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Abstract

We present a model of two-sided matching where utility is non-transferable and information about individ-
uals' skills is private, utilities are strictly increasing in the partner's skill and satisfy increasiragatices.

Skills can be either revealed or kept hidden, but while agents on one side have veri able skills, agents on
the other side have skills that are unveri able unless certi ed, and certi cation is costly. Agents who have
revealed their skill enter a standard matching market, while others are matched randomly. We nd that in
equilibrium only agents with skills above a cutoeveal, and then they match assortatively. We show that

an equilibrium always exists, and we discuss multiplicity. Increasin@rminces play an important role

to shape equilibria, and we remark that this is unusual in matching models with non-transferable utility.
We close the paper with some comparative statics exercises where we show the existence of non-trivial
externalities and welfare implications.

Key words: costly disclosure of information; matching markets; non-transferable utility; partial
unraveling; positive assortative matching; increasingdences
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1. Introduction

Sorting patterns have been widely investigated in two-sided matching models where agents are ranked ac-
cording to a trait (called skill or type) that is publicly visible. One important insight from the literature is that
when utility is transferable (i.e., the surplus generated by a matched pair of agents can be freely distributed
between them) the sorting of agents depends on comparative advantages. Indeed, if higher types gain rela-
tively more than lower types to be matched with partners of a higher type, then their willingness to pay for
such a match will be larger, and this determines positive assortative matching in equilibrium. By contrast,
when utility is non-transferable (i.e., the surplus generated by a match is non-contractible) the sorting of
agents depends on absolute advantages. This is so because agents cannot compeitegbgrger shares

of the total surplus, and therefore if utilities are increasing in the partner's type then in equilibrium high
type agents match together; this is true even if the total surplus of a match does not exhibit the comparative
advantage property.
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In this paper we show that, if we remove the assumption that types are publicly visible and we give
agents the possibility to costly disclose their type, then comparative advantages become again important
to understand the properties of the equilibrium matching even in a model where utility is non-transferable.
More precisely, we assume that, prior to matching, agents face the following choice: either reveal one's
own skill and patrticipate in a standard two-sided matching market together with all agents who disclose
their skill, or keep one's own skill hidden and go for a random match together with all agents who do not
reveal their skill. We assume an asimmetry in skill veri ability between agents on the two sides. Agents
on one side have skills that are veri able, hence such skills become observable once revealed. Agents on
the other side, instead, have skills that are unveri able, and they must resort to costly certi cation in order
to make their skills veri able. It turns out that comparative advantages — that we model as the property of
increasing dierences for utilities — are crucial to assess whether certi cation costs are worth being paid;
indeed, an agent must compare the option to be randomly matched within a pool of low type agents with
the option to pay the cost of certi cation and end up matched with a higher type agent.

Our main modeling innovation with respect to the matching literature concerns the assumption that
types are private information, and that agents on one side must rely on costly certi cation in order to credi-
bly reveal such information. We believe that this assumption can help matching models to get closer to some
real applications. The following sketched example illustrates. Consider the market for a given kind of job,
with positions on one side and candidates on the other side. Positions are ranked in candidates' preferences
according to some trait, like salary, job duties, working time. Such a trait can be costlessly revealed, and
even reported in the job contract. Candidates, instead, are ranked in recruiters' preferences according to a
skill level that is directly related to productivity in the kind of job that we are considering; however, candi-
dates' skills are not veri able, and hence cannot be simply revealed, since uncerti ed declarations would be
non-credible. Therefore, candidates who want to certify their skills need to obtain — depending on the na-
ture of job under consideration — educational or professional quali cations, or other kinds of certi cates: for
instance, the European Computer Driving Licence (ECDL) can be obtainedeaedi levels and certi es
knowledge in the eld of information and communication technology, that can be relevant for a position of
computer technician; Cambridge ESOL diplomas, like the First Certi cate in English, or the Test Of English
as a Foreign Language (TOEFL) prove one's adequacy in the English language, that can be useful for jobs
that require to interact socially with English-speaking people; similarly, the Graduate Record Examinations
(GRE) and the Graduate Management Admission Test (GMAT) measure skills related to verbal reasoning,
guantitative reasoning and analytical writing, and are usually employed to discriminate the access to gradu-
ate positions; moreover, many other certi cates and licences exist that guarantee one's ability as hairstylist,
chef, musician, driver, etc. Needless to say, all these certi cations are costly to be acquired.

In the paper, we start adapting the standard notion of stable matching — that requires two conditions to
be satis ed, i.e., no blocking pair and individual rationality — to obtain a notion of equilibrium that is suited
for our model. We provide a characterization of equilibria where matching is positive assortative between
agents who reveal their skill, and cuttypes emerge in both populations, separating the agents who reveal
information — that lie above the cute- from those who do not — that lie below the cutaMoreover, the
cuto type in the population whose skills are unveri able unless certi ed must be irdint between, on
the one hand, certifying the skill and matching with the same-rank mate and, on the other hand, saving the
cost of certi cation and relying on random matching in the set of mates who have kept their skill hidden.

Interestingly enough, multiple equilibria can emerge in our model. This is essentially due to a kind of
“network e ect” that is at play when considering the value of the outside option: since only higher types
resort to certi cation, if the pool of uncerti ed agents gets larger, then the average type therein becomes
higher and the value of a random match increases. More precisely, for a highertgpéocerti cation



means to end up matched with a better mate, and hence it has a higher value; however, the outside option of
arandom match has a higher value as well, due to the netwexdt eTherefore, there may be multiple cuto

types that are indierent to the choice of whether to certify or not, and this means that multiple equilibria
exist. Due to equilibrium multiplicity, in the paper we proceed by distinguishing equilibria between stable
and unstable — since that plays a role for comparative statics — and we then show that a stable equilibrium
always exists provided that certi cation costs are positive but low enough.

In the nal part of the paper we go through some comparative statics exercises and we comment on
welfare implications. In particular, we consider theeets of a change in the cost of certi cation, and in the
distribution of skills in the two populations. To have an idea of the kind of results that we obtain, consider
the following case. Suppose that skills increase for agents who need certi cation. Because of increasing
di erences of their utilities, we obtain that the value of certi cation increases relatively to the value of a
random match with agents having lower skills. We show that this leads to a reduction in the equilibrium
cuto level for stable equilibria, and hence the average value of a random match decreases in the new
equilibrium. This nicely highlights the existence of a negative externality on the agents who still choose not
to pay the certi cation cost and to go for a random match.

The paper is organized as follows. Sectbplaces our contribution in the relevant literature. Section
3 presents the model, while Sectidrillustrates our main results: the characterizations of equilibria, the
possibility of multiple equilibria with dierent cuto s, the distinction between stable and unstable equilib-
ria with the proof of existence for stable equilibria. Sectibdescribes the comparative statics exercises
and provides some comments on welfare implications. Seétimie y summarizes our contribution and
outlines directions for future research. The Appendix reports a couple of examples which help to illustrate
the variety of welfare outcomes that may arise.

2. Related literature

The present paper lies at the intersection of two streams of contributions: the literature on positive assortative
matching and the literature on costly disclosure.

The rst stream of literature studies under what conditions matched partners are sorted according to
some ordered characteristics. In his seminal contribuieaker(1973 shows that, when utility is non-
transferable, if payos are monotonic in the partner's skill then stable matchings are characterized by agents
who are paired in a positive assortative waylore recentlylegros and Newma(2010 show that mono-
tonicity is not necessary for positive assortative matching. More precisely, they show that a weakening of
Becker's condition, which they label co-ranking, is necessary anc®nt for having agents who match in
positive assortative way. In our model too equilibrium con gurations are characterized by positive assorta-
tive matching but, due to the presence of asymmetric information, this only holds for the pool of individuals
who publicly disclose their skills — as the remaining individuals are matched randomly. In addition, for
the individuals disclosing their skill we also have same-rank matchings, i.e., matches essentially take place
between agents with the same rank in the distribution of skills over their own population. This is because
in equilibrium agents in both populations adopt a cuémtry rule to establish whether to disclose or not
their skill. We also emphasize that, although in our model agents' preferences satisfy the conditions for
a unique stable match when utility is non-transferable g&eekhout 200Q Clark, 2006, there might be
multiple equilibria with distinct cutos. This is due to the fact that the expected value of a random match is
endogenous, depending on the skills of agents who decide not to disclose.

1Legros and Newma(R007) provide su cient conditions for positive assortative matching in the case of partial utility trans-
ferability.



The second stream of literature studies the strategic disclosure of quality information when it is both
costly and credible to do so.A central concept in this literature is “unraveling”, i.e., the process by
which higher quality agents disclose their quality as a way to distinguish themselves from lower quality
agents Grossman1981; Milgrom, 1981). When disclosure is costless, then unraveling is total, i.e., all
private information is made publicly available, but if disclosure is costly — which may be due to certi cation
required to make credible a piece of information that otherwise would be unveri able — then unraveling can
be only partial Grossman and HarL 980 Jovanovi¢ 1982. In particular, all and only the agents whose
quality is above a certain threshold decide to disclose their qfaliyte that, when disclosure is costly, it is
not necessarily suboptimal to have partial disclosure instead of full disclésnm@ur model we also obtain
partial unraveling with positive certi cation costs, and our welfare analysis con rms that full disclosure can
be far from social optimum. These ndings suggest that the main features of partial unraveling due to costly
disclosure of information also hold for matching markets.

To the best of our knowledge, there are only two other contributions that have so far provided results
at the intersection of positive assortative matching and costly disclosure of information. The rst paper
is Bloch and Rydef2000 that compares the case of a matchmaker charging a uniform fee with the case
of a matchmaker charging a price proportional to joint value. A man and a woman with same rank can
decide to go to the matchmaker and, if they pay their participation fee, they are matched together. If at
least one of the two agents does not go to the matchmaker, no match occurs, and both agents end up in a
decentralized market paying no cost. Under some regularity assumptions about the search technology and
the skill distribution, it turns out that in the case of a uniform fee only agents in the upper tail pay the fee,
i.e., there is a cutotype in each population such that only those above it pay the fee, while in the case of a
proportional price only agents in the lower tail pay, i.e., there is a ctitpe in each population such that
only those below it pay the price. The second papBeigstrom and Bagno{iL993 that applies an original
OLG model to explain the empirical fact that the mean age at marriage of men exceeds that of women. Men
types are private information while women types are observable. Each man can either match randomly with
a woman in period one, or wait until period two (there is a xed cost of waiting) when his type is revealed
and then match assortatively. The only choice given to agents is whether to wait or not. In stationary
equilibria a cuto rule emerges such that the more desirable women marry successful older men while the
less desirable women marry younger men with low prospects. Equilibrium uniqueness is attained if type
distributions (in utility terms) are log-concave. We observe that the primary focus of both these papers is
not about positive assortative matching and costly disclosure of information as a theoretical issue per se, but
rather about the role of market intermediaries in one case and the empirically observed tendency of women
to marry older men in the other case. Therefore, their results are derived under assumptions that are speci c
to the issues they address, while we provide a model that is clean from unnecessary hypotheses. In addition,
in both models the positive assortativeness of matching is directly assumed, while we explicitly model the
stability of matching and we obtain positive assortativeness as a result. Moreover, in both models utility is
assumed to depend only on one's partner type (implying constaatetices in utilities) while we perform
our analysis under the hypothesis of increasingedénces of utilities for agents who need certi cation.
Finally, we also explore how equilibrium cute respond to exogenous changes in the cost of certi cation
and the distribution of skills.

Furthermore, there are several recent papers which are related to ours but haateatdocus. We list

2SeeDranove and Jif2010 for a complete survey on the theory and practice of quality disclosure.

3Total unraveling may also fail for other reasons, as shown for instanBeaagd(2009.

4This is true even if the cost is not associated with disclosure but with information acquisition in the rst platteéws and
Postlewaite1985 Shavel] 1994.



a few of them for each strand, with no claim of being exhaustive. Some papers are concerned with signaling
in matching markets where information is asymmettitoppe et al.(2009 study signaling of attributes

in two-sided matching where populations are nite and agents on both sides can observe only their own
skills. The focus is on signaling equilibria and on their limit properties as populations tend to in nity, while

the assortativeness of matching is assunhtpkins(2011) studies the signaling of attributes in two-sided
matching where, as in our model, populations are in nite and only agents on one side have private infor-
mation on their own attributes. Positive assortativeness is derived in equilibrium under both transferable
and non-transferable utilitydooth and Cole$2010 focus instead on comparing the economic implications

of marriage markets based on positive assortative matching on education (which determines earnings) with
those of markets based on random matching. The second case is interpreted as “romantic” marriage and
is shown to potentially increase eiency by inducing the most skilled women to invest in education and
participate in the labor market. Other papers consider costly search of potential mates. For iAsékace,

(2006 shows that positive assortative matching emerges under additive search costs and complementarities
in joint production. With an explicit focus on exchan@atterthwaite and Shneyer{®007) study decen-

tralized trade via matching of buyers and sellers under incomplete information and costly search, showing
that the economy tends to the Walrasian equilibrium as the search cost tends ©©laeg2006 explores
matching with both search and information frictions, showing that there exists an equilibrium exhibiting

a stochastic positive assorting of types and that being accepted reduces an agent's estimate of a potential
partner's type. Finally, a series of papers considers matching under incomplete information about oth-
ers' preferencesChakraborty et al(2010 study two-sided matching with interdependent valuations and
noisy signals received by one side, showing that the existence of a stable matching hinges on the diversity
of students' preferences and the transparency of the mechafisiade et al(2007) study the behavior

of students in the application process to colleges when they are uncertain about their own qualities and
applications are costly, showing that a unique equilibrium with assortative matching exists provided that
application costs are small and that the lower-ranked college hasiently high capacity. Finally.i and
Rosen(1998 andLi and Suen(2000 consider a multi-period setting and study issues of early contracting

and strategic waiting, whil®strovsky and Schwa2010 endogenize disclosure costs and consider third
party certi cation that is strategic.

3. Model

3.1. Preliminaries

We consider two populations, with agents in each populatiorritig by type (or skill). In one population,
individual type is denoted witk and varies irX = [x; X] according to cumulative distributiof. In the other
population, individual type is denoted wiytand varies ir¥ = [y;y] according to cumulative distributid®.

Both distributions are assumed to have bounded density functions that we denofeawith respectively.

We also assume th& andG are strictly increasing, so that every type is uniquely associated to a rank in
the skill distribution.

Each agent in one population is interested in matching with one agent in the other population. We use
U(x;y) to denote the utility of an agent with skilwho matches with an agent having skilland we use
V(x;y) to denote the utility of the agent with skiflwho matches with an agent having skill We assume
thatU andV are continuous in both arguments,is strictly increasing iry andV is strictly increasing in
x. We assume that (but notV) satis esincreasing di erencegID): for all x; x° 2 X, with x < x°, for all
y:yP2 Y, withy < y° we have thatl (x;y%) U(xy) UXZY) UK y). We speak aboutrict increasing



di erencegqSID) if the inequality holds strictly, and we speak aboatstant dierenceqCD) if we have
an equality?

Skill y is assumed to be hard information, that can either be disclosed or not by an agent, but if it
is disclosed then it is recognized as true. Skilk instead assumed to be soft information, that requires
certi cation in order to be credible. Certi cation is costly, and the cost is denoted 0. Let X" be the
set of types that are not certi ed and remain hidden, ¥R& X n X" the set of types that are certi ed and
revealed. Analogoush™ denotes the set of types that remain hidden, wifile Y nY" is the set of types
that are revealed. With a slight abuse of notation, weR@® to denote the mass of agents with skill in
R X, and, analogously, we usk(®) for the mass of agents with skill # Y. We restrict to consider
XH andYH that are nite unions of intervals, i.e., proper intervals (with or without extrema) and degenerate
intervals (that are single point8).

Agents who reveal their skill then match together as in a standard matching market, while agents who
do not reveal their skill are then randomly paired matchingis a function : XR! YR that constitutes
an isomorphisni. WhenXR | ;| we say that a matching is a positive assortative matchin@PAM) if
xX02 XR x < xXimplies (x) < (x9).

The expected utility of an agent with skjiwho is randomly paired with an agent¥i', whenF (X") >

0, is: Z ()
H. : X) Ay
EV(X™;y) o V(X y)F(XH)dX'

Analogously, the expected utility of an agent with siiwho is randomly paired with an agent¥#', when
G(YM >0, is:

a(y)
G(YH)

z

EU(x; YH) u(xy) dy:
y2yH

To complete the de nition oEV(XH:y) and EU(x; YH) we need to deal witt" and Y™ having mea-
sure zero. Since we have assumed tkatand YH are made of a nite number of intervals, then they
are eithe'gempty or made of a nite number of goints.Xif andY" are non-empty, theEV(X":y)
(15iXH0) " sexr V(X y), andEU(x; YH)  (255YH]j) - yovn U(Xy). Finally, if XY andY" are empty then we
assign arbitrary values, with the only requirement that the assumptions we have made on utilities still hold
if we consider;, as the lowest type; more preciseBV(;;y) V(xy)forally2Y,andEU(X;;) U(Xy)
forallx2 X, andU(x%y) EU(X%;) U(xy) EU(x;)forallx;x°2 X, x<x% andforally2yY.

3.2. Equilibrium de nition

In this model arequilibriumis a triple (XR;YR; ), such that two conditions hold, that are no blocking
pair (NBP) and individual rationality (IR). These conditions are standard for matching models, but are here

5A natural alternative to increasing dirences is the single crossing condition, that however turns out to bedrest for our
purpose. In fact, we want that, if typends it convenient to pay the certi cation cost, then any tyffe> x also nds it convenient
to do the same, and this must hold for any level of the certi cation cogfe could instead assume the single crossing condition on
the utility net of the cost of certi cation, and for any level of the cost, L(x;y%) ¢ (>)U(x;y) impliesU(X%y?) ¢ (UL y)
for anyx® > x, y° > y and for allc > 0. We note that this last de nition is equivalent to ID as we de ned it.

5This restriction has some useful implications. First, it ensuresXfatx®, YH and YR are measurable sets, and moreover it
allows us to work with Riemann integration when computing the expected value of a random méftcandY". Second, we are
able to complete the de nition dEV(X";y) andEU(x; YM) in a natural way wheiX" andY" are non-empty sets of measure zero.
In our opinion, this assumption causes a negligible loss of generality — since neglected sets are inherently related to the continuum
setup and have a poor interpretation — while it allows us a signi cant simpli cation in the exposition.

"This means that is an invertible map and bothand its inverse ! are measurable and measure preserving maps.



adapted to the current setup:

NBP —forx2XRy2YRifU(xy) ¢ (>)U(x (x) cthenV(xy) (<)V( (y);y);
—forx2XRy2YH ifU(xy) ¢ ()U(x (X)) cthenV(xy) (<)EV(X";y);
—forx2XH, y2 YR ifU(xy) c () EU(xYH thenV(xy) (<)V( (y);y):
—forx2 X", y2YH ifU(xy) ¢ () EU(xYH)thenV(xy) (<) EV(X":y).

IR —forx2XR U(Xx (X)) c EU(YH);

—fory2 YR V(. Hy)y) EV(XT:y).

An equilibrium is said to be dfull revelationif F(XR) = 1 andG(YR) = 1. An equilibrium is said to be of
no revelationif F(XR) = 0 andG(YR) = 0. An equilibrium is ofpartial revelationif it is of neither full or
no revelation.

4. Results

In this section we rst provide characterizations of equilibria, we then show that multiple equilibria can ex-
ist, we proceed by distinguishing between stable and unstable equilibria, and we nally provide an existence
result for stable equilibria.

4.1. Equilibrium characterization

Propositionl gives a characterization of equilibria of partial revelation, and it is the fundamental result of
the paper. The proof is rather long but not dult, and it is helps to understand the role played by Iof
for our results.

Proposition 1. (X?; YR; ) is an equilibrium of partial revelation if and only if:
(i) is PAM;
(ii) there exists x2 (x;X) such that:

(@) XR=[x;¥], and Y =[G Y(F(x)); VI,
(b) U(x;G H(F(x))) c©=EU(x;[y;G (F(x)))).

Proof. We start showing that ifXR; YR: ) is an equilibrium of partial revelation then (i) holds. Suppose
not, then there must exist x° 2 XR, such thatx < x%and (x) > (x9. But then ¢ (X)) would form a
blocking pair, sincd&J (X% (X)) > U(X% (xX9) andV(x% (x)) > V(x; (X)) due to the strict monotonicity of
U inyand ofVin x.

We now show that if X?; YR; ) is an equilibrium of partial revelation then (ii) holds. We start from
(). We rst prove that there exist cutaypesx. andy, that separate the types who do not reveal — that
lie below — from those who do reveal — that lie above; then we showxthatxR andy. 2 YR, and nally
ye = G Y(F(xo)) is established.

8In the no blocking pair condition we essentially require that no weak Pareto improvement is possible for any pair of agents,
while strict Pareto improvement is usually required in analogous de nitions. We remark that our choice has the only consequence
to have equilibrium cutos x. andy. (see Propositiod) that are necessarily matched together (since the magph represents a
strict improvement foy., but not forx., who is indi erent due to the cost of revelation), while they might also remain unmatched
if we required a strict improvement for both agents to form a blocking pair.



Suppose that a cutotype x: does not exist, therefore there must exi2 XR, with x < X supXH.
There are two cases: case 1, {K) § supY", and case 2, if (x) < §. Consider case 1. There must
exist X2 2 X" with x < x% The following inequalities hold, the rst is obtained by ID bF after taking
expectations, and the second comes fronXR.

ued (X)) EUCCYT) U(x (x) EUXY™ c

Moreover,V(x% (X)) > V(x; (X)) by V being strictly increasing ix. Hence, % (X)) would form a
blocking pair, against the de nition of equilibrium.

Consider case 2. The following inequalities hold, the rst is obtained by ID @ffter taking expecta-
tions, the second is due t being strictly increasing i, and the third comes from2 XR,

U%$) EUKY™) UX§) EUKXYDH>UX () EUXYT) c

Moreover,V(X;¥) > EV(X":9) by V being strictly increasing i, after taking expectations. We observe
that, by continuity ofJ andV, there must exist® 2 X" su ciently close tax;andy® 2 Y" su ciently close
to ¥, such that they would both strictly gain by matching together. Hen€gyf would form a blocking
pair, against the de nition of equilibrium.

Suppose now that a cutdypey. does not exist, therefore there must eyigtYR, withy < §  supYH.
There must exisy® 2 YH with y < y°. We have just shown that (y) > x for any x 2 X", and hence
V( Yy);y9) > EV(XH:y9) due to strict monotonicity o/ in x. Moreover,U( (y);y®) > U( (y);y),
due to strict monotonicity of) in'y. Hence, ( 1(y);y°) would form a blocking pair, against the de nition
of equilibrium.

So far we have proven thxR is either [x; X] or (xc; X], and YR is either c; ¥] or (yc; ¥]. We observe that
we cannot have the case.{X] and /;y], since there would exist 2 YR with y < (x.), and necessarily
we would have (y) > x., but this would violate being PAM. Analogously, we can reason against
(%e; X] and [yc;¥]. Consider now the case in whicl{X] and §;y]. Since types that are slightly higher
than x; are matched with types that are slightly higher tlygnand they must nd convenient to do so,
thenU(x:;ye) EU(x.;YH) ¢ by continuity ofU; but we also have that(x.;ye) > EV(X";yc) by V
being strictly increasing irx, and hencex:;y;) would form a blocking pair. Finally, we observe that if
Ye , G Y(F(x.)) then the mass of agents ¥ would di er from the one inYR, and hence no matching
would be feasible between the two sets. Therefore, we are left with the only possibilid¢that x; X]
andYR = [G Y(F(xc));¥), and so (a) is proven.

We now prove (b). Suppose thlit(x;;G Y(F(x.)) ¢ < EU(X:;[y;G Y(F(x)))). Since types that
are slightly higher thax. are matched with types that are slightly higher ti@&r(F(x.)), by continuity
of U we would haveU(x; (X)) ¢ < EU(x;[Y;G 1(F(xc)))) for type x higher thanx. but su ciently

close to it, against IR. Suppose instead téx.;G 1(F(xo))) ¢ > EU(X:;[Y;G (F(x))). Considerx
andy that are lower than, respectively andG 1(F(xc)) but su ciently close to them. By continuity of
U we have thatJ(x;y) ¢ > EU(X;[y;G 1(F(xc)))), and by strict monotonicity o¥ in x we have that
V(xy) > V(X X);y); hence, k;y) would form a blocking pair. We are left with the only possibility that
UG Y(F(X)) c=EU(X;[Y;G Y(F(x)))), and so (b) is proven.

Finally, we show that if X?; YR; ) satis es (i) and (i) then it is an equilibrium of partial revelation.
Considerx 2 [x;X]. The rst of the following inequalities holds by strict monotonicity of in x, the
second inequality holds — after expectations are taken — by ID, @nd the nal equality is condition (b)
of (ii).

Ux (0) EUXIY:G HF() UXG *(F(x) EUXY:G *(F(x))
UGG H(F(x) EUGIY:G H(F()) = ¢



ThereforeU(x; (X)) ¢ EU(X[y;G H(F(x)))), and IR is established.

Considerx 2 X and suppose strictly gains by matching witly. If x 2 XR, theny > (x) sinceU
is strictly monotone iry, hencey 2 YR, and (y) > x by PAM. Thereforey strictly loses by matching
with x due to strict monotonicity of in x. If x 2 X", then we rst show thay 2 YR. Suppose not, and
consider the following inequalities, which show thatvould strictly lose by matching with suchya The
rst inequality holds by strict monotonicity o) in y, the second one holds — after expectations are taken —
by ID of U, and the nal equality is condition (b) of (ii).

U(xy) EUXIY:G HFOQ))) <UMXG H(F(x) EUXIY:G (F(x))
UG Y(F(x)) EUM:[Y:G HF(x) = c:

Therefore, we must haye2 YR, and hence (y) xc > X, so thaty strictly loses by matching witk due
to strict monotonicity oV in x. We have established that NBP holds.

We have shown thad®; YR; ) is an equilibrium, while to understand that is of partial revelation we can
simply observe that from (a) of (i) we ha®X®) =1 F(x)) =1 G(ye) = G(YR) andF(xo) 2 (0;1). O

From the above proposition, we know that equilibria of partial revelation are characterized by a matching
that is PAM between the agents revealing their types. This is a standard result in matching models with
non-transferable utility, and it essentially depends on utilities being strictly increasing in the partner's skill.
More interestingly, equilibria of partial revelation haveao type x; that separates the agents who do
not certi cate from those who do. This, together with matching being PAM, implies that the agents lying
above the cuto level are matched with same-rank mates; in particular, we have thatxtyigsematched
with typeG 1(F(x.)). Basically, nding an equilibrium of partial revelation amounts to identifying a cuto
type that is indi erent between the option to pay the certi cation cost entering the matching market, and
the alternative option to save such a cost relying on random matching outside the market, and then letting
the agents above the cuttevel match assortatively. This cutdeature of equilibria crucially depends on
utilities satisfying ID for the agents who have to pay the certi cation cost.

Given its important role, we will refer to

U(x:G Y(F(x)) ¢ EUGGIYG H(F(x)) 1)

asrelative gain from certi cation for the cutotype x.
We now provide characterizations of equilibria of full revelation (Proposifipand of no revelation
(Proposition3). Proofs are omitted, since they are essentially contained in the proof of Propdsitin

Proposition 2. (XR; YR: ) is an equilibrium of full revelation if and only if:
() is PAM;

(i) Uxy) ¢ EU(X;).

®In Proposition2, the only equilibrium of full revelation is witik®? = X and YR = Y. This is so because X" = fxgand
Y" = fyg thenx stricly prefers being matched " than paying a positive certi cation cost and being matched witHBy
continuity, also types close towould strictly prefer random matching, and so a positive mass of agents would exit the certi ed
matching market.

1%1n Proposition3, two equilibria of no revelation are possibile, one wXR = ; = YR, the other withXR = fxgand YR = fyg
In fact, if the inequality holds as an equality, thsR = fXgand YR = fyg sinceX is indi erent bufy strictly prefers to be matched
with X.



Proposition 3. (XR; YR: ) is an equilibrium of no revelation if and only if@y) ¢ EU(XY).

According to Proposition2 and3, equilibria of full revelation and of no revelation can be interpreted as
extrema of the partial revelation equilibria, where cutevels arex and%, and the indi erence condition
holds as inequality since we are at the boundar¥ aihd, respectively, no further decrease and no further
increase of the cutois feasible. We observe that in Propositi®there is no mention to matching being
PAM since XR is either empty, and hence PAM is unde ned, or it contains dqland PAM is trivially
satis ed in such a case.

4.2. Equilibrium multiplicity

A salient feature of our model is that the outside option —i.e, not to reveal one's own skill and remaining out
of the matching market — has an endogenous value. The larger thescytandye, the better is the option

to randomly match with an agent ™ andY", respectively. This allows for equilibrium multiplicity, as

can be intuitively understood by the following argument. In an equilibrium of partial revelation, the cuto
type x. must be indi erent between revealing and not revealing the skill, L{x;;G (F(x)) ¢ =

EU(X; [y; G Y(F(x)))). If we start from an equilibrium and we consider an increase jnve can observe

that — neglecting the direct ect thatx; has on utility in both sides — there is a positiveeet on the left-hand

side due to a better ma@ (F(xc)), and a positive eect on the right-hand side as well due to the higher
average quality of a match iry;[G Y(F(xc))). The possibility is left open that both sides have increased
by the same amount so that a new equilibrium is reached, and the following example shows that multiple
equilibria can actually exist:

Example 1.

Let us consider a case in whieh= [0; 1] = Y, F andG are uniform cumulative distributions, i.€=(X) = X

for everyx andG(y) = y for everyy, andU(x;y) = 1+ (y 1)°. We do not need to specify a precise function
for V(x;y). Note thatU satis es CD. We set = 0:3. We can write the following gain from certi cation as
a function of the cuto type xc, where we use the fact that = . in this setup:

U(x;G (F(x)) ¢ EY(%;[0;G YF(x)))) =

17 % x 1% 1
=1+ 1?03 = 1+ 1Pdy= 1% 03 =+
(x 1) % o (y 1ydy=(x 1) % %

The graph of the above function is depicted in Figlirfsom which we can recognize that multiple equilibria
exist. Asthe gure shows, there are two equilibria of partial revelation, and one equilibrium of no revelation.

4.3. Equilibrium stability

We nd useful to distinguish between two types of equilibria of partial revelation, since they will behave dif-
ferently in the comparative statics exercises of Sedidrmoking at Figurel, functionU (x.; G 1(F(xc)))

c EU(X;[y;G YF(x)))) crosses the horizontal axis from below in the rst equilibrium, and from above

in the second equilibrium. This can be related to aegénce in the stability of the two equilibria. Suppose
that the cuto x. is slightly higher than the rst equilibrium cuta Then,x. nds more convenient to obtain

certi cation and reveal the skill, and the same holds by continuity for close types. Hence, all such agents
are likely to pay the certi cation cost and enter the matching market, thus lowering the tvtards its

We underline that, as intuitively understood from the argument used and better illustrated in Exathplassumption df
satisfying ID does not play any speci c role in the possibility that multiple equilibria exist, which essentially relies only on the fact
that the value of random matching increases as the ayeds larger.
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Figure 1: In the two equilibria of partial revelation the relative gain from certi cation for the ctype xc
is zero, while in the equilibrium of no revelation the relative gain from certi cation for the highestype
non-positive.

equilibrium level. If instead we start from a cutehat is slightly lower than the equilibrium level, we can

analogously argue in favor of an increase of the cutbus showing the stability of the rst equilibrium.

Similar reasonings can be done for the second equilibrium, reaching the conclusion that it is unstable.
We will speak aboustable equilibriunreferring to an equilibrium of partial revelation such that function

UG (F(x)) ¢ EUX[y;G (F(x.)))) is strictly increasing irx: at the equilibrium, while we will

speak aboutnstable equilibriunfior an equilibrium of partial revelation such that functidfix.; G 1(F(xc)))

¢ EU(X:[Y;G (F(x)))) is strictly decreasing im at the equilibriunmt?

4.4. Equilibrium existence

Our main focus is on stable equilibria of partial revelation. The following proposition provides an existence
result for such a type of equilibria.

Proposition 4. There existE such that if0 < ¢ < T, then there exists a stable equilibrium of partial
revelation.

12This distinction between stable and unstable equilibria is not exhaustive, since it does not cover with cases where the func-
tion U(x;G Y(F(x))) ¢ EU(X;[Y;G YH(F(x)))) is neither strictly increasing nor strictly decreasingkinat the equilibrium.
Moreover, here we do not discuss equilibria of full revelation and of no revelation, for which a stability analysis might be done but
would not be particularly interesting. What we do is because our focus in the comparative statics exercises ob Sdttien
mainly to understand how stable equilibria of partial revelation will react to exogenous changes, and unstable equilibria are useful
since they provide a nice reference to compare the analysis.

11



Proof. If the certi cation cost is null, then the relative gain from certi cation for the cuttype X; is
always positive for anyk: 2 (x;X], due to the strict monotonicity dJ in y. Moreover, it tends to zero
asx. approaches zero, since im x EU(x;[y;G 1(F(x0)))) = U(xy). This implies that there exists an
interval (x; X% where the relative gain from certi cation for the cuttype is always strictly increasing. We
setc= UG F(xX9)) EUME[Y;G 1F(x9)), and the proof is completed. O

The condition that guarantees existence of a stable equilibrium of partial revelation is on the level of certi-
cation costs. Intuitively, the relative gain from certi cation for the cuttype is a function that is strictly
increasing when is very close tx, and in the limit forx; going tox such a function goes toc. Therefore,

if the cost of certi cation is positive but low enough, then the relative gain from certi cation for the cuto
type will cross the zero level coming from below, and thus a stable equilibrium of partial revelation is found.
Incidentally, we observe that if the cost of certi cation is instead high enough, so that the relative gain from
certi cation for the cuto type remains always negative, then an equilibrium of no revelation surely exists,
while no equilibrium of partial revelation can exist.

5. Discussion

In this section we carry out some comparative statics exercises. In particular, we analyzedtseod
changes in the cost of certi cation, and changes both in the distribution of skills that are unveri able unless
certi ed and in the distribution of skills that are veri able. We conclude with some simple comments on
welfare.

5.1. Comparative statics on the cost of certi cation cost and on the distribution of skills

We start by motivating a change of the unit of analysis from type —>iandy — to rank —i.e.F (x) andG(y).

The reason is that in Propositi@we will consider a general increase x§kills, so that a generic agent

with skill x will have a higher skill after the distribution has changed. Therefore, looking at the ex-ante and
ex-post situation for the same typkill is generally misleading, since the comparison will involveatient

agents. If we suppose that the generalized shift in skills does not cause changes in relative positions, then
it is more reasonable to carry out the analysis taking the rank as unit of analysis. With this purpose, we
preliminarily de ne therelative gain from certi cation for the cutoagent ¢ as

U(F Y(re):G *(re)) ¢ EU(F (ro):[0:G (ro))): )

R
whereEU(F (rc);[0;G (ro) r—lc 0r°U(F Yre); G Y(r))dr. We are now ready for some comparative

statics results. We start considering a change in the cost of certi cation.

Proposition 5. If the certi cation cost ¢ increases, then the relative gain from certi cation for every cuto
agent i decreases.

Proof. By looking at @), it is immediate to recognize that an increase inas a negative impact on the
relative gain from certi cation for every cutoagentr. O

The next proposition analyzes theexts of a change in the distribution gfskills. The result crucially
relies on the ID property of the utility functiod. We brie y remind that a distributiorF® rst-order
stochastically dominates a distributienf Fq(x) F(x) for everyx.

Proposition 6. If FO rst-order stochastically dominates F, then the relative gain from certi cation for
every cuto agent ¢ does not decrease, and it increases ) < F(rc) and U satis es SID.

12



Proof. We observe thatl(F (ro):G X(re)) U(F (ro);G 1(r)) U(F° (ro); G (r)) U(F° i(ro); G 1(r))
for everyr r¢, due to ID ofU and the fact thaF (rc) F° 1(r¢), that comes froni® rst-order stochas-
tically dominatingF. Therefore, taking the expectations we obtain:

U(F Y(ro);G (ro)) ¢ EU(F (re)i[0:G *(rc))  U(F® H(re);G *(rc))) © EU(F® Y(r);[0;G Y(ro)):

(3)
The initial inequality above becomes strictuf satis es SID andF (r¢) < F° 1(r¢), and the same holds
when expectations are taken, thus completing the proof. O

One might think that similar results hold for changes in the distributioprsKills. The following proposi-

tion states that this is not the case, and Example 2 — which constitutes a proof of Propbsititustrates

the variety of e ects that can occur. Intuitively, a generalized increaseshkills positively a ects both the

value of certi cation — since the skill of same-rank mate has increased — and the value of a random match —
since the average skill in the pool of agents who do not certify has increased as well. In general, there is no
way to decide which one has increased more.

Proposition 7. If G° rst-order stochastically dominates G, then the relative gain from certi cation for a
cuto agent g can either increase, or decrease, or remain unchanged.

Example 2.

We provide three variants of an example, each variant illustrating a case that Propdstiaies as a
possibility. Let us assume thxt=[0;1], F 1(r) =r, () Y = [0;:K], G 1(r) = kr with k > 0, (i) Y = [k; 1],
Glr)=k+(@ KrwithOo<k<1,(ii) Y=1[k1+Kk,G (r) = k+r. We also assumé(x;y) = Xy, S0
that SID is satis ed, while we do not need to specify a precise functiol (ary). We can write the relative
gain from certi cation as a function of the cutagentr. in the three variants as follows:

U(F ()G *(ra))), ¢ BU(F “(ro)[0:G *(ro)) =
N fo _ kr?
i) =rc c P . rckrdr—7 c

Z Ie 2
(i) =rgk+(@ Kre) c rl rek+ (1 Kr)dr= %

1 z rcc i r2
(i) =rek+ry) ¢ — re(k+r)dr==
f'c o 2

C

C

From the above expression it is immediate to recognize that an increlabadma (i) positive, (ii) negative,
or (iii) null e ect on the relative gain from certi cation for al} 2 (0; 1).

As a consequence of the displacement of the function measuring the relative gain from certi cation in re-
sponse to changes o) F andG, the set of equilibria changes in a rather straightforward way. We can
facilitate intuition by means of a graphical example, like the one in Figuig¢is easy to understand that
equilibria react to a displacement of the relative gain from certi catioredently depending on whether

they are stable or unstable. More precisely, an upward displacement of the function measuring the rela-
tive gain from certi cation causes stable equilibria to move leftwards, and unstable equilibrium to move
rightwards?® Similar arguments can be applied to draw conclusions on equilibrium sutomany other
comparative statics exercises.

3Clearly, a large enough increase of skills may cause equilibria to disappear (or, better, one stable equilibrium and one unstable
equilibrium may collapse into a unique equilibrium and then vanish, similarly to what happens for solutions to nonlinear equations
when translations are applied). So, previous statements are valid only for small enough displacements offunction
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Figure 2: The two equilibria of partial revelation react diently to displacements of the function measuring
the relative gain from certi cation depending on their stability properties.

5.2. Welfare

A rst question that can be posed concerns the total welfagetof imposing all agents to disclose credible
information about their skill. This can be the case, for instance, of compulsory quality certi cation. To X
ideas, suppose that we want to compare a case in which all agents are forced to reveal their skill, so that
XR = X, to another case in which there is no imposition and an equilibrium of partial revelation occurs, so
that XR = [x.;X] for somex. 2 (x;X). Two e ects are involved in the passage from the rst case to the
second case. Let us rst consider agents whose skills are unveri able unless certi ed. On the one side,
there are fewer people who pay the cost to certify the skill, and this reduces the total cost of information
disclosure. On the other side, there are fewer pairs who are matched in a positive assortative way, and this is
a social cost in the presence of strict increasingedences, while it is not in the case of constanedences.
Let us now consider agents whose skills are veri able. Obviously, the rsteis absent, since they do not
pay any certi cation cost. The secondect instead is present, although again not in the case of constant
di erences. In general, no de nite ranking in terms of welfare can be established between the two cases.
Typically, full disclosure will not be the social optimum. In particular, if utilities of agents on both sides
satisfy constant dierences, then we can conclude that overall welfare decreases in the level of information
disclosure.

A second question that can be posed regards the total welfare associategtémtequilibria. Suppose
that we have two distinct equilibria, that can be the ex-ante and ex-post state with respect to some exogenous
change irc, F or G, or two di erent equilibria for the samg F andG, if we are in the presence of multiple
equilibria (like in Examplel). Whatever the case, we may be interested in a welfare comparison between
such equilibria. We observe that the same tweds that we have discussed above apply here as well.
Moreover, if the two equilibria that we compare are associated to changeb ior G, then further eects
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are at play. Let us consider rst agents whose skills are unveri able unless certi ed. A thedtarises

if cincreases, since then agents who still pay to disclose their skill must sustain a higher cost.ethis e
combines with the former eect regarding the reduction of the set of agents who disclose their skill, leaving
undetermined the net ect on total cost of disclosure. A fourth ect is triggered by the increase in one's

own skill and it has an ambiguous ect on utility, depending on how (x;y) depends ox.}* A fthe ect

is triggered by the increase in the partner's skill and it has a positive impact on utility, belddéxsg

is strictly increasing iry. When we look at the utility of agents whose skills are veri able, we have to
consider that they pay no cost to reveal their skill, so that the thietdtis absent. However, the fourth and

the fth e ects are present and are similar to those we have just discussed. On the whole, we have argued
that several contrasting ects are at play and, once combined together, the result of a welfare comparison
remains ambiguous. Nevertheless, when the general model is applied to more speci ¢ setups, welfare
assessments become easier, and often prove to be non-trivial and insightful. In the Appendix we provide a
couple of examples to illustrate the variety of welfare analyses that may arise.

6. Conclusions

In this paper we have developed and studied a model which lies at the intersection of the research on positive
assortative matching under non-transferable utility and the research on strategic revelation of information
when disclosure is costly. We have obtained that when types are private information and disclosure is costly
on one side of the market, only the best agents get certi cation and match with agents on the other side in
a positive assortative way, while the remaining agents match randomly. Moreover, multiple equilibria may
arise, as a consequence of the endogenous value of the outside option.

Typically, in models of matching with transferable utility the shape of a stable matching — and, in par-
ticular, whether agents match assortatively or not — is determined by comparative advantages. By contrast,
if utility of a match is non-transferable, then what matters are absolute advantages. In this paper we have
shown that under costly disclosure of types comparative advantages become again important to understand
the properties of the equilibrium matching when utility is non-transferable.

A natural follow up of the paper would be to take into consideration the case in which agents on both
sides have unveri able skills that require certi cation in order to be trusted. In such a situation it is no
longer enough to consider the relative gain of certi cation in one population only, since the corresponding
cuto mate might nd it not convenient to reveal the skill, due to the cost of certi cation that must now be
paid. Therefore, the choice of whether to certi cate or not must be jointly considered for agents on both
sides. In particular, if the relative gain from certi cation is negative for the cutgent on one side, then no
equilibrium can arise, since such agent would prefer to go for a random match. If, instead, the relative gain
from certi cation is positive for the cuto agent on one side, then we can have an equilibrium if the cuto
agent on the other side is indirent whether to certify or not. Indeed, we would have additional agents on
the rst side who are willing to certi cate and form pairs with same-rank mates, but they would not nd
available partners on the other side. We observe that such a case is similar to what we have studied in the
present paper, where agents with veri able skill have null certi cation costs and hence their relative gain
from certi cation is always positive.

We remind that we have assumed that utilities strictly increase in the partner's skill, while no assumption is made concerning
the e ect of changes in one's own skill.
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Appendix - Examples on welfare

Example 3.
We assum& = [0;1] = Y, F 1(r) =r,G X(r) =r, U(xy) = yandV(x;y) = X, so that bottJ andV satisfy
CD. The relative gain from certi cation for the cutaagentr. is:
z
e\ 1 e V10 1 _ 1 r _ X

U(F “(rc);G “(rc)) ¢ EU(F “(re);[0;G “(re)))=rc ¢ P . rdr= > c
Figure 3.A depicts the above expression as a functiomofor ¢ = 0:2 and forc = 0:3. The unique
equilibrium of partial revelation is in the rst case with = 0:4, and in the second case with = 0:6.
Figure3.B depicts the utility at equilibrium of agents whose skills are unveri able unless certi ed for both
levels of the certi cation cost. From it we can see that those who choose to hide the skill for both levels of
cost — i.e., agents from 0 tad— are better o whenc = 0:3, because of the increase in the average skill
of a random match. Also some of the agents who exit the matching market in the passage=frora
toc = 0:3 —i.e., those from @ to 05 — nd themselves in better conditions when= 0:3, while the
others —i.e., those from®to 0.6 — nd themselves in worse conditions. We think that it is an interesting
theoretical possibility that some types may be induced to exit the market as a result of the incrgase in
and nd themselves better oin the ex-post situation. Finally, agents who remain in the matching market
are clearly worse owhen the cost increases, since they are matched with the same mate but have to pay a
higher certi cation cost.

The analysis follows similar lines for agents whose skills are veri able, with the onlgréince that no
cost is paid. Figur8.C illustrates. Those who are out of the matching market for both levels of costs —i.e.,
agents from 0 to @ — are better o when the cost is higher, since the average skill of a random match has
increased. Those who reveal their skill when 0:2 but that rely on a random match wherr 0.3 —i.e.,
agents from @ to 06 — are all worse o when the cost is higher. This is so because the average skill of a
random match foc = 0:3 is lower than the skill of their same-rank mageFinally, agents from ® to 1 are
evidently not aected by the change in cost, since matched with the same partner in both cases.

We might be interested to compare the above two equilibria using an utilitarian welfare function. In the
very simple setup of this example, this amounts to rank outcomes inversely on the basis of the total amount
of costs, since both utility functiond andV exhibit constant dierences. We observe that total expenditure
is the same in the two equilibria, in particular it is equal tb2) Generalizing the question, we might look
at the relationship between total cost (and, hence, utilitarian welfare) and the levélsihg the fact that
2rc = ¢, we end up with ¢=(2 + ¢) as the function describing such relationship in the cost intery&tQ
It is not surprising that the utilitarian welfare is maximized éor 0 — when all agents enter the market for

15We note that this is not a general result. In some cases it may happen that the average skill of a random match for a higher cost
is larger than the skill of the same-rank mate.
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Figure 3:(a) depicts the relative gain from certi cation for the cutagentr. whenc = 0:2 andc = 0:3.
For the same cost valueth) and(c) depict the utility at equilibrium (i.e., witl; = 0:4 andr. = 0:6) of
agents withx-skills andy-skills, respectively. We note that (i) the two graphs coincide whewq s larger
than Q6.
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( EU(F (r);[0;G (ro)) forr<rg;

(@U(F 1(re);G Yre)) ¢© EU(F Y(re);[0;G (rc))). (b) 06 30 f
U(F *(r);G *(r c orr reg

Figure 4:(a) and(b) illustrate the eects of changinds from 3 to 6 on, respectively, the relative gain from
certi cation for the cuto agentrc and the utility ofx-types at equilibrium (i.e., with; = 2=3 andr; = 0:5).

free — and forc  0:5 — when no certi cation occurs. The utilitarian welfare is minimized éoxr 0:25,

when total expenditure is maximized. Even in this extremely simple setup, we nd of some interest that for
a range of the cost level — i.e.,:f®; 0:5] — the utilitarian welfare increases as the cost to enter the market
becomes higher. The quality of this remark appears to be still valid in the presence of utility functions with
moderate strictly increasing dérences.

Example 4.
We assume thaX = [0;K], Y = [0;1], F (r) = krwith k > 0, G (r) = r, U(x;y) = (1 + x)y and
V(x;y) = (1+y)x, so that bothU andV satisfy SID. The relative gain from certi cation for the cutagent
reis:

1 Z e kr2 r
UF Y(re);G Hre))) © EU(F Y(re)i[0;G Y(re))) = L+ krg)re ¢ P (L+Kkre)r dr = 70 +§C

c 0
We setc = 1. Figure4.A depicts the above expression as a function.dor k = 3 andk = 6. The unique
equilibrium of partial revelation is in the rst case witly = 2=3, and in the second case with = 0:5.
We limit ourselves to making a remark about the well-being of agents whose skills are unveri able unless
certi ed. Figure4.B depicts the utility at equilibrium for agents whose skills are unveri able unless certi ed
whenk = 3 andk = 6. From it we can observe that agents bele® dre made worse oby the generalized
increase of skills. This may appear surprising at a rst glance, since the increasasa positive direct
e ect on utility. However, there is also an indirecteet, which is negative. In fact, the equilibrium cuto
gets lower as a consequence of the upward displacement of the relative gain from certi cation for the cuto
agent (as we know from Propositi@). This means that the average skill of a random partner decreases.
These two eects contrast with each other. Therefore, types for whom the latemt elominates the former
nd themselves in worse conditions after the generalized increase of skills.
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