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ABSTRACT. This paper is devoted to the study of the well-posedness and the
long time behavior of the Caginalp phase-field model with singular potentials
and dynamic boundary conditions. Thanks to a suitable definition of solu-
tions, coinciding with the strong ones under proper assumptions on the bulk
and surface potentials, we are able to get dissipative estimates, leading to the
existence of the global attractor with finite fractal dimension, as well as of an
exponential attractor.

1. Introduction. The Caginalp system is a well-known model in phase transition,
proposed in [1] to describe, in particular, melting-solidification phenomena in certain
classes of materials. It consists of two parabolic equations in the state variables
(w, u), the temperature and the order parameter, respectively. Here, we assume that
the material undergoing phase transition is contained in a vessel, so that interactions
with the walls need to be considered. For this purpose, physicists proposed, in the
context of the Cahn-Hilliard equation, the so-called dynamic boundary conditions
for the order parameter (in the sense that the kinetics, i.e., the time derivative of
the order parameter, appears explicitly in the boundary conditions), see [7], [8] and
[9].
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We consider in this paper, in a smooth and bounded domain  C R? with
boundary 992 =T, the following initial and boundary value problem:

e dyw — Aw = — 0y, t>0, z€l,
Ou — Au+ f(u) — du = w, t>0, x€q,
o0 — Arp + g(¢) + Opu =0, t>0, zel, (1)

anw|F = 07 u|F = ¢7

wli=0 = wo, Ult=0 = uo, Y|i=0 = o,
where € € (0,1), A € R, Ar is the Laplace-Beltrami operator and 9, is the out-
ward normal derivative. In particular, the second equation exhibits a nonlinear

term; a thermodynamically relevant instance is the following (singular) logarithmic
function:

1
f(s) = As=—2kps + k1 1n +S, s € (—1,1), ko> r1 > 0.
— 5

1
The mathematical study of the Cahn-Hilliard model with singular potentials F’
(here and below, the nonlinear term f is the derivative of the potential F') and/or
dynamic boundary conditions has been developed in many papers, see, e.g., [12],
[13], [16], [17] and [19]. The Caginalp model with singular potentials and dynamic
boundary conditions has been considered for the first time in [4], assuming that the
nonlinearity on the boundary has the right signs close to £1. With this require-
ment, the first and third authors were able to prove the well-posedness (and, in
particular, the separation from the singularities), together with the dissipativity of
the system, the existence of the global attractor and the convergence of solutions to
steady states (this last issue when the nonlinear term on the boundary disappears
and the potential is real analytic in (—1,1)). Unfortunately, the sign restrictions
on g exclude, e.g., constant functions and, in [2], the authors tried to remove this
assumption, with the result that even the well-posedness of the problem becomes
a difficult task. Indeed, only the global existence (and uniqueness) of strong so-
lutions (always separated from the singularities of f) was proved, provided that
the singularities of the potential are strong enough, relying on a suitable elliptic
problem, as well as on localization techniques, since reasonable super /sub-solutions
were not available. This did not prevent the solutions from blowing up as the initial
data approach the singularities, so that the asymptotic analysis was not possible,
unless some technical assumptions related to the terms appearing in the dynamic
boundary conditions are imposed (see [3]). In all these papers, strong solutions were
considered, whereas, as we will see, the occurrence of both singular potentials and
nonlinear dynamic boundary conditions gives rise to complicated dynamics.

A way to overcome such difficulties consists in using duality techniques, as in
[14], where a problem similar to ours, with dynamic boundary conditions for the
temperature as well, has been addressed (see also [20] for a Cahn-Hilliard model).
Again, the existence of attractors is proved under sign or growth restrictions on the
nonlinear terms.

An analogous outcome, in the context of the Cahn-Hilliard equation, was deeply
analyzed by Miranville and Zelik in [19], exhibiting the possible appearance of strong
singularities close to the boundary, in particular, when the aforementioned sign
restrictions are not satisfied, and showing that, already in the 1-D case, solutions in
the sense of distributions may not exist, due to the jumps of the normal derivative
close to the boundary. Thus, the authors modified the notion of a solution, by
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introducing a variational inequality (we can note that the aforementioned duality
techniques are somehow similar to this approach, but at an abstract level), and
proved that such a solution is the usual one when it does not reach the singular
values on the boundary, a fact prevented by a fast growing nonlinear term f or by
the sign conditions on g.

Our aim in this paper is to extend this approach to the Caginalp system which,
as the numerical simulations at the end of the paper point out, in presence of a
logarithmic potential and without the sign requirements on g, exhibits solutions
stopping at a certain time when they reach one of the singular values +1 on the
boundary. On the contrary, there exist global solutions, provided that g has proper
signs at £1. In other words, it is again relevant to adopt the variational definition of
a solution, which allows, in particular, to prove the uniform in time estimates needed
for dissipativity, without any additional assumption on f and g. Having gained the
lacking ingredient, we are now in a position to accomplish our asymptotic analysis
and prove the existence of finite-dimensional attractors.

This paper is organized as follows. Section 2 is devoted to our assumptions and
notation. In Section 3, we introduce regularized problems in which the singular
nonlinearity is approximated by regular functions, obtaining uniform a priori es-
timates on the corresponding solutions. Then, a variational formulation of (1) is
given, for which well-posedness and regularity estimates are proved in Section 4.
In fact, under the sufficient conditions stated in Section 5, we prove that a vari-
ational solution coincides with a solution in the usual (distribution) sense. Then,
the existence of finite-dimensional (global and exponential) attractors is shown in
Section 6. In Section 7, we give numerical simulations which suggest the possible
nonexistence of classical solutions. Finally, in Appendix, we recall, for the reader’s
convenience, some results of [19] which are used in our proofs.

2. Setting of the problem. We set f(u) := f(u) — Au and rewrite (1) in the form

e dyw — Aw = — 0, t>0, xzef,
Ay — Au+ fu) = w, t>0, zeQ,
Op — Arp + g(¢) + Opu = 0, t>0, zel, (2)

Ipwlr =0, ulr =1,
wli=0 = wo, Ult=0 = uo, Y|i=0 = 1o,
where f is a singular function satisfying
1. feC?-1,1),
2. f(0)=0, lims,4; f(s)=*oo,
3. f'(s) >0, lims i1 f'(s) = —+o0,
4. f"(s)sgns > 0.

As a consequence, the following properties hold for f:
f'(s)> =X and —¢< F(s) < f(s)s+C, Vse(-1,1), (4)

where F(s) = IN f(r)dr and ¢, C are strictly positive constants.
The nonlinear function g € C?([—1,1]) can be extended, without loss of general-
ity, to the whole real line by writing

g(s) =s+go(s), VseR, where [gollc2m) :=Co < Ho0. (5)
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In the whole paper, || - ||r and (-, -)r stand for the norm and the scalar product
in L2(T") (or [L%(T)]?, depending on the context), respectively; moreover, we denote
by || - || and (-,-) the norm and the scalar product or the duality pairing in L?(2)
(or, again, [L%(Q)]? or [L?(Q)]®). Finally, we introduce the spaces

L2 :=L*Q) x L*(T) x L*(Q) and H':= H Q) x HYT) x H(Q),
both endowed with their standard norms. We then set, concerning the temperature,
H%(Q) :={we H*(Q): d,w|r = 0}. (6)

Besides, for further convenience, given two normed function spaces X in 2 and Y
on I', we set, whenever it makes sense,

XY :={ueX: ulreY}
and we endow this space with the norm
lulkey = llullx + llule]$-

The problem is characterized by the conservation law

(u(t) +ew(t)) = (up + ewp) := Iy, Vt >0, (7)
where (v) = ﬁ Jo vdx. Thus, we will often use the obvious inequalities
1 1
() ) < g ew)? < g+ v ®)
and
0 < Jlw = (w)|* = flwl* = [2l{w)* < [lw]*. (9)

Besides, we introduce the spaces
HY(Q)={v e HY(Q): (v) = 0} and [H'(Q)) ={v* € [H Q)" : (v",1) =0} (10)
and the cartesian products
H' = HY(Q) x HY(T) x H'(Q) and (HY) = [HY(Q)]* x [H}(TD)]* x [H}(Q)].
The symbol (-,-) in [H'(Q)]) stands for the duality pairing between H'(Q) and

[H'(Q)]*. Notice that [H*(€)]’ is not the dual space of H'(2). In particular, we
denote by cq the positive constant such that

I = ) 2y < callol. v € L2(Q). (11)

We further use —A as the realization of the Laplacian with homogeneous Neu-
mann boundary conditions acting on the space of the L?(Q)-functions with null
average (it is thus a positive invertible operator with compact inverse (—A)~1).

In view of assumption (3), we a priori assume that [[u(t)||; ), < 1, for a.e.
t > 0. Besides, we observe the equivalence between the H!(Q) x H!(I')—norm and
another norm arising naturally in computations

1
~llullZr o)+ lule 5 ) < IVl + lulelFo oy < slllellf @) + bl el (12)
for any u € HY(Q) x HY(T'), for some x > 1.

For the sake of simplicity, throughout the whole paper, ¢ denotes any positive
constant, allowed to vary in the same line and independent of the initial data, but
possibly influenced by the average Iy, € and the other structural parameters (A, K,
etc.). Further dependencies will be specified on occurrence.
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3. A priori estimates for approximating regular problems. Since the in-
teraction between the singular potential and the dynamic boundary condition may
give rise to singular solutions, we first focus on approximating problems for which
the former difficulty is weakened. Following [19], we introduce a family of regular
approximating functions: given any N € N, we set

f(=1+1/N)+ f'(-1+1/N)(s+1-1/N), —-1<s<-1+1/N
fn(s) =4 f(s), |s] <1-1/N
fA—=1/N)+ f'(1-=1/N)(s —1+1/N), 1-1/N <s<1.

Then, we call Fy the primitive Fy(s) = f(f fn(r)dr and, having set fy(s) =
fn(s) — As, we define Fy analogously, with fn in place of fy. For the reader’s
convenience, we recall a particular instance of [19, formulae (2.14) and (2.17), with

¢ = 0], namely, there exist & > 0 and ¢ > 0 such that, for N large enough, there
hold

Fn(s)s > afn(s)s —c > %|fN(s)| ¢, VseR,

(13)
2FN(s) + ¢ > Fy(s) > —Fy(s) — ¢, Vs € R,

together with fn(s)s > Fy(s) > 0. Our first aim is to study the family of problems

e dyw — Aw = —0yu, t>0, xzef,
atu—Au-i-fN(u):w, t>0, xz€Q,
o — Arp + g(¢) + Opu =0, t>0, zecl, (14)

anwh‘ = 07 u|f‘ = 1/)7

Wli=o = wo, Ult=0 = Ug, P|i=0 = 1Po.

The well-posedness of these problems is already well established (see, e.g., [11]) and
will not be considered in this paper. Unfortunately, we cannot find a uniform (with
respect to N) H?()-estimate on uy. Nevertheless, we can control some Holder
norm of uy in €, together with the H2-norm in some interior domain and the L2-
boundary norm of the gradient of the tangential derivative, VD, uy (we recall that
D,u = Vu— (0,u)n is the tangential part of the gradient Vu and n(z) stands also
for some smooth extension of the unit normal vector field at the boundary inside
Q). As it will be clear below, this is enough for our purpose.

For the sake of simplicity, we drop the subscript N in uy, ¥y, wy. In particular,
we recall that the positive constants ¢ appearing below are independent of N and
the initial data.

The main result of this section is the

Theorem 3.1. We assume that f and g satisfy the above assumptions. Then, for N
large enough, any sufficiently reqular solution z(t) = (u(t), ¥ (t), w(t)) to (14) is such
that u € C*(Q) ® H?(T'), for some o < 1/4, Fy(u) € L*(T), VD,u € [L*(Q)]°,
u € H?(Qs), where Qs = {x € Q: dist(z,T) > 6}, for every § > 0, and there
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holds
[u() 131 0y + 1)1 Ea () + IV Dru(t)|? (15)
+ )2y + 10O @) + lw®)1F2q)

t+1
+ 1fn )Ly + 1Fn (@) ||y + 10:2(8)]1 22 +/ 10:2(5) |12, ds
t
<c (Huoll2 + lollp + llwoll 22y + 10:u(0)]1 + Haﬂb(O)H%) ey,

where the positive constant v is independent of N and the initial data. Moreover,
the following smoothing property holds:

a1 @) + lu®)Ea @) + IVD-u(®)]® (16)
+lu®) 12, + 1O w) + lw®)F:q)

t+1
+IIfN(U(t))IIle)+IIFN(U(t))IILl(m+||3t2(t)||2£2+/t 102 (s) 13 ds

?+1
Proof. The estimates on w and d;z are obtained in Lemma 3.6 below. In order
to control (u,1), we follow the rationale of [19], that is, we consider the nonlinear

elliptic problem

{—Au+fN(u)+u:u+)\u+w—8tu = hy, r €,

A+ + Ou = —0b — go(t)) = ha,  zET. (17)

Then, we apply Theorem 8.1 (namely, [19, Theorem 6.1] which is written in Ap-
pendix for the reader’s convenience): this is possible, provided that &y (t) € L?(Q)
and hy(t) € L2(T) and that their norms can be (uniformly in N) controlled by the
initial data. Actually, by definition of hy and ilg, from the assumptions on g, it is
straightforward to get

1 (D12 + 2 (D1F < e(1+ 2072 + [8cu(@)]* + |80 (E)I7).

Hence, we are led to establish proper estimates on ||2(t)|| z2, ||Ozu(t)| and ||0¢(2) (|1,
a task that we accomplish in the next lemmas. O

We are thus left to prove several technical lemmas which are needed in the proof
of the above Theorem 3.1.

Lemma 3.2. There exists v > 0 small enough such that, for anyt > 0 and N large
enough, we have

t
l2()IIZ2 + C/ e U |[2(s) 3 + (v (uls)), 1)]ds < e(1 + |[z0]22¢7"),  (18)

0
for some positive constants ¢ which are independent of N, but monotone increasing

with respect to |Io|, 1/¢ and 1/v, where Iy = (ug + cwp). Moreover, for any t > 0,
there holds

t+1
/t [12()l3 + (Fv(u(s)), 1)]ds < e(1 + [[zollZ2e 7). (19)
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Proof. Multiplying the second equation of (14) by u in L?(Q) and exploiting de-
composition (5), we have

d -
7o el + 1) + 20V ull® + 20111 ) + 2(fw (), w) + 2(go (), ¥)r = 2w, u).
Next, we rewrite the first equation of (14) as

) = A(w = (w)) =0,
where Iy = (ug + ewo) = (u(t) + ew(t)), Vt > 0. Then, multiplying the above
equation by (—A)~!(u +ew — Iy), we get

O(u+ew — I

7||u +ew — IO||[H1 @r T 2e||w — (w) ||* + 2(w, u) — 2|Q{w){u) = 0,
that is, since (u) = Iy — e(w),

||u +ew — Iy + 2el|lw — (w) H2 + 25|Q|<w>2 = —2(w,u) + 2|Q| I {w).

||[H1 Q)

Thls, by (9), reduces to

Hu—l—aw Iy +26H’LU||2 —2(w,u) + 2|Q o (w).

H [H1(Q)]

We also take the product of the above equation by e(u + ew), getting

d
3 Cllu+ew]?) +22%|[Vol* = =22(Vw, V).
Adding the three equalities, introducing the functional

Y (t) = Ju(®)l* + [0 @)IF + llu(t) + ew(t) = LoliFg gy + ellut) +ew®)]*, (20)

we find

d
¥+ 2AVul® + 20415 +2(f(u), u) + 2¢|w||* + 26%| V> (21)

= —2(go(¥), V)1 + 2|Q o {w) — 2e({Vw, Vu).

Thus, since go is a globally bounded function, by (9), we have, concerning the
right-hand side of the above differential equation,

= 2(g0(¥), ¥)r + 2[Qo(w) — 2e(Vw, Vu)

I2
< 2CoV/[T[[[¢]Ir + elfw]* + IQ\;O +&2||Vul® + [ Vul?
< [Val? + [9lf + ellwll® + 2| Vwl® + ¢,

where Cj is the constant in (5) and now c also depends on |Iy|. Collecting the above
estimates and taking N large enough for (13) to hold, we end up with

d
Tt IVull® + 117y +ellwl® + e[ Vwl® + 2a(Fy (u), 1) < ¢

Notice that (9) and (11) entail
0 < [lu(t) +ew(t) = Tollfg g < callu(t) +ew(t) = Ioll72) < callu(t) +ew(t)i:(q),

which allows to see that, for some ¢ > 1, there holds

SO < V() < ello(0) (22
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Hence, for v > 0 small enough, by (12) we have

S () + 0¥ (1) 4 V1l B + (B(u(e), 1) < e (23)

An application of Gronwall’s lemma, together with an integration over (0, t), finishes
the proof of (18). Finally, an integration of (23) over (¢,¢t + 1) (¢ > 0) provides,
thanks to (18) and (22),

t+1
/t [2(5) 130 + (En(uls)), Dlds < e(1+ Y (1)) < (1 + [|z0]2ae ™).

O
Lemma 3.3. Fort > 1, N large enough and v > 0 small enough, we have
[2()]3 + (F(u(t)), 1) + /1t6"(”)|5‘t2(5)||2z2d5
< c(lzM)IBp + (Fn(u(1), 1)e Y +e.
Proof. Taking the product in L?(2) of the first equation of (14) first by w,
S (ellolP) + 20V = ~2(0, w),
and then by d;w,
%HVwHQ + 2e]|Opw||* = —2(d,u, Dyw), (24)

and adding this second equation multiplied by ¢ to the first one, we obtain

d
d*t(EHWH%Il(Q)) + 2| V|| + 28| 0,w]|* = —26(dyu, dyw) — 2(Dpu, w).

The sum of this equality with the product in L?(Q) of the second equation of (14)
by O,u, namely,
%(HVUH2 19l F () + 2(F N (u), 1) +2(Go(¥), L)r)
+ 2|0sul|* 4 2| 0x||E = 2(w, Opu),

furnishes

%(HVUH2 107 )+ ellwll ) + 2(Fn (), 1) +2(Go(¥), 1)r)  (25)

+2(|Vwl|? + 2(|0pul|® + 2||0s0||E + 26%(|0sw]|* = —2e(Dpw, Oyu).

Summing (21) and (25) allows to see that the functional
E(t) = Y (&) + | Va@)lI* + 90 ) + ellw(®) 7 o) + 2(E (ult)), 1) + 2(Go($(t)), Lr
being Y (t) defined by (20), satisfies

d -
et 2Vull? + 2[9l7 0y + 200 + ) IVwl? + 2e]|wll® + 2(fx (w), u) + 2{go(¥), ¥)r

+2/|0ul* + 20100 |E + 2¢2|0pw]|* = —2e(Dw, Dpu) + 2|0 Io(w) — 2e(Vw, Vu).

Due to our assumptions, Fx(s) = [ fn(7)dT satisfies fn(s)s > Fn(s), Vs € R,
which, in view of (13), implies

2 fn(u), u) > 20(Fn(u),1) — c.
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Therefore, we obtain

B+ 2|\ Vul® + 2/|9 |1 Fr iy + 2(1 + %) [ Vwl® + 2¢llw]|® + 2a(F (u), 1)
+ 2(|0pu|* + 2[00 ||7 + 262 || yw|?
< —2e(0rw, Opu) + 2|QIp(w) — 2e(Vw, Vu) + 2Cy||¢||r + ¢
< Vaull® + [[¢)1E + 2 Vwl® + ellw]|® + |0pul]* + 2 (|0rw]|* + ¢.

This furnishes

d

G B+ IVl + 1815 ) + 2Vl +elwl® + 20(Fx (), 1)
+ [[0vul® + 19 lIE + * [0 ]” < e
Since, using again (5), (13) and (22),

1 1
E(t) > E(II'Z(t)Il?{1 + (Fn(u(t)),1) = 1) = E(IIZ(t)H%u - 1), (26)
E(t) < c(l=(t)[3 + (Fn(u(®)), 1) + 1),
thus, by (12), possibly reducing v, there holds
d
aE(t) +VE(t) + &%(|0s2(t) |22 < c. (27)
Then, applying Gronwall’s lemma,
t
203 + (Fn(u(t)), 1) +€2/ e 02(s) | 22 ds (28)
1
< eV (L2150 + (Fa(u(1)),1) +¢,
where now c also depends on v, and Lemma 3.3 is proved. O
Lemma 3.4. We have, for 0 <t <1 and N large enough,
t
/O ()30 + (Fn(u(s)),1))ds < (1 + [|20]Z2) (29)

and
t (2050 + (Fn(u()), 1)) +/O s[0ez(8)l|72ds < e(1 + [[z0Z2).  (30)

Proof. The first inequality is obtained by integrating (23) over (0,t), for ¢ € (0, 1],
in view of (18) and (22). In particular, using (26), there holds

t
/E@@SdHWW@)
0

Then, multiplying (27) by ¢ € (0, 1], we obtain
d
T (HE(0) = B(t) + vtE(t) + te?||0p2(s) |22 < ¢

and an integration between 0 and ¢ furnishes (30).

Lemma 3.5. We have, for allt > 1 and N large enough,
t

I + [ e 0ra(s)2ads < ellolfiae ™ +
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Moreover, for any t > 0 and N large enough, there holds
t+1
t

Proof. The first formula is a direct consequence of Lemmas 3.3 and 3.4. Indeed,
from (30), we have

25 < e—— 1+ [|20lZ2). (31)

Iz + (Fn(u(1)),1) < e(1+ [|20lZ2),

which, plugged into (28), allows to conclude. Inequality (31) then follows from this
first estimate and (30). O

Lemma 3.6. There holds, for all t > 0 and N large enough,
t+1
[w(®)[I32(0) + 10:2(8)]1 22 +/ 1922 (5) 3,2 ds (32)
t

< ¢ (Iluoll® + l1ollf: + oz gy + 10O + 2 () ) e™" + .
Moreover, for t > 0, we have the smoothing property

t+1 2
t°+1
||1U(t)||§{2(g)+||3t2(t)||f;z+/t 100z () 5 ds < c 2 (L+llz0llZz2) - (33)

Proof. Having set 8 = Oyu, ( = 9y, a differentiation of the second and third
equations of (14) with respect to time gives

D10 — A+ fr(u)d = dyw, t>0, z€Q,
¢ — ApC+ ¢+ go(¥)¢ + 0,0 =0, t>0, xzecl.

Taking the product of the first equation of (34) by 6 in L?(£2), we obtain

(34)

d -
E(HGHQ +ICIE) + 200112 + 20IC 1 ) + 2(f 3 (w)8, 6) + 2(go ()¢, Or - (35)
= 2<8tw,0)

Then, multiplying the first equation of (14) by —eAd;w in L?(£2), we have

%(SHAwHQ) + 262 ||V oyw||* = 2¢(0, Adyw) = —2¢(V0, VOw).
Adding the above equations to (24), thanks to (4) and (5), we are led to

%(IIQII2 HICIE + ellAw]® + [[Vwl|?)
+2[[VO|1* + 2(¢ 113 r) + 2% IVOwl|* + 26| 0pw]|* + [V ?
= =2(V0, Vow) — 2(fi (u)0,0) — 2(gh ()¢, O + || Vel
< IVOI? + 2|V Orwl|* + 2|X[|0]]* + 2CoIC[IE + [[Vw]|*.
Introducing the energy functional
S(t) = ellAw(®)||* + [[Vw(®)[|* + 101> + I [1
and noting that Aw = 0w + 0, it is straightforward to check that, for some ¢ > 1,

S(t) > %umw(t)u? + V()] + 18:2(1) 1 22),
S(t) < c(|Vwt)|? + [18=(t)]|22) (36)

<c
< c([Vo@®)[? + [Aw®)[[* + [|9:2(t) [ 22)-
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Thus, from (12), we have the differential inequality

d
7S TS +elozlin < e(IVel® + 0w + 10lI) < e, (37)

for some v > 0 small enough. We first consider the case ¢t > 1. Possibly reducing v,
in order to exploit Lemma 3.2 and the first estimate in Lemma 3.5, the Gronwall
lemma applied to (37) furnishes

S(t) < S(1)e Y + C/l eI [[Vw(s) |12 + [10pu(s)]® + 18r(s)lIE]ds  (38)

<SM)e Y 4 ¢ z0]|2ee™ + ¢, t>1.

We notice that, integrating (27) over (¢,t + 1), for ¢ > 1, owing to Lemma 3.3,
(26) and (30), we have

t+1
/t 10p2(8)[|%2ds < e[l + E(t)] (30)
<[t + (D)5 + 2(Fn (u(1)), 1))e ]
< e(1+ [|2ollZze ™).

Then, an integration of (37) over (¢,¢t + 1), again for t > 1, gives, in view of the
previous inequality, (19) and (38),
t+1

t+1
[ 1) lads < sy e [ VRGP + [0 + [ow()Rds (40)
t ¢
< eS(1)e Y 4 ¢f|zo]|2ee ™ 4.

Since (37), in particular, yields
d
~S< 41
dtS <cS, (41)

we obtain, multiplying this inequality by ¢? and integrating by parts over (0,t), for
t e (0,1],

t t t
28(t) < c/ 028(0)d0+2/ 0S(0)do < c/ 0S(0)do < (1 + |z0l%),  (42)
0 0 0
since, owing to (29), (30) and (36), we have

t t t
/ oS(o)do < c/ O'HIU(O’)H%_Il(Q)dO' + c/ U||8tz(cr)||%2dcr
0 0 0

t t

< c/ ||z(0)\|3{1d0+/ 0110,2(0) |2

0 0

<c(1+|20]%2), vt € (0,1).

Then, plugging S(1) < ¢(1 4+ ||z0|%2) into (38) and (40), we are led to
t+1
S(¥) +/ 10:2(s)||3,1ds < cl|z0]| 72" 4+ ¢, t>1, (43)
t

which, together with Lemma 3.2 and (36), leads to (32) for ¢ > 1 (in fact, we have
a better control). Besides, this last estimate and (42) yield

8(s) < o1+ 5 )1+ ll2ol), 5> 0. (44)
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Thus, integrating (37) over (¢,t + 1), for ¢ > 0, we have, owing to (44),

t+1 t+1 1
/ \wﬂwm;@sg&qw+c/‘ §(s)ds < (14 ) (14 z0lZ), >0,
t t

whence (33) follows.
We are left to show (32) for ¢ € (0,1]. Applying the Gronwall lemma to (41) in
[0,¢], for any ¢ € (0, 1], we obtain, thanks to (36),

S(t) < ce[llwoll3r2(q) + [0ru(0)I* + [[81(0) %] (45)
< ce ™ [lwoll 72 () + 10:u(0)[|* + 10 (0)[7], ¢ € (0,1].

Furthermore, integrating (37) over (¢,¢t + 1), for ¢ € (0,1], from (43) and (45), we
have
t+1 t+1

t+1 1
/ [0:2(s)||3,:ds < eS(t) + ¢ S(s)ds = cS(t) + c/ S(s)ds + S(s)ds
¢ t ¢ 1

< ce”"[lz0llZ2 + lwollFr () + 10:u(0)|1* + 100 (0)*] + ¢
This last estimate, Lemma 3.2 and (45) complete the proof of (32). O

We conclude this section with an estimate on the difference of two solutions to
problem (14) which furnishes the Lipschitz continuous dependence of the solutions
on the initial data and, in particular, the uniqueness of solutions to problem (14).

Lemma 3.7. Let f and g satisfy the above assumptions. Given two solutions
2t = (u', 9t w') departing from z; = (ui, i, w;), i = 1,2, we have the following
estimate on the difference z'(t) — 2%(t) = (ﬁ(t),w(t),u?(t)) in terms of the initial
datum z1 — z9 = (120,1/30,@0):

G + 1L OIF +e*llat) — @Oz oy
t+1 -

+/t ()l ) + 101y + ellw(s) — (@(s))[|*)ds

<c GCt (HEOHQ + H'JJOH% + ||1I)0 - <w0>||[2g1(9)]/ + I2) )

where I := (Uy + ewp). Moreover,
I2(t) = 22 (&) > (46)

t+1 ~

+/t la(s) 1 ) + 19 1 @y + lw(s) = (@ () 720 )ds

< ce|z — ZQH%z.

Finally,
t+1
/ [l1a(s) +ew(s)l[7 o) + 196 (a(s) + ew(s)) [ 1ds < ce|ler — zallZ2. (47)
t

Proof. Tt is immediate to check that z(-) = (@(-),(-), w(-)) satisfies the system

O(a+ew—1I)— Al(w — (w)) =0, t>0, z€Q,
i — At + fn(u') — fn(u?) =, t>0, zeQ,
o) — Arp + 9 + go(¥') —go(¥®) + dpu =0, t>0, zel, (48)

5nw|1“ - Oa ’U/|]_“ - '(/}7

Wi—g = Wo, Ultmo = o, VY|t=0 = 0.
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The product of the first equation by (—A)~*(a + ew — I), added to the second
one multiplied by @ leads, on account of the third equation and of the boundary
conditions, to

Sl + WEE + 1 + 2 — I g + 1 (49)
+2[Val? + 201915 ) + 2ell@ — (@)
+2(fn(u') = fn(u®), @) +2(go () — go(¥?), ¥)r = 2|Q/(w)(w).
Having set
B = @) + 13012 + [(t) + c0(t) — g g, + I
by (4), (5) and (8), we obtain

d _ . I _ . 2
G P2Vl +2000 5 o) +2e 0 — (@) 2 <2M[lal*+2Co [ #lF+Q— (50)

Thus, by (12), we have the differential inequality

d ) . L
T+ ellali @) + ell Pl oy + 2¢lw — (@)||* < cB

and the Gronwall lemma furnishes
E(t) < e E(0). (51)

By (9) and (11), we have

2 40(8)— () s g 20 +£0(8) — T2 0 210E) = (@)1 g (52)

<2|a(t)+ew(t) — IlFg: o)+ 2cllu®)]Zz o),
yielding, by (11) and (51),
a1 + [ @)} + *lw(t) — @O g1 gy + 12
<2(1+co)E()
< 201+ ca)e” [lioll® + [Fol2 + 10 + et — 115 + 1)

< ce®[|laol|® + llsboll7 + &% ||wo — <@o>||[2g1(g)]/ +17].

To conclude the proof of the first estimate, we integrate the differential inequality
for E over (t,t + 1), which yields

t+1
/t ()1 () + 19(8) I 0y + el (s) — (@(s))|]ds

t+1
<cE(t)+c E(s)ds
¢

< C€Ct[Ha0‘|2 + ||1Z0||%‘ + EQHwO - <w0>||[2f11(9)]/ + IZ]'

A

In order to prove the second formula, we multiply the first equation of (48) by
e(u + ew) and add the resulting equation to (49), getting

d _ _
FTRd 2Vall* + 2l 13 ) + 2ellw — (@)|* + 26%| V||

= —2(fn(u") = fn(u?), @) — 2{go(¥") — go(¥?), d)r + 2|Q(w) (@) — 2¢(Vew, V),
where Y coincides with (20), with (u,,w) replaced by (i,, @), namely,
Y(8) = [a@? + 1$@)IF + [alt) + c@(t) = 1751 g + ellalt) + ew(@)]*.
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The right-hand side of the differential inequality is easily controlled by
—2¢(Vw, Va) < ||Val? + &%||Vwol?,
which, together with (4), (5), (8) and (9), leads to
d i - _ _ _
prads IVal® + 21|93 r) + 2¢]l@ — (@) || + || Ve ||
- 1
< 2M[[all® + 2Coll 17 + —fla + c@|*.

Since Y satisfies (22), we have
d _ - o _
¥ IVl + 2090 o) + 2o — (@)|* + 2| Vo |* < eV

A further application of the Gronwall lemma, followed by an integration over (¢,t+
1), entails the second inequality.
We now go back to the first equation of (48) written as

O (u+ew) — A(w — (w)) =0
and we multiply it by (—A)~1(0;(u + ew)) (here, (0;(u + ew)) = 0), getting
||8t(’a + Ew)H[le(Q)}/ + <1I1 - <w>a 815(12 + E?I))) =0,
which, viewing (-,-) as the duality pairing between H'(Q) and (H'())*, gives,
owing to the Young inequality,
194+ £0) s g < 10— () I3 -

Inequality (47) finally follows from (46). O

4. Variational formulation and well-posedness. This section is devoted to
the definition of a suitable notion of a solution to the limit problem, that is, the
problem obtained by letting N — +o00 and which formally coincides with (2). The
difficulty is that we should allow the solutions to reach the singular values (i.e., the
pure phases) on the boundary and, at the same time, get a well-posed problem,
whose solutions coincide with the classical ones under proper assumptions (e.g.,
sign conditions). All the following computations are formal.
The first equation of (2) can be rewritten as

O(u+ew) — Aw —(w)) =0
and the product by (=A)~!(vy — (v1)), for any vy € L?(€2), gives
(0 (u+ ew),v1 = (01)) g1y + (w, 01 = (1)) = 0.

Next, we introduce the bilinear form B(u,v) = (Vu, Vv) + (Vru, Vro)r which
satisfies

B(u,u —v) > B(v,u —v), Yu,v € HY(Q) @ H'(T). (53)
Taking advantage of this notation and multiplying the second equation of (2) by
u — vy, for any vy € HY(Q) @ H(T'), we get
(Opu, u — v2) + (Opu, u — vo)r + B(u,u — v2) + (f(u), u — va)

= (w,u — v2) + Mu,u — v2) — (g(u),u — va)p.
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Then, from (53) and the monotonicity of f, we infer
(Ou,u — v2) + (Opu,u — v2)r + B(vg,u — v2) + (f(v2), u — v2)
< A{w,u — v2) + AMu,u — v2) — (g(u),u — v2)r, Yoy € HY(Q) @ HY(I).
If we consider the solutions to (14) departing from initial data in
® = {(u, v, w) € L¥(Q) x L¥(T) x LX(Q) : fJullz=(@) <1, [[¥]lz=r) <1}

and then pass to the limit N — 400, we find functions living in ® for any time,
as we will rigorously see in this section (cf. Theorem 4.3). These functions are not
necessarely solutions to (2) in the usual sense and, arguing as in [19, Section 3], we
suitably modify the notion of a solution as follows.

Definition 4.1. Given zy = (ug, %o, wo) € ®, we say that z(t) = (u(t), ¥(t), w(t))
is a variational solution to problem (2) originating from zq if
z(0) = zo;
o wu(t)p =1(t), foralmost all t>0;
o —1<u(zt)<1, foralmostall (z,t)€QxRT =0 x[0,00);
o z € O([0,+00), £2) N L*([0,T], H'), forany T > 0;
o f(u) € LY(2 % [0,7]), forany T >0;
Oz € L*([r,T],H"), forany 7€ (0,T], T >0;
o (u(t) +ew(t)) = (up +ewp), forany t¢>0;

and

(0 (u(t) +ew(t)), v1 = (V1)) 1 gy +(w(E), v1 = (V1)) =0, (54)
(Oru(t), u(t) — v2)+ @U( ) u(t) = va)r+B(vz, ut) — va)+(f(v2), u(t) —v2) (55)
< (w(t), u(t) — v2)+A(u(t), u(t) — va) = (g(u(t)), u(t) — va)r,
for almost all ¢ > 0 and any pair of test functions (vy,ve) € L2(Q)x[H*(Q)@H'(T)]
such that f(vy) € L1(Q).

We emphasize that we do not assume in the definition that g is the trace of ug.

In order to show the uniqueness of a variational solution, we consider (54)-(55)
in terms of test functions vy = vy (x,t) and ve = vy(x,t), with vy, ve satisfying the
regularity assumptions in Definition 4.1, and integrate (54)-(55) with respect to ¢,
a legitimate step, since all terms are L' in time. This gives, for ¢t > s > 0,

[ 0+ 2w, o0 = o))y + 01— (1)l =0, (56)
/t[(ﬁtu, u— va) + (Oru, u — va)r + B(ve,u — va) + (f(v2), u — ve)|do (57)

< / [(w,u — vg) + AMu,u — va) — (g(u),u — va)r|do.

Arguing as in [19], the function v, = (1 — a)u + avs, where a € (0,1] and v
is an arbitrary admissible test function, is an admissible test function for (57) as
well (indeed, f(va(t)) € L(2) follows from (3)4 which implies that |f(-)| is convex).
Then, taking the corresponding (57), where we recall that u is absolutely continuous
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on [s, ] with values in [L?(Q)® L?(T")], we simplify by « and pass to the limit o — 0,
getting

/ [(Opu, u — vo) + (Opu,u — Vo)1 + B(u,u — va) + {f(u),u — va)]do (58)

< / [(w,u — v2) + Mu,u —ve) — (g(u),u — v)r|do,

thanks to the Lebesgue dominated convergence theorem.
We can now state the following

Lemma 4.2. For every two variational solutions z*(t) = (ui(t), ¥ (t), w'(t)) depart-
ing from z; = (ui, i, w;), i = 1,2, we have the following estimate on the difference
2H(t) — 22(t) = (u(t), (), w(t)) in terms of the initial datum z1 — 2o = (g, o, Wo):

[ + O +2ae) — (@025 gy + 22 / (o) - ((o))]2do
< ce®([|aoll® + lhollR + £*[lwo — <’wo>|\ @yt ),
where I := (U + ewy).

Proof. We sum (58), with u = u?, w = w?, vy = u!, and the variational inequality
(57), with u = u!, w = w!, vo = u?, obtaining

/ (v, ) + (91, Dyrldo < / (@, 3) + Mall® — (g(6") — g(?), Dyrldo

This provides, after obvious simplifications,

[a@l* + 191 < lals)l* + [l (s)I7 (59)
t
+ 2/ [(w(0),a(0)) + c(|lala)||* + [[¢(o)[})]do
Then, recalling (7), we use (56), with w = w!, u = u', vy = 4 + ew (respectively,

with w = w?, u = u?, v; = 4 + ew), and find, after subtracting the two resulting

equalities and since ((w),u + ew — (a + ew)) =0,
t

[ 3= D@ gy o2 i) = (0(0)), (=)= ) o) =0,

that is,
la(t) + () — 1% g +2 / (w(0), (o)) do + 2 / (o) — (@(0))|*do

= [[a(s) + €(5) — 11241, + 219 / ))do.

Adding this equation to (59), we see that the functional

2
V(t) = N0 + [BOIR + 15(6) + 0(6) — T g + 101

satisfies, owing to (8),

¥(0)+22 [ lioto) ~ (@lo)ldo < ¥s) + e [ (18P + 1@l + 1015 )do

s)—l—c/sty(a)da
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and, thanks to the Gronwall lemma, we find
V() < eI Y(s),

for some positive constant ¢ which is independent of s and ¢. Passing to the limit
s — 0 and owing to the continuity of 2!, 22 (cf. Definition 4.1), we get the desired
estimate on ||a(t)||? + [|4(t)||2. Arguing exactly as in the proof of Lemma 3.7,
we control the w-term and we finally have the estimate of Lemma 4.2, which, in
particular, gives the uniqueness of a variational solution. O

We now prove the existence of a variational solution in the following

Theorem 4.3. For every initial datum zo = (ug, o, wo) € @, problem (2) possesses
a unique variational solution z(t) = (u(t), ¥ (t),w(t)) in the sense of Definition /.1.
Such a solution regularizes as t > 0 and all the uniform estimates obtained above
(except for the one on ||[Fn(un(-))||L1(ry) hold. More precisely, for every § >0 and
t > 0, we have

)30 + 1w Ea @y + IV Du)|? + )70y + 6@ 7@ (60)

t+1
+Hw(t)lﬁzz(sz)+IIf(U(t))IILl(m+||5t2(t)llf;2+/t 10e2(s) |32 ds

t?+1

12
Furthermore, for any pair of initial data z1, z2, the difference of the corresponding
solutions 2*(t) and 22(t) satisfies

12 () = 22 (1)1 (61)

t+1 _
" / () 2 g + 1B 201 oy + [10(5) — (a0(5)) 3 ey

< ce||z1 — 22|22,

<c (1 + [lz0llZ2)-

where ((t),¥(t),w(t)) = 21 (t) — 22(t). Finally,

t+1
| 06)+ 20l ) + 100 +0(6)) sy s < a1 = 2 (62)

Proof. We follow the rationale of the proof of [19, Theorem 3.3]. Repeating the
derivation of the variational inequalities (56) and (57), we can easily check that
(un,¥n,wy), which is a smooth solution to problem (14), satisfies

/ [(O:(un + ewn),v1 = (V1)) 1y + (wy = (wn),v1 = (01))]do =0, (63)
/ [(Orun, un —v2)L2(Q)er2(r) + B(v2,un — v2) + (fn(v2), uny — v2)]do (64)

< /t [(w,uny —v2) + Mun,un —v2) — (g(un), un — v2)r|do,

for every admissible test functions v; and ve and ¢t > s > 0. Our task is to pass to
the limit N — +oo.

We start with the case when

up € H*(Q) ® H* ('), wo € H{(Q), |uo(z)] <1—n, o= uolr, (65)
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for some 1 € (0,1), so that d;u(0) € L?(Q) @ L*(T"). Then, by (15) in Theorem 3.1,
it is straightforward to check that, at least for a subsequence,

uy =u in L*([0,T), H'(Q) @ H*(T) N H*(Qs)),

uy = u in CY(Qx[0,7T)),

(Opun, Opun|r, Oywn) = (Opu, Oyulr, Oyw) in  L([0,T], L),

(8tuN78tuN|Fa8th) - (8tuvatu|Fvatw) in LZ([OvT]7H1)7

D2uy +D?*u in  L*([0,T], L*(Q)),

wy ww in L0, 7], H3(9)),

wy —w in C(Qx][0,7]),
for some v > 0. These convergences allow to pass to the limit in (63)-(64) and
prove that the limit (u,u|r,w) satisfies (56)-(57), for any admissible test functions
(v1,v2). The crucial point —1 < u(z,t) < 1, for almost all (z,t) € Q x RT, can then
be checked as in [19]. Indeed, taking into account the definition of fy and the fact

that fx(uy) is uniformly bounded in L'(Q x [T, T + 1]), then, for each M > N,
there holds

meas{(x,t) € A x [T, T +1]: |lup(z,t)| >1—1/N} < o(1/N), (66)

where
c

p(r) = —
min{|f(1 — )|, [f (=1 + z)}
and c is a positive constant which is independent of T' > 0, of N and M > N. Since
©(x) goes to zero as  — 0, then, passing to the limit M, N — +oo in (66), we have

meas{(z,t) € A x [T, T + 1] : |u(z,t)] =1} =0,

so that —1 < w(x,t) < 1, for almost all (z,t) € Q x RT. This, combined with
the strong convergence of uyn to u in C7(Q2 x [0,T]), yields the almost everywhere
convergence of fy(uy) to f(u). Therefore, the Fatou lemma gives

ILf ()] L1 axor)) < }\lflgfg | f5 (un) L1 @x o, < +o0. (67)

Thus, f(u) € L*(Q x [0,T]) and (u,,w) is a variational solution to problem (2).
In particular, the bound on f(u) in L!(Q) follows from (67). Since the separation
from the singularities is not ensured on the boundary, we are not allowed to pass to
the limit in [|[Fx(un(t))||1r) (see the subsequent Proposition 1). Finally, we are
allowed to pass to the limit in (16), proving (60), and in (46)-(47), obtaining the
desired Lipschitz continuous dependence (61)-(62).

We now remove assumption (65). In that case, we approximate the initial datum
(u0, %o, wo) € ® by a sequence (uf, F, wk) satisfying (65), together with

llug — uoll + 1§ — tollr + lw§ — woll — O, as k — +oo. (68)

Let (ug(t), ¥ (t),wr(t)), where ug|r = ¢, be a sequence of variational solutions to
(2) such that (ug(0), 15 (0), w(0)) = (uk, vk, wk) (the existence and the regularity
of this solution have been proved above). Then, by (61) and (68), we can see
that (ug, ¥, wy) is a Cauchy sequence in C([0,77], £?), so that the limit function
(u, v, w) = limp_s4 o0 (uk, ¥x, wy) exists and belongs to C([0,T],£?). Then, the
proof finishes as above. O
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5. Sufficient conditions for a variational solution to be a classical one.
We have the following

Lemma 5.1. Let (u(t),(t),w(t)) be a variational solution to problem (2). Then,
there holds ¢ (t) = u(t)p, for any t > 0. Moreover, w and u solve (2) in the usual
sense, that is, for any ¢ € C§°(Q x (0,T)), there hold

[ (0t +c0w0, 01t = [ (a), o)t (69)

R+

[ (00 e®pe = [ [ue). o) = (Flute))o(t) = twie) o(e)lar. ()
Finally, w € L>®((,T), H%(Q)) and u € L*>([r,T],W?1(2)), so that [Opu]in: =
Onuyr € L>([r,T],LYT)), for any 0 <7 < T.
Proof. Arguing as in [19, Proposition 3.5] and exploiting the facts that the sequences
wy and uy are uniformly bounded in L>((7, T], H?(R2)) and in L>((,T], H?(s)),
for any § > 0, respectively, we are allowed to pass to the limit in the equations
corresponding to (69) and (70) for wx and uy. In particular, u is solution to

ou— Au+ f(u) — I =w, in L} (Qx (1,7)).

Moreover, since f(u) € L=((r,T], L*(£2)), we deduce that Au € L>((r,T], L*(£2)).
This, combined with the control of VD, u, leads to u € L*((r,T], W*(Q)) and
we infer the regularity claimed in Lemma 5.1 for the trace 0, up. O

Concerning the third equation of (2), we deduce from Theorem 3.1 and Lemma
3.6 that any regular solution (un(t),¥n(t), wn(t)) to (14) satisfies

N oo (), m2(0)) + 102N || Loo (1), 2(0)) < €

where the constant ¢ is independent of N. Thus, we obtain from the third equation
in (14) a uniform (in N) bound on d,ux in L>([r,T], L*(T")). Passing then to the
limit N — 400, we have the weak* convergence in L ([r, T]; L?(T"))

[anu]ewt = N1—1>r-Ii-loo anuN\F € LOO([Ta T]7 LQ(P)) (71)

and
) — Ary + g(¥) + [Ontt]ext =0, onT, T >7>0.
In order to verify that the variational solution (u(t),1(t), w(t)) satisfies (2) in
the usual sense, there remains to check whether
[On)int = [Ontt]exs,  for almost all (x,t) € T x R*.

The two following results are obtained in [19, Proposition 4.1 and Corollary 4.3
for the Cahn-Hilliard equation. Since the regularity of w is now established, they
still hold in our case and can be summarized as

Theorem 5.2. Let (u,v,w) be a variational solution to (2). Assume, in addition,
that

[u(zo,t0)| < 1,
for some (zg,tg) € I'x (0, +00). Then, there exists a neighborhood V x (to—e€,to+€)
of (o, to) € I xR such that [Opu]est(z,t) = [Ontlin(z,t), for all (z,t) € V X (tg —
€,to + €). In particular, if u satisfies

lu(z,t)| <1, for almost all (x,t) €T x RY, (72)
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then, the equality [Opu)ezt = [Onti)ing holds almost everywhere in TxRY and (u, ), w)
solves (2) in the usual sense.

Proof. Owing to the Holder continuity of u with respect to both x and ¢, there
exists € > 0 such that

lu(z,t)] <1—ck¢,
in a neighborhood V; x (to — €,to + €) of (xg,t9) in Q x RT. Applying Proposition
2, the approximate solutions uy to (14) (converging to u) satisfy

[un (Lo (to—c, to+e], H2(V2)) < €

where the positive constant ¢ is independent of N, but depends on e and (zo, o).
Then, without loss of generality, we can assume that uy = u in L ([tg — €,to +
€], H*(V.)). In turn, this yields d,un|r — Onulr = [0pt]ine in L2(V x [to—€, to+e€)),
for some proper neighborhood V' of zy. This, together with (71), leads to the first
statement. The second one is just a straightforward consequence of the first one. [

As in [19], we can show that, provided that f is strongly singular or that proper
sign conditions hold for g, any variational solution u to our problem satisfies (72).
The proof is identical to the one in [19] and is thus omitted.

Proposition 1. We assume that either lims_, 41 F(s) = 400 or g(—1) <0 < g(1).
Then, (72) holds. Thus, for all T > 0, [Ont]ext = [Ontl]int, almost everywhere in
T x [T,4o00], and, fort > T, (u,1,w), solves (2) in the usual sense.

Remark 1. Unfortunately, the thermodynamically relevant function

; 1
f(S):—2K08+H11n1+87 SE(_l,l), 0 < K1 < Ko,

does not satisfy the first assumption above, as F is bounded in that case.
Theorem 5.3. Assume that there exist M > 0 and p > 2 such that
K1 < f(s) < 2
(1-s2)p-1 = s =~ (1-s2)M

for some positive constants k;, i = 1,2. Then, any variational solution u is strictly
separated from the singularities £1 in Q, namely, for any T > 0, there exists dr €
(0,1) such that

(73)

lu(z, )| <1—6p, Vt>T, Vel (74)

The proof is written in Appendix for the reader’s convenience, since it essentially
goes as the one of [19, Theorem 4.7].

Remark 2. We emphasize that (74) implies the full H?(Q)-regularity on u (see
Proposition 2).

Remark 3. Under assumptions which are similar to (73) above, the well-posedness

of standard solutions to (2) has already been studied in [2].

6. Existence of finite-dimensional attractors. In this section, we introduce

the space ¥ = L2(Q) x L*(T") x L?(f2), endowed with the following norm:
s 9, )1 = [l + [ IF+ [t ew=TFg g +ellutew]® (1= (utew)) (75)

which is equivalent to the standard £%-norm (see (22)).
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In view of the conservation law (7), we consider, for each M > 0, the following
subset of the phase space ®:

Oy ={(u,p,w) € P :  |[(utew) <M}

Lemma 6.1. Problem (2) generates a solution semigroup S(t) : ®pr — s, where
S(t)zg = z(t) is the unique variational solution to (2) departing from zo. Further-
more, this semigroup is Lipschitz continuous in the W-topology,

IS()z1 = S(t)z2]1% (76)

t+1 _
+/t @)z oy + 19() 1y + l@(s) — (@(8)) 71 ol ds
< ce||z; — 2|3, t>0,

where ((t),¥(t),w(t)) = 2'(t) — 22(t), for any z; = (ui,Ps,wi) € Par, @ = 1,2.
Here, the positive constant ¢ depends on M, but not on t.

This lemma is a direct consequence of Theorem 4.3.

Moreover, the semigroup S(t) is dissipative since, by Lemma 3.5 (which also
holds for the variational solutions), we infer the existence of Ry = Ro(M) > 0 such
that By (Rp), i.e., the H!-ball centered at zero with radius Ry, is absorbing in @5,
and compact in the ¥-topology. In particular, there exists a time ¢y > 1 such that
S(t)By1(Ro) C Byi(Ro), for any t > tg. As a consequence, the set

7
By := UtZth(t)B’Hl (Ro)
is absorbing and positively invariant. Thus, we have the

Lemma 6.2. The semigroup (S(t), ®ar), associated with the variational solutions
to problem (2), possesses the global attractor A(M) which is bounded in C*(2) x
C(T) x C*(R2), for some positive o < 1/4.

The finite fractal dimensionality of the global attractor then follows from the
next (see, e.g., [18])

Theorem 6.3. For each M € R*, the semigroup S(t) possesses a (®nr, L=(82)
L>(T) x L*(8))-exponential attractor E(M) C @ which is bounded in C*(Q)
C*(T) x C*(Q), for some positive o < 1/4.

X
X

We first construct a (®p;, ¥)— exponential attractor, recovering the natural
topology of @, by interpolation, thanks to the Holder continuity (cf. [19, Proof of
Theorem 5.2]).

First, there exists a positive constant R = R(M, Ry) such that
w1 Za e e,y Oz oy HIw0 @ 2t IF (O) | 1 @y HIO 2112 1,041,300 < B
for any initial datum in By. Moreover, by definition of By, there holds u|r = 1.

For any fixed 29 = (ug, %0, wo) € By, let § € C>(R3,[0,1]) be a smooth cut-off

function such that -
o) {O, x € Qs(20),
1, x € Qas(20),
where § > 0 is a sufficiently small parameter and
Ds(z0) ={z €Q: |up(z) <1-46},
Qs(20) ={z€Q: J|up(x)| >1-5}.
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Furthermore, 0 satisfies, together with its derivatives,
10llcr msy < ks (77)

for any k € N, where the constants ¢, only depend on § and on the structural data
of the problem. The existence of such a cut-off function is ensured by the uniform
Hélder continuity of ug in 2, giving the strict separation between 05, and 0€s,,
for any & # d2. Here, we dropped zg for the sake of brevity.

We denote by By (zo, p) the ball in the space By, endowed with the metric of ¥,
centered at zp with radius p > 0. We then define K, as the operator

Kzo : B\I;(Zo,p) — £2
= (Hu(), 0, ’LL() + sw(')),

where (u(-),¥(+),w(-)) is the variational solution departing from z.

Lemma 6.4. For any fized zy € By, there exist 6 >0, T =T(5) > 0, 5(§) > 0 and
po = po(9) € (0,1] such that

T
IS(T)z1 = S(T)zelly < e 7|21 — 223 + C/ K, (21) = Kz (22) |22,
0

where S(t)z; = (u'(t), ¥ (t),w'(t)), i = 1,2, for any 21,20 € By(z0,p), for any
p € (0,p0], and the positive constants 3 and ¢ are independent of the concrete
choice of z1, 2o and zp.

Proof. Having fixed ¢ > 0, our first aim is to find 7'(6) > 0 and po = po(d) € (0, 1]
such that
|U(l‘,t)| <1 5/4 T e 95(20)7 te [OvT]v (78)
| Z , S 525(20), te [O,T],
where S(t)z = (u(t), ¥(t ) w(t ))7 for any z € By(z0,p),Vp < pp. This is possible
since, setting S(t)zo = (u®(t),¥°(t), w’(t)), the uniform Holder continuity of u®(t)
in space and time allows to select T = T(8) = O(5'/%), for any § > 0, such that
{uo(x,t)| <1-6/2, x€Qs(z), tel0,T),

_ 79
|u®(z,t)] > 1—-36, € Qas(20), te€]0,7]. (79)

Furthermore, from this very same continuity, we infer
it (8) — w2 ()l ey < Cllut(6) — w2 (6) — (1) [ 525y < Cro”

having set S(t)z; = (ui(t), ¢! (t),w'(t)), i = 1,2, for any z1, 20 € By(20,p). Thus,
we can take pg > 0 small enough such that, for any p € (0, pg], for any z € By (20, p),
the first component of S(t)z = (u(t),¥(t), w(t)) satisfies (78). Actually, the final
purpose of this argument is to select ¢ small enough to ensure that

[ (u(z,t)) > A(5), x € Qas(20), t€10,7T), (80)

for any z € By (20, p), having set A(d) := min{f'(1—44), f'(—14+46)}. Assumption
(3)3 allows to make A as large as we want, provided that we take § close enough to
Zero.

Having these preliminary results at our disposal, in order to formally prove the
estimate in Lemma 6.4, we consider the difference equations. Adopting the notation

=/f%¢@ﬂh@ﬁww mimw:/wa@H%@Wmm,
0 0
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the difference (a(t), (1), w(t)) = (u'(t) — u?(t), ¥ (t) — 3(t), w' (t) — w?(t)) solves
the following problem:
Ot +ew) — A(w—(w)) =0, in €
Ot — Au+I(t)a— A\u=w, in Q, (81)
O — Arp + 4 +m(t) = —0pu, on T,
supplemented with the conservation law (@(t) + ew(t)) = I — Iy := I and with
obvious initial and boundary conditions.
Since the first equation of (81) is linear, arguing exactly as in the proof of Lemma
3.2, we obtain
4
dt
= —2(w, u) + 2|Q|{w)(a) — 2e(Vw, V).

(I + e — I + el + ) + 20 — (@) |2 + 26|V

Next, the product of the second and the third equations by @ and 1), respectively,
leads to

%(Ilﬂll2 IR +2Vall® + 20917 ) + 20 (t)a, @) (82)
= 2Ma])* + 2(w, @) — 2(m(t), ¥)r.
Thus, summing the last two equations and introducing the energy functional
W(t) = 1S(t)21 = Sty
= a1 + [P@OIF + 1a(t) + ew() = Iz gy + elat) +ew ()],

we have
d
dt
= 2|Q(w)(a) — 26(Vw, Va) + 2X|[al]* — 2(m(t), d)r.

Thanks to (80) and (3)s, by definition of 8,

W+ 2| Vall* + 2/ 7 ) + 2el@ — (@) + 262V ||* + 2(1(t)a, a)

U@E@ZA;K%MM%m%xZMM@@m:Awﬁmnfmm%mm
26

> Alla|* — Alloal|*.

In order to suitably control the first term on the right-hand side of the above
differential equality, we exploit (8), whence

d _ — _ _ _ _

W+ 2Vl + 20l ) + 2(A = Val? + 2e @ — (@) + 2 Vel
- 1

<||Vall? + €| Val|? — 2m(t)d, D) + 24]0a]* + - ||a + ew|.

The third term in the right-hand side can be controlled, thanks to the assumptions
on go and by the trace interpolation inequality, namely,

2(m(t)v, ¥)r <2Co|| |7 <2Coc||] (o) 1l < )+ CocVA = A%,

COC 2
\/m HU’” HY(Q
where Cj is the constant defined in (5), since we can take A large enough to ensure
that A — X\ > 0 and, actually, as large as we want. Replacing these computations in
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the differential inequality, we obtain

d _ . _ o )
W IVall + 20915 ) + 208 = Mal® + 2¢[j@ — (@)|* + *[[ V|

Coc | 1o 112 2 1 2
< —||u + CocV A = M|a||* + 2A||0ul||* + =||a + ew]|*.
< m\l 71 () + CocV ] 6@ + — i |
Moreover, there holds, for some w € (0,2),

IVal® + 2/|9 |3 ) = wlialFn ) + wll$lin ),
leading to

d _ - _ o _
priddng wlalin ) + Pl + 208 = Nllal? + 2¢[lw — (@) |* + 2| Va®

Coc a2 =112 TR 12
< m\lullHl(Q)+coc\/H\|u|| + 20| + [l + ew]|*.
By (11), we have the control
42— Iy < callii+ e — 11 < 2ca(lal” +<2w — (a)|*).

(H(2)
Thus, taking 8 > 0 small enough and possibly reducing §, we can require that

Coc<w A2_)\.

Then, simplifying the last differential inequality, we are led to

d
aW + BW < c(||a + ew||* + ||0a?).

Applying the Gronwall lemma, we finally obtain

W(t) < e ?W(0) + C/O e P |[a(s) +ew(s)|* + 10a(s)|*)ds

t
< e PW(0) + c/ 1K, (21) — Kay (22)l[Z2ds,
0

which yields the thesis, by definition of W. O

Lemma 6.5. There exists a positive constant c, independent of the concrete choice
of 20, and z; € By(z0,p), i = 1,2, such that

106(0)| 20,7711 () ) + 108l 20,7501 (02)) < e |21 — 22w,
where (u(t), ¥(t), w(t)) = S(t)zy — S(t)zs.
Proof. The proof goes as the one of [19, Lemma 5.1], that is, the control on the
latter norm is a straightforward consequence of (76) and (77). Concerning the
former one, we can prove the boundedness of the functional by testing the second

equation in (81) by Oy, for any ¢ € C§°(€2). Since suppf C s(z0), (78) ensures
that |(I(t)a, )| < C||u|||l¢ll and there holds

(0:(0u), ) = (Byu, 0p) = —(Vau, V(0¢)) — (I(t)a, O¢) + Mu, 0p) + (0, 0)
< cl[ull @) +ll@Dlelm @)
which implies
10:(0a(®) |z (@1 < ell[a®) 1) + lo@)]) < clla®)l @) + l[alt) + (@),
whence the desired inequality, thanks to (76) (and Theorem 4.1). O
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Proof of Theorem 6.3. Having fixed an arbitrary zg € Bg, for §, 7> 0 and pg > 0
as in Lemma 6.4, we introduce the spaces

H, = L2([0, 7], HY) n H'([0, T], (HY)") € H = L*([0,T], £?).

Thus, we prove that (S(¢),Bg) admits an exponential attractor £(M) by exploiting
the ¢-trajectories method [15] (see also [19]). Roughly speaking, we aim to show
that, for any p € (0, pg), the difference of solutions departing from By (2o, p) can be
decomposed into the sum of a contraction and a smoothing map.

According to Lemma 6.4, for any p € (0, pg), for any z1,22 € By(z0,p), there
holds

1S(T)z1 = S(T)z2llw < 7llz1 — 22w + cllKzo (21) — Kap (22) |, (83)
for some v € (0,1). Here, by (62) and Lemma 6.5, the map K, satisfies

K (21) = Ko (22) [l < cl|z1 = 22w (84)

Thus, exploiting the {-trajectories method as in [19], we deduce the existence of a
(®ar, ¥)—exponential attractor £(M), with basin of attraction By. In particular,
E(M) is bounded in C*(Q2) x C*(T") x C*(2). Thus, as in [19], by interpolation
(between ¥ and C*(2) x C*(I") x C*(Q2)), we see that £(M) has finite dimension
and exponentially attracts the bounded sets of ®j; in its natural topology L (£2) x
L>(T") x L*=(Q). Actually, due to (76) and the properties of By, the transitivity of
exponential attraction devised in [6] applies, so that the basin of attraction extends
to the whole phase space. O

7. Numerical results. As far as the numerical simulations are concerned, we use
a P; finite element approach for the space discretization, together with a semi-
implicit Euler time discretization (i.e., implicit for the linear terms and explicit for
the nonlinear ones).

The numerical simulations are performed with the software Freefem++ [10]. In
the numerical results presented below, Q is a (0,10) x (0, 4)-rectangle and (2) is
endowed with periodic boundary conditions for v and w in the first direction and
Neumann for w and dynamic for v boundary conditions in the second one. We
further take & = 0.3, f(u) = —3u + In(1%%) and g affine. Finally, the initial value
consists of uniformly distributed random fluctuations of amplitude £0.5.

The first two pictures below represent the isovalues of the solution u for differ-
ent choices of the function g. In the first figure, we take g(u) = u — 0.8, so that
the sign conditions are satisfied. As proved in section 5, the solution w stays away
from the singularities +1, for every time, and is thus a classical solution. At time
t = 20, v and w have almost converged to a steady state (for w, the steady state
is a constant). In Figures 2 and 3, the sign conditions are not satisfied. However,
the solution still is classical in Figure 2, where g(u) = w — 1.5. On the contrary,
in Figure 3a, where g(u) = u — 3, u reaches the singular value 1 on the boundaries
corresponding to dynamic boundary conditions at time ¢ = 0.82 and the simulation
stops. Figure 3.b represents the isovalues of w at time ¢t = 0.82. This shows that
boundary singularities can appear and suggests nonexistence of classical solutions.
Similar simulations were performed in [5] to illustrate nonexistence of classical solu-
tions for the Cahn-Hilliard equation with singular potentials and dynamic boundary
conditions.
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IsoValue

m-0.103128

it A

FIGURE 1. Isovalues of the solution u, at time ¢t = 20, when g(s) =
s —0.8.

IsoValue

FIGURE 2. Isovalues of the solution u, at time ¢t = 20, when g(s) =
s —1.5.

8. Appendix.
Here, we write [19, Theorem 6.1], for the reader’s convenience. In this statement,

F(s) = fos f(r)dr.
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IsoValue

IsoValue

m0.1301
m0.190
W0.2506

7
54

6
6.

W0.430735
490

FIGURE 3. Isovalues of the solutions u (left) and w (right), at time
t = 0.82, when g(s) = s — 3.

Theorem 8.1. We assume that hy € L*(Q) and hy € L*(T'). Then, the solution
(u,v) to the problem

{—Au + fu) +u=hy, i Q (85)

~Artp + ¢+ dpu=hy, on T,
is such that, for some a € (0,1/4), u € C*(Q) ® H*(T), F(u) € L*(T), VD,u €
[L2(Q)]°, u € H?(Qs), where Q5 = {x € Q:  dist(z,T) > 6}, for every § > 0.
Moreover, u satisfies

lullZ @) + ullEe (@) + 1VD-ull? + |lullfz o, (86)
+ lullFrz oy + 1@l L1y + 1F @) 2y
< e(1+ [hllfeiq) + NhellZar)):
for some positive constant ¢ which only depends on § and the structural parameters
of the problem. In particular, c is independent of h1 and hs.

The proof is based on localization techniques and the continuous embeddings
H2(Q,) C C%(Q,), for a < 1/2, and L*(R, H2(R?)) N H(R, H:(R?)) C C*(R3),
for a < 1/4.

For the sake of clarity, we recall [19, Proposition 4.1].

Proposition 2. Let (u, v, w) be a variational solution to (2). For any e, T > 0, we
set

Q(T)={xz€Q: Julz,T)| <1-—¢}.
Then, u(T) € H?(Q(T)) and there holds
(D)l 2. (1)) < Qers
where the positive constant Q. only depends on € and T, but is independent of the

concrete choice of the solution.

The main ingredients of the proof are the Holder continuity of v and a localization
technique, together with regularity results for linear elliptic problems.
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We now give the proof of Theorem 5.3 which relies on the following lemma, whose
rationale is slightly different from the one of [19, Lemma 4.8].

Lemma 8.2. We assume that (73) holds. Then, given any variational solution
(u, ¥, w), there holds f(u) € LY(Q x [t,t + 1)), for any ¢ > 1 and t > 0. Moreover,
for any fized ¢ > 1 and T > 0, there exists cpy > 0 (which is independent of u and
t) such that

£l Laxe, e41)) < €T, vt >T.

Proof. We rewrite the second and third equations of the problem as

Ou—Au+ f(u)+u=nhy =1+ Nu+w, in Q,
Ou — Aru+ u + Opu = hg := —go(u), on T,

where

71 (Bl L3 ) + [1h2 (@)l Lo () = [1(1+ Ault) + w()l| L3 ) + lgo(w(t)l| ) < er,
thanks to Theorem 4.3.
Then, we multiply the first equation by up(u)
1
1 —u?
and n > 1 is an arbitrary integer, and we integrate over 2. After simplifications,
see [19, Lemma 4.8], we obtain

1l where

p(u) = (87)

zj:-%2(g) + “,”80( )||L"+1(F) < Crp,

d n
Zlle@IIZe @)l + £lle(w)]

where Cr , is independent of time, due to the uniform bounds on h; and hs, but, of
course, depends on n and T. The product by (t —T)"*1, followed by an integration
over (T,T + 2), gives

T+2
/T (= T () |72 gyt < Crn

which, thanks to the second inequality of (73) and the arbitrariness of n, allows to
conclude. O

Proof of Theorem 5.3. By (60) and a proper Sobolev embedding theorem, we obtain
lu(®)llwz-1/55(r) < cllu(®)|g2@) < er, t=T. (88)
Furthermore, we find, owing to the above lemma and the second equation of (2),
| Aul| L t41),23(2)) < e,

for any ¢ > 1. Thus, by the maximal regularity of the Laplacian in L3 and a further
application of a Sobolev embedding theorem, it follows that

IVullLaaxiee1)) < ergy 2T,
again for an arbitrary ¢ > 1. This bound, together with (60) and Lemma 8.2, yields

le() | or (e t+1,wrr ) < ey £ 2T, (89)
10cp(u)|| L2=n(t441),L6-m () < eTpy 2T,

where nn > 0, 7 > 0, ¢ is defined as in (87) and both constants c¢p, and cr,, are
independent of ¢ and u. Then, provided that r is large enough and 7 is close enough
to zero, we have

WE=(Q x [t,t + 1)) N L™ ([t, ¢ + 1], WH™(Q)) € C(Q x [t,t +1])
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and, from (89), it follows that

1
sup ————| = lle()|lc@x, <cp, t>T,
(2.8 €Qx [t,441] 1— ’U,Q(.’[, S) H ( H (Qx[t,t+1])

which leads to (74). O
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