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1. Introduction

| The purpose of this paper is to study the existence of partially revealing rational expectation
equilibria (REE) in a general equilibrium economy with ex-ante asymmetric information and a continuum
of states of private information. The dimension of the set of states of private information (at least
(C+1)(C+2), where (C+1) is the number of commodities) is larger than the dimension of the "market
information" (equal to (2C+1)).

Our purpose is to give a relatively simple setting to study some properties of partially revealing
REE. To this aim, we drastically simplify the model by assuming the existence of two types of identical
agents, perfectly informed and completely uninformed.

We depart from the classical framework (see, in particular, Allen (1981, 1982) and Jordan (1982))
with respect to an essential feature: Agents observe both market prices and the volume of trade(i.e., the
sum over the agents of the positive excess demand of the individual commodities).

The inclusion of the volume of trade among the market signals has a crucial role. Information on
the volume of trade is readily available on many markets (in particular, on financial markets). Casual
empiricism suggests that it is exploited by the agents to formulate expectations (again, this phenomenon
seems to be very common in financial markets). Hence, we believe that it is important to analyze the
consequences of this kind of information on the set of equilibria.

If the volume of trade is one of the market signals, the two-types of agents framework is very
restrictive. In this setting, to observe the volume of trade at the equilibrium is equivalent to observe the
absolute value of each (type of) agent's excess demand. The analysis of more general models with

heterogeneous agents (in terms of endowments, preferences and, more relevant, in terms of structures of



private information) is still an open issue.

The basic idea of the paper is to exploit the particular nature of the informational structure to obtain,
for each observed price-volume pair, the set of states of private information which are compatible with the
behavior of the informed agents. Then, the excess demand function of the uninformed agents is well-defined
evenout of equilibrium. Equilibria of the full communication economy (FCE, i.e., the economy where each
agent is fully informed) can be supported as REE (Theorem 1). Generically, there are also REE (in fact,
acontinuum of REE) which are not equilibria of the FCE and which are partially revealing (Theorem 2
and 3).

Our restrictions on agents' preferences and on the informational structures are strong. The first kind
of restrictions could probably .be relaxed at the cost of some technical complications. Instead, for the
argument of our proofs to work, it is essential that one subset of agents is fully informed and that all the non-
fully informed agents have the same private information. To simplify, we assume that they are completely
uninformed.

In the general equilibrium literature, there are only a few results on the existence of partially
revealing REE. Jordan (1982) shows that, generically, there are partially revealing equilibria arbitrarily
close to the fully revealing ones. The equilibrium map is discontinuous on a dense set of states of private
information. Allen(1983)studies a class of economies where REE prices partially reveal information.
However, each agent, observing the equilibrium price and his own private signal, has full information at the
equilibrium. Ausubel (1990)is closer to our result. However, we consider amore general state space,
without the specific structure which plays an important role in his construction (in Ausubel, the state space

is (H,L}x[0,1]).
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More recently, several paper have studied the existence of partially revealing (or nonrevealing)
equilibria in sequential economies where assets are nominal (Polemarchakis and Siconolfi (1993) and Rohi
(1995)) or where sunspots matter (Dutta and Morris (1997) and Pietra and Siconolfi (1997)). Inall these
papers, the set of states of private information has finite cardinality. The existence of nonrevealing REE
rests crucially on the indeterminacy of equilibria induced by the existence of an incomplete set of nominal
assets or by the endogeneity of the probability law on the extrinsic events. Strictly related is also the
literature on noisy REE: See, for instance, Grossman (1977), Grossman and Stiglitz (1980) and, more

recently, DeMarzo and Skiadas (1996).

2. The Model

We consider an economy with two types of agents: informed and uninformed. There is a
continuum (say, the interval [0,1]) of identical agents of each type. A generic informed agent is denoted
by a subscript i, a generic uninformed agent by a subscript n. The behaviorofagentsoftypeh,h=i,n,
isidentical a.e. onthe set [0,1]. Hence, to simplify notation, we will use the subscript h to denote both the
behavior of a single agent of type h and the average behavior of agents of type h and we will omit the
integration over the agents of type h. Clearly, all the statements concerning agents' behavior should be
interpreted as true a.e. on the set [0,1], even if not explicitly stated.

Let (S..#,u) be the probability space, where S is a compact manifold without boundary, without
loss of generality, the sphere of dimension J. .7 is the Borel o-field of subsets of S, the Lebesgue
measure on the space (S,.#). A particular element of S is s = (so,...,s;). For each], (S;,.#)) is a Borel

space, where .7 is the Borel set and y; the Lebesgue measure on (S;,.#)). Given the collection w;, 1 is
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the product measure on (ijsj,;()@...@z) = (§,7). We will also use the notation s = (5(1),5(2)) =
((S05-++48K)s (Ske15-8)) € S(XSQ2) = [[50 S ¢ [[lk+1S; where both  (S(1),#(1),u(1)) and
(8(2),#1(2),u(2)) are Borel spaces while p(1) and u(2) are the product measures on (S(1),.#(1),u(1)) and
(S(2),#(2),1(2)) induced by the collection T

Foreachs, there are (C+1) commodities, indexed by ¢ =0, ..., C. Agenth's consumption vector
18 Xp(S) = (X)(S),---,X5(5)). Excess demand is z,(s). Throughout the analysis, endowments (e, e,) are fixed
and known with certainty by all the agents.

For each s, prices are denoted by p(s) = (p°.....p%) € RS'. The set of pricesis P = { p € RS
p’=1}

For each h, preferences are described by a utility function Uy(xy;s), Uy RSS! x S--> R. We
assume that U, € C* on RSS! x S (i.e., U, is thrice continuously differentiable in both the consumption
vector and the realization s). Moreover, foreach s € S, U,, is strictly monotone and differentiably strictly
concave in X, and satisfies the usual boundary conditions: the set {x, € RS:! | Up(xy;8) 2 Up(X;8)} is
closed in RS for each x; >> 0.

Let U be the space of the economies given by a utility profile for each type of agent, and endow
U with the C? compact-open topology, turning it into a metric space.

Before trade takes place, informed agents receive a private signal s € S, i.e., they know the actual
realization of the economy. Uninformed agents don't receive any private signal, but they observe market
prices and the volume of trade and they can use these market signals to update their ex-ante probability

measure on the set S.

Define V(p,s) = ¥, max {z,(p.s),0} the volume of trade, a vector in R
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A REE is a measurable function (P,V):(S.57) --> (PxR™), (S(P)eI(RS ™)) where J(P) and
S(RE™) are the Borel o-field on P and RS™, respectively. The function (P,V)(.) induces a sub-o-field
# v 0of 7 Hence, for agent n, to observe a particular ralization of the map (P, V)(.) is equivalent to know
that the true state of the world lies in a particular element of 7.

We use a further (strong) assumption:

Assumption S: There is a subcollection s(1) of (C+1)(C+2) = K signals (without loss
of generality the first ones) such that, for each h and each (x;,,s) € DxS, withD =
{x, € REZ' |x < 2(e/te,) }, the (KxK)-dimensional matrix [DZ ;) Up(x,,8)7,

Djxsty Un(Xy;s)] has full rank K.

Assumption S is clearly satisfied by an open set of economies.

[n the proofs of several results, we exploit locally linear perturbations of the utility function,
constructed as follows: For each h, let B{ and B be open (possibly empty) sets such that cIB¥ < RS, for
k=1,2. Also, assume that, given B¥, fork =1, 2, there is an open set B{* which satisfies cIBf < Bg* <
cIBt*c RL and cIBi! ncIB§? = 6. Given U € U, sets Bf and B¢*, fork =1, 2, and vectors 5} € R“*' and

8¢ € R“*', define U® the economy where. for each h, U¢ is obtained by replacing U, with the function

Ud(xp;s) = Up(xps8) + ©' (x4, BE )(Baxi) + O%(xp,BE)(87%4)

where, for each k, ©%(x;,,BE¥) is a smooth "bump" functions, ©*: RS - {0, 1], which takes the value 1 if
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Xn € BY and the value 0ifx, ¢ cIBf*. Evidently, if U, € U", Ui € U" for 8} and 8} small enough. This
parameterization allows us to use independent perturbations of the utility function on the disjoint sets B,
fork =1, 2. The precise nature of the set Bf considered would depend upon the issue considered. In

some istances, Bf < Rt (i.e., we perturb in the consumption space), in others B¥ c S.

2.1 Individual behavior and equilibrium

If(P,V):(S,7#) --> PxRS™ is the price-volume map, let (p,v) to denote a particular realization of
~ themap. Also, letF:E < PxR$*! -->(S,.#) be the measurable map which associates with each realization
(p,v) a measurable subset of S.

Given s and (p,v), agent i chooses a vector z(p,s) solving the optimization problem

(1] max U,(e;+z;;s)subject to pz(s) = 0.

Given the map F(.) and the observable vector (p,v) € PxRS™, agent n chooses a vector z,(p.v)

solving the optimization problem
(n] max E(U (e, +z;s) | s € F(p,v)) subject to pz, = 0.
Definition 1: A rational expectations equilibrium (REE) is a function (P, V):(S8,.7)--> PxRS™

and a correspondence F: (P,V)(S) --> (S, #), F(p.v) = (P, VY '!(p.v), such that:

1. a.e.. z(p,s) is the optimal solution to [i], given (p.v);
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1. a.e., z,(p,v) is the optimal solution to [u] given (p,v) and F(.);
1il. a.e., V(p,s) = max {0,z(p,v,s)}+ max {0,z,(p,v )};

iv. a.e., z{p,s) + z,(p,v) = 0,

Bear in mind that all the conditions above must hold a.e. on the set S (of course, i and ii also hold
a.c.onthe set [0,1] of agents of each type). Also, notice that, generically, each state of private information
is associated with a unique (p,v), so that each realization (p,v) unambiguously identifies the set of possible
states of private information.

We associate with each economy U with asymmetric information a full communication economy
(FCE) U, the economy with the'same fundamentals and where both types of agents know the actual value

of the realization s (as in Radner (1979)).

Definition 2: A REE is fully revealing (for short, is a FRE) if, a.e. P(s) =I1(s), where I(s) is
an equilibrium of the associated FCE at state s. A REE is partially revealing (for short, is a PRE)

otherwise.

In Definition 2 an equilibrium is a FRE if its allocation is an equilibrium allocation of the associated
FCE. Evidently, ata FRE, a given realization (p,v) can be associated with more than a single realization

s. However, given (p,v), the optimal behavior of each agent is identical at s and s'.



3. The auxiliary economy

The canonical argument for the existence of REE is not constructive. [t considers a fictitious
economy where agents are endowed with an arbitrarily given information structure and behave “naively”,
L.€., they do not extract information from the knowledge of the equilibrium price function. Usually, this
fictitious economy is a Walrasian economy whose equilibria exist under standard assumption. The
equulibrium price function of the fictitious economy, P(.), induces an information structure. IfP(.), together
with the information structure of the original economy, induces, for all the agents, the arbitrarily given
information structure of the fictitious economy, then the map P(.) is a REE equilibrium of the original
economy.

This argument requires to guess the informational content of a REE and then to assign it
exogenously in the fictitious economy. Walrasian equilibria are the obvious candidate when dealing with
fully revealing REE. However, in the case of “higher dimensional” information and partial revelation, it is
typically impossible to guess what the informational content of the "market signals" will be at a partial
revealing equilibrium. Hence, we are forced to follow a constructive approach.

Consider our original economy. Suppose that agent n exploits the observation of the price and
volume realizations, but not of the price-volume equilibrium function. Inother words, having observed a
realization (p,v), agent n reconstructs the set of states that could have generated v at prices p, i.e., he
considers as possible only the states which, given p and i's utility function, are compatible with {z(.)| = v.
Foreach (p.v), thisis a closed and, therefore, measurable subset of S. This procedure is well-defined even
out of equilibrium. Moreover, the set of states it generates adjusts continuously to changes in prices.

Exploiting this construction, we can compute an equilibrium for each realization of s using a fixed point
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argument. Hence, we can generate, modulo the choice of a selection, a naive equilibrium function
(P,V)(.). We call (P,V)(.) naive, since individuals do not extract information from the equilibrium map, but
only fromits realizations. Is(P,V)(.)aREE? Unfortunately, the answer is, in general, negative: (P,V)(.)
1s, by construction, typically, a function but there are (open sets of) distinct realizations (p,v) and (p’,v")
such that (P,V)'(p,v)n(P,V)'(p’,v’) # o. Equivalently, there are (open sets of) states sand s’ such that
(P,V)(s) # (P,V)(s"),buts € (P,V)'(p’,v"). Obviously, when the uninformed agent observes (P,V)(s),
he should rule out the possibility that state s realized (since (P.V)(s) # (P,V)(s’)) and, hence, should not
condition his expectations on the set (P,V)'(p,v), but on a proper subset.

Suppose now that the naive equilibrium function (P,V)(.) enjoys the additional property that,
typically in S, (P,V)(s) = (p,v) = (p,v") = (P,V)(s") implies (P,V)(p,v) n (P,V)'(p’,v’) = @. Then,
(P,V)(.)isaREE: Hence, our problem is to construct a naive equilibrium map whose inverse images do
not intersect (or they intersect on a negligible subset of S). The original economy can not be used for such
a task. To solve.the problem, we introduce a fictitious economy which we call auxiliary.

In the auxiliary economy, uninformed individuals observe, together with the price, the informed
trader’s excess demand realization and some additional information. We will show that, typically, ata
naive equilibrium, excess demand and volume functions induce the same sigma algebraona full Lebesgue
measure subset of S or that, equivalently, volume and excess demand are, typically, informationally
equivalent. Still, we have to explain why we switch from volume to excess demand. As already argued,
the main obstacle in constructing a REE from a naive equilibrium function (P,V)(.) is that the naive
equilibrium function may self-intersect. In general, also the naive equilibrium function, (P.ZX.), constructed

by letting the uninformed individual observe the i's excess demand realization, self-intersects. However,



11

the Z-REE (REE of the economies where individuals observe excess demand realizations in addition to
prices) enjoy the following property: Let (P,Z,L)(.) be the L-REE function of an economy where
individuals in addition to the realization (p,z;) observe the realization of some additional variable { and, as
inany REE, exploit the knowledge of the function (P,Z,,L)(.) to refine their private information. Then, the
same equilibrium function (P,Z;)(.) defines (as shown in Lemma 1) a Z-REE of an economy where only
(p,z;) is observed. Evidently, this implies the well known result of existence of fully revealing Z-REE,
(P.Z))(.). However, for an appropriate choice of the map L(.), it allows us to construct naive equilibria
which do not self-intersect and that do not convey full information, i.e., partially revealing L-REE.
To summarize, the essence of our argument is to exploit three key facts:
1. naive equilibrium functions which do not self-intersect are L-REE functions;
il. any L-REE function (P,Z,L)(.) induces a Z-REE function (P,Z,)(.);
1. volume and excess demand are, typically, informationally equivalent. Hence, a Z-REE
is a REE of the actual economy.
Before, defining in details the auxiliary economy, we prove formally fact i1.
Let(P.Z,L)(.)beanL-REE function, where P(.) and Z,(.) associate with each realization of s a
price and an informed trader's excess demand vector, while L(.) is any additional variable dependent on
the realizations of s (for instance, some coordinates of the state realization). Given s"e S and(P,Z,L)(s")

® & %

=(p .z,.0), let

nl]  z((P,Z,L)s") = argmax E(U,(e,+z;3)| s € (P.Z,L)'(p"Z L)) subject to p'z,=0.



Also, fors’e S and (P,Z)(s") = (p".2), let

[n2]  z((P.Z))s") = argmax E(U,(e,+2zy;s)| s € (P.Z)'(p".Z)) subjectto p'z, =0.

Observe that the set (P,Z,L)"(p",2},t") will, in general, be smaller than the set (P,Z,)"'(p",2).

Lemma 1: Let (P,Z,L)(.) be an L-REE. Foreach (p",z})) € (P,Z)(S), let

F(pz) = ui{seS|se (PZL)y'(p"Z.0) }.

Then, z,((P,Z,,L),s") = z,((P,Z),s") foreach s" € S and ((P,Z),F(.)) is a Z-REE.
Proof of Lemma 1: If for each (p’,z)) € (P,Z)(S) and (p".Z.¢") € (P.Z,.LX(S), (P.Z, L)' (p",z.,0) =
(P,Z)y'(p".z}) there is nothing to prove.

Hence, suppose that, for some (p".z;,0"), (P.Z,.L)'(p".z,0) = (P.Z)'(p",z}). Lets’ ands”
(P.Z)\(p'.z)) be any pair of states satisfying L(s")=¢' = L(s")=¢. Clearly, (P,Z,L)'(p",zi,{) u(P,Z,L)
‘p .zt < (P,Z)'(p",z). Since (P,Z,L)(.)isan L-REE and (P.Z)(s’) =(P.Z)(s")=(p",z{), we have
z,((P,Z,,L.),8’) =z, ((P,Z,,L),s”") = -z,. Therefore, since ageOet n is an expected utility maximizer and
(P.Z,LY'(p",z,0Yn(P,Z, LY (p.z,,0?) = o, the solutions to the programming problems [n1]and [n2]

above coincide. [ ]

Evidently, this step depends heavily on the two types of agents assumption.
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We now establish the existence of L-REE for the auxiliary economy. Our starting point are the
naive equilibria. Asexplained above, in a naive equilibrium of the auxiliary economy, uninformed traders
ignore the equilibrium functions. We specify the map L(.) defining the auxiliary economy as follows:
Uninformed agents update their information after observing the price, p, the excess demand function of the
informed trader, his Lagrange multiplier ; (in fact, which is equivalent, the gradient of his utility function,
D, Ue+z;s)) and his Hessian matrix, D2 U,(e;+z;;s). Hence, with reference to the previous section, the
map L(.) coincides with (D, U,(e+z(p’.s');s ), DI Ui(ei+z;s)).

Consider a fixed signal s” and let z; = z(p",s") be the optimal solution to problem [i] at prices p".

Define

Ai(p',s") = (D, Uetz(p',s')s"), DI Uiei+rzi(p’,s)s"))

and

H(p';s") = { s € S| (D, Ule+z(p".s);s), DI Ule+z(p',s):8)) = Alp's) }-
Given assumption S, H(p',s") is a smooth, connected manifold of dimension (S-(C+1)(C+2)). By

construction, z(p',s) is s-invariant on the set H(p".s"). D,z(.) is also s-invariant because

1 . _
2U p - diag(. )
Dz (): - X T

P(
pT 0 Z

[n the auxiliary economy, the uninformed trader solve
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[0"]  z(p’.s") = argmax E(U,(e,*+2,;s)| s € H(p",s")) subject to p'z, = 0.

Evidently, givens”, z,(p,s"), z(p,s") and A(p.s") are continuous functions of p. Hence, a standard
fixed point argument suffices to establish the existence of a naive equilibrium price vector p(s), for each
s". Forgivens, let{"(p,s,U) =z(p,s,U)+z,(p,A,U,). Also, let{(p,s,U) be the aggregate excess demand
function for all commodities but commodity 0 and let {(p,s) be {(p,s.U) for given U.

To summarize,

Lemma2: Under the maintained assumption, for eachs € S, there is a naive equilibrium, i.e. a p(s)

such that {(p(s),s,U) = 0.

Atanaive equilibrium, D,{(.) is s-invariant on the set H(.). Evidently, equilibria withnon-zero
determinant of D ((.) are locally isolated and continuous. We now show thatequilibria associated with
signal in a connected component of the set of regular economies do not self-intersect.

A preliminary result concerns the differentiability of the excess demand functions in the auxiliary

economy.

Lemma 3:  Under the maintained assumptions, for each s and each p € P,
[ z(p.s,U,) is a smooth function of (p,s) and continuous in U,
i rank Dy [G(p,s,Up). D5 U(ei+z;8)] = (C+1)* + C.

i1, z,(p,A,U,) is a smooth function of (p,A;) and continuous in U,.



Proof of Lemma 3: . Straightforward.

il LetAi(p,s,U;) be the Lagrange multiplier of optimization problem associated with the optimal

solution of problem [i]. Dy,[zi(p.s,Ui).hi(p,s,U;), D3 Ui(ei+z;s)] =

M, 1
2 ! [D U
DxU'(") -p 0 xs(l)
p" 0 30
0 I(C. IXC- 1)J‘Dxxs(1)Ui(')_

where [(c.jyc+y) 1S the (C+1)(C+1)-dimensional identity matrix.

The matrix Dy [§(p,s,Uy), DU (x;;8)] is obtained from Dy, [z(p,s,U),\(p.s,U),DRU (x;;5)] deleting
rows 1 and (C+2), i.e., deleting these columns from the left-hand matrix and these rows form the right-hand
matrix. By assumption S, the right-hand matrix so obtained has full rank (C+1)*+C. Hence, rank
Dy )[Ci(p.s.Uy), DU (x;;5)] = (C+1)(C+1)+rankA, where A is the top left submatrix in the left-hand matrix.
Evidently, rank A = C (A is obtained eliminating two columns from a square matrix of full rank (C+2)).
Hence. rank D, ,[¢i(p,s,U;),D2U(x;;8)] = (C+1)*+C.

11, Consider optimization problem [n']. Without loss of generality, restrict the analysis to some
compact set X c R$Y!'. Hence, the first order conditions of problem [n'] are necessary and sufficient for

an optimal solution. Then, the result follows by a standard argument. |

The next result is that naive equilibria are, geenricallregular equilibria.

Lemma 4: For U € U', an open and dense subset of U, there is an open, dense subset S(U) = S (of
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full Lebesgue measure) such that, for each s € S(U), [D,{(p,s)| # 0 at each equilibrium p of the naive
economy.
ProofofLemmad: Itfollows by astandard transversality argument applied to the auxiliary economy
after setting z.(p,s,U,) = argmax E(U,(e,*tz,;s)| s € H(p,s)).

Consider the map {(p,s,U’). It is straightforward to check that

dech ;(.), 0.

Hence, by the transversality theorem, there is an open dense set U’ such that, foreach U € U",
Cu(p,s)h 0. It follows that there is an set S(U) (with p(S(U)) = 1) such that {; (p,s)h 0. Hence det

D,C(p,s.U) # 0 at-each naive equilibrium of s € S(U). |

Consider U € U’. By Lemma 4 and a standard argument, we can pick a selection of the
equilibrium map which is continuous on each connected component of S(U), S*U). The crucial fact is that
iftwo signals s", s' are in the same connected component of the regular economies (and are associated with

distinct price-excess demand pairs), then H(p',s’) ~ H(p".s") = 0.

Lemma 5: ForeachUe U',ifs, s’ € SY(U), for some k. and (P,(s").A(P(s*),8")) # (P (s),A(P(5).5)),
then H(P,(s),s) n H(P,(s"),s") = 0.
Proofof Lemma5:  Givenaconnected component, say S'(U), of regular economies, pick a continuous

selection P,(s) of the equilibrium map. By definition of function, H(P(s),s) N H(P\(s"),s') =0 onthe set
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SH).
| Assume, by contraddiction, that H(P,(s),s) " H(P,(s"),s") =s" for some s" ¢ S'(U). Consider the
two paths from s and s' to s" defined by H(P,(s),s) and H(P,(s"),s"). Let C(U) be the set of critical
economies. Notice that, by construction, at each point s° € H(P,(s),s) " C(U) (ors* € H(P,(s"),s') N
C(U)) at the equilibrium Py (s), |D, {(P,(s),s°)| # 0. Hence, the map P,(s) can be extended as a function

to all the connected components S¥(U) such that SKU) n H(P,(s),s) #o for some s € S/(UM

The last two Lemmmat immeduiately imply the following.

Proposition 1: Under the maintained assumptions, there is an open and dense set of economies
U such that, for each U € U there is a Z-REE ((P.Z,)(.).E(.)).
Proof of Proposition 1: Foreach regular s and for each equilibrium selection P,(s), define the non-
empty set A (s) = {s" € SKU) | s" € H(P(s),s) or s" € H(P(s).s) and H(P,(s),s) " H(P,(s").,s") = o}.

Let 1 (s)= (A (s)) and u(A(s)) = max, L(A(s)). Forcritical economies, set u(A(s))=0. Finally,
let s € arg sup u(s). Evidently, u(s") > 0.

Finally, fors ¢ A(s"), set (P(s),Z(s)) be the equilibrium realization in the full communication
economy.

ThisisaZ-REE. In fact, if s ¢ A(s"), then necessarily (P(s),Z(s)) # (P(s),Z(s") foreachs' € A(s").

Otherwise. one would have s € H(P(s"),Z(s")) for some s' € A(s"). |

Remark: By repeating the construction (restricting the analysis tos & A(s")), we could enlarge the
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set of signals such that the associated equilibrium is (potentially) partially revealing. However, it does not
seem to be possible to show that (generically) for ameasure | set of signals the equilibrium is partially

revealing.

3.1 Existence of a REE of the Original Economy

We now show that generically, at an equilibrium, the map (P,Z,)(s) is informationally equivalent to
the map (P.IZi[)(s) = (P,V)(s).

We establish the result for all the equilibria. A fortiori, it holds fore signals in the set A(s™). Lets
and s’ be two distinct state whose equilibriasatisfy (P,Z))(s) = (P,Z,)(s") while (P,V)(s)=(P,V)(s’). By
definition of the map V(.), given two arbitrary excess demand vectors z,and z;, z, * z;and V=V’ ifand
only if|zj =|z|. Since we are going to use the transversality theorem, this last expression is not suitable for
differential analysis. Let C be the set of commodity indexes and C(C) the set of nonempty subsets of C
which always contains ¢ = 0. Since C(C) is finite, we denote by C(k), k = 1, ..., #C(C), one of its
elements. Then, z, # z,and V = V’ if and only if the there exists k such that the following system of

equations has a solution

Z =2 force Ck), zi+z;" =0 for c € C\C(k).

Denote this system by Q(z;,z.k), k = 1,....#C(C) and observe that D,Q =I for each K.
Define arealization of the equilibrium map (P,Z,)(s) confounding if there is another s' such that

(P.Z)(s) # (P,Z)(s"), while (P,V)(s) = (P,V)(s').
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Let

B(U) = { (p.€) € R [ (p.L) = (.i(P.5),-.-.Zi(p.s)) for some s € A(U) }.

Under the maintained assumptions, since p is not required to be an equilibrium price, B(U) is an
open set, hence a smooth manifold. Moreover the correspondence F(p,z;) (or, equivalently the
correspondence F(p,(;), is well-defined on this set.

Define now as ((p.;;,U,) the map given By the last C coordinates of z,(p, F(p,(),Z,U,).

Let M =(m,m") be a pair of disjoint and closed (relative to B(U)) balls contained in B(U) with

rational radius and rational center. Let M be the countable collections of pairs (m,m").

Proposition 2: Under the maintained assumptions, there is a residual set of economies, U' = U,
such that. for each U € U', there is an open, dense set of full Lebesgue measure, S'(U), such that, for each
pair s, s' € S'(U) such that (P,Z))(s) # (P,Z)(s"), (P,V)(s) = (P,V)(s").

Proof of Proposition 2: Pick (m.m') =M € M. Fork = 1,....#C(C), define the maps

k{jk(p’p"Ci:CiaU) = (Cn(p9Ci’Un)+Cia Cn(pvs(:i’Un)JrCi* p'p|a Q(Ci’gnk))a

phMxU? > R
Evidently, if (p,5) is a realization of a Z-REE at some s, then (p,G;,U,)+G; = 0. Moreover, if

P(p.p',L,C,U,) = 0, for some k, then (p,) is confounding.
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We are going to show that, given M, for each U ina generic subset of U°, U(M), B(U) contains
atmost a countable number of confounding equilibria (p,(;). This follows by a standard transversality
argument. We will conclude the proof by iterating the argument on the countable collection of pairs M and
taking intersections of U(M).

By definition of the two sets mand m', if ¥(p,p",{,,C,U,) =0, we can independently perturbn's
utility function on two disjoint neighborhoods B(-;+e,) and B(-(i+e,) proceeding as follows.

Consider a vector (p,p',(;,&,U,) such that ¥(p,p'.(,(,U,) =0. Then,

D:() D:y() D) 0

D, %) n
P I 0 0 0
0 I 0 0

where [ is the C-dimensional identity matrix..

Since rank DsCy(.) = C, ateach (p,p'.(,,U,) such that ¥(p,p'.§.6,U,) = 0, rank Dy, 5.5, P*(.)
=4C, forall K. Hence, ¥*n0. Therefore, there are open and dense subset U(M,k) = U® such that P,
7 0. Select U € UM) = n, UM,K), an open and dense subset of U.

Since Y*:M < R*C --> R*C and U € UM), (...P*'(0),...) is (at most) countable, given, say, by
a collection (p;,¢)), j =1, 2, .... Let S(M,U) = u;H(p;,¢). Since u(H(p;,)) = 0 for each j and since the
collection is countable, u(S(M,U)) = 0.

Repeat the procedure foreach M(t) e M, t=1, 2, ... and define the sets U(M(t)) and S(M(1),U)

in the obvious way. Then, let U' = n, U(M(t)) and S'(U) = S\(u,S(M(t),U)). Given that the collection

M is countable, U! is a residual set while, for U € U', S'(U) is open, dense and of full Lebesgue measure.
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Consider an economy U € U! and the associated set S'(U). By construction, for each pair s and s' €
S'(U), if (P,Z)(s) # (P,Z))(s"), then (P,V)(s) # (P,V)(s"), i.e. the set (P.Z)(S'(U)) does not contain any

confounding realization of the equilibrium. A

To complete the construction, we need to show that Z is informationally equivalent to V for the
equilibria of the full communication economy and that, generically, no confusion may arise among equilibria
associated with signals in the set A(s") and in S\A(s") (i.e., to signals with associated partially revealing
equilibrium price versus signals with associated fully revealing equilibrium).

Moreover, we need to show that the equilibria associated with s in A(U) are not (tipically) fully
revealing.

First, we establish the well-known fact that this class of economies always has a FRE.

Theorem 1:  Under the maintained assumptions. there is a residual set of economies U* = U such that,
foreach U € U?, there isa FRE. Moreover, the FRE map (IT1.V)(.), F(.)) is continuous at each s € S(U),
an open and dense subset of S of full Lebesgue measure.
Proof of Theorem 1: Consider an economy U and the associated FCE. Under the maintained
assumptions, the FCE has an equilibrium correspondence. say w(.), defined onthe setS. Inthe FCE, all
the excess demand functions depend just on (p,s). Hence. we will use the natural notation.

First, observe that, by a standard argument, there is an open, dense set of economies, U< U,such
that, foreach U € U”, there is an open, dense subset of S, of full Lebesgue measure S*(U) such that the

equilibrium price correspondence of the FCE, y(.), is continuous and has a finite number of elements for
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each s€ S'(U), i.e., locally,y(.) = IT,(.) u ... u [I().

The issue is: Can we support a continuous selection of y(.), that we denote with I[1(.), asa REE
of the actual economy?

Let n be a value taken on by I1(.) for some s.

GivenTI(.), define the correspondence F(n,v) = { s € S'(U)|s € (IT, V) (,|z(I1(s),s)|) }, defined
on the set (I1(.),z(I1(.), )XS"). Let V(.) =|z(I1(s),s).

We need to show that ((IT,V)(.), F(.)) is a FRE.

‘The argument is essentially analogous to the one we exploited in the proof of Proposition 2. Hence,
we just outline how to modify that proof.

Givens®, define the correspondences Hy(m,() = { s € S'(U) | {(n,s) ={(n,s") } and H,(m,(,) =
{5€ S8 (U)] Ly(ms) = Go(ms) }.

Let H(n.G) = Hi(n,{)nH(n,C,), so that both {i(n,s) and {.(n,s) are s-invariant on H(n,(;).

As in Proposition 2, define the open set

BU) = { (n.{) € R¥* | (n,8) = (m,2\(n,8),....25(n,5)) for some s € S°(U) }.

Evidently, H(p,;,) is well-defined on B(U). As above, let M = (m.m') be a pair of disjoint and closed
(relative to B(U)) balls contained in B(U) with rational radius and rational center. Let M be the countable

collections of pairs (m,m’).

As in Proposition 2, pick (m, m') =M € M and, for k = 1,...,#C(C), define the maps
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\Pk(p’p"Ci’Ci’U) = (Cn(ﬂ’Ci’Un)+Ci’ Cn(n'SCiaUn)'Fc.b T[-TI.", Q(Ciacli9k))a

where ¥*:MxU" --> R*C,
Evidently, if (n,(;) is a realization of a FRE at some s, then {,(%,{,,U, )+, = 0. Moreover, if
Y, .G, U,) = 0, for some k, then (p,(,) is confounding.

The remaining of the proof is identical to the one of Proposition 2. |

Remark: Given the relationship between FRE and equilibria of the FCE, self-intersections are not
an issue here, because the starting point is the function I1(.), an arbitrary (but - generically - continuous)

selection out of the equilibrium price correspondence in the FCE.

We can now show that the Z-equilibria of Proposition 1 are actually REE.

Theorem 2: Under the maintained assumptions, there is a residual set of economies U' c U such that,
foreach U € U', the Z-equilibrium of Proposition | isa REE. Moreover, the REE map ((P,V)(.), F(.))
is continuous at each s € S(U), an open and dense subset of S of full Lebesgue measure.

Proof of Theorem 2: It follows from the same argument of Proposition | and Theorem 1 after one
defines the map W*(p.p'.§;.&U) = (Ga(P-GoUn)*Cis Ca(m, G, Un)+G;, pm's Q(G,.Gik)) where the first map
Co(p.C U+, refers to the equilibria considered in Proposition 1 while ¢ (G, U )+C refers to the equilibria

of the full comunication economy. |
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To conclude, we need to establish that the equilibria of Theorem 2 are (generically) PRE. The
crucial difference between these equilibria and the ones of Theorem 1 is that in Theorem 1 the starting point
is the set of states of information where the equilibrium of the FCE is s-invariant. In Theorem 2, instead,
the set H(p.(;) (hence, the set F(p,v)) is (a subset of) the set of states of private information such that, given
p, the informed agent's excess demand is s-invariant. Except for economies in a null set, the two
constructions lead to distinct equilibria (Theorem 3): Hence, generically, the equilibrium of Theorem 2 is
aPRE, i.e., atleast on some subset of S of positive measure, its equilibrium allocation does not coincide

with any equilibrium allocation of the FCE.

Theorem3: Underthe maintained assumptions, there is a residual set of economies U* = U' n U? such

that, foreach U € U?, there is a PRE. Moreover, for each U < U?, the PRE map is continuous on an open,

dense subset S*(U) of full Lebesgue measure.

Proof of Theorem 3: Let U' = U! n U2 Remember that A(U) is the set of signals such that the

equilibrium constructed in Proposition 1 and Theorem 2 is (potentially) non fully revealing.
Given U e U", pick an open ball B(U). Consider the FCE. Pick s € A(U) foreach U € B(U) (this

can be done for B(U) small enough) and consider (IT1,V)(s). Define the open balls B'(s), B¥(s), B"(s),

B®"(s), B(x,) and B%(x,) with the following properties:

a. x,(I1(s).s,U,) € B(x,) for each U € B(U) and s € S"(U). Moreover, cIB*(x,) = R

b. Foreach U € B(U), B'(s) " F(I1(s),V(S)) #  and B"(s) N F(IL(s),V(8)) # o, cIB¥(s) N cIB*"(s)
= 0.

Let ©(s,B'(s)), ©'(s,B"(s)) and ©*(x,,B(x,)) be smooth bump functions taking the value 1 if s s
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€ B(s), the value 0 if s ¢ B%(s). Bear in mind that one can take ®%(s,B%(s))tobe a non-negative function
(e.g., Hirsch [1976, p.17)).

Replace the utility function U, with the function

Un(entzeis) = Up(entzy;s) + 80" (XpB(x))[O°(8,B'(8)) Lesrac X + O (5,B"(5") Le12eX;]-

Clearly, given strictly positive (C+1)-dimensional vectors a' and a" (and the "bump" functions),

(Up,U) € U' n U? for each & small enough.

Define the map ¥:PxPxclB®(s)x cIB®'(s)xB(U) --> R*“, defined by

\{j(n’p’&U) = (Cn(nsstn) + &;KTC,S,U,), Cn(p’H(S)>SsUn) + Ci(p’Sle)’ - p)

Suppose that, at a zero of ¥(n,p,s,U), for some s € cIB®(s), {,(m,s,U,) = L (p.H(s),s,U,).

The Jacobian of W(n.p,s,U) contains the submatrix

D,;(" J’u) Da;(" sS’U) 0
D, ay Gosl)| 0 Dipsl) D, :(psl)
I 0 0

It is straightforward to check that the matrices D,{(n,5,U) and D,.{(,s,U) have full rank C.
Therefore, the submatrix above has full rank and ¥ 0. Hence, for some open and dense subset of B(U,
B'(U)), Wy, h 0. This in turn implies that, for U € B'(U) there is an open, dense set of full Lebesgue

measure S*(U) such that Wy, 1 0. This implies ¥(',(0) = o. B
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4. On the "number' of FRE and PRE
The set of FRE exhibits indeterminacy of the set of equilibrium allocations whenever, at some s €
S'(U), the FCE has multiple equilibria. To compare the "number" of PRE and FRE abstracting from this

trivial indeterminacy, in this last section we assume:

Assumption U: For each economy U € U and each s € S, there is a unique equilibrium

of the FCE economy.

For this class of economies, typically, there is still a continuum of PRE, parameterized by a variable
A € (0,n) for some > O (it will be evident that richer parameterizations would be possible). To be precise,
we now show that, for each pair of equilibria (P,,V;)(.) and (P;..V,)(.) with A = A', L and A" small enough,
the two PRE allocations are different on some non-zero measure subset S' ¢ S. Hence, that there is a

nonzero dimensional family of distinct PRE which are continuous a.s..

Theorem4: Assume that C > 2. Then, under the maintained assumptions, there is a residual subset of
U.U' = U, such that, foreach U € U', and foreach A € (0.1] there isa PRE, (P,,V,)(.). Moreover, there
is an open and dense subset of (0,n] = O, such that. for each pairAand X' € O, with L = 1, (P,,V,)(\) #
(P,,V.)(.) on some open, dense subset S'(U) < S(U) of full Lebesgue measure.

Proof of Theorem 4: In this proof (in repeating the construction of Theorem 2), we replace, for each
(p,s). the set H(p.s) with the set H(p,s) N B,(s), where B;(s) is the open ball of radius X centered ons.

Evidently. for A small enough, H(p.s) # H(p,s) " By(s). Evidently, for each A there is a PRE, say
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(P Vi(s).

Bear in mind that we have established that for all the economies in an open, dense set U there is
aZ-REE defined on an open, dense set of full Lebesgue measure S°(U). For each economy in U°, the set
SYU) can be expressed as the union of a countable collection of disjoint, connected components. In the
sequel we will outline the proof for a particular connected component of the set S°(U). Notice that, by
construction, each component S°(U) is obtained as the union of a disjoint collection of manifolds of
dimension [S-(C+1)(C+2)] and it can be easily parameterized by a (C+1)(C+2)-dimensional (connected)
~surface in S(U), say the surface K.

Foreacheconomy U, let L(p,s) be the Least Upper Bound of the radius of the sets B,(s) such that
H(p,s) < B.(s). Evidently, foreach (p,s), L(p,s)> 0. Setn=min, L(p,s)/2. Then, for each (p,s), H(p,s)
= B,(s) N H(p.s) = H,(s) foreach A € [0,n]. Also, the equilibrium associated withA =0 isclearly aFRE.

Consider the countable collection & of pairs of compact balls (A,A") of rational radius contained

in [0,n]. Let X be a typical element of A and A a typical element of A'. Define the map

Z(p,p' k. 1\8,U) = (Co(p Hi(p.8)) + §i(p.s). Cu(p' Hilp',s) + C(p's). p - P)-

Evidently, if Z(p,p',\,A,s,U) = 0, then the equilibria associated with A and A' entail the same
equilibrium allocation at state s. We now show that, typically in economy space, for a generic set of states
S(ALAY, Z0) = 2.

Without loss of generality, assume that . <'so that, ateach p, Hy(p.s) < H,(p,s)and H;(p.s) #

H;\‘(p,S).
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Pick any pair of open sets with the following properties: B is the union of the collection of open balls
ofradius A centered on each s € K. Withou loss of generality, assume that, for some £ >0, cIBt< S. Let
B'be any open ball such that, foreachs € K, Hy(P(s),s) " B' # 0, cIB* = Sand cIB: N cIBf = 0. Clearly,
such a pair of sets exists. Hence, we can perturb U, on the set B' without affecting z,(p,H,(p,s)).

Therefore, at each (p,p',A,A',s,U) such that Z(p,p'.A,\,s,U) =0,

D(p‘p Sl (pp E 1,5 2)’ 0 Dp () D, w () D‘ 2 ()

1 4 0 0

Hence, Z(p,p',A.A',s,U) rh 0. Therefore, there is an open, dense set U(A,A") such that, for each
Ue U(AA"),Zy 0. This means that, for each U € U(A,A"), there is an open, dense set of full Lebesgue
measure S(A,A") such that, for each s € S(A,A"), Zy, h 0. Given that Z,;:R**? --> R and that C >
2, Z20(0) = o.

By iterating the procedure for each (A,A') € & and taking the intersection of the corresponding
U(A,A") sets of economies, we establish the claim for the Z-REE. Then, the argument of Theorem 2

applies here. "

S. An Example
Consider an economy with two agents, three commodities and three signals, s;, s, and s;, with s;
€(0,1),j=1, ..., 3. To simplify as much as possible the computations, assume that both agents have

quasi-linear preferences: U(.) = (s,+s,)Inx’ + (s,%s5)Inx! + x3 and U,(.) = s,Inx] + slnx} + X, Also assume
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thate,=(1,1,1). While, of course, quasi-linear utility functions have very peculiar properties, we can not

see any reason why they should have an essential effect on the results discussed here.

a. FRE

A straightforward computations shows that, in the FCE, the unique equilibrium is P(s) = ((2s,+s,)/2,
(s5+2s5)/2,1). Agenti's equilibrium allocationis z(s) = (5,/(2s,+s,), S2/(s,+2s3), -s,). The FRE is given
by the map (P.|z|)(.). Indeed, given that V*(s) =s,, knowledge of the map (P,V)(.) and observation of the

~ realization (p,v) always allow agent n to infer the true realization s.

b. PRE

Forexpositional easiness, we will proceed by "conjecturing” an information structure (for agent n)
which exhibits partial information and we will show that it is consistent with the information revealed by
equilibrium prices and volume. We now exhibit a one-dimensional family of FRE (whose allocations differ
on a generic set of states) obtained, essentially, using the trick exploited in Theorem 3.

Pick A such that 0 <A < 1. We first construct REE restricting the analysis to the following two
possible cases:
a. S| > S35
b. s, <85

Evidently, the set S' of s satistying one of the previous conditions is a generic subset of S.

Casea: Set E(s,) =s,-A(s,-s,). The restrictions described above then imply that E(s,) = s+ A(s,-s,)
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and E(s;) = s;-A(s,-s,). Notice that 0 < E(s)) <1 for each j. Given the map E*(.), the "candidate"

equilibrium price-allocation functions are given by

P2() = ((s1+(s1+52)-M(81-52))/2, ((S3+53)+55-A(5,-5,)/2, 1)

Zi() = (((s27Ms1-82))/(517H(517+52)-M(81-57)), ((2A(31-57))/((52+33) 53 +A(s)-5,)),
(51+53-2A(s,-5,)).

[tis easy to check that (P?,|23])(.) would be a REE if we would restrict s to the manifold S;>s85. It

is also easy to check that different values of A induce different allocations.

Caseb: Set E(s;) = s3-A(S5-5;). Then, E(s;)=s,+A(s3-s,) and E(s,) = 5,-A(53-5,). Given the map
E(.), the "candidate" equilibrium price-allocation functions are given by
PP() = (((3,+(5,+52)-M(55-55))/2, ((SyF+s53)+53-A(53-5,)/2, 1)
Z1(.) = ((S2FMs3-8))/(517+(51+52)-M53-52)), ((57M(33-52))/((5+83)+85+A(53-5,)),
(s,+53-2A(53-55)).

Itis easy to check that (P°,|Z%)(.) would be a REE if we would restrict s to the manifold s, < Ss.
[t is also easy to check that different values of A induce different allocations.

Consider now the entire space of states of private information. We first show that the map (P,Z))(.)
obtained "gluing" (P?,Z2)(.) and (P®,Z%)(.)isa Z-REE. Denote by s a typical element of the subset of S
considered in case aand by s' a typical element of the subset of S considered in case b. Wejust need to
show that there are no s, s' such that (P?,Z3)(s) = (P°,Z%)(s"). Bear in mind that observation of a realization

(p.z)) is equivalent to the observation of (s,+s,) and (s,+s;). Hence, if (P%,Z%)(s) = (P®,Z%)(s"), (s,+s,) =
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(5/'+s,) and (sy+s;) = (s,'+s;'). Moreover, inspection (P%,Z%)(.) and (P®Z%)(.) and an obvious
simplification implies that (P?,7Z3)(s) = (P°,Z%)(s") if and only if
1. $1-A(81-55) = s,'-A(83'~s,")
1. $3-A(S1-55) = 85'-A(S3"-,)
However, i and ii can never be simultaneously satisfied because subtracting ii from i, we obtain (s,-s;) =
(s,'-s3), while, by construction, (s,-s3) > 0 and (s,'-s;') <0. Hence, the map constructed above isa Z-
REE. The same observation also establishes that the given mapisa REE: If (s,+s;) =(s,'+s,') and (s,+s3)

- =(sy"*sy) and p“(s) = p°(s"), then p'(s') > p'(s).
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