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Abstract

We investigate collineation groups of a finite projective plane of odd ordern fixing an oval and
having two orbits on it, one of which is assumed to be primitive. The situation in which the group
fixes apoint off the oval is considered. We prove that it occurs in a Desarguesian plane if and only
if (n + 1)/2 is anodd prime, the group lying in the normalizer of a Singer cycle ofPGL(2, n) in
this case. For an arbitrary plane we show that the group cannot contain Baer involutions and derive
a number of structural and numerical properties in the case where the group has even order. The
existence question for a non-Desarguesian example is addressed but remains unanswered, although
such an example cannot have ordern ≤ 23 as computer searches carried out with GAP show.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Let π be a finite projective plane of odd ordern with an ovalΩ and let G be a
collineation group ofπ fixing Ω . The additional assumptions inthis situation may concern
the action ofG onΩ , for instance primitivity [4] and transitivity [ 5], they may concern the
action ofG on π , most typically irreducibility [5, 6], or they may concern the algebraic
nature of the groupG, like for example ifG is assumed to be simple [5].

Situations in which the given collineation group is neither transitive on the oval nor
irreducible on the planehave been considered and satisfactory classifications have been
achieved, at least partially, from time to time, see [1, 12, 13, 15].
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The paper [2] considers the case in whichG fixes a triangle and has two orbits onΩ ,
with a primitive action on at least one of them. While maintaining the latter assumption, in
this paper we treat the “reducible” situation in which the groupG fixes apoint off the oval
and we prove that it occurs in a Desarguesian plane if and only if(n + 1)/2 is a prime, the
group lying in the normalizer of a Singer cycle ofPGL(2, n) in this case.

For an arbitrary plane we show that such a group of even order cannot contain Baer
involutions: this piece of information is sufficient for deriving many of the properties
holding in [5, Proposition 4.3(1)] where the group is assumed to act transitively onΩ .
In particular, the Sylow 2-subgroups are either cyclic or generalized quaternion groups,
with additional numerical constraints onn.

It is remarked in [21, p. 60] that a group fixing an oval in a projective plane of odd
order and acting transitively on its points “may be soluble as well as fixing a non-incident
point–line pair”; despite that, the author feels that “it seems probable” that a transitive oval
“can occur only in the classical case”. We are aware of no example in a non-Desarguesian
plane for the situation which is being considered in this paper.

Unfortunately, no additional information seems to arise from such group-theoretic tools
as the O’Nan–Scott theorem, which have foundsuccessful application elsewhere. In the
final Section 5we give a brief report on the computer searches that we carried out with
GAP [16]: a non-Desarguesian plane of ordern ≤ 23 cannot yield an example for the
situation under consideration.

2. Preliminaries

We recall that a group action on a given set is said to befaithful if the kernel of the
action is trivial. We adopt the exponential notation for collineations acting on points, lines
and, possibly, other configurations of a projective plane. For a finite groupU , we denote
by O(U) the largest normal subgroup of odd order inU , acharacteristic subgroup ofU .

Let π be a finite projective plane of odd ordern with an ovalΩ and let G be a
collineation group ofπ fixing Ω . We observe first of all that the action ofG on Ω is
faithful. Throughout the rest of the paper, the groupG is assumed to satisfy the following
properties:

(a) the action of G onΩ yields precisely two orbitsΩ1 andΩ2 with |Ω1| ≥ 3, |Ω2| ≥ 3;
(b) G fixes apoint O which is not on the oval;
(c) G has a primitive action onΩ2.

Proposition 1. The fixed point O is internal. Each secant through O contains precisely
one point ofΩ1 and precisely one point ofΩ2. Theaction of G onΩ2 is faithful and is
equivalent to the action of G on the set of secants through O and to the action of G onΩ1.
In particular we have|Ω1| = |Ω2| = (n + 1)/2, thegroupG is primitive onΩ1 and every
collineation in G induces aneven permutation onΩ .

Proof. If O is an external point andX, Y denote the points at which the tangents through
O meetΩ , thenG either fixes or interchangesX andY. If one of these points is inΩ1 and
the other one is inΩ2, thenboth X andY are fixed points ofG and that contradicts the
transitivity of G onΩ2, since|Ω2| ≥ 3.
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If both X andY are inΩi , wherei = 1 or 2, then{X, Y} is (at least setwise) fixed byG
and that contradicts the transitivity ofG on Ωi since|Ωi | ≥ 3. We conclude thatO is an
internalpoint.

Take apoint P ∈ Ω2 and let Q be the further point of intersection of the lineO P
with Ω . AssumeQ ∈ Ω2. Thepairs{Pg, Qg}, asg varies inG, form then a system of non-
trivial blocks of imprimitivity for G on Ω2, a contradiction to the primitivity ofG onΩ2,
unless|Ω2| = 2 which is excluded. We conclude thatQ ∈ Ω1. The transitivity of G on the
two orbits shows that the action ofG on each orbit is equivalent to the action ofG on the
secants through the pointO and that each secant throughO meetsΩ in points of distinct
orbits.

Assumeg ∈ G fixes Ω2 pointwise; then sinceg fixes O it will also fix each secant
throughO and sog will fix Ω1 pointwise; consequentlyg fixes each point ofΩ and sog
is the identity on the whole planeπ . �

It follows from the faithfulness ofG on Ω2, that a non-trivial normal subgroupN
of G cannot fixΩ2 pointwise; since the orbits ofN on Ω2 form a system of blocks of
imprimitivity for G on Ω2, the primitivity of G on Ω2 yields thatN must be transitive
onΩ2.

Proposition 2. There cannot exist a Baer involution in G. Consequently G contains
involutory homologies ifand only if it has even order.

Proof. AssumeG contains a Baer involution. We haven ≡ 1 mod 4 in this case and
consequently|Ω1| = |Ω2| = (n + 1)/2 is odd. An involution inG must have at least one
fixed point in each orbit. Ifg is a Baer involution inG, then its fixed Baer subplane has a
non-empty intersection with the oval; consequently case (II) of [4, Proposition 2.2] occurs
andg fixes no internal point, a contradiction.

A non-trivial perspectivity fixing an oval in a projective plane of odd order must be an
involutory homology by [4, Proposition 2.1]. Since a collineation of order two of a finite
projective plane is either a perspectivity ora Baer involution, the assertion follows.�

We know from [4, Proposition 2.1] that for an involutory homology fixingΩ either the
center is an external point and the axis is a secant line or the center is an internal point and
the axis is an external line; furthermore, the involutory homology is uniquely determined
by its center or by its axis respectively.

Proposition 3. If h is an involutory homology in G, then the center C of h is different from
O and so the axis is incident with O; if C is external then n≡ 1 mod 4, while if C is
internal then n≡ −1 mod4; the line OC is external.

Proof. AssumeC = O. Each secant throughO is fixed byh and meetsΩ in points from
distinct orbitsΩ1 andΩ2. Consequentlyh fixes Ω pointwise, yielding the contradiction
h = id.

Let � be the axis ofh.
If C is external then� is a secant throughO meeting Ω at pointsP1 ∈ Ω1 andP2 ∈ Ω2

which are fixed byh. Each secant throughC meetsΩ at two points which are exchanged by
h, hence they lie in the same orbit. We conclude that(n − 1)/2 = |Ω1\{P1}| = |Ω2\{P2}|
is even in this case.
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If C is internal then� is an external line throughO. Each secant throughC meetsΩ at
two points which are exchanged byh, hence they lie in the same orbit. We conclude that
(n + 1)/2 = |Ω1| = |Ω2| is even in this case.

SinceO is an internal point byProposition 1, theline OC cannot be a tangent. IfOC
is a secant, thenProposition 1shows that the two points whichOC shares withΩ lie in
distinct orbitsΩ1 andΩ2, but wehave just observed thath exchanges these two points, a
contradiction. We conclude thatOC is an external line. �

3. The situation in Desarguesian planes

We want toprove that examples for thesituation described in the previous section can
be found in a Desarguesian plane. More precisely, we prove the following.

Proposition 4. If π is Desarguesian and G is a collineation group ofπ satisfying(a)–(c),
then(n + 1)/2 is an odd prime and G is a subgroup of the normalizer of a Singer cycle
of PGL(2, n) acting on a conic.

Proof. Let q be an odd prime and letr be a positiveinteger withn = qr > 3. Every oval of
π = PG(2, n) is a conic by Segre’s theorem [24]. Let thereforeΩ be a conic ofPG(2, n)

and let E denote the setwise stabilizer ofΩ in the full collineation group ofPG(2, n).
The groupE acts onΩ asPΓ L(2, n) in its natural 3-transitive permutation representation
and the linear collineations inE form a subgroupL isomorphic to PGL(2, n),
[19, Theorem 2.37].

Let O be a point ofPG(2, n) which is internal with respect toΩ . The stabilizer of
O in L is a dihedral subgroupD of order 2(n + 1), hence D is the normalizer inL of a
Singer cycleS [20, II Section 8.27]. ThegroupL is thus transitive on internal points and
consequently so isE. If we denote byV the stabilizer of the internal pointO in E, then
we have|V | = 2r (n + 1) and it follows fromD = V ∩ L and the fact thatL is anormal
subgroup ofE that D is a normal subgroup ofV . Furthermore, the relation n + 1 > 2
shows thatS is theunique cyclic subgroup of ordern+ 1 in D, consequentlyS is anormal
subgroup ofV . Singer cycles form a single conjugacy class inPGL(2, n), whence also
in PΓ L(2, n), and so thenormalizer of a Singer cycle inPΓ L(2, n) has order 2r (n + 1),
showing thatV is precisely the normalizer ofS in E.

Let G be an arbitrary subgroup ofV satisfying the requestedconditions (a)–(c), and
let Ω1 andΩ2 be the orbits of G on Ω . We know fromProposition 1that |Ω1| = |Ω2| =
(n + 1)/2.

SettingM = G ∩ L we have thatM is normal inG, hence by the primitivity ofG, it
is transitive onΩ1 (resp.Ω2) and(n + 1)/2 divides the order ofM. Therefore it is either
|M| = (n + 1)/2 or |M| = n + 1.

In the latter case the groupM is cyclic or dihedral; ifM is cyclic it coincides withS, so
it is transitive onΩ , which isfalse. ThereforeM is dihedral of ordern+1 and containsW,
the subgroup of order(n + 1)/2 of S. In particular,Ω1 andΩ2 are precisely the two orbits
of W onΩ . The setwise stabilizerΓ of Ω1 in V coincides with the setwise stabilizer ofΩ2

in V and we have|V : Γ | = 2.
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A Singer cycle has the property that its normalizer inPΓ L(2, n) coincides with the
normalizer of any one of its non-trivial subgroups [20, II Section 7.3]. In particular, if
|Ω1| = |Ω2| = |W| = (n + 1)/2 is not a prime, thenW admits at least one non-trivial
proper subgroup. Since such a subgroup is normal inΓ hence also inG, its orbits will form
a system of non-trivial blocks of imprimitivity forG onΩ2. A transitive permutation group
of prime degree is primitive [20, II Section 1.3] and so weconclude thatΓ is primitive on
Ω2 if and only if (n + 1)/2 is a prime.If that is the case, we can take forG any subgroup
of Γ containingW and such that its linear part is dihedral of ordern + 1.

Assume now|M| = (n + 1)/2. ThenM is either the subgroup of order(n + 1)/2 of S
or M is dihedral intersectingS in a subgroupU of order(n + 1)/4 ≥ 2. In the former case
we haveM = W and we know the situation from the previous discussion. In the latter case
we know thatU is normal inV , [20, II Section 7.3] and soU is normal inG as well; in
particular since(n + 1)/4 is a proper divisor of(n + 1)/2 in thiscase, it turns out that the
orbits ofU onΩ2 form a system of non-trivial blocks of imprimitivity for the action ofG
onΩ2 and so this case is excluded.

We conclude that(n + 1)/2 is anodd prime, yielding in particularn ≡ 1 mod 4.
Furthermore the groupG is a subgroup ofΓ containingW and such that its linear part
is eitherW or is dihedral of order(n + 1) (if this is the case the linear part ofG coincides
with the linear part ofΓ ). �

The homologies ofPG(2, n) are linear collineations and so the involutory homologies
in Γ lie in the dihedral subgroupD. ThegroupD hasn + 2 involutions, all of which are
involutory homologies. One of these lies inS and has centerO, while the centers of the
involutoryhomologies inD\S are precisely the points of the polar line ofO with respect
to Ω , an external line [18, Theorem 8.16]. Half of these centers are external points, these
are namely the centers of the involutory homologies inΓ (seeProposition 3).

If G has even order, it contains involutory homologies (seeProposition 2) and these are
precisely the involutory homologies ofΓ . We conclude that the linear part ofG coincides
with W if and only if G has odd order. On the other handG has even order if and only if
its linear part coincides with that ofΓ .

SinceΓ fixes a line, the previous situation admits an “affine” representation, which can
be entirely stated in terms of finite fields. SinceGF(n2) is a two-dimensional vector space
overGF(n) we may consider its elements as the points of the affine planeAG(2, n). The
subsetΩ = {z ∈ GF(n2) : zn+1 = 1} is an ellipse inAG(2, n).

The group AΓ L(2, n) of plane affine collineationscontains the subgroup of all
transformations

GF(n2) → GF(n2), z �→ azqi + b

wherea, b ∈ GF(n2), a �= 0 and 0≤ i < 2r . Let ζ be a primitive element ofGF(n2)

and takeω to beζ 2(n−1) or any other element of order(n + 1)/2 in GF(n2). Considerthe
subgroup ofAΓ L(2, n) generated by the transformations

f : z �→ ωz, g : z �→ zq.

The subgroup〈 f 〉 fixesΩ and yields two orbits of length(n + 1)/2 onΩ , namely Ω1 =
{1, ω, . . . , ω(n−1)/2} andΩ2 = {ξ, ξω, . . . , ξω(n−1)/2} whereξ ∈ Ω\Ω1. Sinceg is a field
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automorphism ofGF(n2), it fixes each multiplicative subgroup ofGF(n2)∗, in particular
g fixes Ω . The group 〈 f, g〉 has orderr · (n + 1), fixes the internalpoint given by the
zero element ofGF(n2) and has two orbits onΩ , namely Ω1, Ω2: we conclude that〈 f, g〉
is precisely the groupΓ of the previous “projective” description and the group〈 f 〉 is
precisely the groupW.

If (n + 1)/2 is an odd prime then the order of a Sylow 2-subgroup ofΓ is 2 times the
largest power of 2 dividingr ; sincethe order of the transformationg is 2r , wecan conclude
that if Γ is primitive onΩ2, then a Sylow 2-subgroup ofΓ is cyclic (the casen = 3 being
theunique exception which is excluded by the assumption|Ωi | ≥ 3).

The stabilizer inΓ of the field element 1 is precisely〈g〉; anecessary condition forΓ to
act 2-transitively onΩ1 andΩ2 is that(n − 1)/2 = (qr − 1)/2 divides 2r , yielding q = 3
andr = 2: the action of Γ onΩ1 andΩ2 is sharply 2-transitive in this case.

4. The situation for groups of even order in arbitrary planes

We shall assume in this section that the groupG has even order and show that it retains
many of the properties proved in [5, Proposition 4.3]: the plane there was assumed of order
n ≡ 1 mod4 andG was assumed to act transitively onΩ with four dividing |G|.

Observe that our groupG contains involutory homologies byProposition 2. If we
assume thatG contains just one such involutory homologyh, then the subgroup〈h〉 is
normal in G. Sincethe action ofG on Ω2 is faithful and primitive, the subgroup〈h〉 is
transitive onΩ2, contradicting|Ω2| ≥ 3. We conclude thatG contains at least two distinct
involutoryhomologies.

In what follows denote byZ andA the sets consisting of the centers and axes of the
involutoryhomologies inG respectively.

Proposition 5. Let h1, h2 be distinctinvolutory homologies in G with centers C1, C2 and
axes a1, a2 respectively. We have h1h2 �= h2h1, C1 /∈ a2, C2 /∈ a1. The product h1h2 has
odd order and acts semiregularly on the set of points not on C1C2 and distinct from O. The
line C1C2 is an external line not through O.

Proof. If h1, h2 commute thenh1h2 is an involution, whence an involutory homology by
Proposition 2; sinceO lies on the axesa1, a2 it follows from [11, 3.1.7] thatO is the center
of the involutory homologyh1h2, contradictingProposition 3.

The involutory homologyh−1
2 h1h2 has center(C1)

h2; if C1 ∈ a2 then we have
(C1)

h2 = C1, consequentlyh−1
2 h1h2 has centerC1 and must therefore coincide withh1,

which meansh1, h2 commute, a contradiction. Similarly, we cannot haveC2 ∈ a1.
The subgroup〈h1, h2〉 is a dihedral group of order 2d, whered is the order of the

collineationh1h2. If d is even then〈h1, h2〉 contains a central involution, whence an
involutory homology commuting in particular with, say,h1, a contradiction. Consequently
d is odd.

Let t be a positiveinteger witht < d and letP be a fixed point of(h1h2)
t off C1C2

and distinct fromO. Consider the collineationg = (h1h2)
t h1. As gh1 = (h1h2)

t has
odd order,g is conjugate toh1, whence g and h1 are distinct involutory homologies.
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However Pg = P(h1h2)
t h1 = Ph1, but thatis only possible ifg andh1 have the same

axis or the same center, a contradiction.
We prove thatthe lineC1C2 is external. Assume the lineC1C2 is a tangent toΩ at,

say, P. Let R1 and R2 denote the (distinct) points at which the tangents throughC1 and
C2 other thanC1C2 touchΩ respectively. ThenP turns out to be the common point of the
lines P R1, P R2, which are the axes ofh1 andh2 respectively, contradicting the fact that
the common point of these axes isO.

AssumeC1C2 is a secant meetingΩ at, say,R, S. Certainly both R andS lie in Ω1 or
in Ω2. Assume the former and observe that the collineationh1h2 acts semiregularly on the
(n + 1)/2 − 2 points ofΩ1\{R, S} as well as on the(n + 1)/2 points ofΩ2, yielding that
d should divide gcd((n + 1)/2 − 2, (n + 1)/2) = 1, a contradiction.

Finally, assumeO lies on C1C2 and observe thath1h2 acts semiregularly on the
(n + 1)(n − 2) + 1 points offΩ ∪ C1C2 as well as on the(n + 1)/2 points ofΩ1. Hence
d should divide gcd((n + 1)(n − 2) + 1, (n + 1)/2) = 1, a contradiction. �

Proposition 6. The group G contains an elementary Abelian normal subgroup M of odd
order acting regularly onΩ2, as well as on the setsZ andA, respectively. In particular,
(n + 1)/2 = pe holdsfor an odd prime p and a positive integer e, whence n≡ 1 mod 4.

The setA coincides with the set of secants through O and O is the unique fixed point
of G.

The subgroup H generated by the involutory homologies in G has order2pe and it is
the semidirect product of M by a group of order two; H is primitive onΩ1 respectively,Ω2
if and only if(n + 1)/2 is a prime.

Proof. Let H be the subgroup ofG generated by the involutory homologies. Any two
involutory homologies inG generate a dihedral group of order twice an odd number,
hence they are conjugate in this dihedral group and so they are also conjugate inH . By
Corollary 3 in [17] the groupH possesses a subgroupN of odd order which is normal in
G with |H : N| = 2.

Let h be an involutory homology inG. As H = N〈h〉, every involutory homology
in G is conjugate toh under a collineation inN. Thegroup N is non-trivial, asG does
not have a normal subgroup of order 2. By the Feit–Thompson theorem [14] the groupN
is solvable and consequently a minimal normal subgroupM of G contained inN must
be an elementary Abelian group acting regularly onΩ2 [20, II Section 3.2]. In particular,
(n + 1)/2 is a powerpe of an odd primep and consequently the relationn ≡ 1 mod 4
holds.Proposition 3shows now that the center of each involutory homology inG is an
external point, and so the axis is a secant line throughO. In particular,h fixes apoint in
Ω2, sayP.

Since M is transitive onΩ2, we haveN = M NP . For everyg ∈ NP the product
hhg acts semiregularly onΩ2 by Proposition 5. Howeverhhg fixes P ash does. Hence
hhg = id for all g ∈ NP. In other wordsh centralizesNP, whence the conjugates ofh
underN = M NP coincide with those underM. As the latter ones generateM〈h〉, we have
N〈h〉 = H = M〈h〉, whenceN = M and〈h〉 is the stabilizer ofP in H .

In particular,H is primitive onΩ2 (which is equivalent to the maximality of〈h〉 in H )
if andonly if pe = |M| is a prime.
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For each secant lines throughO we have|s ∩ Ω1| = |s ∩ Ω2| = 1 and since(n+1)/2
is the total number of secants throughO we have the regularity of M onA andZ.

Finally, assumeG fixes another pointO′. For an involutoryhomology inG we have that
either the pointO′ is the center or the lineOO′ is the axis. Since the number(n + 1)/2
of involutory homologies inG is at least three, we see that at least two distinct involutory
homologies inG have either the same center or the same axis, which is not the case.�

Proposition 7. The group G fixes an external line� not through O containingZ.

Proof. We have seen thatH contains an elementary Abelian normal subgroupM acting
regularly onZ andΩ2. ConsequentlyM acts regularly on the set of external lines through
O as well as on the set of secants throughO.

We observe first of all thatO is the unique fixed point ofM, otherwise the line joining
O to a furtherfixed point of M would also be fixed byM, contradicting the previous
observation. The number of external lines is(2pe − 1)(pe − 1) ≡ 1 mod p, therefore
M fixes at least one external line and such a line cannot containO as we have already
observed. ShouldM fix another external line, then the common point of these two fixed
externallines would be a fixedpoint of M other thanO, a contradiction. We conclude that
M fixes precisely one external line.

The collineation groupG leaves invariant the set of external lines; furthermoreM is
normal inG; consequently the unique external line which is fixed byM must also be fixed
by G. Such an external line is therefore fixed by each involutory homology inG and, being
different from its axis (which isa secant), it must contain its center.�

A finite group is saidto have2-rankk if 2k is the largest order of an elementary Abelian
2-subgroup. The 2-rank of the given group is clearly an upper bound for the 2-rank of
its 2-subgroups, in particular of its Sylow 2-subgroups. For a finite group of even order
having 2-rank 1 is obviously equivalentto having a unique involution in each Sylow
2-subgroup. A finite 2-group with a unique involution is known to be either a cyclic group
or a generalized quaternion group [8, p. 132]; see also [11, 4.2.2].

A remarkable property of a collineation group fixing an oval in a finite projective plane
of odd order is given by [4, Proposition 2.4], stating that the 2-rank of such a group is at
most 3. Our situation is even sharper, as the next property shows.

Proposition 8. The group G has2-rank1. If (n + 1)/2 is a prime then G is the semidirect
product of O(G), the largest normal subgroup of odd order of G, by a cyclic2-group.

Proof. If the 2-rank ofG is strictly greater than 1, thenG possesses a Klein groupK ; the
three involutions inK are involutory homologies byProposition 2and so the center of one
of them must beO by [11, 3.1.7], which is impossible byProposition 3.

If (n + 1)/2 = p, thenM is cyclic and Aut(M) is cyclic of order p − 1. For X ∈ Ω ,
we have that|G : GX| is odd and soGX contains a Sylow 2-subgroup ofG, which
must be cyclic becauseGX ≤ Aut(M), asCG(M) = M. Now G splits overO(G) by
[20, IV Section 2.8]. �

It is proved in [3, Satz 2] that a transitive finite permutation group in which every
involution fixes precisely one point either (i) possesses a transitive normal subgroup of
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odd order and Sylow 2-subgroups which are cyclic or generalized quaternion groups, or
(ii) is 2-transitive.

Proposition 8tells us that our collineation groupG, viewed as aprimitive permutation
group onΩ2 (resp.Ω1) is of affinetype in the terminology of the O’Nan–Scott theorem,
see [23], all other classes having namely 2-rank at least 2.

The next proposition adds some numerical constraints in case our collineation groupG
contains 2-elements other than involutions. Let namelyT be a non-trivial 2-subgroup of
G and leth be the unique involutory homology inT ; denote by� andC the axis and the
center ofh, respectively. SetΩ ∩ � = {P1, P2} with P1 ∈ Ω1 andP2 ∈ Ω2.

Proposition 9. The group T acts semiregularly onΩ1\{P1} and onΩ2\{P2}, respectively.
Wehave n≡ 1 mod 2|T |. If g is a collineation in T of order2t > 2, then g partitions
the (n − 1)/2 external points of� into cycles of length2t−1. If 2m is the largest order of
a cyclic 2-subgroup of G containing g, then g fixes at least2m−t+1 internal points of�;
moreover, each line through C and one such point is external.

Proof. For each pointQ ∈ Ω2\{P2} the homologyh does not liein the stabilizerTQ.
Consequently|TQ| = 1 and eachT-orbit onΩ2\{P2} has length|T |. Hence |Ω2\{P2}| =
(n + 1)/2 − 1 is amultiple of |T |, yielding n ≡ 1 mod 2|T|.

If S is an external point of�, thenS is fixed by〈g2t−1〉 and by no larger subgroup of〈g〉,
that is a subgroup〈g2i 〉 with i < t − 1. In fact, if Q and R are the points ofΩ\{P1, P2}
lying on the tangents throughS, theng2i

should fix {Q, R} at least setwise, contradicting
the fact that the〈g〉-orbit of Q onΩ has length 2t . Each〈g〉-orbit on the external points of
� has thus length 2t−1.

Let nowZ be a cyclic subgroup ofG with |Z| = 2m andg ∈ Z. Let f bea collineation
in Z of order 2m suchthatg = f 2m−t

holds. We haven ≡ 1 mod 2m+1 by whatwe have
seen above. Since the involutory homologyh = f 2m−1

fixes each point of�, the action of
f on� yields orbits of length at most 2m−1. The fixedpoints ofg on� appear in〈 f 〉-orbits
of length less than 2m−t+1. If x is the number of these points, the remainingn + 1 − x
points of� appear in〈 f 〉-orbits oflength at least 2m−t+1. For i = 1, . . . , t − 1 letci be the
number of〈 f 〉-orbits oflength 2m−t+i . We countn+1−x = c1·2m−t+1+· · ·+ct−1·2m−1

and obtain that 2m−t+1 dividesn + 1 − x. As n ≡ 1 mod 2m+1, we conclude that 2m−t+1

dividesx − 2. Furthermore, sinceP1, P2 andO are fixed points ofg on�, we havex ≥ 3
and sox is at least 2m−t+1+2. SinceP1, P2 are the two fixed points ofg onΩ , we conclude
that there are at least 2m−t+1 fixed internal points ofg on�.

Let I be a fixed (internal) point ofg on �. The line C I is external, because ifC I
intersectsΩ in, say,X andY, theng fixes {X, Y} at least setwise, contradicting the fact
that each〈g〉-orbit onΩ\{P1, P2} has length 2t . �

5. Some computational data

Let π be a finite projective plane of odd ordern with an ovalΩ and let G be a
collineation group ofπ fixing Ω . Is it possible to find an example in whichG has even
order and satisfies properties (a)–(c) ofSection 2while π is non-Desarguesian?
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The information gathered in the previous sections does not seem sufficient for
attempting to provide an answer. As a matter of fact, even in the Desarguesian case the
groupG turns out to be fairly small when compared with the full collineation group fixing
the oval.

It sounds likely that the kind of “global” properties which are generally involved in the
proof that a given plane is Desarguesian cannot be derived from the “local” information
arising fromG.

The unique projective plane of ordern = 5 is Desarguesian; the integer 3= (n + 1)/2
is a prime and so we have an example for our situation in this plane.

There are four planes of ordern = 9 up to isomorphism [22]. The Desarguesian plane
does yield an example because 5= (n+1)/2 is a prime. The order of the setwise stabilizer
of an oval in the Hall plane, in its dual plane or in the Hughes plane is one of the integers
16, 32 or 48, [10]: such a group contains no subgroup of order 10 and so none of these
planes yields an example for our situation according toProposition 6.

We decided to test the next values ofn for which (n + 1)/2 is a prime power, using the
GAP library of primitive permutation groups of small degree. Our search was exhaustive
for n = 13, 17. In the former case, since 7= (n + 1)/2 is a prime, the Desarguesian
plane does furnish an example for the given situation and we verified it is the only one for
n = 13. In the latter case, since 9= (n + 1)/2 isnot a prime, the Desarguesian plane does
not yield an example for the given situation and we verified the non-existence of such an
example forn = 17 altogether.

We have chosen the approach of Buekenhout ovals [7]. These are namely suitable
subsets of involutory permutations onΩ and allow an implementation inside Sym(Ω),
which is thus suitable for GAP. The idea was to take the primitive groups of even order and
given degreepe = (n + 1)/2 from the GAP libraryPrimitveGroups.

The first step was to check whether such a group fulfilled the structural constraints like,
for instance those on the 2-subgroups. Then the given permutation representation had to
be doubled on twice as many elements, since the action ofG on Ω1 andΩ2 is the same.
The main part of the computation was the procedure reconstructing the Buekenhout oval
arising from our putativeprojectiveovalΩ in the planeπ ; see [9] for the terminology. The
reconstruction process stops before completion in all cases under consideration, except for
the dihedral groupof order 14 in its representation of degree 7, and that yields precisely
the case of a conic inPG(2, 13).

GAP source code for the two cases that were considered is available from the authors.
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