their daily production quantities of each item equal to the forecast values
minus the quantity of packages stored in the refrigerated warehouse the day before.

In this work, we provide the following main contributions:

ˆ We propose various ML methods to address a real-world demand forecasting
problem in the perishable food industry. This area of application remains unex-
plored in demand forecasting but holds great importance for the economic and
environmental sustainability of food supply chains;

ˆ We introduce a novel forecasting approach that combines di�erent ML models,
by selecting in the training phase the best model for each category of items.
Categorization is based on the theory by Syntetos et al. (2005) and allows to
distinguish between intermittent time series, which are notoriously di�cult to
forecast, and more regular ones. Extensive computational comparisons on a real
data set, which we have made publicly available on the web, show the superior
performance of the combined forecasting approach with respect to the expert
system currently in use at the company and several other statistical and ML
methods;

ˆ We develop a simulation algorithm and apply it to the inventory management of
the considered case study. With this algorithm, we show the positive impact of
the selected forecasting model on selected key performance indicators, namely
the number of dynamic adjustments to the scheduled production, the size of the
warehouse, and the quantity of discarded products.

The remainder of this paper is organized as follows. In Section 5.2, we provide a
summary of related works on demand forecasting problems, with a focus on real-world
applications. Section 5.3 describes the demand forecasting problem considered in this
study, the data provided by the company, and the related data cleaning process. The
ML methods used in our study are presented in Section 5.4, whereas the computational
results are described in Section 5.5 and the inventory simulation algorithm is presented
in Section 5.6. Section 5.7 concludes the paper with �nal remarks and future research
directions.
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5.2 Related works

A recent survey on forecasting (Petropoulos et al., 2022) presents a comprehensive
overview of theoretical methods as well as practical applications of this challenging task.
As mentioned in this work, forecasting for demand management is a crucial step for
all supply chain optimization practices, including inventory management, production
planning, and workforce scheduling. Among the approaches proposed throughout
the years for the problem of supply chain demand forecasting, we mention classical
time-series modeling approaches, clustering methods, and ML techniques (Seyedan and
Mafakheri, 2020).

In the last decades, demand forecasting methods have been applied to several real-
world industrial contexts, such as fashion industry (Ren et al., 2020), retail industry
(Spiliotis et al., 2022) and tourism (Cankurt and Subasi, 2022), just to cite some. The
perishable food supply chain has always attracted special attention in the literature, due
to its speci�c characteristics: the short life of products, the high demand �uctuation,
the dependence on weather conditions, the constantly increasing food demand, and the
public concern for food safety (Lemma et al., 2014). Dellino et al. (2018) proposed a
decision support system integrating sales forecasting methods and order planning tools
for an Italian supply chain of packaged, fresh, and highly perishable products. The
system �rst selects the best forecasting approach among classical statistical methods
including auto-regressive models (ARIMA and ARIMAX) and transfer functions, and
then uses the forecast values to feed a multi-objective model for order planning. Silva
et al. (2019) presented a case study in the delicatessen industry, for which they developed
a demand forecasting model combining moving average, exponential smoothing, and
ARIMA models to support production planning and inventory management. Results
showed a reduction of Mean Absolute Deviation, Mean Absolute Percentage Error,
and Mean Squared Error performance measures between 20% and 30% with respect
to the model used by the company. Mor et al. (2019) compared statistical models for
the forecasting of dairy products demand with an application in the milk processing
industry, concluding that multiple regression and Holt-Winters were the best forecasting
models. The authors also stated that their methodology may be applied to di�erent
products in the processed food industry.

Our �eld of application is the processed meat industry, which is still an unexplored
area of application for demand forecasting. As reported by Mena et al. (2014), who
studied the UK food supply network, inaccurate forecasting is one of the main causes
of waste for meat products in the retail industry, in addition to weather-changing
conditions, market promotions, and others. The application is thus of great interest.

ML is quite famously applied to demand forecasting. Carbonneau et al. (2008)
compared the performance of neural networks and support vector machine models with
naïve, moving average, and linear regression models, showing signi�cant improvements
in real-world data from the supply chain of Canadian foundries. Ali et al. (2009)
studied the stock keeping unit (SKU) demand forecasting problem for a medium-sized
European grocery retailer. On their dataset, consisting of 76 weeks of SKU time series,
regression trees outperformed statistical methods by up to 65% in the presence of
promotions, while the performance of statistical and ML methods was comparable in
the cases of no promotions. Aburto and Weber (2007) proposed a hybrid approach for
demand forecasting of a Chilean supermarket that combines ARIMA models and neural
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networks to reduce inventory levels and sales failures. More recently, ML methods for
time series forecasting were successfully employed to predict the number of future cases
of COVID-19, as reported by Ribeiro et al. (2020).

ML methods have been used also for demand forecasting under special events.
A successful application of ML methods to forecast demand in outlier data (e.g.,
holidays, special events, promotions) is given by Barrow and Kourentzes (2018) in the
context of the call arrival forecasting problem for a call center operated by a European
entertainment company. A similar work was presented by Huber and Stuckenschmidt
(2020) on the case of a bakery chain. In addition to forecasting on special days, ML
methods have also been successfully applied in big data applications. For instance,
Cerqueira et al. (2019) showed how ML methods usually outperform statistical ones
when larger training datasets are available. Despite all these results, as reported by many
works (see, e.g., Barrow and Kourentzes, 2018 and references therein), the forecasting
literature is still dominated by statistical methods. A few exceptions are the works by
Huber and Stuckenschmidt (2021) and Miguéis et al. (2022), reporting the e�ective
use of di�erent arti�cial neural networks and decision trees. Moreover, integrated and
hybrid methods have recently been developed to improve the performance of single
methods in forecasting, for instance, �nancial indicators and stock prices (Hajirahimi
and Khashei, 2021; Shahvaroughi Farahani and Razavi Hajiagha, 2021). Our work
moves in this direction, as it is an attempt to show the potential of ML methods to
e�ectively forecast demand in the perishable food industry.

5.3 Problem formulation and data description

We hereby formulate our forecasting problem and describe the data used in the experi-
mental evaluation.

5.3.1 Forecasting problem

We are given a set ofn items, each representing a di�erent product. For each item
k we are given a time seriesvk = f vk

1 ; : : : ; vk
mg that represents the number of ordered

packages of the item in a series ofm consecutive time units. The granularity of the
time series de�nes the nature of the problem: in this work, we consider daily data and
predict the number of ordered packages of thek-th item at day t, which is vk

t , given the
time series up to dayt � 1, which is f vk

1 ; : : : ; vk
t � 1g.

To address the problem from an ML point of view, it is convenient to formulate it
as a supervised regression task. To this aim, the time series of thek-th item has to be
transformed into a dataset ofNk supervised pairsDk = f (xk

i ; yk
i )gN k

i =1 where the goal is
to predict the target value yk

i given the input (observed) variables encoded in vectorxk
i .

In our case, the target variable is an element in the time series,yk
i = vk

t , whereas the
input variable is a time window ofW past elementsxk

i = f vk
t � W ; : : : ; vk

t � 1g. The width
of the time window W that is used to predict the target variable is a problem-dependent
hyperparameter, whose value is to be chosen experimentally. In general, the datasetDk

is split into a training set Dk
train (used to �t the model) and a test setDk

test (used for
evaluation). Any ML approach for regression can be then applied to such a dataset.

The description of the supervised regression task above concerns a single item. To
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forecast the number of ordered packages for all the items, we consider three alternatives:
(i) training a di�erent regressor for each item, independently; (ii) merging the training
sets of all the items into a single one and then training a single forecasting model for
the whole set of items; and (iii) grouping similar items into categories and then training
a di�erent model for each category. In the second scenario, the overall supervised
regression task is given byD =

S n
k=1 Dk . In the third scenario, we have a di�erent

dataset for each categoryC, namely DC =
S

k2C Dk . This third approach is original in
similar forecasting applications and is thus explained in detail in Section 5.4.3.

5.3.2 Data

The original dataset provided by the company includes 390 real time series of various
items (i.e., processed meat products), including burgers, steaks, and sausages, referring
to a 12-month period from October 06, 2020 up to September 11, 2021 (293 days
excluding Sundays). Each time series represents the daily demand of items, spanning
from Monday to Saturday, ordered by customers, which are mainly supermarkets and
grocery stores. Each time series of the dataset includes 293 observations of daily
demand. From an exploratory analysis of such data, we observed that each article
presents several days with no demand (i.e., with a zero value in the time series). Around
30% of the articles have at least 150 non-zero observations, while the number of non-zero
observations is smaller for (i)spot items, which have at least 20 non-zero observations
(a value empirically determined with the company's decision makers) in the training set
(see Figure 5.1a) and (ii)new items, which present an initial sequence of zero values,
followed by a sudden, large peak corresponding to the launch of the products on the
market, before stabilizing in their regular pattern of orders (see Figure 5.1b). Spot
items are those typically introduced in the market for a speci�c customer and a speci�c
promotional event. The company has accurate prior information for these events. New
items are those introduced in the market after October 2020. Providing an accurate
forecast for these two types of items would be critical as well as unnecessary in some
situations. Therefore, we cleaned the dataset by removing all the spot items and the
new items introduced after the training period. We kept only new items whose initial
peak is entirely included in the training set and having at least 20 training non-zero
observations (i.e., they are not spot items). For such new items, we cut the �rst peak
of their time series and, thus, considered their �rst regular observation after the peak
as the initial value of their (shorter) training set. After the data cleaning process,
we obtained a reduced dataset of 190 time series with an average length equal to 176
non-zero observations. Following the work by Syntetos et al. (2005), we categorized the
time series based on the values of the coe�cient of variation (CV2) and the average inter
demand interval (ADI) of each time series, which indicate, respectively, to what extent
non-zero observations vary in terms of numerical value demand (the greater is CV2, the
more the values are variable), and how frequent are non-zero observations in the series
(the greater is ADI, the greater is the average distance between non-zero observations).
As reported by the authors, the categorization of time series patterns allows to detect
the best forecasting method for di�erent time series. Using the thresholds proposed in
their work, we de�ned smooth (CV2 < 0:49, ADI < 1:32), intermittent (CV 2 < 0:49,
ADI � 1:32), lumpy (CV 2 � 0:49, ADI � 1:32), and erratic ( CV2 � 0:49, ADI < 1:32)
time series.
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(a) Spot item
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(b) New item

Figure 5.1: Example of the demand time series for a spot (left) and a new (right) item.
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Figure 5.2: Categorization of time series based on CV2 and ADI.

In Figure 5.2, we represent the 190 series in a scatter plot (each dot is a time series)
and their categorization into 99 intermittent, 48 smooth, 34 lumpy, and 9 erratic items.
We obtained that 78% of the series have low erraticness (i.e., low CV2), mainly due to
the regularity of demand which is typical of perishable food products for supermarkets.
On the other hand, two main classes of items emerged: items that are ordered every
day (low intermittency) and items that are ordered every two or more days (high
intermittency). Figure 5.3 shows a representative example of time series for each
category in our dataset.

5.4 Methods

In this section, we describe our baseline and ML methods to address our demand
forecasting problem. The selected methods are the ones that are more frequently used
in the related literature (see, e.g., Sarker, 2021) and that showed the most promising
preliminary results on our dataset. We pick representatives from the family of statistical
approaches, such as linear regression, ARIMA and SARIMA, and a method speci�cally



84 Chapter 5. Demand Forecasting in the Perishable Food Industry

20
20

-1
0-

06

20
20

-1
1-

05

20
20

-1
2-

05

20
21

-0
1-

04

20
21

-0
2-

03

20
21

-0
3-

05

20
21

-0
4-

04

20
21

-0
5-

04

20
21

-0
6-

03

20
21

-0
7-

03

20
21

-0
8-

02

20
21

-0
9-

01
0

50

100

150

200

250

300

350

Date

N
.

of
pa

ck
ag

es

(a) Intermittent
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(b) Lumpy
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(c) Smooth
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(d) Erratic

Figure 5.3: Example time series of the four categories based on CV2 and ADI.

designed for demand forecasting (ADIDA). As for ML approaches, we choose a bagging
approach (random forest), a statistical learning one (support vector regression) and
arti�cial neural networks (multi-layer perceptron). More sophisticated methods such as
Long Short-Term Memory networks showed slightly worse results in our preliminary
analysis. Then, we present our original forecasting approach that trains and tests a
di�erent forecasting model (i.e., the best among all baseline and ML methods in terms
of forecasting error) for each category of items. Categorization is performed as described
in Section 5.3.2.

5.4.1 Baseline

We selected �ve baseline methods: a seasonal naïve forecast, the Aggregate-Disaggregate
Intermittent Demand Approach (ADIDA) method, the classical ARIMA method, its
seasonal variant (SARIMA), and linear regression (LR).
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Figure 5.4: MAE of our ADIDA implementation as a function of window size! .

The naïve forecast predicts the future value of a time series as equal to the last
known past value of the series. This simple method (see, e.g., Barrow and Kourentzes,
2018), as well as its seasonal variants (see, e.g., Huber and Stuckenschmidt, 2020 and
Spiliotis et al., 2022), have been widely used as valid benchmarks in the forecasting
literature. Our naïve baseline model predicts the target valuevk

t as the value of the
time series of thek-th item in the same day of the week before:

v̂k
t = vk

t � 6 (5.1)

The ADIDA method proposed by Nikolopoulos et al. (2011) aggregates an inter-
mittent demand time series into lower-frequency �time buckets� of arbitrary length
(to be de�ned) to reduce the presence of zero observations. Then, any forecasting
method can be applied to the new aggregated series, before disaggregating the result
on the original series with or without a speci�c weighting procedure. Several works
in the literature propose ADIDA as a valid forecasting approach (Li and Lim, 2018;
Nikolopoulos, 2021). As more than 50% of the time series in our dataset showed
high intermittency with a typical weekly trend of alternate �up� and �down� days, as
reported in Section 5.3.2, we combined ADIDA with a seasonal naïve model. We tested
di�erent values of the aggregation window by aggregating the daily demand on �up�
(Monday-Wednesday-Friday) and �down� (Tuesday-Thursday-Saturday) days and we
chose the one that returned the lowest MAE. Given the aggregation window! , and
using uniform weights for disaggregation, the resulting formula for our ADIDA is:

v̂k
t =

1
!

!X

j =1

vk
t � 2j (5.2)

which predicts vk
t as the average on the last! observations considering only alternate

days (i.e., seasonal naïve with a two-day seasonality). As shown in Figure 5.4, the
minimum error was given by a three-day aggregation window.

The ARIMA method proposed by Box and Jenkins (1976) is one of the most classical
statistical approaches for time series forecasting. To forecast future values of a given time
series, ARIMA combines three distinct models, namely the autoregressive model (AR),
the moving average model (MA), and the integrated model (I), which use, respectively,
observations, errors, and di�erences from the past values of the time series. This method
is often used as a baseline for evaluating the performance of new and di�erent forecasting
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models in the literature, but it often turns out to be a very strong competitor (Da Veiga
et al., 2014; Ramos et al., 2015). The classical method has been extended in many
ways: we hereby consider its variant that incorporates seasonal variations, resulting in
the so-called SARIMA method (see, e.g.,Arunraj and Ahrens, 2015). In this study, we
evaluate both ARIMA and SARIMA using the auto-arima function from the pmdarima
library. The function determines the optimal hyperparameters of the ARIMA model,
which are the orders (i.e., the number of values considered) of the autoregressive and
moving average components (in a range from 1 to 10), and the integrated component (by
executing a di�erencing test). To implement SARIMA, we need to specify the seasonal
di�erencing hyperparameter, which is equal to six in our case (since our periodicity is
the six-day week from Monday to Saturday) and theauto-arima function �nds the
best values of the seasonal counterpart of the three ARIMA order parameters. Optimal
ARIMA parameters are re-estimated by the function at every forecast step (i.e., every
day), making such models typically e�ective in many time series forecasting problems.

LR makes the hypothesis of a linear relationship between the dependent variablesx
and the independent variable, which is the targety (see, e.g., Lewis-Beck and Lewis-
Beck, 2015). LR is typically considered among the baseline approaches for forecasting
problems: see, e.g., Carbonneau et al. (2008) for supply chain demand forecasting and
Huber and Stuckenschmidt (2020) for daily retail demand forecasting. Such and similar
applications show the trade-o� between the simplicity of the method and its e�ectiveness
when compared to more advanced methods (e.g., arti�cial neural networks, support
vector regressors). LR represents a strong baseline when the linear approximation is a
good �t for the dependency between the target and the features that are to be learned.

5.4.2 Machine learning

The selected ML methods are: random forest, support vector regression, and multi-layer
perceptron. For each method, we describe the methodological basics, present the models,
and brie�y summarize common applications and practices.

Random Forest

A Random Forest (RF) is an ensemble method that averages the prediction of multiple
decision trees (in case of classi�cation) or regression trees (in case of regression) to
reduce over�tting and achieve better generalization with respect to single trees taken
individually (Breiman, 2001; Sarker, 2021).

The structure of a regression tree is learned inductively from a collection of supervised
examples, by splitting the training data into smaller and smaller groups (nodes) until
each group contains only data points with similar prediction values and no further split
is needed. The algorithm used to learn the tree structure can be summarized as follows:
at each node of the tree, a feature is selected to perform the best split of training
data based on some performance criterion; then, training data are partitioned into
subsets (the children nodes) based on the values of the selected feature. This process is
recursively applied to children nodes until they are su�ciently homogeneous in terms
of target variables. When a new prediction on a test example must be performed, the
tree is traversed following the decision rules starting from the root node, until a leaf
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node is reached; then, the prediction is made by taking the average value among the
training examples located in that leaf.

Although they have many interesting properties, especially in terms of interpretabil-
ity, unfortunately, regression tree models are prone to over�tting. Ensemble methods
such as RF are usually preferred, as they combine a set of individual regression trees
to reduce over�tting and increase model generalization capability. To make the �nal
prediction, an RF aggregates over the ensemble by averaging the prediction outputs
of individual trees. The main hyperparameters to train an RF are the numberT of
trees, the numberF of features tested at each split of each tree, the minimum node
sizeM of each tree (Dudek, 2015), and the maximum depthd of each tree. The two
latter hyperparameters are strictly connected: the tree expansion, in fact, is stopped as
soon as the maximum depthd (i.e., the number of tree levels) is reached or the leaf size
of a node is smaller or equal toM .

Some successful RF forecasting applications were presented by Dudek (2015), where
RF showed as good performance as an arti�cial neural network for the short-term
forecasting of electricity load, and Punia et al. (2020), who successfully combined RF
with a Long-Short Term Memory (LSTM) network for a retail demand forecasting
problem with daily, weekly, and monthly horizons. Such a hybrid method outperformed
all the baseline methods (including RF and LSTM taken individually).

Support Vector Regression

Support Vector Regression (SVR) extends the framework of Support Vector Machines
to the case of regression. In its linear formulation, SVR aims at �nding the hyperplane
f (x) = `T x + b that maximizes the number of points that lie at a distance lower than
some tolerance� from the hyperplane (Schölkopf et al., 2000). Given a generic training
set S = f (x i ; yi )g

Q
i =1 of Q observations, the regression task is to solve the following

quadratic optimization problem:

min
`;b;�;� �

1
2

k`k2 + C
QX

i =1

(� i + � �
i ) (5.3)

s. t. (`T x i + b) � yi � � + � i ; i = 1; : : : ; Q (5.4)

yi � (`T x i + b) � � + � �
i ; i = 1; : : : ; Q (5.5)

� i ; � �
i � 0; i = 1; : : : ; Q (5.6)

where` 2 RW and b 2 R are the variables to be optimized that de�ne the hyperplane;
C > 0 and � > 0 are the hyperparameters of the model, which represent, respectively,
the regularization coe�cient and the tolerance;� i and � �

i are the non-negative slack
variables introduced to minimize the error of data pointi if such a point falls outside
the � threshold. The objective function in(5.3) combines the minimization of the error
on training data with a regularization term that privileges smoother functions (i.e., with
a smaller normk`k2). Constraints in (5.4) and (5.5) de�ne the distance of each point
from the hyperplane, and constraints(5.6) state the domain of the slack variables. The
optimization problem is solved via its dual formulation (Schölkopf et al., 2000) and the
solution is an approximate functionf (x) =

P Q
i =1 (� � i + � �

i )yi hx; x i i + b, where� i ; � �
i

are the (learned) dual variables, andh�; �i is the dot product. Training examples with
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(� � i + � �
i ) 6= 0 are called support vectors and are the only points concurring to the

de�nition of the hyperplane. This linear formulation can be extended to the non-linear
case by replacing the dot product with a positive, semi-de�nite (and non-linear) kernel
function K (�; �) that measures the similarity between training examples. For our SVR
we tried di�erent linear and non-linear kernel functions.

Several successful applications of SVR for time-series forecasting problems appear
in the literature, especially dealing with data characterized by a strong non-linearity.
Among many, we mention the annual electricity load forecasting problem (see, e.g.,
Wang et al., 2012 and Zhang and Hong, 2021).

Multi Layer Perceptron

Arti�cial neural networks are nowadays one of the most popular approaches in ML.
Inspired by neural connections in the human brain (Bishop and Nasrabadi, 2006), they
have been one of the pioneering approaches in arti�cial intelligence, knowing periods of
great success and disillusionment. With the advent of deep learning they have been
(and still are, nowadays) successfully applied to a wide variety of real-world problems.

A Multi-Layer Perceptron (MLP) is an arti�cial neural network composed of a stack
of layers, each containing a number of elementary computational units, named neurons.
Each neuron combines the signals received from all the neurons in the previous layer
and transmits the signal to all the neurons in the next layer by means of an activation
function. Such a function is typically non-linear, allowing the MLP to learn complex
non-linear relationships between input and output variables (Hornik et al., 1989). Each
neuron in the �rst (input) layer is fed with one of the dependent variables for the task
at hand. The output layer is used to predict the target variable, which is a real number
in the case of regression. Each connection of the network has a weight, which is learned
during the training phase of the network so as to minimize the prediction error on the
entire training dataset.

Suppose to address our demand forecasting task with an MLP with a single hidden
layer. The output layer produceŝvk

t , which is the predicted number of ordered packages
of the k-th item at day t. The input layer has sizeW and is fed by the set of input
variablesvk

t � W ; : : : ; vk
t � 1. The weights of the �rst layer are represented byw0

t � W ; : : : ; w0
t � 1,

and the weights of the second layer are represented byw1
1; : : : ; w1

h, whereh is the number
of neurons in the (single) hidden layer. Given the non-linear activation functionf , the
output of our MLP is given by:

v̂k
t = f (

hX

j =1

w1
j f (

WX

i =1

w0
t � i v

k
t � i )) (5.7)

Equation (5.7) can be easily generalized to MLPs with multiple hidden layers. The more
hidden layers and number of neurons per layer, the more parametersw the network
has to tune during the training. However, a trade-o� between such parameters and the
risk of local minima and over�tting must be considered in the use of MLPs (see, e.g.,
Heidari et al., 2016).

MLPs are usually trained via the backpropagation algorithm (Bishop and Nasrabadi,
2006), a technique based on gradient descent. To design a speci�c network architecture
and perform the training, several hyperparameters must to be de�ned. In this work, we
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focus on the following: (i) the number of hidden layersH and the number of neurons
hi for each hidden layeri = 1; : : : ; H ; (ii) the activation function f that modulates the
signal transmitted to the following layer of the network (e.g., simple threshold function
or more complex non-linear functions); and (iii) the solver algorithm to �nd the best
weights of the network during backpropagation.

Among many recent applications of MLPs to demand forecasting problems, we
mention the work by Huber and Stuckenschmidt (2020), who compared several statistical
and ML approaches on a daily retail demand forecasting problem, and Spiliotis et al.
(2022), who solved a daily demand problem for a Greek retail company comparing MLP,
RF, SVR, and other traditional methods.

5.4.3 Combined approach

Di�erent demand forecasting applications have shown that alternative approaches
based on the ensembling, hybridization, aggregation, and combination of di�erent ML
models may result in improved forecasting results with respect to those of the classical
application of single models (Dudek, 2015; Hajirahimi and Khashei, 2021). Selecting
the best model is not a trivial task and the trade-o� between the increase in forecasting
accuracy and the corresponding increase in computational time and complexity must
be taken into account. In this work, we implemented an alternative approach that is
original in the selected application. The new approach is based on the result of the
initial categorization procedure and the idea that selecting the best forecasting model
for each category of items may result in improved overall accuracy.

Our approach, simply called �Combined� hereafter, trains one model for each of
the four categories of smooth, intermittent, lumpy, and erratic items (as presented in
Section 5.3.2). The name indicates that items of the same category are grouped together
and on each group the method with minimum forecasting error is selected to achieve
the most e�ective combination of forecasting methods across all items. Note that this
approach is not a hybrid method in the traditional sense, where a single time series is
decomposed and trained using di�erent methods. Instead, each set of time series data
(one for each item) is trained using distinct models, namely one per category. On the
other hand, it is not properly even an ensemble method, because we neither combine
nor aggregate the predictions of multiple models, but we just call a di�erent model for
each product category. The model for items belonging to categoryC is trained on the
training set DC

train . This approach is novel in similar applications and provides four
smaller models, each one for a di�erent category of items based on the erraticness and
intermittency of their time series, potentially having stronger similarities among each
other. Once the four models are trained, during the test phase, given an item of a
speci�c category, the corresponding model is selected to produce the desired forecast.

5.5 Experiments

In this section, we present the empirical evaluation of our methodology on the real
dataset of Inalca. First, we de�ne our experimental setup. We then summarize the
results, comparing the forecasting accuracy of the di�erent baseline and ML methods
on the daily demand data. In particular, we investigate which model provides the



90 Chapter 5. Demand Forecasting in the Perishable Food Industry

best daily forecast, we show how our combined approach improves the forecasting
performance of classical training procedures, and we also simulate the impact of the
di�erent model forecasts on the size and dynamics of the company warehouse. All
models were implemented inPython 3.10.4 , using the open source data science libraries
scikit-learn , pmdarima, pandas, and numpy. We trained and tested our models on a
virtual machine Intel(R) Xeon(R) Gold with 2.30 GHz and 16 GB of RAM memory,
running under Windows 10 Pro N. Our dataset can be downloaded from the online
repository https://github :com/regor-unimore/Perishable-Food-Demand-Forecasting.

In the online repository we removed the names of the items and assigned an
incremental index to each of them to anonymize the available dataset and identify the
item position within the columns. The columns contain special values identi�ed by
�-1� for days corresponding to holidays. For such days, no prediction is made in case
they are included in the test set. However, when they are present in the training set,
to avoid null values in the input data computed via windowing, linear interpolation is
applied taking the corresponding days of the two precedent weeks. This interpolation
method is employed to ensure continuity in the data and enable the accurate training
process of each model.

5.5.1 Experimental setup

As previously discussed in Section 5.3.2, our dataset includes 190 time series for the
daily demand of di�erent items expressed in the number of packages. The total length
of each time series is equal to 293 observations, referring to a 12-month period from
October 06, 2020 up to September 11, 2021 (excluding Sundays). We chose such a
period length in accordance with the company as a representative time frame of the
typical �uctuations of the related market due to several factors, including varying
weather conditions, holidays, new customers entering the market, new items, and the
typical product life cycle. The company also excluded a signi�cant impact of COVID-19
pandemics on products demand during this period based on a statistical analysis of
historical data. We split our dataset into a training set and a test set. The training
set includes the �rst six-month period from October 06, 2020 to April 17, 2021, which
counts 167 daily data for 173 items, and fewer data for the remaining 17 new items,
for which only the regular part of the demand was considered in the training set (see
Section 5.3.2). The test set comprises the following period from April 19, 2021 to
September 11, 2021, which counts 126 daily data for each of the 190 items.

Regarding each of the ML methods presented in Section 5.4, we de�ned a set of
possible values for the model hyperparameters and selected the best values by means of a
grid search cross validation algorithm on the training set (see Section 5.5.2): the training
set was split into �ve folds and all possible combinations of the model parameters were
computed. Each combination was tested �ve times on the �ve di�erent folds (using the
union of the residual four folds as the training set), and the combination providing the
overall minimum forecasting macro-averaged error was used for the evaluation on the
test set. After this model selection phase, all the ML methods were trained following
three di�erent procedures:

1. the traditional �series-by-series� training procedure (see, e.g., Semenoglou et al.,
2021), where a di�erent forecasting model is trained for thek-th item on Dk

train �
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Table 5.1: Grid search cross validation on RF, SVR, and MLP models.

Model Hyperparameter Values

RF
Number of treesT 200, 500, 700, 1000
Maximum tree depth d No limit, 1, 2, 3
Minimum node sizeM 2, 3, 4

SVR
Kernel function K Linear, RBF, Sigmoid
Regularization parameterC 1.5, 5, 10, 30, 50, 100, 150, 200, 250
Accuracy � 0.1, 0.5, 1, 5, 9, 10, 13

MLP
Hidden layer(s) size(n1; : : : ; nH ) (100), (100, 50), (200), (200, 50)
Activation function f Tanh, ReLU
Optimizer Stochastic Gradient Descent, Adam

in our case, we trained each ML model 190 times, obtaining one model for each
item;

2. the �single� training procedure (successful, for example, in the M4 competition,
see Makridakis et al., 2020), where each model is trained only once on the entire
training set Dtrain , allowing to capture similarities across di�erent time series;

3. the intermediate training solution �per category� embedded in the proposed
combined approach, which trains one model for each of the four categories of
smooth, intermittent, lumpy, and erratic items (as presented in Section 5.4.3).

In the case of training procedures (1) and (2), we applied a min-max scaling pre-
processing technique to the training set, obtaining comparable values in the range[0; 1].
The aim of this scaling procedure was to reduce the impact of di�erent scales of time
series values in the same dataset (e.g., large and small daily ordered quantities for
di�erent items). Note that the scaling procedure was applied before the grid search
cross-validation on the entire datasetDtrain in the case of the single training procedure,
and on setDC

train in the case of training per category.

5.5.2 Hyperparameter setting

As reported in Section 5.3.1, the hyperparameterW, which indicates the window size of
the past time series values to be used as input to the predictors, was set experimentally.
We tested three di�erent values, namelyW = 6; 12; 18 (i.e., 1, 2 or 3 working weeks).
For each window size value, we generated a datasetD on which we performed the
scaling process (when needed), the grid search, the training, and the testing processes.
Table 5.1 shows the grid search cross-validation hyperparameters and the corresponding
values for our RF, SVR, and MLP models. Any additional setting, including the ones
of LR, was left to the default value as implemented in thescikit-learn library. The
grid search algorithm generated all the combinations of hyperparameters and found
the best one by evaluating a macro-averaged error over multiple validation folds, as
explained in Section 5.5.1.
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5.5.3 Evaluation criterion

To evaluate and compare the forecasting performance of the tested approaches, we used
a standard metric for regression tasks, namely the Mean Absolute Error (MAE). We

call Dk
test = f (xk

i ; yk
i )gN k

test
i =1 the portion of the test set observations related to thek-th

item, with k = 1; : : : ; n. We remind the reader thatyk
i and ŷk

i are, respectively, the
target and the predicted values of the forecast for observationi of the k-th item on the
test set Dk

test . The MAE, which is commonly used in the forecasting literature (see, e.g.,
Petropoulos et al., 2022), was then computed as

MAE =
1
n

nX

k=1

0

@ 1
N k

test

N k
testX

i =1

jyk
i � ŷk

i j

1

A (5.8)

Thus, we �rst computed the MAE for every time series (of thek-th item) individually,
and then we averaged the results across all the time series of itemsk = 1; : : : ; n.

5.5.4 Forecasting results

Tables 5.2-5.4 show the forecasting performance of the ML methods presented in
Section 5.4, on the three di�erent training procedures (single dataset, series-by-series,
per category), respectively. We highlighted in bold the minimum error value of every
column for MAE, which is our reference error measure. Our results suggest that MLP
with window size W = 12 and RF with window size W = 12 are the best models
respectively, in the single training setting and in the series-by-series training setting.

Table 5.2: MAE comparison with single training.

Method W = 6 W = 12 W = 18

RF 20.90 19.90 19.97
SVR 20.77 20.14 19.68
MLP 20.54 19.10 20.16

Table 5.3: MAE comparison with series-by-series training.

Method W = 6 W = 12 W = 18

RF 21.78 21.47 21.91
SVR 21.85 21.55 22.37
MLP 22.28 22.21 24.07

Table 5.4 instead shows the results of every ML method on each subset of data
related to each category of items (smooth, intermittent, lumpy, erratic). We observe
that SVR clearly outperforms the other methods on intermittent and erratic categories,
with the latter being by far (and not surprisingly) the most complicated one to forecast
(i.e., its forecasting error is almost one order of magnitude larger than the one of smooth,
intermittent, and lumpy categories). RF and MLP are both good forecasting models
for the daily demand of the smooth and lumpy categories of items.
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Table 5.4: MAE comparison with training by category.

Category Method W = 6 W = 12 W = 18

Smooth

RF 25.05 23.67 24.41
SVR 25.92 25.20 24.45
MLP 26.29 24.87 24.83

Intermittent

RF 11.13 10.97 11.03
SVR 10.45 10.22 10.25
MLP 10.85 10.99 10.56

Lumpy

RF 15.75 15.68 15.62
SVR 15.20 15.11 14.70
MLP 14.48 14.42 16.39

Erratic

RF 111.80 116.40 115.70
SVR 120.80 107.60 110.10
MLP 114.30 120.90 127.0

Table 5.5 summarizes the results of our experiments, also showing those obtained
with the baseline methods described in Section 5.4.1, and the forecasting model currently
used by the company. This model, which we consider as our sixth baseline method and we
call �Company� thereafter, is the �rst result of our long-term research collaboration with
Inalca. It is an expert system based on an adjusted naïve algorithm. The adjustments
were encoded in the model by collecting and analyzing additional information provided
by the company business managers based on their knowledge of the system (e.g.,
characteristics of the items, customer behavior, and typical trends of the related market
including commercial promotion and holidays).

The results show the MAE of the best con�guration (i.e., training procedure and
window sizeW) for each method. The best window size of each model is indicated in
the �rst column �Method� after the name of the corresponding method (e.g., �(W18)�
stands forW = 18). The �rst two blocks report the minimum MAE of Company and
baseline methods, followed by ML methods using single and series-by-series training,
respectively. The last block refers to the �Combined� model obtained by combining
the best predictors for each category (i.e., RF (W12) on the smooth category, SVR
(W12) on intermittent and erratic categories, and MLP (W12) on the lumpy one). We
observe that the overall best model in terms of MAE is the combined approach, trained
by category.

More generally, we observe that, regarding ML methods, the single training fashion
is more e�ective in our context of application with respect to the series-by-series training.
This means that our ML models are able to gain additional information from the overall
dataset, which combines many similar time series (related to di�erent items with similar
trends) covering a time horizon of only one year (which re�ects the short stability of
the related market). Moreover, we found that our proposal to train di�erent models for
di�erent categories further improved the performance of the system, showing the best
overall result in terms of MAE (equal to 18.98) also with respect of all our baseline
methods. Combined is the best overall method in our experimental evaluation and a
tailored training procedure is particularly e�ective in such a forecasting context.
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Table 5.5: Summary of results on the best training procedure and window sizeW.
�Combined� indicates a combination of RF (W12) on smooth, SVR (W12) on intermittent
and erratic, and MLP (W12) on lumpy.

Method Training MAE

Company series-by-series 21.68

Naïve

series-by-series

23.19
ADIDA 20.31
ARIMA 21.13
SARIMA 20.38
LR (W6) 20.65

RF (W12)
single

19.90
SVR (W18) 19.68
MLP (W12) 19.10

RF (W12)
series-by-series

21.47
SVR (W12) 21.55
MLP (W12) 22.21

Combined per category 18.98

5.6 Inventory simulation

We computed three practical measures of inventory e�ciency to evaluate the realistic
impact of the forecasting methods on the company operations, namely: (i) the daily
manual adjustmentsadj k

t with respect to the forecastŝyk
t required to satisfy the demand

yk
t ; (ii) the size of the warehousehk

t on the t-th day for the k-th item; and (iii) the daily
number of potential discarded packagesdisck

t due to product expiration. All these three
quantities are to be minimized. All three indicators have a relevant practical implication
for the warehouse management of the company. The �rst one is related to productivity
because frequent dynamic adjustments increase setup times and cause productivity
losses. The second one is strictly constrained by the capacity of the warehouse and,
moreover, the larger the warehouse, the higher the costs for refrigerating stocks. The
third one is the most important one because it is related to direct losses of �nal products.
Note that our simulation represents a cautious behavior for discarded packages with
respect to the real-world process. Indeed, if during the day the company receives a
demand whose value is lower than the one estimated by the algorithm, the production
manager interrupts the production process and thus avoids the excess of production.
However, in our simulation we do not know when the actual demand information is
released, so we cautiously count every unit in excess as a discarded package.

Algorithm 5.5 shows how we computed the three indicators,adj k
t , hk

t , and disck
t , for

eacht-th day and k-th item in our simulation process. At dayt, the �rst step is to
update the number of days after production for every package of thek-th item in the
warehouse and the number of discarded packages (i.e., the packages that reached their
expiration date). Then, the daily e�ective production P k

t is calculated and compared
with the actual demandyk

t . We evaluate the balanceB k
t of the k-th item in the t-th

day as the sum of the current stockhk
t plus the produced quantityP k

t minus the actual
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Algorithm 1 Inventory simulation algorithm
for k = 1 ; : : : ; n do

hk
0  0, adj k

0  0, disck
0  0

for t = 1 ; : : : ; N k
test do

Update hk
t and disck

t based on expiration date
P k

t  max(0; ŷk
t � hk

t ), B k
t  P k

t + hk
t � yk

t
if B k

t > 0 then
Case 1: No adjustments, update inventory
adj k

t += 0
if yk

t < h k
t then

Removeyk
t packages fromhk

t (by oldest) and store P k
t in hk

t
else

Store B k
t packages (smaller or equal toP k

t ) in hk
t

end if
else if B k

t = 0 then
Case 2: No adjustments, empty inventory
adj k

t += 0 , hk
t  0

else
Case 3: Adjustments, empty inventory
adj k

t += jB k
t j, hk

t  0
end if

end for
end for

Figure 5.5: Inventory simulation algorithm.

demandyk
t . When B k

t > 0, the demand is ful�lled �rst by emptying the stock (starting
from older packages), and then by taking (some of) the produced packages. When
B k

t = 0, the demand is completely ful�lled by the whole stock plus the produced
quantity and no adjustment is necessary. WhenB k

t < 0, the actual demand is not
ful�lled by the stock plus the produced quantity. Therefore, the stock is fully empty
and an adjustmentadj k

t (i.e., an additional quantity of units) equal to jB k
t j is required

in production.
To compare the di�erent approaches, we computed the following average daily

metrics: (i) Average Number of Dynamic Adjustments (ANDA), (ii) Total Warehouse
Size (TWS), and (iii) Average Number of Discarded Packages (ANDP), as follows:

ANDA =
1

N test

X N test

t=1

�
1
n

X n

k=1
adj k

t

�
(5.9)

TWS =
1

N test

X N test

t=1

� X n

k=1
hk

t

�
(5.10)

ANDP =
1

N test

X N test

t=1

�
1
n

X n

k=1
disck

t

�
(5.11)

Among the ML approaches, we chose the Combined model, which achieved the best
forecasting performance with respect to MAE (see Section 5.5.4), and we compare it
with the selected baseline, namely the Company model. Table 5.6 gives a summary
of the simulation results, reporting, for each metric, the absolute values (�Value�) and



96 Chapter 5. Demand Forecasting in the Perishable Food Industry

Table 5.6: Inventory simulation results.

Method
ANDA TWS ANDP

Value Gap Value Gap Value Gap

Company 11.76 1585.28 3.81
Combined 11.28 - 4% 1253.47 -21% 2.58 -32%

the percentage improvement of Combined with respect to Company values (�Gap�).
The results show that Combined improves ANDA by 4%, TWS by 21%, and ANDP
by 32% with respect to the method currently employed by the company. In particular,
Combined produces a notable reduction in ANDP, which is considered by the company
the most important indicator. We thus conclude that the Combined model is e�ective
both in terms of its forecasting accuracy and its practical implications for inventory
management.

5.7 Conclusions

Demand forecasting is a crucial as much as a di�cult task for businesses working in
the perishable food supply chain, which is characterized by extremely short production,
storage, and delivery times. Our work was inspired by the real-world demand forecasting
problem of an Italian company working in the processed meat industry. The goal was
to provide an accurate daily forecast for 190 di�erent products. We were given a real
dataset of 12-month-long time series, each referring to one of the products.

We classi�ed such products into four categories based on the demand categorization
by Syntetos et al. (2005). Then, we proposed three ML methods, namely an RF, an
SVR, and an MLP, and a combined approach where a di�erent forecasting model is
trained on each category of items, and the overall model is obtained by combining
the best models across the categories. We also analyzed the impact of the number of
past observations given as input to each model on the performance in predicting the
target value of daily demand. To further assess the performance of our forecasting
model, we simulated inventory management based on daily forecasts generated by our
approach. The outcomes of our research can be summarized as follows. We evaluated
the forecasting accuracy of our models and six baselines on a given test set, measuring
the overall MAE. Our ML models outperformed all the baseline methods, including
ARIMA and SARIMA, which are typically e�ective in several time series forecasting
applications proposed in the literature. Our combined method of providing di�erent
models per category demonstrated superior performance in terms of MAE. Our inventory
simulation included relevant indicators of inventory e�ciency, namely the number of
manual adjustments in daily forecasts, the size of the warehouse, and the quantity of
discarded packages. With our combined approach, theese three indicators are reduced
by 4%, 21%, and 32%, respectively, compared to the company's existing state-of-the-
art algorithm. These results con�rmed the practical bene�ts of using a data-driven
technique in such a challenging scenario, a conclusion further supported by the practical
outcomes of the algorithm, which is now operational within one of Inalca's production
plants.
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As future research, we are �rst of all interested in deploying to the company the
new Combined approach. Then, we would like to follow di�erent interesting research
directions, namely: (i) the use of more sophisticated ML approaches for time series
forecasting, such as recurrent neural networks; (ii) the introduction into our models of
additional information about the related market, such as weather conditions; (iii) the
evaluation of the impact of more frequent model re-training (e.g., weekly or monthly);
(iv) the integration of our demand forecasting output as input of the related production
scheduling problem to be studied to further optimize the company operations. We are
also interested in the application of combined forecasting methods to similar problems
arising in di�erent segments of the food industry, studying the potential savings from
both an economic and a sustainable point of view.
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Chapter 6

Minimizing Costs and CO 2 Emissions
in a Waste Transfer Facility Location
Problem 1

Abstract

We address a bi-objective real-world facility location problem arising in the Italian
waste management industry. The problem is to collect urban waste and deliver it
to treatment or disposal facilities. A predicted quantity of di�erent classes of waste
must be collected from a set of sources over a predetermined time horizon. The �ow
must be optimized also by deciding whether and where to open additional intermediate
transfer facilities among a set of candidate locations. The goals are to minimize the
total costs and the CO2 emissions. We provide a single-period mixed integer linear
programming model and then extend it to a multi-period setting allowing for seasonal
waste �uctuations. We apply an approximated� -constraint algorithm to solve our
models on two real-world case studies, obtaining approximated-but-well-structured
Pareto sets of non-dominated solutions. The e�cacy of the models is con�rmed by
further computational experiments on randomly created instances, which show that the
models can be employed for analogous real-world applications.

6.1 Introduction

Waste management is a general term referring to the set of activities related to collection,
transport, treatment and disposal of waste, and, in addition, control and prevention
actions across the whole process. The increasing amount and complexity of waste
generated by modern societies has indeed attracted substantial attention within major
industrial sectors and raised major sustainability-related concern around governments,
�rms, and individuals. As a consequence, waste management has been recently connected
to environmental issues, as stated, for example, by Tolaymat et al. (2015), who referred to
waste management as the link between all the subjects involved in the waste production

1Caselli, G., Columbu, G., Iori, M., Magni, C. A., Oliveira, M. (2024). Minimizing costs and CO 2

emissions in a waste transfer facility location problem (under review).
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network and the societal entities taking care of environmental goals. The signi�cant
environmental impact of the waste industry is well known and reduction measures
have been already introduced in many systems (e.g., ReVelle, 2000) to cut the amount
of greenhouse gas emissions along the process (e.g., products' recycling and salvage,
collection routing optimization).

Many operational and strategic problems related to each phase of the waste man-
agement process have been studied in the literature for decades, con�rming a high
interest of both researchers and practitioners in this �eld. Operational problems refer
to short-term optimization decisions such as routing and scheduling problems. In this
Operations Research (OR) context, the literature on the classical Vehicle Routing
Problem (VRP) applied to waste collection contexts is huge (e.g., Golden et al., 2002).
Strategic problems refer to medium- and long-term design and management decisions to
optimize the waste collection and treatment network, including the location of di�erent
facilities (e.g., collection points, intermediate transfer facilities, �nal treatment facilities,
and land�lls). The Facility Location Problem (FLP) is addressed in this context (e.g.,
Van Engeland et al., 2020).

Several works in the literature have dealt with FLPs with applications in the
waste industry, focusing on minimization of costs (e.g., Lee et al., 2016). Other
recent approaches take into account both costs and CO2 emissions minimization (e.g.,
Mohsenizadeh et al., 2020). In this regard, we propose a bi-objective approach to a
waste transfer FLP as well, with the aim of providing solutions that are valuable under
both the economic and environmental perspectives.

Our work deals with a speci�c FLP in the context of urban waste collection, that is,
the collection of urban waste from multiple sources and its transport to the treatment
or disposal plants. The activity is typically managed by municipal services or by public
or private corporations. Our work is inspired by the waste transfer activity carried
out by Iren Ambiente SpA, an Italian multi-utility private company, from customers
(sources of urban waste) to �nal plants, where waste is collected before treatment.

Iren Ambiente is a division of Gruppo Iren, an industrial holding company operating
in the Italian market of multi-utilities. Iren Ambiente manages the operations of waste
collection, treatment and disposal, designs waste treatment and disposal systems, and
controls renewable energy systems in several areas of Italian regions (mainly Emilia
Romagna, Piemonte, Liguria, Toscana, Lombardia, and Sardegna). The two case studies
presented in this work refer to the region of Emilia Romagna and, in particular, to the
districts of Reggio Emilia and Parma.

The speci�c problem studied in this work only considers the transfer of waste,
excluding downstream and upstream processes of waste production and treatment
or disposal (and the related costs and CO2 emissions), even tough the entire waste
management process is managed by the company in its assigned areas. The problem
is a particular Capacitated Facility Location Problem (CFLP) (i.e., an FLP where
facilities have limited capacity), which we solve by means of bi-objective Mixed Integer
Linear Programming (MILP) models. First, the bi-objective single-period model is
presented: it is a �nite-horizon decision problem, solved under the assumption that
costs and emissions generated in a period are constant over time (so that one can focus
on minimization in one single period). Then, a multi-period version of the problem is
formulated considering the variation of the demands (quantities of waste to be collected),
costs, and emissions over the di�erent time periods de�ned in our time horizon (i.e.,
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we assume a periodic variation of some problem parameters from period to period
within the time horizon), which enables us to cope with the seasonality of urban waste
production, whereby regular and predictable changes in costs and emissions recur every
year. The goal of our bi-objective models is to determine the optimal network in
real-world scenarios, evaluating how many locations must be opened and where they
must be located to minimize the costs and the CO2 emissions (i.e., facilities' and vehicles'
emissions) involved in the process. In our real-world application, the models' solutions
o�er a decision support system for the company. Decision support systems not only aim
to enhance industrial e�ciency but can also have a positive impact on environmental
sustainability (Modgil et al., 2020); hence, they are considered as a means to mitigate
climate change and achieve the established UN Sustainable Development Goals (SDGs).
The methodology developed to solve our bi-objective model is an� -constraint method,
applied on random instances created by a tailored random generator as well as real-world
instances from the case studies. A preliminary version of this work involving only CO2

emissions minimization and solving a single instance was presented as Caselli et al.
(2022).

In this work, we provide the following main contributions:

ˆ We solve a bi-objective problem in which we minimize costs and CO2 emissions.
Unlike the majority of the bi-objective works including economic and environmen-
tal goals in FLPs, which, as stated by Velázquez-Martínez and Fransoo (2017),
include only transport emissions in the objective function, we account for emissions
from both transport decisions and location decisions (i.e., emissions from open-
ing/operating the facilities), providing a detailed description of the computation
of each of the cost and emission components;

ˆ We integrate multi-period and bi-objective settings within an FLP, which, as
stated by Nickel and Saldanha da Gama (2019), is rare in the related literature.
Our multi-period model, which comprises time-independent location variables
and time-dependent �ow allocation variables, is in line with the literature on
real-world FLP, where location variables are typically constrained by realistic
assumptions on opening/closing facilities during the time horizon;

ˆ We solve the models by a tailoring dedicated� -constraint approach, which provides
approximated-but-well-structured Pareto sets. In Appendix 6.D, we additionally
present MILP-based and greedy versions of a tailored weighted sum method, a
simpler method that can be implemented by solution makers who are interested
in quickly obtaining reduced sets of solutions;

ˆ We solve two real-world case studies and show that important cost and emissions
savings can be obtained with respect to the status quo (i.e., current network with
only �nal facilities);

ˆ We provide further computational experiments that prove the scalability of our
models, showing that larger-size instances can be solved by our methods in short
computational times.

The rest of the paper is organized as follows. A summary of the related literature is
given in Section 6.2. In Section 6.3, we provide a detailed description of the problem. In
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Section 6.4, we present our single- and multi-period models and the proposed solution
method. Section 6.5 reports the results obtained by our models on the �rst real-world
case study and on random instances. Concluding remarks are provided in Section
6.6. For the sake of conciseness, the details on the process adopted to estimate CO2
emissions, the description of the weighted sum method, and the outcome of the extensive
computational tests on the second real-world case study and on the random instances
are provided in Appendices 6.A-6.D.

6.2 Literature review

In their recent survey, Van Engeland et al. (2020) reviewed the literature of the so-
called waste reverse supply chain, identi�ed as the overlapping subject between waste
management and the broader reverse logistics. The latter, commonly referred as the
network of activities and processes related to the �ow of raw material, inventory, �nished
goods, and waste from the point of consumption back to the origin point, has been
surveyed, among many, by Govindan et al. (2016). Several types of waste can be
involved, such as wastewater (see, e.g., Salamirad et al., 2023) and urban waste, which
we consider in this work. Collection, transportation, recovery, and disposal of waste
are included in the waste reverse supply chain, where several problems are solved
with the aim of creating value at three di�erent levels of management decisions: (i)
long-term strategic decisions of waste network design; (ii) medium-term decisions on
waste quantities and capacity allocation, and (iii) short-term (operational) decisions
such as routing and scheduling.

Focusing on the area of long-term strategic network design problems, Van Engeland
et al. (2020) surveyed the extensive literature of the period 1995-2020, providing a
classi�cation of strategic network design problems and their combinatorial optimization
solution methods based on several characteristics: single- or multi-period decisions,
single- or multi-product problems, single- or multi-objective optimization, with speci�c
constraints and di�erent objective functions. They found that 60% of collected works
deal with single-objective functions, representing cost minimization or pro�t maximiza-
tion in around 95% of the cases. In this regard, our work is an attempt to extend the
branch of the literature on multi-objective network design problems. In multi-objective
models, environmental goals such as the minimization of CO2 emissions or energy
use are often included and balanced with economic ones such as the minimization
of costs or maximization of pro�ts. Saldanha da Gama (2022) dedicated a speci�c
section of their recent survey on facility location in logistics and transportation to
green logistics and, more speci�cally, to green facility location problems integrating
CO2 emissions considerations, mainly as additional objective minimizing the amount of
carbon emissions, as we do in our work. Another recent work by Waltho et al. (2019)
deals with green supply chain network problems where carbon emissions are integrated
from a �nancial point of view based on the so-called carbon policies (carbon cap, carbon
o�set, cap-and-trade, and carbon tax). Amin Chaabane and Paquet (2011) introduced
a cap-and-trade system and formulated a bi-objective cost-emission minimization sup-
ply chain network design problem using an MILP model. They applied the classical
� -constraint and goal programming methods and introduced tailored constraints for
the CO2 emissions regulation under the real-world cap-and-trade system of a Canadian
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�rm operating in the steel industry. In this scenario, the company could buy and sell
carbon credits on the market. A third approach to introduce environmental goals within
network design problems involves assigning a monetary value of CO2 emissions and
minimizing the weighted sum of economic and environmental costs. Colicchia et al.
(2016) proposed an ILP model with an aggregate objective function, where a price is
assigned to CO2 emissions and a weight is assigned to costs and CO2 emissions. The
authors applied their model to the real-world case study of an Italian distributor of
chocolate products in the perishable food industry, and highlighted the importance of
addressing more industrial case studies across various sectors to further close the gap
between theory and practice. In our research, we employ both the multi-objective and
aggregated approaches as our case study does not fall under any speci�c carbon policies.
Sometimes, the social impact is also included in multi-objective problems (see, e.g.,
Govindan et al., 2016 and Harijani et al., 2017).

In the OR literature, the strategic problems de�ned above are classi�ed under the
broad category of FLPs; they have been of great interest since the 1960s. In their book,
Laporte et al. (2019) de�ned the FLP as the problem of determining the best location
for one or multiple facilities or equipment in order to cater to a set of demand points.
As reported by Verter (2011), the classical FLP has been extended in a number of ways:
(i) increasing the number of products, from single- to multi-commodity FLPs (see, e.g.,
Liu et al., 2021, who studied a complex multi-commodity CFLP involving sustainability
concerns); (ii) increasing the number of facility echelons, that is, the types of facility
to locate (e.g., Gendron and Semet, 2009); (iii) increasing the number of time periods
included in the model, de�ning dynamic FLPs where the facility location is determined
at each period so as to minimize the total cost over time (e.g., Nickel and Saldanha da
Gama, 2019); and (iv) incorporating possible scale economies in the cost function (e.g.,
Wu et al., 2006) and uncertainties (e.g., Correia and Saldanha da Gama, 2019).

As concerns FLPs in the waste management industry, Adeleke and Olukanni (2020)
surveyed models and solution algorithms published between 2006 and 2020 and adapted
to cope with several optimization problems. These problems are usually formulated
as MILP models, but then solved in practice by means of heuristic algorithms able to
�nd near-optimal solutions in a limited time. In the following, we mention some case
studies in the urban waste management contexts. Ghiani et al. (2012) studied a bin
allocation problem in Italy where the aim is to minimize the total number of activated
waste collection sites. The problem was solved by means of an MILP model and a
constructive heuristic. Lee et al. (2016) proposed several mathematical models for the
waste management system of Hong Kong, in which they minimize the total cost for the
municipal solid waste management system. Gambella et al. (2019) studied a facility
location and waste �ow allocation problem. They developed a stochastic programming
model that was applied to solve a real-world Italian case study.

A relevant part of the current literature on waste transfer FLPs includes environmen-
tal concerns in the problem statement and in the model formulation. A summary of the
main concepts and models for the so-called Green FLP is included by Velázquez-Martínez
and Fransoo (2017). The focus of their work is on the transportation performance of
�rms in terms of both costs and emissions, which is strongly determined by the design of
the network. In the models under review, the main sources of CO2 emissions associated
with the location of facilities derive from both mobile sources (transportation) and
stationary sources (production, storage, and handling). Environmental qualitative and
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quantitative evaluations have been combined with an MILP model and multi-criteria
methods by Vaillancourt and Waaub (2002) to solve waste FLPs similar to our problem:
valuable results have been obtained on a case study of the city of Montreal, Canada.
The massive work in OR on location problems with applications in urban services, and
more speci�cally in solid waste management, has been surveyed by Ghiani et al. (2014)
and Farahani et al. (2019), among many.

We now survey the most recent and relevant literature on multi-objective FLPs with
environmental goals with applications in the waste industry, which is our main interest.
Erkut et al. (2008) solved a case study for a waste FLP in a northern region of Greece,
applying the so-called lexicographic minimax approach (from game theory) to an MILP
model with �ve economic and environmental objectives. Coutinho-Rodrigues et al.
(2012) proposed a bi-objective MILP model for an urban facility problem minimizing
investment costs and dissatisfaction, solved by means of the� -constraint method. Eiselt
and Marianov (2014) minimized a bi-objective cost-pollution function in a real-world
Chilean land�lls' location problem, solved by the weighting sum and� -constraint
methods. Yu and Solvang (2017) proposed an MILP model for a three-stage waste
management system where three objectives are included in the objective functions:
(i) the overall costs, (ii) greenhouse gas emissions, and (iii) the impact of toxic gases
on the population living nearby. Rabbani et al. (2018) solved a bi-objective location-
routing problem for the minimization of costs and environmental impact (including soil
pollution, noise pollution, and total emissions) by means of an evolutionary algorithm.
We mention the works by Ase� et al. (2019) and Tirkolaee et al. (2023), which also
deal with location-routing problems for sustainable waste collection. Mohsenizadeh
et al. (2020) solved a bi-objective cost-pollution transfer station location problem for
municipal solid waste management in Ankara. Darmian et al. (2020) proposed an MILP
model for the waste districting-location problem minimizing costs along with a measure
of destructive environmental consequences and a measure of social dissatisfaction. The
model was applied to two case studies from Iran and on randomly generated instances
by means of the� -constraint (for small-size instances) and a local search heuristic
algorithm (for large-size instances).

As stressed by Velázquez-Martínez and Fransoo (2017), not many companies have
implemented facility locations strategies to reduce their environmental impact, especially
as primary goal, although a considerable amount of theoretical work is already available
in the literature together with a few real-world applications presented above. In this
respect, our work is an attempt to provide an example of application of green FLPs
in practice and contributes to the relevant literature of multi-objective optimization
of urban waste FLPs, where economic and environmental goals are modeled to guide
decision makers towards more sustainable decisions in a two-dimensional view.

6.3 Problem statement

In our CFLP, we are given a setI of customers (i.e., waste sources) to be visited
over a given time horizon. The total estimated amount of waste produced by each
customer must be collected and delivered to �nal treatment facilities, either directly
or passing by one or more intermediate transfer facilities. We callJ the set of all
(existing and candidate) facility locations, and �J the subset of all intermediate transfer
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facility locations. Therefore,J n �J is the subset of �nal treatment facility locations. In
addition, we call Je the subset of existing (intermediate and �nal) facilities. We denote
by H the set of waste types, such as paper, plastics, and glass (i.e., we deal with a
multi-commodity CFLP).

Let qih indicate the total estimated quantity of waste typeh to be collected from
customeri over the considered time horizon (for which there is a corresponding number
of trips). Demand aggregation is commonly applied in the literature of FLPs as shown,
among many, by Coutinho-Rodrigues et al. (2012) and Eiselt and Marianov (2014), to
reduce the high dimensionality and computational time of the problems. The number of
trips is predetermined by the municipality (e.g., paper waste is collected once or twice
per week). For each facility locationj , we de�ne Qj as the overall waste capacity and
Qjh as the capacity for waste typeh, whereQj �

P
h2 H Qjh . For example, if a location

j has Qj = 100 tons and Qj 1 = 70 tons, Qj 2 = 60 tons for H = f 1; 2g, then we can
dedicate half capacity to each waste (i.e.,50 tons each) or we can accept an unbalanced
solution without exceeding theQjh values (e.g.,70 tons and 30 tons dedicated to waste
type h = 1 and h = 2 respectively).

For cost minimization, we introduce two components of transport costs and two
components of usage costs. ParametersCijh and C0

jkh estimate transport costs for
waste typeh 2 H from customeri 2 I to facility j 2 J (called ��rst-level transport�)
and from intermediate facility j 2 �J to facility k 2 J (called �second-level transport�),
respectively. Parametersr jh and Gj represent, respectively, variable and �xed cost
components of usage costs related to facilityj : the former vary in proportion to the
amount of waste typeh treated by facility j , the latter are independent of the amount
of waste treated by the facility.

An analogous set of parameters is introduced for CO2 emissions minimization.
Transport emissions are accounted for by parameterseijh , for i 2 I; j 2 J; h 2 H , and
e0

jkh , for j 2 �J; k 2 J; h 2 H . The former estimates transport emissions for waste
type h from customer i to facility j , while the latter estimates transport emissions
from intermediate facility j to (intermediate or �nal) facility k. The variable and �xed
components of emissions generated by operating a new facilityj 2 J are denoted aspjh

and Fj , respectively. The mathematical notation is summarized in Table 6.1.

The goal is to �nd the optimal waste transfer network (i.e., to select the intermediate
transfer locations and �nal treatment locations to open and the waste �ow across the
network) that minimizes the total cost and CO2 emissions involved in the process of
collection, transfer, and delivery of waste to �nal treatment locations over the considered
time horizon.

6.4 Mathematical models

In this section, we present the single-period bi-objective model that we have developed
to solve our multi-commodity CFLP (Section 6.4.1) and its multi-period extension
(Section 6.4.2). Then, we present an approximated� -constraint method (Section 6.4.3).
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Table 6.1: Mathematical notation.

Notation De�nition

I Set of customers
J Set of facility locations
�J Set of intermediate facility locations
J n �J Set of �nal facility locations
Je Set of existing facility locations
H Set of waste types
qih Quantity of waste type h produced by customeri
Qj Overall waste capacity of locationj
Qjh Capacity of location j for waste typeh
Cijh Transport costs for waste typeh from customeri to location j
C

0

jhk Transport costs for waste typeh from intermediate location j to location k
r jh Variable usage costs for facilityj and waste typeh
Gj Fixed usage costs for facilityj
eijh Transport CO2 emissions for waste typeh from customeri to location j
e

0

jhk Transport CO2 emissions for waste typeh from intermediate location j to location k
pjh Variable CO2 emissions component for operating facilityj and waste typeh
Fj Fixed CO2 emissions component for operating facilityj

6.4.1 Single-period model

To formulate our MILP model, we additionally introduce a set of three-index variables
x ijh that indicate the fraction of waste of typeh collected at customeri 2 I and
transferred to locationj 2 J in the overall considered period. The variable is continuous,
implying that each customer demand can be ful�lled by one or more facilities. A further
set of continuous variablesf jkh represents the �ow of waste of typeh transferred from
intermediate location j 2 �J to intermediate/�nal location k 2 J; j 6= k. Finally, binary
variablesyj take the value 1 if locationj 2 J is open, and 0 otherwise. Equations(6.1)
and (6.2) represent the cost and CO2 emissions minimization problems, respectively:

min ZC =
X

i 2 I

X

j 2 J

X

h2 H

Cijh x ijh +
X

j 2 �J

X

k2 J
j 6= k

X

h2 H

C0
jkh f jkh +

X

k2 J

X

h2 H

r kh (
X

i 2 I

qih x ikh +
X

j 2 �J
j 6= k

f jkh ) +
X

j 2 J

Gj yj

(6.1)

min ZE =
X

i 2 I

X

j 2 J

X

h2 H

eijh x ijh +
X

j 2 �J

X

k2 J
j 6= k

X

h2 H

e0
jkh f jkh +

X

k2 J

X

h2 H

pkh (
X

i 2 I

qih x ikh +
X

j 2 �J
j 6= k

f jkh ) +
X

j 2 J

Fj yj

(6.2)

The two objective functions(6.1) and (6.2) minimize the total amount of costs and
CO2 emissions involved in the process over the considered time horizon, each of them
with the following structure: the �rst two terms count the transport costs/emissions for
customer-facility and facility-facility trips respectively, while the third and fourth terms
consider the usage costs/emissions generated by operating new facilities, addressing
variable and �xed components of costs/CO2 emissions respectively. In our MILP model,



6.4. Mathematical models 111

we include the following sets of constraints:

X

j 2 J

x ijh = 1 8i 2 I; 8h 2 H (6.3)

X

i 2 I

qih x ikh +
X

j 2 �J
j 6= k

f jkh � Qkhyk 8k 2 J; 8h 2 H (6.4)

X

i 2 I

X

h2 H

qih x ikh +
X

j 2 �J
j 6= k

X

h2 H

f jkh � Qkyk 8k 2 J (6.5)

X

i 2 I

qih x ikh +
X

j 2 �J
j 6= k

f jkh �
X

l2 J
l6= k

f klh = 0 8k 2 �J; 8h 2 H (6.6)

yj = 1 8j 2 Je (6.7)

0 � x ijh � 1 8i 2 I; 8j 2 J; 8h 2 H (6.8)

f jkh � 0 8j 2 �J; 8k 2 J; j 6= k; 8h 2 H (6.9)

yj 2 f 0; 1g 8j 2 J (6.10)

Constraint set (6.3) ensures that each waste demand is ful�lled by one or more facilities
sharing its entire demand over the considered period. Constraints (6.4) and (6.5)
represent the waste-speci�c and overall capacity constraints for each facility, respectively.
Constraints (6.6) guarantee the conservation of waste-speci�c �ow at each intermediate
facility (i.e., the total incoming �ow from customers and other intermediate facilities
is equal to the �ow going out to other facilities). Constraint set (6.7) imposes that
existing facilities are kept open by the model solution. Constraints (6.8)-(6.10) give the
domain of the variables.

6.4.2 Extension to the multi-period model

As reported by Nickel and Saldanha da Gama (2019), �in order to capture predictable
variations in the parameters of a facility location problem, we often have to consider a
so-called dynamic or time-dependent model.� By this quote, the authors introduced
their discussion on multi-period facility location models stressing their relevance for
realistic applications of this class of problems. By following this hint, we extend our
model from a single-period to a multi-period version whereby we divide the time horizon
into a predetermined number of shorter periods. LetT be the set of such periods. We
divide one year into months (i.e,T = f 1; 2; :::; 12g). In this way, we cope with the
seasonality of urban waste production, where costs, emissions, and especially waste
collection demands �uctuate monthly. Several factors impact the seasonality of urban
waste production in our real-world problem: (i) tourism (e.g., in the non-touristic
areas, waste decreases in the summer months, especially in August, and partly also in
December and April due to several holidays; on the contrary, in the touristic areas, the
quantity of urban waste increases from April to August); (ii) holidays (e.g., the overall
quantity of waste increases during Christmas holidays and other local celebration days
in some speci�c municipalities); (iii) calendar (e.g,. February is typically the month
with the smallest waste quantities); and (iv) weather and population's habits (e.g.,
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production of plastic and organic waste, as well as plastic bottles, increases during the
summer, due to the higher consumption of fruits, vegetables, and beverages).

We de�ne time-dependent (i) demandsqiht , (ii) customer-to-facility transport costs
Cijht , and (iii) customer-to-facility transport CO2 emissionseijht , with t 2 T. The
three-index �ow-related sets of variables take one additional index:x ijht indicates the
fraction of waste of typeh transferred from customeri to location j in period t, while
f jkht is the �ow of waste of typeh transferred from intermediate locationj to location k
in period t. We keep the set of location decision variablesyj �xed over the time horizon
(i.e., time-independent), as they are in model(6.3)-(6.10). In the multi-period model,
the set of open locations is de�ned by considering the entire set of periods (i.e., 12
months in our instances), given the costs, the emissions, and the capacity constraints.
Therefore, the model decides whether and which facilities to open at the beginning of
the time horizon. Such facilities are kept open until the end of the time horizon. The
model can change the �ow allocation variables from one period to another, following the
seasonal �uctuations, by means of the time-dependent �ow-related decision variables
x ijht and f jkht .

As reported by Nickel and Saldanha da Gama (2019), in realistic settings, facilities
are frequently required to remain operational from the installation until the end of
the planning horizon; facilities are rarely allowed to be partially closed or reopened
(i.e., to close and reopen a part of the facility) throughout the planning horizon. Such
and other situations are typically modeled by additional constraints on time-dependent
location decision variables, or, as in our case, by directly keeping time-independent
facility location variables. The resulting bi-objective model for the multi-period multi-
commodity CFLP has the following objective functions:
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and is subject to (6.7), (6.10), and to the following sets of constraints:

X

j 2 J

x ijht = 1 8i 2 I; 8h 2 H; 8t 2 T (6.13)
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X

i 2 I

qiht x ikht +
X

j 2 �J
j 6= k

f jkht �
X

l2 J
l6= k

f klht = 0 8k 2 �J; 8h 2 H; 8t 2 T (6.16)

0 � x ijht � 1 8i 2 I; 8j 2 J; 8h 2 H; 8t 2 T (6.17)

f jkht � 0 8j 2 �J; 8k 2 J; j 6= k; 8h 2 H; 8t 2 T (6.18)

Equations (6.11)-(6.12) represent the two cost and CO2 emissions minimization
objective functions analogous to (6.1)-(6.2). Constraint set (6.13) ensures that each
waste demand is ful�lled by one or more facilities sharing its entire demand over each
time period. Constraints (6.14) and (6.15) de�ne, respectively, waste-speci�c and
overall capacity limit for each facility on the overall time horizon. Constraint set (6.16)
guarantees the conservation of waste-speci�c �ow for each intermediate facility on each
time period. Constraints (6.17)-(6.18) give the domain of the new period-dependent
variables.

6.4.3 � -constraint method

To solve our bi-objective models, we use an approximated version of the� -constraint
method. Such a method, introduced by Soland (1979) and applied with success
to several multi-objective problems in the waste management literature (see, e.g.,
Coutinho-Rodrigues et al., 2012 and Eiselt and Marianov, 2014), iteratively invokes a
single-objective model with an additional constraint limiting the value of the second
objective. In our work, because of the large-size of the instances, we are not interested
in �nding the complete optimal Pareto front, i.e., the complete set of non-dominated
solutions, but only in �nding a set of well-dispersed solutions along the Pareto front.

We apply the same approximated� -constraint method to both the single- and the
multi-period model, as follows. First, the two ideal solutions that optimize the two
objectives individually are computed and considered as the �payo� table� (see Coutinho-
Rodrigues et al., 2012). For each of the two ideal solutions (i.e., minimum cost and
minimum emission solutions), we check if they are dominated (i.e., if it exists a solution
with same cost but lower emissions and same emissions but lower cost, respectively).
We check for non-dominated solutions in the same way as described in Appendix 6.D for
the weighted sum method. If a non-dominated solution is found within a speci�c time
limit (which, in our case, is equal to the time limit on each single point optimization),
we update the latter to be the new extreme point of the Pareto front and we obtain
a new payo� table accordingly. Otherwise, we keep the original extreme points and
proceed with the next step of the algorithm. Then, a single-objective model with
only the cost minimization function is solved iteratively, with an additional constraint
imposing at each iterationi of the algorithm a limit to the maximum value of CO2

emissions indicated byE i and being equal to the value of CO2 emissions obtained at
iteration i � 1. The resulting single-period model at iterationi is thus min ZC as in
(6.1) subject to (6.3)-(6.10) and:
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where � is a tolerance parameter computed as� = ( E1 � En)=� . Values E1 and
En indicate the total CO2 emissions obtained by solving the single-objective model
minimizing only costs and CO2 emissions respectively (i.e.,E1 � En is our payo� table
for CO2 emissions), while� is a parameter chosen arbitrarily such that the resulting
Pareto set has at most� + 1 solutions.

Similarly, the multi-period model is derived as minZ m
C as in (6.11) subject to (6.7),

(6.10), (6.13)-(6.18), and:
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with the same de�nition for the parameter � . The method stops once an infeasible
solution is found (i.e., once the additional constraint on CO2 emissions becomes too
restrictive) or the global time limit is reached. We include a post-processing procedure
to eliminate the dominated solutions from the set of generated solutions.

In the complete set of e�cient solutions, there might be multiple equivalent solutions,
that is, solutions that have the same value of both objectives. In our problem, since we
have continuous variables, we could have in�nitely many equivalent solutions. In our
� -constraint algorithm, we are thus only interested in �nding an approximated Pareto
front. Therefore, we content ourselves with an approximation of the so-called minimal
complete set of solutions, which contains a unique solution for each set of equivalent
ones. The search for minimal complete sets is standard in the multi-objective literature,
starting from the seminal work of Hansen (1980).

6.5 Computational experiments

In this section, we study the performance of our bi-objective approaches on the real case
in the Reggio Emilia (Section 6.5.1) district. Then, we present the outcome of further
computational experiments on larger-size randomly-created instances (Section 6.5.2).
Our models have been coded in the Python language and solved using the Gurobipy
API on a machine with an Intel(R) Xeon(R) Gold 6252N CPU @ 2.30GHz processor, 16
GB of RAM memory, running under a Windows 10 operational system and using four
threads of the processor. For every instance, a time limit of 1200 seconds was imposed
to the solver to �nd each individual solution of the Pareto set, and a global time limit
of three hours is set for the overall� -constraint method.

Costs and emissions are expressed in million euros and kilotons of CO2, respectively,
and the time horizon of every instance is one year (with 12 monthly periods for the multi-
period model). In the computation of CO2 emissions, we consider fuel consumption
and gross weight of various diesel Euro 6 vehicles (ranging between 3 and 15 liters
per hour, and 3.5 and 44 tons, respectively). Fuel consumption is converted in CO2

emissions with the conversion factor (2.63 kg CO2 per liter of diesel fuel) given by
DEFRA (2019), as commonly done in the green facility location literature (see, e.g.,
Harris et al., 2014). A detailed description of the cost and CO2 emissions parameters
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evaluation is provided in Appendix 6.A. Further details on the computational tests
concerning the second real-world case study, the random instances, and the weighted
sum approach are provided in Appendices 6.B-6.D.

6.5.1 Case study

The case study addresses the district of Reggio Emilia. This district has 37 sources, one
existing �nal treatment facility (located outside of the north-west border of the Reggio
Emilia district) where all the waste �ow is conveyed from sources, and, currently, there is
no intermediate transfer facility. There are 32 candidate intermediate transfer facilities,
de�ned by eight capacity con�gurations for each of the two locations (Mancasale and
Castelnuovo Monti) and each of the two considered waste types (paper and plastic).
There is no candidate �nal treatment facility.

A total quantity of nearly 330 kilotons of urban waste is collected every year to
serve approximately 460,000 inhabitants. The waste collection activity of Iren Ambiente
consists in moving vehicles from the depots, collecting waste from the sources and
transporting them to the �nal treatment or disposal facility either directly or passing
by intermediate transfer facilities, and bringing back the vehicles to the original depots.

The time horizon is one year: the company wants to decide whether and where to
open intermediate facilities and determine the network of waste �ows associated with
minimum costs and minimum emissions. To estimate the annual parameters, we used
the real data on paper and plastic waste collected in the province of Reggio Emilia
between October 2019 and October 2020. As con�rmed by a preliminary analysis, the
emergency situation due to Covid-19 pandemics did not a�ect the urban waste industry
signi�cantly, nor was Iren Ambiente's business speci�cally a�ected; therefore, those
data may be used in our model as reliable estimates for the future annual costs and
emissions. In the following, we present the results of our approximated� -constraint
method on the case study of Reggio Emilia, providing the details on solution values of
objectives and variables for the single-period and multi-period models.

Single-period model

The single-period model(6.1)-(6.10) for Reggio Emilia instance has 4,587 variables, 240
constraints and 25,624 non-zero coe�cients. The resulting approximated Pareto sets of
solutions obtained by applying the approximated� -constraint method of Section 6.4.3
for three di�erent values � = 50, 200, 500 are shown in Figure 6.1. All the methods
were solved within 10 seconds of CPU time (9.96 seconds for the longest one with�
= 500). With � = 50 we found six solutions, �ve of which are extreme points of the
front. We obtained 19 and 49 (optimal) solutions for� = 200 and� = 500 with six and
nine extreme points, respectively. From the fronts in Figure 6.1, we observe that there
are four groups of points close to each other (the larger� , the clearer the distinction of
such groups) that represent four groups of similar solutions in terms of selected facility
locations with di�erent waste �ows. This is in line with the common interpretation of
facility location cost/emission Pareto fronts and the so-called trade-o� solutions for
facility location and �ow allocation decisions (see, e.g., Harris et al., 2014).

We now analyze the two extreme solutions: minimum cost and minimum CO2
emission solutions. The overall minimum cost solution value is equal to 2.36 million
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(a) � = 50 (b) � = 200 (c) � = 500

Figure 6.1: Pareto fronts of the single-period model for Reggio Emilia instance.

euros of costs with 1.07 kilotons of CO2 emissions. The overall minimum emission
solution value is equal to 1.06 kilotons of CO2 with 2.37 million euros of costs.

We report the graphical representation of the waste �ow of the minimum cost and
minimum emission solutions in Figure 6.2, using OpenStreetMaps to get the map of
the selected Italian areas. In particular, Figures 6.2a-6.2b refer to paper waste �ow,
while Figures 6.2c-6.2d refer to plastic waste �ow. Final and intermediate facilities are
indicated as triangular and squared symbols, respectively, each sized proportionally to
the capacity of the facility represented, while dots represent the source points. Dashed
lines indicate waste �ow between source points and facilities or between two facilities.
The line thickness varies in proportion to the quantity of waste �ow. Names of facility
locations are boxed (with text in bold for �nal facilities).

In the status quo of this small-size case study, no intermediate facilities exist and
only one �nal facility exists (indicated as �C1� in Figure 6.2). In the minimum cost and
minimum emission model solutions, two intermediate facilities are opened in both cases
and for both paper and plastic in Mancasale and C. Monti, with signi�cant reduction
of both costs2 and CO2 emissions (equal to 24% and 25% in the minimum cost and
minimum emission solutions, respectively, considering the aggregation of paper and
plastic waste) with respect to the status quo, clearly showing the bene�t of intermediate
transfer �ow of waste.

In the two solutions, the facility in C. Monti has the same size in terms of paper and
plastic waste capacity, while a di�erent size is selected for Mancasale: when minimizing
costs, more �ow is conveyed directly from waste sources to the �nal facility, while a
bigger intermediate facility and more intermediate waste �ow appear when minimizing
CO2 emissions both for paper and plastic. This can be explained by the type of waste
collection system performed for �rst-level transports in the Reggio Emilia district: it
consists in the street collection with low labor cost (less than 50% of the total costs)
but high CO2 emissions. A single operator controls the automatic collection operation
from the cab using cameras, without getting out of the vehicle, while an automatic
side loader system empties the waste containers. Heavy vehicles are used in this type
of collection. Therefore, the minimum emission solution favors the opening of larger
capacity intermediate facilities to optimize a larger number of �rst-level transports
of shorter distance, while the minimum cost solution favors more direct �rst-level

2Upon speci�c request by Iren Ambiente, we may not disclose the data on cost reduction.
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