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A STRONGER, CRITERION FOR THE WEAK WEAK AXIOM

¢

! 1. Introduction
3The Weak Axiom of Revealed Preference (WA) has been introduced by Samuelson
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{1938) as a consistency requirement of consumer behaviour. The restrictions it places

Abstract: The Weak Weak Axiom (WWA) is a milder version of on demand, and specifically on the response to compensated price changes, are quite

the Weak Axiom of Revealed Preference (WA) and is equivalent
to pseudomonotonicity of the excess demand function. Since the
WWA guarantees uniqueness of the equilibrium in a broad class
of general equilibrium models, it is important to have criteria to
check when the WWA holds. In this paper a new and more general
characterization of pseudomonotonicity for C* maps is provided.
Using this result we obtain a stronger criterion for the"WWA
than those available in the literature. A complete characteriza-
tion of the WA for excess demand functions is also offered and
othher important existing results are obtained in a straightforward
fashion.

JEL Classification Number: D11.
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equilibrium, Weak Axiom of Revealed Preference. level the equilibrium set is convex and, as long as the number of equilibria is finite,

similar to those derived from standard consumer theory, However, the WA is a milder
rationa.lity requirement as compared to the hypothesis of utility maximization and,
as shown by Kim and Richter (1986), it characterizes the behaviour of a consumer
with not necessarily transitive pre’ferences.1
The WA is not only a more general and realistic modeling assumption for con-
- sumer behaviour, but it is also a gno?‘d property for the whole consumption sector in

general equilibrium models. As it is well known, if the WA holds at the aggregate

1 the equilibrium price vector is unique {up to normalization).

| This paper deals with a milder version of the WA which yields similarly nice
results and is known as the Weak Weak Axiom (WWA). In an n-good competitive
economy the WWA is defined in terms of the excess demand function Z:R7}, — R™
which is homogeneous of degree zero, i.e. Z (Ap) = Z(p) for all A > 0 and satisfies
Walras'Law, i.e. p- Z(p) =0.

Definition 1. The excess demand function Z satisfies the Weak Weak Aziom

(WWA) if for any pair of price vectors, p and g,

q-Z(p) <0 implies  p-2Z(g) > 0.

! Op rationalizations of demand behaviour obeying the WA or milder versions of it see also

the recent work of John (2000b, 2000c) and Quah {(2000).




Using Walras’ Law, the WWA is easily seen to be equivalent to a notion of generalized

monotonicity introduced'by Karamardian (1976) and known as pseudomonotonicity.

Definition 2. A function F of a set D & R™ into R™ is said to be pseudomonotone

(PM) if, for aliz,y € D

(y — @) - F(m) <0 implies (y—z)-F{y) <0

An interesting property of continuous pseudomonotone functions with an open
convex domain is the convexity of the set of zeroes. Therefore, if the excess demand
of a pure exchange economy satisfies the WWA, the set of equilibrium prices is con-
vex. This result also extends to some classes of productive economies such as those
with a convex, constant returns to scale technology [see Jerison (1999, Proposition
1)). Moreover the WWA can be used indirectly in productive economies that can be
reduced to exchange models in the factors of production. Clearly, if the ‘reduced’
excess demand function satisfies the WWA then the equilibrium set of the original
productive economy ig convex.

Checking whether aggregate demand or excess demand satisty useful properties
such as the WA or the WWA can Be quite a difficult task if only the bare definitions
are available. When differentiability is assumed, however, the analysis can be carried
out more conveniently in terms of the derivatives, since local conditions are usually
easier to check than global ones.
| Differential characterizations of the weak axioms lend themselves to a variety of
applications. They have been used in many analyses of aggregate demand including
Hildenbrand (1983, 1994), Freixas and Mas-Colell (1987}, Marhuenda (1995), Quah
(1997) and Jerison (1999). In some cases they have led to.the formulation of new

economically interpretable conditions ensuring determinateness of equilibrium in
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general competitive analysis. For example, Hildenbrand (1994) and Jerison (1999)
were able to show that the weak axioms hold in the aggregate provided that the

consumption patterns of the population display a certain tendency toward increasing

. dispersion.

Casting properties of demand in differential terms has also led to some progress
‘in empirical analysis. New testable hypotheses have been proposed and econometric
analyses bave been carried out with cross-section data on hqusehold expenditures
which shed new light on consumption as, for example, in Hilaenbrand and Hilden-
brand (1986), Hardle, Hildenbrand and Jerison (1991) and Hildenbrand and Kneip
(1993).

To sum up, differential criteria for the WA and the WWA secem valuable tools

for both theoretical and empirical analysis.

The most general differential.characterizations of pseudomonotonicity have been
recently provided by Crouzeix and Ferland (1996) and John (1995, 2000a). They
have shown that, for C* functions on an open and convex domain, PM is equivalent

to the following two conditions:

(A) Forallz € D andv €R"

v-F(z)=0 implies v -0F(z)v <0

(B) If F(z) = 0 and v - 8F (z)v = 0, then for all T > O there exists t € (0,%) such
that v Fz +tv) <0

Clondition (A) requires that the Jacobian matrix 8F(z) be negative semideﬁﬁite
on the orthogonal space to F(z). At a zero, thus, the Jacobian ﬁiatrix has to be
negative semidefinite. Condition (A) can be checked by studying either the signs of
the principal minors of bofdered matrix or the signs of the eigenvalues of a suitable

transformation of the Jacobian matrix.




Condition (B) implies that, at any zeroes 'of F, the one-variable function v
F(z + tv) cannot take strictly positive values for all ¢ in an open interval (0,£),
e > 0. Specifically, if t = 0 is a critical point of v - F(z + tv), i.e. v-OF(z)v = 0,
in order to check for condition (B) one has to make sure that there is no open
interval (0,¢) such that the graph of the one-variable function lies strictly above the
horizontal axis. It is worth noticing that ¢ = 0 can be a critical point even if the
Jacobian matrix is not singular. This m1ght be the case, for example, when OF ()
is a skew-symmetric matrix. In such a case, one has to make sure that for allv € R"
the corresponding one-variable function does not remain strictly positive in some
interval (0,€).

This paper provides a stronger criterion for pseudomonotonicity by showing
that condition (B} can be relaxed in a significant way. We obtain a more general
differential characterization of pseudomonotonicity and, in particular, of the WWA
for excess demand functions. Other interesting results available in the literature
are also derived as straightforward corollaries. In addition, we provide a complete
differential characterization of the WA which extends a previous result by Zhou

(1995) to the case of excess demand functions.

In the next section we prove the main mathematical result concerning general
C* functions. In Section 3 the above result is applied to the case of excess demand
functions in order to obtain differential characterizations of the WWA. In the last
section a complete characterization of the WA is provided and other related results

are discussed.

9 A mathematical result

In this and the next sections we shall confine to the case of C1 functions on an open

and convex domain. Let us introduce the following condition:
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(C) If F{z) = 0 and oF OF(z) = 0, then for all t > 0 there exists T € (0,t) such
that v - Flz +tv) <0

Condition (C) is significantly weaker than (B). For exa,rhple, if the Jacobian

! matrix at a zero is skew-symmetric but not singular, condition (C) is trivially sat-

*;
+' jsfied whereas (B) needs checking for all v € R™, as we have already noticed. The

following result improves upon the characterization of continuously differenfiable

' pseudomonotone maps obtained by Crouzeix and Ferland (1996) and John (2000a).

Theorem 1. Let F:D — R" be a ! function on the open comver set D C R™
The following statements are equivalent: |
i) F is pseudomonotone.
i) F satisfies conditions (A) and (C).
iii) F satisfies conditions (A) and (B).

o 4

Proof.
The implication from (i) to (ii) is quite standard. Let v-F(z) = 0and set y = s +tv
for any t > 0 close to zero. Since (y—z) Flz)})=tv- F(z) = 0, by PM we have
0> (y—-=z) Flyy=tv- F(m +to) and (1/t)v - [F(z +tv) — F(z)] <0 for all t close
to zero. Taking the limit we obtain v - 8F(z)v < 0, hence (A) holds. Finally, PM
trivially implies (C).
(i) implies (iit). Let us assume that (A) and (C) hold but (B).is violated, i.e.
F(zy =0, v = vTOF(z) # 0 and there exists I > 0 such that v- F(z +tv) > 0
for all £ € (0,7] . Since u-u >0, by continuity of the J acobian there exists an open
ball centered at z, Ba, such that vT 8F(z) -u > 0 for all z € Bg. Let us define the
function

fls,t)=v- F(z + su+tv)
in a sufficiently small neighborhood of the origin of R?, so that all the vectors

T + su + tv are in By, By assumption, f is C' and its partial derivatives are

5




respectively -
fo(s,t) = v -OF(z +su+tv)u

fi(s,t) =v-0F(x + su-+tv)v
Since £+ su-1v € By, the partial derivative fs(s,t) must always be strictly positive.
We shall show that the last statement does not hold, so that the contradiction
establishes our result. o
Since f(0,0) = v - F(z) =0 and f,(0,0)=v- OF(z)uv = u -« > 0, the equation
f(s,£) = 0 defines an implicit function, i.e. there exists £ > 0 and a function s(t)
defined in the open interval (—¢, &), such that s(0) = 0 and f(s(t),t) = 0 for all t.

The implicit function is differentiable and

R
0=~ 76w

Since v - Fi(z + s{t)u+tv) =0 forall t € (—¢,£), condition {A) requires that
0> v-0F(z + s(t)u+ tv)v = fi(s(£),)-

Moreover, fs(s(t),t) > 0 and we obtain s'(t) > 0 for all t. Therefore s(t) is non
negative and non decreasing in the interval [0,¢€).

Now, let us take 0 < t* < min{f,e}. From the violation of condition (B) we

have

f(0,t")=v-F(z+t"v) >0
and by the definition of implicit function,
0= f(s(t"),t") = v-Flz+ v+ s(t"u).

Thus s(t*) # 0 and since s(t) = 0, it must be s* = s{t*) > 0. By the Mean Value

Theorem there exists 0 < § < s* such that

0> f(S*rt*) - f(ont*) = fs(git*)S*'
6

therefore, f5(5,*) < 0 and this contradiction completes the proof.

(i) implies (i). This result was proved in different ways by Crouzeix and Ferland
(1996) and by John (2000a}).
Q.ED.

Tl e

As an immediate corollary, Theorem 1 provides a first-order characterization

of pseudomonotonicity for reqular functions. Recall that a ¢! function is regular if

" the Jacobian matrix at zeroes is not singular, i.e. F(z) =0 implies det 3F(zx) # 0.

Therefore, at zeroes, v OF (z) # 0 for all v # 0 and condition (C) trivially holds.
The following result is due to John (1995, 2000a).

Corollary 1. Let F:D — R"™ be a reqular C! function on the open convez set

D CR"®. Then F is pseudomonotone if and only if condition (A} holds.

o A

3. Characterizations of the WWA

The characterization of pseﬁdomonotonicity obtained in the previous section directly
applies to the case of excess demand functions and offers a first-order characterization
of the WWA.. In this section we show that, owing to the properties of Z, the criteria
for pseudomonotonicity of the excess demand functions can be further strengthened
by asking conditions (A) and (C) to hold only for vectors v € R"™ laying on the

orthogonal space to p.

Theorem 2. Let Z be a C' excess demand function. Then Z satisfies the WWA if

and only if, for allp € R}, andv € R", the following conditions hold:

(A) v-p=0 and v Z(p)=0 imply v-8Z(p)v <0.

(C’) FZ(p)=0,v-p=0 and vT8Z(p) = 0, then for all > 0 there exists t € (0,1)
such that v- Z(p+1tv} < 0.




Proof. Given Theorem 1 we only need to show that (A”) and (C) imply (A) and

(C). Let v - Z(p) = 0 and notice that v can be written as v - u + op with o =

v -p/p- p. Clearly, the vector w is orthogonal to both p and Z(p). By Walras’ Law
pT0Z(p) = —Z(p)T and by homogeneity 0Z(p)p = 0. Hence

v-8Z(p)v = (u+ ap) - 8Z(p)(u + ap} = u - 0Z(p)y,

and (A’) implies (A). _

Next we show that (C*) implies (C). Let Z(p) = 0 and vT8Z(p) = 0. The vector
» can be written as v = u+ op with « = v - p/p- p, where the vector u is orthogonal
to p. Since a can be negative, let ¢ > 0 be sufficiently small so that (1 + at) > 0.

Then, by homogeneity
Z(p+tv) = Z(p + t{u + ap)) = Z(p+ su) (1)
where s = t/(1 + ta). Using twice Walras’ Law yields
p-Z(p+tv) +tv- Z(p+tv) =p- Z(p+ su) + su- Z{p+ su) (2)

First notice that, by (1), p- Z(p + tv) = p- Z(p + su). Thus, for t > 0 sufficiently
small, also s > 0 is close to zero a.nd, by (2), v+ Z(p + tv) has the same sign as
w- Z(p + su). Finally, since 0 = vT8Z(p) = (u + op)T8Z(p) = 4T Z(p) we have
that (C’) implies (C) and this completes the proof.

Q.E.D.

As a straightforward corollary we have an interesting result for ‘regular’ excess
demand functions. Recall that an excess demand function is said to be regular if its
Ja.cobié.n matrix has maximal rank &fc all zeroes, i.e. if Z(p) = 0 then rank8Z(p) =
n — 1. For a regular excess demand function, condition (C") of Theorem 2 trivially

holds. Indeed, if Z(p) = 0 and v78Z(p) = 0, regularity and Walras® Law imply
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v=Xp, A € R, thus v-p = 0 yields v = 0. The following result has been proved by
John (1995, 2000a).

Corollary 2. A regular C* excess demand function satisfies the WWA if and only
% if condition (A’) holds.

L1

¥

Without the assumption of regularity, condition (A’) is not sufficient for the
WWA. This has been shown by means of a counterexample in Hildenbrand and
Jerison (1989) (see also Example 3 in the Appendix). Therefore, it seems unlikely
that a stronger criterion for the WWA than the one contained in Theorem 2 could

he obtained.

4. Characterization of the WA and final remarks

o ak

This section provides a new differential characterization of the WA and discusses

some related results available in the literature.

Definition 3. The ezcess demand function 7 satisfies the Weak Axiom of Revealed
Preference (WA) if (¢ —p) - Z(p) <0 and (¢ —p) - Z(g) 2 0 tmply Z(p) = 2 (g)-

The following example shows that the WA is actually a stronger property than
the WWA.

Ezample 1. Let the excess demand Z: ]Ri + R® be defined by Z(p) =

(1/p1) M p where M is the skew-symmetric matrix

with rank 2. The Jacobian matrix of Z(p) is

8Z(py = —(1/p1)Z ()" + (1/p1)M

9




where e = (1,0, 0). It is easy to see that p* = (1,1,1) is the unique equilibrium (up
to normalization) and that Z is regular. Moreover, condition (A’) holds, since from
v - Z(p) = 0 we have v- 8Z(p)v = (1/p1)v - Mv = 0. Therefore, by Corollary 2, the
excess demand function satisfies the WWA, To show that the WA does not hold,
take any ¢ not collinear to p*. Thus Z(q) # Z(p™) and (g — p*) - Z(p*) =0, but

(q_p*)'Z(q):_(Q3—Q2)+(Q1;Q3)+(QZ—QI) —0

and the WA is violated. An analogous example for the case of démand functions

was given by Kihlstrom, Mas-Colell and Sonnenschein (1976).

A differential characterization of the WA has been provided by Zhou (1995) in
the case of individual demand functions. An individual demand is a C function
f:R?, xR, , — R" satisfying budget identity, i.e. p- f (p,w) = w, and homogeneity
of zero degree in prices p and income w. Homogeneity allows us to normalize income

' o 1 and restrict the analysis to the function F: R}, — R" defined by F(p) = f(p,1).
The WA for F is formally defined as in Definition 3. Zhou (1995) has shown that
the WA is completely characterized by (A) and the following condition:

(LZ) Let v = g ~p. I v-F(p) = 0 and F(p) # F(g), then there exists t € [0,1) such
that v - OF (p + tv)v < 0.

Zhou (1995) leaves open the question of whether the above result also applies to
the case of excess demand functions.? By using Theorem 2, we dérive a complete

characterization of the WA for excess demand and then we show that Zhou’s question

has a negative answer.

Theorem 3. Let Z be a Ct excess demand function. The following statements are

equivalent:

2 [ am indebted to Reinhard John for drawing my attention to Zhou (1995)'s paper and for

suggesting this application of Theorem 2.
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i) Z satisfies the WA.

i) 7 satisfies the WWA and condition (LZ).

ii) Z satisfies conditions (A’), ( ¢’} and

(LZ’) Letv=q—p. fv-p=0,v- Z(p) = 0 and Z(p) # Z(g), then there exists
¢ € [0,1) such that v - dZ{p +tv)v < 0.

Proof. (i) implies (ii). The WA trivially implies the WWA. Next, let (g—p)-Z(p) = 0
snd Z(p) # Z(q). By the WA we have (¢ — ) - Z(g) < 0. Set g(t) = v~ Z(p + tv)
with v = g — p so that g(0) = 0 and g{1) < 0. By the Mean Value Theorem there
exists ¢ € (0,1) such that 0 > g'(t) = v - 8Z(p + tv)v and (LZ) holds.

(i1) implies (#i). By Theorem 2, the WWA implies conditions (A”) and (C’).
(LZ) trivially implies (LZ). |

(iii) implies (i). Let us assume that the WA is violated and conditions (A’),
(C’) and (LZ’) hold. By Theoren:x ‘2;, 7 satisfies the WWA, therefore the only way
the WA can be violated is when (g —p)- Z(p) = (g—p) - Z(q) =0 and Z(p) + Z(q).
Set ¢ = (p-p/p-q)g and v=¢ —p, sothat v-p= 0. By homogeneity and Walras’
Law we have v+ Z(p) = v-Z(¢') = 0 and Z(p) # Z (¢'). Define the function g(t) as
above snd notice that, by pseudomonotonicity of Z, also g is PM.? Since the set of
zeroes of a PM function is convex a.nd g(1) = g(0) = 0, the function g is constant
on [0,1] and (LZ’) cannot hold. This contradiction completes the proof.

QED.

Remark 1. Theorem 3 improves upon a characterization of the WA provided

by Zhu (1999) which, essentially, amounts to the equivalence between (i) and (ii).

Remark 2. As a straightforward implication of Theorem 3 and Corollary 2 we

3 Indeed, let 0 > (s — t)g(¥) = [(p+sv) — (P + tv)] - Z(p + tv). Since Z is PM we have

0> [(p+ sv) - (p+ o)l Z(p+ sv) = (s — t)g{s) and g is PM.

11




see that conditions (A’) and (LZ’} characterize the WA for regular excess demand. In
general, however, one cannot dispense with condition (C’). In other words, conditions
(A) and (LZ) characterize the WA for demand functions, but not for excess demand

functions. The following example justifies this claim.

Ezample 2. Let f:R — R be defined by f(z) = «*[2 + sin(1/z)] and f(0) ==
0. The function f is C! and is not psendomonotone, since its graph crosses the
horizontal axis from below. However, f satisfies conditions (A) and (LZ). Indeed,
f(z) = 0 only when z = 0 and since f'(0) = 0, condition (A) holds. To show
that (LZ) is also satisfied notice first that, for = # 0, (y — «)f(z) = 0 only when
y = x. Therefore we only need to consider the case z = 0. For all y # 0 we
have f(y) # f(0) and one can easily check that f'(y) < 0 for any y = 1/2nk
and for any y = —1/(2k + 1), where k is any positive integer. Therefore, in any
neighbourhood of zero the derivative of f takes on negative values so that we can
conclude that the function f satisfies also condition (L.Z). A similar example can be
constructed for an excess demand function in the two dimensional case. Example
3 in the Appendix shows an excess demand function which satisfies conditions (A%
and (LZ’) but violates the WA.

The different characterizations of the WA for demand and excess demand are ex-
plained by pseudomonotonicity criteria. Since demand never vanishes in its domain,
condition (C) trivially holds so that (A) is all we need to ensure pseudomonotonicity
of F'. On the other hand, Example 2 and 3 clearly show that condition (LZ) plays
no role in the characterization of pseudomonotonicity, so that in the case of excess

demand condition (C) must also be required.

Remark 8. A sufficient condition for the WA is that condition (A’) holds with
a strict inequality [see, for example, Mas-Colell (1985, Sec. 57) or Hildenbrand and

Jerizson (1989)). This result is a straightforward implication of Theorem 3 since, in
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that case, {C7) and (LZ’) are trivially satisfied.

Two final remarks deal with a differential condition closely related to the weak
fexioms.

t #{D) There exists a vector € € R", e # 0 such that, for allp e R7, and v € R",
v-e=0  implies v- 8Z(pw <0

This condition has been used in the analysis of aggregate demand in a stronger
form which implies the WA [see, for example, Mas-Colell (1985, Sec."5.7), Mas-Colell
(1991); Quah (1997)]. As shown by Hildenbrand and Kirman (1988, Lemma 6.1),
condition (D} is equivalent to the monotonicity of Z with respect to the vector e,
ie. (g—p)-12(q) — Z(p)] < 0 for all p and ¢ cuch that p-e = g-e. By using the

above condition it is easily seen that (D) implies the WWA.

Remark 4. Condition (D) is unnecessarily strong for the WWA. Figure 1.(c) in
Mas-Colell (1991) provides an example of a function which violates (D} but that can
be thought of as the excess demand of a rational consux_ner.4 On the other hand,
condition (D) is not strong enough, in the sense that it does not imply the WA,

Indeed, it is easy to see that the excess demand in Example 1 satisfies (D) for the

vector e = (1,0,0).

Remark 5. From Theorem 3 it is easily seen that conditions (D) and (LZ’) are
sufficient for the WA, This result generalizes another well-known sufficient condition,

which requires (D) to hold with a strict inequality [see, e.g. Mas-Colell (1985, Sec.
5.7)]-

4 T thank Reinhard John for suggesting this example.
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APPENDIX

Ezample 8. Let us consider the excess demand function Z: Rf_ L R?, defined by

- ((2). o (2) )

where h(s) = f(s— 1) and f is as in Example 2. At the unique equilibrium,
p* = (1,1), the Jacobian matrix is the null matrix, therefore condition (A’) in

Theorem 2 is satisfied.

Next, consider condition (LZ’) in Theorem 3. If Z(p) # 0 then (LZ”) trivially
holds since v-p = 0 and v- Z(p) = 0 yield v = 0. Let us consider then the equilibrium
price vector p* and any v =g —p* such that v - p* = 0. Excluding the trivial case

v = 0, from the last equality we obtain vz = —v and vl.# 0. Therefore we héwe
g(t) = v- Z(p” + tv) = mh(s(t))[1 + s(t)]

where s(t) = (1 + tv1)/(1 —tv1) and t € [0,1]. The derivative of g is
g'(t) = s’ () (B (s(£) (1 + s(£)) + h(s(2))]

Since vy ¢'(t) > 0 for all ¢ # 0 and any vy # 0, the sign of the derivative is equal to

_ the sign of the expression in square brackets, which can be written as follows:

{3(;(@ _1y? [2 + sin (S (t)l_ 1)] _ (s(t) - 1) cos (“s‘(t_)ll”i) } (s() + )+
+ (s(t) = 1)3 [2 + sin (@1"1_1)]
‘ (A1)

Let us suppose that v; > 0 and set ¢t = 1/[v1(4wk + 1)] for some positive integer k

sufficiently large so that 0 < ¢ < 1. Then 1/(s(f) — 1) = 27k and substituting ¢ in

(A.1) we obtain an expression with the same sign as

(6—2rk)(4rk+ 1) +2 (A.2)

14
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Clearly, (A.2) is negative for any k = 1, therefore, we have shown that for vy > 0
there exists ¢ € (0,1) such that 0> ¢'(t) =v- 8Z(p* + tv)v. Similarly, if v; <0 we
con find t € (0,1) such that 1/(s(t)—1) = —(2k+1)7 and show again that g'(t) < 0.

%Therefore, we conclude that the excess demand function satisfies condition (LZ).

2 Finally, to see that Z violates the WA (and also the WWA) simply take the

price vectors p* = (1, 1) and ¢ = (2,1). Thus, (g—p*)-Z(p*) = 0 and (g—p*)-Z(q) =
h(2) = f(1) > 0:
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