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DEMAND AND GENERALIZED MONOTONICITY 

Introduction 

This paper reviews some important results of the theory of demand based on 
revealed preference axioms. The focus is on two weaker versions of Samuelson's 

Weak Axiom of Revealed Preferences (WARP) called respectively the Weak 
Axiom and Wald's Axiom. These axioms are useful tools for modeling con­

sumer behaviour in many circumstances. They are milder rationality require­

ments than the hypothesis of preference maximization and still impose similar 

restrictions on consumer demand responses to price changes. These axioms 
also provide powerful properties for dealing with aggregate and market demand 

functions. In fact, for many types of economies, the convexity of the equilibrium 
set follows from these properties, therefore, under the hypothesis of regularity, 

the weak axioms are strong enough to ensure uniqueness of equilibrium. 

The present paper derives various results about the characterization of the 

weak axioms. Though many of the following results are already available in 

the literature, this paper proposes a unified perspective which allows for direct 

economie interpretations and relatively simple and short proofs. 

Both the Weak Axiom and Wald's Axiom impose on demand functions a 

property of generalized monotonicity known in the mathematical literature as 

pseudomonotonicity. In section 2, by using this formal property, it is shown 
that the weak axioms are equivalent to 'compensated' versions of the Law of 

Demand. In section 3, for a particular class of functions including demand 

functions, we characterize pseudomonotonicity in terms of a property of the 
Jacobian matrix. In section 4, the previous result is used to derive differential 

characterizations of both the Weak Axiom and Wald's Axiom. The connections 
to the existing literature are discussed in the last part of this section. Finally, 

in section 5, we illustrate the relevance of the above results for market demand 

theory. 
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L Preliminary definitions 

Demand is defined as a continuous function f: JR~+ x JR++ -+ JR~+ satisfying 

budget identity, i.e. p· f(p, w)= w, where pisa vector ofprices and w is income 

or expenditure. We say that demand is homogeneous if f is homogeneous of 

degree zero in p and w, i.e. f(ap, aw) = f(p, w) for any a> O. 

DEFINITION l. 

A demand function satisfies the Weak Axiom (WA) if 

q·f(p,w):5,.w1 implies P· f(q, w') 2: w. (l) 

The Weak Axiom is a condition on demand functions simila!" to the 

Weak Axiom of Revealed Preference (WARP) originally proposed by Samuelson 

(1938). WARP requires that the 'revealed preference relation' is antisymmetric, 
in the sense that, whenever 

q·f(p,w):5,.w1 an d p· f(q,w') :5,. w 

it follows that f(p,w) = f(q,w'). On the other hand, the Weak Axiom only 

requires that q· f(p, w) =w' and p· f(q, w') =w. Clearly, a demand function 

satisfying WARP also satisfies WA, but, as it was shown by Kihlstrom, Mas­

Colell and Sonnenschein (1976), the converse is not true. Thus, WA is actually 
a weaker condition than WARP. 

A stili milder requirement on demand functions is Wald's Axiom, which is 
the fixed income version of the Weak Axiom. 

DEFINITION 2. 

A demand function satisfies Wald's Axiom (WD) if 

q·f(p,w) :5,.w implies P· f(q, w) 2: w. (2) 

When demand is homogeneous, Wald's Axiom and the Weak Axiom are 

equivalent conditions. Indeed, Jet f be an homogeneous demand function sat­

isfying Wald's Axiom; if q· f(p, w) :5,. w', then (wjw')q · f(p, w) :5,_ w, hence by 
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WD we have p· f((wjw')q,w) 2: w and finally by homogeneity p· f(q,w') 2: w. 

Thus demand satisfies the Weak Axiom. 

The economie content of the two axioms is not immediately evident from 

their definitions; however, as we shall see below, there is a more intuitive inter­

pretation of these axioms as 'compensateci' ver~ions of the 'Law of Demand'. 

In a single market the Law of Demand corresponds to the case of a down­

ward sloping demand curve, that is, the case where quantities of the good vary 

inversely with its price. With multiple markets, the Law of Demand is defined 

as the case where the vector of demand changes and the vector of price changes 

move in apposite directions. More formally, the Law of Demand asserts that, 

for any w, the function p>--> f(p, w) is monotone, i. e. 

(q- p) · [f(q, w)- f(p, w)] :'5. O 

Let us introduce the following definitions. 

DEFINITION 3. 
A demand function satisfies the Compensated Law of Demand (CLD), if 

(q- p)· [f(q, q· f(p,w))- f(p,w)] :'5. O (3) 

for ali p, q and w. 

DEFINITION 4. 
A demand function satisfies the Price Compensated Law of Demand (PCLD), 

if 
(q- p)· [f(q, w)- f(p, w)] :'5. O 

forali p, q and w such that (q- p)· f(p, w)= O 

(4) 

The Compensateci La w of Demand states that the vector of changes in com­

pensateci demand and the vector of price changes move in opposi te directions; 

in particular it implies that, once compensateci in terms of income, a consumer 

cannot respond to an increase of the price of one good by rising its d,emand. 

The Price Compensateci Law of Demand has a similar interpretation, but 

only for price changes which do not require any income compensation, that is 
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only price changes that keep constant the expenditure for the initially demanded 
bundle of goods. 

In the following section we derive a first characterization of the weak axioms 

in terms of these 'compensateci' versions of the La w of Demand and in terms of 
a notion of generalized monotonicity. 

2. A characterization of the weak axioms 

Although the weak axioms do not imply the La w of Demand they l)till im­

pose some requirements of monotonicity on demand functions. Among the var­

ious notions of 'generalized monotonicity' analyzed in the recent mathematica] 

literature, 1 the one best suited for our purpose is the property of pseudomono­
tonicity. 

DEFINITION 5. 

A function F: D --. JRn, where D is a subset of }Rn, is pseudomonotone if 

(y - x) · F( x) ::; O implies (y-x)·F(y) ::;o (5) 

Obviously, a monotone function is also pseudomonotone, but not vice versa. 

The interpretation of this property is particularly simple in the case of one 

variable functions, i.e. for n = l. Indeed, although pseudomonotone functions 

are not necessarily downward sloping they have a 'sign preserving' property in 

the sense that they cannot change their sign more than once. From a graphical 

point of view, whenever a pseudomonotone function attains zero, its graph 

remains below the horizontal axis thereafter. 2 An example of a pseudomonotone 

1 See, for example, Karamardian and Schiable (1990). 

2 On geometrica! properties of generalized monotonicity notions in the one dimensionai 
case see Karamardian, Schaible and Crouzeix (1993). 
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Fig. 1. A pseudomonotone function 

function is depicted in Figure 1. This figure also shows that pseudomonotonicity 

is not preserved under affine transformations. 

The next result provides an equivalent definition of pseudomonotonicity for 

continuous maps with convex domain and will be used later on in the paper. 

LEMMA l. n 

Let F: D __. }Rn be a continuous function and D a convex subset of lR · 

pseudomonotone if and only if 

(y- x)· F(x) =O implies (y-x)·F(y) ::;o 

F is 

(6) 

Proof. That (5) implies (6) is immediate. To prove the converse !et us assume 

t ha t 
(y-x)·F(x)<O but (y-x) ·F(y) >O. 

Let us set v = y - x and consider the one variable function 

g(t) =v·F(x+tv) 

for t E [O, 1]. Since g(O) < 0 and g(l) > O, by continuity of g, there exists a 

t' E (0, l) such that g(t') =O. Hence 

(y- (x+ t'v)). F(x +t'v)= (l- t')g(t') =O 
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an d 

(y- (x+ t'v))· F(y) = (1- t')g(l) >O 

and (6) is violated. Thus, (6) implies (5). 

Q.E.D. 

Having introduced the notion of pseudomonotonicity we are now ready 
to show its relationship with Wald's Axiom and the Price Compensated Law 

of Demand. By using budget identity, it is strightforward to see that Wald's 
Axiom amounts to requiring that, for any w, the function p~--+ f(p, w) is pseu­
domonotone; indeed, (2) can be written as 

(q- p)· f(p, w) :SO implies (q-p)·f(q,w):SO 

On the other hand, by Lemma l, we notice that pseudomonotonicity of p ...... 

f(p, w) is equivalent to the Price Compensated Law of Demand. W e bring 

together these results characterizing W a! d 's Axiom in the following proposition. 

PROPOSITION l. 

Let f be a demand function. The following statements are equivalent: 
a) f satisfies Wald's Axiom 

b) f satisfies the Price Compensated Law of Demand 

c) for any w, the map p t-> J(p, w) is pseudomonotone. 

Let us now turn to the analysis of the Weak Axiom and its relationships 
with the other properties. Clearly, the Weak Axiom imposes the requirement 

of pseudomonotonicity on demand functions since i t is a stronger property than 

Wald's Axiom. However, as we shall see, it also places an additional restriction 
which is homogeneity. Before giving a complete characterizatiog of the Weak 

Axiom !et us first prove a preliminary result concerning the Compensated Law 
ofDemand. 

By using budget identity it is easy to see that the Compensated Law of 
Demand is equivalent to the following condition 

P·f(q,q·f(p,w)) ~w for al! p, q and w (7) 
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. . how that CLD implies homogeneity we use this equivalent defimtwn to s 

the demand function. 

LEMMA 2. . . fy' g the Compensated Law ofDemand. Then 
L t f be a demand functwn sat!S m O 

e ) _ f(p w) for any a> · f is homogeneous, i.e. f(ap, aw - ' 

· -p+tvfort>O . lfl.n !et us consider the pnces q -
Proof. For any vector v m . d t 'd ntity and the definition of q 

o By usmg bu ge l e and sufficiently close to zer . 

we obtain q. f(ap, aw) =w+ tv. J(ap, aw) 

an d 

)) - . f(q, q. f(ap, aw)) +tv. f(q, q. f(ap, aw)) q. f(q, q. J(ap, aw -P 

E t . the above identities and rearranging yields qua mg 

tv. [f(ap, aw)- f(q, q. f(ap, aw))] =p. f(q, q. J(ap, aw))- w 

Since f satisfies CLD, from (7) and ( *) we obtain 

( ) -f(p+tv,w+tv·f(ap,aw))]~O v. [f ap,aw 

O By continuity of f we then have for any t> · 

v. [f(ap, aw)- f(p, w)]~ 0 

b kets must be zero. IR.n the vector in square ra and since this is true for any v E Q.E.D. 

The following result is a characterization of the Weak Axiom. 

PROPOSITION 2. , Il . statements are equivalent: 
f t . The 10 owmg Let f be a demand une wn .. 

a) f satisfies the Weak Axwm d 
b) f satisfies the Compensated La w of Deman 
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c) f is homogeneous an d the ma ,__. . P P f (p, w) IS pseudomonotone. 

Proof. a; * b). For any p, q and w set w' = . 
p. f(q, w) ~w and substituting w' yields (7). He:ce fr.:;Aw!. ~y (l) we have 

b) * c). Homogeneity of f foll f , Imphes CLD. 
!( ) ows rom Lemma 2 N t 1 ( 

p, w =O then by budget identity . ex , et q- p) . 

q·f(p,w) =w 

hence (7) and ( *) yield 

p·f(q,q·f(p,w)) =p·f(q,w) ~w 

or (q- p). f(q, w) :SO; then by Lemma l th 
tone. e map P,__. f(p, w) is pseudomono-

• 

:) * a). By Proposition l f satisfies Wald's Axio 
geneity of f the result follows trivially. m. Hence, from homo-

Q.E.D. 

. Propositions l and 2 provide direct econ . . . 
axwms in terms of 'comp t d' . omic mterpretatwns of the weak 

h 
. ensa e verswns of the La f D 

t ese mterpretations the k . w 
0 

emand. Based on 
' wea axwms appear to be · 

the assumption of maximizatio f c appealmg alternatives to 

l
. n ° pre,erences under bud t . 

e mg consumer behaviour Ind d h" l ge constramt in mod-
. · ee , w I e the weakax"o · 

reqmrements they stili impo . .
1 

. . I ms are milder rationa!ity 
. se SIIDI ar restnctwns 0 d d f . 

pnce changes must have . . n eman unctwns, that is 
a non positive compensateci effect on d d , p .. eman. 

r~positwns l and 2 also c!arify the difference b 
by spellmg out in detail the D l . etween the two axioms 

orma properties the · 
pseudomonotonicity is a Y Impose on demand. Whi!e 

common property homo "t .. 
Weak axiom and not by W Id' A . ' gene~ Y IS Imposed only by the 

h 
a s xwm. To see this it · ffi · 

t e following example Th d . IS su Cient to consider 
· e emand functwn f ·JR3 m2 d fi• · ++ --+ "'- e ned by 

f(p,w) = cog(;l+l) w-!og(w+l)) 

. P2 
IS not homogeneous, but is pseudomonotone (a . . 
therefore, by Proposition l "t t" fi ctually, It IS strictly monotone) 

' I sa IS es Wald's Axiom. ' 
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The above results may be of some help in choosing appropriate assump­

tions to mode! consumer behaviour. There are many situations of interest in 

both theoretical and applied work where homogeneity of individua! demand is 

not a justifiable assumption. This is the case, for example, when the analysis 

concerns a subgroup of goods and individua! demand is modeled as a function 

of expenditure and prices of these goods only. A similar case arises when, in 

an intertemporal decision setting, individua! demand behaviour in the current 

period is modeled as a function of current prices and incarne. In all the above 

situations individua! demand is not homogeneous, therefore it cannot be ex­

pected to satisfy the Weak Axiom. On the contrary, Wald's Axiom is stili an 

available option to mode! consumer behaviour. 

3. A Differential characterization of pseudomonotone functions 

As we have seen, a common feature of demand functions satisfying either 

the Weak Axiom or Wald's Axiom is pseudomonotonicity. In this section we 

concentrate on this property and derive an important result that will be used in 

the sequel. Pseudomonotone differentiable functions have been recently charac­

terized by Karamardian, Schaible and Crouzeix (1993) w ho proved the following 

result:3 

THEOREM l. 
Let F: D --+ JRn be a differentiable function and D an open and convex subset 

of ]Rn. Then F is pseudomonotone if and only if the following two conditions 

ho l d 

(A) far all x E D and v E JRn 

v· F(x) =O implies v· BF(x)v :SO 

where BF(x) is the Jacobian matrix of F. 

3 For the proof see Karamardian, Schaible and Crouzeix (1993), Th. 4.1. 
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(B) if v· F(x) =v· 8F(x)v =O then there exists t
0 

>O such that 

v· F(x +tv):<; O forali 

Condition (A) requires that the Jacobian matrix, oF(x), be negative 
semidefinite on the subspace orthogonal to F(x). This condition can be spec­
ified equivalently in terms of the signs of the minors of the bordered matrix4 

[ 
H(x) F(x)] 

F(x)T O 

where H(x) is the symmetric matrix oF(x) + oF(x)T. By letting g(t) =v· 
F(x+tv) far t;::: O, condition (B) can be interpreted as requiring that whenever 
g(O) = g'(O) =O then t= O must be a local maximum for g. 

In this section we show that, for a class of functions including demand func­
tions, pseudomonotonicity is characterized only by condition (A) of Theorem 

l. This resu]t will be used then to derive a differential characterization of the 
weak axioms. 

As a preliminary result !et us prove the foliowing 

LEMMA 3. 

Let a < O < b and g: [a, b] --+ lR be a differentiable function with g(O) = g' (O) = 
O. If g(t) > O forali t E (0, b] then 

g' (l) ;::: g~) for some 

Proof. Let us assume that (8) does not hold, that is, 

g'(t) < g(t) 
t for al! t E (O, b) 

(8) 

4 On determinantal criteria for semi-definiteness of symmetric matrices on a linear sub­
space see, for example, Debreu (1952). Crouzeix and Ferland (1982) provides stili further 
equivalent conditions. 
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. . - ' O =O the function g(t)ft is well defined and continuous 
Smce hmt~o g(t)/t- 9 ( ) . . 

1 
alto zero for t= O. Let m> O 

. l [O b] by settmg 1ts va ue equ . 
in the closed mterva ' . t t hich the function attams 
be the maximum of g(t)ft on [O, b] and io a pom a w 

. . 5 its max1mum, 1.e. 
g(to) =m 

io 

By ( *) and the definition of maximum we have 

g'(t) <m for al! t E (0, io) 

h there exists l E (0, io) such On the other hand, by the mean value t eorem, 

that g(t
0

) 

g'(l) =--=m 
t o 

but this contradicts (**) since l E (O, to). Q.E.D. 

3 . that in any neighborhood of zero, An immediate implication of Lemma Js , ~ M > O there 
the ratio g'(t)fg(t) is unbounded from above. Indeed, or any ' 

exists 0 <l< 1/M such that 

. t to prove the following This is the result we are gomg o use 

THEOREM 2. f mn d F· D _, JRn a continuously 
d x subset o "' an · 

Let D be an open an conve D Tben p is pseudomonotone 
differentiable function with F( x) =l O for any x E . -

if and only if condition (A) holds, i.e. 

v. F(x) =O implies v· oF(x)v :<;O 

for al! x E D and v E lRn · 

(O b) i t must be m > O and to > O. 5 Clearly, since g(t) > O for t E ' 
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Proof. The only if part of the proof is standard. Let v. F(x) =O and define 

Yt = x + tv for ali t > O such that Yt E D. Therefore, 

(Yt- x)· F(x) =tv· F(x) =O 

and since F is pseudo-monotone we also have 

Hence 

v· 8F(x)v =v ·lim ~[F(x +tv)- F(x)] = lim ~v· F(yt) <O. 
t~o t t~o t -

• 
To show the converse Jet us suppose that condition (A) holds but F is not 

pseudomonotone, hence, by Lemma l, there exist x and y in D such that 

(y-x)·F(x)=O an d (y-x) ·F(y) >O 

Let v= Y- x and Yt =x+ tv forO :S t :S l and define the function g: [O, l] -t lR. 
by 

g(t) = v · F(yt) 

By the assumptions on F, g is continuously differentiable and g'(t) = v·8F(yt)v. 
Moreover, from (*), we have g(O) =O, g(l) >O and by condition (A) 

g'(O) =v· 8F(x)v :SO 

Without loss of generality we also assumé that g(t) > O for ali O < t < 1, 
which in turns implies g' (O) = O. 

Now we find a violation of condition (A). Since F(x) oJ O, for t sufficiently 
close to zero F(x) · F(yt) >O and the vector • 

Ut =v- a(t)F(x) 

. 
6 

Indee.d, the set B = {t E [0, l]; g(t) 5 O} is non empty and compact and has a 
maximum, t < l. Therefore, set x* = x+ t* v and repeat the above argument with x* and 
y. 
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is well defined with 
g(t) 

a( t)= F(x) · F(yt) 

By construction Ut and F(yt) are orthogonal and 

Ut · 8F(yt)Ut =v· 8F(yt)v + a(t) 2 F(x) · 8F(yt)F(x) 

- a(t)v · [8F(yt) + 8F(ytf]F(x) 

This expression can be written as 

[
g'(t) ] 

Ut · 8F(yt)Ut = g(t) g(t) + cp(t) 

w h ere 

cp(t) = l [a(t)F(x) · 8F(yt)F(x)- a(t)v · [8F(yt) + 8F(yt)T]F(x) 
F(x) · F(yt) 

Since cp(t) is continuous in t = O it is also bounded in a sufficiently small 

neighborhood of O. On the other hand, since g(t) > O, by Lemma 3 we know 

that g'(t)/g(t) is unbounded from above near O, so that the term in square 

brakets of ( **) can be made strictly positive. Therefore, we ha ve a violation of 

condition (A) since we have shown that there exists a t such that Uf · F(yf) = O 

and Uf · 8F(yf)V.f > 0. 
Q.E.D. 

Remark 1. The requirement that the function does not vanish in its domain is 

crucial for the result. If we drop this assumption, condition (A) is stili necessary 

for pseudomonotonicity of F but it is no longer sufficient. For example, the 

one-variable function F(x) = x3 , with domain the rea! line, satisfies condition 

(A), but clearly it is not pseudomonotone since it is strictly increasing. The 

argument used in Theorem 2, however, can be used to refine Theorem l. Indeed, 

]et us introduce the following condition which is a weakening of condition (B) 

of Theorem l: 

(B') if F(x) =O then for any t> O there exists O< to <t such that 

v· F(x + tov) :SO 
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Unlike (B), the above condition need not be checked far any x in the domain 

of F but only at zeros, therefore (B') would be a more convenient condition than 
(B). Theorem l can be improved as follows. 

THEOREM l' 

Let F be a continuously differentiable function from an open and convex subset 

of JFI.n to JFI.n. Then F is pseudomonotone if and only if condition (A) and (B') 
ho Id. 

Proof The 'only if' part is immediate. To show the converse Jet us assume 

that F is not pseudomonotone and thus, as in the proof of Theorem 2 , we 

have g(O) = v · F(x) = O and g(t) > O far al! O < t < l. Then by (B') it 

must be F(x) f O and using the same argument as in Theorem 2 w'8 obtain a 
contradiction. 

Q.E.D. 

This refinement of Theorem l was obtained by Crouzeix and Ferland 

(1996). Their proof, which, in essence, amounts to the proof of Theorem 2, 

follows a completely different line of argument and is rather lengthy. 

Remark 2. The notions of generalized monotonicity are related to the notions of 

generalized concavity. Far exaniple, it is well known that the concavity of a rea! 

valued function, h: D --> lFI. with D C JFI.n, is characterized by the monotonicity 

of its gradient function, \l h: D -t JFI.n. Similarly, the notion of pseudoconcavity 
of h, which is defined (in the differentiable case) by 

(y- x)· \l h( x)~ O implies h(y) ~ h(x) 

far any x and y in D, is characterized by pseudomonotonicity of its gradient 

\lh.7 Far functions with non vanishing gradient, i.e. with \lh(x) f O far any 

x E D, we obtain, as a special case of Theorem 2, the following second-order 
characterization of pseudoconcavity: far any x in D and v in JFI.n 

v· \lh(x) =O implies 

7 This result was shown by Karamardian (1976). On the relationships between gener­
alized monotonicity and generalized concavity see, among others, Karamardian and Schaible 
(1990). 

14 

f 

where a2 h(x) is the Hessian Matrix. The above condition, which has been 

known since the early work of Arrow and Enthowen (1961) and Katzner (1970), 

also characterizes the weaker notion of quasiconcavity in the case \l h( x) f O far 

ali x E D. s Therefore, far functions with non vanishing gradient, quasiconcavity 

and pseudoconcavity are equivalent properties. 

4. A differential characterization of the weak axioms 

The results so far obtained are sufficient to derive a straightforward first­

order characterization of the weak axioms. As far Wald's Axiom, combining 

Proposition l and Theorem 2 yields 

PROPOSITION 3. 
Let f be a continuously differentiable demand function. Then f satisfies Wald's 

Axiom if and only if 

v· f(p,w) =O implies v· 8pf(p, w)v ~O 

Far the case of the Weak Axiom we derive a characterization involving not 

only the Jacobian matrix of demand but also the Slutsky matrix. Recai! that 

the Slutsky matrix at (p, w), denoted by S(p, w), is the Jacobian matrix of the 

compensated demand, q>-> f(q, q· f(p, w)), evaluated at q= p, and is given by 

S(p, w) = 8pf(p, w)+ 8wf(p, w) f(p, w) T (9) 

We also recall that, by budget identity, 

pS(p,w) =O (lO) 

8 On characterizations of generalized concavity see Diewert, Avriel and Zang (1981), 
Crouzeix and Ferland (1982) and the references therein. In particular, on quasiconcavity see 
Crouzeix (1980) and Otani (1983). 
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PROPOSITION 4. 

Let f be a continuously differentiable demand function. 
ments are equivalent. 

a) f satisfies the Weak Axiom 

b) the Slutsky matrix is negative semidefinite, i.e. 

The following state-

v· S(p, w)v :s; O for all V E JR.n 

c) f is homogeneous an d for all v E JR.n 

v· f(p,w) =O implies 

Proof. a) * b). Let v E lR.n and set q= p+ tv for any t 2': O and sfifficiently 

dose to zero. By (a) and Proposition 2 we have that CLD holds, therefore 

v· [f(q, q· f(p, w))- f(p, w)] :s; O 

for all. t. From the definition of directional derivative of compensateci demand 
and d1fferentiability we obtain 

]~~[i( q, q· f(p, w))- f(p, w)]= S(p, w) v 

Combining the above results yields 

O 2': ]~~v· [f(q, q· f(p, w))- f(p, w)] =v· S(p, w) v 

therefore the Slutsky matrix is negative semidefinite. 

b) *c). From (9) and b) it follows trivially that the Jacobian mat · · 
t
. "d fi · nx 1s 

nega 1ve sem1 e mte on the orthogonal space to f(p ) ,.., h h · 'W · .LO S OW t at f !S 

homogeneous i t is sufficient to prove that S(p w) p - 0 Let~ C ·d h . . , - . us ons1 er t e 
symmetnc matnx 

S(p, w)= S(p,w) + S(p, w)T 

By b) this matrix is negative semidefinite and by ( 10) 

p· S(p,w)p =O 
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therefore by a standard result on quadratic forms we have S(p, w)p =O, hence 

O= S(p,w)p = S(p,w)p+S(p,w)Tp = S(p,w)p 

and c) implies homogeneity of f. 

Finally the implication from c) to a) follows readily from Theorem 2 and 

Proposition 2. 
Q.E.D. 

Propositions l to 4 contain the main results on the characterization of the 

weak axioms. At this stage it would be useful to highlight the connections of 

these results with the existing literature. 
For the case of homogeneous demand, the equivalence between the Weak 

Axiom and negative semidefiniteness of the Slutsky matrix was first obtained 

by Kihlstrom, Mas-Colell and Sonnenschein (1976). Subsequently, Hildenbrand 

and Jerison (1989) proved the equivalence with condition (A) on the Jacobian 

matrix of demand. John (1995) clarified the role played by homogeneity of 

demand in the above results and was the first to show that this property is 

implied by the Weak Axiom. 
Proposition 3 provides the same result as Theorem l in John (1995). John's 

proof is based on the introduction of a modified Slutsky matrix and follows a 

similar argument as in Hildenbrand and Jerison (1989). Our proof is more 

direct. 
In Theorem 2, John (1995) shows the equivalence between the Weak Axiom 

and Wald's Axiom plus homogeneity. The same result follows from Proposition 

l and 2. We also provide an alternative proof that the Weak Axiom implies 

homogeneity (Lemma 2). 
The results of Propositions 3 and 4 are also in Hildenbrand (1994). Hilden­

brand's proof of the characterization of Wald's Axiom (which is mainly due to 

R. John) is very similar to the proof of our Theorem 2 with the exception of the 

result of Lemma 3. As for the characterization of the Weak Axiom, our proof 

of Proposition 4 is considerably shorter than Hildenbrand's because we use the 

first-order characterization of pseudomonotonicity. 
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5. Concluding remarks 

Using the weak axioms in theoretical and applied work starting from the ba­

sic definitions is not always an easy task. There are cases where the differential 

characterization of the axioms helps to formulate sensible economie hypotheses 

suitable for subsequent empirica! investigation. One important example is the 

analysis of market demand developed by Hildenbrand (1994). 
Wald's Axiom or equivalently pseudomonotonicity is a desireable property 

of market demand since it ensures the convexity of the equilibrium set. If an 

equilibrium exists and the economy is regular then equilibrium is unique. In 

genera!, pseudomonotonicity cannot be expected to hold far market demand 

even when individua! demands satisfy the Weak Axiom (or even when agents 

maximize preferences). Indeed, this property is not additive and therefore is 

not preserved under aggregation. However, in the case of large populations, 

Hildenbrand finds interesting economie conditions under which market demand 

acquires important structural properties and in particular satisfies Wald's Ax­

iom. His approach combines the first-order characterization of Wald's Axiom 

with the Slutsky decomposition of the Jacobian matrix of individua! demand 

into substitution and incarne effects. 
Hildenbrand's mode! refers to a large population where each individua! is 

described by a demand function, J, and a leve! of nomina! incarne, w, i.e. by 

a pair of individua! characteristics, (f, w). Incarne is supposed independent 

of prices and the economy is described by a distribution, p., on the space of 

individua! characteristics, C= F x IR+, where F is a set of admissible demand 

functions. For any given price vector p, p. induces a distribution v (p) o n the 

commodity space, that is the distribution of vectors of individua! demand at 

price p. The mean of this distribution is market demand 

F(p) = 1f(p,w)dp. 

Using the Slutsky equation and assuming that all the integrals are well defined 

we can write the Jacobian matrix of market demand as 

EJF(p) = S(p)- .A(p) (11) 
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where S(p) is the average of the substitution matrices and .A(p) is the average 

of incarne effect matrices, i. e. 

A(p) = fcawf(p,w)f(p,w)T dp. 

Assuming that the Weak Axiom holds for individua! demand functions we ob­

tain, by Proposition 4, that the average substitution effect matrix, S(p), is 

negative semidefinite. Therefore, by (11) and Proposition 3, we have that mar­

ket demand satisfies Wald's Axiom if the average incarne effect matrix .A(p) is 

positive semi definite o n the hyperplane orthogonal to F(p), that is, if 

v· F(p) =O implies v· .A(p)v ~O (12) 

To interpret condition (12) let us consider the distribution of demand vec­

tors that would result if all incomes were shifted by the same small amount 

e: > O, that is the distribution of f(p, w +e:). This distribution is denoted 

by v(p, e:) an d cov v(p, e:) is its variance-covariance matrix; noti ce also that 

v(p,O) = v(p) and covv(p,O) = covv(p). We say that the distribution v(p,e:) 
is 'more dispersed' aro un d the me an than v(p) in the direction v E JRn if 

v· [covv(p,e:)- covv(p)]v ~O (13) 

Hildenbrand (1994) shows that if v(p, e:) tends to be 'more dispersed' than the 

actual distribution of demand vectors v(p), for any direction orthogonal to F(p), 
then condition (12) and thus Wald's Axiom far market demand hold. 

To see how this hypothesis of 'increasing dispersion' of demand vectors 

leads to the result let us set 
. l 

8wcovv(p) =hm -[covv(p,e:)- covv(p)] 
e---+OC 

By (13), the hypothesis of 'increasing dispersion' of demand vectors requires 

that 
for all v· F(p) =O (14) 

By using the definition of covariance between 8wfi(p, w) and fj(p, w) and the 

definition of .A(p) we have that 

.A(p)ij = cov [8wfi(p, w), fi(p, w)]+ [fcawfi(p, w)dp.1 Fj(P) 
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therefore, if v· F(p) =O we obtain 

v· A(p)v =L V;VjCOV [8wf;(p,w), Ii(p, w)] 
i,j 

On the other hand it is not difficult to see that 

v· OwCOV v(p)v = 2 L V;VjCOV [8wf;(p, w), fi(P, w)] 
i,j 

Therefore, by (14) we have 

- l 
v· A(p)v = 2v · Owcovv(p)v 2': O for ali v·F(p)=O 

and condition (12) is satisfied. 
The hypothesis of 'increasing dispersion' of demand vectors is justified for 

populations displaying sufficient etherogeneity in income and consumption be­

haviour. Under additional assumptions, this hypothesis has been tested using 

cross-section data taken from family expenditure surveys and seems to be well 

supported by empirica! evidence. 9 
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