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Abstract: Given a dictionary of M, initial estimates of the unknown true regression func-
tion, we aim to construct linearly aggregated estimators that target the best performance
among all the linear combinations under a sparse g-norm (0 < ¢ < 1) constraint on the lin-
ear coefficients. Besides identifying the optimal rates of aggregation for these £,-aggregation
problems, our multi-directional (or universal) aggregation strategies by model mixing or model
selection achieve the optimal rates simultaneously over the full range of 0 < ¢ < 1 for gen-
eral M, and upper bound t, of the g-norm. Both random and fixed designs, with known or
unknown error variance, are handled, and the {4-aggregations examined in this work cover
major types of aggregation problems previously studied in the literature. Consequences on
minimax-rate adaptive regression under ¢4-constrained true coefficients (0 < ¢ < 1) are also

provided.

Our results show that the minimax rate of {4-aggregation (0 < g < 1) is basically deter-
mined by an effective model size, which is a sparsity index that depends on ¢, t,, M, and
the sample size n in an easily interpretable way based on a classical model selection theory
that deals with a large number of models. In addition, in the fixed design case, the model
selection approach is seen to yield optimal rates of convergence not only in expectation but
also with exponential decay of deviation probability. In contrast, the model mixing approach
can have leading constant one in front of the target risk in the oracle inequality while not

offering optimality in deviation probability.
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combining, aggregation, model mixing, model selection.
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1. Introduction

The idea of sharing strengths of different estimation procedures by combining them instead of
choosing a single one has led to fruitful and exciting research results in statistics and machine
learning. In statistics, the theoretical advances have centered on optimal risk bounds that require
almost no assumption on the behaviors of the individual estimators to be integrated (see, e.g.,
[64, 67,22, 24, 42, 52, 69, 58] for early representative work). While there are many different ways that
one can envision to combine the advantages of the candidate procedures, the combining methods
can be put into two main categories: those intended for combining for adaptation, which aims at
combining the procedures to perform adaptively as well as the best candidate procedure no matter
what the truth is, and those for combining for improvement, which aims at improving over the
performance of all the candidate procedures in certain ways. Whatever the goal is, for the purpose
of estimating a target function (e.g., the true regression function), we expect to pay a price: the risk
of the combined procedure is typically larger than the target risk. The difference between the two
risks (or a proper upper bound on the difference) is henceforth called risk regret of the combining

method.

The research attention is often focused on one but the main step in the process of combining
procedures, namely, aggregation of estimates, wherein one has already obtained estimates by all the
candidate procedures (based on initial data, most likely from data splitting, or previous studies),
and is trying to aggregate these estimates into a single one based on data that are independent of the
initial data. The performance of the aggregated estimator (conditional on the initial estimates) plays
the most important role in determining the total risk of the whole combined procedure, although the
proportion of the initial data size and the later one certainly also influences the overall performance.

In this work, we will mainly focus on the aggregation step.

It is now well-understood that given a collection of procedures, although combining procedures
for adaptation and selecting the best one share the same goal of achieving the best performance
offered by the candidate procedures, the former usually wins when model selection uncertainty is

high (see, e.g., [74]). Theoretically, one only needs to pay a relatively small price for aggregation for
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adaptation ([66, 24, 58]). In contrast, aggregation for improvement under a convex constraint or ¢1-
constraint on coefficients is associated with a higher risk regret (as shown in [42, 52, 69, 58]). Several
other directions of aggregation for improvement, defined via proper constraints imposed on the £;-
norm alone or in conjunction with the ¢;-norm of the linear coefficients, have also been studied,
including linear aggregation (no constraint, [58]), aggregation to achieve the best performance of
a linear combination of no more than a given number of initial estimates ([19]) and also under
an additional constraint on the ¢1-norm of these coefficients ([49]). Interestingly, combining for
adaptation has a fundamental role for combining for improvement: it serves as an effective tool in
constructing multi-directional (or universal) aggregation methods that simultaneously achieve the
best performance in multiple specific directions of aggregation for improvement. This strategy was
taken in section 3 of [69], where aggregations of subsets of estimates are then aggregated to be
suitably aggressive and conservative in an adaptive way. Other uses of subset models for universal

aggregation have been handled in [19, 54].

The goal of this paper is to propose aggregation methods that achieve the performance (in risk
with/without a multiplying factor), up to a multiple of the optimal risk regret as defined in [58], of
the best linear combination of the initial estimates under the constraint that the g-norm (0 < ¢ < 1)
of the linear coefficients is no larger than some positive number ¢,, (henceforth the ¢,-constraint). We
call this type of aggregation ¢,-aggregation. It turns out that the optimal rate is simply determined
by an effective model size m,, which roughly means that only m, terms are really needed for effective
estimation. We strive to achieve the optimal ¢,-aggregation simultaneously for all ¢ (0 < ¢ < 1) and
tn (t, > 0). From the work in [42, 69, 58, 4], it is known that by suitable aggregation methods, the
squared Lo risk is no larger than that of the best linear combination of the initial M,, estimates with
the £;-norm of the coefficients bounded by 1 plus the order (log(M,,/v/n)/n)*/? when M, > \/n or
M, /n when M, < y/n. Two important features are evident here: 1) When M, is large, its effect
on the risk enlargement is only through a logarithmic fashion; 2) No assumption is needed at all on
how the initial estimates are possibly correlated. The strong result comes from the £;-constraint on

the coefficients.

Indeed, in the last decade of the twentieth century, the fact that ¢;-type of constraints induce
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sparsity has been used in different ways for statistical estimation to attain relatively fast rates of
convergence as a means to overcome the curse of dimensionality. Among the most relevant ones,
Barron [9] studied the use of ¢1-constraint in construction of estimators for fast convergence with
neural nets; Tibshirani [57] introduced the Lasso; Chen, Donoho and Saunders [25] proposed the
basis pursuit with over complete bases. Theoretical advantages have also been pointed out. Barron
[8] showed that for estimating a high-dimensional function that has integrable Fourier transform
or a neural net representation, accurate approximation error is achievable. Together with model
selection over finite dimensional neural network models, relatively fast rates of convergence, e.g.,
[(dlogn)/n]*/?, where d is the input dimension, are obtained (see, e.g., [9] with parameter discretiza-
tion, section III.B in [71] and section 4.2 in [11] with continuous models). Donoho and Johnstone
[30] identified how the ¢,-constraint (¢ > 0) on the mean vector affects estimation accuracy under
¢y loss (p > 1) in an illustrative Gaussian sequence model. For function estimation, Donoho [28§]
studied sparse estimation with unconditional orthonormal bases and related the essential rate of
convergence to a sparsity index. In that direction, for a special case of function classes with uncon-
ditional basis defined basically in terms of bounded g-norm on the coefficients of the orthonormal
expansion, the rate of convergence (logn/n)'~9/? was given in [71] (section 5). The same rate also
appeared in the earlier work of Donoho and Johnstone [30] in some asymptotic settings. Note that
when ¢ = 1, this is exactly the same rate of the risk regret for /;-aggregation when M, is of order

n" for 1/2 < k < oo.

General model selection theories on function estimation intend to work with general and possibly
complicatedly dependent terms. Considerable research has been built upon subset selection as a
natural way to pursue sparse and flexible estimation. When exponentially many or more models
are entertained, optimality theories that handle a small number of models (e.g., [56, 48]) are no
longer suitable. General theories were then developed for estimators based on criteria that add an
additional penalty to the AIC type criteria, where the additional penalty term prevents substantial
overfitting that often occurs when working with exponentially many models by standard information
criteria, such as AIC and BIC. A masterpiece of work with tremendous breadth and depth is Barron,

Birgé and Massart [11], and some other general results in specific contexts of density estimation
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and regression with fixed or random design are in [71, 65, 18, 5, 6, 15].

These model selection theories are stated for nonparametric scenarios where none of the finite-
dimensional approximating models is assumed to hold but they are used as suitable sieves to deliver
good estimators when the size of the sieve is properly chosen (see, e.g., [55, 59, 17] for non-adaptive
sieve theories). If one makes the assumption that a subset model of at most k;, terms holds (€o-
constraint), then the general risk bounds mentioned in the previous paragraph immediately give the

order ky, log (M, /k,) /n for the risk of estimating the target function under quadratic type losses.

Thus, the literature shows that both ¢y- and ¢;-constraints result in fast rates of convergence
(provided that M, is not too large and k,, is relatively small), with hard-sparsity directly coming
from that only a small number of terms is involved in the true model under the fy-constraint,
and soft-sparsity originating from the fact that there can only be a few large coefficients under
the ¢i-constraint. In this work, with new approximation error bounds in éé‘f{g’;—hulls (defined in
section 2.1) for 0 < ¢ < 1, from a theoretical standpoint, we will see that model selection or model

combining with all subset models in fact simultaneously exploits the advantage of sparsity induced

by £4-constraints for 0 < ¢ < 1 to the maximum extent possible.

Clearly, all subset selection is computationally infeasible when the number of terms M, is large.
To overcome this difficulty, an interesting research direction is based on greedy approximation, where
terms are added one after another sequentially (see, e.g., [12]). Some general theoretical results are
given in the recent work of [40], where a theory on function estimation via penalized squared error
criteria is established and is applicable to several greedy algorithms. The associated risk bounds
yield optimal rate of convergence for sparse estimation scenarios. For aggregation methods based
on exponential weighting under fixed design, practical algorithms based on Monte Carlo methods

have been given in [27, 54].

Considerable recent research has focused on /¢;-regularization, producing efficient algorithms and
related theories. Interests are both on risk of regression estimation and on variable selection. Some

estimation risk bounds are in [13, 37, 43, 44, 50, 51, 62, 60, 76, 75, 77, 73].

The {,-constraint, despite being non-convex for 0 < ¢ < 1, poses an easier optimization challenge
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than the fyp-constraint, which is known to define a NP-hard optimization problem and be hardly
tractable for large dimensions. Although a few studies have devoted to the algorithmic developments
of the {,-constraint optimization problem, such as multi-stage convex relaxation algorithm ([78])
and the DC programming approach ([33]), little work has been done with respect to the theoretical

analysis of the {,-constrained framework.

Sparse model estimation by imposing the £,-constraint has found consensus among academics and
practitioners in many application fields, among which, just to mention a few, compressed sensing,
signal and image compression, gene-expression, cryptography and recovery of loss data. The /,-
constraints do not only promote sparsity but also are often approximately satisfied on natural
classes of signal and images, such as the bounded variation model for images and the bump algebra

model for spectra (]29]).

Our /,-aggregation risk upper bounds require no assumptions on dependence of the initial esti-
mates in the dictionary and the true regression function is arbitrary (except that it has a known
sup-norm upper bound in the random design case). The results readily give minimax rate optimal
estimators for a regression function that is representable as a linear combination of the predictors

subject to £,-constraints on the linear coefficients.

Two recent and interesting results are closely related to our work, both under fixed design only.

Raskutti, Wainwright and Yu [53] derived in-probability minimax rates of convergence for estimating

My,

qytn—hulls with minimal conditions for the full range of 0 < ¢ < 1. In

the regression functions in /¢
addition, in an informative contrast, they have also handled the quite different problem of estimating
the coefficients under necessarily much stronger conditions. Rigollet and Tsybakov [54] nicely showed
that exponential mixing of least squares estimators by an algorithm of Leung and Barron [46] over
subset models achieves universal aggregation of five different types of aggregation, which involve £g-
and/or ¢;-constraints. Furthermore, they implemented a MCMC based algorithm with favorable

numerical results. As will be seen, in this context of regression under fixed design, our theoretical

results are broader with improvements in several different ways.

Our theoretical work emphasizes adaptive minimax estimation under the mean squared risk.
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Building upon effective estimators and powerful risk bounds for model selection or aggregation
for adaptation, we propose several aggregation/combining strategies and derive the corresponding
oracle inequalities or index of resolvability bounds. Upper bounds for {,-aggregations and for linear
regression with {,-constraints are then readily obtained by evaluating the index of resolvability
for the specific situations, incorporating an approximation error result that follows from a new
and precise metric entropy calculation on function classes of Eé\f[g;—hulls. Minimax lower bounds
that match the upper rates are also provided in this work. Whatever the relationships between
the dictionary size M, the sample size n, and upper bounds on the ¢,-constraints, our estimators

automatically take advantage of the best sparse /,-representation of the regression function in a

proper sense.

By using classical model selection theory, we have a simple explanation of the minimax rates,
by considering the effective model size m,, which provides the best possible trade-off between the
approximation error, the estimation error, and the additional price due to searching over not pre-
ordered terms. The optimal rate of risk regret for ¢,-aggregation, under either hard or soft sparsity

(or both together), can then be unifyingly expressed as

REG(m,) =1/ (1 toe ) :

n

which can then be interpreted as the log number of models of size m, divided by the sample size
(A1), as was previously suggested for the hard sparsity case ¢ = 0 (e.g., Theorem 1 of [71], Theorems
1 and 4 of [65]).

The paper is organized as follows. In section 2, we introduce notation and some preliminaries
of the estimators and aggregation algorithms that will be used in our strategies. In addition, we
derive metric entropy and approximation error bounds for E%’;-hulls that play an important role
in determining the minimax rate of convergence and adaptation. In section 3, we derive optimal
rates of {,-aggregation and show that our methods achieve multi-directional aggregation. We also
briefly talk about ¢,-combination of procedures. In section 4, we derive the minimax rate for linear
regression with ¢,-constrained coefficients also under random design. In section 5, we handle /,-

regression/aggregation under fixed design with known or unknown variance. A discussion is then
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reported in section 6. In section 7, oracle inequalities are given for the random design. Proofs of
the results are provided in section 8. We note that some upper and lower bounds in the last two

sections may be of independent interest.

2. Preliminaries

Consider the regression problem where a dictionary of M,, prediction functions (M,, > 2 unless
stated otherwise) are given as initial estimates of the unknown true regression function. The goal is
to construct a linearly combined estimator using these estimates to pursue the performance of the
best (possibly constrained) linear combinations. A learning strategy with two building blocks will
be considered. First, we construct candidate estimators from subsets of the given estimates. Second,
we aggregate the candidate estimators using aggregation algorithms or model selection methods to

obtain the final estimator.

2.1. Notation and definition

Let (X4,Y1),...,(X,,Y,) be n (n > 2) iid. observations where X; = (X;1,...,X;4),1 <i<mn,

take values in X C R? with a probability distribution Px. We assume the regression model
Y = fo(Xi) + &, i=1,...n, (2.1)

where fj is the unknown true regression function to be estimated. The random errors €;, 1 < i < n,
are independent of each other and of X;, and have the probability density function h(x) (with
respect to the Lebesgue measure or a general measure y) such that E(e;) = 0 and E(e?) = 02 < oo.

The quality of estimating fo by using the estimator f is measured by the squared Lo risk (with

respect to Pyx)
R fun) = B = ol = £ ( [ - foParx )

where, as in the rest of the paper, || - || denotes the Lo-norm with respect to the distribution of Py.
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Let F,, = {f1, f2,.-., fum, } be a dictionary of M,, initial estimates of fy. In this paper, unless
stated otherwise, || f;]| < 1,1 < j < M,. Consider the constrained linear combinations of the esti-
mates F = {fa = Zjlvi"l 0;f; :0€0,,fc Fn}, where ©,, is a subset of RM». The problem of con-
structing an estimator f that pursues the best performance in F is called aggregation of estimates.
We consider aggregation of estimates with sparsity constraints on 6. For any 6 = (6y,...,05, ),

define the ¢p-norm and the ¢,-norm (0 < ¢ < 1) by

M, M, 1/q
10llo =>_1(6; #0), and [I6g={ >_16;1" |
j=1 j=1
where I(-) is the indicator function. Note that for 0 < ¢ < 1, || - |4 is not a norm but a quasinorm,
and for ¢ = 0, || - |lo is not even a quasinorm. But we choose to refer them as norms for ease of

exposition. For any 0 < ¢ <1 and t,, > 0, define the £,-ball
By(tn; M) = {0 = (01,02,...,00,)" : 0]l < ta}.

When ¢ = 0, ¢, is understood to be an integer between 1 and M,,, and sometimes denoted by
k, to be distinguished from ¢, when ¢ > 0. Define the E%’; -hull of F,, to be the class of linear

combinations of functions in F;, with the £,-constraint

M’!L
Faltn) = Foltn; Mu; Fo) = fo =Y 05 :0 € By(tn; My), f; € Fr 3,0 < q < 1t > 0.

j=1
One of our goals is to propose an estimator an = Zjle éj fj such that its risk is upper bounded

by a multiple of the smallest risk over the class F,(¢,) plus a small risk regret term

R(fr i fo;n) < C  inf — folI> + REG(tn; My,),
(fr,; fosn) < feel}lq(tn)nfe foll* + q( )

where C' is a constant that does not depend on fy, n, and M,,, or C' = 1 under some conditions.

We aim to obtain the optimal order of convergence for the risk regret term.

2.2. Two starting estimators

A key step of our strategy is the construction of candidate estimators using subsets of the initial es-

timates. The following two estimators (T- and AC-estimators) were chosen because of the relatively
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mild assumptions for them to work with respect to the squared Lo risk. Under the data generating
model (2.1) and i.i.d. observations (X1,Y1),..., (X, Ys), suppose we are given (g1, ..., gm) terms

for the regression problem.

When working on the minimax upper bounds in random design settings, we will always make

the following assumption on the true regression function.

AssuMPTION BD: There exists a known constant L > 0 such that || fo]leco < L < 00.

(T-estimator) Birgé [15] constructed the T-estimator and derived its Lo risk bounds under the
Gaussian regression setting. The following proposition is a simple consequence of Theorem 3 in [15].
Suppose
T1. The error distribution h(+) is normal;

T2.0 < 0 < oo is known.

Proposition 1. Suppose Assumptions BD and T1, T2 hold. We can construct a T-estimator f(T)

such that )

N . o m
BIFE = foll* < Cre | Jinf 1D 0305 = fo|| + 57 |
=

where Cp, , is a constant depending only on L and o.

(AC-estimator) For our purpose, consider the class of linear combinations with the ¢;-constraint
G={9=>7179; : 191 < s} for some s > 0. Audibert and Catoni proposed a sophisticated
AC-estimator ngC) ([4], page 25). The following proposition is a direct result from Theorem 4.1 in
[4] under the following conditions.

ACI. There exists a constant H > 0 such that sup, /g vex [9(X) — g (x)|=H < .
AC2. There exists a constant o’ > 0 such that supyer E (Y - g*(X))?|X =x) < (0)° < oo,

where g* = infgeg ||lg — f0H2~

Proposition 2. Suppose Assumptions AC1 and AC2 hold. For any s > 0, we can construct an
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AC-estimator fs(AC) such that
N . m
E|IfA — fol” < inf lg - foll* + ¢ (20" + H)* —,
9€g n
where ¢ is a pure constant.

Note that under the assumption | follc < L, we can always enforce the estimators f(T) and

F49) 46 be in the range of [—L, L] with the same risk bounds in the propositions.

2.3. Two aggregation algorithms for adaptation

Suppose N estimates fi,..., fx are obtained from N candidate procedures based on some initial
data. Two aggregation algorithms, the ARM algorithm (Adaptive Regression by Mixing, Yang [68])
and Catoni’s algorithm (Catoni [24]), can be used to construct the final estimator f by aggregating
the candidate estimates fi, ..., fx based on n additional i.i.d. observations (X;,Y;)?_;. The ARM
algorithm requires knowing the form of the error distribution but it allows heavy tail cases. In
contrast, Catoni’s algorithm does not assume any functional form of the error distribution, but

demands exponential decay of the tail probability.

(The ARM algorithm) Suppose
Y 1. There exist two known constants ¢ and @ such that 0 < g < o <7 < o0;
Y2. The error density function h(z) has a finite fourth moment and for each pair of constants
Ry >0 and 0 < Sy < 1, there exists a constant Bg, r, (depending on Sy and Ry) such that for all

|R| < Ry and Sy < S < Sy,

/h(m) log S_lh((};(x_) R)/S)d:v < Bs,.r,((1=8)? + R?).

We can construct an estimator f Y which aggregates fi, ..., fx by the ARM algorithm as described

below.

Step 1. Split the data into two parts Z() = (X;,Y;)™,, Z®) = (X;,Y;)",, ;1. Take ny = [n/2].



Step 2.

Step 3.

Step 4.

Proposition 3. (Yang [69], Proposition 1) Suppose Assumptions BD and Y1, Y2 hold, and

I felle < L < oo with probability 1, 1 < k < N. The estimator Y by the ARM algorithm has

Z.Wang, S.Paterlini, F. Gao and Y.Yang/Adaptive Minimaz Estimation over Sparse {q-Hulls

Estimate o2 for each fi, using the data Z(1),

1
i=1

Clip the estimate 67 into the range [0, 5?] if needed.

Evaluate predictions for each k. For ny 4+ 1 <1 < n, predict Y; by f,(X;) and compute

o i, D (0 = fu(X0)/60)
k,l — .

-
; Gl

k

Compute the final estimate fY = 22;1 Wi fr. with

1 - 7 E
KLkl
Wk = n—n E Wk,l and WkJ = =N -
L +1 j=1 m;iEj

where 7 are prior probabilities such that Zszl e = 1.

the risk

where Cy is a constant that depends on o,,L, and also h (through the fourth moment of the

2
2oy - ey S
R o) < O it (1=l + % (14105 1),

random error and Bg, r, with So = ¢/a, Ry = L).

Remark 1. If o is known or other estimators of o are available, the data splitting is not required,

and the ARM algorithm consists of only Steps 3 and 4.

(Catoni’s algorithm) Suppose for some positive constant o < oo, there exist known constants

U, Ve, < 00 such that

Cl. E(exp(alegi])) < Uy

G, EClewmlaleil) v

E(exp(alei]))

The estimator built using Catoni’s algorithm is fc = Zgzl Wi fi. with

W;F%Z

w1y e (%1X0)

N 1
= s (T 4 (X)) 2n

and (1% = 52 o { <220 - x|

12
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where A\c = min{2, (Ua(17L% + 3.4V,))"'}, and 7, is the prior for fi, 1 < k < N, such that
N
D=1k =1

Proposition 4. (Catoni [24], Theorem 3.6.1) Suppose Assumptions BD and C1, C2 hold, and
[ filloe < L < 00, 1 <k < N. The estimator f that aggregates fi, ..., fx by Catoni’s algorithm

has the risk

N . 2 1
C.r. < i _ 2 S —_
R(f 7f07n)—1§1}€1£N (”fk fO” +n)\C logﬂ'k>.

Remark 2. In the risk bound above, the multiplying constant in front of ka — fol|? is one, which
can be important sometimes. Catoni [24] provided results under weaker assumptions than C1 and

C2. In particular, €; and X; do not have to be independent.

2.4. Metric entropy and sparse approximation error of Eé‘flt’;-hulls

It is well-known that the metric entropy plays a fundamental role in determining minimax-rates of

convergence, as shown, e.g., in [14, 72].

For each 1 < m < M,, and each subset J,,, C {1,2,..., M,} of size m, define F;, = {ZjeJm 0;f;:
6 € R™}. Let

d*(fo; F) = inf | fo— foll?
(f0:F) = inf_||fo — fol
denote the smallest approximation error to fy over a function class F.

Theorem 1. (Metric entropy and sparse approzimation bound for 6%7; -hulls) Suppose F, =

{f1, fas s fan, } with || fill 2y <1, 1 < j < M, where v is a o-finite measure.

(i) For 0 < q < 1, there exists a positive constant ¢, depending only on q, such that for any
0 < e < tp, Fq(tn) contains an e-net {ej}j.vzﬁl in the Lo(v) distance with |lej|lo < 5(t,e™ )24/ 2= 41
for j=1,2,.... N, where N, satisfies

1

29 11 11
cq (tne )7 log(1+ M,i *tre) ife>t,M,; 7,

log N, < (2.2)

Q=

1_1 1_
cqgMplog(1+ My “t,et) ife <t M7 *.

(ii) For any 1 < m < M,, 0 < g <1, t, > 0, there exists a subset J,, and fom € Fj  with
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1071 < t,, such that the sparse approzimation error is upper bounded as follows
for = foll? = d(fo: Fy(tn)) < 2%/97 5m! =2/, (2.3)

The metric entropy estimate (2.2) is the best possible. Indeed, if f;, 1 < j < M,,, are orthonormal
functions, then (2.2) is sharp in order for any e satisfying that €/t,, is bounded away from 1 (see
1

45]). Also note that if we let 1y be the discrete measure + >°7 . §,., where x1, Xa, ..., X,, are fixed
n 1=1 i

n

points in a fixed design, then ||g||z2¢,) = E D lg(x;)|?)*/2. Thus, part (i) of Theorem 1 implies
1
q

Lemma 3 of [53], with an improvement of a log(M,,) factor when € ~ t,,M,; ¢, and an improvement

2 11 11
from (t,e 1)2-1 log(M,) to M, log(1 + M’ *t,e) when e < t, M, ?. These improvements are
useful to derive the exact minimax rates for some of the possible situations in terms of M,, ¢, and

ty.

With the tools provided in Yang and Barron [72], given fixed ¢ and ¢,,, one can derive minimax
rates of convergence for {,-aggregation problems and also for linear regression with /,-constraints.
However, the goal for this work is to obtain adaptive estimators that simultaneously work for F,(t,,)

with any choice of 0 < ¢ <1 and ¢,, and more.

2.5. An insight from the sparse approximation bound based on classical model

selection theory

Consider general M, t,, and 0 < ¢ < 1. With the approximation error bound in Theorem 1, classical
model selection theory can provide key insight on what to expect regarding the minimax rate of

convergence for estimating a function in E%’; -hull.

Suppose J,,, is the best subset model of size m in terms of having the smallest Ly approximation
error to fo. Then the estimator based on .J,, is expected to have the risk (under some squared error

loss) of order
2
2pi=2la . T
n

Minimizing this bound over m, we get the best choice (in order) in the range 1 <m < M, An:

m* =m*(q,t,) = [(ntiT)Q/Q—‘ A M, A n,
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where 7 = 072 is the precision parameter. When ¢ = 0 with ¢, = k,, m* should be taken to be
kn An. It is the ideal model size (in order) under the ¢,-constraint because it provides the best
possible trade-off between the approximation error and estimation error when 1 < m < M, A n.
The ratio m* /M, is called a sparsity index in [71] (section II1.D) that characterizes, up to a log
factor, how much sparse estimation by model selection improves the estimation accuracy based
on nested models only. The calculation of balancing the approximation error and the estimation
error is well-known to lead to the minimax rate of convergence for general full approximation sets
of functions with pre-determined order of the terms in an approximation system (see section 4 of
[72]). However, when the terms are not pre-ordered, there are many models of the same size m*,
and one must pay a price for dealing with exponentially many or more models (see, e.g., section 5 of
[72]). The classical model selection theory that deals with searching over a large number of models
tells us that the price of searching over (27) many models is the addition of the term log (X7)/n
(e.g., [10, 71, 11, 65, 18, 6]). That is, the risk (under squared error type of loss) of the estimator
based on subset selection with a model descriptive complexity term of order log (1\7/{:) added to the
AIC-type of criteria is typically upper bounded in order by the smallest value of

2

o‘m . o2 log (M")

m

(squared) approximation error, + -

over all the subset models, which is called the index of the resolvability of the function to be

o MVL
estimated. Note that % + % is uniformly of order m (1 + log (%)) /n over 0 < m < M,.

Evaluating the above bound at m* in our context yields a quite sensible rate of convergence. Note

also that log (1) /n (price of searching) is of a higher order than mT (price of estimation) when

m* < M, /2. Define

M, log (M»
SER(m) =1+ log () xw, 1<m< M,
m m

to be the ratio of the price with searching to that without searching (i.e., only the price of estimation

)

of the parameters in the model). Here “<” means of the same order as n — oo. Observe that
reducing m* slightly will reduce the order of searching price w (since z(1 + log (M,,/x))
is an increasing function for 0 < x < M,,) and increase the order of the squared bias plus variance

(i.e., 2m!=2/9 4 Ui—:”) The best choice will typically make the approximation error t2m!=2/49 of
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m(1+lo M—"
the same order as % Define

m* if m* = M, An,
my = m*(Qa tn) = " .
(

m _ m* .
1+log ]\/In)q/2-‘ = {SER(W*)Q/Q—‘ otherwise.

m*

We call this the effective model size (in order) under the ¢ -constraint because evaluating the
index of resolvability expression from our oracle inequality at the best model of this size gives the
minimax rate of convergence, as will be seen. When m* = n, the minimax risk is of order 1 (or
higher sometimes) and thus does not converge. Note that the down-sizing factor SER(m*)4/? from
m* to m, depends on ¢: it becomes more severe as ¢ increases; when ¢ = 1, the down-sizing factor
reaches the order (1 + log (%))1/2. Since the risk of the ideal model and that by a good model
selection rule differ only by a factor of log(M,,/m*), as long as M, is not too large, the price of
searching over many models of the same size is small, which is a fact well known in the model

selection literature (see, e.g., [71], section IIL.D).

For ¢ = 0, under the assumption of at most k,, < M, An nonzero terms in the linear representation
of the true regression function, the risk bound immediately yields the rate (1 + log (f”)) /n =

kn,(1+10g 1,\:[—:)

A1 is the unifying optimal rate of

. Thus, from all above, we expect that %R(m*)

convergence for regression under the {,-constraint for 0 < ¢ < 1.

The aforementioned rates of convergence for estimating functions in éé‘flﬁl—hulls for 0 <g<1
will be confirmed, and our estimators will achieve the rates adaptively in some generality. From the
insight gained above, to construct a multi-directional (or universal) aggregation method that works
for all 0 < ¢ < 1, it suffices to aggregate the estimates from the subset models for adaptation, which

will automatically lead to simultaneous optimal performance in E%’L—hulls.

3. £4-aggregation of estimates

Consider the setup from section 2.1. We focus on the problem of aggregating the estimates in Fj,

to pursue the best performance in Fy(t,) for 0 < ¢ < 1, ¢, > 0, which we call ¢;-aggregation of
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estimates. To be more precise, when needed, it will be called ¢,(t, )-aggregation, and for the special

case of ¢ = 0, we call it £y(ky,)-aggregation for 1 < k,, < M,.

3.1. The strategy

For each 1 < m < M, An and each subset model J,, C {1,2,...,M,} of size m, let F;  be as

m

s =1fo = ZjeJm 0;fi : 10lli < s, follo < L} be the class of

£1-constrained linear combinations in F,, with a sup-norm bound on fy. Our strategy is as follows.

defined in section 2.4, and let F }W

Step I. Divide the data into two parts: Z(V) = (X;, ;)1 and Z®) = (X;, V), 4.

Step II. Based on data Z(), obtain a T-estimator for each function class F 7, , or obtain an AC-
estimator for each combination of s € N and function class FJ ..

Step III. Based on data Z(®, combine all estimators obtained in step II and the null model (f =0)
using Catoni’s or the ARM algorithm. Let py be a small positive number in (0,1). In all, we
have to combine Zi\f:/l\n (Aﬁ;) T-estimators with the weight 7; = (1—po) ((Mn An) (A:In")) B
and the null model with the weight w9 = pg, or combine countably many AC-estimators with
the weight 77, = (1 — po) ((1 + 8)2(M,, A n)(f‘f;))_l and the null model with the weight
mo = po. (Note that sub-probabilities on the models do not affect the validity of the risk

bounds to be given.)

For simplicity of exposition, from now on and when relevant, we assume n is even and choose

ny =n/2 in our strategy. However, similar results hold for other values of n and n;.

We use the expression “E-G strategy” for ease of presentation where E = T or AC represents
the estimators constructed in Step II, and G = C or Y stands for the aggregation algorithm
used in Step III. By our construction, Assumption AC1 is automatically satisfied: for each J,,,

Hy,s =supgperr  xex |f(x) = f'(x)| < 2L. Assumption AC2 is met with (0')° = o2 4 4L2.
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We assume the following conditions are satisfied for each strategy, respectively.

AT—C and AT—Y : E;I)7 Tl, T2.
Aac_c : BD, C1, C2.

Aac_y : BD, Y1, Y2

Given that T1, T2 are stronger than C1, C2 and Y1, Y2, it is enough to require their satisfaction

in AT—C and AT—Y-

3.2. Minimaz rates for £4-aggregation of estimates

Let F(tn) = Fy(tn) N {f : [[flloc < L} for 0 < ¢ < 1. In the previous section, we have defined
m. = Mmu(q,t,) to be the effective model size for 0 < ¢ < 1. Now, for ease of presentation, we

extend the definition to

ma(q, tn) for case 1: F = Fy(tn),0 < g <1,
m, =94 k,An for case 2: F = Fol(kn),

mu(q,tn) A ky  for case 3: F = Fy(t,) N Folkn),0 < g <1

Note that in the third case, we are simply taking the smaller one between the effective model
sizes from the soft sparsity constraint ({,-constraint with 0 < ¢ < 1) and the hard sparsity one

(£p-constraint), and this smaller size defines the final sparsity. Define

REG(mI)=0% 1A s (1 +;0g (%)) ’

which will be shown to be typically the optimal rate of the risk regret for ¢,-aggregation. In partic-
ular, Theorems 2 and 3 provide upper and lower bounds to determine the order of the risk regret
for ¢,-aggregation of estimates. The specific behaviors of REG(m7) for the three different cases

will be precisely discussed later.

For case 3, we intend to achieve the best performance of linear combinations when both fy- and

{4-constraints are imposed on the linear coefficients, which results in {;,-aggregation using just a
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subset of the initial estimates and will be called ¢y N ¢,-aggregation. For the special case of ¢ =1,
this ¢y N ¢1-aggregation is studied in Yang [69] (page 36) for multi-directional aggregation and in
Lounici [49] (called D-convex aggregation) more formally, giving also lower bounds. Our results
below not only handle ¢ < 1 but also close a gap of a logarithmic factor in upper and lower bounds
in [49)].

For ease of presentation, we may use the same symbol (e.g., C) to denote possibly different

constants of the same nature.

Theorem 2. Suppose Ag_q holds for the E-G strategy respectively. Our estimator an simulta-

neously has the following properties.

(i) For T- strategies, for F = Fy(ty) with 0 < ¢ <1, or F = Fo(ky), or F = F4(tn) N Folky)

with 0 < q¢ < 1, we have

2
R(fr,; foin) < [Cod*(fo; F) + CLREG(m])] A [Co <||fo||2 v Czng ﬂ '

(i1) For AC- strategies, for F = F4(t,) with 0 < ¢ <1, or F = Fo(ky), or F = Fq(tn) N Folkn)

with 0 < ¢ < 1, we have

R(fr,; fo;n) < CyREG(mT) +

d?(fo; FF (tn)) + Cao® log(i+tn) 10§(1+t”) for case 1,

(7'2 O, S
Coy infyz (mf{eznoulsS,uenoszcmmung} 1fo = fo||* + S2roslite) )) for case 2,
d?(fo; FE(tn) N FE (kn)) + w for case 3.

Also, R(fr,: forn) < Co (Ilfoll” v 2222).

For all these cases, Cy and Cy do not depend on n, fo,tn, q,kn, M,,; C1 does not depend on
N, fo,tn, kn, My,. These constants may depend on L, py, 0% or 52/g27 a, Uy, Vo, when relevant. An

exception is that Co = 1 for the AC-C strategy.

Remark 3. When ¢ = 1, our theorem covers some important previous aggregation results. With
t, = 1, Juditsky and Nemirovski [42] obtained the optimal result for large M,,; Yang [69] gave upper
bounds for all M,,, but the rate is slightly sub-optimal (by a logarithmic factor) when M,, = O(y/n)
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and with a factor larger than 1 in front of the approximation error; Tsybakov [58] presented the
optimal rate for both large and small M,,, but under the assumption that the joint distribution of
{f;(X),7 =1,..., M, } is known. For the case M,, = O(y/n), Audibert and Catoni [4] have improved
over [69] and [58] by giving an optimal risk bound. Even when ¢ = 1, our result is more general in
that t¢,, is allowed to be arbitrary. Note also that in some specific cases, the induced sparsity with
¢1-constraint was explored earlier in e.g., [30, 9, 71]. The latter two papers dealt with nonparametric
situations with mild assumptions on the terms in the approximation systems. In particular, when
the true function has a finite-order linear expression, the estimators achieve the minimax optimal
rate \/W when M, grows polynomially fast in n.

Remark 4. The upper rate for ¢ = 0 as well as its interpretation is not new in the literature (see,
e.g., Theorem 1 of [71], Theorems 1 and 4 of [65]): by noticing that there are (]‘k/[:) subsets of size k,
and that log (J]\f:) < ky, (1 +log(M,/ky)), the rate for ¢ = 0, which directly imposes hard sparsity
on the maximum number of relevant terms, is just the log number of models of size k,, divided by

the sample size.

Remark 5. Note that an extra term of log(1+t,)/n is present in the upper bounds of the estimator
obtained by AC- strategies. For case 1, if t, < e A e¢=(+108(Mn/m.)) for o pure constant c,
then log(1 + t,)/n is upper bounded by a multiple of REG(me(t”)). Then, under the condition
that the approximation errors involved in the risk bounds are of the same order, AC- strategies

have the same upper bound orders as T- strategies. For case 2, the same is true if for some s <

e A efhn(1+log(Mn/kn)) the ¢1 norm constraint does not enlarge the approximation error order.

Remark 6. For case 2, the boundedness assumption of || f;]] <1, 1 < j < M, is not necessary.

|2 2 iy of

Remark 7. If the true function fy happens to have a small Ly norm such that || fo -

a smaller order than REG(m7), then its inclusion in the risk bounds may improve the rate of

convergence.

Next, we show that the upper rates in Theorem 2 cannot be generally improved by giving a
theorem stating that the lower bounds of the risk are of the same order in some situations, as is

typically done in the literature on aggregation of estimates. The following theorem implies that
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the estimator by our strategies is indeed minimax adaptive for ¢,-aggregation of estimates. Let
fi,--., fu, be an orthonormal basis with respect to the distribution of X. Since the earlier upper
bounds are obtained under the assumption that the true regression function fy satisfies || fo|loo < L
for some known (possibly large) constant L > 0, for our lower bound result below, this assumption
will also be considered. For the last result in part (iii) below under the sup-norm constraint on fo,
the functions f1,..., fa, are specially constructed on [0, 1] and Py is the uniform distribution on
[0,1]. See the proof for details.

In order to give minimax lower bounds without any norm assumption on fy, let m7 be defined

the same as m7 except that the ceiling of n is removed. Define

a*ml - (1 + log (%)) 2 for cases 1 and 3,
N

n

REG(ml) =
oo for case 2,

t2 for cases 1 and 3,

REG(mZ) = REG(mI) A
oo for case 2.

Theorem 3. Suppose the noise € follows a normal distribution with mean 0 and variance o > 0.

(i) For any aggregated estimator fr, based on an orthonormal dictionary F, = {f1,..., far, }, for
F =Fq(tn), or F = Folkn), or F = Fq(tn)NFo(k,) with0 < g < 1, one can find a regression

function fo (that may depend on F) such that
R(fr,; fo;n) — d(fo; F) > C - REG(m),

where C' may depend on q (and only q) for cases 1 and 3 and is an absolute constant for case
2.

(ii) Under the additional assumption that ||fol| < L for a known L > 0, the above lower bound
becomes C' -REG(mY) for the three cases, where c may depend on q and and L for cases 1
and 8 and on L for case 2.

(iil) With the additional knowledge || folloo < L for a known L > 0, the lower bound C" - REG(m7T)
also holds for the following situations: 1) for F = Fq(tn) with0 < q < 1, ifsupg,c 7, ¢, 1 folloo <

L; 2) for F = Folkn), if supi<j<nr, | filloo < L <00 and %(1 + log J,\f—:) are bounded above;
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3) for F = Folkn), if M,/ (1 + log %) < bn for some constant b > 0 and the orthonormal

basis is specially chosen.

For satisfaction of supy,cx, (1) [Ifollc < L, consider uniformly bounded functions f;, then for

0<g<1,

M, My,
0:filloo < Oilll filloo < su oo | 110]1 < su oo | 110]4-
1320651 < S35 < sup, 151 ) 10 < sup, 151 ) ol

Thus, under the condition that (sup;<j<as, || fjlloc) tn is upper bounded, SuPg, e, (tn) 1folloo < L

is met.

The lower bounds given in part (iii) of the theorem for the three cases of ¢,-aggregation of
estimates are of the same order of the upper bounds in the previous theorem, respectively, unless ¢,
is too small. Hence, under the given conditions, the minimax rates for {,-aggregation are identified.
When no restriction is imposed on the norm of fj, the lower bounds can certainly approach infinity
(e.g., when t,, is really large). That is why REG(m7 ) is introduced. The same can be said for later

lower bounds.

For the new case 0 < ¢ < 1, the {,-constraint imposes a type of soft-sparsity more stringent than
q = 1: even more coefficients in the linear expression are pretty much negligible. For the discussion
below, assume m* < n. When the radius ¢,, increases or ¢ — 1, m* increases given that the £,-ball
enlarges. When m, = m* = M,, < n, the {,-constraint is not tight enough to impose sparsity:
{,-aggregation is then simply equivalent to linear aggregation and the risk regret term corresponds
to the estimation price of the full model, M,0?/n. In contrast, when 1 < m, < M, A n, the rate

for £,-aggregation can be expressed in different ways:

1—q/2
My,
g (L4 i)\ e m. m

o2l 2 SER(m.) < —=SER (m*) < — SER (m*)' "% .
n n n

n

The second expression is transparent in interpretation: due to the sparsity condition, we only need
to consider models of the effective size m., and the risk goes with the searching price = SER (m.)
(the estimation error of m, parameters is being dominated in order). The last expression means

that we can do better than searching over the models of the ideal model size m*, which has the
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risk mT*SER (m*). The minimax risk is deflated by a factor of SER (m*)% , which becomes larger
as ¢ — 1, pointing out that the factor SER(m*) has to be downsized more as the £,-ball becomes
larger. When m* = M,, (the full model), SER(m™*) reduces to 1. When m* < (1 + log(Mn/m*))q/2
or equivalently m, = 1, the {,-constraint restricts the search space of the optimization problem so

much that it suffices to consider at most one f; and the null model may provide a better risk.

Now let us explain that our ¢,-aggregation includes the commonly studied aggregation problems
in the literature. First, when ¢ = 1, we have the well-known convex or ¢;-aggregation (but now
with the ¢;-norm bound allowed to be general). Second, when ¢ = 0, with k,, = M,, < n, we have
the linear aggregation. For other k,, < M, A n, we have the aggregation to achieve the best linear
performance of only k, initial estimates. The case ¢ = 0 and k, = 1 has a special implication.
Observe that from Theorem 2, we deduce that for both the T- strategies and AC- strategies, under

the assumption sup;, || fj|l < L, our estimator satisfies

R(fr,; fo;n) < Co _inf fj—fo||2+01”2< n

1+1 n
1A + log M. ) 7
1<5<M,

where Cy = 1 for the AC-C strategy. Together with the lower bound of the order o2 (1 A %)
on the risk regret of aggregation for adaptation given in [58], we conclude that £y(1)-aggregation
directly implies the aggregation for adaptation (model selection aggregation). As mentioned earlier,
lo(kn)NLy(tn)-aggregation pursues the best performance of the linear combination of at most k,, ini-
tial estimates with coefficients satisfying the £,-constraint, which includes the D-convex aggregation

as a special case (with ¢ =1).

3.3. £Lg-combination of procedures

Suppose we start with a collection of estimation procedures A = {d1,...,d5s, } instead of a dic-
tionary of estimates. Let fj be the estimator of the unknown true regression function based on

the procedure 65, 1 < j < M, at a certain sample size. Our goal is to combine the estimators
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{f; 11 <j < M,} to achieve the best performance in

M,
Foltn; A) =< fo = _0;f;: 10y <tn p,0<q< 1ty >0.
j=1

We split the data (X1, Y1), ..., (Xy, Yy,) into three parts: Z(D) = (X;,Y;)1,, 2 = (X;, V)12,
and Z® = (X;, Yi)ip, 4nys1- Use the data ZM to obtain estimators fi, ..., far, and use the data
Z® to construct T-estimators or AC-estimators based on subsets of fi, ..., fM The data Z®) are
used to construct the final estimator fA by aggregating the T-estimators or AC-estimators and the
null model using Catoni’s or the ARM algorithm as done in the previous section. For simplicity,
assume n is a multiple of 4 and choose n; = n/2, ns = n/4. Upper bounds for combining procedures
by our strategy are obtained similarly. The only difference is that d?(fo; F) is replaced by the risk
of the best constrained linear combination of the estimators an J25 s men /2, where we add the
second subscript n/2 to emphasize that the estimators are constructed with a reduced sample size.

For example, by T- strategies, we have that for any 0 < ¢ <1 and ¢,, > 0,

2
M,

R(fa: fo:n) < C, mf Elf S 6. f Cy - REG(mI+®)
(fa; fo;n) < 0 pen fo j;]fj,n/2 +Cy (m ),

and again such risk bounds simultaneously hold for 0 < ¢ <1 and t, > 0.

Note that these risk bounds involve the accuracies of the candidate procedures at a reduced
sample size n/2 due to data splitting to come up with the estimates to be aggregated. Ideally, we
want to have Cy = 1 and fj’n /2 replaced by fjn At this time, we are unaware of any such risk bound
that holds for combining general estimators (in fixed design case, Leung and Barron’s algorithm
does not involve data splitting, but it works only for least squares estimators). Because of this,
the theoretical attractiveness that the constant Cy being 1 in the aggregation stage, unfortunately,
disappears since the remaining parts in the risk bounds also depend on the data splitting and there
seems to be no reason to expect with certainty that an aggregation method with Cy = 1 has a
better risk, even asymptotically, than another one with Cy > 1. Therefore, for combining general
statistical procedures, it is unclear how useful Cy = 1 is even from a theoretical perspective. (It

seems that there is one scenario that one can argue otherwise: the candidate estimates are truly
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provided. In the application of combining forecasts sequentially, the candidate forecasts may be
provided by other experts/commercial companies and the statistician does not have access to the
data based on which the forecasts are built. In this context, since no data splitting is needed, Cy = 1
leads to a theoretical advantage compared to Cy > 1.) For this reason, in our view, results with
Cp > 1 (but not too large) are also important for combining procedures. Indeed, such results often
have strengths in other aspects such as allowing heavy tail distributions for the errors and allowing

dependence of the observations.

Nonetheless, regardless of the degree of practical relevance, limiting attention to the aggregation

step and pursuing Cy = 1 in that local goal is certainly not without a theoretical appeal.

Some additional interesting results on combining procedures are in [3, 15, 20, 26, 27, 35, 36, 39,

38, 63, 68].

4. Linear regression with £4-constrained coefficients under random design

Let’s consider the linear regression model with M,, predictors Xy, ..., X, . Suppose the data are
drawn i.i.d. from the following model

M,

Y =foX)+e=) 0,X;+e. (4.1)
j=1
As previously defined, for a function f(x1,...,2p,) : X — R, the Ly-norm | f|| is the square root

of Ef?(Xy,...,Xu, ), where the expectation is taken with respect to Py, the distribution of X.

Denote the Eé\{t”; -hull in this context by

Mn
Foltn; My) =< fo= Oja; |0l <t p, 0<qg<1, t, >0
j=1

For linear regression, we assume coeflicients of the true regression function fy, have a sparse /,-
representation (0 < g < 1) or {p-representation or both, i.e. fo € F where F = F,(tn; My,),
Folkn; My) or Fo(tn; My) () Folkn; My).
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Assumptions BD and Ag_qg are still relevant in this section. As in the previous section, for

AC-estimators, we consider ¢1- and sup-norm constraints.

For each 1 <m < M,, An and each subset Jy,, of size m, let G,,, ={>_;c; 0;z;:0 € R™} and
Gl o= 2 jes, Oz 10l < s, [ follc < L}. We introduce now the adaptive estimator fa, built

with the same strategy used to construct fr, except that we now consider G; and Qfm’s instead

of Fy,, and ]-"JLW

s

4.1. Upper bounds

We give upper bounds for the risk of our estimator assuming fy € .)"-'qL(tn;Mn)7 FE(kn; M,,), or
FE(tn; Mp) N F§ (kn; My), where FX = {f : f € F,|[fllsc < L} for a positive constant L. Let
O = SUD e FL (k50 ) 0 {110l : fo = f} be the maximum smallest ¢1-norm needed to represent the

functions in F¥ (k,; M,,). For ease of presentation, define U7 as follows:

o2 if m, =n,
2
z Al if m, = M, <n,
WFa (tns M) _ 1+log —Mn 1—q/2
_ nt27)a/2 .
o2 atd <(nt")> No? if 1 <m, < M, An,
2 .
(t%\/%)/\a2 if m, =1,

kn (1 + log ]‘lf—:)

n

\Ij]-'OL(kn;Mn) —o2l1A
\I}-FqL(tn;Mn)ﬂ]:él(kn;Mn) — \I}FqL(t'n;]\/In) A \I}]:()L(knyMn)'

In addition, for lower bound results, let E}—f(t“;M’“‘) (0<g<1)and EFQL“"‘M”)HFOL(M;M”) (0<qg<
1) be the same as §Fq tniMn) and \Ilqu(tn%Mn)ﬁfé(kn;Mn), respectively, except that when 0 < ¢ <1
and m, =1, Q]:qL(t”‘M") takes the value 02 At2 instead of o2 A (tfl \% %2) and Q]:qL(t”;M")mfoL(k";M")

is modified the same way.

Theorem 4. Suppose Ag_g holds for the E-G strategy respectively, and sup;<;<pr, [ Xjlloo < 1.

The estimator fA simultaneously has the following properties.
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(i) For T- strategies, for F = }'g(tn; M,) with0 < q < 1, or F = F§ (kn; My,), or F = fg(tn;Mn)ﬁ
FE(kn; M,) with 0 < ¢ < 1, we have
sup R(fa; fo;n) < C107,
fo€F
where the constant Cy does not depend on n.
(ii) For AC- strategies, for F = fﬁ(tn;Mn) with0 < g <1,0orF = .Fé(kn; M), or F = fg(tn;Mn)ﬂ

FE(kn; M) with 0 < ¢ < 1, we have

log(lton) o F = FE(ky; M)
sup R(fa; foin) < C1¥7 4+ Oy —on L (kn; M,,),
fo€EF o~ log(14tn)

otherwise,
n

where the constants C and Cy do not depend on n.

Remark 8. The constants C; and Cy may depend on L, py, 02, 32 /a2, a, Uy, Vi, when relevant.

1—q/2
Remark 9. The rate (10%) for 0 < g < 1 has appeared in related regression or normal mean

problems, e.g., in [30] (Theorem 3), [72] (section 5), [40] (section 6), and [41]. For function classes
defined in terms of infinite order orthonormal expansion with bounded g-norm of the coefficients
and with fo-norm of the tail coefficients decaying at a polynomial order, the rate of convergence
(logn/n)'~9/2 is derived in [71] (page 1588) (when the tail of the coefficients decays fast, the rate

is improved to (1/n)'79/2). Note that only the upper rates are given there.

4.2. Lower bounds

To derive lower bounds, we make the following near orthogonality assumption on sparse sub-
collections of the predictors. Such an assumption, similar to the sparse Riesz condition (SRC)

(Zhang [78]) under fixed design, is used only for lower bounds but not for upper bounds.

AssuMPTION SRC: For some v > 0, there exit two positive constants a and @ that do not depend

on n such that for every 6 with ||0]o < min(2vy, M,,) we have

allfll2 < [Ifoll < allf]2.
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Theorem 5. Suppose the noise € follows a normal distribution with mean 0 and variance 0 < 02 <

00.
(i) For 0 < q <1, under Assumption SRC with v = m,, we have

inf  sup  E||f — fol® > @y it

f foefq(tni,Mn)
(i) Under Assumption SRC with v = ky,, we have

k:n(1+log ZZI—")
B —
ky (1+1og 32)
—_—

L . . ~
]:0 (k'rL7M7L) Zf an Z co

inf sup E|f - foll> > ¢

; : <an 2 ) C
I fo€Fo(kn;Mp)N{fo:(|0]l2<an} a, if an < Co

where ¢ is a pure constant.
(i4i) For any 0 < q <1, under Assumption SRC with v = k, A m., we have
inf sup BIIf = foll? 2 ¢ @ i) (it
f fo€Fo(kn; Mpn)NFq(tn; Mn)
For all cases, f is over all estimators and the constants c, ¢ andc’ may depend on a, a, q and

o2,

Remark 10. Note that in (i), at the transition from m, > 1 to m, = 1, i.e., nt27 ~ 1 +log #W?

we see continuity:

M, 1-q/2 2 ( M, )
o2 (1 +—1og (nt%r>q/2> o 1 +log Gz

~ = ti.
n n

For the second case (ii), the lower bound is stated in a more informative way because the effect
of the bound on ||0]|2 is clearly seen. Normality of the errors is not essential at all for the lower
bounds. With some additional efforts, one can show that these lower rates are also valid under

Assumption Y2, which we will not give here.

4.3. The minimazx rates of convergence

Combining the upper and lower bounds, we give a representative minimax rate result with the roles

)

of the key quantities n, M,, q, and k,, explicitly seen in the rate expressions. Below “<” means of
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the same order when L, Lo, ¢, t, = t, and &> ( 7?2 is defined in Theorem 6 below) are held constant

in the relevant expressions.

Theorem 6. Suppose the noise e follows a normal distribution with mean 0 and variance o

, and
there exists a known constant & such that 0 < o < @ < 00. Also assume there exists a known

constant Lo > 0 such that sup; <<y, [|Xjllee < Lo < 0.

(i) For 0 < q <1, under Assumption SRC with v = m.,

1 if my=n,
: £ 2 My, ; = M
inf  sup  E|f-fol"=<1A n if ma= My <mn,
I fo€FE(t:My) 1410 My, 1—q/2
g Mn__
(W) if 1 <my < M, An.

Mnp
1+log W)
n

2
(i) If there exists a constant Ko > 0 such that a < Ky, then under Assumption SRC

with v = ky,

R kn (1 + log %)

. 2 n
inf sup Elf = fllF =<1N —————.
I fo€F§ (kniMn)N{fo:l|0lloc <Lo}

k2 (1+log Y
(iii) If o > 0 is actually known, then under the condition W < Ky and Assumption

SRC with v = k,,, we have

) kn (1 + log —Il\f)
inf  sup  B|f— folP=1A—— 2
I fo€FE(kn;M,) n

and for any 0 < q < 1, under Assumption SRC with v = k, A\ m., we have

kn (1+log 2im .
(1+log 4fn) i > ko,

inf sup E|f - fol> =< 1A (l+log My

1—q/2
I fo€FE (kn;Mp)NFE (8 M) W) if 1 < my < k.

Remark 11. When considering jointly the £,-constraint for a fixed 0 < ¢ < 1 and ¢ = 0, since
the associated function classes are not nested, one cannot immediately deduct the optimal rate of
convergence for their intersection. In our problem, the simple rule works: when the upper bound &,
of the {y-constraint is smaller than the effective model size m,, the additional ¢,-constraint does

reduce the parameter searching space, but this reduction is not essential and the rate is equal to the
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rate for ¢ = 0. In contrast, when the effective model size m, is smaller than k,, the fp-constraint
does reduce the parameter searching space determined by the ¢,-constraint, but not essential from
the uniform estimation standpoint and the rate is then m. log(1 + M,,/m.)/n. Clearly, both rates

can be interpreted as the log number of models of size k,, or m, over the sample size.

5. Adaptive minimax estimation under fixed design

Consider the linear regression model (4.1) under fixed design, Y; = fo(x;) + &4, ¢ = 1, ..., n, where
Xi = (@i1,...,2im,) € X CRMn are fixed, 1 <i < n, and the random errors g; are i.i.d. N(0,02).
Suppose maxi<;<a, iy xfj/n < 1. Let f§ = (fo(x1),-.., fo(xs))". For any function f: X — R,
define the norm | - ||, by [[f[|2 = £ 3" f2(x;). Our goal is to estimate the regression mean fg'
through a linear combination of the predictors with the coefficients ¢ satisfying a f,-constraint

(0 < g <1). For an estimate f of fo, define its average squared error to be

ASE(f) = |If = foll3-

We consider subset selection based estimators. Let J,, C {1,2,...,M,} be a model of size m
(1 <m < M,). Our strategy is to choose a model using a model selection criterion, and the resulting
least squares estimator is used for f3. The loss of a given model J,, is ASE(f;,.) = ||Ys,, — f&l2

(with a slight abuse of notation), where Yy, = (Vi ., ¥, 7..)" is the projection onto the column

span of the design matrix of model J,,. The alternative strategy of model mixing will be taken
as well. Although our estimators do not directly consider the {,-constraint, it will be shown to

automatically adapt to the sparsity of fy in terms of ¢ -representation by the dictionary.

For a function class F, for the fixed design, define the approximation error d2 ( fo; F) = inf fc 7 || f—
foll2. We will consider both ¢ known and ¢ unknown cases. As will be seen, the results are quite
different in some aspects, and an understanding on what the different assumptions can lead to is

important to reach a deeper insight on the theoretical issues.
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5.1. When o is known

For a model J,, of size m (1 < m < M,), the ABC criterion proposed in Yang (1999) is

ABC(Jm) = (Yi =Yi,)* +2rs,0° + A\oCy,,
=1

where ) is a pure constant, r 7, is the rank of the design matrix of J,,, and Cj,, is the model index
descriptive complexity. Let rj,, denote the rank of the full model Jy;, , which is assumed to be at

least 1.

Let J denote the model that gives the full projection matrix I,,x, (since the ASE at the design
points is the loss of interest, this identity projection is permitted). We define ABC(J) = 2no? +
Ao?Cjy. Let Jy denote the null model that only includes the intercept and define ABC(Jy) =
S (Y = Y)?2 + 202 + Ao?Cy,, where Y = Y7 V;/n. The model index descriptive complexity
C; satisfies C; > 0 and e~ ¢ < 1, where the summation is over all the candidate models being

considered.

The subset models of size 1 < m < M, A n, the models Jy and J are considered with the

complexity Cy,, = —1log0.85 + log (M, — 1) An) + log (*") for a subset model with m < M,,
Cry, = —10g0.05 for the full model Jys,, Cj, = —log0.05 for the null model Jo, and C; =

—1og 0.05 for the full projection model .J. Note that for the purpose of estimating f§, there is no

problem with duplication in the list of candidate models.

Let '), denote the set of all the models considered and the model chosen by the ABC criterion is

J = arg min ABC(J).

Jer,
The ABC estimator fj is the fitted value }A/j. Let f; = PsfJ be the projection of f§ into the
column space of the design matrix of model J.
For ease of presentation, define &7 as follows:

027‘Mn if
— if m, = M,, An,

1—q/2
1+4log Mp, 2
Fq(tn;My) _ _ nt27)4/2 .
q)lZ(n n)_ 0.2 Qt%<(tn) /\M% 1f1<m*<Mn/\n’

n

2 2 .
(t2 V)N T if m, = 1.
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o’k (1 + log %) o2
LA
n n

(b]:q(tn§Mn)n-F0(kn;Mn) — @Fq(tn;Mn) A @-FD(ICWL;MH).

M,

pFolkniMn) _ ’

In addition, for lower bound results, let PFaltniMn) (0<g<1)and P altni M) Fo (ki Mn) (0<qg<1)
be the same as ®7a(triMn) and Fa(tniMn)NFo(kniMn) regpectively, except that when 0 < ¢ < 1 and
my =1, @7 M) takes the value t%/\% instead of (t%\/"%) A 027“% and @7 (tniMn)NFo ki M)
is modified the same way. In the fixed design case, the ranks of the design matrices are certainly

relevant in risk bounds (see, e.g., [65, 54]).

Theorem 7. When \ > 5.11og 2, the ABC estimator fj simultaneously has the following properties.

(i) For F = Fy(tn; M,) with0 < ¢ <1, or F = Folkn; My) withl < k, < M, or F = F4(tn; M,)N
Folkn; M) with0 < g <1 and 1<k, <M,, we have
sup E(ASE(f;)) < B&”,
fo€F
where the constant B depends only on q and X for the first and third cases of F, and depends
only on X\ for the second case.

(i) In general, for an arbitrary fi, we have

027']

Jm

BSEG) < B (I, ~ BI04, it (1o = Fo I+

o2log(M, An o2 log (Mr o2r _ o2
+ g( )+ i(m) A nMn AB(<||fJO_f6L||72’L+n)A02)’

n

where the constant B depends only on .
Remark 12. In (i), the case F = Fo(kn; M,,) does not require maxi<;<ns, > i q xf]/n <1.
Remark 13. In pursuing the best performance in each case of F, the general risk bound in (ii)

reduces to B®” plus the approximation error d2(fo; F) = infrer || f — fol?-

For the lower bound results, as before, additional conditions are needed. Let = denote the design

matrix of the full model Jyy,.
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AssUMPTION SRC’: For some v > 0, there exist two positive constants ¢ and @ that do not
depend on n such that for every 6 with [|0]]p < min(2v, M,,), we have

1

vn

allflls < —=I[1=0ll2 < al|0]].-

This condition is slightly weaker than Assumption 2 in [53], which was used to derive minimax

lower bounds for 0 < ¢ < 1.

Theorem 8. Suppose the noise € follows a mormal distribution with mean 0 and variance 0 <
0?2 < 0. For F=Fy(tn; M) with 0 < ¢ < 1, or F=Folkn; M) with 1 < k,, < My, or
F = Fy(tn; My) N Folkn; My,) with 0 < g <1 and 1 < k,, < M, under Assumption SRC' with
v =My, or ky, or k, A m, respectively, we have

inf sup E(ASE(f)) > B'®”,
I foeF

where the estimatorf is over all estimators, and the constant B’ depends only on a and @ for the
second case of F and additionally on q for the first and third cases of F.

Remark 14. If SRC’ is not satisfied on the set of all the predictors but is satisfied on a subset of My

My
kn

My,
myNkn

Mo
Fn

predictors, as long as log %—:, log =, and log are of the same order as log %—27 log and

Mo, . . . . .
) M n b
log respectively, we get the same risk lower rates. When M,, is really large, this relaxation

myNky

of SRC’ can be much less stringent for application.

For the case ¢ = 0, the achievability of the upper rate is a direct consequence of [65]. The lower
rates for ¢ = 0 and/or 1 are given in [54], where the satisfiability of the SRC’ is also worked out.
Raskutti et al. [53], under the assumption that the rank of the full design matrix is n, derived the
minimax rates of convergence t4 (log (M,,) /n)*~%/2 for 0 < ¢ < 1 in an in-probability sense for linear
regression with fixed design with the ¢ ,-constraint when M, > n and M, /(tin?/?) > M} with
some & € (0,1). From our result, the ABC estimator simultaneously achieves the minimax rates of

—1/2 " and also

convergence for all 0 < ¢ < 1 and for all M,, > 2 and ¢, no smaller than order n
under the joint constraints when ¢ = 0 and 0 < ¢ < 1. We also need to point out that we only work

on estimating the regression mean in this work, but [53] showed that, under additional conditions,
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these upper rates are also valid for the estimation of the parameter § under the squared error and
verified their minimaxity. Concurrent work by Ye and Zhang [73] also derived performance bounds

on the coefficient estimation that are optimal in a sense of uniformity over the different designs.

In application, the assumption that fo € F4(tn; M,) or fo € Fo(kn; My,) may sometimes be
too strong to be appropriate. Thus, risk bounds that permit model mis-specification, i.e., fo ¢
Fo(tn; M,y,), are desirable. Part (ii) in the upper bound theorem (Theorem 7) shows that the ABC
estimator handles model mis-specification. Indeed, for the different ¢,-constraints, the risk of the
ABC estimator is upper bounded by a multiple of d2 ( fo; Fy(tn; My)) plus the earlier upper bounds,
respectively. Therefore, model mis-specification or not, our estimator is minimax rate adaptive over
the K%L—hulls without any knowledge about the values of ¢, ¢, and k,, (as long as ¢, is not trivially

small).

One limitation of this result, from one theoretical point, is that the factor is larger than one in
front of d2 (fo; F). When the initial estimates need to be obtained based on the same data available,
the multiplying factor being one no longer necessarily has any essential advantage. However, striving
for the right constant is theoretically attractive when the elements in the dictionary are observed

or truly provided by others.

In that direction, recently, Rigollet and Tsybakov [54], by considering an estimator based on
the mixing-least-square-estimators algorithm of Leung and Barron [46] with some specific choice of
prior probabilities on the models, have provided in-expectation optimal upper bounds for ¢p- and/or
¢1-aggregation. With the power of the oracle inequality (or the index of resolvability bound), their
estimator is shown to be adaptive over {y- and ¢;-hulls. Their results do not address £,-aggregation

for 0 < ¢ < 1. We next show that we can have an estimator that handles all 0 < ¢ < 1 in generality.

The mixed least squares estimator by the mixing algorithm of Leung and Barron (2006) is given

by

A R D Ao?
Jer, ZJ'an my exp{—R /(40?)}

where R; = n||Y — Y;||2 + 2r 0% — no? is the unbiased risk estimate for Y. Let the prior on

—1
model J be chosen as m;, = 0.85 (((Mn - 1)/\n)(]\7/[n")> for 1 <m < (M, —1) An, and
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T, = TJy = 75 = 0.05.

Theorem 9. Suppose 0 < o < oo is known. For any M, > 1, n > 1, the estimator fMLS

simultaneously has the following properties.
(i) For any 0 < q<1,t, >0,

E(ASE(fMLS)) < di(f0§~7:q(tn§Mn))

2
agr .
M if my = M, An,

n )

+ B 1+log t2an/2 1—q/2 UQT
o2-aga [ En? ATIMa - if ] < my, < My, A,

n n_

and

E(ASE(fJVILS)) < <di(f0,]:q(tn,Mn))—|— By (0’2(1+lOgMn)/\0’2TMn)>

n

£ n EIU2 .
/\<||fJo_f0||$1+ - )me*:l.

(i) For 1 <k, < M,,

o2k, (1+logJI\€/f—:) 2
N

B(ASE(fMESY) < d2 (fo; Folkn: My)) + Ba - g ;Mn
151) For any0<q<1,t, >0, and1 <k, < M,,
(iii) F d1<k, <M
B(ASE(fMES)) < d2(fo; Fyltn: My) 0 Folkn; My))
2 My
o2k, (1+log 3n) A P T, . > k.

n n

n n

1—q/2
+Bs 1+log G t;h;q/z e o2r
o2 | —— T AT if 1 < my < k.

and

E(ASE(fMLS)) < (di(foé}-q(tn?Mn) ﬂ]:O(kn?Mn)) + n

r T EBUQ .
A <||fJo — [l + n) L ifme=1.

Bs (02(1 +log M) A o?ray,) )

(iv) For every fo, we have

E(ASE(fME9)) < Byo?.
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For these cases, the constants By, Bs, Bs and By are pure constants, and By and Bs depend on
q.

Remark 15. From (ii) above, by taking k, = 1, we have

. . n n o2 (1+1logM,) o*ry
BUASE(M) < _int 17 — S+ By (T 0B ),
where [} = (®1,5,...,%n,;)". Thus, we have achieved aggregation for adaptation as well under the

fixed design.

The risk upper bounds above when g is restricted to be either 0 or 1 or under both constraints
are already given in Theorem 6.1 of [54]. The first four cases given there are clearly reproduced
here (note that their cases 3 and 1 are just special case and immediate consequence, respectively,
of their case 4, given in our bound in (ii)). Their case 5, a sparse aggregation with k, estimates
as studied in [69] (page 36) and [49] (called D-convex aggregation) is implied by our bound in (iii)

with ¢ taken to be 1. In the case ¢ = 1, a minor difference is that if ||f;, — f3'||2 happens to be
1/2

1+log 11\2/1"1/2 .
{nty) A 22 then our risk bound in (iii) yields a faster

n n ’

of a smaller order than ¢,
rate of convergence. In addition, our inclusion of the full projection model among the candidates
guarantees that the risk of our estimator is always bounded, which is not true for the estimator
n [54]. Our main contribution here is to handle adaptive ¢,-aggregation for the whole range of ¢
between 0 and 1. Note that the upper bounds in the above theorem have already been shown to be

minimax-rate optimal under the conditions in Theorem 8.

5.2. A comment on the model selection and model mixing approaches

From the risk bounds in the previous subsection, we see that the model mixing approach leads to the
optimal constant 1 in front of the approximation error d(fo; F) for the three choices of F, which
is not the case for the model selection based estimator. However, the model selection approach may

also have its own advantages.

From the proof of Theorem 7 and proof of Theorem 1 in [65], besides the given risk bounds,

we also have a general in-probability bound of the form: for any x > 0, there are constants c, ¢
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(absolute constants) and ¢ (depending on A and o2) such that

~ 2
ASE 7 M ’ 1"
P( (‘])Jr n 20+m>§cexp(—cm),

where R, (fo) = infjer, (H fr—fy ||i + % + %) is an index of resolvability, which specializes
to the upper bounds in (i) and (ii) of Theorem 7, respectively in those situations. Thus, we know
that not only ASE(f 7) is at order Ry, (fo) with upper deviation probability exponentially small (in

20
aLAKSH, , is upper bounded in probability in the

x), but also the complexity of the selected model, ~—

same way as well. In particular, for estimating a linear regression function with the soft or hard (or

m*<1+log Z:) A My

n n

both) constraint(s) on the coefficients, the ABC estimator converges at rate
both in expectation and with upper deviation probability exponentially small, where m, is the
corresponding effective model size in each case. Furthermore, the rank (the actual number of free-
parameters) of the model selected by ABC is right at order m, A 73, with exception probability

exponentially small.

For model mixing estimators based on exponential weighting, however, to our knowledge, no
result has shown that their losses are generally at the optimal rate in probability. In fact, a neg-
ative result is given in [2] that shows that an exponential weighting based estimator optimal for

log My, \
<R s

aggregation for adaptation (i.e., its risk regret, or the expected excessive loss, is of order
necessarily sub-optimal in probability (with a non-vanishing probability its excessive loss is at least

at the much larger order of 4/ IOgTM) in certain settings.

Thus, we tend to believe that both the model selection and model mixing approaches have their

own theoretical strengths in different ways.

5.3. When o ts unknown

Needless to say, the assumption that o is fully known is unrealistic. When ¢ is unknown but is
upper bounded by a known constant & > 0, similar results for rate of convergence can be obtained

with a model selection rule different from ABC.
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For this situation, Yang [65] proposed the ABC’ criterion:

2 - ,
ABC'(Jp,) = (1 4 L Im ) (Z(Yz ~ Y57+ AUQCM) :

n—rj, =1

which is a modification of Akaike’s FPE criterion [1]. We define ABC'(.J) = (1 + 2n) A\2C; and
ABC'(Jy) = (1 + %) (X (Y = Y)2+ X\g2Cy, ) . The list of candidate models and complexity

assignments need to be different for the different situations, as described below.

1. When M,, < n/2, all the subset models, Jy and J are considered with the complexity C;, =
—1og 0.85 + log(M,, — 1) + log (Ai”) for a subset model with m < M,,, C;,, = C;, =Cj =
— log 0.05.

2. When M,, > n/2 and rs, > n/2, we only consider models with size m < n/2, the model Jy
and the model J. Then we assign the complexity C;, = —log0.8 + log(|n/2]) + log (Ai”) for
a subset model, Cj, = C'5 = —log0.1.

3. When M,, > n/2 and rp;, < n/2, we only consider models with size m < n/2, the full model
Jar,, the null model Jy, and the model J. We assign the complexity C; = —1og0.85 +
log(|n/2]) + log (Af;) for a subset model, C;,, = Cj, = Cj= —10g0.05.

In any of the cases above, let I, denote the set of all the models considered. The model chosen
by the ABC' is
7 in ABC'
J' = arg }16111% c'(J),
producing the ABC’ estimator fj, = Yj,.

Theorem 10. When A > 40log2, the ABC' estimator fj, simultaneously has the following prop-

erties.

(i) For F = Fy(tn; M,) with0 < ¢ <1, or F = Folkn; My,) with1 < k, < M,, or F = Fy(tn; M,)N

Folkn; M) with0< g <1 and 1<k, <M,, we have

sup E(ASE(fj,)) < B®”,
foeF
where the constant B depends only on q, A\, @, o for the first and third cases of F, and depends

only on X\, @, o for the second case.



Z.Wang, S.Paterlini, F. Gao and Y.Yang/Adaptive Minimaz Estimation over Sparse {q-Hulls 39

(i) In general, for an arbitrary fi, we have

E(ASE(f;.))
o2 log(M,, An)

f . _ 2
=7 <||fJM" - fngi N J,,L:11<rvl£<Mn <||f‘]’" ~F, Hi +7 ZJm +

0.2 10 Mn U2T _ ) 0.2
v 218l ) o, AB((IIfJU— 6L||i+>A02)7
n n n

where the constant B depends only on A\, &, o.

Remark 16. For the results in (i), as seen before, when fy is not in the respective class of linear
combinations, an obvious modification is needed by adding a multiple of the approximation error

d?(fo; F) in the risk bound.

When 0 < 0 < oo is fully unknown, a model selection method by Baraud, Giraud and Huet [7]

can be used to obtain results on ¢,-regression.

They consider a different modification of the FPE criterion [1]:

BGH(J,,) = <1 + pen(M) (i(Yi - Yi,Jm)2> :

R i=1
where pen(J,,) is a penalty assigned to the model J,,,. They devise a new form for pen(J,,) (Section
4.1 in [7]) to yield a nice oracle inequality (Corollary 1) that does not require any knowledge of o,
but at the expense of excluding some large models in the consideration. When M,, < (n—7) Asn
for some 0 < ¢ < 1, we consider all subset models in the model selection process. When M, is large,
we consider only subset models with n —r;_ > 7 and m V log (Ai”) <¢n for a fixed 0 < ¢ < 1.

Combining the tools developed in this and their papers, we have the following result.

Theorem 11. The BGH estimator fj has the following properties.

(i) When M, < (n—"7) Asn, for F = Fy(tn; My) with 0 < q < 1, or F = Fo(kn; M,) with
1<k, <M,, or F=F4(tn; Mp) N Fo(kn; M) with0 < ¢g<1andl <k, <M,, wehave

sup E(ASE(f;)) < B&”,
fo€F

where the constant B depends only on q and s for the first and third cases of F, and depends

on < for the second case.
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(ii) For a general My, if m, satisfies m, < n — 7T and m, V log (%) < ¢n, we have

- 1—q/2
~ * )
sup E(ASE(f;))<B " "

f()e]'—q(tn§Mn) 2 o2 .

tn V2 if me =1,

where B depends only on q and . If k,, satisfies k, <n —7 and k,, V log (Ak/[:) < ¢n, we have

. /0'2kn (1+log %)
sup E(ASE(f;)) < B -,
fo€Fo(kn;My) n

where B is a constant that depends only on <.

Remark 17. As before, when fj is not in the respective class, a multiple of the approximation error

d2(fo; F) = infrex ||f — fol|2 needs to be added in the aggregation risk bound.

From the above theorem, we see that when o is fully unknown, as long as M,, < (n —7) Asn for
some 0 < ¢ < 1, similar risk bounds to those in Theorem 10 for £,-regression hold. However, when
M,, is larger, the previous risk bounds are seriously compromised: 1) the possible improvement in
risk due to low rank of the full model is no longer guaranteed; 2) the previous upper rates determined
by the effective model size m, or k, are valid only when those model sizes are not excluded from
consideration by the BGH criterion; 3) The risk is no longer guaranteed to be always uniformly
bounded. Indeed, due to the restriction on the model sizes to be considered, the final risk here
can be arbitrarily large. It turns out that this last aspect is not due to technical deficiency in the

analysis, but it is a necessary price to pay for not knowing o at all (see [61]).

6. Discussion

Since early 1990s, sparse estimation has been recognized as an important tool for multi-dimensional
function estimation. Emergence of high-dimensional statistical problems in the information age
has prompted an increasing attention on the topic from theoretical, computational and applied

perspectives. We focus only on a theoretical standpoint in the discussion below.

To our knowledge, several lines of research on sparse function estimation in 1990s produced

theoretical foundations that still provide essential understandings on ways to explore sparsity and
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associated price to pay when pursuing sparse estimation from minimax perspectives. It has been
discovered that for some function classes, sparse representations (in contrast to traditional full
approximation) result in faster rates of convergence, which alleviate the curse of dimensionality
when the problem size is large. Such function classes include, for example, Besov classes (e.g., [31]),
Jones-Barron classes ([9, 42]) and may also be defined directly in terms of sparse approximation
(e.g., [71], Section III.D). Regarding methods to achieve the optimal sparse estimation, wavelet
thresholding with one or more orthonormal dictionaries and model selection with a descriptive
complexity penalty term added to the sum of negative maximized likelihood (or a general contrast
function) and a multiple of the model dimension have yielded successful theoretical advancements.
Oracle inequalities/index of resolvability bounds have been derived that readily give minimax-rate
adaptive estimators for various scenarios. In linear representation, ¢1-constraints on the coefficients
have been long known to be associated with fast rate of convergence for both orthogonal and non-
orthogonal bases by model selection or aggregation methods, as mentioned in the introduction of

this paper.

It is worth noticing that these research works usually target nonparametric settings. In the past
few years, the situation of a large number of naturally observed predictors has attracted much
attention, shifting the focus to much simpler linear modeling. As pointed out earlier, the work in
the 1990s on model selection has direct implications for the high-dimensional linear regression. For
example, if the sum of the absolute values of the linear coefficients is bounded (¢1-constraint), then
the rate of convergence is bounded by (logn/ n)l/ % as long as M, increases only polynomially in n.
If only k,, terms have non-zero coefficients (¢yp-constraint), then the rate of convergence is of order
kn(1 +log(M,,/k,))/n based on model selection with mild conditions on the predictors. However,

such subset selection based estimators pose computational challenges in real applications.

In the direction of using the ¢;-constraints in constructing estimators, algorithmic and theoreti-
cal results have been well developed. Both the Lasso and the Dantzig selector have been shown to
achieve the rate k,, log(M,,)/n under different conditions on correlations of predictors and the hard
sparsity constraint on the linear coefficients (see [34] for a discussion about the sufficient conditions

for deriving oracle inequalities for the Lasso). Our upper bound results do not require any of those
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conditions, but we do assume the sparse Riesz condition for deriving the lower bounds. Computa-
tional issues aside, we have seen that the approach of model selection/combination with descriptive
complexity penalty has provided the most general adaptive estimators that automatically exploit

sparsity natures of the target function in terms of linear approximations subject to ¢,-constraints.

Donoho and Johnstone [30] derived insightful general asymptotic minimax risk expressions for
estimating the mean vector in ¢,-balls (0 < ¢ < co0) under ¢, loss (p > 1) in a Gaussian sequence
framework. The work by Raskutti et al. [53] and by Rigollet and Tsybakov [54] are directly related
to our work in the fixed design case. The former successfully obtains optimal non-adaptive in-
probability loss bounds for their main scenario that M, is much larger than n for general 0 < ¢ <1
when the true regression function is assumed to be in the E%’;—huﬂ. In contrast, our estimators are
adaptive and the risk bounds hold without restrictions on M,, or the “norm” parameter t,,, also
allowing the true regression function to be really arbitrary. The work of Rigollet and Tsybakov
[54] nicely shows the adaptive aggregation capability of model mixing over ¢, and ¢;-balls. Our
results are valid over the whole range of 0 < g < 1. For lower bounds, our formulation is somewhat
different from theirs. In addition, unlike those results, we have also provided results when the error
variance is unknown but upper bounded by a known constant or fully unknown. Furthermore, our
model selection based estimators have optimal convergence rates also in terms of upper deviation
probability, which may not hold for the model mixing estimators. We need to point out that both

[63] and [54] have given results on related problems that we do not address in this work.

In our results, the effective model size m., (as defined in Section 2.5) plays a key role in determin-
ing the minimax rate of /;,-aggregation for 0 < ¢ < 1. With the extended definition of the effective
model size m, to be simply the number of nonzero components &, when ¢ = 0 and re-defining m,

to be m, A k,, under both £~ (0 < ¢ < 1) and {y-constraints, the minimax rate of aggregation is
My (1+10g( Mp, ))
—— e

m

unified to be the simple form 1 A

Risk bounds for selection/mixing least squares estimators from a countable collection of linear
models (such as given in [65, 46]), together with sparse approximation error bounds, are essential

for our approach to devise minimax optimal sparse estimation for fixed design. When the predictors



Z.Wang, S.Paterlini, F. Gao and Y.Yang/Adaptive Minimaz Estimation over Sparse {q-Hulls 43

are taken as some initial estimates, the selection/mixing methods can be regarded as aggregation
methods with the risk bounds as aggregation risk bounds. In a strict sense, however, these results
are not totally satisfactory for at least two reasons. First, the evaluation of performance only at
the design points that have been seen already has limited value: i) The strengths of the candidate
procedures may not be reflected at all on such a measure; ii) A small ASE on the design points
does not mean good behaviors on future predictor values. Second, when the initial estimates are
not given (which is almost always the case), to combine arbitrary estimators, data splitting is
typically necessary to come up with the candidate estimates and use the rest of the sample for
weight assignment. Then, the final risk bounds, unfortunately, depend on how the data are split.
In contrast, for the random design case, this is not an issue. We have also seen that because ASE
cares only about the performance at the design points, given the i.i.d. normal error assumption,
there is absolutely no condition needed on the true regression function, as pointed out in a remark
to Theorem 1 in [65]. For random design, however, we have made the sup-norm bound assumption,
but the risk bounds guarantee optimal future performance as long as the sampling distribution is

unchanged.

Regarding aggregation, we notice that the /,-aggregation includes as special cases the state-of-art
aggregation problems, namely aggregation for adaptation, convex and D-convex aggregations, lin-
ear aggregation, and subset selection aggregation, and all of them can be defined (or essentially so)
by considering linear combinations under ¢yp- and/or ¢;-constraints. Our investigation provides op-
timal rates of aggregation, which not only agrees with (and, in some cases, improves over) previous
findings for the mostly studied aggregation problems, but also holds for a much larger set of linear
combination classes. Indeed, we have seen that fy-aggregation includes aggregation for adaptation
over the initial estimates (or model selection aggregation) (¢y(1)-aggregation), linear aggregation
when M, < n ({o(M,)-aggregation), and aggregation to achieve the best performance of linear
combination of k,, estimates in the dictionary for 1 < k,, < M,, (sometimes called subset selection
aggregation) (¢o(k,)-aggregation). When M,, is large, aggregating a subset of the dictionary under
a {4-constraint for 0 < ¢ < 1 can be advantageous, which is just €o(k,) N £, (¢, )-aggregation. Since

the optimal rates of aggregation as defined in [58] can differ substantially in different directions of
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aggregation and typically one does not know which direction works the best for the unknown regres-
sion function, multi-directional or universal aggregation is important so that the final estimator is
automatically conservative and aggressive, whichever is better (see [69]). Our aggregation strategy
is indeed multi-directional, achieving the optimal rates over all {,-aggregation for 0 < ¢ < 1 and

¢y N £4-aggregation for all 0 < ¢ < 1.

One interesting observation is that aggregation for adaptation is essentially a special case of £4-
aggregation, yet our way of achieving the simultaneous ¢,-aggregation is by methods of aggregation

for adaptation through model selection/combination.

Aggregation of estimates and regression estimation problems are closely related. For aggregation,
besides that the predictors to be aggregated are from some initial estimations (and thus are not
directly observed), the emphases are: i) One is unwilling to make assumptions on relationships
between the initial estimates so that they can have arbitrary dependence; ii) One is unwilling to
make specific assumptions on the true regression function beyond that it is uniformly bounded and
hence allow model mis-specification. In this game, there is little interest on the true or optimal

coefficients in the representation of the regression function in terms of the initial estimates.

Obviously, there are other directions of aggregation that one may pursue. The /,-aggregation
strategy that relies on aggregating subset choices of the initial estimates, as in [69], while producing
the most general aggregation risk bounds so far, follows a global aggregation paradigm, i.e., the
linear coefficients are globally determined. It is conceivable that sometimes localized weights may
provide better estimation/prediction performance (see, e.g., [70]). Much more work is needed here

to result in practically effective localized aggregation methods.

Aggregation of estimates, as an important step in combining statistical procedures, has proven to
bring theoretically elegant and practically feasible methods for regression estimation/prediction. It
is an important vehicle to share strengths of different function estimation methodologies to produce
adaptively optimal and robust estimators that work well under minimal conditions. Aggregation by
mixing certainly cannot replace model selection when selection of an estimator among candidates

or a set of predictors is essential for interpretation or business/operational decisions.
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Our focus in this work is of a theoretical nature to provide an understanding of the fundamental
theoretical issues about /,-aggregation or linear regression under /,-constraints. Computational

aspects will be studied in the future.

7. General oracle inequalities for random design

Consider the setting in Section 3.2.

Theorem 12. Suppose Ag_qg holds for the E-G strategy, respectively. Then, the following oracle

inequalities hold for the estimator fr, .

(i) For T-C and T-Y strategies,

R(fr,; fo;n)

S Co inf (Cl iJnf d2(f0; f]m) + C2m + c3
m nl

1<m<M,An

1+log (]\:[n”)+log(Mn An) —log(l po)>

n—mni

)

1 —logp
reo (Il 2202 )

where co =1, ¢c1 =cg =Cp o, 3 = % for the T-C strategy; co =Cy, c1 =cg =CpL o, 3 = o? for

the T-Y strategy.

(i) For AC-C and AC-Y strategies,

R(fr,; fo;n)
1+ log (M) +log(M, A n) — log(1 —
< ¢ inf (R(fo,m,n) + 02m +c3 98 () +108(Mn A1) = log po))
1<m<M,An ni n—mny

1 —logp
pea (Il + s 2000 ).

where

log(1
Rifomn) = eviptin (1 75, ) + 25 )

n—mny
and co = ¢ = 1, co = 8¢c(0? + 5L?), c3 = % for the AC-C strategy; co = Cy, ¢c1 = 1, co =

8c(0? +5L?), c3 = o2 for the AC-Y strategy.
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From the theorem, the risk R( an; fo;m) is upper bounded by a multiple of the best trade-off of
the different sources of errors (approximation error, estimation error due to estimating the linear
coefficients, and error associated with searching over many models of the same dimension). For a
model J, let IR(fo;J) generically denote the sum of these three sources of errors. Then, the best
trade-off is TR(fy) = inf ; IR(fo; J), where the infimum is over all the candidate models. Following
the terminology in [10], IR(fo) is the so-called index of resolvability of the true function fy by the
estimation method over the candidate models. We call IR( fo; J) the index of resolvability at model
J. The utility of the index of resolvability is that for fy with a given characteristic, an evaluation
of the index of resolvability at the best J immediately tells us how well the unknown function is
“resolved” by the estimation method at the current sample size. Thus, accurate index of resolvability

bounds often readily show minimax optimal performance of the model selection based estimator.

Proof. (i) For the T-C strategy,

R(fr,; fo;n)
2 [log(M, An)+log (M) —log(1 —
< if {CLyginfdz(fO;}'Jm)+CLam+<Og( n An) +log (1) —log( po))}
1smsMann Im T Ac n—ny
2 logp
I
cn—n

For the T-Y strategy,

R(fr,: fo;n)
1+ log(M,, An) +log (M) —log(1 —
< CY inf {CL,J infdQ(f();.FJm) + CL,JE + 0_2 < Og( n) og ( m ) Og( pO)
1<m<M,An Im ni n—ni

1—1lo
M&@m2+#gm}
n-—mni

)
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(ii) For the AC-C strategy,

R(fr,; fo;n)
2 [log(M, A log (M») —log(1 —
< inf {infinf <d2(fo;f§ s)+c(2a’+H)2m+<Og< n) +log () — log(1 — po)
1<m<MuAn | Jm s>1 ms n Ac n—ni
2log(1+ s 2 logp
+(_)>)}A{||fo|2—A —
n—mni cn—ny
2 (log(M, A log (M») —log(1 —
< inf {inf inf (dQ(fo;ff s) +80(02+5L2)E + = ( o( n) +log (5,") —log(1 — po)
1<m<MuAn | Jn s>1 mo ni )\C n-—ny

2log(1+ s 2 logp
n—n Acn—mny

For the AC-Y strategy,

R(fr,: fo;n)
1+ log(M,, A n) + log (M=
< Cy if {inf inf <d2(f0;f§ S)+c(2a’+H)2m+a2< og(Mn A1) +10g ()
1<m<MpAn | Jom s>1 ms ny n—mny
—log(1 — 21og(1 1-1
+ Og( p0)+ Og( +8)>>} /\CY {||f0||2+02 ngo}
n—mny n—mny
m 1+ log(M,, An)+ log (M")
< Cy inf inf inf | d*(fo; F% ) +8c(o? +5L%)— + o> m
1<m<Mp,An | J, s>1 me nq n—mny
—log(1 — 2log(1 1-1
+ og( Po) + 2log( +8)>>}/\C’y{||fo||2+02ngo}.
n—mny n—mny

O

Remark 18. Similar oracle inequalities hold for the estimator f 4 under the linear regression set-
ting with random design: d?(fo; Fs, ) is replaced by d?(fo;Gy,. ), and ZjeJm 0;f; is replaced by

>je,, 05z in the above theorem.

8. Proofs

Proof of Theorem 1.

Proof. (i) Because {ej}j-vgl is an e-net of F,(t,) if and only if {t,jlej};-vél is an €/t,-net of F,(1),

we only need to prove the theorem for the case t,, = 1. Recall that for any positive integer k, the
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unit ball of E(JIVI" can be covered by 2¢~1 balls of radius €, in ¢; distance, where

1 1 <k <logy(2M,,)

log,(2M,,) < k < 2M,,

1
(2M) i k>2M,

(c.f., [32], page 98). Thus, there are 2*~1 functions g;, 1 < j < 271 such that

2k—1

Fo(1) | (g5 + Fuler)

j=1
For any g € F1(ex), g can be expressed as g = Zl 1 i fi with Zl 2 |ci] < ex. We define a random

function U, such that

My,

P(U = sign(ci)ex fi) = |cil /e, P(U=0)=1— Z |cil /e

i=1
Then we have ||U]|2 < € a.s. and EU = g under the randomness just introduced. Let Uy, Us, ..., U,

be i.i.d. copies of U, and let V = % Yot U;. We have

1 1
E|V — =/ —|[Var(D)]]s <4/ =E|U||? < —==
V=gl \/mll ar(U)l2 < \/m U153 < \f
In particular, there exists a realization of V, such that |V — g|l2 < ex/+/m. Note that V' can
be expressed as exm~(kifi + kafe + -+ + kar, far, ), where ki, ko, ..., kps, are integers, and

|k1|+ k2| + - - -+ |kar, | < m. Thus, the total number of different realizations of V' is upper bounded

by (*n ™). Furthermore, ||V|o < m.

If logy (2M,,) < k < 2M,,, we choose m to be the largest integer such that (2le+m) < 2% Then

2M,
E 10g2 L

) can be covered by 22*~! balls of radius

1.
m
f
2M
\/’k: 1log2 k”)

we have

Q_

for some positive constant ¢’. Hence,

in L? distance.
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If kK > 2M,,, we choose m = M,,. Then F,(1) can be covered by 2k_1(2le+m) balls of radius
ekM{l/ 2 in L? distance. Consequently, there exists a positive constant ¢’ such that F,(1) can be

covered by 2!71 balls of radius r;, where

1 1 <1< logy(2M,,),

9 20y (2M,,)% 1> 2M,,.

For any given 0 < € < 1, by choosing the smallest [ such that r; < €/2, we find an €/2-net {u;}¥;

of F,(1) in L? distance, where

1 1

1_1 1_

exp M7 log(1+ M %€)| e> M, “,

N = 2l_1 < 11 1
exp | "M, log(1 + Mf_ge_l) e< M? 9,

Q=

/11

and ¢ is some positive constant.

It remains to show that for each 1 < ¢ < N, we can find a function e; so that |le;||p < 5¢2¢/(4=2) 41
and ||e; — u;l|2 < €/2.
Suppose u; = ZjM:"l ¢ijfj, 1 <i < N, with Zjﬂ/i"l lcij|? < 1. Let Ly = {j : |e;j| > €2/(2=D}. Then,
|Li|€29/ =9 < 37 |e;5]9 < 1, which implies |L;| < €29/(4=2) and also
2—2

Yo leil € D feyl [/ TP < e

JELi J¢L;

2—-2
Define v; = ZjELi ¢ijf; and w; = ZjﬁLi cijfi- We have w; € Fi(e zf—qq), By the probability
2-2
argument above, we can find a function w; such that ||w}|lo < m and [Jw; — w}||2 < e= /\/m. In
particular, if we choose m to be the smallest integer such that m > 4€29/(4=2)_ Then, |Jw; — w}||2 <

€/2.

We define e; = v; + w}, we have |lu; — ¢;]]2 < €/2, and then we can show that

leillo = llvillo + [[willo < [Li| +m < 5¢*7/(=2) 41,

(ii) Let fy = ZjM:"l ¢jf; = arginf e 7 1) [|fo — fol|* be the best approximation of fo over the

class Fy(t,). For any 1 < m < M, let L* = {j : |¢;| > t,m~/9}. Because Zjvi"l le;|? < t2, we
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have |L*[t2/m < > |c;]9 < tZ. So, |L*| < m. Also,

Z lej] < Z |e;]9[tn (1/m) yHat-a = Z |ej| 9t~ 11 /m)1=D/9 < gm0 =

Jj¢L* J¢L* J¢L*

Define v* = . 7. ¢;fj and w* = 30,1, ¢;f;. We have w* € Fi(D). Define a random function
U so that P(U = Dsign(c;)f;) = l¢;|/D, j ¢ L™ and P(U = 0) = 1 =3 ;.

¢;|/D. Thus,
EU = w*, where E denotes expectation with respect to the randomness P (just introduced). Also,

Ul < Dsupy<j<u, IIfjll < D. Let Uy, Us, ..., Uy, be i.i.d. copies of U, then Vx € X,

m 2
E(fo(x)— %Z A ) (x)—fo(x))2+%Var(U(x)).

Together with Fubini,

1|
E|fo—v"——=>Y U
mi:l

In particular, there exists a realization of v* + % > Us, denoted by fom, such that || fom — fo> <

* 1 . -
< f5 = foll® + —EIUIP < |15 = fol® + 3m=>/1.

Il fa — foll? + t2m!~2/9. Note that || fom|lo < 2m — 1. If we consider m = |(m + 1)/2] instead, we

have 2m — 1 < m and m > m/2. The conclusion then follows.

Proof of Theorem 2.

Proof. To derive the upper bounds, we only need to examine the index of resolvability for each

strategy. The natures of the constants in Theorem 2 follow from Theorem 12.

(i) For T- strategies, according to Theorem 1 and the general oracle inequalities in Theorem 12,
for each 1 < m < M,, A n, there exists a subset J,, and the best fom € F;, such that

1+log( ")+ log(M, An) — 10%(1_1’0))

n

~ m
R(fr,; fo;n) < co <C1|f9m — foll* + 262; + 2c3

1 —logp
Ao <||JCO||2 + 203710) .

Under the assumption that fy has sup-norm bounded, the index of resolvability evaluated at the

null model fp = 0 leads to the fact that the risk is always bounded above by Cy (|| fol* + Cznaz) for

some constant Cy, Cy > 0.
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For F = F,(t,), and when m, = m* = M,, < n, evaluating the index of resolvability at the full

model Jys, , we get

M
) cM, . CcM, Oms(1+log(5®
R(fr,; fo;n) < cocrd?®(fo; Fy(tn)) + with = ( ( )) .

n

Thus, the upper bound is proved when m, = m* = M,,.

For F = Fy(t,), and when m, = m* = n < M, then clearly m, (1 + log (%)) /n is larger
than 1, and then the risk bound given in the theorem in this case holds.
For F = F,(t,), and when 1 <m, < m* < M, An, for 1 <m < M,, and from Theorem 1, we

have

R(fr,; fosn) < <o <01d2(fo; Fyltn)) + 122/ 121 =21 4 9c, ™
n

1+ log (M) +log(M,, A log(1 —
126y 0g (') +log(M A m) _ ey lo8( P0)> _
n

n

Since log (J\fn”) < mlog (EM") =m (1 + log %), then

m

R(fr,; fo;n)

IN

1+log M) log(M,, A
coc1d?(fo; Fy(tn)) + C <t3m12/q+ m ( nOg ) n og( T:L n))

IN

/ m (1 + log M=

cocrd”(fo; Fqltn)) +C (timl_wq + M ;
n
where C' and C” are constants that do not depend on n, t,,, and M,, (but may depend on ¢, o2, po
and L). Choosing m = m., we have
My,
m (o) me (1+1og (32))
- < )

2m1=2/1 4 n

The upper bound for this case then follows.

For F = Fy(kn), by evaluating the index of resolvability from Theorem 12 at m = k,,, the upper

bound immediately follows.

For F = F4(tn) N Fo(ky), both £4- and £y-constraints are imposed on the coefficients, the upper

bound will go with the faster rate from the tighter constraint. The result follows.

1) For - strategies, three constraints 1 <s(s>0), < in <qg<s 1, > an
ii) For AC i h i ol < 0), 10l <t (0<g< 1,8 0 d

I follco < L are imposed on the coefficients. Notice that ||6]]1 < ||f]l; when 0 < ¢ < 1, then the
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¢1-constraint is satisfied by default as long as s > t,, and |||, < ¢, with 0 < ¢ < 1. Using similar

arguments as used for T-strategies, the desired upper bounds can be easily derived.

Global metric entropy and local metric entropy. The tools developed in Yang and Barron [72]
allow us to derive minimax lower bounds for /,-aggregation of estimates or regression under £,-
constraints. Both global and local entropies of the regression function classes are relevant. The

following lower bound result slightly generalizes Lemma 1 in [69].

Consider estimating a regression function fj in a general function class F based on i.i.d. obser-
vations (X;, ;)" ; from the model

Y = fo(X)+0-¢, (8.1)
where o > 0 and ¢ follows a standard normal distribution and is independent of X.

Given F, we say G C F is an e-packing set in F (e > 0) if any two functions in G are more than

€ apart in the Lo distance. Let 0 < a < 1 be a constant.

DEFINITION 1: (Global metric entropy) The packing e-entropy of F is the logarithm of the largest

e-packing set in F. The packing e-entropy of F is denoted by M (e).

DEFINITION 2: (Local metric entropy) The a-local e-entropy at f € F is the logarithm of the
largest (ae)-packing set in B(f,e) = {f € F:|| f — f ||< €}. The a-local e-entropy at f is denoted
by M, (e | f). The a-local e-entropy of F is defined as M°¢(¢) = maxer Ma(e | f).

Suppose that M!°¢ (¢) is lower bounded by M'°(e) (a continuous function), and assume that
M (¢) is upper bounded by M(¢) and lower bounded by M(e) (with M(e) and M(e) both being
continuous).

Suppose there exist €,, €,, and ¢, such that

M"(0e,) > ne2 +2log2, (8.2)
M(V20€,) = neé, (8.3)

M(oe,) = 4né +2log2. (8.4)
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Proposition 5. (Yang and Barron [72]) The minimax risk for estimating fo from model (8.1) in

the function class F is lower-bounded as the following

2 2 2
inf sup E|f — fo? > 22,
f foeF 8
2 2
inf sup E|f — fol? > 222
f foeF 3

Let F be a subset of F. If a packing set in F of size at least exp(M'*(ce,)) or exp(M(ce,,)) is

a2026i azgi
—g = or —g*, respec-

actually contained in F, then inf ;supy c » E||f — foll? is lower bounded by

tively.

Proof. The result is essentially given in [72], but not in the concrete forms. The second lower bound
is given in [69]. We briefly derive the first one.

Let N be an (ae, )-packing set in B(f,0e,) = {f € F:|| f —f ||< oen}. Let © denote a uniform
distribution on N. Then, the mutual information between © and the observations (X;,Y;)’; is
upper bounded by %2 (see Yang and Barron [72], Sections 7 and 3.2) and an application of Fano’s

inequality to the regression problem gives the minimax lower bound

a?o%e? 1 I(0;(X;,Y;))+1log2
1 log |N| ’

where |N| denote the size of N. By our way of defining ¢, the conclusion of the first lower bound

follows.

For the last statement, we prove for the global entropy case and the argument for the local entropy
case similarly follows. Observe that the upper bound on I (0; (X;,Y;)™ ;) by log(|G|) + ne2, where
G is an €,-net of F under the square root of the Kullback-Leibler divergence (see [72], page 1571),
continues to be an upper bound on I (©;(X;,Y;)" ), where © is the uniform distribution on a
packing set in F. Therefore, by the derivation of Theorem 1 in [72], the same lower bound holds

for F as well.
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Proof of Theorem 3.

Proof. Assume fo € F in each case of F so that d?(fy; F) = 0. Without loss of generality, assume
o=1.
(i) We first derive the lower bounds without Ly or L, upper bound assumption on fy. To prove

case 1 (i.e., F = Fy(tn)), it is enough to show that

M, s
- if m* = M,,

1+log My, 1-a/2
. 2 2 )/ . o
inf sup Ef - foll> > Cqq to # if 1 <m, <m* < M,
I fo€Fq(tn)

2 if m.=1,

in light of the fact that, by definition, when m* = M, m, = M, and when 1 < m, < m" <

my (1+log %)

M,,, we have is upper and lower bounded by multiples (depending only on ¢) of

1—q/2

. Note that m™* and m, are defined as m* and m. except that no ceiling of

My,
tq 1+log (nt%)‘l/z
n n

n is imposed there.
Given that the basis functions are orthonormal, the Lo distance on F(t,,) is the same as the {5
distance on the coefficients in By (t,; M) = {0 : |0, < t,,}. Thus, the entropy of F,(t,) under the

L, distance is the same as that of By (t,; M,,) under the ¢y distance.

When m* = M, we use the lower bound tool in terms of local metric entropy. Given the

{,~la-relationship [|0]|, < M,/ Y/2||g]|y for 0 < ¢ < 2, for € < \/M,, /n, taking f& = 0, we have

B(fos€) = {fo:llfo—foll <& ll0llg < tn} = {fo: [0l <€ [l0lg <tn} ={fo: 0] <€},

where the last equality holds because when e < \/M,,/n, for [|0]|2 < ¢, |||, < t, is always satisfied.
Consequently, for ¢ < /M, /n, the (¢/2)-packing of B(fg;e¢) under the Ly distance is equivalent to
the (e/2)-packing of B, = {6 : ||0]|2 < €} under the ¢5 distance. Note that the size of the maximum
packing set is at least the ratio of volumes of the balls B, and B, /s, which is 2Mn Thus, the local
entropy M%‘}Cz(e) of F4(t) under the Lo distance is at least Mllo/cz(e) = M, log?2 for e < \/M,/n.
The minimax lower bound for the case of m"* = M,, then directly follows from Proposition 5.

*

When 1 < m, < m” < M,, the use of global entropy is handy. Applying the minimax lower
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bound in terms of global entropy in Proposition 5, with the metric entropy order for larger ¢ (which
is tight in our case of orthonormal functions in the dictionary) from Theorem 1, the minimax lower
rate is readily obtained. Indeed, for the class Fg(t,), with € > tnMé 7%, there are constants ¢’ and
¢ (depending only on ¢) such that

1

20 1_1 _ 2q 11
d (tne ) * 7 log(1+ My t,'e) < M(e) < M(e) < ¢ (tpe ') > 7 log(L+ My >t e).

n

14
Thus, we see that e, determined by (8.4) is lower bounded by ¢ t2 ((1 + log %)/n) o

where ¢ is a constant depending only on gq.

When m, = 1, note that with f; =0 and € <t,,

B(fo:€) = {fo : [10ll2 < €& [10llg <tn} > {fo: [0l < €}

Observe that the (e/2)-packing of {fs : [|0|l; < €} under the L, distance is equivalent to the
(1/2)-packing of {fg : ||f]l; < 1} under the same distance. Thus, by applying Theorem 1 with
t, = 1 and € = 1/2, we know that the (¢/2)-packing entropy of B(fj;e€) is lower bounded by
¢’ log(1+ %M}/q_lm) for some constant g”depending only on ¢, which is at least a multiple of nt?
when m* < (1 + log %)q/z. Therefore we can choose 0 < § < 1 small enough (depending only on
q) such that

" 1
c log(1+ iMﬁ/qﬂm) > né?t2 + 2log 2.
The conclusion then follows from applying the first lower bound of Proposition 5.

To prove case 2 (i.e., F = Fo(ky)), noticing that for M,, /2 < k,, < M,,, we have (14+log2)/2M,, <
kn (1 + log Jl\f—:) < M,,, together with the monotonicity of the minimax risk in the function class,
it suffices to show the lower bound for k, < M, /2. Let By (€) = {0 : ||9|l2 < ¢ ||0|lo0 < kn}. As in
case 1, we only need to understand the local entropy of the set By, (e) for the critical e that gives

the claimed lower rate. Let n = €//k,,. Then By, (€) contains the set Dy, (1), where
Dy(n) ={0=nl : 1 €{1,0,-1}*" ||I]lo < k}.

Clearly ||nl; — nlz]|2 > n(dHM(Il’IQ))1/27 where dga (11, I2) is the Hamming distance between

I, 15 € {1,0,—1}. From Lemma 4 of [53] (the result there actually also holds when requiring
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the pairwise Hamming distance to be strictly larger than k/2; see also the derivation of a metric
entropy lower bound in [45]), there exists a subset of {I : I € {1,0, =1} ||I||o < k} with more than
exp (g log w> points that have pairwise Hamming distance larger than k/2. Consequently,
we know the local entropy M{?fﬁ(e) of Fo(ky,) is lower bounded by %log 2(M£7n—kn) The result
follows.

To prove case 3 (i.e., Fy(tn) N Fo(ky)), for the larger k, case, from the proof of case 1, we

have used fewer than k, nonzero components to derive the minimax lower bound there. Thus,

the extra fy-constraint does not change the problem in terms of lower bound. For the smaller &,

case, note that for 0 with [|0]o < kn, [0ll; < &/72)0)l2 < kb/7V2 \/Ckn (1—|—log I,Z{L) /n

for 6 with |02 < \/Ckn (1 + log 1,\;[—:) /n for some constant C' > 0. Therefore the £,-constraint is

automatically satisfied when ||#]]2 is no larger than the critical order \/ knp, (1 + log %) /mn, which

is sufficient for the lower bound via local entropy techniques. The conclusion follows.

(ii) Now, we turn to the lower bounds under the Ly norm condition. When the regression function
fo satisfies the boundedness condition in Ly norm, the estimation risk is obviously upper bounded
by L? by taking the trivial estimator f = 0. In all of the lower boundings in (i) through local
entropy argument, if the critical radius € is of order 1 or lower, the extra condition ||fo|] < L
does not affect the validity of the lower bound. Otherwise, we take € to be L. Then, since the
local entropy stays the same, it directly follows from the first lower bound in Proposition 5 that
L? is a lower order of the minimax risk. The only case remained is that of (1 + log %)q/z <
m* < M,. If t4 ((1 + log (ni\fﬁ)/n)liqm is upper bounded by a constant, from the proof of the

lower bound of the metric entropy of the £,-ball in [45], we know that the functions in the special

packing set satisfy the Lo bound. Indeed, consider {fy : 8 € D,,, (n)} with m,, being a multiple of

(nt%/ (1 + log mi\g#)y/z and 7 being a (small enough) multiple of \/(1 + log (ntj\gﬁ)/n Then
these fy have || fg|| upper bounded by a multiple of t% ((1 + log &W)/n) e and the minimax
lower bound follows from the last statement of Proposition 5. If ¢Z ((1 + log mtgw)/n)liwz is
not upper bounded, we reduce the packing radius to L (i.e., choose 1 so that ny/My is bounded

by a multiple of L). Then the functions in the packing set satisfy the Lo bound and furthermore,
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1—q/2
the number of points in the packing set is of a larger order than nt? ((1 + log mf\;w)/n) .
Again, adding the Lo condition on fy € Fy(t) does not increase the mutual information bound
in our application of Fano’s inequality. We conclude that the minimax risk is lower bounded by a

constant.

(iii) Finally, we prove the lower bounds under the sup-norm bound condition. For 1), under
the direct sup-norm assumption, the lower bound is obvious. For the general M,, case 2), note
that the functions fg’s in the critical packing set satisfies that ||@]|2 < e with € being a multiple

kn(1+10g My,

of B ) Then together with ||0]|o < k,, we have ||0]l1 < Vkn||0||2, which is bounded

n
by assumption. The lower bound conclusion then follows from the last part of Proposition 5. To
prove the results for the case M,/ (1 + log %) < bn, as in [58], we consider the special dictionary

F,={fi:1<i<M,} on [0,1], where

Fix) =V Mulpos (%), i=1,.., M,.

Clearly, these functions are orthonormal. By the last statement of Proposition 5, we only need
to verify that the functions in the critical packing set in each case do have the sup-norm bound
condition satisfied. Note that for any fy with 6 € Dy, (1) (as defined earlier), we have || fo| < nvkn
and || fo|loo < nv/M,,. Thus, it suffices to show that the critical packing sets for the previous lower

bounds without the sup-norm bound can be chosen with 6 in Dy, (n) for some n = O (M;l/z) .

Consider 7 to be a (small enough) multiple of (1 + log Z\]f:) /mn=0 (ME 1/2> (which holds under

the assumption Hlf\fﬁ < bn). From the proof of part (ii) without constraint, we know that there
T
is a subset of Dy, (n) that with more than exp(% log Q(Mgin_k")) points that are separated in {9

distance by at least \/kn (1 + log %) /n.

Proof of Theorem 4.

Proof. For linear regression with random design, we assume the true regression function f, belongs

to FJ (tn; My), or F§ (kn; My), or both, thus d*(fo, F) is equal to zero for all cases (except for AC-



Z.Wang, S.Paterlini, F. Gao and Y.Yang/Adaptive Minimaz Estimation over Sparse {q-Hulls 58
strategies when F = F¥(ky; M,,), which we discuss later).

(i) For T- strategies and F = .7-"qL(tn; M,,). For each 1 < m < M, A n, according to the general

oracle inequalities in Theorem 12 , the adaptive estimator f 4 has

. m
sup R(fa; fo;n) < ¢ <262n + 2¢3 -

1+ log (Agl”) + log(M,, An) —log(1 — po)
fo€F
lo
Neo <fo||2 —2c3 ip()) .

When m, = m* = M,, < n, the full model Jy, results in an upper bound of order M, /n.

When m, = m* = n < M, we choose the null model and the upper bound is simply of order

one.

When 1 < m, <m* < M, An, the similar argument of Theorem 2 leads to an upper bound of or-

—q/2

. —q/2
der IAZ= (1 + log %) Since (nt?2)?/2 (1 + log (m]g%) < my < 4(nt?)e/? (1 + log Mgw) ,

. 1+log 7@;\2/1)”(1/2
then the upper bound is further upper bounded by c,tg- i

1—q/2
- ) for some constant

¢q only depending on g.

When m, = 1, the null model leads to an upper bound of order || fo||? + + < #2

n — N

Lrsav )
if fo € FL(tn; M,).
For F = F§ (kn; My,) or F = FF(tn; M) N Fg (kn; M), one can use the same argument as in

Theorem 2.

(ii) For AC- strategies, for F = FF (tn; My,) or F = FF(tn; M) NF§ (kn; My,), again one can use
the same argument as in the proof of Theorem 2. For F = F¥(k,; M,,), the approximation error is

log(1+s) )

. . 2 .
infe>1 <1nf{0:H9H1§5,|I9H0Skm\|feHOCSL} [ fo — foll* + 2¢3 < nf{o:10)1y <an 10010 <hn, I follo <2} | fo—

foll? + 2¢3 log(ls'o‘") = 2¢c5 log(lrj'a") if fo € FE(k,; M,,). The upper bound then follows.

Proof of Theorem 5.

Proof. Without loss of generality, we assume o2 = 1 for the error variance. First, we give a simple
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fact. Let By (n) = {0 : [|0ll2 < n, [[0lo < k} and By (fo;€) = {fo : [lfoll < € [[0]lo < k} (take fo = 0).
Then, under Assumption SRC with v = k&, the %—local e-packing entropy of By (fo;€) is lower
bounded by the %—10(‘,&1 n-packing entropy of By(n) with n = ¢/a.

(i) The proof is essentially the same as that of Theorem 3. When m* = M, the previous
lower bounding method works with a slight modification. When (1 + log %)q/2 < m* < M,,
we again use the global entropy to derive the lower bound based on Proposition 5. The key is
to realize that in the derivation of the metric entropy lower bound for {6 : ||0||; < t,} in [45], an
optimal size packing set is constructed in which every member has at most m, non-zero coefficients.
Assumption SRC with v = m, ensures that the Lo distance on this packing set is equivalent to the
¢y distance on the coefficients and then we know the metric entropy of F,(¢n; M,,) under the Lo

q/2
) , observe

distance is at the order given. The result follows as before. When m* < (1 + log %
that Fy(tn; M,) D {Bx; : |B] < t,} for any 1 < j < M,,. The use of the local entropy result in

Proposition 5 readily gives the desired result.

(ii) As in the proof of Theorem 3, without loss of generality, we can assume k,, < M,, /2. Together
with the simple fact given at the beginning of the proof, for By, (e/a) = {6 :||0|]2 < €/a, ||0]lo < kn},

with ' = €¢/(avky), we know By, (€/@) contains the set
{0 =n'1:1€c{1,0,—1}"" |I]lo < kn}.

For 6; = 011,02 = n'I; both in the above set, by Assumption SRC, || fo, — fo,||* > QQUIQdHM(Il, L) >
a?¢?/(2a*) when the Hamming distance dgas (11, I2) is larger than k,, /2. With the derivation in the

proof of part (i) of Theorem 3 (case 2), we know the local entropy Mi‘ﬁﬁa)(e) of Fo(kn; My) N

{fo : 0]z < an} with a, > € is lower bounded by % log % Then, under the condition

an > O\/kn (14 log 4=

) /n for some constant C, the minimax lower rate k, (1 + log f—:) /n fol-

lows from a slight modification of the proof of Theorem 3 with ¢ = C’\/ ky, (1 + log A,f—:) /n for

some constant C’ > 0. When 0 < a,, < C\/kn (1 + log i‘f—:) /n, with € of order a,,, the lower bound

follows.

(iil) For the larger k,, case, from the proof of part (i) of the theorem, we have used fewer than &,
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nonzero components to derive the minimax lower bound there. Thus, the extra £y-constraint does not
change the problem in terms of lower bound. For the smaller k,, case, note that for 6 with [|0]/o < ky,
1011, < kY20, < KV 1/2\/ck (1 + log M )/n for 0 with [|0]]s < \/C’kn (1 +log M >/n

Therefore the ¢,-constraint is automatically satisfied when ||0]|2 is no larger than the critical order

\/ kn (1 + log ) /m, which is sufficient for the lower bound via local entropy techniques. The

conclusion follows.

Proof of Theorem 6.

IN

Proof. (i) We only need to derive the lower bound part. Under the assumptions that sup; || X} |«

AN

Ly < oo for some constant Lo > 0, for a fixed ¢, = ¢t > 0, we have Vfy € F,(tn; M), |[folloe <
sup; [|[ Xl - Z; 11051 < Loll0|li < Lol||0|l; < Lot. Then the conclusion follows directly from
Theorem 5 (Part (i)). Note that when ¢, is fixed, the case m. = 1 needs not to be separately

considered.

(ii) For the upper rate part, we use the AC-C upper bound. For fp with ||0|lcc < Lo, clearly,

we have ||0]l; < M, Ly, and consequently, since log(1 + M, Lg) is upper bounded by a multiple

n

of k, (1 + log ]g—) the upper rate &= (1 + log 1}\;17) A 1 is obtained from Theorem 4. Under the

assumptions that sup; || Xjllec < Lo < oo and k, (1 + log %) /n < /Ky, we know that Vfy €

Folkn; Mp)(N{fo : 10ll2 < an} with a,, = C’\/ (1 + log 2= )/n for some constant C' > 0, the

sup-norm of fy is upper bounded by

M
n [1+41o g
H ZQJ:EJHOO S L0H0||1 S Lo\/ knan = CL()kn < C\/ K()L()

J=1
Then the functions in Fo(ky; M,) ({f : ||0]]2 < a,} have sup-norm uniformly bounded. Note that
for bounded ay, [|0|l2 < a, implies that ||f||cc < a,. Thus, the extra restriction [|f]|. < Lo does

not affect the minimax lower rate established in part (ii) of Theorem 5.

(iii) The upper and lower rates follow similarly from Theorems 4 and 5. The details are thus
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skipped.

Now we turn to the setup in Section 5 with o2 known.

Proposition 6. (Yang [65], Theorem 1) When A > 5.1log 2, we have

+

5 . - a2 ol \o?C
E(ASE(f;)) < BJléIan (HfJ — fi ||n + nJ n J) 7

where B > 0 is a constant that depends only on \.

Proof of Theorem 7.

Proof. The general case (ii) is easily derived based on our estimation procedure and Proposition 6.

To prove (i), when F = F,4(tn; My,), according to the upper bound in (ii) and Theorem 1, when

&€ Fy(tn; M,y,), for any 1 < m < (M,, — 1) An, there exists a subset J,,, and fgm € F, such that

m

E(ASE(f)))
2 2 2 M, 2
< B ((IIfm P g D log(MaAn) 0 log(m)> AZ ’"Mn)
n n n n
_ 0‘2
7 (M- 812+ 5 ) no?)
<

My
B <<22/‘11tim12/q + U2TJm + U2 log(M7L A TL) _|_ 02 1Og ( m )) A 027’Mn>
n

n n
2
AB ((ti+a) /\o—2>.
n

Since log (]Zl") <m (1 + log %) and log M,, <m (1 + log %)7 then for models with size 1 < m <

(M,, — 1) A n, we have

A 2 2 1 + log Ma 9
E(ASE(f;)) < B <<tgm12/q TRAA m (1 + log £ )) N N>

n n
2
n

where B’ only depends on ¢ and .
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When m, = m* = M,, An, the full model Jy;, leads to an upper bound of order ”27’% When
1 <m, <m* < M, An, we get the desired upper bounds by evaluating the risk bounds choosing
Jm, and Jpr, . When m, = 1, models Jy and Jys, result in the desired upper bound.

The arguments for cases F = Fo(ky; M,,) and F = Fy(tn; My) N Fo(kn; M,,) are similar to those

of Theorem 2 and above with r; replacing m in the upper bounds.

Proof of Theorem 8.

Proof. Without loss of generality, assume the error variance o = 1. Let Pr(y™) =[], \/% exp (
—3(yi — f(x;)?)) denote the joint density of Y™ = (Y7, ...Y,,)', where the components are inde-
pendent with mean f(x;) and variance 1, 1 <4 < n. Then the Kullback-Leibler distance between

Py, (y™) and Py, (y") is

DB W) | PRl = 3 32 (o) = faos)

To prove the lower bounds, instead of the global Lo distance on the regression functions, we need

to work with the distance d(f1, f2) = \/Zl 1 (filxi) — fg(xz)) .

First consider the case F = Fy(t,; My). Let Br(n) = {0 : ||0]l2 < n,||0]lo < k} and B(fo;€) =
{fo : Ilfolln < €0llo < k} (fo = 0). Then, under Assumption SRC’ with v = k, the g=-local
e-packing entropy of Bi(fo;€) is lower bounded by the %—local n-packing entropy of Bg(n) with

n = <. When v = m,, the proof is the same as the proof of Theorem 5.

Now consider the case F = Fy(k,; M) and again assume k,, < M,,/2 as in the proof of Theorem

as before

5. When Assumption SRC’ holds with v = k,,, the lower bound is of order M

in the random design case. The proof for the last case F = Fy(tn; My) N Fo(kn; My) is similarly

done as in the proof of Theorem 5.
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Proof of Theorem 9.

Proof. According to Corollary 6 from [46], we have

2 . = n a’r 40%log(1/m
BB < jut (1 - 12 + T B,

n

which is basically the same as Proposition 6 with B = 1. Thus, the rest of the proof is basically the

same as that of Theorem 7.

To prove Theorem 10 , we need an oracle inequality, which improves Theorem 4 of [65], where
only a convergence in probability result is given. Suppose that only the subset models J,,, with rank
ry, < n/2 are considered (which is automatically satisfied when M,, < n/2). Let ' denote these
models. (More generally, a risk bound similar to the following holds if we consider models with size
no more than (1 — p)n for any small p > 0.) Let C; be the descriptive complexity of the model J
in T

Proposition 7. When A > 40log2, the selected model J’ by ABC' satisfies

E(ASE(f;)) < B inf (HfJ - 31l +

+
n n

o2ry )\U2CJ>

where B is a constant that depends on \, @2, and .

Remark 19. If we add models with rank r; > n/2 into the competition, as long as the complexity
assignment over all the models is valid (i.e., satisfying the summability condition), if we can show
that for these added models, ABC’(J) are also upper and lower bounded with high probabilities as

in (8.5) and (8.6), then the risk bound in the proposition continues to hold.

Proof. Let e, = (e1,...,¢,) . For ease in writing, we simplify ||Hi to ||-||* in this proof. From page

495 in [65], for each candidate model J, we have

2 N
ABC'(J) = Ay f3 1P +7s (M (||Yn - Y2+ /\EQC'J> - 02) +A52Cy + 2rem; (J) +remy(J),
—J
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where [|A;f2% = |1f; — fI?, remy (J) = e, (f& — M f3) and remy(J) = r; — e/, Me,,. Note also
that ||Y,, — YJ”Q +XG2Cr = |Asful?> + (n—7)0% + (e’nAJen —(n— TJ)O'2> +2el Ay fn + NG2C}.
Let

T(J) = |Asf3 1> + (n = ry)o? + X5?Cy, and nR,(J) = || Ay fg|* +ry0° + Xa°Cyr.

As is shown in the proof of Theorem 1, [65], if A > h(r1,72) = max(supgs((2(log2)§)'/?/m —
§),sup,>o(p/m2 — 1)2(log 2)/(p — log(p + 1))) for some constants 7 and 75 with 271 + 75 < 1, then
for any § > 0, with probability no less than 1 — 56, |rem;(J)| < 7 (nRy(J) + 91(9)), [rema(J)| <
Ta(nRy (J)+g2(8)), and |el, A e, —(n—7r7)0?| < 12(T(J)+g2(5)), where g1 (§) = g2(d) = Alogy(1/6).

Then with probability no less than 1 — 59, we have

ABC() = gy (AR RO “InBRID L0l g2

=271 (nRu(J) + 91(0)) — T2(nR,(J) + g2(8)) + X\G>Cy

> g4, (HECOE DI 20000 nnl) )
n—ry n—ry
— (271 + )R (J) — (21191 (8) + T292(8)) + Ao"C
> AL+ 7s(1 = (47 + 2my))0? — 22220010) + 7202(0))

n—ry
—(2711 + 2)nR,(J) — (27191 (9) + T2g2(0)) + \a2C;

n+ry

> (1 — (671 +3m))nR,(J) — n—ry

(27’191(5) —|-ng2(5)). (85)

Suppose 67 + 312 < 1. Let J,, be the candidate model that minimizes R, (J). Then with exception

probability less than 50, we have

2(1 4+ (21 + 7))T(Jn)
n — ’I".]n

ABC,(Jn) < HAJnf(?H2 +r7, ( - 02) + (271 + TQ)an(Jn)

n+ry,

(27191(0) + T292(8)) + \G2C,.
n—ry,

+

Since T'(J,,))/(n—ry,)= Q471 /(n =75 )Ru(Jn) + (1 =71y, /(n—7y,))0% < 2R, (J,) + o2, then

B (971 g1(6) + 7290 (8))- (8.6)

ABC'(J,,) < (5+ 1411 + Tra)nRy () + p—
— T

Thus, for any § > 0, when the sample size is large enough, we have that with probability no less
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than 1 — 56,
DR < ABC'(J') + 352 (211.01(6) + 7292(5))
" = 1— (671 + 372)
3 ABC!(J,) + FEE(27191(8) + T29(9))
= 1— (671 4+ 372)
) (54 147 + Tra)nR(J) + n-H"Jn = (27101(0) + T2g2(8)) + Zt:j: (27191 (6) + T292(9))

1— (671 4+ 372)

Thus, with probability at least 1 — 56,

R < SrunrTn | () 210i0) £ me()
n()/ Bn(Tn) < 1— (671 +37) (1-— (671 + 37))nRy (J,)

54 141 + Ty (ZJr:j" + n+rﬂ) (27191(0) + 7292(9))

1— (671 + 372) (1= (671 + 372))0?

< 541471 + 712 6(27191(0) + T292(9))
~ 1— (671 +3m) (1= (6714 372))0%

IN

Let

—~ R.(J)  5+14m + T 6(271 + 72)A
R.(Jn) 1— (671 +3m) (1= (671 + 372))0?

Then P (W > —log, 5) < 5 for 0 < § < 1. Since B(W*) = [ P(W > t)dt < 5 [° 27 dt =
5/In2 and Ry (J,) < (62/0?) inf jer Rn(fo; J) where Ry, (fo; J) = |[f ;= fiHl|2 +rs0?/n+ AaCy/n,

then we have

E (Ra(J") E (Ra(J") Ro(Jn)
infyer R(fo; /) — Ra(Ju)  infyer Ru(fo: J)
(5+14Tl+77'2 30(27’1 +7’2)>\ ) ) (0’2)
— \1—(6m1+3m) (In2)(1— (611 +3m2))c? o)

So E(ASE(fj,)) < Binfjer Ry, (fo;J), where the constant B depends on 71, 72, 7, and o. Mini-
mizing h(7y,72) over 71 > 0 and 75 > 0 in the region 671 + 372 < 1, one finds a minimum value less

than 40log 2. Thus, the results of the theorem hold when A > 40log 2.

O

Proposition 7 may not provide optimal risk rate when 7y, is small, or when 7y, is larger than n/2

(in which case the risk bound on E(ASE(J’)) can be arbitrarily large because the approximation
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errors can be arbitrarily large when the models are restricted to be of size n/2 or smaller). The issue
can be resolved by considering the full model .J;, and the full projection model J in the candidate

model list, as described before Theorem 10 .

Proof of Theorem 10 :

Proof. Observe that for the full projection model J, with the chosen C'7, we have that
(1= (671 + 37m2))nR,(J) < ABC'(J) < &nR,(J) = € (no® + \a>Cy)

for some constant & > 0 that depends only on ), @ and o2. From the remark after Proposition 7,
we have the following risk bounds for the three situations. Below B and B’ are constants depending

only on X, 72, and 2.

1. When M,, < n/2, we have the general risk bound

E(ASE(f;,))

2 2 2
. F w2 o ocry. AoeCy, _ 2 ol
= B <Jm:1gvlv£<Mn (Hme B fo Hn + n + n > A (HfJMn - fO Hn + n )
ARy (J) A Ry (Jo))
f n 1 r £ 0'27"‘]”1 02 1Og(Mn - 1)
< B (Mo, = 8508+, int (1 = T o e 4 T2

o2 log (Mr 2 _ 2
" “m)A“W"AH(@mmﬁ+”)wﬁ.
n n n

For f§ € Fy(tn; My,), from above, by an argument similar to that in Theorem 7, for any

1 <m < M,, there exists a subset J,, and fym € F;_such that

. 2 2m (1 + log Mn 2
E(ASE(f;)) < B/<<t%m12/q+amm+om( —i—ogm) /\UTM"

n n n

AB' ((ti + ‘i) A 02> : (8.7)

When m, = m* = M, the full model Jy,, leads to an upper bound of order UZT% When
1 < my < M, we get the desired upper bound by taking the smaller value of the index of
resolvability at J,,,, and Jps, . When m, = 1, the smaller value of the index of resolvability at

Jo and Jyy, results in the given upper bound.
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The arguments for cases F = Fo(ky; M,,) and F = Fy(ty,; My) N Fo(kn; M,) are similar to
those of Theorem 7.

2. When M,, > n/2 and 7y, > n/2, evaluating the index of resolvability gives

n —

E(ASE(f;,))

2 2
: 7 w2, ory,  AocCy -
< B <Jm;1i?,f<n/z (Hme [ e ) A Ry (J) /\Rn(.]o))
2 2] 2 o2 log (Mn
< B (m g PP lo8ln/2) g<m>>
Im 1<m< /2 n n n

0.2
5 (1 - 512+ %) no?).

In this case, for the full model, clearly, we have || f,, — f3||2 + o TMu > 152, which cannot be
better than the model J up to a constant factor. We next show that adding the models with size

n/2 < m < M, does not help either in terms of the rate in the risk bound. If r; > s, /2,

0n||2 + Ty + 0'210%[”/2J g 1°g(Mn) > 1
n n

> - > 02 For ry, < ru,/2,

then obviously || f;,, —
if n/2 < m < M,/2, then there exists a smaller model with size m < n/2 that has the
same approximation error and rank, but smaller complexity C;_ (ie., Cy. < Cj, ), where

Cy, =log(nAM,)+log (Afn") when m >n/2. it m > M, /2 (and r;,, < ru, /2), then due to

M") in m > M, /2, since there must be more than ry, /2

the monotonicity of the function ( o
M, n
terms left out in the model, we must have log ( ") > log ( LrMn/2J) >|ru, /2] log #LNJ’
which is at least of order n under the condition rs, > n/2. Putting the above facts together,
we conclude that adding the models with size n/2 < m < M,, does not affect the validity of
the risk bound given in part (ii) of Theorem 10 (note that log|n/2| is of the same order as

log(M,, A n) in our case). Then, the general risk upper bound becomes (with B’ enlarged by
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an absolute constant factor)

Im:1<m< M, n n

2 02
5 (1= 00+ 2 ) 2o 3 (1o, — 1+ 70

_ _ _ _ o?log(M, An
S S (T R S (19 s 1)

Im:1<m< n

2 M,
Lo log(m)> /\O'QTMn> AB’((fJO Fo12 + 2) /\U)
n n

For f§ € Fy(tn; M,) and any 1 < m < M, there exists a subset J,, and fom € F, such

. - o’r o2log(M, An) o2log (Mn
B inf (Hme _ ng’I?L + nJm + g( ) + g ( m)

2
0TI,
+

that the inequality (8.7) holds. When m, = m* = M,, A n, the full projection model J leads
to an upper bound of order o2. When 1 < m, < M,, An, we get the desired upper bounds
by choosing J,,,. and J to evaluate the index of resolvability. When m, = 1, models Jy and J
result in the desired upper bound.

3. When M,, > n/2 and rp;, < n/2, the full model is already included, and, similarly as above,
the models with n/2 < m < M, can be included in the minimization set of the general risk
bound. Indeed, if rM = 1, the statement is trivial. If r;, > rps /2, then ||f_,1m—f61||%+%+

, which means that the model cannot beat

o logln/2] | o log > || ey = I35+ Sta

the full model up to a constant factor. For r;_ < rpr, /2, if m > M, /2, then we again have
log ( ") >log (5, —LTMn /2J) |7, /2] log LTZM “r57- Thus there exists a model in I, with the
same rank of r; < n/2 and approximation error, and its complexity is at most at the same
order as J,,. Then with the same arguments for the case of rp;, > n/2, we again conclude

that adding the models with size n/2 < m < M,, does not affect the validity of the risk bound
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given in part (ii) of Theorem 10. Thus, the general risk bound is

E(ASE(f;))

2 2
= nl2 . 3 = 2 ory.  2Xo°Cy,
< B{ (Mo = lr i (1o = o 2+ T2+ BT )
a’r - o?
v bas (I - 12+ 2 ) no?)
n n
F : 7 7 o’ry,  o?log(M, An)
< B (W, = 888+ int (1 = T 2o T 4 T
o2lo My o2r _ o2
#2008 Cal) ) g (1, - s34 % ) o).
n n n

For fi € Fy(tn; M,) and any 1 < m < M, there exists a subset J,,, and fom € F, such that
the inequality (8.7) holds. When m, = m* = M,, A n, the full model J,, leads to an upper
bound of order 027’% When 1 < m, < M,, An, we get the desired upper bounds by choosing

Jm, and Jys, when evaluating the index of resolvability. When m.. = 1, taking models Jy and

Jur, results in the desired upper bound.

Proof of Theorem 11:

Proof. The proof is similar to that of Theorem 10 except that we use the oracle inequality (4.7) in
[7] instead of that in Proposition 7 (and there is no need to consider the different scenarios). Note
that if M,, < (n —7) A¢n, then m V log (1\7/71:) < ¢n for all 1 < m < M,,. Thus all subset models are
allowed by the BGH criterion. When M, is larger, however, the conditions required in Corollary 1
of [7] may invalidate the choice of m, or k,, when it is too large, hence the upper bound assumption

on m, and k,. We skip the details of the proof.
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