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l. Introduction 

The purpose ofthis paper is to study the existence ofpartially revealing rational expectation 

equilibria (REE) in a generai equilibritun economy with ex-ante asymmetric informati o n and a continutun 

of states of private information. The dimension of the set of states of private informati o n (a t least 

(C+ l )(C+2), where (C+ l) is the number ofcommodities) is larger than the dimension ofthe "market 

information" (equal to (2C+ l)). 

Our purpose is to give a relatively simple setting to study some properties of partially revealing 

REE. T o this aim, we drastically simplify the mode! by assuming the existence oftwo types ofidentical 

agents, perfectly informed and completely uninformed. 

W e depart from the classical framework ( see, in particular, Allen ( 1981, 1982) and Jordan ( 1982)) 

with respect to an essential feature: Agents observe both market prices and the volume oftrade (i.e., the 

sum over the agents ofthe positive excess demand ofthe individuai commodities). 

The inclusi o n ofthe volume oftrade among the market signals has a crucial role. Information o n 

the volume oftrade is readily available on many markets (in particular, on financial markets). Casual 

empiricism suggests that i t is exploited by the agents t o formulate expectations ( again, this phenomenon 

seems t o be very common in frnancial markets ). Hence, we be lieve that i t is important to analyze the 

consequences of this kind of informati o n o n the se t of equilibria. 

Ifthe volume oftrade is one ofthe market signals, the two-types of agents framework is very 

restrictive. In this setting, to observe the volume oftrade at the equilibrium is equivalent to observe the 

absolute value ofeach (type of) agent's excess demand. The analysis ofmore generai models with 

heterogeneous agents (in terms of endowments, preferences an d, more relevant, in terms of structures of 
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private information) is stili an open issue. 

The basic idea ofthe paper is to exploit the particularnature ofthe informational structure to obtain, 

for each observed price-volume pair, the set of states ofprivate informati o n which are compatible with the 

behavior ofthe informed agents. Then, the excess demand fi.mction ofthe uninformed agents is well-defined 

even out of equilibrium. Equilibria of the full communication economy (FCE, i.e., the economy where each 

agent is fully informed) can be supported as REE (Theorem l). Generically, there are also REE (in fact, 

a continuum o fREE) which are no t equilibria ofthe FCE and which are partially revealing (Theorem 2 

and 3). 

Our restrictions o n agents' preferences and on the informational structures are strong. The first kind 

of restrictions could probably be relaxed at the cost of some technical complications. Instead, for the 

argurnent of our proofs to work, i t is essential that o ne subset of agents is fully informed and that all the non

fully informed agents have the same private informati o n. T o simplify, we assume that they are completely 

uninformed. 

In the generai equilibrium literature, there are only a few results on the existence ofpartially 

revealing REE. Jordan ( 1982) shows that, generically, there are partially revealing equilibria arbitrarily 

cio se to the fully revealing ones. The equilibrium map is discontinuous o n a dense set of states of private 

information. Allen ( 1983) studi es a class of economi es w h ere REE prices partially reveal information. 

However, each agent, observing the equilibrium price and his own private signal, has full information at the 

equilibriurn. Ausubel ( 1990) is closer to our result. However, we considera more generai state space, 

without the specific structure which plays an important role in his construction (in Ausubel, the state space 

is {H,L}x(O,l]). 
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More recently, severa! paper ha ve studi ed the existence of partially revealing (or nonrevealing) 

equilibria in sequential econornies where assets are nomina! (Polemarchak.is and Siconolfi ( 1993) and Rohi 

( 1995)) or where sunspots matter (Duttaand Morris ( 1997) and Pietra and Siconolfi (1997)). In ali these 

papers, the set of states of private information has finite ca{dinality. The existence of nonrevealing REE 

rests crucially o n the indeterrninacy of equilibria induced by the existence of an incomplete set of nomina! 

assets or by the endogeneity ofthe probability la w on the extrinsic events. Strictly related is also the 

literature o n noisy REE: See, for instance, Grossman ( 1977), Grossman an d Stiglitz ( 1980) an d, more 

recently, DeMarzo and Skiadas (1996). 

2. The Model 

W e consider an economy with two types of agents: informed and uninformed. There is a 

continuum ( say, the interval [0, l]) ofidentical agents of each type. A generi c informed agent is denoted 

by a subscript i, a generi c uninformed agent by a subscript n. The behavior of agents oftype h, h= i, n, 

is identica! a. e. o n the set [0, l]. Hence, to simplify notati o n, w e will use the subscript h to denote both the 

behavior of a single agent oftype h and the average behavior of agents oftype h and we will omit the 

integrati o n over the agents oftype h. Clearly, all the statements concerning agents' behavior should be 

interpreted as true a.e. on the set [0, l], even if not explicitly stated. 

Let (S,Y,!-1) be the probability space, where S is a compact manifold without boundary, without 

loss of generality, the sphere of dimension J. 7 is the Borel cr-field of subsets ofS, Il the Lebesgue 

measure on the space (S,9). A particular element ofS is s = (s0, ... ,s1). For eachj, (Sj,9j) is a Borel 

space, where ,_7j is the Borel set and Ili the Lebesgue measure on (Sj,9j). Given the collection.ui, JA.. is 
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the product measure o n CIT]=OSj,J" 0 ® .. . ®Y 1) = (S,J). W e will al so use the notation s = (s( I ),s(2 )) = 

((so, ... ,sK), (sK+f,····S;)) E S(l)xS(2) = IT~=O sj x ITJ=K+lsi where both (S(l),..T(l),j..t(l)) and 

(S(2),Y (2),j..t(2)) are Bore! spaces while !l( l) and !l(2) are the product measures on (S(l ),7(1 ),j..t(l )) and 

(S(2),7(2),j..t(2)) induced by the collection llj· 

Foreach s, there are (C+ l) comrnodities, indexed by c =0, ... ,C. Agenth's consumption vector 

is xh(s) = (x~(s), ... ,x~(s)). Excess demand is 21J(s). Throughoutthe analysis, endowments (ei,eu) are fixed 

and known with certainty by ali the agents. 

For each s, prices are denoted by p(s) = (p0
, ••• ,pc) E R~: 1 • The set ofprices is P= {p E JR~: 1 

l p o= l } . 

For each h, preferences are described by a.utility function Uh(xh;s), Uh: JR~: 1 x S--> JR. W e 

assume that Uh E C3 on JR~:t x S (i.e., Uh is thrice continuously differentiable in both the consumption 

vector and the realization s). Moreover, for each sE S, Uh is strictly monotone and differentiably strictly 

concave in xh and satisfies the usual boundary conditions: the set { xh E JR~: 1 l Uh(xh;s):::: Uh(x~;s)} is 

closed in JR~: 1 for each x~>> O. 

Le tU be the space ofthe economies given by a utility pro file for each type of agent, and endo w 

U with the C3 compact-open topology, turning it into a metric space. 

Before trade ta.kes piace, informed agents receive aprivate signa! sE S, i.e., they knowthe actual 

realization ofthe economy. Uninformed agents do n't receive any private signa!, but they observe market 

prices and the volume oftrade and they can use these market signals to update their ex-ante probability 

measure on the set S. 

Defìne V(p,s) = Lh max {zh(p,s),O} the volume oftrade, a vector in JR~+ 1 • 
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A REE is a measurable function (P,V):(S,J) --> ((PxiR~+ 1 ), (~(P)0~(iR~+ 1 )) where R§(P) and 

~(JR~+I) are the Bore! cr-field on P and JR~+I, respectively. The function (P,V)(.) induces a sub-cr-field 

J p, v of 7: Hence, for agent n, to observe a particular ralization ofthe map (P, V)(.) is equivalent to know 

that the true state of the world li es in a particular element of :T. 

W e use a further (strong) assumption: 

Assumption S: There is a subcollection s(l) of(C+l)(C+2) = K signals (without loss 

ofgenerality the first ones) such that, foreach h andeach (xh,s) E OxS, withD = 

{ xh E JR~:' l xi s 2(ei+eu) }, the (KxK)-dimensional matrix [D;,s(ll Uh(xh,s)r, 

D~xs(l) Uh(xh;s)] has full rank K. 

Assumption S is clearly satisfied by an open set of economies. 

[n the proofs ofseveral results, we exploit locally linear perturbations ofthe utility function, 

constructed as follows: For each h, l et B~ and B~ be open (possibly empty) sets such that clB~ c~:', for 

k = l, 2. Also, assume that, given B~, for k = l, 2, there is an open set Bhk which satisfies clB~ c Bhk c 

clBhk c R.i.,_ and clBt; 1 n clB~2 =o. Given U EU, sets B~ and Bhk• for k =l, 2, and vectors ò~ E lRC+I and 

ò~ E R.c"' 1
, define U8 the economy where. for each h, U~ is obtained by replacing Uh with the function 

where, for each k, 8k(xh,B~k) is a smooth "bump" functions, 8k: ~:' - [0, l], which takes the value l if 
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xh E B~ and the value o ifxh IÉ clBhk· Evidently, ifUh Eu·' u~ Eu· for 8~ and 8~ small enough. This 

parameterization allows us to use independent perturbations ofthe utility fune ti o n o n the disjoint sets B~, 

for k = l, 2. The precise nature ofthe set B~ considered would depend upon the issue considered. In 

some istances, B~ c ~: 1 (i.e., we perturb in the consumption space), in others B~ c S. 

2.1 Individuai behavior and equilibrium 

If(P,V):(S,.7) --> PxJR~+t is the price-volume map, let (p, v) todenote a particularrealizationof 

the map. Also, let F:E c Px~+t --> (S,.7) be the measurable map which associates with each realization 

(p,v) a measurable subset ofS. 

Gìven sand (p, v), agenti chooses a vector z;(p,s) solving the optimization problem 

[i] 

Gìven the map F(.) and the observable vector (p,v) E PxJR~+t, agent n chooses a vector ZrJ(p,v) 

solving the optimization problem 

[n} subject to PZn = O. 

Definition l: A rational expectationsequilibrium (REE) is a function (P,V):(S,.7) --> Px~+t 

and a correspondence F: (P,V)(S) --> (S, .7), F(p,v) =(P, VY 1(p,v), such that: 

t. a.e., Z
1
(p,s) is the optimal solution to [i], given (p,v); 
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11. a.e., Zn(p,v) is the optimal solution to [u] given (p, v) and F(.); 

Hl. a.e., V(p,s) = max {O,zi(p,v,s)}+ max {O,zn(p,v )}; 

IV. a.e., z/p,s) + Zn(p,v) =O, 

Bear in mind that ali the conditions above must hold a. e. on the set S ( of course, i and ii also hold 

a. e. o n the set [0, l] of agents of each type ). Also, noti ce that, generically, each state of private informati o n 

is associated with a unique (p, v), so that each realization (p, v) unambiguously identifies the set of possible 

states of private information. 

W e associate with each economy U with asymmetric informati o n ajùll communication economy 

(FCE) U, the economy with the same fundamentals and where both types of agents know the actual value 

of the realization s (as in Radner (1979)). 

Definition 2: A REE isfully revealing (for short, is aFRE) if, a. e. P(s) = TI(s), where TI(s) is 

an equilibrium ofthe associated FCE at state s. A REE is partially revealing (for short, is aPRE) 

otherwise. 

In Definition 2 an equilibrium is aFRE ifits allocati o n is an equilibrium allocati o n ofthe associated 

FCE. Evidently, at aFRE, agiven realization(p,v) can be associated with more thanasinglerealization 

s. However, given (p, v), the optimal behavior of each agent is identica! at s and s'. 
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3. The auxiliary economy 

The canonica! argument for the existence o fREE is not constructive. I t considers a fictitious 

economy where agents are endowed with an arbitrarily given informati o n structure and behave "naively", 

i.e., they do not extract information from the knowledge ofthe equilibrium price function. Usually, this 

fictitious economy is a Walrasian economy whose equilibria exist under standard assumption. The 

equilibrium price function ofthe fictitious economy, P(.), induces an informati o n structure. IfP(. ), together 

with the information structure ofthe originai economy, induces, forali the agents, the arbitrarily given 

information structure ofthe fictitious economy, then the map P(.) is a REE equilibrium ofthe originai 

economy. 

This argument requires to guess the informational content of a REE and then to assign i t 

exogenously in the fictitious economy. Walrasian equilibria are the obvious candidate when dealing with 

fully revealing REE. However, in the case of"higher dimensionai" information and partial revelation, it is 

typically impossible to guess what the informational content ofthe "market signals" will beat a partial 

revealing equilibrium. Hence, we are forced to follow a constructive approach. 

Consider our originai economy. Suppose that agentnexploits the observationofthe price and 

volume realizations, but no t ofthe price-volume equilibrium function. In other words, having observed a 

realization (p, v), agent n reconstructs the set of states that could have generated v at prices p, i.e., he 

considers as possible only the states which, given p an d i's utility function, are compatible with iz{ )l= v. 

F or each (p, v), this is a closed and, therefore, measurable subset o fS. This procedure is well-defined even 

out of equilibrium. Moreover, the set of states i t generates adjusts continuously to changes in prices. 

Exploiting this construction, we can compute an equilibrium for each realization of s using a fixed point 
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argument. Hence, we can generate, modulo the choice of a selection, a naive equilibriumfunction 

(P, V)(.). W e cali (P, V)(.) naive, sin ce indi viduals do no t extract informati o n from the equilibriurn ma p, but 

only from its realizations. Is (P, V)(.) a REE? U nfortunately, the answer is, in generai, negative: (P, V)(.) 

is, by construction, typically, a function but there are ( open sets o f) distinct realizations (p, v) and (p' ,v') 

such that (P,V)-'(p,v) n (P,V)"1(p' ,v')* 0. Equivalently, there are (opensets of) states sand s' such that 

(P,V)(s) * (P,V)(s'), but sE (P,V)-1(p' ,v'). Obviously, when the uninformedagent observes (P,V)(s'), 

h e should rule out the possibility that state s realized ( since (P. V)( s) * (P, V)( s')) and, hence, should no t 

condition his expectations on the set (P,V)" 1(p,v), but on a proper subset. 

Suppose no w that the naive equilibrium function (P, V)(.) enjoys the additional property that, 

typically in S, (P,V)(s) =(p, v)* (p', v')= (P,V)(s'·) implies (P,V)"1(p,v) n (P,V)" 1(p',v') = 0. Then, 

(P, V)(.) is a REE. Hence, our problem is to construct a naive equilibrium map whose inverse images do 

no t intersect (or they intersect o n a negligible subset o fS). The originai economy can no t be used for such 

a task. To solvethe problem, we introduce a fictitious economy which we call auxiliary. 

In the auxiliary economy, uninformed individuals observe, together with the price, the informed 

trader' s excess demand realization an d some additional information. W e will show that, typically, at a 

naive equilibrium, excess demand and volume functions induce the same sigma algebra on a full Lebesgue 

measure subset ofS or that, equivalently, volume and excess demandare, typically, informationally 

equivalent. Stili, we ha veto explain why we switch from volume to excess demand. As already argued, 

the main obstacle in constructing a REE from a naive equilibrium function (P ,V)(.) is that the naive 

equilibrium function may self-intersect. In generai, also the naive equilibrium function., (P ,ZJ(. ), constructed 

by letting the uninformed individuai observe the i' s excess demand realization, self-intersects. However, 
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the Z-REE (REE ofthe economies where individuals observe excess demand realizations in additi o n to 

prices) enjoy the following property: Let (P,Z1,L)(.) be the L-REE function of an economy where 

individuals in additi o n to the realization (p,zJ observe the realization of some additional variable Q and, as 

in any REE, exploit the knowledge ofthe function (P ,Z1,L )(.) to refme their private inforrnation. Then, the 

same equilibrium function (P ,Z1)(.) defines ( as shown in Lemma l) aZ-REE of an economy where only 

(p,zJ is observed. Evidently, this implies the well known result of existence offully revealing Z-REE, 

(P,Z1)(.). However, for an appropriate choice ofthe map L(.), it allows us to construct naive equilibria 

which do not self-intersect and that do not convey full information, i.e., partially revealing L-REE. 

T o summarize, the essence of our argument is to exploit three key facts: 

1. naive equilibrium functions which do not self-intersect are L-REE functions; 

11. any L-REE function (P,Z1,L)(.) induces aZ-REE function (P,Z1)(.); 

m. volume and excess demandare, typically, informationally equivalent. Hence, aZ-REE 

is a REE of the actual economy. 

Before, defining in details the auxiliary economy, we prove formally fact ii. 

L et (P Z,,L )(.)be an L-REE function, where P(.) an d Z,(.) associate with each realization of s a 

price an d an informed trader's excess demand vector, while L(.) is any additional variable dependent o n 

the realizations o fs (for instance, some coordinates ofthe state realization). Given s· ES and (P,Zi,L )(s') 

. . . ) l =(p .z,,Q , et 
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Also, for s·E Sand (P,ZJ(s*) = (p*,z:), let 

Observe that the set (P,Z;,Lt1(p*,z:,n will, in generai, be smaller than the set (P,ZJ 1(p*,z:). 

Lemma 1: Let (P,Z;,L)(.) be an L-REE. For each (p* ,z:) E (P,ZJ(S), let 

Then, Zn((P,Z;,L),s*) = Zr,((P,Z;),s*) for each s· E Sand ((P,Z;),F(.)) is aZ-REE. 

Proof of Lemma 1: If for each (p* ,z:) E (P,Z;)(S) and (p·.z:,n E (P,Z;,L)(S), (P,Z;,Lt 1(p' ,z~,Q) = 

(P,ZJ 1(p',z:) there is nothing to prove. 

Hence, suppose that, for some (p*,z:,n. (P,Z
1
,L)" 1(p·.z:/) c (P,ZJ 1(p·,z;). Let s' and s" E 

(P.ZJ 1(p • .z~) be any pair ofstates satisfying L(s ') = Q1 
" L(s") = Q2

• Clearly, (P,Z;,L)" 1 (p*,z~i) u (P,Z;,L)" 

1(p' .z~,Q2 ) c (P,ZJ 1 (p*,z~). Since (P,Z;,L)(.) is an L-REE and (P,Z;)(s') = (P,Z;)(s") =(p* ,z:), we have 

Zr,((P,Z1,L),s') = Zr,((P,Z;,L),s") = -z"' Therefore, since ageOet n is an expected utility maximizer and 

(P.Z;,L)- 1(p* ,z:,Q') n (P ,Z 1,L)' 1(p* ,z~,e) = 0, the solutions to the programming problems [n l] and [n2] 

above coincide. • 

Evidently, this step depends heavily on the two types of agents assurnption. 
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W e no w establish the existence ofL-REE for the auxiliary economy. Our starting point are the 

naive equilibria. As explained above, in a naive equilibrium ofthe auxiliary economy, uninformed traders 

ignore the equilibrium functions. W e specify the map L(.) defining the auxiliary economy as follows: 

U ninformed agents update their information after observing the price, p, the excess demand function of the 

informed trader, his Lagrange multiplier À; (in fact, which is equivalent, the gradient ofhis utility function, 

D x Ui( ei+zi;s)) an d his Hessian matrix, D~ Ul ei+zi;s ). Hence, with reference to the previous section, the 

Considera fixed signal s· and let z; = z{p* ,s*) be the optimal solution to problem [i] at prices p •. 

De fine 

• • • - ( • *)· • 0 2 u ( ( . *)· *)) 6.i(P ,s ) - (Dx U/ei+zi p ,s ,s ), x i ei+zi p ,s ,s 

an d 

Givenassumption S, H(p*,s*) isasmooth, connected manifoldofdimension(S-(C+ l)(C+2)). By 

construction, zi(p • ,s) is s-invariant o n the se t H(p ·,s'). Dpz{) is al so s-invariant because 

D
2

U 
l - diag(-,.,) 

p 
D z (.). - x l 

T p l 

PT o - z. 
l 

In the auxiliary economy, the uninformed trader solve 
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[n"] Zn(p',s') = argmax E(Un(en+zn;s)l sE H(p',s')) subject to p'2n =O. 

Evidently, given s', z,(p,s '), Zj(p,s ') and t.i(p,s ')are continuous functions of p. Hence, a standard 

fixed point argument suffices to establish the existence of a naive equilibrium price vector p(s), for each 

s'. Forgi ve n s, l et ç" (p,s, U) = zi(p,s, Ui)+Zo(p,t.i, Un). Al so, l et ç(p,s, U) be the aggregate excess demand 

function for all commodities but commodity O and !et çu(p,s) be ç(p,s,U) for given U. 

T o summarize, 

Lemma2: Underthe maìntained assumptìon, foreach sE S, there is anaive equilibrium, i.e. a p(s) 

such that ç(p(s),s,U) =O. 

A t a naive equilibrium, DPç(.) is s-invariant o n the set H(.). Evidently, equilibria with non-zero 

determinant ofDPç(.) are locally isolated an d continuous. W e no w show that equilibria associated with 

signa! in a connected component of the set of regular economies do no t self-intersect. 

A preliminary result concerns the differentiability ofthe excess demand functions in the auxiliary 

economy. 

Lemma 3: Under the maintained assumptions, far each sand each p E P, 

I. zJp,s,Ui) is a smooth function of (p,s) and continuous in Ui. 

11. rank. Ds(ll [çi(p,s,Ui),fYx Ui(ei+zi;s)] =(C+ l )2 +C. 

tu. zn(p,t.i,Un) is a smooth function of (p,t.i) and continuous in Un. 
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Proof of Lemma 3: 1. Straightforward. 

11. Le t Ài(p,s, UJ be the Lagrange multiplier of optìmization problem associated with the optimal 

where I(c+t l(C+t l is the (C+ l )(C+ l )-dimensionai identity matrix. 

rows l and (C+ 2), i.e., deleting these columns from tlie left-hand matrix and these rows form the right-hand 

matrix. By assumption S, the right-hand matrix so obtained has full rank (C+ l )2+C. Hence, rank 

Ds( 1 l[çiCp,s, Ui),lYxUi( xi;s)] =(C+ l)( C+ l )+rankA, where A is the top left submatrix in the left-hand matrix. 

Evidently, rankA =C (A is obtained eliminating two columns from a square matrixoffullrank (C+2)). 

HL Consider optimization problem [n']. Without loss of generality, restrict the analysis to some 

compact se t X c~:'. Hence, the first order conditions of problem [n'] are necessary and sufficient for 

an optimal solution. Then, the result follows by a standard argument. 111 

The next result is that naive equilibria are, geenrìcallregular equilibria. 

Lemma4: F or U E U', an open an d dense subset o fU, there is an open, dense subset S(U) c S ( of 
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full Lebesgue measure) such that, for each sE S(U), IDpç(p,s)l i= O at each equilibrium p ofthe naive 

economy. 

Proof ofLemma 4: I t follows by a standard transversality argument applied to the auxiliary economy 

Consider the map ç(p,s,U'). It is straightforward to check that 

detD ; (.). O . . , 

Hence, by the transversality theorem, there is an open dense set U' such that, for each U E U', 

çu(p,s) rjì O. It follows that there is an set S(U) (with ~J.(S(U)) = l) such that çu5 (p,s) rjì O. Hence det 

DPç(p,s,U) * O ateach naive equilibrium of s E S(U). • 

Consider U E U'. By Lemma 4 and a standard argument, we can pick a selection of the 

equilibrium map which is continuous on each connected component ofS(U), Sk(U). The crucial fact is that 

iftwo signals s", s'are in the sarne connected component ofthe regular economi es (andare associated with 

distinct price-excess demand pairs), then H(p',s') .r; H(p".s") = 0. 

Lemma5: Foreach U EU', ifs, s'E Sk(U), forsome k. and(P 1 (s'),~iCP 1 (s'),s')) i= (Pt(s),~i(P(s),s)), 

then H(P 1(s),s) n H(P 1(s'),s') = 0. 

ProofofLemma5: Givenaconnected component, sayS 1(U),ofregulareconornies, pick a continuous 

selection P 1 ( s) ofthe equilibrium map. By definiti o n of function, H(P 1 (s ),s) n H(P 1 (s'),s') = 0 o n the set 
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Asswne, by contraddiction, that H(P 1(s),s) n H(P 1(s'),s') = s" forsome s" if S 1(U). Considerthe 

two paths from sand s' to s" defined by H(P 1(s),s) and H(P 1(s'),s'). Let C(U) be the set of criticai 

economi es. N o ti ce that, by construction, a t each point se E H(P 1 ( s ),s) n C(U) (or se E H(P 1 ( s'),s') n 

C(U)) atthe equilibrium P 1(s), 1Dpç(P1(s),sc)l *O. Hence, the map P 1(s) can be extended as a function 

to all the connected components Sk(U) such that Sk(U) n H(P 1(s),s) *-0 for some sE S 1(U• 

The last two Lemmmat immeduiately imply the following. 

Proposition l: Un der the maintained asswnptions. there is an open an d dense set of economies 

U0 such that, for each U E U0 there is aZ-REE ((P.ZJ(.),F(.)). 

Proof ofProposition l: F or each regular s and for each equilibriwn selection P k( s ), defme the non-

empty set Ak(s) = { s" E Sk(U) l s" E H(Pk(s),s) or s" if H(Pk(s),s) and H(Pk(s),s) n H(Pk(s"),s") = 0}. 

Let 1-lk(s) = 1-l(Ak(s)) and 1-l(A(s)) = maxk 1-l(Ak(s)). For criticai economies, set 1-l(A(s)) =O. Finally, 

!et s· E arg sup Jl(s). Evidently, Jl(s·) >O. 

Finally, for s if A(s ·), set (P(s),Z(s)) be the equilibrium realization in the full communication 

economy. 

This is aZ-REE. In fact, ifs if A(s *), then necessarily (P(s),Z(s)) * (P(s'),Z(s')) foreach s'E A(s*). 

Otherwise, one would have sE H(P(s'),Z(s')) for some s'E A(s*). • 

Remark: By repeating the construction (restricting the analysis tos if A(s*)), we could enlarge the 



18 

se t of signals such that the associated equilibrium is (potentially) partially revealing. However, i t does no t 

seem t o be possible to show that (generically) fora measure l se t of signals the equilibrium is partially 

revealing. 

3.1 Existence of a REE of the Originai Economy 

W e no w show that generically, at an equilibrium, the map (P ,Z)( s) is informationally equivalent to 

the map (P,IZd)(s) = (P,V)(s). 

W e establish the result forali the equilibria. A fortiori, i t holds fore signals in the set A(s *). Let s 

and s'be two distinct state whose equilibriasatisfy (P,ZJ(s) * (P,Zi)(s') while (P,V)(s) = (P,V)(s'). By 

definition ofthe map V(.), given two arbitrary excess demand vectors zi andz.b zi * z'i and V= V' ifand 

only ifiZ;I =l iii· Since we are going to use the transversality theorem, this last expression is no t suitable for 

differential analysis. Let C be the set of commodity indexes and C( C) the set ofnonempty subsets ofC 

which always contains c = O. Since C( C) is finite, we denote by C(k), k = l, ... , #C( C), one of its 

elements. Then, zi * z'i and V= V' if and only ifthe there exists k such that the following system of 

equations has a solution 

t; =t;' , for c E C(k), t;+t;' =O for c E C\C(k). 

Denote this system by Q(zi,z.i,k), k = l , ... ,#C(C) and observe that DzQ =I for each K. 

De fine a realization ofthe equilibrium map (P ,Zi)( s) confounding ifthere is another s'sue h that 

(P,ZJ(s) * (P,ZJ(s'), while (P,V)(s) = (P,V)(s'). 
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Le t 

B(U) = { (p,çJ E lR2c l (p,çJ = (p,zl(p,s), ... ,z'r(p,s)) for some sE A(U) }. 

Un der the maintained assumptions, sin ce p is no t required to be an equilibrium price, B(U) is an 

open set, hence a smooth manifold. Moreover the correspondence F(p,zJ (or, equivalently the 

correspondence F(p,çi), is well-defined on this set. 

Define now as sn(p,çi,Un) the map given by the last C coordinates of ZnCP, F(p,çi),E,Un). 

Let M= (m,m') be a pairofdisjoint and closed (relative to B(U)) balls contained in B(U) with 

rational radius and rational center. Let M be the countable collections of pairs (m,m'). 

Proposition 2: Under the maintained assumptions, there is a residua! set of economies, U1 c U, 

sue h that. for each U E U1
, there is an open, dense set offull Lebesgue measure, S'(U), sue h that, for each 

pair s, s'E S'(U) such that (P,Zi)(s) * (P,Zi)(s'), (P,V)(s) * (P,V)(s'). 

Proof of Proposition 2: Pick (m,m') =M E M. For k = l, ... ,#C(C), define the maps 

lf'k:MxUo --> 1R4c. 

Evidently, if (p,çJ is a realization of aZ-REE at some s, then Sn(p,çi,Un)+çi =O. Moreover, if 

lf'k(p,p',ç,(,,Un) =O, for some k, then (p,çJ is confounding. 
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W e are going to showthat, given M, foreach U in ageneric subset ofU0, U(M), B(U) contains 

a t most a countable number of confounding equilibria (p,çJ This follows by a standard transversality 

argument. W e will conclude the proofby iterating the argument o n the countable collection of pairs M and 

taking intersections of U(M). 

By definition ofthe two sets m and m', if\fl(p,p',ç 1 ,~1,Un) =O, we can independently perturb n's 

utility function o n two disjoint neighborhoods B( -ç1+en) and B( -~1+en) proceeding as follows. 

D p; n(.) D: n(.) D,; n(.) o 

D "k(.) 
o o o D, (n(.) 

(p,; •' .• ) 
l o o o 
o l o o 

where I is the C-dimensionai identity matrix .. 

= 4C, for al! K. Hence, lfkrt"ì O. Therefore, there are open an d dense subset U (M,k) c U0 such that \flk u 

'lì O. Select U E U(M) = nk U(M,k), an open and dense subset ofU. 

Since \flk:M c JR4c --> JR4c and U E U(M), ( .. ,\flkù 1(0), ... ) is (at most) countable, given, say, by 

collection is countable, J..l.(S(M,U)) =O. 

Repeat the procedure for each M( t) E M, t= l, 2, ... and de fine the sets U(M(t)) and S(M(t),U) 

in the obvious way. Then, let U1 = nt U(M(t)) and S'(U) = S\(utS(M(t),U)). Given that the collection 

Mis countable, U1 is a residual set while, for U E U1
, S'(U) is open, dense and offull Lebesgue measure. 
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Consider an economy U E V 1 and the associated set S'(U). By construction, for each pair sand s'E 

s• (U), if(P,Z,)(s) * (P,Z;)(s'), then (P,V)(s) *(P, V)( s'), i.e. the set (P .Z;)(S'(U)) does not contain any 

conjòunding realization of the equilibrium. • 

T o complete the construction, we need to show that Z is informationally equivalent to V for the 

equilibria of the ftùl communication economy and that, generically, no confusion may ari se among equilibria 

associated with signals in the setA(s *) and in S\A(s *) (i.e., to signals with associated partially revealing 

equilibrium price versus signals with associated fully revealing equilibrium). 

Moreover, we need to show that the equilibria associated with sin A(U) are not (tipically) fully 

revealing. 

First, we establish the well-known fact that this class of economies always has aFRE. 

Theorem l: Underthe maintained assumptions. there is a residua! setofeconomies V 2 c V such that, 

foreach U E V2, there is aFRE. Moreover, the FRE map ((D. V)(.), F(.)) is continuous at each sE S(U), 

an open and dense subset of S of full Lebesgue measure. 

Proof of Theorem l: Consider an economy U and the associated FCE. Under the maintained 

assumptions, the FCE has anequilibrium correspondence. say \V(.), defined on the set S. In the FCE, all 

the excess demand functions depend just on (p,s). Hence, we will use the natural notation. 

First, observe that, by a standard argument, there is an open, dense se t of economi es, v· c V, such 

that, for each U E v·, there is an open, dense subset o fS, offull Lebesgue measure S*(U) such that the 

equilibrium price correspondence ofthe FCE, \V(.), is continuous an d has a finite number of elements for 



22 

each sE S*(U), i.e., locally,\j/(.) == f1 1(.) u ... u ITK(.). 

The issue is: Can we support acontinuous selection of\j/(.), that we denote with IT(.), as a REE 

of the actual economy? 

Let rr be a value taken on by IT(.) for some s. 

Gìven IT(.), define the correspondence F(rr,v) = {sE S1 (U) l sE (IT,VY1(rr,Jzi(IT(s),s)i) }, defined 

on the set (IT(.),zi(IT(.), .))(S*). Let V(.)== lzi(IT(s),s)l. 

W e need to show that ((IT,V)(.), F(.)) is aFRE. 

The argument is essentially analogous to the o ne we exploited in the proof ofProposition 2. Hence, 

we just outline how to modify that proof. 

Gi ve n s •, de fine the correspondences H i( rr,çJ = { s E S 1 (U) l çi( rr,s) == ç/rr,s *) } an d H0 ( n,çn) = 

{sE S1(U) l çn(rr,s) == çn(rr,s*) }. 

Let H(n,çJ = Hi(rr,çi)nHn(rr,çn), so that both çlrr,s) and çn(n,s) are s-invariant on H(rr,çi). 

As in Proposition 2, define the open set 

B(U) = { (n,çi) E JR2c l (n,çi) == (n,z\(n,s), ... ,z~(rr,s)) for some sE S*(U) }. 

Evidently, H(p,çi) is well-defined on B(U). As above, l et M= (m,m') be a pair of disjoint and closed 

(relative t o B(U)) balls contained in B(U) with rational radius an d rational center. Let M be the countable 

collections of pairs (m,m'). 

As in Proposition 2, pick (m, m') == M E M and, for k = l , ... ,#C(C), define the maps 
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\fk(p,p',çi,(i,U) = (ç0(1t,çi,Un)+çi, çn(1t',~i,Un)+çi, 1t-1t', Q(çj,(,k)), 

Evidently, if (n,çi) is a realization of aFRE at some s, then çn(rr,çi,Un)+çi =O. Moreover, if 

\fk(n,n',ç,ç·i,Un) =O, for some k, then (p,çJ is confounding. 

The remaining of the proof is identica! to the o ne of Proposition 2. 

Remark: Given the relationship between FRE and equilibria ofthe FCE, self-intersections are no t 

an issue h ere, because the starting poi n t is the fune ti o n IT(. ), an arbitrary (but- generically- continuous) 

selection out of the equilibrium price correspondence in the FCE. 

W e can now show that the Z-equilibria of Proposition l are actually REE. 

Theorem 2: Un der the maintained assumptions, there is a residua! set of economies U1 c U sue h that, 

for each U E U1, the Z-equilibrium ofProposition lisa REE. Moreover, the REE map ((P,V)(.), F(.)) 

is continuous at each s E S(U), an open and dense subset of S of full Lebesgue measure. 

Proof ofTheorem 2: I t follows from the same argument ofProposition l and Theorern l after one 

defines the map \fk(p,p',çi,(i,U) = (çn(p,çi,Un)+çi, çn(rr,ç·i,Un)+(i, p-n', Q(çi,(i,k)) where the first map 

çn(p,ç,, U ,J+çi refers to the equilibria considered in Propositi an l while çn( n,~i' U ,J+çi refers to the equilibria 

of the full comunication economy. • 
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T o conclude, we need to establish that the equilibria ofTheorem 2 are (generically) PRE. The 

crucial difference between these equilibria and the ones ofTheorem l is that in Theorem l the starting point 

is the set of states of information where the equilibrium ofthe FCE is s-invariant. In Theorem 2, instead, 

the set H(p,çJ (hence, the set F(p, v)) is (a subset o f) the set of states of private information such that, given 

p, the informed agent's excess demand is s-invariant. Except for economies in a null set, the two 

constructions lead to distinct equilibria (Theorem 3 ): Hence, generically, the equilibrium ofTheorem 2 is 

aPRE, i.e., a t least o n some subset o fS ofpositive measure, its equilibrium allocati o n does no t coincide 

with any equilibriurn allocation of the FCE. 

Theorem 3: U nder the maintained assumptions, there is a residual set of economi es U3 c U1 n U2 sue h 

that, for each U E U3
, there is aPRE. Moreover, for each U c U3

, the PRE map is continuous o n an open, 

dense subset S3(U) of full Lebesgue measure. 

Proof of Theorem 3: Let U' = U1 n U2. Remember that A(U) is the set of signals such that the 

equilibrium constructed in Proposition l and Theorem 2 is (potentially) non fully revealing. 

Given U Eu·, pickanopen ball B(U). Considerthe FCE. Picks E A(U) foreach U E B(U) (this 

can be done for B(U) small enough) and consider (I1,V)(s). Define the open balls B'(s), Bg'(s), B"(s), 

Bg"(s), B(xn) and Bg(xn) with the following properties: 

a. Xn(I1(s),s,Un) E B(xn) for each U E B(U) and s E S*(U). Moreover, clBg(xn) c 1R~ 1 ; 

b. For each U E B(U), B'(s) n F(I1(s),V(S))-;; 0 and B"(s) n F(I1(s),V(S))-;; 0, clBg'(s) n clBg"'(s) 

= 0. 

Let es'(s,B'(s)), es"(s,B"(s)) and ex(xn,B(xn)) be smooth burnp functions taking the value l ifs s 
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E B(s), the value O ifs tE Bs(s). Bear in mind that one can take 0 5(s,BE(s)) to be a non-negative function 

(e.g., Hirsch [1976, p.l7]). 

Replace the utility function Un with the function 

Clearly, given strictly positive (C+ l )-dimensionai vectors a' and a" ( and the "bump" functions), 

(U~,Ui) E V 1 n U2 for each ò small enough. 

Define the map T:PxPxciBE'(s)x clBE"(s)xB(U) --> ìR 3c, defined by 

Suppose that, at a zero of T(n:,p,s,U), for some s E ciW'(s), çn(n:,s,Un) = çn(p,H(s),s,Un). 

The Jacobian ofT(n:,p,s,U) contains the submatrix 

D ; ( • .s,u) D ; ( • .s,U) O 
' a 

D(.,a ,a')'!' (• ,P.S,U)· O D11 ;(p.s,G~ Da ;(p.s,U) 

I O O 

It is straightforward to check that the matrices Daç(n:,s,U) and Da .. ç(n:,s,U) have full rank C. 

Therefore, the submatrix above has full rank and T f1ì O. Hence, for some open and dense subset ofB(U, 

B'(U)), Tu f1ì O. This in tum implies that, for U E B'(U) there is an open, dense set offull Lebesgue 

measure S3(U) such that Tu,s r1ì O. This implies Tu's(O) = 0. Il 
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4. On the "number" ofFRE and PRE 

The set ofFRE exhibits indetenninacy ofthe set of equilibrium allocations whenever, at some sE 

S 1(U), the FCE has multiple equilibria. Io compare the "number" ofPRE and FRE abstractìng from thìs 

trivial indeterminacy, in this last section we assume: 

Assumption U: For each economy U E U and each s E S, there is a unique equilibrium 

ofthe FCE economy. 

F or this class of economies, typically, there is stili a continuum ofPRE, pararneterized by a variable 

A E (O,Y]) for some 11 >O (i t will be evident thatricherparameterizations would bepossible). Io be precise, 

we no w showthat, for each pair ofequilibria (Pie, V'-)(.) and (P;,·.V À·)(.) with A*- A', Aand A' small enough, 

the two PRE allocations are different on some non-zero measure subset S'c S. Hence, that there is a 

nonzero dimensionai family of distinct PRE which are continuous a. s .. 

Theorem 4: Assume that C> 2. Then, under the maintained assumptions, there is a residua! subset of 

U.U' c U, such that, foreach U EU', and foreach A E (0.1] there is aPRE, (P1_,V;)(.). Moreover, there 

ìs an open and dense subset of(O,Y]] =O, such that. for each pair A and A' E O, with A* A', (PÀ,V À)(.) * 

(P'-.,VÀ.)(.) on some open, dense subset S'(U) c S(U) offull Lebesgue measure. 

Proof ofTheorem 4: In this proof (in repeating the construction ofiheorem 2), w e replace, for each 

(p,s), the set H(p,s) with the set H(p,s) n BÀ(s), where BÀ(s) is the open ball ofradius A centered on s. 

Evidently, forA small enough, H(p,s) * H(p,s) n B;.(s). Evidently, for each A there is aPRE, say 
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(P;.,VJ(s). 

Bear in mind that we ha ve established that for all the economi es in an open, dense set U0 there is 

aZ-REE defined on an open, dense set offull Lebesgue measure S0(U). For each economy in UO, the set 

S0(U) can be expressed as the uni o n of a countable collection of disjoint, connected components. In the 

sequel we will outline the prooffor a particular connected component ofthe se t S0(U). Noti ce that, by 

construction, each component S0(U) is obtained as the uni o n of a disjoint collection of manifolds of 

dimension [S-(C+ l )(C+2)] and itcanbe easily parameterized by a(C+ l)(C+2)-dimensional (connected) 

surface in S(U), say the surface K. 

Foreacheconomy U, let L(p,s) be the Least Upper Bound ofthe radius ofthe sets BE(s) such that 

H(p,s) c Bis). Evidently, foreach (p,s), L(p,s)> O. Set 11 = mil\p.s)L(p,s)/2. Then, foreach (p,s), H(p,s) 

* B;Js) n H(p,s) = H~.(s) foreach À E [O,l"]]. Also, the equilibrium associated withÀ= O is clearly aFRE. 

Consider the countable collection ~ of pairs of compact balls ( A,A') of rational radius contained 

in [O, l"]]. Let À be a typical element of A and ).'a typical element of A'. Define the map 

:=:(p,p',À.,À.',s,U) = (çn(p,H~.(p.s)) + ç,(p,s), çn(p',H,_.(p',s)) + ç,(p',s), p- p'). 

Evidently, if:=:(p,p',À,À',s,U) =O, then the equilibria associated with À and ).' entail the same 

equilibriurn allocation at state s. W e no w show that, typically in economy space, fora generi c se t of states 

S(A,A'), =:·'(O)= 0. 

Without loss of generality, assume thatÀ <À.' so that, at each p, H~.(p,s) c H>-{p,s) andHJ.(p,s) * 

H;._(p,s). 
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Pick any pair of open sets with the following properties: Bis the union ofthe collection of open balls 

ofradius À centered on each sE K. Withou loss ofgenerality, assume that, for some t:> O, clB6 c S. Let 

B' be any open ball such that, foreachs E K, HÀ(P(s),s) n B' *O, clB6
' c Sand clB6 n clB6 = 0 . Clearly, 

such a pair of sets exists. Hence, we can perturb Un on the set B' without affecting Zn(p,HÀ(p,s)). 

Therefore, at each (p,p',"A,"A',s,U) such that 3(p,p',"A,"A',s,U) =O, 

DP;·(.) o D. 1; (.) o 
n 

D - (p .p· .. .,s . 1 . 2) 
(p,p .• ' •• ly'- ,.. ,.. ,o ,o ' o DP ;· (.) D 1; · (.) D zç· O 

n n 

j I I o o 

Hence, 3(p,p',"A,À',s,U) rjì O. Therefore, there is an open, dense set U(A,A') such that, for each 

U E U(A,A'), 2urJì O. Thismeans that, foreach U E U(A,A'), there isanopen,densesetoffullLebesgue 

measure S(A,A') such that, for each sE S(A,A'), 2us rjì O. Given that 2u5 :lR~+2 --> JR! and that C> 

By iterating the procedure for each (A,A') E~ and taking the intersection ofthe corresponding 

U(A,A') sets ofeconomies, we establish the claim for the Z-REE. Then, the argument ofTheorem 2 

applies here. Il 

5. An Example 

Consider an economy with two agents, three commodities and three signals, s~> s2 and s3, with si 

E (0, l ),j = l, ... , 3. T o simplify as much as possible the computations, assume that both agents have 
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that eh= (l, l, l). While, of course, quasi-linear utility functions ha ve very peculiar properties, we can no t 

see any reason why they should have an essential effect on the results discussed here. 

a. FRE 

A straightforward computations shows that, in the FCE, the unique equilibrium is P(s) = ((2s 1 +~)/2, 

(s2+ 2s3)/2, l). Agent i's equilibrium allocation is ziCs) = (s2/(2s 1 +s2), s2/(s2+ 2s3), -s2). The FRE is given 

by the map (P.izd)(.). Indeed, given that V2(s) = s21 knowledge ofthe map (P,V)(.) andobservation ofthe 

. realization (p, v) always allo w agent n to infer the true realization s. 

b. PRE 

F or expositional easiness, we will proceed by "conjecturing" an information structure ( for agent n) 

which exhibits parti al information and we will show that i t is consistent with the information revealed by 

equilibrium prices and volume. W e no w exhibit a o ne-dimensionai farnily ofFRE ( whose allocations differ 

o n a generi c se t of states) obtained, essentially, using the trick exploited in Theorem 3. 

Pick À. such that O < À. < l. W e first construct REE restricting the analysis to the following two 

possible cases: 

b. S1 < S3. 

Evidently, the se t S' of s satisfying o ne of the previous conditions is a generi c subset of S. 

Case a: 
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and E(s3) = srÀ(s 1-s2). Notice that O< E( si)< l for each j. Given the map P(.), the "candidate" 

equilibrium price-allocation functions are given by 

pa(.) = ((s1+(s1+s2)-À(s1-s2))/2, ((s2+s3)+srÀ(s 1-s2)/2, l) 

zi(.) = ( ((sz+À(s1-s2) )/(st +(s1 +s2)-À(s1-s2) ), ( (s2+À(s1-s2))/(( s2+s3)+s3+À(s 1-s2)), 

(s1+sr2À(s1-s2)). 

I t is easy to check that (Pa,lzii)(.) would be a REE ifwe would restricts to the manifolds 1 > s3. I t 

is also easy to check that different values of À induce different allocations. 

Case b: 

E(.), the "candidate" equilibrium price-allocation functions are given by 

Pb(.) = (((s 1+(s1+s2)-À(srs2))/2, ((s2+s3)+s3-À(s3-s2)/2, l) 

z~(.) = ((s2+À(srs2))/(s1 +(s 1 +s2)-À(srs2)), ((s2+À(srs2))/((s2+s3)+s3+À(srs2)), 

( s1 +sr2À( s3-s2) ). 

I t is easy to check that (Pb,IZ~I)(.) would be a REE ifwe would restrict sto the manifold s1 < s3• 

It is al so easy to check that different values of À induce different allocations. 

Consider no w the entire space of states of private information. W e flrst showthat the map (P ,Z)(.) 

obtained "gluing" (Pa,z~)(.) and (Pb,Z~)(.) is aZ-REE. Denote by sa typical elementofthe subsetofS 

considered in case a and by s'a typical element ofthe subset o fS considered in case b. W e just need to 

show that there are no s, s' such that (Pa,Zt)(s) = (Pb,Z~)(s'). Bear in mind that observation of a realization 

(p,zJ is equivalent to the observation of(s 1 +s2) and (s2+s3). Hence, if (Pa,ZD(s) = (Pb,Z~)(s'), (s 1 +s2) = 
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(s 1'+s2') and (s2+s3) == (s2'+s3'). Moreover, inspection (Pa,Zj)(.) and (Pb,Z~)(.) and an obvious 

simplification implies that (P\ZD(s) = (Pb,Z~)(s') if and only if 

1. s 1-A(sl-s2) == s 1'-A.(s3'-s2') 

11. srA.(s 1-s2) == s3'-A.(s3'-s2) 

However, i an d ii can never be simultaneously satisfied because subtracting ii from i, we obtain ( s 1-s3) == 

(s 1 '-s3'), while, by construction, (s 1-s3) >O an d (s 1'-s3') <O. Hence, the map constructed above is aZ

REE. The same observation also establishes that the given ma pisa REE: If ( s 1 +s2) == ( s1 '+s2') and ( s2+s3) 

== (s2'+s3') and p0(s) = p0(s'), then p 1(s') > p 1(s). 
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