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Summary

The purpose of this thesis is to propose a novel Deep Learning model to address the problem

of image reconstruction. For this, we summarize the general theory on machine learning and

more particularly the mathematics underlying Deep Learning. We introduce neural networks

starting from their basic units: the formal neurons. These are combined to form complex

and different structures, such as convolutional neural networks. We also study various aspects

related to the training of neural networks and the various learning algorithms used to train

them.

The problem of image reconstruction, or deblurring problem, is a well known inverse prob-

lem. Before approaching it, we review the generalities of the problem, providing some details

on the image formation process and on the noise deriving from data acquisition. Following

a maximum a posteriori statistical approach, the problem is reformulated as a regularized

optimization problem, in which the objective function to be minimized is a sum of a data

discrepancy measure with a regularization term. Also additional contraints can be imposed

to incorporate a priori knowledge on the desired solution. In our work we consider smooth

data-fidelity and regularization terms and we include constraints in the objective function by

means of a logarithmic barrier.

A proximal interior point method (IPM) is considered to address the minimization problem,

in which the proximity operator is restricted only to the barrier function. Then, considering

a finite number of iterations, the iterative algorithm is unfolded into a neural network, that

we call iRestNet. In particular, the iterations of the IPM are incorporated into the layers of

the network, whose training process merges with the optimization process. The key issue of

our proposed approach is that the regularization parameter, the barrier parameter and the

steplength needed in the iterations of the IPM are automatically chosen, by means of a partic-

ular Deep Learning strategy. In addition, we provide a stability result for the proposed network

when the data fidelity term and the regularization function are quadratic.

We use benchmarks image datasets to perform the training and test the resulting neural

network. For every experiment, a dataset is created with a different type of blur and corrupted

with Gaussian noise. Comparisons with standard gradient projection methods, with recent

machine learning algorithms and also with other unfolded methods have been performed and

the tests show good performances and the competitiveness of our approach.
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We have also extended the proposed approach to deblurring problems on data corrupted with

Poisson noise. Although the model needs to be improved, preliminary results show that also

in this case iRestNet achieves a good reconstruction quality.



Sintesi

In questa tesi si propone una nuova strategia di Deep Learning per affrontare il problema di

ricostruzione di immagini digitali. Per far ciò, riassumiamo la teoria generale sul machine

learning e più in particolare la matematica che sta alla base del Deep Learning. Introduciamo

le reti neurali partendo dalle loro unità di base: i neuroni formali. Questi vengono combinati

per formare strutture complesse e diverse, come le reti neurali convolutive. Inoltre studiamo

vari aspetti relativi al training delle reti neurali e i vari algoritmi di learning utilizzati per

addestrarle.

Il problema di ricostruzione di immagini, o deblurring, è un noto problema inverso. Prima

di approcciarci ad esso, rivediamo le generalità del problema, fornendo alcuni dettagli sul pro-

cesso di formazione delle immagini e sul rumore derivante dall’acquisizione dei dati. Seguendo

un approccio statistico di tipo maximum a posteriori, il problema di deblurring viene solita-

mente riformulato come problema di ottimizzazione regolarizzato, in cui la funzione obiettivo

da minimizzare è data dalla somma di un termine di data-fidelity e di un termine di regolar-

izzazione. È inoltre possibile imporre dei vincoli sulla funzione obiettivo, che permettono di

integrare conoscenze a priori sulla soluzione desiderata. Nel nostro studio abbiamo considerato

termini di data-fidelity e di regolarizzazione regolari e abbiamo incluso vincoli di tipo box sulla

funzione obiettivo, per mezzo di una funzione di barriera logaritmica.

Per affrontare il processo di minimizzazione consideriamo un metodo interior point (IPM), in

cui il proximity operator è applicato alla sola funzione di barriera. Partendo da un numero

finito di iterazioni del metodo iterativo, queste vengono incorporate in una rete neurale, che

chiamiamo iRestNet. La peculiarità dell’approccio proposto sta nel fatto che il parametro di

regolarizzazione, il parametro di barriera e la lunghezza di passo, necessari nell’applicazione del

metodo IPM, sono scelti automaticamente, mediante una particolare strategia di Deep Learn-

ing. Inoltre, è fornito un risultato teorico sulla stabilità della rete in particolari condizioni.

Per fare il training e testare la rete neurale risultante si sono utilizzati diversi dataset di

immagini. Per ogni esperimento, viene creato un set di immagini derivanti da un diverso

tipo di blur e corrotte con rumore gaussiano. In particolare ci si è confrontati con metodi

standard di proiezione del gradiente, con recenti algoritmi di machine learning e con altri

”unfolded methods”. In conclusione, i test mostrano come iRestNet abbia buone prestazioni e

sia competitiva rispetto allo stato dell’arte.

vii
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Abbiamo inoltre esteso l’approccio proposto a problemi di deblurring su dati corrotti con rumore

poissoniano. Nonostante il modello debba essere perfezionato, risultati preliminari dimostrano

la bontà di iRestNet anche in questo caso.



Introduction

Machine learning research seeks to provide learning models with the ability to learn and improve

automatically through observations and interaction with the world. The main objective of a

machine learning system is to generalize from experience, to be able to perform accurately

on new, unseen examples after having experienced a learning dataset. The training examples

come from some generally unknown probability distribution, representative of the space of

occurrences, and the machine learning algorithm builds a mathematical model about this space

that enables it to produce sufficiently accurate predictions on new cases.

In this last decade, machine learning is having a big impact in many areas of science,

industry, and engineering, and recently Deep Learning attracted even more attention. Deep

Learning is a particular branch of machine learning which involves the use of artificial neural

network models. These are engineered systems inspired by the biological brain, consisting of

the interconnection of basic units called neurons, arranged in layers. By increasing the num-

ber of layers, a deep network can represent functions of increasing complexity. In particular,

most tasks that consist of mapping an input vector to an output vector, can be performed

by Deep Learning, given sufficiently large models and sufficiently large datasets of labelled

training examples. In recent years, Deep Learning popularity greatly increased, thanks to the

availability of more powerful computers and larger datasets that allowed experimentation and

the development of new techniques to train deeper networks. The training phase of a network

require minimizing the empirical risk on the training set images, which is not a trivial problem.

Most of the successful approaches are gradient-based learning methods, which aim to generate

a sequence of iterates {θk}k∈N, in the parameter space, so that the empirical risk is decreased

along the iterations. In particular, the decrease of the objective function is obtained by moving

along a descent direction, which is found exploiting first–order information.

The research activity presented in this thesis has dealt with the analysis of Deep Learning

methods applied to inverse problems. We paid particular attention to image reconstruction

problems, both by examining state-of-the-art deblurring algorithms, and by proposing our own

deblurring method.

We consider inverse problems arising from the following mathematical model:

y = D(Hx̄), (1)

1



2 Introduction

where y ∈ Rm is the observed data, x̄ ∈ Rn is the sought image, H ∈ Rm×n is the observation

operator, which is assumed linear and known, and D is the noise perturbation operator. In this

context, both variational and Deep Learning approaches provide efficient methods for finding

a good estimate of x̄, while offering different benefits and drawbacks, which will be discussed

below.

In order to find an adequate solution to an ill-posed inverse problem arising from (1),

variational methods incorporate prior information on the sought variable x̄, through constraints

and regularization functions, such as the total variation and its various extensions [4]. Thus,

the sought signal can be approximated by the minimizer of a regularized objective function,

expressed as the sum of a data–fidelity term f : Rm×Rm → R, , which measures the fidelity of

the solution to the observation model (1), and an additional regularization term R : Rn → R,

which encodes some prior information on the sought image and improves stability to noise.

This leads to

min
x∈C

f(Hx, y) + λR(x), (2)

where λ ∈ R>0 is a regularization parameter, which balances the role of the two terms in the

objective function, and C is a subset of Rn.

Over the past decades, iterative reconstruction methods have achieved remarkable results to

solving inverse problems in imaging, like (2). Thanks to robust regularizers such as total

variation, practical algorithms have appeared with good image quality and reasonable com-

putational complexity. In particular, it has recently been shown that combining the interior

point framework with a proximal forward–backward strategy [34, 36], leads to very competitive

solvers [32, 38, 39]. Based on these considerations, we consider a particular proximal interior

point algorithm for the development of our own approach. Each iteration of the algorithm is

made up of two steps, namely a forward step, which is a gradient step on the differentiable

term, and proximal backward step, which involves the evaluation of the proximity operator of

a logarithmic barrier.

Although useful, this approach is sometimes limited by its complexity: solving (2) may be

too slow for real-time applications, especially if we consider the time required for parameters

estimation. For example, R is usually parametrized by one or several parameters, like λ, whose

optimal choice may strongly depend on the data at hand. The parameters are often tuned man-

ually or by following some heuristic rules. However, these methods are often time-consuming

and their success is not always guaranteed, with consequent loss in efficiency and versatility

of the resulting reconstruction scheme. An accurate setting of the regularization parameter is

particularly critical, because the quality of the reconstruction obtained with regularized ap-

proaches highly depends on it. Existing approaches for the selection of λ, which are based on

statistical considerations, generally lead to a substantial increase in computational cost.

Deep neural networks (DNNs), and in particular convolutional neural networks (CNNs)
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have shown outstanding performance on object classification and segmentation tasks. Moti-

vated by these successes, researchers have begun to apply CNNs to various applications related

to inverse problems, such as denoising [149], non-blind and blind deblurring [124, 125, 144],

super-resolution [92], or CT reconstruction [25, 76], and they have started to report improve-

ments over state-of-the-art methods.

Applying neural networks directly to the blurred image seems not to be the best way to deal

with image reconstruction problems. Conversely, DNNs for inverse problems are often preceded

by a pre-processing step, where a rough estimation of x̄ can be found by using the inverse or

pseudoinverse of H. The latter tends to strongly amplify noise. Hence, in this context, DNNs

are used as denoisers and artifact-removers. A drawback of these metods is that, since DNNs

are used as black-box, their explainability and reliability could be questioned. Furthermore,

the pre-processing step, in itself, can include a penalty, thus amounting to solving a problem of

the form (2), where the regularization weight strongly depends on the noise level, e.g., [22, 124].

Our research mainly concerned the study of recent strategies that merge Deep Learning

techniques with variational methods, in order to take the strengths of both. One straightfor-

ward way to combine the benefits of both variational-based methods and DNNs is to unfold an

iterative method into a network structure, by turning each iteration into a layer of the network.

In our work, we propose a novel neural network architecture called iRestNet [13, 37], which

is obtained by unfolding the aforementioned proximal interior point algorithm over a finite

number of iterations. One key feature of this algorithm is that it produces only feasible iterates

thanks to a logarithmic barrier. This barrier enables prior knowledge to be directly incor-

porated into iRestNet. The stepsize, barrier parameter, and regularization weight are untied

across the network and learned for each layer, in a supervised fashion. To train iRestNet we

use gradient backpropagation. The latter requires the derivatives of the involved proximity

operator with respect to its input and to the parameters which are to be learned. Therefore,

we conducted an analysis of the proximity operator of the barrier and of its derivatives, for

three examples of interest. Once the network has been trained, its application on test images

requires only a short execution time per image without any parameter search, as opposed to

traditional variational methods.

Related works apply deep unfolding to probabilistic models, such as Markov random fields

[68], topic models [31], and to different algorithms like primal-dual solvers [139] or the prox-

imal gradient method [45, 97]. Classic optimization algorithms can be unfolded to perform

many different tasks in image processing. For instance, FISTA and ISTA can be unfolded

to perform sparse coding [59, 78], while the same ISTA and ADMM can be unfolded for im-

age compressive sensing [127, 147]. Deep unfolding is also used to learn shrinkage functions,

which can be viewed as proximity operators of sparsity-promoting functions [123, 128], or to

optimize hyperparameters in nonlinear reaction diffusion models [30]. In the aforementioned

works, some functions and operators are learned. To the best of our knowledge, iRestNet is
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the first architecture corresponding to a deep unfolded version of an interior point algorithm

with untied stepsize and regularization parameter. As opposed to other unfolding methods like

[45, 97], the proximity operator and the regularization term are kept explicit, which establishes

a direct relation between the original algorithm and the network.

Only a few works so far have considered combining interior point methods (IPMs) with Deep

Learning. Every layer of the network from [2] solves a small quadratic problem using an IPM,

while in [134], hard constraints are enforced on weights by using the logarithmic barrier func-

tion during training. It is worth noticing that, the goal of these approaches is to minimize

the given objective function. Conversely, in our case a better indicator of perceptual quality

(SSIM) is optimized during the training of iRestNet. For this reason, the output of the trained

network is not necessarily a solution to problem (2). In addition, iRestNet appears to have

more flexibility since the regularization weight can vary among layers.

One critical issue concerning neural networks is to guarantee that their performance remains

acceptable when the input is perturbed. In this direction, a recent work [35] provides a theo-

retical framework which enables to evaluate the robustness of a network. We then conduct a

stability analysis of the proposed network when the data fidelity term and the regularization

function are quadratic, and we give explicit conditions under which the robustness of the pro-

posed architecture is ensured.

Also numerical experiments are conducted to validate theoretic results. We test iRestNet

on a set of non-blind image deblurring problems, where the images to be reconstructed are

natural color images blurred with different types of blur, and corrupted with Gaussian noise.

In this case, the problem is formulated as the constrained minimization of an objective func-

tion expressed as the sum of a mean–squared loss function and a smoothed Total Variation

regularizer. The choice of the data–fidelity function is strictly related to the noise that affects

the images, while the regularization function is chosen for its edge–preserving properties. From

this problem formulation we derive the IPM iteration, and we use it to construct the layers

of iRestNet. The network is then trained in a supervised fashion, in order to find an optimal

reconstruction quality, and it is tested on a test set of images. The performance of our approach

are compared with state-of-the-art methods.

Further work is devoted to extend iRestNet to data corrupted with Poisson noise, with the

aim of extending the approach to a wider class of problems. This may be useful, because

in imaging applications such as emission tomography, microscopy and astronomy, the main

source of noise corrupting the images is photon counting [145], which is well described by a

Poisson process. For Poisson noise case, we presents the preliminary results we obtained in nu-

merical experiments, knowing that further work must be done in order to improve these results.

This thesis is organized as follows.

In Chapters 1 and 2, we introduce the general theory about machine learning and Deep

Learning, respectively. In fact, it is helpful to fix some knowledge about learning theory, in
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order to use neural networks in an useful way, so as to exploit their potential in application

applied to inverse problems. Specifically, in Chapter 1 machine learning framework is presented

from a mathematical point of view; while paying particular attention to concepts of supervised

learning, empirical risk minimization and generalization. The purpose of Chapter 2 is to intro-

duce the mathematical theories underlying Deep Learning, the algorithms used to train neural

network structures, as well as providing some historical perspectives about neural networks de-

velopment. We explain neural networks by starting from their basic units: the formal neurons.

We see how to combine them to form complex and different structures, like convolutional neural

networks. Then we see various aspects of the optimization process involved in the training of

these deep models, in order to tune their internal weights.

In Chapter 3, we give the generalities of image reconstruction problems, providing some

details on the image formation process and on the noise arising during the data acquisition.

Moreover, we resume the basics of the statistical framework underlying the solution of inverse

problems, focusing particularly on the maximum a posteriori approach and on the regularization

functionals which will be employed in numerical experiments. We describe the proximal interior

point method which is at the core of our approach, and we conclude the chapter by conducting

an analysis of the proximity operator of the barrier and of its derivatives, for three examples

of interest.

In Chapter 4, after a brief introduction about unfolding methods, we present the proposed

neural network architecture and its associated backpropagation method. In Section 4.3, we

conduct a stability analysis of the proposed network when the data fidelity term and the regu-

larization function are quadratic. The rest of the chapter is dedicated to numerical experiments

and comparison to state-of-the-art methods for image deblurring, both in case of Gaussian noise

and Poisson noise. Starting from the experiments conducted on Gaussian noise, we introduce

the variational formulation of the problem approached, the specific structure we defined for

iRestNet and how we conducted the training of the network. All the details about the ex-

perimental set-up are given, from the training, to the test of iRestNet, and its comparison

with other methods. Also, numerical and visual results are reported. In the last section of

the chapter we adapt iRestNet to address the image reconstruction problem on Poisson data.

Also in this case, we provide numerical experiments and the preliminary results we obtained.

Finally, we draw conclusions by discussing these results.

In Appendix A, we report a summary of basic concepts of functional analysis and convex

analysis, which can be useful for the reader.
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https://github.com/mccorbineau/iRestNet



Notations

• Rn denotes the n-dimensional Euclidean space endowed with the standard scalar product

(., .) and the norm ‖.‖.

• ‖ · ‖ denotes the Euclidean norm (also called `2-norm): ‖x‖ = ‖x‖2 =
√
xTx.

• Given a normed vector space X, ‖ · ‖X denotes the norm in X induced by the inner

product (., .)X : ‖x‖X =
√

(x, x)X .

• M ∈ Rm×n denotes a real matrix of m rows and n columns.

• In ∈ Rn×n denotes the n × n identity matrix, i.e., the square matrix with ones on the

main diagonal and zeros elsewhere. We will simply denote it by I, if the size can be

trivially determined by the context.

• Idn denotes the identity operator of Rn.

• e ∈ Rm and 0 ∈ Rm denote m-vectors with all entries equal to 1 and 0, respectively.

• |x|+ = max(0, x), that is x if x > 0, 0 otherwise.

• Given A,B ∈ Rm×n, A�B denotes the Hadamard product of A and B.

•
∏

denotes the product operation, e.g.,
∏n
i=1 i = 1 · 2 · . . . · n = n!.

• If x, y ∈ Rn, then xT y =
∑n

i=1 xiyi denotes the scalar product.

• If x ∈ Rn, x ≥ 0⇔ xi ≥ 0, i = 1, . . . , n. An analogous notation holds for >, ≤, <.

• R̄ = R ∪ {−∞,+∞} is the extended real numbers set.

• R≥0 = {x ∈ R : x ≥ 0} and R>0 = {x ∈ R : x > 0} are the sets of non negative and

positive real numbers, respectively.

• Given ρ ∈ R>0 and c ∈ Rn, B(c, ρ) = {x ∈ Rn : ‖x − c‖ ≤ ρ} denotes the closed

Euclidean ball of center c and radius ρ.

• Given S ⊂ Rn, intS = {x ∈ S : ∃ρ ∈ R>0, B(x, ρ) ⊆ S} is the interior of the set S.
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8 Notations

• For every q ∈ N, Γ0(Rq) denotes the set of functions which take values in R∪ {+∞} and

are proper, convex, lower semicontinuous on Rq.

• R(K) = {y ∈ Y | y = K(x) for some x ∈ X} ⊆ Y is the range of the operator K : X →
Y .

• N(K) = {x ∈ X | K(x) = 0} ⊆ X is the kernel of the operator K : X → Y .

• L(X,Y ) denotes the space of the linear and continuous operators between two Hilbert

spaces X and Y .

• The matrix D is used to denote a discrete gradient operator, while Dv and Dh are the

vertical and horizontal gradient operators, respectively.



Chapter 1

Machine Learning Theory

We revisit in this chapter the basic principles of machine learning. This general theory will be

applied throughout the rest of the thesis, when we will talk about the more specific context

of deep learning and when we will use neural networks applied to a specific problem of image

deblurring.

1.1 Machine Learning Algorithms

First of all, a machine learning algorithm is usually defined as an algorithm able to ”learn”

from empirical data. But what does it mean that an algorithm learns? In [102] Mitchell gives

the following definition:

A computer program is said to learn from experience E with respect to some class

of tasks T and performance measure P, if its performance at tasks in T, as measured

by P, improves with experience E.

In this definition, learning is the way to become capable of performing a task. Many kinds

of problems have been addressed with machine learning. Tasks like classification, regression,

translation, speech recognition, anomaly detection, self-driving are only some of the problems

that have contributed to the success of machine learning in recent years.

In order to evaluate the abilities of a machine learning algorithm on a given task, we also

need a quantitative measure of its performance. Usually this measure P is specific to the

addressed task T. For example, for classification tasks we often measure the accuracy of the

model, which is the proportion of examples for which the model gives the correct output,

among the total number of examples [101]. For tasks such as regression other kind of measures

are more suited, like metrics that give a continuous-valued score for each example. For image

denoising, many related works evaluate the learning performances using the peak signal-to-

noise ratio, often abbreviated PSNR, or the structural similarity measure (SSIM), which are

measures specific for the quality of signal reconstruction. In particular, SSIM will be treated

9
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in the experimental part of this thesis, in Section 4.4, dealing with the problem of image

deblurring.

Regarding the experience E, usually a dataset is available, which is a collection of examples

of objects or events related to the task to be performed. If we consider a dataset of M elements,

{x1, . . . , xM}, every example, represented as a vector xi ∈ Rn, is a collection of features that

have been quantitatively measured from the object or event, and that we want the machine

learning system to process. In this case, each entry of the single example xi is a feature.

Considering a neural network performing image denoising, for example, it is usual to work with

a dataset of images, where the features to be processed are the values of the pixels.

Different types of learning paradigms are possible, depending on the type of dataset which

is available during the learning process. The most common ones are classified as

• Unsupervised learning, in which the machine must learn to make sense of the data pro-

vided without a guide. This means that the algorithm classifies and organizes a series of

input, studying common characteristics. For example, for the classification problem, the

classes may not be known a priori, but must be learned by the machine, as the input to

the system are unclassified examples.

Unsupervised algorithms are useful if we want to learn properties of the dataset struc-

ture: by observing several examples of a random vector x, they can get information on

the probability distribution p(x) that generated the dataset. This is helpful for learning

to draw new samples from the distribution, finding a manifold to which the data lies near,

or clustering the data into groups of related examples.

A classic unsupervised learning task is to find the best representation of the data, that

preserves as much information as possible about the input x, while it is simpler or more

accessible than x itself. An example of algorithm used for this, is given by the Princi-

pal Component Analysis (PCA) [56], which transforms data into a representation with a

lower dimensionality than the original input.

• Supervised learning, aims to learn a function that maps an input to a desired output by

looking at many examples of input-output pairs. It is like the target for each training

input is provided by an instructor, who shows the machine what to do.

Thus, in supervised learning, each example is a pair consisting of an input object x, as

described above, and an associated target y. The target can be of different types, depend-

ing on the task to be performed. For example, if we want to classify an object, the target

could be either a scalar symbolizing the correct class, or the probability to belong to that

class. Instead, if we perform signal denoising, the target is usually the clean signal.

The input-output pairs thus provided are then analyzed by the learning algorithm, and

used to infer the underlying function which maps the inputs to the correct outputs. In

this way, the hope is that a good training on the given examples will allow for the al-

gorithm to determine the correct outputs also for unseen instances. This is not obvious,

as explained in Section 1.2.1, because it requires the learning algorithm to be able to
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generalize from the training data to unseen situations.

Typical tasks treated with supervised learning include classification and regression. These

are useful in many different applications, like medical diagnoses, voice identification, hand-

writing recognition, spam detection and many other tasks. Some traditional supervised

learning algorithms are Support Vector Machines (SVM) [19, 40], the k-nearest neighbors

algorithm [1], or the decision tree [115].

Other learning paradigms exist. Some machine learning algorithms do not just experience

a fixed dataset. For example, a reinforcement learning algorithm learns to perform a given

task by interacting with the environment, so that there is a feedback loop between the learning

system (the agent) and its own experience. In particular, during the learning process these

algorithms find the best possible behaviour or path to take in a specific situation by being

penalized when they make wrong decisions or rewarded when they make right ones. In this

sense, the experience is not provided as a fixed dataset of examples, but as a system of positive

and negative rewards to the agent actions.

Due to its generality, the field is studied in many disciplines, such as game theory, control theory,

operations research, multi-agent systems, statistics and genetic algorithms. See [14, 130] for

reference. Also other learning paradigms are possible, like semi-supervised or weakly supervised

learning, but they are not treated in this thesis. Instead, from now on we will work in a purely

supervised learning framework.

1.2 Function Estimation Model

Supervised learning involves learning from a set of data, that we call training set. Every element

of the training set is an example of input-output pair, where the input maps to an output. In

this context, the learning problem consists of inferring the function that maps between an input

and its output, such that the learned function can be able to predict the output from future

inputs, which may be different from those used to train the model.

Generalization is this ability we want to acquire, to perform accurately on new, unseen examples

after having experienced the training set. To estimate this generalization ability, we typically

measure the performance of the model on a test set of new examples, different from those used

in training. However, in practice, when training a machine learning model, we have access

to a single dataset of examples. The standard procedure is to set aside part of this original

dataset, and to use it as a test set on which to evaluate the performance of the model, i.e., its

generalization ability. This is known as the holdout method [85]. In this way, the test set is

composed of examples, independent from the examples on which we train the model, but that

follow the same probability distribution.
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1.2.1 Expected vs Empirical Risk Minimization

To put it more formally, take X ⊆ Rn to be the vector space of all possible inputs drawn

independently from a fixed but unknown distribution P (x). Also, consider Y to be the vector

space of all possible outputs, such that, for every input vector x an output y ∈ Y is returned,

according to a conditional distribution function P (y|x), also fixed but unknown.

From the statistical learning theory perspective, we assume that there is a joint probability

distribution P (x, y) over X × Y , called the data generating distribution, such that P (x, y) =

P (y|x)P (x). In this case, the dataset consists of random independent identically distributed

(i.i.d.) samples drawn from P (x, y). We take M such samples and we use them as training set,

S = {(x1, y1), ..., (xM , yM )},

where every xi is an input vector from the training data, and yi is the corresponding output.

The remaining samples are kept aside as test set.

Note that it is important to make i.i.d. assumptions, which imply that the examples in each

dataset are independent from each other, and that the training set and test set are identically

distributed, drawn from the same probability distribution.

The main goal of supervised learning is to infer the function which maps the inputs to the

correct outputs, without specifically learning the assigned data, but generalizing beyond the

examples of the training set. To do this, we select a family H of prediction functions, which

are all the functions the algorithm will search through,

H := {h(., θ)|θ ∈ Ω}

parametrized by θ in the space of possible parameter values Ω. This is called the hypothesis

space. The inference problem consists of finding the function h(x, θ∗) ∈ H such that, for every

sample (x, y) drawn from P (x, y), the value h(x, θ∗) will represent an accurate prediction of

the output value y.

Reformulating the problem, we look for the function that minimizes the errors caused by

incorrect predictions. For this purpose we choose a cost function, or loss function, L : Y ×Y →
R, which is a cost measure L(h(x, θ), y) of the errors between the output h(x, θ) predicted

by the system and the real output y. The objective function we want to minimize is called

generalization error or expected risk, and it is the expectation of the loss function with respect

to the underlying probability distribution P (x, y), given by

J (θ) = E[L(h(x, θ), y)] =

∫
X×Y

L(h(x, θ), y)dP (x, y). (1.1)

In this definition, the variable θ represents the part of the learning system which must be

adapted to find the function h(x, θ∗) ∈ H that minimizes the expected risk J (θ) on every

possible input-output pair.
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Now, even if we would like to minimize the expected risk, it is not possible to do this

directly, because the joint probability distribution P (x; y) is unknown by hypothesis, and the

only available information are contained in the training set S.

In order to solve this problem, the induction principle of empirical risk minimization (ERM

principle), from [136], suggests to minimize an approximation of the expected risk J (θ), con-

structed by averaging the loss function on the available examples of the training set S. This

estimate is called the training error, or empirical risk, JM (θ) : W → R,

JM (θ) =
1

M

M∑
i=1

L(h(xi; θ), yi). (1.2)

The ERM principle assumes that the function h(x, θ∗) which minimizes JM (θ) over θ ∈ W ,

results in an expected risk J (θ∗) which is close to its minimum. This is shown in [135], where

general theorems prove that the minimization of the empirical risk JM (θ), can provide a good

estimate of the minimum expected risk, given that the size of the training set is large enough.

Theoretically, the system is therefore able to generalize, to learn results that have general

validity, from a training set of finite dimensions.

Note that generalization being the goal has interesting consequences for machine learning.

In this case we do not have access to the function J (θ) we want to optimize, instead, we have

to use the empirical risk as a surrogate. But this also means that, since the objective function is

only an approximation for the true goal, we may not need to fully optimize it; in fact, a low value

of JM (θ) may yield better generalization performance than the global optimum JM (θ∗). This

argumentation justifies the introduction of early stopping techniques in the learning process,

as we will see in Section 2.3.1.

1.2.2 Model Capacity

To train a machine learning model, we search the system parameters θ that minimize the

empirical risk on a given training set, then we test the model with the trained parameters on

the test set, to evaluate its generalization ability.

In this process, the expected error on the test set is greater than or equal to the expected value

of the training error, that is, the empirical risk JM (θ). The factors determining how well a

trained model will perform are its ability to:

- Minimize the training error.

- Minimize the gap between training and test error.

These two factors correspond to the two central challenges in machine learning: underfitting

and overfitting. In particular, underfitting occurs when the model is not able to obtain a

sufficiently low error value on the training set. Overfitting occurs when the gap between the

training error and test error is too large.
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Figure 1.1: Consider training data generated by evaluating a quadratic function. Left : a

linear function cannot capture the data curvature (underfitting). Center : a quadratic function

generalizes well to unseen points. Right : The solutions of a polynomial of degree 9, fit to the

data, pass through all the training points exactly, but it does not extract the correct structure

(overfitting). Example from [56].

We can control whether a model is more likely to overfit or underfit by modifying its capacity.

Informally, a model’s capacity is its ability to fit a wide variety of functions. Models with

insufficient capacity may struggle to fit the training set, falling into underfitting. Models with

high capacity can solve complex tasks, but when their capacity is higher than needed they may

overfit by memorizing properties of the training set that are not useful on the test set. Instead,

machine learning algorithms will generally perform best when their capacity is adequate to the

complexity of the task, and to the amount of training data they are provided with.

An example of this principle is shown in Figure 1.1. Here we compare a linear, a quadratic

and a degree-9 polynomial predictors attempting to fit a training set drawn from a quadratic

underlying function. The linear function is unable to capture the curvature in the data, so it

underfits. The degree-9 predictor is capable of representing many functions that pass exactly

through the training points, including the correct function, but there is little chance of choosing

a solution that generalizes well when so many different solutions exist. In this example, the

quadratic model matches the true underlying structure, so it generalizes well to new data.

From another point of view, this means that empirical risk and expected risk behave differ-

ently, depending on the model capacity. Typically, increasing the model capacity, training error

decreases until it asymptotes to its minimum error value. Instead, generalization error assumes

a U-shaped curve. The gap between these two errors increases, and eventually outweighs the

decrease in training error, entering the overfitting regime above the optimal capacity. This

general behaviour is illustrated in Figure 1.2.
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Figure 1.2: Relationship between model capacity and error, from [56].

As we can see, in general, while simpler functions are more likely to generalize, we must still

choose a sufficiently complex model to achieve low training error.

The model’s capacity can be modified by selecting the hypothesis space H of the functions the

learning algorithm can choose from. In particular H determines the representational capacity

of the model [56]. However, once the hypothesis space is chosen, empirical risk minimization

can be a very difficult optimization problem, and in practice the learning algorithm does not

find a minimizer, but only a function that significantly reduces the training error. This means

that the effective capacity of the model may be less than its representational capacity. Con-

sidering the previous polynomial example, we choose H as the family of the polynomials of a

particular degree n, and then the optimization process looks for the polynomial of degree n

that best approximates the data.

The most important results in statistical learning theory show that the discrepancy between

empirical risk and expected risk is bounded from above by a quantity that grows as the model

capacity grows, but shrinks as the training set dimension increases [135, 137]. These bounds

provide a theoretical justification for machine learning algorithms, but they are rarely used in

the context of Deep Learning, in which we will present our results. This is in part because these

bounds are often quite loose and in part because it can be difficult to determine the capacity

of deep neural networks, [56]. Also, in Deep Learning, there is little theoretical understanding

of the non-convex optimization problems that are involved in the training of neural networks,

and the effective capacity of the models is often limited by the capabilities of the optimization

algorithms used to train them.
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1.2.3 Bias and Variance Decomposition

The field of statistics gives us many tools to understand generalization. We recall concepts

such as parameter estimation, bias and variance, which are useful to formally characterize the

notions of underfitting and overfitting.

Point estimation is the attempt to provide the best prediction of a certain quantity, that can

be a single parameter, a vector of parameters in some parametric model, such as the weights

in a neural network, or it can also be a whole function. In this case we will talk about function

estimation, which is the same as a point estimator in a function space.

Let {x1, ..., xM} be a set of M independent and identically distributed (i.i.d.) data points. A

point estimator, or statistic, is any function of the data:

ΘM = g(x1, ..., xM ). (1.3)

This definition is very general, while almost any function qualifies as an estimator, a good

estimator is a function whose output is close to the true underlying Θ̂ that generated the

training data. Also, assuming that the true Θ̂ is fixed but unknown, since the data is drawn

from a random process, the estimate Θ is a random variable.

Let us recall now some properties of point estimators.

The bias of an estimator is defined as the expected deviation from the true value of Θ̂,

bias(ΘM ) = E(ΘM )− Θ̂, (1.4)

where the expectation is over the data (seen as samples from a random variable) and Θ̂ is the

true underlying value used to define the data generating distribution. An estimator ΘM is said

to be unbiased if bias(ΘM ) = 0, which implies that E(ΘM ) = Θ̂. An estimator is said to be

asymptotically unbiased if limM→∞ bias(ΘM ) = 0, which implies limM→∞ E(ΘM ) = Θ̂.

Another property of the estimator that we consider is how much we expect it to vary as a

function of the data sample. Just as we computed the expectation of the estimator to determine

its bias, we can compute its variance. The variance of an estimator is simply the variance

Var(ΘM ) = E[(ΘM − E[ΘM ])2].

Alternately, the square root of the variance is called the standard error, denoted as SE(ΘM ).

The variance, or the standard error, of an estimator provides a measure of how we would

expect the estimate we compute from data to vary, as we independently sample the dataset

many times from the underlying data-generating process.

Just as we might like an estimator to exhibit low bias, we would also like it to have relatively

low variance. Bias and variance measure two different sources of error in an estimator. Bias

measures the expected deviation from the true value of the function. On the other hand, vari-

ance provides a measure of the deviation from the expected estimator value that any particular

sampling of the data is likely to cause. A way to negotiate this trade-off is to compare the
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mean squared error (MSE) of the estimates. In fact, the MSE measures the overall expected

deviation between the estimator ΘM and the true value of the parameter Θ̂,

MSE = E
[
(ΘM − Θ̂)2

]
= E

[
Θ2
M + Θ̂2 − 2Θ̂ΘM

]
= E[Θ2

M ] + Θ̂2 − 2Θ̂E[ΘM ]

= Bias(ΘM )2 + Var(ΘM ) (1.5)

As we can see in equation (1.5), the evaluation of MSE incorporates both the bias and the

variance of ΘM . From this, to keep these quantities monitored, estimators for which the mean

squared error is small are preferred.

In the context of machine learning, several researches have analysed overfitting through the

decomposition of the generalization error, measured by MSE, into bias and variance [41, 52].

In this case, the bias is a measure of how much the model output, averaged over all possible

datasets, differs from the desired function. The variance is a measure of how much the output

varies between different datasets.

Increasing the model capacity tends to increase variance and decrease bias. At the beginning

of training, the data still had little influence, so the variance is small, while the bias is large

because the model output is far from the desired function (underfitting). Late in training, the

bias is small because the algorithm has learned the underlying function. However, if trained

too long, the algorithm will also learn the noise specific to the dataset, and the variance will

be large. This is referred to as overfitting. It can be shown that the minimum total error will

occur when the sum of bias and variance is minimal [91]. This is illustrated in Figure 1.3,

where we see again the U-shaped curve of generalization error as a function of capacity.

To summarize, in machine learning it is important to choose the appropriate model capacity:

if the model is too complex, it will generalize poorly to unseen data (overfitting); if the capacity

is too low the model won’t capture all the information in the data (underfitting). This is often

referred to as the bias-variance trade-off, since a complex model exhibits large variance while

an overly simple one is strongly biased. Empirically, there are several techniques to control

this trade-off. Cross-validation, for example, is highly successful on many real-world tasks.

Specific to machine learning, methods like early stopping (see Section 2.3.1), or regularization

are well-known, as in support vector machines and regularization networks [51, 65].

Cross–Validation Method

Dividing the data into a fixed training set and a fixed test set can be problematic if the test

set results small. In fact, a small test set implies statistical uncertainty around the estimated

average test error, making it difficult to claim that an algorithm works better than another on

the given task.
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Figure 1.3: Example from [56], of the relationship between model capacity and generalization

error. Here the dependence of the latter on the concepts of bias and variance is highlighted.

When the dataset has hundreds of thousands of examples, this is not a serious issue. When

the dataset is too small, alternative procedures enable one to use all of the available data for

the estimation of the mean test error, at the price of increased computational cost. These

procedures are based on the idea of repeating the training and testing computation on different

randomly chosen splits of the original dataset. The most common is the k−fold cross-validation

procedure, in which a partition of the dataset is formed by splitting it into k non-overlapping

subsets. The test error may then be estimated by taking the average test error across k trials.

On trial i, the i-th subset of the data is used as the test set and the rest of the data is used as

the training set.

Regularized Models

So far, the method we have discussed to modify a learning algorithm, is to increase or decrease

the model’s representational capacity, by adding or removing functions from the hypothesis

space H of solutions the learning algorithm is able to choose.

The behavior of our algorithm is strongly affected not just by how large we take H, but by

the specific functions we pick from H. We can thus control the performance of our algorithm

by preferring certain solutions in the hypothesis space over others. This means that all the

functions are eligible, but maybe one is preferred over another, and the unpreferred solution

will be chosen only if it fits the training data significantly better than the preferred one.

More specifically, we can construct a regularized model that learns a function h(x, θ) by

adding to the cost function a penalty term, for example on the norm of θ, which has the effect

of narrowing the set within which the parameters are chosen. This is essentially equivalent to
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imposing regular conditions on the class of functions realized by the model [54]. For example,

in the case Tikhonov regularization, we modify the training criterion to include weight decay.

In this case the empirical risk we minimize is a sum of both the error on the training and a

regularizer, that expresses a preference for the parameters to have smaller squared `2-norm.

Then, given a training set S = {(x1, y1), ..., (xM , yM )}, the function we minimize is of the type,

JM (θ) =
1

M

M∑
i=1

L(h(xi; θ), yi) + λθT θ (1.6)

where λ is a value that controls the strength of our preference for smaller parameters. When

λ = 0, we impose no preference, while larger λ forces the parameters to become smaller. Min-

imizing JM (θ) then results in a choice of parameters that make a trade-off between fitting the

training data and being small. Even though the model is capable of representing functions with

much more complicated shape, weight decay encourages it to use a simpler function described

by smaller coefficients.

Adding a penalty term to the cost function is a classic regularization strategy, used in different

contexts. This strategy is introduced from a different and more formal point of view in Chap-

ter 3. In particular, Tikhonov regularizer and other regularization terms will be reviewed in

Section 3.3.3, when approaching the problem of image reconstruction.

In Machine Learning other ways of expressing preferences for different solutions exist, both

implicitly and explicitly. Together, these approaches are known as regularization. Then, in this

context, we can say that regularization is any modification we make to a learning algorithm in

order to reduce its generalization error, i.e., in order to solve overfitting.

1.2.4 Loss Functions

An important aspect of the design of a machine learning model is the choice of the loss function.

In fact it has great influence on the solution h(., θ∗) found by the learning algorithm, and it

also affects the convergence rate of the minimization process.

Given an input-output pair (x, y), the loss function L : Y × Y → R represents the price

L(h(x, θ), y) we are willing to pay by predicting h(x, θ) instead of y.

There are various factors involved in choosing a loss function, such as the task we approach,

and the model we use. Also, we may want the loss to have specific properties. For example,

the loss may require a gradient large and predictable enough to be used in the training process

by gradient based learning algorithms.

We can see in Figure 1.4 some of the most common loss functions, which can be classified

into two major categories depending on the type of learning task we are dealing with: regression

losses and classification losses. In particular, some of the most used for regression are:

• the mean squared loss function (also known as the `2-norm):

L(h(x, θ), y) = (y − h(x, θ))2 (1.7)



20 Chapter 1 Machine Learning Theory

Figure 1.4: Different types of loss function in one variable t, with: left) t = h(x, θ) − y for

regression; right) t = yh(x, θ) for binary classification.

• the absolute value loss (also known as the `1-norm):

L(h(x, θ), y) = |y − h(x, θ)| (1.8)

• the ε–insensitive loss proposed by Vapnik, if ε > 0:

L(h(x, θ), y) =

{
0 if |y − h(x, θ)| ≤ ε
|y − h(x, θ)| − ε otherwise

(1.9)

For classification tasks, given the binary nature of classification, a natural loss function

would be the 0-1 indicator function, which takes the value 0 if the predicted output h(x, θ) is

the same as the true output y, 1 if the predicted output is different. For binary classification

with Y = {−1, 1}, the 0-1 indicator function can be written as

L(h(x, θ), y) = H(−yh(x, θ)) (1.10)

where H is the heaviside step function, defined as

H(t) =

{
0 if t < 0

1 if t ≥ 0.
(1.11)

However, this loss function is non-convex and non-smooth, and finding the optimal solution

is an NP-hard combinatorial optimization problem. As a result, it is better to substitute
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continuous, convex loss functions which are tractable for commonly used learning algorithms.

For example, with output space Y = {−1, 1}, a more tractable loss is the Hinge loss,

L(h(x, θ), y) = max (0, 1− yh(x, θ)) =: |1− yh(x, θ)|+ (1.12)

where h(x, θ) is the classifier score. This loss is used for maximum-margin classification, most

notably for Support Vector Machines. In fact, the Hinge loss penalizes predictions such that

yh(x, θ) < 1, corresponding to the notion of a margin in a SVM.

Finally, the most common loss for classification problems may be the cross-entropy loss

function. This loss measures the performance of multi-class classification models, whose outputs

are the probabilities of the different classes. In this case, given an object x, y is usually chosen

as the one-hot vector, with entry 1 corresponding to the true class of x. Then, if the probability

of class i estimated by the model is pi = hi(x, θ), we can use cross-entropy to get a measure of

dissimilarity between yi and pi,

L(h(x, θ), y) = −
∑
i

yi log pi (1.13)

In particular, as we can see in Figure 1.5, cross-entropy loss increases as the predicted proba-

bility diverges from the actual label, and heavily penalizes the predictions that are confident

but wrong.

Figure 1.5: Cross–entropy loss function for multi-class classification, when true label is equal

to 1.

1.2.5 Hyperparameter Selection

A common trait in machine learning systems is that they are usually parametrized by a set

of hyperparameters that we can use to control the behavior of the learning algorithm. These
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are used to configure various aspects of the learning algorithm, so that they significantly affect

the resulting model’s performance, and the time required to train and test the model [33].

Examples of hyperparameters are the number and the size of layers, that define the structure

of neural networks; but also the threshold ε, when using a ε−insensitive loss function, or the

step size of the iterative learning algorithm are all different types of hyperparameters.

The values of these hyperparameters are not adapted by the learning algorithm itself, like

the other trainable parameters. This applies, for example, to all hyperparameters that control

model capacity. If learned on the training set, such hyperparameters would aggressively increase

the model capacity, resulting in overfitting.

To make this clearer, let’s consider the polynomial example in Figure 1.1. If we treat the degree

of a polynomial equation fitting a regression model as a trainable parameter, this would just

raise the degree up until the model perfectly fit the data, giving small training error, but bad

generalization performance. Instead the polynomial degree is a hyperparameter, chosen outside

of the training.

Since the goal is to find the model having the best performance on new data, the simplest

approach to compare different models (with different hyperparameters) is to evaluate their

performance on new data, different from that used for training, as we do with the test set.

The subset of data used to guide the hyperparameters selection is called the validation set.

However, validation set cannot contain examples from the test set. In fact, we discussed how

a test set is used to estimate the generalization error, after the learning process has been

completed. It is important that the test examples are not used to make choices about the

model, including hyperparameters tuning.

Therefore, after putting the test set aside, we split again the training data into two disjoint

subsets. Typically, one uses about 80% of the training data for training and 20% for validation

[56]. The one used to learn the trainable parameters is typically called training set, even

though this may be confused with the larger pool of data used for the entire training process.

The other subset is the validation set, used to estimate the generalization error during or

after training, allowing for the hyperparameters to be updated accordingly. Finally, when

the entire learning process, comprising both empirical risk minimization and hyperparameter

optimization, is complete, the trained model with hyperparameters having the best performance

on the validation set is selected [15], and its generalization error is estimated on the test set.

In the polynomial example, the learning process implies that we train polynomial of different

degrees on the examples of the training set. The polynomial that achieves the minimum gener-

alization error on the validation set is selected as learning algorithm, and its final performance

is evaluated on the test set.

Hyperparameter selection is an open research field. Specially in deep learning, the training

process already requires a great amount of computational resources and time, and hyperpa-

rameter search is commonly performed manually, via rules-of-thumb [70, 73], or by grid-search

methods.
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Deep Learning Theory

Deep Learning is a particular branch of machine learning, with great power and flexibility,

which provides a powerful framework for supervised learning.

Deep Learning models, also referred to as artificial neural networks (ANNs), are engineered

systems inspired by the biological brain, consisting of the interconnection of neurons. Neurons

can be seen as nodes of an oriented network, provided with processing capacity. They receive

weighed signals from the environment or from other neurons, as inputs that are processed.

Then, the output of the neuron is sent to other neurons or to the network output, through

other weighed connections.

A network is specified by i) the type of operations the neurons perform, ii) the values of the

weights in the connections, which are determined by learning algorithms, iii) its structure:

number of nodes, their arrangement in multiple layers, type of connections. By adding more

layers and more neurons within a layer, a deep network can represent functions of increasing

complexity. Most tasks that consist of mapping an input vector to an output vector, can be

performed by Deep Learning, given sufficiently large models and sufficiently large datasets of

labelled training examples. In particular, in recent years, Deep Learning popularity greatly in-

creased, thanks to the availability of more powerful computers and larger datasets that allowed

experimentation and the development of new techniques to train deeper networks.

The purpose of this chapter is to introduce the mathematical theories underlying Deep

Learning, the algorithms used to train neural network structures, as well as providing some

historical perspectives about neural networks development. For this purpose, we start by

introducing the network’s units: the formal neurons. We see how to combine them to form

complex and different structures, like convolutional neural networks, which will be applied in

the experimental part of this thesis. Then we see various aspects of the optimization process

involved in the training of these deep models, in order to tune their internal weights.

23
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Figure 2.1: Formal neuron structure, based on the model proposed by [99], with g(t) ≡ sign(t).

Picture taken from [60].

2.1 Neural Networks History

Even though Deep Learning only recently acquired global acknowledgement, its history dates

back to the early 1940’s with the first mathematical model of an artificial neuron proposed by

McCulloch and Pitts in 1943 [99], and revisited by Rosenblatt in 1958 [116].

2.1.1 The Formal Neuron

In the simplest version proposed by McCulloch and Pitts, the artificial neuron, or formal neuron,

is based on the principle of functioning of the biological neuron. The inputs to the formal neuron

are multiplied by weights, representative of the synaptic connections, and the weighted sum of

the inputs is compared to a threshold value. By applying an activation function, the neuron

gives output 1, if the sum of the inputs is greater than the threshold, -1 (or 0) otherwise.

In mathematical terms, given an input vector x ∈ Rn, denoting with ω ∈ Rn the weights vector,

and with y ∈ {−1, 1} the output of the neuron, and indicating with ξ ∈ R the threshold value,

the output of the neuron w.r.t. its input can be written as

y(x) = g

(
n∑
i=1

ωixi − ξ

)
≡ g(ωTx− ξ),

where g is the neuron activation function, in this case taken as the sign function:

g(t) ≡ sign(t) =

{
1 if t ≥ 0

−1 if t < 0

This model of formal neuron is reported in Figure 2.1.
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2.1.2 Rosenblatt’s Single Layer Perceptron

In 1958, Rosenblatt reinterpreted the formal neuron as a binary classifier, able to sort the

elements of a given dataset into two groups.

He sees the input x ∈ Rn as a generic vector, whose components are the features of the object

to be classified. Assigning proper values to the weights vector ω ∈ Rn, the neuron is able to

perform a binary classification, returning y(x) = 1 or y(x) = −1, based on the sign of the linear

function a = ωTx− ξ.
Moreover, Rosenblatt’s major achievement is the intuition that this model can actually learn

from data. In fact, he devised a fairly simple algorithm that allows to learn the correct synaptic

weights ω from the dataset itself. The weights and the threshold value are determined by a

learning process starting from a training set of M input-output pairs,

S = {(xm, ym) | xm ∈ Rn, ym ∈ {−1, 1}, m = 1, ...,M}

where ym is the correct classification associated to the input xm. This learning algorithm is

called Perceptron, and it is reported in Algorithm 1. Once the formal neuron is trained on the

samples of S, we can use its generalization skills to classify new inputs not belonging to S.

Now, let’s see how the Perceptron algorithm works. We want to train the neuron to correctly

classify the samples of the training set, and this is done if the weights ω and the threshold ξ

are determined in such a way that{
ωTxm − ξ ≥ 0 if ym = 1

ωTxm − ξ < 0 if ym = −1
m = 1, ...,M (2.1)

From a geometric point of view, system (2.1) search for the hyperplane H = {x ∈ Rn | ωTx =

ξ}, which separates the two sets

A = {xm | (xm, ym) ∈ S, ym = 1} B = {xm | (xm, ym) ∈ S, ym = −1}.

This way, the existence of ω and ξ, which solve (2.1) can be assured if and only if the sets A
and B are linearly separable. Also, (2.1) admits solution if and only if the system below admits

solution, {
ωTxm − ξ > 0 xm ∈ A
ωTxm − ξ < 0 xm ∈ B

m = 1, ...,M (2.2)

We can add dummy components xm0 = −1 and ω0 = ξ, so that the input vectors and the

weights vector become vectors with n + 1 components, xm = (−1, xm1 , . . . , xmn)T , and ω =

(ξ, ω1, . . . , ωn)T . In this way, the threshold is considered as an additional bias term with weight

ξ, and finding the correct synaptic weights and threshold corresponds to solving the system{
ωTxm > 0 xm ∈ A
ωTxm < 0 xm ∈ B

m = 1, ...,M (2.3)
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w.r.t ω ∈ Rn+1. Here we can presume, without loss of generality, that

||xm|| = 1, m = 1, . . . ,M.

To solve system (2.3), Rosenblatt proposes to find ω by using an algorithm, which uses

only one sample of the training set at each iteration. As we can see in Algorithm 1, at each

cycle, ω is updated in correspondence of the incorrectly classified examples, adding to the

current value of ω a correction term: if the example xm ∈ B and the Perceptron wrongly

predicts sign(ω(k)Txm) = 1, the weight update is given by ω(k + 1) = ω(k) − xm, while the

threshold is increased by 1. If xm belongs to class A and the Perceptron wrongly predicts

sign(ω(k)Txm) = −1, the weight correction is ω(k + 1) = ω(k) + xm, while the threshold is

decreased by 1.

Algorithm 1 Perceptron training algorithm, from [60].

Given the input xm ∈ Rn, with ||xm|| = 1 and the target ym ∈ {−1, 1}, m = 1, . . . ,M . Set

ω(0) = 0, k = 0, classified = 0.

while classified < M do

for m = 1, . . . ,M do

if sign(ω(k)Txm) = ym then

classified = classified + 1

else

ω(k + 1) = ω(k) + ymxm
k = k + 1

end if

end for

if classified < M then

classified = 0

end if

end while

This means that along the iterations the update rule can make samples, that were previously

well classified, not correctly classified; the algorithm needs to go through the whole training

set S as long as all the samples are not correctly classified. However, it can be shown (see [60])

that if the sets A and B are linearly separable, the algorithm determines a weight vector ω̄ in

a finite number of iterations, such that all the training set samples are correctly classified, i.e.

it is satisfied

ym = sign(ω̄Txm) m = 1, . . . ,M. (2.4)

Perceptron suffers from major limitations, because the samples sets A and B are not linearly

separable for many classification problems. A simple example is given by the XOR function, an

operation on two binary inputs, that returns 1 when exactly one of these input values is equal
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x1
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0 1
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1 0

Figure 2.2: XOR function.

to 1. Otherwise, it returns 0. Figure 2.2 shows how a linear model is not able to represent the

XOR function. In fact there is no straight line capable of separating the different outputs.

It was the inability of the basic Perceptron to solve such simple problems that led, in part, to

a reduction in interest in neural network research during the 1970s. To overcome the limitations

of Perceptron, it is necessary to use more complex structures, which learn a different feature

space in which a linear model is able to represent the solution.

This is achieved, for example, by Multilayer Perceptrons, which can solve arbitrary classification

problems.

2.1.3 Multilayer Feed-Forward Neural Networks

The limits of the Perceptron motivated the study of more complex architectures consisting of

several layers of formal neurons connected in chain. These architecture are called Multilayer

Perceptrons (MLPs), or feedforward neural networks, in which it is assumed that there are no

feedback connections, nor connections between the neurons of the same layer.

The first layer is a set of n input nodes, without processing capacity, that are associated

to an input vector x ∈ Rn. The other formal neurons are organized in K ≥ 2 different layers,

arranged in a chain structure, with each layer being a function of the layer that preceded it. In

particular, each of the first K − 1 internal hidden layers consists of neurons (the hidden units)

that act in parallel, each representing a vector-to-scalar function. Every neuron receives input

from the neurons of the previous layer, computes its own activation value, and then the output

contributes to the inputs of the neurons of the successive layer. In this sense, MLPs are said

to be fully connected: all the neurons in a layer are connected to each neuron in the successive

layer. Finally, the last layer is the output layer, which return the outputs x(K) of the network.

The length K of the chain gives the depth of the model. Since each layer of the network

may have a different number of neurons, we denote with dk the dimension of the kth layer, and

the maximum layer’s size determines the width of the model.

Recalling Section 1.2.5, the number of layers and their size are examples of hyperparameters
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Figure 2.3: Feedforward neural network structure with depth K = 2.

that are usually determined by performing different simulations, and evaluating the different

performances on the validation set.

The Multilayer Perceptron structure is shown in Figure 2.3. As we can see, for k = 1, ...,K,

a weight ω
(k)
ji is associated to each oriented arc between the neurons x

(k−1)
i and x

(k)
j . This

weight represents the entity of the synaptic connection between the two neurons. Furthermore,

like in Rosenblatt’s Perceptron, biases are added as additional input x
(k)
0 = 1 with weight b

(k)
j .

Suppose that every formal neuron of the kth layer applies an activation function g(k) : R→ R
to the weighted sum of the layer’s inputs; this is usually a nonlinear activation function like, for

example, a ReLU or a sigmoid function (see Section 2.1.3). Given an input vector x(0) ∈ Rd0 ,

the output of each neuron in the network can be computed as

x
(k)
j = g(k)

dk−1∑
i=1

(
ω

(k)
ji x

(k−1)
i + b

(k)
j

) for k = 1, ...,K, j = 1, ..., dk (2.5)

where dk is the number of neurons in the kth layer. Reformulated in matrix form it becomes

x(k) = g(k)(W (k)x(k−1) + b(k)) for k = 1, ...,K, (2.6)

where W (k) ∈ Rdk×dk−1 is the weight matrix of the kth layer and b(k) ∈ Rdk is the bias vector.

Thus, if x(0) ∈ Rd0 is the input to the network, equation (2.6) gives the expression to calculate

the final output x(K), as a composition of functions connected in chain.
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In the context of deep learning, a training set of M examples of input-output pairs, S =

{(x1, y1), ..., (xM , yM )} is available. By entering the network one of these examples xi, the

network will give in output x
(K)
i = h(xi; θ), where θ is the parameters vector containing all the

weights and biases {(W (1), b(1)), ..., (W (K), b(K))}.
The training examples directly specify what the output layer should do at each point xi: it

must produce a value h(xi, θ) that matches yi. Instead, the behavior of the hidden layers is

not directly specified by the training data, but it is the learning algorithm that has to modify

the internal parameters to produce the desired output. Thus, chosen a cost function L, the

problem becomes

minimize
θ

1

M

M∑
i=1

L(h(xi; θ), yi) (2.7)

which is a nonlinear and non-convex problem, due to the nature of the function h(xi; θ).

In theory, MLPs allow, under appropriate hypotheses on the activation functions, to ap-

proximate almost any function on a compact set. Specifically, the universal approximation

theorem [72] states that two-layer feedforward networks, with sigmoid transfer functions in the

hidden layer, can be trained to approximate any continuous function on a compact set with the

desired level of accuracy, provided sufficiently many hidden units are available. In particular,

this means that, unlike Perceptron, MLPs are able to solve classification problems on linearly

non-separable set.

However, even if we know that a large MLP will be able to represent any particular function,

we are not guaranteed that the training algorithm will be able to learn that function. In fact,

determining the parameters through the training process becomes a nonlinear and non-convex

optimization problem, that can be very difficult to deal with.

Nevertheless, over the years considerable progress has been made in the use of deep neural net-

works to calculate approximate solutions based on gradient methods. This has been possible

because the gradient of the objective function in (2.7) with respect to the parameter vector θ

can be calculated by using the chain rule of calculus. We will talk about this differentiation

rule, known in this context as backpropagation, in Section 2.3.3. Before, we conclude the anal-

ysis of the architecture by saying something about the hidden units activation functions, and

by introducing a specific type of feedforward neural network, the convolutional neural network,

that will be used in the experimental part of this thesis.

Neuron’s Activation Functions

Activation functions are what give neural networks their nonlinear capabilities. Apart from the

fact that they are supposed to be nonlinear differentiable function, there are multiple choices for

them and the design of hidden units is an extremely active research field. Here, we review two

common families of activation functions, which are the most used in Deep Learning practice.

The first one is given by the sigmoids. These functions are defined in R, and monotonically

increase between two finite values, with a characteristic S-shaped curve, or sigmoid curve. In



30 Chapter 2 Deep Learning Theory

Figure 2.4: Graphics of logistic function (in blue) and tanh function (in red).

particular, the most used are the logistic function, which gives an output in the interval (0, 1),

g(t) ≡ 1

1 + e−t
, (2.8)

and the hyperbolic tangent, which gives an output in (−1, 1),

g(t) ≡ tanh(t/2) =
1− e−t

1 + e−t
. (2.9)

as shown in Figure 2.4.

Sigmoid functions have been frequently used since they have a nice interpretation as the firing

rate of a neuron. However, in practice, the sigmoid units have recently been put aside. In

fact, they have a major drawback: they saturate across most of their domain, when |t| is large,

and are strongly sensitive to their input only when t is near 0. The widespread saturation

of sigmoid units can make gradient-based learning very difficult, the gradient in these regions

being almost zero. For this reason, their use as hidden units in feedforward networks is now

limited.

Instead, the most used activation function in modern neural networks is the rectified linear

unit, or ReLU, defined by,

g(t) ≡ max{0, t}. (2.10)

Being a piecewise linear function of two pieces, it preserves many of the properties that make

linear models easy to optimize with gradient-based methods. In [88], it is empirically demon-

strated that deep convolutional neural networks with ReLUs train several times faster than

their equivalents with tanh units. For example, ReLUs have the desirable property that they
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do not require input normalization to prevent them from saturating. One drawback to ReLUs

is that they cannot learn via gradient-based methods on examples for which their activation is

negative. For this, generalizations of ReLU are available, that use a nonzero slope α when, in

equation (2.10), t < 0. For example, leaky ReLu [95] fixes α to a small value like 0.01, while

a parametric ReLU, or PReLU, treats α as a learnable parameter [66]. In these cases, the

activation function can be written as

g(t, α) ≡ max{0, t}+ αmin{0, t}. (2.11)

It is necessary to specify that, although ReLU and its generalizations are not differentiable at

t = 0, they are still efficiently used with gradient based learning methods. In fact, in practice

one can safely disregard the non-differentiability of these hidden unit activation functions,

because deep learning libraries, and software implementations of learning algorithms, usually

return one of the one-sided derivatives, rather than raising an error. This may be heuristically

justified by observing that gradient-based optimization on a digital computer is subject to

numerical error anyway. When a function is asked to evaluate g(0), it is very unlikely that the

underlying value is really 0. In fact, it is likely to be some small value that is rounded to 0. In

some contexts, more theoretically pleasing justifications are available, but these usually do not

apply to neural network training. Also, a smooth version of ReLU is introduced in [48] to deal

with this problem. This is the Softplus function,

g(t) ≡ ln(1 + et), (2.12)

whose output is strictly positive. Still this function has not empirically shown advantages over

the standard rectified linear units.

The graphics of ReLU and Softplus are reported in Figure 2.5.

2.1.4 Convolutional Neural Networks

As we saw in Section 2.1.3, MLPs transform the input through a series of hidden layers. Each

hidden layer is made up of a set of neurons that work independently and do not share any

connections; also every neuron is fully connected to all neurons in the previous layer. This

means that, giving an RGB image of size (200× 200× 3) as input to an MLP, with the pixels

passed as units in the input layer, every single fully connected neuron in the first hidden layer

has 120000 weights, one for every connection to the input units. Depending on the number of

layers, and number of units in every layer, the training process can become computationally

too expensive. Also, the huge number of parameters can quickly lead to overfitting.

Convolutional neural networks, or CNNs, from [90], are a specialized kind of neural network

for processing data with a clear grid-structured topology. In particular, they are developed for

computer vision tasks, with the explicit assumption that the inputs are multichannel digital

images. This allows to encode certain properties into the architecture that reduce the amount

of parameters, and make the forward function more efficient.
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Figure 2.5: Graphics of ReLU function (in blue), and Softplus function (in red).

First, the neurons in the layers of a CNN are arranged in three dimensions: width and height,

which denote the spatial dimensions, and depth, as seen in Figure 2.6. Every layer transforms

the 3D input volume to a 3D output volume.

Secondly, CNNs are not fully connected: instead they use specialized patterns of sparse connec-

tions that are very effective in computer vision, so that each unit in a layer is connected only

to a local region of the previous layer. In particular, the neurons still compute a dot product

of their weights with the input, followed by a nonlinearity. However, using a weights matrix

smaller than the input, the number of connections with the previous layer is limited. The

spatial extent of the connectivity is a hyperparameter called the receptive field of the neuron.

Sparse connections are useful because decreasing the number of connections means that

we need to store fewer parameters. This reduces the memory requirements of the model,

improves its statistical efficiency and requires fewer operations computing the output at the

same time. In fact, considering a single layer only, if there are m inputs and n outputs, then

fully connected matrix multiplication requires m × n parameters, and the algorithms used in

practice have O(m × n) runtime per example. If the number of connections of each output

is limited to k, then the the approach requires only k × n parameters and O(k × n) runtime.

For many practical applications, it is possible to obtain good performance on the task while

keeping k several orders of magnitude smaller than m.

We use three main types of layers to build CNN architectures: convolutional layer, pooling

layer, and eventually, fully-connected layer as in MLPs. These layers are stacked to form a full

CNN architecture. The most common model of CNN stacks a few convolutional layers, follows

them with pooling layers for downsampling, and repeats this pattern until the image has been

reduced spatially to a small size. In some cases it is also useful to insert fully-connected layers.
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Figure 2.6: Left : a fully connected feedforward neural network structure, with 3 layers. Right :

A CNN structure, where the neurons of every layer are arranged in three dimensions (width,

height, and depth), as depicted in one of the layers. The input layer holds an image, so its

width and height are the image dimensions, while the depth gives the color channels (RGB).

In classification tasks, for example, the last fully-connected output layer holds the class scores.

In this way, CNNs transform the original image, layer by layer, to the final output.

Convolutional Layer

Convolutional networks are neural networks that use convolution in place of general matrix

multiplication in at least one of their layers, the so called convolutional layer. This kind of

layer consists of two stages. In the first stage, the layer performs several convolutions in parallel

to produce a set of linear activations, and add some bias terms to them. In the second stage,

each linear activation is run through a nonlinear activation function, such as the ReLU.

In its most general form, convolution is an operation on two functions of a real-valued

argument, and it is typically denoted with an asterisk ” ∗ ”. Its formal definition is reported

below.

Definition 2.1. Let f, h ∈ L1(R). The convolution of f and h is defined as

(f ∗ h)(t) =

∫
f(t− t′)h(t′)dt′ =

∫
f(t′)h(t− t′)dt′. (2.13)

In practice, convolving h with f produces a new function, f ∗ h, whose values are a sort

of (integral) mean of the values of f , where the values of h play the role of weights. More in

detail, for each t, we have to shift f by t and multiply it with h, then integrate the product over

the real line. The resulting function will be a transformed version of f , whose shape depends

on the features of h.

Working with digital data, we assume that f and h are defined only on integers t, so that

a discrete version of convolution (2.13) is required,

(f ∗ h)(t) =

∞∑
t′=−∞

f(t′)h(t− t′) =

∞∑
t′=−∞

f(t− t′)h(t′). (2.14)
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In convolutional network terminology, the first argument is often referred to as input, and the

second argument as the kernel or filter, while the output is usually referred to as feature map.

Because each element of the input and kernel are variables to be stored, we usually assume

that these functions are zero everywhere but in the finite set of points for which we store the

values. This means that in practice, we can implement the infinite summation as a summation

over a finite number of array elements.

Finally, we often use convolutions over more than one axis at a time. In particular, discrete

convolutions are applied between inputs x, which are usually multidimensional array of data

(the multichannel images), with kernels W , which are multidimensional array of parameters

(the filters) that are adapted by the learning algorithm. In Deep Learning context, we refer to

these multidimensional arrays as tensors.

In the case of a multidimensional input tensor x and kernel W , a 2-D convolution operator,

applied on their spatial dimensions, becomes

(x ∗W )(i, j) =
∑
m

∑
n

x(m,n)W (i−m, j − n) =
∑
m

∑
n

x(i−m, j − n)W (m,n). (2.15)

An example of 2-D convolution is reported in Figure 2.7.

A typical filter is spatially small, but extends through the full depth of the input volume.

For example, a filter on a first layer of a CNN might have 5 × 5 × 3 size (i.e. 5 pixels width

and height, and depth 3, because of the color channels).

During the forward pass, the convolutional layer convolves the input with the filter, by sliding it

across the width and height of the input volume, and computing a weighted sum at any position.

We add a bias term to these sums (the same for all positions). Then, each linear activation is

run through a nonlinear activation function, such as the ReLU, and a 2-D activation map, the

feature map, is produced.

Usually, there is an entire set of filters in each convolutional layer, and each of them produces a

separate 2-D feature map. Stacking these feature maps along the depth dimension, the output

volume of the layer is produced.

To be more specific, the output volume, as a function of the spatial input volume (win×hin),

is controlled by four hyperparameter: the number of filters (Q), their spatial extent (F), the

stride with which they are applied (S), and the amount of padding (P) used on the input

border.

The stride with which we slide the filter is important because, when the stride is 1 then we

move the filters one pixel at a time. When the stride is 2 or more, then the filters jump 2

or more pixels at a time as we slide them around. This will produce spatially smaller output

volumes. Conversely, using padding around the input borders allows to control the changes

in spatial sizes, and to preserve the information of the input at the borders. In fact, without

padding, the spatial sizes would be reduced by a small amount for each convolutional layer,

and the information at the borders would be lost. Most commonly, the usual setting is zero

padding P = (F −1)/2, with stride S = 1, to ensure that the input volume and output volume
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Figure 2.7: Example of 2-D convolution of an input volume (7 × 7 × 3) with 2 filters of size

(3 × 3 × 3). The padding is set as P = 1, and stride S = 2, so that the output dimension

becomes (3×3×2). It is highlighted the linear combination to compute the element xout(1, 2, 0).

Example from [56].
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will have the same sizes spatially.

In general,

• The number of filters we convolve gives the depth of the output, dout = Q.

• The width and height of the output can be calculated with the formula

wout = (win − F + 2P )/S + 1

hout = (hin − F + 2P )/S + 1.

It is to be noted that two peculiar properties of convolutional neural networks derive from

the use of the convolution operator. As already mentioned, the first is the sparse connectivity.

When the convolution is made with a kernel of spatial dimension (3×3), only (3×3×din) input

units in x affect one output unit. These units are called the receptive field of that particular

output unit.

Also CNNs perform parameter sharing, meaning that each element of a filter is used at every

position of the input, except perhaps some of the boundary pixels, depending on padding.

This does not affect the runtime of forward propagation but it does further reduce the storage

requirements of the model to F×F×din parameters for each filter, for a total of (F×F×din)·Q
weights and Q biases for each layer. Convolution is thus more efficient than dense matrix

multiplication in terms of memory requirements and statistical efficiency.

Remark 2.1. When working with images, we usually think of the input and output of the

convolution as being 3-D tensors. Software implementations usually work in batch mode,

meaning that they process more images in parallel. So they actually use 4-D tensors, with the

fourth axis indexing different examples in the batch. For simplicity, we omitted the batch axis

in our description.

Pooling Layer

In a convolutional neural network architecture, it is common to periodically insert a pooling

layer between successive convolutional layers. Pooling layers do not have internal parameters

to be trained, during the learning process. Instead, their function is to reduce the spatial sizes

of the representation, without loosing too much information, to further reduce the amount of

parameters and computation required in the network, and hence to control overfitting.

A pooling function replaces the input unit at a certain spatial location with a summary

statistic of the nearby input units. For example, the max pooling operation [151] reports the

maximum output within a rectangular neighborhood. Other popular pooling functions include

the average of a rectangular neighborhood, the `2-norm, or a weighted average based on the

distance from the central pixel. In [23], guidance is provided on what types of pooling should

be used in various situations.

Eitherway, the pooling layer performs a downsampling operation along the spatial dimensions,
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Figure 2.8: Left : The input volume of size (224 × 224 × 64) is downsampled by a pooling of

rectangular regions of size (2×2) and stride S = 2, into an output volume of size (112×112×64).

Right : example of max-pooling operation, performed by applying the max on spatial regions

of size (2× 2), with stride S = 2. Picture from [80].

while the depth dimension remains unchanged. To deduce the spatial sizes of the output, it

is necessary to know two hyperparameters: the rectangular neighbor in which to apply the

downsampling operation (F), and the stride (S). Given these values and the input dimension

(win × hin), the width and height of the output can be calculated as

wout = (win − F )/S + 1

hout = (hin − F )/S + 1.

An example of max pooling is reported in Figure 2.8.

Pooling can improve the computational efficiency of the network because the next layer has

fewer inputs to process. Also, when the number of parameters in the next layer is a function

of its input size, this reduction can also result in improved statistical efficiency and reduced

memory requirements for storing the parameters.

Furthermore, pooling helps to make the representation approximately invariant to small

translations of the input. This means that if we translate the input by a small amount, the

values of most of the pooled outputs do not change. Invariance to local translation can be a

useful property if we care more about whether some feature is present than exactly where it

is. For example, when determining whether an image contains a face, the exact position of

the eyes is not required. We just need to know that there are two eyes, and their approximate

location.
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Efficiency in Convolution

Modern convolutional neural network applications often involve architectures containing more

than one million units. Powerful implementations exploiting parallel computation resources are

essential. For convolutional neural network training and inference, specialized libraries provide

highly tuned implementations for standard routines such as discrete convolution, exploiting

parallelization and GPUs support.

At the same time, we observe in Section 3.2.1 that, for the convolution theorem, the convolution

operation is equivalent to convert both the input and the kernel to the frequency domain using

a Fourier transform, to perform point-wise multiplication of the two signals, and to convert the

result back to the image domain with an inverse Fourier transform. For some problem sizes,

this can be faster than the naive implementation of discrete convolution.

In the experimental part of this thesis we approach the image reconstruction problem. All

the operations concerning network training and inference, convolutions included, are imple-

mented employing libraries specific for neural networks. Conversely, we use the conversion

to the frequency domain, to apply the blur on the images of the dataset, as explained in

Section 3.2.1.

2.2 Neural Networks Training

When adapting the general theory of Section 1.2.1 in neural networks context, to obtain good

performance we need to choose an appropriate neural network architecture and we need to

train the network, to determine the vector θ of all the internal parameters, the weights and

biases, that give the best results on a particular task.

In particular, for a fixed architecture the parameters choice is generally performed by defin-

ing a suitable subset of the available data, the training set,

S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M},

with X ⊆ Rn the vector space of all possible inputs, and Y the vector space of all possible

outputs, and by solving an optimization problem of the type

argmin
θ
JM (θ), with JM (θ) =

1

M

M∑
i=1

L(h(x(i); θ), y(i)) (2.16)

where the loss function L(h(x(i); θ), y(i)) is the error related to the ith sample of the training set,

which measures the discrepancy between the desired data y(i) and the output of the network

h(x(i); θ). Different measures are used to calculate the error, depending on the type of variable

y, and on the addressed task, as seen in Section 1.2.4. In particular, the loss function must

be differentiable, because neural networks are usually trained with gradient-based learning

methods.
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As for the other machine learning models, the purpose of network training is not to learn an

exact representation of the training data, by interpolating it, but rather to build a statistical

model of the process which generates these data. Assuming this, the choice of the network

architecture, the loss function, and the training strategy are crucial to obtain a neural network

that has a good generalization ability.

For example, talking about the depth of the network, we said that a feedforward network with

a single hidden layer is sufficient to represent any function, but the layer may be infeasibly large

and may fail to learn and generalize correctly. In many circumstances, using deeper models

can reduce the number of units required to represent the desired function and can reduce the

amount of generalization error. In fact, it is empirically shown that greater depth seems to

result in better generalization for a wide variety of tasks, [8, 57, 88].

In practice, the depth and width of the architecture, and the other hyperparameters are

usually chosen with heuristic techniques, through experimentation guided by monitoring the

error on the validation set. In the case of feedforward neural networks, for example, a basic

strategy for choosing the architecture is structural stabilization, from [15]. This strategy con-

sists in choosing the number of units and layers, through the training of different networks in

which the number of neurons (layers) is increased or decreased. For each structure the internal

parameters are determined by solving (2.16), and the performances of the different networks

are compared on a validation set, not included in S. Then, the best network on the valida-

tion set is chosen and its generalization capacity is finally evaluated using a test set, which

must not have been used nor for the choice of architecture and hyperparameters, nor for the

determination of internal parameters.

2.2.1 Optimization Challenges

Among all of the optimization problems involved in Deep Learning, the most difficult is neural

network training, which, fixed an architecture, aims at finding the internal network parameters

that minimize the empirical risk, as in equation (2.16). The minimization of training error

is, in general, a nonlinear optimization problem, in which we encounter many computational

difficulties.

• Many challenges arise from the fact that we are approaching problems of non-convex

optimization. When minimizing highly non-convex error functions we must avoid getting

trapped in suboptimal local minima. In fact, in the case of neural networks, it is possible

to find a very large number of them. If local minima with high cost are common, this

could pose a serious problem for gradient-based optimization algorithms.

It remains an open question if there are many local minima with high cost in neural

networks of practical interest. The current idea is that, for sufficiently large neural

networks, most local minima have low cost and are therefore acceptable solutions in

parameter space [43, 58, 120]. Dauphin et al., [43], argue that the difficulty arises in fact

not from local minima but from saddle points.
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Figure 2.9: The objective function for very deep neural networks often contains sharp nonlin-

earities in parameter space, that are presented as cliffs. Figure from [56].

Strong nonlinearities of JM (θ) create steep valleys and flat regions in the surface of the

objective function. While empirical data show that the gradient descent algorithms are

in many cases capable of escaping from saddle points [58], a major problem is due to large

flat regions, where the cost function has a constant value. In these regions the gradient

and the Hessian are null and do not provide a guide for the optimization algorithms.

In a non-convex optimization problem, as happens in Deep Learning, these regions can

therefore be a problem, when they correspond to a high value of the objective function.

Another structure present in the surface of the objective function, when using neural

networks with many layers, are steep regions that look like cliffs, as illustrated in Figure

2.9. These result from the multiplication of several large weights together. When the

parameters approach such cliffs, a gradient descent algorithm can move them very far,

losing much of the work done, and slowing down the optimization process, [56].

• Ill-conditioning of the Hessian can manifest by causing gradient based methods to get

stuck, in the sense that even very small steps increase the cost function. The result is

that learning becomes very slow.

• Complex global structure makes it impossible to ensure the global convergence of the

algorithms if the descent direction, which is locally the best, does not point towards

regions of lower cost, albeit distant. The local steps performed by the optimization

algorithm can therefore lead along a path that moves downhill, but far from any solution,

or along a trajectory that leads to the solution, but is unnecessarily long. How to deal

with problems that have a complex global structure is currently an active research field.

Currently, studies are moving towards the search of good initial points. This derives from

the idea that many of the problems related to the trajectory can be avoided, if one is
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able to initialize the learning within a region of space directly connected to a solution,

through a path that the local descent can follow.

• Exploding gradients, and vanishing gradients, are another difficulty that optimization

algorithms must overcome when neural networks are extremely deep.

In some cases, gradients will be vanishingly small, effectively preventing the weights from

changing their values. In the worst case, this may completely stop the neural network from

further training. This phenomenon can arise for example when using sigmoid activation

functions, such as the hyperbolic tangent, which has gradients in the range (0, 1), and

corresponds to the presence of flat regions in the parameters space.

On the other hand, when activation functions are used whose derivatives can take large

values, the related exploding gradient problem can occur. This problem implies the

multiplication of several large weights together, so that learning becomes unstable. The

cliff structures described earlier are an example of exploding gradient.

• Finally, high dimensionality of the vector θ containing all the internal parameters, and

of the training set S can lead to serious computational problems.

For example, in machine learning it is known that for a good generalization a large

training set is needed, but this leads to higher computational costs. In fact, deep learning

algorithms minimize loss functions which can be decomposed into a sum over all the

examples of the training set. So, a big training set can cause long training times, or in

the worst case, it can create memory issues, which makes training impossible. Similar

reasoning can be applyed to θ.

These problems can be treated as hyperparameters tuning, via experimentation guided

by monitoring the minimization process. Also, specialized optimization algorithms are

able to deal with very large training sets, as we will see in Section 2.3.1.

These difficulties in neural network training have caused the development of specialized

optimization techniques for solving the optimization problem (2.16).

2.3 Gradient-based Learning Methods

Minimizing the empirical risk in equation (2.16), when using neural network models, is not a

trivial problem. Most of the successful approaches are gradient-based learning methods, which

aim to generate a sequence of iterates {θk}k∈N, in the parameter space Ω, so that JM (θk) is

decreased along the iterations. In particular, the decrease in the objective function is obtained

by moving along a descent direction, which is found exploiting first–order information.

The simplest learning procedure consists of using the standard gradient descent algorithm,

which iteratively adjusts the internal parameters θ as follows:

θk+1 = θk − γk∇θJM (θk). (2.17)
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where γk is the stepsize at the kth iteration, called learning rate in Deep Learning context, and

where ∇θJM (θk) is the gradient of the objective function w.r.t the internal parameters.

At each iteration, a forward pass through the network is required for all the examples of the

training set, in order to compute the objective function, and its gradient. For this reason,

standard gradient descent is usually referred to as batch gradient descent, since an entire

”batch” of data must be considered before updating the parameters θ.

In fact, the gradient of the empirical risk function is an average over all the examples of the

training set,

∇θJM (θ) =
1

M
∇θ

M∑
i=1

L(h(x(i), θ), y(i)), (2.18)

which can be computed by applying a specialized Backpropagation algorithm. How to compute

this gradient w.r.t the networks internal parameters will be treated in detail in Section 2.3.3.

Standard batch gradient descent method is reported in Algorithm 2.

Algorithm 2 Batch Gradient Descent update.

Input: Training set S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M}
Learning rate schedule γ1, γ2, . . .

θ0 initial set of parameters

for k = 0, 1, . . . do

Compute gradient estimate: gk = + 1
M∇θ

∑
i∈S L(h(x(i), θk), y

(i))

Apply update: θk+1 = θk − γk gk
end for

The properties of batch gradient descent are well known. When the optimization problem

is convex, if the learning rate is sufficiently small, the algorithm converges to a global minimum

of the objective function JM (θ); to a local minimum, in the non-convex case, [20].

However, one drawback of batch gradient descent is that the average of the gradients over

the entire training set must be calculated at each iteration, as in (2.18), with computational

cost O(M). This means that when the training set contains many examples, it becomes difficult

to apply gradient descent, for the high computational cost and the memory requirement.

To reduce these costs, stochastic techniques have been studied, which calculate the average

over a smaller number of examples than those of the entire training set.

2.3.1 Stochastic Gradient Descent algorithm

The problem can be solved using a stochastic gradient descent method (SGD), from [113].

Instead of calculating the gradient of JM (θ) exactly, the idea is to approximate it, by calculating

the average in (2.18) over a smaller number of examples than those available.

In particular, the stochastic gradient descent algorithm, in Algorithm 3, makes an approxi-

mation of the gradient on a single example of the training set S. Specifically, at each iteration
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k, a single example (x(ik), y(ik)) ∈ S is randomly chosen. An estimate of the true gradient is

computed based on the error J (ik)(θ) on that example, as

∇θJ (ik)(θk) = ∇θL(h(x(ik), θ), y(ik)), (2.19)

and the parameters are updated according to this approximation,

θk+1 = θk − γk∇θJ (ik)(θk). (2.20)

In this way each iteration is very economical from the computational point of view, involving

only the calculation of the gradient corresponding to the selected example.

Usually, to randomly select the examples the training set is shuffled in advance, and as the al-

gorithm sweeps through the mixed training set, it performs the above update for each example.

Several passes can be made over the training set until the algorithm converges. If this is done,

the data can be shuffled for each pass to prevent cycles.

Algorithm 3 Stochastic Gradient Descent update.

Input: Training set S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M}
Learning rate schedule γ1, γ2, . . .

θ0 initial set of parameters

for k = 0, 1, . . . do

Randomly select an example (x(ik), y(ik)) from the training set S.

Compute gradient estimate: gk = ∇θL(h(x(ik), θk), y
(ik))

Apply update: θk+1 = θk − γk gk
end for

It is to be noted that this algorithm is not deterministic. Rather, {θk}k=1,... is a stochastic

process whose behaviour is determined by the random sequence {ik}k=1,....

Also, hopefully this procedure has the same results as the batch gradient descent algorithm,

despite the random noise introduced by the simplification of the gradient. In fact, while each

direction −∇θJ (ik)(θk) may not be a descent direction of JM (θ) in θk, if it is descent direction

in average, then the sequence {θk}k=1,... can go towards a minimum of JM (θ).

This hope is supported by empirical results. Parameter updates have a greater variance that

can cause large fluctuations in the objective function. It is not guaranteed that the optimization

algorithm will reach a minimum (even local) in a reasonable time. However, empirical results

often shows that SGD can find a value of the function that is low enough to be useful. Also, in

[20, 84] it is shown that by gradually decreasing the learning rate, the SGD algorithm shows

the same results as the batch gradient descent: it almost certainly converges to a global or

local minimum, respectively in the convex and non-convex case.
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Figure 2.10: Left : Batch Gradient descent. Right : Stochastic Gradient Descent. Heavy fluctu-

ations are visible in this case.

Batch vs Stochastic Gradient Descent

Calculating the true gradient in the deterministic approach is more expensive than calculating

∇θJ (ik)(θk) in the stochastic gradient method, although it can be expected that, by using all

the examples in a single iteration, the update is qualitatively better.

This is true, in fact we already said that the SGD update has a greater variance that can cause

large fluctuations in the objective function and can prevent full convergence to the minimum,

depending on the level of the noise in the gradient estimate. Figure 2.10 shows these fluctua-

tions for SGD; the weights do not move precisely down the gradient at each iteration, because

of its noisy estimate.

Another advantage of deterministic methods is that, due to the additive structure of the objec-

tive function JM (θk), they can easily benefit from parallelization since most of the calculations

are in the evaluation of the objective function and in the gradient computation.

Despite these advantages, there are practical and theoretical reasons for following a stochas-

tic approach, that we discuss through the comparison between the iterate of SGD (2.20) and

that of the deterministic method (2.17).

• First of all, the noise at each iteration can be useful to find better solutions. Nonlinear

networks usually have multiple local minima of different depths. While batch gradient

descent converges to the minimum of the basin in which the parameters are initially

placed, even if its value is high with respect to that of the global minimum, in stochastic

learning the noise present in the updates can result in the weights jumping into the basin

of another local minimum, possibly deeper than before. This has been demonstrated in

simplified cases [69]. In particular it has been suggested that noise helps to escape ”sharp

minima” which generalize poorly, [28, 71, 82].

• Given a training set of M examples, a whole passage through it (i.e., an epoch) is re-

quired to allow the deterministic method to perform a parameter update, while SGD

makes M steps in an epoch, by performing a parameter update for each training example

(x(i), y(i)) ∈ S. As we need to calculate the gradients for the whole dataset to perform
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just one update, batch gradient descent can be very slow or intractable for datasets that

do not fit in memory. In this case, SGD becomes the only possible choice.

• It is known how a deterministic approach can minimize JM with a rapid convergence

speed; from [21], if JM is strongly convex, then there exists a constant ρ ∈ (0; 1) such

that, for every k ∈ N, the empirical risk will satisfy

JM (θk)− J ∗M ≤ O(ρk), (2.21)

where J ∗M is the minimum value of JM (θ). This convergence speed is known in optimiza-

tion as R-linear speed [109]; we will simply refer to this convergence by calling it linear.

From (2.21), [21] shows that, in the worst case, the total number of iterates in which the

error can be above a given ε > 0 is proportional to log(1/ε). This means that, with a

cost per iterate proportional to M , the total work required to obtain an ε-optimality for

a deterministic gradient method is proportional to M log(1/ε).

The convergence speed of a basic stochastic method is slower than a deterministic method;

for example if JM is strictly convex and each ik is uniformly chosen from {1, ...,M}, for

each k ∈ N, the iterates of SGD defined in (2.20) satisfy the sublinear convergence prop-

erty

E[JM (θk)− J ∗M ] = O
(

1

k

)
. (2.22)

However, it is to be noted that neither the per-iteration cost nor the right-hand side of

(2.22) depend on the size M of the training set. This means that the total work required

to obtain an ε-optimality for SGD is proportional to 1/ε. Even if 1/ε can be greater than

M log(1/ε) for small values of M and ε, the comparison is in favor of SGD when we use a

large amount of data, so when M is very large. This is usually the case in Deep Learning

problems.

Also, it should be noticed that the asymptotic analysis does not highlight the advantages

that the SGD algorithm obtains after a small number of steps. Especially with large

datasets, the rapid progress that is obtained by evaluating the gradient on the first

examples, is more important than a slow asymptotic convergence.

• Another important characteristic of SGD is that, if we knew the underlying probability

distribution, we would have the same convergence speed expressed by (2.22) also for

the error on the expected risk, J (θk) − J ∗, where J ∗ is the minimum value of J (θ).

Specifically, by applying the k-th iterate (2.20) of SGD with the gradient computed on a

example chosen independently from the underlying distribution P (x, y), we find that

E[J (θk)− J ∗] = O
(

1

k

)
. (2.23)

that is, a sublinear convergence speed on the expected risk. This means that the behavior

of SGD in terms of minimizing the empirical risk JM (θ) or the expected risk J (θ) is
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practically identical until all the M examples of the training set are used the first time

(for the first epoch), because it is like selecting samples without reintroduction until the

whole training set is exhausted. So, if M is very large, the SGD algorithm can be seen

as an optimizer simultaneously of JM (θ) and J (θ).

• Finally, when using batch gradient descent methods that compute the average of the

gradients over the training set, there can be redundant calculations in case the dataset

contains equal examples, or in case many examples give a similar contribution.

SGD eliminates this redundancy by performing one update at a time. It is therefore

usually much faster on large redundant datasets. For instance, consider the simple case

where a training set of size 1000 is composed of 10 copies of a set of 100 examples.

Averaging the gradient over all the 1000 samples gives the same result as computing

the gradient based on just the first 100 samples. Thus, using batch gradient, it is like

computing the same quantity ten times, before doing one parameter update. In practice,

examples rarely appear more than once in a dataset, but there are usually clusters of

patterns that are very similar. This redundancy can make batch learning much slower

than stochastic learning.

2.3.2 Minibatch Gradient Descent

A compromise between the exact calculation of the gradient of JM (θ) and its approximation

made on a single example, is given by the calculation of the average of the gradients over a

small subset of examples, which are fewer in number than the entire training set.

This type of algorithm is typically the algorithm of choice when training neural networks,

because it combines the best properties of deterministic and stochastic methods. Known as

minibatch gradient descent, however, the term stochastic gradient descent is now commonly

employed also when minibatches are used.

In a minibatch approach, for every iteration k, a minibatch of examples,

Sk = {(x(1), y(1)), ..., (x(M ′), y(M ′))} ⊂ S (2.24)

with |Sk| = M ′, is drawn uniformly from the training set S. These selections are done without

repetitions, until the training set is exhausted, i.e. until an epoch is complete. Therefore, at

each iteration, gradient estimation is done on the examples of the minibatch Sk,

∇θJM ′(θk) =
1

M ′

∑
i∈Sk

∇θL(h(x(i), θk), y
(i)) (2.25)

and the algorithm uses this estimated gradient to take the next step, as reported in Algorithm 4.

This approach, proposed by Robbins and Monro [113], allows some degree of parallelization

that can be exploited by the modern parallel computing architectures, and by state-of-the-art

deep learning libraries. These are optimized to compute the gradient on minibatches, making
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this calculation very efficient.

In addition, the minibatches contain a relatively small number M ′ < M of examples, up to

a few hundred, and remain fixed even as the training set grows, making it possible to work

with datasets of thousands of elements. Still, this relative small number of examples is able to

reduce the variance of stochastic method, which can lead to more stable convergence. Common

minibatch sizes range between 50 and 256, but can vary for different applications.

Algorithm 4 Minibatch Gradient Descent update.

Input: Training set S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M}
Learning rate schedule γ1, γ2, . . .

θ0 initial set of parameters

M ′ < M , size of the minibatches

for k = 0, 1, . . . do

Sample a minibatch Sk = {(x(1), y(1)), . . . , (x(M ′), y(M ′))} from the training set.

Compute gradient estimate: gk = + 1
M ′∇θ

∑
i∈Sk

L(h(x(i), θk), y
(i))

Apply update: θk+1 = θk − γk gk
end for

Minibatch Properties

Minibatch dimensions are chosen following some practical guidance:

• larger batches give a more accurate gradient estimation, but the goodness of the estimate

does not grow linearly with the dimensions [56].

• Multicore architectures are not best exploited by selecting very small minibatches. This

encourages to use some absolute minimum batch size, under which the processing time

of the minibatch is not reduced.

• If all the examples in the batch are to be processed in parallel, as often happens, the

amount of memory required grows with the size of the batch. In many applications, this

is the determining factor in the choice of the size of the minibatch.

• Some types of hardware achieve a better execution time with specific-sized arrays. In

particular, GPUs have better execution times working with minibatches of size a power

of 2. Usually this power is chosen between 32 and 256.

• The generalization error is often optimal for batches of size 1, i.e. using the online

algorithm. However, in this case the training may require a very small learning rate to

ensure the stability of the algorithm, since the gradient estimates have a greater variance.

Therefore, the algorithm requires a greater number of steps, both because of the reduced
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learning rate, and because more steps are needed to explore the entire training set. This

can greatly increase the total execution time.

Another important aspect is that the choice of the minibatch must be random. To have an

unbiased estimate of the gradient we require that the examples of the minibatch on which it is

calculated are independent. Furthermore, we desire for the estimates of subsequent gradients

to be independent from each other, so that independence between the various minibatches is

also required.

In cases where the order of the data in the dataset has a meaning, it is therefore necessary

to shuffle the examples before selecting the minibatches, otherwise the effectiveness of the

algorithm can be greatly reduced. Most implementations shuffle the dataset initially and then

pass through it multiple times, i.e. for more epochs. On the first epoch, each minibatch

is used to calculate an estimate of the generalization error that does not contain bias, since

each example is a sample from the distribution that generates the data. From the second step

onward, the estimate takes a bias because it is formed using values that have been used already.

However, the subsequent passages through the training set provide quite a good result, due to

the reduction of training error, that compensates for the increase in the gap between training

error and generalization error.

Learning Rate Choice

As previously said, in non-convex optimization, the gradient noise can be beneficial to escape

poor local minima. Despite this, noise can prevent full convergence to the minimum, as the

algorithm will keep overshooting.

In [20, 106] it is shown that the variance of the fluctuations around a local minimum is pro-

portional to the learning rate γ. This means that a good choice of γ is fundamental for the

convergence of stochastic algorithms. If we set the learning rate too small, then the parameters

update will be very slow and it will take a very long time to achieve an acceptable value for

the loss function. If we set it too large, then the parameters will move all over the function

and may never achieve acceptable loss at all. In particular, in order to reduce the fluctuations,

it has been proposed to use a decreasing learning rate.

In the case of a strongly convex functions, it is often stated that to ensure the convergence

to the global minimum, we should decay the learning rate, such that [113]:

∞∑
k=1

γk =∞ (2.26)

and
∞∑
k=1

γ2
k <∞, (2.27)

where γk denotes the learning rate at the kth gradient update. Intuitively, first condition (2.26)

is necessary in order for θ to reach a basin of attraction of a minimum, while the second
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condition (2.27) ensures that the learning rate decays sufficiently quickly for the convergence

to the minimum, rather than bouncing around it due to gradient noise [141].

Again, decaying learning rates are also empirically successful in non-convex optimization.

The initial noisy optimization phase allows us to explore a larger fraction of the parameters

space without becoming trapped in local minima. Once a promising region of parameters space

is found, we want to reduce the noise to fine-tune the parameters.

In practice, the learning rate may be chosen by trial and error, by monitoring the progress

of the objective function along the epochs. Also, a common type of decay used is step decay,

which reduces the learning rate by some factor q < 1 every t epochs as

γk = γ0 · qkdrop (2.28)

where kdrop = b epocht c. The choice of t depends heavily on the type of problem and the model.

Again, one heuristic approach used in practice is to watch the validation error while training

with a fixed learning rate, and reduce the learning rate by a constant whenever the validation

error stops improving.

Initial Parameters Choice

Learning algorithms are iterative algorithms, which require the choice of initial parameters.

Especially in the training of neural networks, where the objective functions are complex, the

initial point in the parameters space can have significant effect on the learning process. It can

determine the convergence of the algorithm, the convergence speed and the type of point to

which the algorithm converges, with high or low cost value. For example, if in a neural network

sigmoid activation functions are used, and the weights are initialized large, then during the

process the sigmoids saturate resulting in very small gradients, and the learning process can

be very slow. Because of this, it is essential to find a good initial point, and many research are

made in this direction [56].

Modern strategies for parameter initialization are simple and heuristic. Definitely, initial

parameters must break the symmetry between the different units of the neural network. This

means that if two hidden units with the same activation function are connected to the same

inputs, then they must have different initial parameters, in order to not always be updated in

the same way. This encourages a random choice of initial parameters. Typically, the weights

are initialized to values that are randomly drawn from a Gaussian or a uniform distribution.

Choosing one distribution or the other does not seem a key issue, but no exhaustive studies on

the subject have been done.

What counts instead, both for the result of the optimization, and for the possibility of general-

izing, is the choice of the scale of the initial distribution. Larger initial weights have a greater

symmetry breaking effect, which helps to avoid redundant units. They may, however, lead to

exploding values in the forward and backward propagation steps. Furthermore, large values

of the weights can cause the saturation of certain types of activation functions, like sigmoid
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activation functions, leading to vanishing gradient effects, as in the previous example.

All these observations influence the choice of the initial weight scale.

One heuristic approach proposes to initialize the weights of a layer with din input units and

dout output units in the weight tensor, by sampling each weight from the uniform distribution

Wi,j ∼ U
(
− 1√

din
,

1√
din

)
. (2.29)

Conversely, in [55] it is proposed a normalized version that draws samples from

Wi,j ∼ U
(
− 6√

din + dout
,

6√
din + dout

)
. (2.30)

In practice, these formulas are used as default for weights initialization in most used Deep

Learning libraries, like Keras, or Pytorch. The biases are initialized in the same way.

When computational resources allow it, it is usually a good idea to treat the initial scale of

values as a hyperparameter, consequently setting it with a manual search or an appropriate al-

gorithm. Likewise, it is possible to initialize the parameters using machine learning techniques.

A possible strategy, discussed in [56], is to initialize a supervised learning model with the pa-

rameters learned from an unsupervised model, trained on the same inputs as the previous one.

These initialization strategies can provide faster convergence and better generalization as they

encode in the intial parameters of the model information on the distribution that generates the

data.

Early Stopping Criterion

In practice, the training process of deep neural networks is prone to overfitting, i.e. the network

tends to interpolate training data, without generalizing well.

By training large models with sufficient capacity to induce overfitting, it is often observed that

the training error decreases constantly, while the error on the validation set decreases in the

first iterations, until it reaches a point where it rises again, as shown in Figure 2.11. This point

highlights the beginning of the overfitting phase of the training. This means that we get a

model with better generalization capacity, when the parameters return the lowest error on the

validation set.

Early stopping criterion is based on the idea to periodically evaluate, during the minimiza-

tion process, the error that the network makes on the validation set. Every time the error

on the validation set decreases, a copy of the model parameters θ is saved, so that when the

training algorithm ends, the saved parameters are returned. The algorithm ends when no set

of parameters makes an improvement in the error on the validation set, for a certain number

of iterations. Early stopping procedure is reported in Algorithm 5.

The early stopping strategy is the most common form of regularization in Deep Learning,

being at the same time simple and effective. In fact, it does not require changes in the training

procedure, in the objective function, or in the choice of the admissible parameters, for example
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Figure 2.11: Behaviour, during training process, of a particular loss function on the training

set and on the validation set, along the epochs. Example taken from [56].

by adding a penality term. In the case of early stopping, the actual capacity of the model

is checked, choosing the number of steps that the algorithm can make and thus allowing the

algorithm to stop when overfitting begins to occur. In particular, this means that the training

can stop even if a minimum of empirical risk has not been reached, reducing the computational

cost and the training time.

The only significant cost of early stopping is given by the periodic evaluation of the error on

the validation set. However, this cost is generally negligible compared to the total training

time. Moreover, it can be further reduced by using a small validation set compared to the

training set, or by decreasing the frequency of these observations, at the cost of obtaining a

worse estimate of the optimal parameters.

2.3.3 Backpropagation Algorithm

In the training process, the learning algorithm should adjust the network parameters in order

to minimize the training error (2.16). Working with deep neural networks, and using gradient

based methods as learning algorithms, the problem implies computing the gradient of the

training error, which is an indirect function of the parameters in the hidden layers.

In this section we study the method used to perform this gradient computation in the

specific case of MLP architectures, knowing that the theory behind is the same for different

architectures.

Let’s summarize a gradient based algorithm. The first step is to propagate the input through

the network, as seen in equation (2.6) of Section 2.1.3, in order to calculate the training error.

In this step, information flows forward through the network, in what is called the forward

propagation (Algorithm 6).
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Algorithm 5 Early Stopping meta-algorithm, from [56].

Input: Validation set {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,Mval}
n, number of steps between evaluations.

p, number of times to observe worsening validation set error before stopping the algorithm.

θ0, initial set of parameters.

it = 0

θit = θ0

j = 0

v = +∞
θ∗ = θit
i∗ = it

while j < p do

Update θit by running the training algorithm for n steps.

it = it+ n

Evaluate the validation error: v′ = JMval
(θit)

if v′ < v then

j = 0

θ∗ = θit
i∗ = it

v = v′

else

j = j + 1

end if

end while

return θ∗ with the best performance on the validation set, at iteration i∗.

The next step is to compute the gradient of the training error w.r.t the internal parameters.

To calculate the gradient, the backpropagation algorithm [119], performs a backward step,

allowing the information from the loss function to flow backwards through the network.

Finally, having the gradients, the weights and biases are updated using a stochastic gradient

descent rule.

The term ”backpropagation” is essentially linked to the technique used to calculate the

derivatives of the objective function, called the chain rule of calculus. This is a derivation rule

for composite functions, like L(h(x, θ), y).

Given x ∈ Rn, y ∈ Rm and two functions g : Rn → Rm, f : Rm → R, if y = g(x) and

z = f(y), then for the chain rule

∂z

∂xi
=
∑
j

∂z

∂yj

∂yj
∂xi

, i = 1, ..., n (2.31)
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Algorithm 6 Forward propagation through a typical multilayer perceptron and computation

of the loss function. For simplicity, only a single training example (x, y) ∈ S is used. Depending

on the choice of the learning algorithm, practical applications should process multiple images

at the same time, on which the final loss is averaged.

Input: (x, y) ∈ S, training example

K, network depth

θ = {(W (1), b(1)), ..., (W (K), b(K))}, network parameters (weight matrices and biases)

x(0) = x

for k = 1, . . . ,K do

a(k) = W (k)x(k−1) + b(k)

x(k) = g(k)(a(k))

end for

h(x, θ) = x(K)

Compute the loss function: L(h(x, θ), y)

or in vector notation,

∇xz = Jg(x)T∇yz, (2.32)

where Jg(x) is the m× n Jacobian matrix of all the first-order partial derivatives of g, defined

such that Ji,j = ∂yi
∂xj

.

The backpropagation algorithm consists of performing such Jacobian-gradient products

for each operation in the computational graph associated to the network. In particular, the

algorithm computes the chain rule, with a specific order of operations that is highly efficient.

Remark 2.2. Usually backpropagation algorithm is applied to tensors of arbitrary dimension,

not merely to vectors, but conceptually this is the same. The only difference is how the numbers

are arranged in a grid to form a tensor. We could imagine flattening each tensor into a vector

before running backpropagation, computing a vector-valued gradient, and then reshaping the

gradient back into a tensor.

Now, let us consider a multilayer perceptron with K layers. For simplicity, a single training

example (x, y) ∈ S is used at a time. Again, we might need to work with multiple examples at

the same time, depending on the learning algorithm we choose.

Keeping in mind the equations used in the forward step, with which the loss function is evalu-

ated,

a(k) = W (k)x(k−1) + b(k), x(k) = g(k)(a(k)) for k = 1, ...,K (2.33)

and saving both the resulting loss L(h(x, θ), y) and the layers outputs x(k), k = 1, ...,K, we can

compute the gradient ∇θL(h(x, θ), y), by applying the chain rule for functions composition.

First we are able to compute the gradient of the loss with respect to the output of the network,

∇x(K)L(h(x, θ), y), and from this, the gradient related to a particular hidden layer is obtained
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by propagating, backwards along the network, the derivatives related to the successive layers,

starting from the last layer. In particular, the gradients on weights and biases of the kth layer

are given by the formulas

∇W (k)L(h(x, θ), y) = ∇x(k)L(h(x, θ), y) · g′(k)(a(k)) · x(k−1)T , (2.34)

and

∇b(k)L(h(x, θ), y) = ∇x(k)L(h(x, θ), y) · g′(k)(a(k)) · 1. (2.35)

In Algorithm 7 is reported the backpropagation procedure now described.

Algorithm 7 Backpropagation algorithm for calculating the gradients of the loss function

∇θL(h(x, θ), y) w.r.t. the MLP parameters, on a single training example (x, y) ∈ S.

Input: (x, y) ∈ S, training example

K, network depth

θ = {(W (1), b(1)), ..., (W (K), b(K))}, network parameters (weight matrices and biases)

L = L(x(K), y) loss function, with x(K) = h(x, θ), from the forward step

Compute the gradient on the network output: s = ∇x(K)L

for k = K,K − 1, . . . , 1 do

∇a(k)L = s · g′(k)(a(k))

Compute gradients on weights and biases:

∇W (k)L = ∇a(k)L · x(k−1)T

∇b(k)L = ∇a(k)L · 1

Propagate the gradient on the previous layer:

∇x(k−1)L = W (k)T · ∇a(k)L

s = ∇x(k−1)L

end for

We chose to present Algorithms 6 and 7, because they are simple and straightforward to

understand. However, they are specialized for one specific network architecture, the multilayer

perceptron.

The ideas behind general backpropagation algorithm are the same. To compute the gradient

of z w.r.t. one of its ancestors x into a generic network, we can compute the gradient w.r.t

each parent of z, by multiplying the current gradient by the Jacobian of the operation that

produced z. We continue multiplying by Jacobians, going backward through the network until

we reach x. For any node that may be reached by going backward from z through two or more

paths, we simply sum the gradients arriving from the different paths.
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When initializing the network architecture, modern software implementations associate a vari-

able to each node, which is a tensor structure. Also, for every operation between two nodes,

software libraries, such as PyTorch, provide a structure to compute both the operation it-

self, op.forward, and the associated backward operation, op.backward, which compute the

Jacobian-vector product as described by equation (2.32). This is how the backpropagation

algorithm is able to achieve great generality. Each operation is responsible for knowing how to

back-propagate through the edges in the graph that it participates in.

Then, the backpropagation algorithm itself does not need to know any differentiation rules.

It only needs to call each operation’s op.backward with the right arguments. Formally,

op.backward(inputs, x, g_out) must return∑
i

(∇xop.f(inputs)i) · g_outi

which is just an implementation of the chain rule. Here, inputs is a list of inputs that are

supplied to the operation, op.f is the mathematical function that the operation implements,

x is the input whose gradient we wish to compute, and g_out is the gradient on the output of

the operation.

Remark 2.3. Users who need to add their own operation to an existing library must usually

derive the op.backward method for any new operations manually. For example, this was

necessary for the specific network proposed in the experimental part of this thesis.

2.3.4 Other Optimization Algorithms

While stochastic gradient descent remains a very popular optimization strategy, many other

methods have been developed in last years. We now outline some of these learning algorithms,

which are widely used by the Deep Learning community.

Momentum Methods

Although the SGD algorithm is a very popular optimization strategy, it can be slow.

The momentum method, introduced by Polyak [110], is a technique able to accelerate

learning when there are small but constant, or noisy gradients, because gradients of previous

iterations contribute to the calculation of the current direction. To be more specific, the SGD

algorithm with momentum makes steps along directions that are obtained by accumulating

previous gradients with an exponential decay.

Formally, the momentum algorithm introduces a momentum term v, which represents the

velocity vector, i.e. it indicates the direction and the speed with which the parameters move

in parameters space.
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Starting from an initial velocity v, at each iteration, the update rule is given by

v = αv − γ

M ′

M ′∑
i=1

∇θL
(
h(x(i), θ), y(i)

)
(2.36)

θ = θ + v, (2.37)

where α ∈ [0, 1) is the decaying hyperparameter, which determines how quickly the contribu-

tions of previous gradients will decay, or how much we trust the accumulated previous gradients.

The more α is larger than γ, the more previous gradients influence the current direction. The

SGD method with momentum is presented in Algorithm 8.

Algorithm 8 Stochastic Gradient Descent (SGD) with momentum.

Input: Training set S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M}
M ′ < M , size of the minibatches

Learning rate schedule γ1, γ2, . . .

θ0 initial set of parameters

α momentum parameter, v initial velocity

for k = 0, 1, . . . do

Sample a minibatch Sk = {(x(1), y(1)), . . . , (x(M ′), y(M ′))} from the training set.

Compute gradient estimate: gk = 1
M ′∇θ

∑
i∈Sk

L(h(x(i), θk), y
(i))

Compute velocity update: v = αv − γkgk
Apply update: θk+1 = θk + v

end for

In this algorithm, the sequence of previous gradients also determines the step in the current

direction. A greater step is taken when many successive gradients point in the same direction.

In this case, unlike the classical SGD algorithm, θ tends to proceed in the same direction,

gaining convergence speed and avoiding strong oscillations.

In particular, this is useful to maintain stability when having noisy gradients, or when ap-

proaching areas where the surface curves much more steeply in one dimension than in another.

In this scenario, SGD oscillates across the slopes of the objective function while only making

small progress along the bottom. Instead, SGD with momentum is able to avoid strong oscil-

lations, as shown in Figure 2.12.

In [129], a variant of the momentum has been introduced, called Nesterov momentum,

which takes inspiration from the Nesterov Accelerated Gradient method [107, 108].

The difference between momentum method and Nesterov momentum is in the gradient compu-

tation phase. In momentum method, the gradient is computed using the current parameters θ,

whereas in Nesterov momentum, first we apply the velocity v to the parameters θ to compute

intermediate parameters θ̃ = θ + αv. We then compute the gradient using the intermediate
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Figure 2.12: Path followed by the SGD algorithm with momentum (in red), in minimizing a

quadratic loss function that presents an ill-conditioned Hessian matrix. At each step the black

arrows indicate the direction that a gradient descent algorithm would take. Figure from [56].

parameters as in the following equation,

v = αv − γ

M ′

M ′∑
i=1

∇θL(h(x(i), θ + αv), y(i)). (2.38)

Through the intermediate parameters, the algorithm can predict where the point is heading

in the parameters space, so as to slow down before climbs. In particular, if a momentum term αv

is used to update the parameters θ, then θ+αv gives an approximation of their future position

in the parameters space. Thus, Nesterov momentum is able to look ahead, by calculating the

gradient not with respect to the current parameters, but with respect to an approximation of

their future value, [117]. Nesterov momentum is presented in Algorithm 9.

Adaptive Gradient Algorithm (AdaGrad)

The high-dimensional non-convex nature of neural networks can lead the objective function to

be sensitive to some directions in the parameters space with strong curvature, and less sensitive

to other directions with minor curvature. Therefore, the learning rate can be too small in some

dimensions and too large in others.

A series of minibatch methods have been introduced, which automatically adapt the learning

rate for individual parameters, during learning. In this way, the various parameters are up-

dated to make longer or shorter steps depending on their importance.
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Algorithm 9 Stochastic gradient descent (SGD) with Nesterov momentum.

Input: Training set S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M}
M ′ < M , size of the minibatches

Learning rate schedule γ1, γ2, . . .

θ0 initial set of parameters

α momentum parameter, v initial velocity

for k = 0, 1, . . . do

Sample a minibatch Sk = {(x(1), y(1)), . . . , (x(M ′), y(M ′))} from the training set

Apply intermediate update: θ̃k = θk + αv

Compute gradient (at intemediate point): gk = 1
M ′∇θ̃

∑
i L(h(x(i); θ̃k), y

(i))

Compute velocity update: v = αv − γkgk
Apply update: θk+1 = θk + v

end for

The Adaptive Gradient algorithm, AdaGrad [47], is one of these methods. At each iteration,

AdaGrad modifies the general learning rate γk for every parameter θki , by using the gradients

of previous steps, calculated with respect to θi. In particular, AdaGrad scales the step size of

a factor, which is inversely proportional to the square root of the sum of the squared previous

gradients [47],

θk+1 = θk −
γk

δI +
√

diag(Gk)
� gk. (2.39)

Here we denote the Hadamard product with the symbol �, δ is a smoothing term that avoids

division by zero, and Gk is the outer product matrix

Gk =
k∑
t

gtg
T
t , (2.40)

whose diagonal elements are the sum of the squared gradients w.r.t. θi up to iteration k. In

this way, parameters with greater partial derivatives have faster decreasing learning rates, while

parameters with smaller partial derivatives have learning rates which decrease slowly.

A slightly easier-to-understand implementation is reported in Algorithm 10.

AdaGrad’s main weakness is its accumulation of the squared gradients in the denominator:

since every added term is positive, the accumulated sum keeps growing during training. This

can lead to an excessive and premature decrease of the learning rate. In this way the algorithm

may not reach a minimum.

RMSProp is an unpublished, adaptive learning rate method proposed by Hinton in a lecture

of his Coursera Class, which seeks to reduce the strong decrease in the learning rate obtained

with AdaGrad. To do this it changes the accumulation of the squares of the previous gradients
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Algorithm 10 AdaGrad algorithm, from [56]

Input: Training set S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M}
M ′ < M , size of the minibatches

γ, global learning rate

θ0, initial set of parameters

Small constant δ ∼ 10−7, for numerical stability

Initialize gradient accumulation variable Gdiag = 0

for k = 0, 1, . . . do

Sample a minibatch Sk = {(x(1), y(1)), . . . , (x(M ′), y(M ′))} from the training set

Compute gradient estimate: gk = 1
M ′∇θ

∑
i∈Sk

L(h(x(i), θk), y
(i))

Accumulate squared gradients: Gdiag = Gdiag + gk � gk

Compute update: ∆θk = − γ

δI+
√
Gdiag

� gk (operations applied element-wise)

Apply update: θk+1 = θk + ∆θk
end for

into a moving average, subject to an exponential decay. In this way older contributions are dis-

carded and the algorithm can converge quickly after arriving near a minimum. The RMSProp

method is presented in Algorithm 11.

Empirical results show that the RMSProp algorithm is an efficient learning algorithm, and one

of the most widely used in neural networks training, [56].

Adaptive Moment Estimation Algorithm (Adam)

Adam algorithm, from [83], is a variant of the RMSProp algorithm with momentum, described

in Algorithm 12.

As we can see in the algorithm, in addition to accumulating an exponential moving average

vk of the squared previous gradients, like RMSProp does, an average of the gradients mk with

exponential decay is also accumulated, similar to the momentum algorithm,

mk = ρ1mk−1 + (1− ρ1)gk (2.41)

vk = ρ2vk−1 + (1− ρ2)gk � gk (2.42)

where the hyper-parameters ρ1, ρ2 ∈ [0, 1) control the exponential decay rates, and where mk

and vk are respectively the estimates of the first moment (the mean) and the second moment

(the uncentered variance) of the gradients, with m0 = 0, v0 = 0.

Now, the authors observed that a bias correction is necessary, because these moving averages

are initialized as null vectors, and this makes them biased towards zero, especially in the early
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Algorithm 11 RMSProp algorithm, from [56].

Input: Training set S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M}
M ′ < M , size of the minibatches

γ, global learning rate (suggested default: 0.001)

θ0, initial set of parameters

ρ, decay rate (suggested default: 0.9)

Small constant δ ∼ 10−6, for numerical stability

Initialize accumulation variable Gdiag = 0

for k = 0, 1, . . . do

Sample a minibatch Sk = {(x(1), y(1)), . . . , (x(M ′), y(M ′))} from the training set

Compute gradient estimate: gk = 1
M ′∇θ

∑
i∈Sk

L(h(x(i), θk), y
(i))

Accumulate squared gradients: Gdiag = ρGdiag + (1− ρ)gk � gk

Compute update:∆θk = − γ

δI+
√
Gdiag

� gk (operations applied element-wise)

Apply update: θk+1 = θk + ∆θk
end for

stages of training. Because of this, Adam applies bias corrections to first and second moment

estimates,

m̂k =
mk

1− ρk1
(2.43)

v̂k =
vk

1− ρk2
(2.44)

and from these estimates, the method derives individual learning rates for the different param-

eters, following the update rule

θk = θk−1 − γ
m̂k√
v̂k + δ

. (2.45)

Let us see from [83], how the unbiased term for the second moment estimate (2.44) is

derived, knowing that the derivation for the first moment estimate is similar.

At iteration k, given the gradient of the loss function on a selected minibatch gk, its second

raw moment is estimated using (2.42), with decay rate ρ2. In particular, initializing v0 = 0,

this update can be written as a function of the gradients at the previous iterations, such that

vk = (1− ρ2)

k∑
i=1

ρk−i2 · g2
i . (2.46)
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Algorithm 12 Adam algorithm, from [83].

Input: Training set S = {(x(i), y(i)) | x(i) ∈ X, y(i) ∈ Y, i = 1, . . . ,M}
M ′ < M , size of the minibatches

γ, global learning rate (suggested default: 0.001)

θ0, initial set of parameters

ρ1, ρ2 ∈ [0, 1), exponential decay rates for moments estimates (suggested defaults: 0.9 and

0.999 respectively)

δ ∼ 10−8, for numerical stability

Initialize 1st and 2nd moment variables m0 = 0, v0 = 0

for k = 0, 1, . . . do

Sample a minibatch Sk = {(x(1), y(1)), . . . , (x(M ′), y(M ′))} from the training set

Compute gradient estimate: gk = 1
M ′∇θ

∑
i∈Sk

L(h(x(i), θk−1), y(i))

Update biased first moment estimate: mk = ρ1mk−1 + (1− ρ1)gk

Update biased second moment estimates: vk = ρ2vk−1 + (1− ρ2)gk � gk

Compute bias-corrected moments:

m̂k = mk

1−ρk1
v̂k = vk

1−ρk2

Compute update: ∆θk = −γ m̂k√
v̂k+δ

(operations applied element-wise)

Apply update: θk = θk−1 + ∆θk
end for
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where we use g2
i to indicate the element-wise square gi � gi.

From the bias definition in equation (1.4), we want to know how the expected value of the

exponential moving average, E[vk], is related to the true second moment E[g2
k], so to correct

the discrepancy between them. Taking expectations of both sides of (2.46), it results

E[vk] = E

[
(1− ρ2)

k∑
i=1

ρk−i2 · g2
i

]
(2.47)

= E[g2
k] · (1− ρ2)

k∑
i=1

ρk−i2 + ζ (2.48)

= E[g2
k] · (1− ρk2) + ζ (2.49)

where ζ = 0, if E[g2
i ] is stationary; otherwise ζ can be kept small since the exponential decay

rate ρ2 is chosen such that the exponential moving average assigns small weights to gradients

too far in the past. In Algorithm 12 we therefore divide by (1− ρt2) to correct the initialization

bias, derived from initializing the running average with zeros.



Chapter 3

Inverse Problems and Imaging

The topics addressed in this chapter use some notions of convex analysis and functional analysis.

A brief introduction to these concepts can be found by the reader in Appendix A.

3.1 Inverse Problems and Ill-Posedness

Inverse problems theory has existed for many years in many branches of physics, engineering

and mathematics. Especially in recent decades, it has been extensively developed thanks to

applications of interest, the availability of more powerful computers and reliable numerical

methods.

In 1976 Professor J.B. Keller gave a definition of inverse problem, which showed how the

concept has a certain degree of ambiguity. From [81]:

We call two problems inverse of one another if the formulation of each involves

all or part of the solution of the other. Often, for historical reasons, one of the

two problems has been studied extensively for some time, while the other has never

been studied and is not so well understood. In such cases, the former is called the

direct problem, while the latter is the inverse problem.

As stated, one problem can be obtained from the other by exchanging the roles of the data and

the unknowns, so that it may seem arbitrary to decide which is the direct problem and which

is the inverse. What is usually done is to call direct problem the simpler one or the one which

was studied earlier.

The choice is less arbitrary dealing with problems of applied mathematics and physics. In

this case, there is a fairly natural distinction between direct and inverse problems. A direct

problem is a problem which consists of calculating the consequences of certain causes. Then

the corresponding inverse problem is associated with the inversion of the cause–effect sequence,

i.e., it regards the study of the causes for a specific effect [9]. For example, knowing the current

state of a physical system and the physical laws that rule it, a direct problem is to predict the

63
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future behavior of the system. Conversely, if we want to identify some physical parameters

from observations of the system evolution we are dealing with an inverse problem. In this way,

inverse problems use the results of actual observations to infer the model or the values of the

parameters characterizing the system under investigation. Observations can be indirect mea-

surements; for instance, in medical tomography, one wishes to imagine the structures within

the body from X–ray measurements that have passed through the body.

Furthermore, external factors affecting empirical measurement cause it to return approximate

values, so that observations are usually noisy data. This often leads to an instability phe-

nomenon called ill–posedness, which implies that even small perturbations in the data may

give rise to significant errors in the sought estimates. The basic concept of a well–posed prob-

lem was introduced by the French mathematician Hadamard in [61].

Definition 3.1. A problem is well–posed in the sense of Hadamard if it satisfies the following

conditions:

1. for all admissible data, a solution exists;

2. for all admissible data, the solution is unique;

3. the solution depends continuously on the data.

If at least one of the three properties is not satisfied, the problem is said to be ill–posed.

3.1.1 Linear Inverse Problems

In our work we consider a particular linear inverse problem. In this case, we assume that X and

Y are Hilbert spaces, and we denote with L(X,Y ) the space of linear and continuous operators

between X and Y . A linear inverse problem can be formulated according to a general scheme.

First, the direct problem is defined, and its solution introduces a linear continuous operator A,

whose domain is in the space X of the ground-truths, while its range is in the space Y of the

functions representing the measured data. Then, the inverse problem consists in determining

f ∈ X from the knowledge of g ∈ Y when g and f are related by the relation

g = Af. (3.1)

In the case of linear inverse problems, i.e., when A ∈ L(X,Y ), the well–posedness conditions

can be synthetically written as:

1. D(A−1) = Y ;

2. N(A) = 0;

3. A−1 is continuous.
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Figure 3.1: Examples of the violation of the well–posedness conditions.

where D(A−1) denotes the domain of A−1 in Y .

Let us consider a linear ill-posed problem. Since the observations are obtained by measure-

ments, we work with approximate values. If we have a noisy data, which is not in the range

of the operator A, then the solution of the inverse problem does not exist. In this case, the

existence condition can usually be repaired by relaxing the notion of solution.

Conversely, if the condition of uniqueness is not fulfilled, a criterion is required to decide which

one among all the solutions is of interest, typically through the assumption of additional infor-

mation about the solution itself. In particular, when working with real data, non-uniqueness

is usually introduced by the need to discretize the problem.

Finally, a solution which does not depend continuously on the data can cause serious numerical

issues. In particular, if the continuity condition is not satisfied, the numerical solution becomes

unstable, meaning that arbitrarily small perturbations on data can produce arbitrarily large

perturbations on the solution. A stability requirement is essential for meaningful problems in

applied sciences, claiming that a solution which varies considerably for a small variation of the

data is not really a solution in a physical sense.

See Figure 3.1 for different examples of ill–posed inverse problems.

It is to be said that well–posedness is not a sufficient condition for the stability of the

problem. In fact, let us assume to have a well–posed linear inverse problem, so that A−1 is

well–defined and continuous. Then, if in equation (3.1) δg is a small variation of the datum

and δf is the corresponding variation on the solution, the continuity of A−1 allows to apply
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inequality (A.3), so that

||δf ||X ≤ ||A−1|| ||δg||Y . (3.2)

Likewise, the continuity of A implies

||f ||X ≥
||g||Y
||A||

(3.3)

so that
||δf ||X
||f ||X

≤ ||A|| ||A−1|| ||δg||Y
||g||Y

. (3.4)

Definition 3.2. The real positive number

C(A) = ||A|| ||A−1|| (3.5)

is said ”condition number” and provides an estimate of the instability of the problem. A problem

with a low condition number is said to be well–conditioned, while a problem with a high condition

number is said to be ill–conditioned.

From inequality (3.4) we see that the condition number can be used to measure how sensitive

a solution is to changes or errors in the observed data. If the condition number C(A) is much

greater than 1, then a small relative variation on the data can produce very large oscillations on

the solution. It follows that the presence of even a small error on the data of an ill–conditioned

problem can make its solution extremely unstable.

In summary, whenever we solve a linear inverse problem on a computer, we always face diffi-

culties similar to those above, because the associated computational problem is ill–conditioned,

meaning that even if the solution exists and is unique, it may be completely corrupted by a

small error on the data. We can partially repair these problems with the use of mathematical

techniques known as regularization methods. The problem is regularized, such that the solu-

tion becomes more stable, i.e., less sensitive to perturbations, and this is done by including

additional hypotheses about the solution. In fact, by supplying proper additional information,

regularization methods can compute approximate solutions, which are the best compromise

between accuracy and stability.

Therefore, to suppress the ill–posedness, designing the proper inversion model and developing

proper regularization and optimization algorithms play a vital role [138]. Before moving on to

these topics, let us introduce the specific linear inverse problem we faced in the experimental

part of this thesis.

3.2 Image Reconstruction Problem

We focus our study on the problem of image reconstruction. This is a well–known example of

ill–posed inverse problem, where the goal is to recover an estimate of the unknown object x̄,

of which we have a degraded image y [9, 62]. An accurate mathematical modeling is necessary

to obtain a proper formulation of the problem.
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3.2.1 Mathematical Modeling of Data Acquisition

An image can be described as a signal that carries information about a physical object which

is not directly observable. This information is generally a degraded representation of the

original object obtained through an imaging system composed of two parts: the image formation

process, and the image recording process.

• Image formation is performed by a physical apparatus (composed by components such

as sources, mirrors, lenses etc.), able to transform the radiation (photons, X–rays, mi-

crowaves, ultrasounds etc.) emitted by the object into a detectable radiation containing

useful information on the spatial properties of the object. The degradation due to the

image formation process is denoted by blurring and is a sort of bandlimiting of the object.

For instance, in aerial photograph two typical sources of blurring are the relative motion

between the camera and the ground, and the atmospheric turbulence [9].

• Image recording is performed by a detector, which provides measured values of the in-

coming radiation on an array y of disjoint pixels. The detector introduces a degradation

in the recorded digital image, called noise, due to measurement or counting errors. This

noise is a statistical process, so that, each component yi of the recorded image vector can

be seen as a realization of a random variable Yi.

Unlike noise, blurring is due to a deterministic process and, in most cases, it can be described

with a sufficiently accurate mathematical model. In particular, we want to model the map that

transforms the spatial distribution of the object into the radiation captured by the detector. In

the following, we only consider the case where this map is linear, thanks to the use of suitable

physical approximations.

If we denote with x̄ = x̄(s) (s = {s1, s2} in 2-D imaging) a function describing the unknown

object in a suitable object space X, and with ȳ = ȳ(s) the acquired noise–free image in

the image space Y , then the optical image formation is frequently modeled by the following

continuous linear model [9],

ȳ(s) =

∫
H(s, s′)x̄(s′)ds′ (3.6)

which is a Fredholm integral equation of the first kind [63], with kernel function H(s, s′) called

the Point Spread Function (PSF).

Equation (3.6) establishes a linear relationship between the two functions x̄ and ȳ. If the

object x̄ and the PSF H are known, then we can compute the blurred image ȳ by evaluating

the integral using standard numerical quadrature; this is the direct problem. Equation (3.6)

can be used, for instance, to model the diffraction of light from the source, as it propagates

through the atmosphere. The same equation can also model distortion due to imperfections in

optical devices, like telescopes [138]. In particular, the PSF H(s, s′) characterizes the blurring

effects that occur during image formation. The term ”Point Spread Function” comes from the

fact that H(·, s′) is the image of a point source located in s′, which is spread over a number of
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Point source Imaging system Image of the point

δ(s− s′) source H(s, s′)

Figure 3.2: Schematic representation of the PSF.

pixels in the blurred image. Indeed, if the object is a point source given by x̄(s′′) = δ(s′′ − s′)
in equation (3.6), with integration variable denoted now by s′′, and where δ(·) indicates the

Dirac delta distribution, then according to (3.6), one obtains ȳ(s) = H(s, s′). A schematic

representation of the PSF is given in Figure 3.2.

In several acquisition systems, the PSF is assumed to be space–invariant, i.e., invariant with

respect to translations. In this case, the kernel H(s, s′) depends only on the difference between

s and s′, i.e., H(s, s′) = H(s− s′), and model (3.6) reduces to a convolution product

ȳ(s) =

∫
H(s− s′) x̄(s′) ds′ = (H ∗ x̄) (s) (3.7)

as defined in (2.13). This representation greatly simplifies computations. As observed in

section 2.1.4, since the integral in (3.7) has a convolution form, given an object x̄ and the PSF

H, the blurred image ȳ can be computed using the convolution theorem [138],

ȳ = F−1{F{H}F{x̄}} (3.8)

where F denotes the Fourier transform operator, so that F{x̄} and F{H} are the Fourier

transforms of x̄ and H, respectively. Here the Fourier transform of a function f , defined on the

set of square-integrable functions L2(R2), is given by

F{f}(ω) =

∫
R2

f(s)e−i2πs
Tωds, ω ∈ R2, (3.9)

while the inverse continuous Fourier transform is given by

F−1{g}(s) =

∫
R2

g(ω)ei2πs
Tωdω, s ∈ R2. (3.10)

Furthermore, we have already seen in section 2.1.4 that, when images are treated as digital

signals, a discrete version of model (3.7) is required. In this case, the object and the PSF are
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treated as two vectors x̄, h ∈ Rn, and the convolution product can be seen as the matrix–vector

product Hx̄, where H ∈ Rm×n is the convolution matrix obtained by imposing some specific

boundary conditions on the discretized PSF h [64].

Standard assumptions require H to have non–negative elements, and each row and column

must contain at least one positive entry. In other words, we assume:

Hi,j ≥ 0, ∀ i, j;
m∑
i=1

Hi,j > 0, ∀j;
n∑
j=1

Hi,j > 0, ∀i.

Let us also remark that, if periodic boundary conditions are employed, i.e., if the two–dimensional

PSF h = {hi,j}j=1,...,n
i=1,...,m is such that

hm+1,j = h1,j , hi,n+1 = hi,1, ∀ i, j (3.11)

then H is block circulant with circulant blocks and the matrix–vector products Hx̄ and HT x̄

can be efficiently computed by making use of the Discrete Fourier Transform (DFT) and its

inverse (IDFT) [9, 64]. Indeed, by means of the convolution theorem, we have

Hx̄ = IDFT (DFT(h) ·DFT(x̄))

HT x̄ = IDFT
(

DFT(h) ·DFT(x̄)
)
,

where α denotes the complex conjugate of α ∈ C. Hence, the above matrix–vector products

may be performed with a O(mn log(mn)) complexity by means of the Fast Fourier Transform

(FFT) algorithm implementation [64, 138]. This efficient computation is guaranteed also with

other boundary conditions, such as zero or reflexive conditions, which imply the use of other

discrete transforms apart from the DFT [64].

It is to be noted that the set of noise–free images, which is the range of the operator

H (in matrix form), does not coincide with the image space Y . In fact, Y also contains

the noisy images, corresponding to the detected images corrupted by the noise affecting the

recording process. Taking into account the introduction of noise during detection, digital image

acquisition can be modeled by

y = D(Hx̄), (3.12)

where y ∈ Rm is the blurred and noisy image (observed data), x̄ ∈ Rn is the sought image,

H ∈ Rm×n is the blurring operator, which is assumed linear, and D is the noise perturbation

operator. The noise is in general a realization of a stochastic process, of which we may know

statistical properties, such as mean value, variance, etc. These properties, when known, should

be used in the treatment of the inverse problem. As a consequence of the noise introduction

in model (3.12), each pixel yi of the detected image can be seen as a realization of a random

variable Yi. By setting Y = (Y1, . . . , Ym), the modeling of the system is then related to the

probability density of the vector-valued random variable Y , corresponding to the recorded

image y. This density depends on the object x̄ and therefore we denote it as pY (y; x̄). The

following assumptions on Yi and Y are usually accepted as reasonable ones [9, 12]:
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• the random variables Yi are statistically independent, so that

pY (y; x̄) =

m∏
i=1

pYi(yi; x̄); (3.13)

• the expected value of Yi is given by the i–th pixel of the noise–free image, hence

E(Y ) =

∫
y pY (y; x̄) dy = Hx̄. (3.14)

In our study, we consider two classical examples of noise models, used in imaging to mimic the

effect of different kind of processes that occur in nature: the additive white Gaussian noise and

the Poisson noise.

In the case of additive white Gaussian noise, the noise is added to the blurred noise–free image,

so that the detected y is given by

y = Hx̄+ w. (3.15)

Here each component wi of the noise vector w is a realization of a random variable Wi having

a Gaussian distribution with zero mean and standard deviation σ > 0. Then the noise w is a

realization of a vector-valued random variable W , with statistically independent components,

whose probability density is

pW (w) =
1

(2πσ2)m/2
exp

(
− 1

2σ2
‖w‖2

)
. (3.16)

Therefore, the statistical model for the detected image is given by

pY (y; x̄) =
1

(2πσ2)m/2
exp

(
− 1

2σ2
‖y −Hx̄‖2

)
. (3.17)

Poisson noise is used in general to describe the noise affecting counting processes. For

example, light intensity is proportional to the number of photons hitting the measurement

device. In this case, each Yi is a Poisson random variable with expected value given by the

blurred noise–free image ȳi = (Hx̄)i,

Yi ∼ Poisson{(Hx̄)i}.

By invoking the statistical independence of the random variables Yi, we have that the proba-

bility density of Y is a distribution with support the set of non-negative integers, as each yi is

a non-negative integer. In particular, its formula is given by

pY (y; x̄) =

m∏
i=1

e−(Hx̄)i(Hx̄)yii
yi!

. (3.18)
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Figure 3.3: Schematic representation of the image acquisition system, from [9].

In conclusion, we have a complete model of the process of data acquisition when we know the

imaging matrixH and the probability density pY (y; x̄). In Figure 3.3 a schematic representation

of image acquisition is reported where the two processes, imaging and detection, are clearly

separated.

3.3 Statistical Formulation of Image Reconstruction Problem

The inverse problem related to the process of image acquisition, called image reconstruction,

or image deblurring, can be formulated as the problem of estimating the unknown object

x̄, given the detected image y [9, 62]. Assuming to know the probability density pY (y; x̄),

image reconstruction is said to be a non-blind deconvolution problem or a blind deconvolution

problem, depending on whether the blurring kernel H is known or unknown, respectively. In

our study, we assume to have a complete model in the sense previously defined, so that we



72 Chapter 3 Inverse Problems and Imaging

approach the non-blind version of the problem.

As we can see in Figure 3.3, a loss of information is typical in the solution of the direct

problem; in particular, the matrix–vector product Hx̄ has a smoothing effect on ȳ. This has

two important consequences. First, it may be possible for two ore more objects to have the

same image. Secondly, two very distant objects may have images which are very close [9]. This

make the inverse problem ill–posed, so that, a trivial approach that computes the solution

x̄ = H−1(y) of the linear system Hx̄ = y is in general not successful.

Indeed, if we have a noisy image, which is not in the range of the operator H, then the solution

of the inverse problem does not exist; and generally noisy images are the only ones available.

If an image corresponds to two distinct objects, the solution is not unique. If we have two

neighbouring images such that the corresponding objects are very distant, then the solution of

the inverse problem does not depend continuously on the data.

Finally, even if the matrix H is non–singular, if it is ill–conditioned, errors in y may be greatly

amplified. Certain errors, like the noise in the image recording device, cannot be controlled

in a practical setting. Consequently, a direct inversion is likely to fail. It often happens that

the object reconstruction is completely deprived of physical meaning as a consequence of error

propagation and amplification from the noisy data to the solution. There are also cases in

which direct inversion of the linear model (3.12) is practicable, such as computed tomography,

but these are exceptions [12].

As information on statistical properties of the data is available, statistical approaches for image

reconstruction problem arise quite naturally. These approaches provide a rigorous, effective way

to manage noisy data.

3.3.1 Maximum Likelihood Approach

Given the above considerations, we look for a statistical formulation of the image reconstruction

problem. Since we assume to know the probability density pY (y; x̄), where the detected image

y is given, and where the object x̄ can be seen as vector of unknown parameters, the problem

appears as a problem of parameter estimation. In statistics, the standard method to approach

it is the so–called maximum likelihood (ML) estimation [126]. This method estimates the

parameters of a probability distribution by maximizing a likelihood function, so that, according

to the assumed statistical model, the observed data becomes the most probable.

Definition 3.3. A ML–estimate for the unknown object x̄, given y, is any x∗ that maximizes

the likelihood function

LYy (x̄) = pY (y; x̄), (3.19)

so that

x∗ = argmax
x∈Rn

LYy (x). (3.20)

Since, from (3.13), the likelihood function is the product of a very large number of fac-

tors, the introduction of a logarithm can simplify the ML–estimate computation. Moreover, if
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we consider the negative logarithm (neglog), which is strictly convex, the maximization prob-

lem (3.20) can be reformulated as a minimization one,

x∗ = argmin
x∈Rn

f(x, y) (3.21)

with

f(x, y) ≡ −A lnLYy (x) +B. (3.22)

Here A and B are suitable constants introduced to simplify the expression of f = f(x, y). We

refer to (3.21) as the variational formulation of the problem provided by the ML–approach,

where the functional f is called data–fidelity term, since it measures the distance between the

observed data and the data predicted by the linear model.

Since in this process we are maximizing the probability density pY (y; x̄), different noise

models lead to different functionals f . This can be seen for the two noise models introduced in

the previous section: the additive white Gaussian noise and the Poisson noise.

Example 3.1 (additive white Gaussian noise). By setting A = σ2, B = A/(2πσ2)m/2, and

knowing pY (y; x̄) from (3.17), in equation (3.22) we obtain the following functional, which is

the squared norm of the residual,

f(x, y) =
1

2
‖Hx− y‖2. (3.23)

Therefore the ML approach leads to the classical least–squares (LS) minimization problem.

We remark that, given the detected data y, the partial derivative of the LS–functional, with

respect to its first variable, can be written as

∇xf(x, y) = HTHx−HT y. (3.24)

Taking into account the assumptions on H, the functional in (3.23) is non–negative, convex, and

strictly convex if and only if the equation Hx = 0 has only the solution x = 0. This means that

it always has a global minimum, i.e., the LS–problem always has a solution [111]. Nevertheless,

we already said that in image reconstruction the problem is ill–conditioned, since the condition

number of the matrix H, that comes from the discretization of an integral operator, can be

very large.

Example 3.2 (Poisson noise). Let us introduce the Kullback–Leibler (KL) divergence of a

vector x2 from a vector x1, defined as

KL(x1, x2) =
m∑
i=1

(
x1i ln

(
x1i

x2i

)
+ x2i − x1i

)
,

where we assume that 0 ln 0 = 0, and x2i > 0 for i = 1, ...,m. Taking the probability density

pY (y; x̄) defined in equation (3.18) for the Poisson noise case, if we apply Stirling’s formula
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ln(n!) ≈ n ln(n) − n, then the expression for the functional f(x, y), with A = 1 and B = 0,

becomes

f(x, y) = KL(y,Hx) (3.25)

=

m∑
i=1

(
yi ln

(
yi

(Hx)i

)
+ (Hx)i − yi

)
.

In particular, the partial derivative of the KL–functional, with respect to x, is given by

∇x KL(y,Hx) = HT e−HT y

Hx
, (3.26)

where e ∈ Rm denotes the array whose components are all equal to one. In this case, the

domain of f is the non–negative orthant1; moreover, the function is convex and strictly convex

if the additional condition yi > 0 for i = 1, ...,m is satisfied, and the equation Hx = 0 has

only the solution x = 0 [111]. The functional is also non–negative and locally bounded. Thus,

it has global minima. Accurate analysis of the properties of this functional can be found in

[104, 105]. Neverthless, noise is expected to strongly affect the minima of the discrete problem;

this is confirmed by a typical effect of the noise introduction, which is known as checkerboard

effect, due to the fact that many components of the minima are zero.

For both types of noise, we highlighted that the ML–problem (3.21) is still affected by

ill–posedness, or by the ill–conditioning of the matrix H [9]. In the framework of inverse

problems, we already said that, if no additional information on the object is employed, the

resulting problem is ill–posed. This is the case with ML–approach, where only information

about the noise is used, with possibly the introduction of non–negativity constraints when

formulating the minimization problem. For this reason we are not interested in computing the

exact minimum points of the functional f , since they do not provide sensible estimates of the

unknown object x̄.

In this sense, we must be very careful in applying methods derived from optimization theory to

ML–problems. In particular, second–order methods, pointing directly to the minima, can be

dangerous. On the other hand, iterative first–order methods can provide acceptable solutions

by arresting the algorithm before convergence through some early stopping criteria, as the

Morozov’s discrepancy principle in the case of Gaussian noise [111]. In the framework of

regularization theory, iterative methods of this type are widely investigated; like for example

Landweber, steepest descent and conjugate gradient methods.

3.3.2 Maximum A Posteriori Approach

A more complete statistical framework is provided by the Bayesian approach to estimation [53],

in which the additional information can be incorporated in the form of statistical properties

1In geometry, an orthant is the analogue in Rn of a quadrant in R2. The nonnegative orthant is the general-

ization of the first quadrant to n dimensions.
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of the object. In particular, in this approach we assume that also the unknown object x̄ is a

realization of a vector-valued random variable X, so that the probability density of X, denoted

by pX(x̄), can be defined. This is the so–called a priori probability density, or simply prior,

because it is used to express one’s beliefs about the object before some evidence is taken into

account. For example, some properties of the object can be incorporated in the prior pX(x̄),

such as smoothness, sharp edges, etc.

Priors of the Gibbs type are the most used; they can be written as

pX(x) =
1

Z
exp (−λΩ(x)) (3.27)

where Z is a normalization constant, λ ∈ R>0 is a positive parameter, and Ω(x) is a functional

which is generally convex.

Now, the probability density pY (y; x̄) is considered as the conditional probability density of Y ,

when x̄ is the value assumed by the random variable X,

pY (y|X = x̄) = pY (y; x̄),

which is denoted by pY (y|x̄), for simplicity.

Then, introducing the marginal probability density pY (y) of Y , we can apply the Bayes theorem

[7], to compute the conditional probability density of X, with respect to the given value y of

Y :

pX(x̄|y) =
pY (y|x̄)pX(x̄)

pY (y)
. (3.28)

Finally, by inserting the value of detected image y in (3.28), we obtain the a posteriori proba-

bility density of X

PXy (x̄) = pX(x̄|y) = LYy (x̄)
pX(x̄)

pY (y)
. (3.29)

Definition 3.4. For a given detected image y, a maximum a posteriori (MAP) estimate of the

unknown object x̄ is any x∗ that maximizes the a posteriori probability PXy (x̄), so that

x∗ = argmax
x∈Rn

PXy (x). (3.30)

As we did for the likelihood case, to simplify the computations it is convenient to consider

the equivalent formulation, where we apply the negative logarithm of PXy (x). Then, assuming

to have a Gibbs prior pX(x) as in equation (3.27), the MAP estimate of x̄ is given by

x∗ = argmin
x∈Rn

J(x, y) (3.31)

where, recalling equation (3.22), the following functional is introduced

J(x, y) = −A lnPXy (x) +B −A lnZ −A ln pY (y)

= −A lnLYy (x) +B + λAΩ(x)

= f(x, y) + λR(x).
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In the above variational formulation of the problem provided by the MAP–approach, the sought

object can be approximated by the minimizer of a regularized cost functional, which is expressed

as the sum of a data-fidelity term f(x, y), and a regularization term R(x) = AΩ(x). In

particular, the data–fitting functional f : Rn × Rm → R is used to control the fidelity of the

solution to the degradation model (3.12). On the other hand, the functional R : Rn → R, that

comes from the Gibbs prior, is used to induce stability and to encode some prior information

on the desired solution. In fact, we have already mentioned in Chapter 1 that, by including the

regularization term in the functional to be minimized, we are giving preference to a particular

solution with desired properties. The influence of R with respect to f , and so the importance

for the solution to have the requested properties, is weighted by a scalar parameter λ ∈ ]0,+∞[,

called regularization parameter.

We remark that, contrary to the maximum likelihood problem, where we do not want to reach

a minimum of the functional f , we now aim to find the minimizer x∗ of J(x, y). In this case,

the quality of the reconstruction x∗ obtained with the MAP–approach will highly depend on

how the regularization parameter λ is selected. The problem of the optimal choice for λ is

not trivial, and it has been extensively studied in regularization theory [50]. This problem is

addressed in our study too, and, in particular, it is one of the foundations in the construction

of our method, as we will see in Chapter 4.

3.3.3 Regularization Functionals

In the following, D indicates a discrete gradient operator, i.e., D = (DT
1 , . . . , D

T
n )T is a matrix

where Di ∈ R2×n computes the forward finite differences at the i–th pixel of an image x ∈ Rn.

We can write

(Dx)i =

(
(Dvx)i
(Dhx)i

)
=

(
xi+1 − xi
xi+m − xi

)
, (3.32)

where we assume that x is the vectorized version of a 2-D image of size (m×m). In the above

definition, Dv ∈ Rn×n and Dh ∈ Rn×n are called vertical and horizontal gradient operators,

respectively.

Let us recall now some classical regularization functionals, which are the most used in image

deblurring.

Tikhonov Regularization

Given a linear operator L ∈ Rn×n, the choice of giving preference to solutions with smaller

norms, by taking the regularization term as

R(x) =
1

2
‖Lx‖2 (3.33)

is known as generalized Tikhonov regularization [132, 133]. Often, L represents a gradient

operator. In particular, according to the choice of L, we distinguish between zero–order, and

first–order Tikhonov regularization:
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• L = I (zero–order);

• L = D (first–order).

This type of regularization is used to enforce smoothness, if the underlying vector is believed

to be mostly continuous. It is to be noted that the theory behind this regularization is based

on the assumption that the noise affecting the data is additive and Gaussian [12], therefore this

kind of regularization is generally associated to least–squares data–fidelity functional.

The Tikhonov regularization functional is continuously differentiable and convex. We recall its

gradient, which has a simple formula

∇R(x) = LTL x. (3.34)

Edge–Preserving Regularization

In many applications, objects to be restored manifest sharp features. For example, natural

images usually contain multiple areas of different colors, enclosed by marked edges. Therefore,

a method used to recover clear photographs from misfocused noisy snapshots should be edge-

preserving.

As we said, using Tikhonov regularizers generally results in smooth reconstructions, especially

with derivative penalty. An alternative method, the so-called Total Variation (TV) functional,

was introduced in [118] to preserve discontinuities and edges. The basic idea is to replace, in

a continuous environment, the `2-norm of the generalized Tikhonov regularization by `1-norm,

thus leading to the discrete version [138]

TV (x) =
n∑
i=1

‖(Dx)i‖

=

n∑
i=1

√
(Dvx)2

i + (Dhx)2
i ,

where D is the discretization of the gradient operator, as defined in (3.32), so that Dv ∈ Rn×n

and Dh ∈ Rn×n are the vertical and horizontal gradient operators, respectively.

In 2-D image deblurring, TV regularization is proved to be successful in the reconstruction

of qualitatively correct blocky images [46], where by blocky we intend that images are nearly

piecewise constant with jump discontinuities.

The functional TV (x) is convex; however, it is not suitable for the implementation of

gradient-based methods, because it is nondifferentiable at any point x, such that (Dx)i = 0,

for some i ∈ {1, . . . , n}. Then, in order to remove the singularity at the origin and recover

differentiability, one can introduce an approximation
√
‖.‖2 + δ2 of the Euclidean norm ‖.‖, by

inserting a small positive parameter δ ∈ R>0. This yields to a frequently used regularization

functional, which is a smooth approximation of total variation,

HS(x) =

n∑
i=1

√
‖(Dx)i‖2 + δ2 =

n∑
i=1

√
(Dvx)2

i + (Dhx)2
i + δ2. (3.35)
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Formulation (3.35) is known as smoothed total variation, or also Hypersurface Potential (HS)

functional [27, 138], and δ is the so–called smoothing parameter. Again, this functional is

non–negative and strictly convex [111]. In particular, this is a generalization of the classical

TV, which can be obtained by choosing δ = 0.

We recall the gradient of the smoothed total variation functional, which is given by

∇HS(x) =

n∑
i=1

DT
v (Dvx)i +DT

h (Dhx)i√
(Dvx)2

i + (Dhx)2
i + δ2

. (3.36)

3.3.4 Hard Constraints

In order to find an appropriate solution to an ill-posed inverse problem, prior information on the

sought object x̄ can be incorporated not only through regularization functions, but also through

the introduction of hard constraints in the variational formulation of the problem. They are

usually introduced when the information consists in prescribed bounds on the solution, and/or

on its derivatives up to a certain order. For example, it may be known that the object must be

non-negative or that it must be different from zero only inside a specific region. Working with

images, range constraints can be imposed on the pixel intensities, in order to avoid meaningless

solutions, outside the brightness range.

For all these examples, we can restrict the search for the solution to a nonempty, closed and

convex set C ⊂ Rn, which is the feasible set of all the candidates that satisfy the constraints.

This set is defined by equations and inequalities,

C = {x ∈ Rn | ∀l ∈ {1, . . . , p′} gl(x) = 0, ∀j ∈ {1, . . . , p} cj(x) ≥ 0}, (3.37)

where gl(x) = 0, for l = 1, . . . , p′, and cj(x) ≥ 0, j = 1, . . . , p, are equality and inequality

constraints, respectively, which determine the properties to be satisfied a priori by the image.

Among the most typical examples of constraints, we recall:

• conservation of the flux: C = {x ∈ Rn |
∑n

i=1 xi = c}, where c ∈ R is a flux constant;

• affine constraints: C = {x ∈ Rn | aTx ≤ b}, where a ∈ Rn \ {0} is a coefficient vector

and b ∈ R; as a special case, it is a very common choice to require non-negative values,

so that C is chosen as the nonnegative orthant: C = Rn≥0;

• hyperslab constraints: C = {x ∈ Rn | bm ≤ aTx ≤ bM}, where a ∈ Rn \ {0}, bm ∈ R and

bM ∈ R with bm < bM; a particular case is given by box constraints, where some physical

bounds a, b ∈ Rn are imposed on the object, so that C = {x ∈ Rn | ai ≤ xi ≤ bi, i =

1, . . . , n};

• Bounded `2-norm constraints: we search the solution inside the Euclidean ball C =

B(c, α) = {x ∈ Rn | ‖x− c‖ ≤ α}, of center c ∈ Rn and radius α ∈ R>0.
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3.4 Interior Point Methods

3.4.1 Problem Formulation

We have now introduced all the elements to approach the image reconstruction problem, which

is related to the discrete model defined in equation (3.12),

y = D(Hx̄), (3.38)

where y ∈ Rm is the observed data, x̄ ∈ Rn is the sought image, H ∈ Rm×n is the observation

operator, which is assumed linear, and D is the noise perturbation operator. The linear operator

H is assumed to be known from a physical model or prior identification step [89, 143]. In order

to find an appropriate reconstruction, we follow a MAP–approach and we restrict the search

for the solution to a given feasible set. This leads to the following constrained minimization

problem,

min
x∈C

f(Hx, y) + λR(x) (3.39)

where f : Rm×Rm → R is the data–fidelity function, R : Rn → R is the regularization function,

with regularization parameter λ ∈ R>0, and C ∈ Rn is the feasible set.

For every q ∈ N, we denote as Γ0(Rq) the set of functions which are convex, proper, lower

semicontinuous on Rq, and which take values in R ∪ {+∞}. Hereafter, for every noisy image

y ∈ Rm, we assume that f(·, y) ∈ Γ0(Rm) is a twice-differentiable data-fidelity function, and

R ∈ Γ0(Rn) is a twice-differentiable regularization term. It is to be noted that the twice-

differentiability condition is necessary to apply our method, as presented in Chapter 4. In

particular, it is required when defining the derivative steps involved in the backpropagation

procedure for the training of the proposed network.

Moreover, in the rest of the thesis we will use the following notation: for all (x, y, λ) ∈ Rn ×
Rm× ]0,+∞[, the objective function is written as

h(x, y, λ) = f(Hx, y) + λR(x), (3.40)

while its partial gradient with respect to x is given by

∇1h(x, y, λ) = HT∇1f(Hx, y) + λ∇R(x), (3.41)

where ∇1f denotes the partial gradient of f with respect to its first variable.

Regarding the feasible set C, it is defined by p inequality constraints, which determine the

properties to be satisfied a priori by the image:

C = {x ∈ Rn | cj(x) ≥ 0, ∀j = 1, . . . , p}, (3.42)

where, −cj ∈ Γ0(Rn) for every j = 1, . . . , p. Also, the strict interior of the feasible domain,

denoted intC, is equal to

intC = {x ∈ Rn | cj(x) > 0, ∀j = 1, . . . , p}, (3.43)
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and it is assumed to be nonempty.

Finally, we assume that either the function h(·, y, λ) = f(H·, y) + λR is coercive, or C is

bounded. In this way, the existence of solutions to problem (3.39) is guaranteed. It is worth

emphasizing that, in the literature regarding image reconstruction, a large class of regularized

formulations meets the above requirements, see e.g. [49] and references therein.

3.4.2 Interior Point Approaches

In general, without additional conditions, the variational formulation of the image reconstruc-

tion problem provided in (3.39), does not have a closed-form solution on account of the in-

equality constraints, even for simple regularizations. Hence an iterative solver is required,

able to provide a meaningful solution in a reasonable time. Over the past decades, iterative

reconstruction methods have achieved remarkable results to solving inverse problems in imag-

ing, including deconvolution [26, 87]. Thanks to robust regularizers such as total variation,

practical algorithms have appeared with excellent image quality and reasonable computational

complexity.

Among all possible choices, first-order methods are particularly suited to deal with this

kind of problems for several reasons. First, due to the large size of the images, to handle the

Hessian matrix is an impractical task. Then, by using second-order methods with an exces-

sively fast convergence, it can happen that a difference of few iterations from the one providing

the optimal reconstruction can lead to substantial differences in the final images.

Several approaches are available, either based on projected gradient strategies [16, 75], ADMM

[24], primal-dual schemes [86], or interior point techniques [17]. When feasibility at interme-

diate points is essential, as in practical problems such as ours, where points are meaningless

outside the boundary constraints, it is desirable for iterates to approach the solution from

the interior of the feasible region. Interior point methods constitute a well known class of

methods with this property. They have been useful for the resolution of small to medium size

constrained optimization problems [77]. However, in their standard formulation, interior point

methods require to invert several n × n linear systems, which leads to a high computational

complexity for large scale problems. Nonetheless, it has recently been shown that combining

the interior point framework with a proximal forward–backward strategy [34, 36] leads to very

competitive solvers for inverse problems [32, 38, 39].

Based on these considerations, we decided to start from a particular proximal interior point

algorithm for the development of a novel neural network, able to face problem (3.39).

The idea behind interior point methods (IPMs) is to replace the initial constrained optimiza-

tion problem (3.39) with a sequence of unconstrained subproblems, easier to handle. To do

this, we replace the inequality constraints with an additional penalizing term B, parametrized

by a sequence of parameters {µk}k∈N, with 0 < µk+1 < µk, so that the problem becomes

min
x∈Rn

f(Hx, y) + λR(x) + µkB(x). (3.44)
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The new function B, called the barrier function, has unbounded derivative at the boundary

of the feasible domain. In this way it acts as a barrier, so that its minimization prevents the

iterates from leaving the feasible region. It is to be noted that the solution of (3.44) does not

coincide with that of (3.39) for µ > 0. The unconstrained minimization of this augmented

objective function is then carried out for a sequence of positive barrier parameters µk that

converges to zero. In this way, the barrier term µkB(x) becomes increasingly irrelevant for all

interior points x ∈ C, while progressively allowing xk to get closer to the boundary of C.
In IPMs, we consider B : Rn → R ∪ {+∞} to be the logarithmic barrier function,

(∀x ∈ Rn) B(x) =

 −
p∑
i=1

ln(ci(x)) if x ∈ intC

+∞ otherwise.

(3.45)

As we can see, this is a continuous function whose value increases to infinity as it approaches

the boundary of C (recall − log t→ +∞, as t→ 0+).

We assumed that either h(·, y, λ) = f(H·, y) + λR is coercive, or C is bounded, then the set of

solutions to (3.39) is bounded. Since intC is not empty, it can be shown that the existence of

solutions to the unconstrained formulation (3.44), containing a logarithmic barrier function, is

guaranteed, see [142, Theorem 5(ii)].

As we said, one advantage of IPMs is that only feasible iterates are produced, which can be

beneficial from the application viewpoint and can also boost convergence. On the other hand,

these methods have high computational costs for large scale problems. The main idea behind

our algorithm is to combine the logarithmic barrier method, which ensures the feasibility of

the iterates, with a proximal algorithm for solving convex optimization problems.

Proximity Operator

The notion of proximity operator was first introduced by Moreau in [103].

Definition 3.5. Let f ∈ Γ0(Rn). For every x ∈ Rn, the minimization problem

min
u∈Rn

1

2
‖x− u‖2 + f(u) (3.46)

admits a unique solution, which is denoted by proxf (x). The operator proxf : Rn → Rn thus

defined is called the proximity operator of f .

In particular, in this thesis, given f ∈ Γ0(Rn) and γ ∈ R>0, for every x ∈ Rn, we consider the

proximity operator of a scaled function γf at x:

proxγf (x) = argmin
u∈Rn

1

2
‖x− u‖2 + γf(u). (3.47)

The above definition indicates that proxf (x) is an operator which compromises between mini-

mizing f and being near x. Considering the scaled version proxγf (x), the parameter γ can be

interpreted as a trade-off parameter between these two terms.
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Remark 3.1. Let us consider the indicator function of a non empty, closed and convex subset

C ⊆ Rn, i.e.,

ιC(x) =

{
0, if x ∈ C
+∞, if x /∈ C.

The proximity operator of the indicator function ιC coincides with the projection operator [34],

proxιC(x) = argmin
u∈Rn

1

2
‖x− u‖2 + ιC(u) = PC(x),

where the standard Euclidean projection operator onto C, PC : Rn → C is defined as

PC(x) = argmin
u∈C

‖x− u‖. (3.48)

Proximity operators are therefore an extension of projection operators, whereby the indicator

function ιC is replaced by an arbitrary function f ∈ Γ0(Rn).

3.4.3 Proposed Iterative Schemes

Thanks to the introduction of a proximity operator in the proposed IPM (3.44), the method does

not require any matrix inversion. In particular, when the proximity operator is computed in

an exact manner, i.e., by calculating proxγk(h(·,y,λ)+µkB)(x), the proposed IPM can be rewritten

as a proximal point algorithm [79]. This method is reported in Algorithm 13, and convergence

results can be found in [79, Theorem 4.1], under particular assumptions.

Algorithm 13 Exact version of the proximal IPM in [79], applied to problem (3.39).

Let x0 ∈ intC, γ > 0 and (γk)k∈N be a sequence such that (∀k ∈ N) γ ≤ γk;
for k = 0, 1, . . . do

xk+1 = proxγk(h(·,y,λ)+µkB) (xk)

end for

Evaluating the proximity operator of a function involves solving a convex optimization problem.

For this reason proximal algorithms are most useful when all the relevant proximity operators

have closed-form expressions, and can be evaluated in a reasonable computational time.

In our case, Algorithm 13 requires computing the proximity operator of the sum of the regular-

ized cost function h(·, y, λ) and the barrier term µkB. This can be problematic since, in most

cases, this operator does not have a closed-form expression. For this reason, we modify Algo-

rithm 13 by introducing a gradient step at each iteration, which leads to a forward-backward

method.

Among the several numerical strategies designed to address (3.44), forward-backward methods
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[34, 36] have gained great popularity in the last years, because they can handle the nondiffer-

entiable barrier term arising in the objective function. Such algorithms deal with the functions

h(x, y, λ) and µB(x) separately, by alternating, at each iteration, a forward gradient step on

the differentiable term h(x, y, λ) with a backward proximal step onto the nondifferentiable log-

arithmic barrier. To be more specific, the backward step evaluates the proximity operator of

µB(x), at the point obtained by applying to h(x, y, λ) a standard gradient descent step, as

defined in (2.17).

The proposed method is reported in Algorithm 14.

Algorithm 14 Proposed forward–backward proximal IPM.

Let x0 ∈ intC, γ > 0 and (γk)k∈N be a sequence such that (∀k ∈ N) γ ≤ γk;
for k = 0, 1, . . . do

xk+1 = proxγkµkB (xk − γk∇1h (xk, y, λ))

end for

In the algorithm we consider the gradient ∇1h (., y, λ) as provided in (3.41), while {γk}k∈N is

the sequence of stepsizes used along the iterations.

As far as we know, among the literature on interior-point methods there is no convergence

study available for Algorithm 14. There are links between this algorithm and the diagonal or

penalization method introduced in [42]. Indeed, taking A ≡ 0 and Ψ1 ≡ 0 in [42] leads to

Algorithm 14, so that convergence is proven. However, there are some important differences

between the two approaches, that are: i) the algorithm in [42] solves a hierarchical minimization

problem instead of the constrained optimization problem (3.39), and ii) in [42] the barrier

parameter tends to infinity while in our case it tends to zero.

Again, let us remark that Algorithm 14 involves, at each iteration, the solution of the

convex subproblem related to the evaluation of the proximity operator at the gradient point.

Therefore, its solution must be known in closed-form or, at least, within a certain accuracy,

in order for the method to be effective. In Section 3.5, we will provide the expression for the

proximity operator of the logarithmic barrier, for three different types of constraints, which are

examples of interest.

3.4.4 Limitations

In IPMs, the sequences of the barrier parameter and stepsize, {µk}k∈N and {γk}k∈N, are gener-

ally set by following some heuristic rules, so that the convergence of the method to a minimizer

of the objective function is guaranteed. However, heuristic approaches may not find the best

values for the parameters, with consequent loss in efficiency and versatility of the resulting

reconstruction scheme. For example, by using handcrafted variational formulations, we may

not achieve a satisfactory visual quality. This is even more true if we consider the selection of
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the regularization parameter λ. As already mentioned in Section 3.3.2, an accurate setting of

the regularization parameter is particularly critical, because the quality of the reconstruction

obtained with regularized approaches highly depends on it. Existing approaches for the selec-

tion of λ, which are based on statistical considerations, generally lead to a substantial increase

in computational cost.

To overcome these limitations, our strategy consists in exploiting neural networks in order to

learn the stepsize, the barrier and the regularization parameters for every iteration of Algo-

rithm 14, in a supervised fashion. Backpropagation algorithm will be used for the training step

in our deep learning method. In particular, to apply backpropagation, the derivatives of the

proximity operator in Algorithm 14 are required, with respect to its input and to the afore-

mentioned parameters that must be learned. Therefore, we conclude this chapter by deriving

the expression of the proximity operator of the barrier and of its derivatives, for three common

types of constraints, one of which is the one considered in the experiments.

3.5 Proximity Operator of the Barrier

Although computing the proximity operator in numerical applications is a challenging task, in

certain cases closed-form expressions are available [34, 36].

In our case, let B be defined as in (3.45) and for all µ > 0, γ > 0 and x ∈ Rn, let ϕ be

defined as follows:

ϕ(x, µ, γ) = proxγµB(x). (3.49)

We provide in this section expressions of ϕ and of its derivatives with respect to its input

variable x and the involved barrier and stepsize parameters (µ, γ), for three different types

of constraints. The latter will be necessary for training the proposed neural network using a

gradient backpropagation scheme.

3.5.1 Affine Constraints

Let us first consider the following half-space constraint, introduced in Section 3.3.4:

C = {x ∈ Rn | aTx ≤ b}, (3.50)

with a ∈ Rn \ {0} and b ∈ R.

Proposition 3.1. Let γ > 0, µ > 0, and let B be the function associated to (3.50), defined as

(∀u ∈ Rn) B(u) =

{
− ln(b− aTu) if aTu < b,

+∞ otherwise.
(3.51)

Then, for every x ∈ Rn, the proximity operator of γµB at x is given by

ϕ(x, µ, γ) = x+
b− aTx−

√
(b− aTx)2 + 4γµ‖a‖2

2‖a‖2
a. (3.52)
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In addition, the Jacobian matrix of ϕ with respect to x and the gradients of ϕ with respect to

µ and γ are given by

J (x)
ϕ (x, µ, γ) = In −

1

2‖a‖2

(
1 +

aTx− b√
(b− aTx)2 + 4γµ‖a‖2

)
aaT , (3.53)

∇(µ)
ϕ (x, µ, γ) =

−γ√
(b− aTx)2 + 4γµ‖a‖2

a, (3.54)

and

∇(γ)
ϕ (x, µ, γ) =

−µ√
(b− aTx)2 + 4γµ‖a‖2

a, (3.55)

where In ∈ Rn×n denotes the identity matrix.

Proof. Given the function B, as defined in equation (3.51), the expression of the proximity

operator (3.52) can be obtained by taking into consideration the following statements.

Proposition 3.2. [6, Example 24.40] Let γ ∈ R>0, and consider the function defined as

(∀ξ ∈ R) φ(ξ) =

{
− ln ξ if ξ > 0,

+∞ otherwise.
(3.56)

Then proxγφ(ξ) = ξ +
√
ξ2 + 4γ/2, ∀ξ ∈ R. (see proof in [6, Proposition 24.1]).

Proposition 3.3. [6, Proposition 24.8 (vi)] Let f ∈ Γ0(Rn), and x ∈ Rn.

If g ∈ Γ0(Rn) is the reversal of f , i.e., g(x) = f(−x), then proxg(x) = −proxf (−x).

Corollary 3.1. [6, Corollary 24.15] Suppose that a ∈ Rn \ {0}, φ ∈ Γ0(Rn), and let B =

φ((., a)). Then, given x ∈ Rn,

proxB(x) = x+
prox‖a‖2φ(x, a)− (x, a)

‖a‖2
a.

By combining the two propositions with the corollary, we are able to compute expression (3.52),

from B. Finally, taking the derivative of (3.52) with respect to x, µ and γ leads to (3.53)–

(3.55).
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3.5.2 Hyperslab Constraints

We now consider the following hyperslab set:

C = {x ∈ Rn | bm ≤ aTx ≤ bM}, (3.57)

where a ∈ Rn \ {0}, bm ∈ R and bM ∈ R with bm < bM.

Proposition 3.4. Let γ > 0, µ > 0, and let B be the barrier function associated to (3.57),

defined as

(∀u ∈ Rn) B(u) =

{
− ln(bM − aTu)− ln(aTu− bm) if bm < aTu < bM,

+∞ otherwise.
(3.58)

Then, for every x ∈ Rn, the proximity operator of γµB at x is given by

ϕ(x, µ, γ) = x+
κ(x, µ, γ)− aTx

‖a‖2
a, (3.59)

where κ(x, µ, γ) is the unique solution in ]bm, bM[, of the following cubic equation:

0 = z3 − (bm + bM + aTx)z2 + (bmbM + aTx(bm + bM)− 2γµ‖a‖2)z

− bmbMaTx+ γµ(bm + bM)‖a‖2.
(3.60)

In addition, the Jacobian matrix of ϕ with respect to x and the gradients of ϕ with respect to

µ and γ are given by

J (x)
ϕ (x, µ, γ) = In +

1

‖a‖2

(
(bM − κ(x, µ, γ))(bm − κ(x, µ, γ))

η(x, µ, γ)
− 1

)
aaT , (3.61)

∇(µ)
ϕ (x, µ, γ) =

−γ(bm + bM − 2κ(x, µ, γ))

η(x, µ, γ)
a, (3.62)

and

∇(γ)
ϕ (x, µ, γ) =

−µ(bm + bM − 2κ(x, µ, γ))

η(x, µ, γ)
a, (3.63)

where

η(x, µ, γ) = (bM − κ(x, µ, γ))(bm − κ(x, µ, γ))

− (bm + bM − 2κ(x, µ, γ))(κ(x, µ, γ)− aTx)− 2γµ‖a‖2.
(3.64)

Proof. Let x ∈ Rn, γ > 0, and µ > 0. The expression for the proximity operator (3.59) follows

from [29, Example 4.15], reported below, and Corollary 3.1.
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Proposition 3.5. [29, Example 4.15] Let α1, α2 ∈ R>0, bm, bM ∈ R, with bm < bM, and

consider the function defined as

(∀ξ ∈ R) φ(ξ) =

{
−α1 ln(ξ − bm)− α2 ln(bM − ξ) if bm < ξ < bM,

+∞ otherwise.
(3.65)

Then, ∀ξ ∈ R, z = proxφ(ξ) is the unique solution in ]bm, bM[ of

z3 − (bm + bM + ξ)z2 + (bmbM − α1 − α2 + (bm + bM)ξ)z − bmbMξ + α2bm + α1bM = 0.

To compute the derivatives, let F be defined as follows:

F (x, µ, γ, z) = (bM − z)(bm − z)(z − aTx) + γµ(bM + bm − 2z)‖a‖2, (3.66)

for z ∈ ]bm, bM[. Expanding (3.66) gives the following:

F (x, µ, γ, z) = z3 − (aTx+ bm + bM)z2 + (bmbM + aTx(bm + bM)− 2γµ‖a‖2)z

− bmbMaTx+ γµ(bm + bM)‖a‖2.
(3.67)

Hence, by definition of κ(x, µ, γ), we have F (x, µ, γ, κ(x, µ, γ)) = 0. In addition, the derivative

of F with respect to its last variable is equal to

∇F (z)(x, µ, γ, z) = (bM − z)(bm − z)− (bm + bM − 2z)(z − aTx)− 2γµ‖a‖2. (3.68)

By construction, (bM − κ(x, µ, γ))(bm − κ(x, µ, γ)) < 0. Moreover, −2γµ‖a‖2 < 0 and, since

F (x, µ, γ, κ(x, µ, γ)) = 0, it follows that (bm + bM − 2κ(x, µ, γ)) and κ(x, µ, γ)− aTx share the

same sign. Hence,

η(x, µ, γ) = ∇F (z)(x, µ, γ, κ(x, µ, γ)) 6= 0. (3.69)

From the Implicit Function Theorem (A.2), we deduce that the gradient of κ with respect to

x and the partial derivatives of κ with respect to µ and γ exist and are equal to

∇κ(x)(x, µ, γ) =
(bM − κ(x, µ, γ))(bm − κ(x, µ, γ))

η(x, µ, γ)
a, (3.70)

∇κ(µ)(x, µ, γ) =
−γ‖a‖2(bm + bM − 2κ(x, µ, γ))

η(x, µ, γ)
, (3.71)

and

∇κ(γ)(x, µ, γ) =
−µ‖a‖2(bm + bM − 2κ(x, µ, γ))

η(x, µ, γ)
. (3.72)

Differentiating (3.59) with respect to x, µ and γ and using (3.70)–(3.72) yields (3.61)–(3.63).

Note that the three roots of (3.60) can easily be computed using the Cardano formula. The

graph of the resulting proximity operator is plotted on Figure 3.4 for n = 1, a = 1, bm = 0,

bM = 1, and various values for γµ.
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Figure 3.4: Proximity operator of the logarithmic barrier, proxγµB(x), for hyperslab constraint

with bm = 0 and bM = 1.

3.5.3 Bounded `2-norm

We now consider the case when the feasible set in (3.39) is a Euclidean ball

C = {x ∈ Rn | ‖x− c‖2 ≤ α}, (3.73)

with α > 0 and c ∈ Rn.

Proposition 3.6. Let γ > 0 and let µ > 0. Let B be the barrier function associated to (3.73),

defined as

(∀u ∈ Rn) B(u) =

{
− ln(α− ‖u− c‖2) if ‖u− c‖2 < α,

+∞ otherwise.
(3.74)

Then, for every x ∈ Rn, the proximity operator of γµB at x is given by

ϕ(x, µ, γ) = c+
α− κ(x, µ, γ)2

α− κ(x, µ, γ)2 + 2γµ
(x− c), (3.75)

where κ(x, µ, γ) is the unique solution in [0,
√
α[ of the cubic equation:

0 = z3 − ‖x− c‖z2 − (α+ 2γµ)z + α‖x− c‖. (3.76)

In addition, the Jacobian matrix of ϕ with respect to x and the gradients of ϕ with respect to

µ and γ are given by

J (x)
ϕ (x, µ, γ) =

α− ‖ϕ(x, µ, γ)− c‖2

α− ‖ϕ(x, µ, γ)− c‖2 + 2γµ
M(x, µ, γ), (3.77)
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∇(µ)
ϕ (x, µ, γ) =

−2γ

α− ‖ϕ(x, µ, γ)− c‖2 + 2γµ
M(x, µ, γ)(ϕ(x, µ, γ)− c), (3.78)

and

∇(γ)
ϕ (x, µ, γ) =

−2µ

α− ‖ϕ(x, µ, γ)− c‖2 + 2γµ
M(x, µ, γ)(ϕ(x, µ, γ)− c), (3.79)

where

M(x, µ, γ) = In −
2(x− ϕ(x, µ, γ))(ϕ(x, µ, γ)− c)T

α− 3‖ϕ(x, µ, γ)− c‖2 + 2γµ+ 2(ϕ(x, µ, γ)− c)T (x− c)
. (3.80)

Proof. Let x ∈ Rn, γ > 0, µ > 0. Let us first consider the case when c = 0. We denote with

ϕ0 the following proximity operator:

ϕ0(x, µ, γ) = argmin
u∈intC

1

2
‖x− u‖2 − γµ ln(α− ‖u‖2). (3.81)

Hence, ‖ϕ0(x, µ, γ)‖2 < α and ϕ0(x, µ, γ) is a solution to the following equation:

0 = ϕ0(x, µ, γ)− x+
2γµ

α− ‖ϕ0(x, µ, γ)‖2
ϕ0(x, µ, γ). (3.82)

Since α− ‖ϕ0(x, µ, γ)‖2 + 2γµ > 0, (3.82) becomes

ϕ0(x, µ, γ) =
α− ‖ϕ0(x, µ, γ)‖2

α− ‖ϕ0(x, µ, γ)‖2 + 2γµ
x. (3.83)

By taking the norm in both sides of (3.83), we deduce that ‖ϕ0(x, µ, γ)‖ = κ(x, µ, γ) is a

solution to the cubic equation (3.76). Since the proximity operator at a given x is uniquely

defined, there exists only one real solution to (3.76) which belongs to [0,
√
α[. Inserting the

latter into (3.83) leads to (3.75). The analysis when c 6= 0 is deduced from the case c = 0 by

using the following statement:

Proposition 3.7. [6, Proposition 24.8 (v)] Let f ∈ Γ0(Rn), x, z ∈ Rn, and let γ ∈ R>0.

If g ∈ Γ0(Rn) is such that g = f(β · −c) with β ∈ R \ {0}, then

proxγg(x) =
1

β

(
c+ proxγβ2f (βx− c)

)
.

Then, the proximity operator of γµB at x is given by

ϕ(x, µ, γ) = c+ ϕ0(x− c, µ, γ). (3.84)

Let us study the derivatives of ϕ0. For every v ∈ Rn, let F be defined as

F (x, µ, γ, v) = (α− ‖v‖2)(v − x) + 2γµv. (3.85)
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The Jacobian of F with respect to its last variable is equal to

J
(v)
F (x, µ, γ, v) = (α− ‖v‖2 + 2γµ)In + 2(x− v)vT . (3.86)

Since α−‖ϕ0(x, µ, γ)‖2 > 0, according to the Sherman–Morrison Lemma [5], J
(v)
F (x, µ, γ, ϕ0(x, µ, γ))

is invertible if and only if

α− ‖ϕ0(x, µ, γ)‖2 + 2γµ+ 2ϕ0(x, µ, γ)T (x− ϕ0(x, µ, γ)) 6= 0. (3.87)

Furthermore, it follows from (3.82) that

F (x, µ, γ, ϕ0(x, µ, γ)) = 0. (3.88)

Applying ϕ0(x, µ, γ)T on (3.88) leads to ϕ0(x, µ, γ)T (x − ϕ0(x, µ, γ)) ≥ 0. In addition, α −
‖ϕ0(x, µ, γ)‖2 + 2γµ > 0. Hence, J

(v)
F (x, µ, γ, ϕ0(x, µ, γ)) is invertible and its inverse is given

by the Sherman–Morrison formula:

J
(v)
F (x, µ, γ, ϕ0(x, µ, γ))−1 =

1

α− ‖ϕ0(x, µ, γ)‖2 + 2γµ
×[

In −
2(x− ϕ0(x, µ, γ))ϕ0(x, µ, γ)T

α− 3‖ϕ0(x, µ, γ)‖2 + 2γµ+ 2ϕ0(x, µ, γ)Tx

]
.

(3.89)

From the Implicit Function Theorem (A.2) we deduce that the Jacobian of ϕ0 with respect to

x and the gradients of ϕ0 with respect to µ and γ exist and are equal to

J (x)
ϕ0

(x, µ, γ) = −J (v)
F (x, µ, γ, ϕ0(x, µ, γ))−1J

(x)
F (x, µ, γ, ϕ0(x, µ, γ)), (3.90)

∇(µ)
ϕ0

(x, µ, γ) = −J (v)
F (x, µ, γ, ϕ0(x, µ, γ))−1∇(µ)

F (x, µ, γ, ϕ0(x, µ, γ)), (3.91)

and

∇(γ)
ϕ0

(x, µ, γ) = −J (v)
F (x, µ, γ, ϕ0(x, µ, γ))−1∇(γ)

F (x, µ, γ, ϕ0(x, µ, γ)). (3.92)

When c 6= 0, the derivatives of ϕ are deduced from those of ϕ0 using (3.84):

J (x)
ϕ (x, µ, γ) = −J (v)

F (x− c, µ, γ, ϕ(x, µ, γ)− c)−1J
(x)
F (x− c, µ, γ, ϕ(x, µ, γ)− c), (3.93)

∇(µ)
ϕ (x, µ, γ) = −J (v)

F (x− c, µ, γ, ϕ(x, µ, γ)− c)−1∇(µ)
F (x− c, µ, γ, ϕ(x, µ, γ)− c), (3.94)

and

∇(γ)
ϕ (x, µ, γ) = −J (v)

F (x− c, µ, γ, ϕ(x, µ, γ)− c)−1∇(γ)
F (x− c, µ, γ, ϕ(x, µ, γ)− c), (3.95)

which lead to (3.77)-(3.79).

Similarly to the previous case, the three solutions to (3.76) can be obtained by using the

Cardano formula. The form of the resulting proximity operator for n = 2 is plotted on Figure 3.5

(right) for α = 0.7, c = 0, and several values of γµ and x; for symmetry reasons, only the first

component
(
proxγµB(x)

)
1

is represented.

As shown in this section, the proximity operator of the barrier is easily computable and differ-

entiable for several classic types of constraints. In particular, some of these results are useful

for dealing with the specific constraints we considered in Chapter 4.
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Figure 3.5: First component of the proximity operator of the logarithmic barrier
(
proxγµB(x)

)
1

for a constraint on the `2-norm with α = 0.7 and c = 0.





Chapter 4

A Neural Network Based on a

Proximal IPM for Image

Restoration

4.1 Unfolding Methods

As detailed in Section 3.4.1, we focus on the particular image reconstruction problem arising

from the discrete model (3.12). In this context, both variational and Deep Learning approaches

provide efficient methods for delivering an estimate of x̄, while offering different benefits and

drawbacks, which are discussed hereafter.

In order to find an appropriate reconstruction, we have seen in the previous chapter that vari-

ational methods incorporate prior information on the sought image x̄, through constraints or

regularization functions, such as the total variation and its various extensions [4]. This leads

to the constrained minimization problem (3.39), where x̄ is approximated by the minimizer of

a penalized cost function expressed as the sum of a data-fitting term f , and a regularization

term R.

Although useful, this approach is sometimes limited by its complexity: solving (3.39) requires

iterative algorithms, like the one proposed in Section 3.4, that may be too slow for real-time

applications, especially if we consider the time required for parameters estimation. For ex-

ample, R is usually parametrized by one or several parameters, like λ, whose optimal choice

may strongly depend on the data at hand. In Section 3.4.4 we mentioned these limitations.

The parameters are often tuned manually or computed using, for instance, cross validation,

the discrepancy principle [121], or methods based on Stein unbiased risk estimates (SURE)

[44]. However, these methods are often time-consuming and their success is not always guar-

anteed. Furthermore, despite numerous efforts in designing sophisticated models, the solution

to (3.39) could be further away from x̄, than an intermediate iterate of the iterative algorithm.

Therefore, a reliable early stopping procedure is needed to stop the method at the right iterate.

93
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Finding the optimal stopping time depends on the algorithm and usually requires the use of

an oracle such as SURE, which may explain why these techniques are currently restricted to

relatively simple cost functions.

A more recent trend in Imaging is Deep Learning. In the last few years, Deep Neural Networks

(DNNs), and in particular Convolutional Neural Networks (CNNs), provided good performance

for various applications related to inverse problems, such as denoising [149], non-blind and blind

deblurring [124, 125, 144], super-resolution [92], or CT reconstruction [25, 76]. As detailed in

[98], DNNs for inverse problems are very often preceded by a pre-processing step. Indeed, a

rough estimation of x̄ can be found by using the inverse or pseudoinverse of H. The latter

tends, however, to strongly amplify noise. Hence, in this context, DNNs are used as denoisers

and artifact-removers. However, since prior knowledge about its output can hardly be incor-

porated into a DNN, which in most of the cases is seen as a black-box, the explainability and

reliability of such methods could be questioned [131]. Furthermore, the pre-processing step, in

itself, can include a penalty, thus amounting to solving a problem of the form (3.39), where the

regularization weight strongly depends on the noise level, see, e.g. [22, 124].

One straightforward way to combine the benefits of both variational-based methods and DNNs

is to unfold an iterative method, turning each iteration into a layer of a network, and to un-

tie the parameters of both the model and the algorithm across the network layers [68]. The

underlying idea is that, nearly all state-of-the-art iterative reconstruction algorithms alternate

between linear steps and pointwise nonlinear steps. So it follows that neural networks should

be able to perform similarly well, given appropriate training [98]. Interestingly, the fact that

this approach makes use of a limited number of layers can be viewed as an analogue of stop-

ping procedure. It is however worth mentioning that, in unfolded algorithms, the number of

iterations, i.e., layers, is tuned during the off-line training step and is then fixed for all test

images. This differs from stopping strategies where the iteration number usually differs for

each processed image.

We therefore propose a novel neural network architecture called iRestNet [13, 37], which is

obtained by unfolding the proximal interior point algorithm presented in Algorithm 14, over a

finite number of iterations. One key feature of this algorithm is that it produces only feasible

iterates thanks to the logarithmic barrier. This barrier enables prior knowledge to be directly

incorporated into iRestNet and, as opposed to a projection onto C, it allows differentiation

and gradient backpropagation throughout the network. Hence, gradient descent can be used

for training. The stepsize, barrier parameter, and regularization weight are untied across the

network and learned for each layer. Thus, once the network has been trained, its application

on test images requires only a short execution time per image without any parameter search,

as opposed to traditional variational methods.

Several recent works consider replacing handcrafted algorithms by learned iterative methods

[3, 94]. However, only a few works so far have considered combining interior point methods
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Figure 4.1: iRestNet global architecture.

(IPMs) with Deep Learning [2, 134]. In these approaches, the goal is to find the minimizer of the

given objective function. Conversely, in our case we consider two distinct objective functions.

The first one, h(x, y, λ), leads to the constrained problem from which the proposed architecture

is inspired. However, a better indicator of perceptual quality (SSIM) is optimized during the

training step, as we will see in Section 4.4.4. It is worth noticing that the output of the trained

network is not necessarily a minimizer of the first objective. Moreover, the second objective

could not be substituted to the first one since it requires the knowledge of the ground-truth,

which is available for training time but not in testing conditions. In addition, iRestNet appears

to have more flexibility since the regularization weight can vary among layers.

To the best of our knowledge, iRestNet is the first architecture corresponding to a deep

unfolded version of an interior point algorithm with untied stepsize and regularization param-

eter. As opposed to other unfolding methods like [45, 97], the proximity operator and the

regularization term are kept explicit, which establishes a direct relation between the original

algorithm and the network.

4.2 iRestNet Architecture

Our proposal is to adopt a supervised learning strategy in order to determine, from a training

set of images, an optimal set of parameters for Algorithm 14. This should lead to an optimal

image reconstruction quality also on test images. To this aim, Algorithm 14 is unfolded over

K iterations and the regularization parameter λ is untied across the network, so as to provide

more flexibility to the approach [68]. The update rule at a given iteration k ∈ {0, . . . ,K − 1}
reads

xk+1 = A (xk, µk, γk, λk) (4.1)

with

A (xk, µk, γk, λk) = proxγkµkB (xk − γk∇1h (xk, y, λk)) . (4.2)

For every k ∈ {0, . . . ,K − 1}, we build the k-th layer Lk as the association of three hidden
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Figure 4.2: Architecture of L(µ)
k .

structures, L(µ)
k , L(γ)

k and L(λ)
k , followed by the update A. Structures L(µ)

k , L(γ)
k , and L(λ)

k

aim at inferring the barrier parameter µk, the stepsize γk and the regularization weight λk,

respectively. Since a finite number K of layers, i.e., updates, is used, the convergence of the

resulting scheme is not an issue. Note that we also allow in our framework the use of a post–

processing step after going through the K layers. This will be denoted as Lpp. The resulting

architecture is depicted in Figure 4.1.

4.2.1 Hidden Structures

Let us now provide more details about the hidden structures. For every k ∈ {0, . . . ,K − 1},
the outputs (µk, γk, λk) of the structures L(µ)

k , L(γ)
k , and L(λ)

k must be positive. To enforce such

constraint, we use Softplus activation functions, defined in (2.12) as

(∀z ∈ R) Softplus(z) = ln(1 + exp(z)). (4.3)

This is a smooth approximation of the ReLU activation function. However, unlike ReLU, the

gradient of Softplus is never strictly equal to zero, which, given our architecture, helps to

propagate the gradient through the network.

In particular, the stepsize is estimated as follows,

γk = L(γ)
k = Softplus (ak) , (4.4)

where ak is an internal scalar parameter of the network, learned during training. The barrier

parameter µk is obtained using a sequence of two convolutional and average pooling layers

followed by a fully connected layer. The detailed architecture L(µ)
k is depicted in Figure 4.2.

Finally, traditional methods for estimating the regularization parameter generally depend on

the signal-to-noise ratio and on the image statistics [138]. For most applications the noise level

is unknown and can be estimated, for instance, by applying a median filter over the wavelet

diagonal coefficients of the image [112]. This is the strategy we use in numerical experiments,
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in Section 4.4. The advantage is to yield a network which can handle datasets for which the

signal-to-noise ratio is unknown and can vary within a reasonable range. The expression of

L(λ)
k is then problem–dependent since its expression depends on the regularization function R.

A specific example is given in Section 4.4, for the total variation regularization function.

Regarding the post-processing step Lpp, its detailed architecture also depends on the task to

be performed. An example is provided in Section 4.4 for the deblurring case: the purpose of

Lpp is then to remove remaining artifacts, by using a particular convolutional neural network.

4.2.2 Differential Calculus

To train the neural network presented in Figure 4.1 using gradient descent, one needs to com-

pute the gradient of xK with respect to the different internal parameters of the network. The

chain rule can be applied since most of the steps in the network correspond to operators hav-

ing straightforward derivatives. However, particular care should be taken when differentiating

A. Since f and R are assumed to be twice differentiable, the only area of concern is related

to proxγµB. If proxγµB is simple enough, automatic differentiation can be used. Otherwise,

as shown in Section 3.5, the differential of this term is well-defined for common examples of

barrier functions. In particular, we have seen in Propositions 3.1, 3.4, 3.6, the corresponding

expressions for the derivatives of three different barrier functions.

4.3 Network Stability

One critical issue concerning neural networks is to guarantee their stability with respect to

small perturbations to their inputs, so that their performance remains acceptable when the

input is perturbed. For example, the authors of [131] show that the class prediction made

by AlexNet can be arbitrarily changed by using small nonrandom perturbations on the test

image. For some applications involving high risk and legal responsibility, for instance in medical

image processing, the lack of theoretical guarantees is a significant curb on the utilization of

deep learning approaches. A recent work [35] provides a theoretical framework which enables

to evaluate the robustness of a network. We recall that, in order for a neural network to be

considered robust to noise, performance must be stable after adding some noise to the dataset.

In this section, we will focus on a subclass of problem (3.39), where both f(·, y) and R are

quadratic functions, while C is defined as in (3.42). After highlighting the similarities between

the proposed architecture and generic feedforward networks in that case, we will give explicit

conditions under which the robustness of the proposed architecture is ensured.

4.3.1 Relation to Generic Deep Neural Networks

Although the proposed architecture may seem specific to Algorithm 14, it is actually very

similar to generic feedforward neural networks. Classical feedforward (acyclic) architectures
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[122] can be expressed as RK−1 ◦ (WK−1 ·+bK−1)◦ · · · ◦R0 ◦ (W0 ·+b0), where (Rk)0≤k≤K−1 are

nonlinear activation functions, (Wk)0≤k≤K−1 are weight operators and (bk)0≤k≤K−1 are bias

parameters. Let us show that iRestNet actually shares a similar structure. For the sake of

simplicity, we will consider the variational problem,

minimize
x∈C

1

2
‖Hx− y‖2 +

λ

2
‖Dx‖2, (4.5)

where y ∈ Rn, H ∈ Rn×n, D ∈ Rn×n, and C = {x ∈ Rn | cj(x) ≥ 0, ∀j = 1, . . . , p} is defined by

p inequality constraints as in (3.42). Moreover, we assume that no post–processing layer Lpp is

used. Following the notation of Section 4.2, (∀k ∈ {0, . . . ,K−1}) (µk, γk, λk) are given positive

real numbers, K being the number of layers of the network. Then, for every k ∈ {0, . . . ,K−1},
layer Lk corresponds to the following update,

xk+1 = proxγkµkB
(
xk − γk

(
HT (Hxk − y) + λkD

TDxk
))

= proxγkµkB
([
In − γk

(
HTH + λkD

TD
)]
xk + γkH

T y
)
, (4.6)

where B = −
∑p

i=1 ln(ci(x)) if x ∈ intC, +∞ otherwise, as defined in (3.45).

For every k ∈ {0, . . . ,K − 1}, we set

Wk = In − γk
(
HTH + λkD

TD
)
, bk = γkH

T y, and Rk = proxγkµkB. (4.7)

Then, the K-layer network LK−1 ◦ · · · ◦ L0 is equivalent to RK−1 ◦ (WK−1 ·+bK−1) ◦ · · · ◦R0 ◦
(W0 ·+b0), where (Wk)0≤k≤K−1 and (bk)0≤k≤K−1 are interpreted as weight operators and bias

parameters, respectively. It is worth noticing that the operators (Rk)0≤k≤K−1 defined in (4.7)

can be viewed as specific activation functions since, as shown in [35], every standard activation

function can be derived from a proximity operator. In addition, using [6, Proposition 24.8(iii)],

for every k ∈ {0, . . . ,K− 1}, Rk can be re-written as the sum of a proximal activation operator

[35, Definition 2.20] and a bias.

4.3.2 Preliminary Results

Before stating our main stability theorem, we recall the result from [35, Lemma 3.3] in Propo-

sition 4.1 below. We then derive Proposition 4.2, which will appear useful when addressing the

robustness of the global network. In the following, Sn denotes the set of symmetric matrices

in Rn×n and, for every W ∈ Rn×n, ‖W‖ denotes its spectral norm.

Proposition 4.1. [35] Let K ≥ 1 be an integer and set θ−1 = 1. For every k ∈ {0, . . . ,K−1},
let Wk ∈ Rn×n and let θk be defined by

θk = ‖Wk · · · · ·W0‖+
k−1∑
`=0

{
∑

0≤j0<···<j`≤k−1

‖Wk · · · · ·Wj`+1‖ ·

‖Wj` · · · · ·Wj`−1+1‖ · · · ‖Wj0 · · · · ·W0‖}.

(4.8)

Then, for every k ∈ {0, . . . ,K − 1}, θk =
∑k

`=0 θ`−1 ‖Wk · · · · ·W`‖.
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Proposition 4.2. Let K ≥ 1, θ > 0, and α ∈ [1/2, 1]. Let W ∈ Sn and let β− and β+ denote

the smallest and largest eigenvalues of W , respectively. Then, the condition

‖W − 2K(1− α)In‖ − ‖W‖+ 2θ ≤ 2Kα (4.9)

is satisfied if and only if one of the following conditions holds:

1. β+ + β− ≤ 0 and θ ≤ 2K−1(2α− 1);

2. 0 ≤ β+ + β− ≤ 2K+1(1− α) and 2θ ≤ β+ + β− + 2K(2α− 1);

3. 2K+1(1− α) ≤ β+ + β− and θ ≤ 2K−1.

Proof. Let α ∈ [1/2, 1]. Since W ∈ Sn, we have,

‖W‖ = max{β+,−β−}, (4.10)

and

‖W − 2K(1− α)In‖ = max
{
β+ − 2K(1− α),−β− + 2K(1− α)

}
. (4.11)

Three different cases arise that we review below.

(i) If β+ + β− ≤ 0 then ‖W‖ = −β− and

β+ − 2K(1− α) ≤ −β− + 2K(1− α). (4.12)

From (4.11) and (4.12), we deduce that ‖W−2K(1−α)In‖ = −β−+2K(1−α). Replacing

‖W‖ and ‖W − 2K(1− α)In‖ by their value in (4.9) leads to Proposition 4.2(1).

(ii) If 0 ≤ β+ + β− ≤ 2K+1(1 − α) then ‖W‖ = β+ and (4.12) is satisfied. Hence, ‖W −
2K(1−α)In‖ = −β−+ 2K(1−α). Replacing ‖W‖ and ‖W − 2K(1−α)In‖ by their value

in (4.9) leads to Proposition 4.2(2).

(iii) If 2K+1(1− α) ≤ β+ + β− then ‖W‖ = β+ and

β+ − 2K(1− α) ≥ −β− + 2K(1− α). (4.13)

From (4.11) and (4.13), we deduce that ‖W −2K(1−α)In‖ = β+−2K(1−α). Replacing

‖W‖ and ‖W − 2K(1 − α)In‖ by their value in (4.9) leads to Proposition 4.2(3), which

completes the proof.
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4.3.3 Averaged Operator

The notion of nonexpansiveness, whose definition is recalled below, plays a central role in the

analysis of the robustness of nonlinear operators. Indeed, it indicates that a perturbation on

the output of a given operator is bounded by the amplitude of the input perturbation.

Definition 4.1 (Nonexpansiveness). Let T : Rn → Rn. Then, T is nonexpansive if it is

Lipschitz continuous with constant 1, i.e.,

(∀x ∈ Rn)(∀y ∈ Rn) ‖T (x)− T (y)‖ ≤ ‖x− y‖. (4.14)

In the present study we make use of the notion of averaged operator [6], which is stronger than

nonexpansiveness.

Definition 4.2 (α-averaged operator). Let T : Rn → Rn be nonexpansive, and let α ∈ [0, 1].

Then T is averaged with constant α, or α–averaged, if there exists a nonexpansive operator

R : Rn → Rn such that T = (1− α) Idn +αR, where Idn denotes the identity operator of Rn.

The following property provides an upper bound of the effect of an input perturbation, which

depends on the averageness constant α. In particular, the smaller the α, the more stable the

operator.

Proposition 4.3. [6, Remark 4.34, Proposition 4.35] Let T : Rn → Rn.

(i) If T is averaged, then it is nonexpansive.

(ii) Let α ∈ ]0, 1]. T is α–averaged if and only if for every x ∈ Rn and y ∈ Rn,

‖T (x)− T (y)‖2 ≤ ‖x− y‖2 − 1− α
α
‖(Idn−T )(x)− (Idn−T )(y)‖2. (4.15)

4.3.4 Robustness of iRestNet to an Input Perturbation

Let us consider problem (4.5), where we assume additionally that HTH and DTD are diag-

onalizable in a same basis denoted P. The latter is satisfied for instance if H and D are the

results of cyclic convolutive operators. Theorem 4.1 below gives sufficient conditions under

which the proposed network applied to problem (4.5) is an averaged operator.

Theorem 4.1. Let α ∈ [1/2, 1], (Wk, bk, Rk)0≤k≤K−1 be defined by (4.7), and (θk)−1≤k≤K−1

be defined as in Proposition 4.1. Let β− and β+ be the smallest and largest eigenvalues of

W = WK−1 · · · · ·W0, respectively. For every p ∈ {1, . . . , n} and every k ∈ {0, . . . ,K − 1}, let

β
(p)
k = 1−γk

(
β

(p)
H + λkβ

(p)
D

)
, where β

(p)
H and β

(p)
D denote the pth eigenvalue of HTH and DTD

in P, respectively. Then, β−, β+, and (∀k ∈ {0, . . . ,K − 1}) θk can be computed as follows:
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β− = min
1≤p≤n

K−1∏
k=0

β
(p)
k , β+ = max

1≤p≤n

K−1∏
k=0

β
(p)
k and θk =

k∑
`=0

θ`−1 max
1≤q`≤n

∣∣∣β(q`)
k · · ·β(q`)

`

∣∣∣ , (4.16)

with q` ∈ {1, . . . , n}. In addition, if one of the following conditions is satisfied

(i) β+ + β− ≤ 0 and θK−1 ≤ 2K−1(2α− 1);

(ii) 0 ≤ β+ + β− ≤ 2K+1(1− α) and 2θK−1 ≤ β+ + β− + 2K(2α− 1);

(iii) 2K+1(1− α) ≤ β+ + β− and θK−1 ≤ 2K−1,

then the operator RK−1 ◦ (WK−1 ·+bK−1) ◦ · · · ◦R0 ◦ (W0 ·+b0) is α–averaged.

Proof. If HTH and DTD are diagonalizable in the same basis then W ∈ Sn, which, combined

with Proposition 4.1, leads to (4.16). If one of the conditions (i)–(iii) is satisfied, then we

deduce from Proposition 4.2 that W satisfies [35, Proposition 3.6(iii)], and [35, Condition 3.1].

In addition, for every k ∈ {0, . . . ,K−1}, Rk(·+bk) is firmly nonexpansive [6, Proposition 12.28].

Finally, [35, Theorem 3.8] completes the proof.

The conditions provided by Theorem 4.1 can be easily checked using (4.16). Theorem 4.1

provides a framework under which iRestNet is robust to a perturbation of its input: the upper

bound of the output perturbation can then be derived from Proposition 4.3.

4.4 Numerical Experiments

In this section, we present numerical experiments on a set of problems of image restoration,

demonstrating that in many cases the proposed approach yields a better reconstruction quality

than standard variational and machine learning methods.

4.4.1 Problem Formulation for Gaussian Noise

We treat the non-blind image deblurring problem, where the images to be reconstructed are

natural color images, and where additive white Gaussian noise is added. In this case, we

consider the degradation model defined in (3.15),

y = Hx̄+ ω, (4.17)

where n is the number of pixels, y = (y(j))1≤j≤3 ∈ R3n is the blurred RGB image, x̄ =

(x̄(j))1≤j≤3 ∈ R3n is the ground-truth, H ∈ R3n×3n is a linear operator that models the circular

convolution of a known blur kernel with each channel of the color image, and ω ∈ R3n is a

realization of an additive white Gaussian noise with standard deviation σ.
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As we saw in Section 3.3, an estimate of x̄ can be derived from the following penalized formu-

lation,

minimize
x∈C

1

2
‖Hx− y‖2 + λ

3n∑
i=1

√
(Dvx)2

i + (Dhx)2
i

δ2
+ 1, (4.18)

which includes a least–squares data–fidelity term, from (3.23), and a smoothed total variation

regularization, as defined in (3.35). In particular, the data–fidelity function directly derives

from applying a MAP–approach in the case of Gaussian noise. Also, we saw in Section 3.3.3,

that in contrast with the Tikhonov regularizers, TV functions preserve discontinuities and

edges, that are naturally present in digital natural images. In the above formulation (4.18), the

feasible set C is the hypercube [xmin, xmax]3n, where xmin and xmax are a lower and an upper

bound on the pixel intensity, respectively, Dv ∈ R3n×3n and Dh ∈ R3n×3n are the vertical and

horizontal gradient operators, respectively, δ > 0 is a smoothing parameter and λ > 0 is the

regularization parameter. Here, xmin = 0, xmax = 1 and we set δ = 0.01 in all experiments. To

find this δ, we solved Problem (4.18) for a small set of images of the database and used the

simplex method to find the values for δ and λ that lead to the best image quality. It is worth

noticing that, from these values we deduced 0.01 as an appropriate order of magnitude for δ,

but we did not perform fine-tuning on this parameter. Nevertheless, the proposed architecture

can be easily modified to include the inference of δ too. The update A, defined in (4.2), is

derived from (4.18), and is unfolded over K iterations, as it is described in Section 4.2. The

bound constraints in problem (4.18) fall under the framework studied in Section 3.5.2, which

provides us with the expression for the proximity operator of the barrier and its gradient.

4.4.2 Network Characteristics

The tuning of the number of unfolded iterations K must achieve a compromise between training

time, memory requirement, and performance. In order to determine a suitable K, we followed

a structural stabilization strategy, introduced in Section 2.2. So, we trained networks with

different numbers of layers, gradually increasing K until the performance of the network did

not improve significantly. Using this procedure, the depth of iRestNet is taken equal to K = 40.

Regarding the hidden structures (L(λ)
k )0≤k≤K−1, which estimate the regularization parameter,

they are chosen in view of the regularization function used in problem (4.18) and have the

following expression,

(∀k ∈ {0, . . . ,K − 1}) λk = L(λ)
k (xk) =

Softplus (bk) σ̂(y)

η(xk) + Softplus (ck)
. (4.19)

Here (bk, ck) is a pair of scalars learned by the network, η(xk) is the standard deviation of the

concatenated spatial gradients of xk, [(Dvxk)
T (Dhxk)

T ], and σ̂(y) is an approximation of the

noise level in the observed image, estimated as in [96, Section 11.3.1]

σ̂(y) = median(|WHy|)/0.6745, (4.20)
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Figure 4.3: Architecture of Lpp. BN: batch normalization.

where |WHy| is the vector gathering the absolute value of the diagonal coefficients of the

first level Haar wavelet decomposition of y. It is worth noticing that, by computing this

approximation, the proposed architecture does not require any prior knowledge about the

noise level of the input image. In particular, the noise standard deviation does not have to be

the same for all input images, so that iRestNet can be applied to a dataset of images corrupted

with different levels of noise.

The architecture of the post-processing layer Lpp, which can be found in Figure 4.3, is

inspired from [150]. This structure is made of 9 convolutional layers with filters of spatial size

3 × 3. A ReLU activation function is used after each convolution, and the final activation

function is chosen as the Sigmoid function, in order to preserve the feasibility of the final

output. It is to be noted that there is no pooling layer, since we want the final output to

have the same size as the input. As we can see in Figure 4.3, dilation factors are used in

the convolutional layers, so as to widen the receptive field without creating memory issues.

In particular, increasing the receptive field is useful because, in this way, we use the context

information of a larger region, and it has been widely acknowledged that the context information

facilitates the reconstruction of a corrupted pixel [150]. In our case, a dilated filter of size

3 × 3, with dilation factor s can be interpreted as a sparse filter of size (2s + 1) × (2s + 1)

where only 9 entries of fixed positions can be non-zeros. In this way, dilated convolutions are

able to expand the receptive field while keeping the merits of traditional 3 × 3 convolutions.

Another characteristic of the post-processing layer Lpp derives from its purpose of removing

remaining artifacts. As illustrated in Figure 4.4.2, the artifacts that remain in the image after

going through the K blocks of iRestNet, are identified by the residual, i.e., by the difference

between the ground-truth image and the deconvolved image xK , in output to the Kth–layer

of iRestNet. When the mapping is similar to an identity mapping (in our case xK is similar

to the groundtruth), it is easier for the network to learn the residual mapping instead of the

original one. In fact, it is easier to train the network to push the residual to zero, then to fit

an identity mapping by a stack of nonlinear layers [67, 149, 150]. Therefore, we add a skip
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x̄ − xK = Residual

Figure 4.4: Remaining artifacts given by the difference between a ground-truth image and xK
obtained with the network trained for the experimental GaussianB configuration.

connection between the input of Lpp and its output, to apply a residual learning strategy. This

approach is also useful to mitigate the vanishing gradient problem during training, because

skip connections make it easier for the gradient to flow from the output layer to layers nearer

the input, yielding to a noticeable increase in performance [76]. Finally, residual learning is

combined with batch normalization (BN), a technique proposed in [74], which is widely used

in Deep Learning to accelerate and stabilize the training process. In neural networks, batch

normalization is achieved through a normalization step that fixes the means and variances of

each layer’s inputs. This normalization is conducted over the images of each mini-batch in

the training process. In this way, the range in which the hidden unit values shift around is

reduced, i.e., it alleviates the internal covariate shift [74]. The combination of residual learning

and batch normalization leads to fast training, improved performance, and low sensitivity to

initialization [150].

4.4.3 Dataset and Experimental Settings

The training set is made of 1200 RGB images: 200 images stem from the Berkeley segmentation

(BSD500) training set1, while the remaining 1000 images are taken from the COCO training

set2. We use the BSD500 validation set, which is made of 100 images, to monitor the training

and check if there is overfitting. The performance of the proposed method is evaluated on two

different test sets: the BSD500 test set, which is made of 200 RGB images, and the Flickr30 test

set used in [144], which is made of 30 RGB images. The test images have been center-cropped

using a window of size 256× 256. Blurry images are produced using the following 25× 25 blur

kernels and noise levels:

- A Gaussian kernel, which models the long-time average effects of atmospheric turbulence

[9, 138], with a standard deviation of 1.6 pixels, and a Gaussian noise standard deviation

1https://www2.eecs.berkeley.edu/Research/Projects/CS/vision/bsds/
2http://cocodataset.org/
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GaussianA/B GaussianC MotionA MotionB Square

Figure 4.5: Blur kernels used in experiments, to produce the blurred images.

of σ = 0.008. This configuration is denoted as GaussianA. To evaluate the robustness

of the proposed method with respect to the noise level, the same kernel is used with a

Gaussian noise whose standard deviation is uniformly distributed between 0.01 and 0.05.

The latter is denoted as GaussianB.

- The Gaussian kernel with a standard deviation of 3 pixels, and a Gaussian noise standard

deviation of σ = 0.04, denoted as GaussianC.

- The eighth and third motion test kernels from [93], which are real-world camera shake

kernels, with a Gaussian noise standard deviation of σ = 0.01. These settings are denoted

as MotionA and MotionB, respectively.

- The square uniform kernel of size 7 × 7, with a Gaussian noise standard deviation of

σ = 0.01. This configuration is referred to as Square.

The aforementioned blur kernels are reported in Figure 4.5.

4.4.4 Training

For each degradation model, one iRestNet network of 40 layers is trained. The first 30 layers

are trained with a greedy approach, that consists in training individually each layer [56]. In our

case, for L0, a minibatch of 10 images is selected at every iteration, randomly cropped using a

window of size 256×256, blurred with the given kernel, and degraded with Gaussian noise; the

training of L0 stops after a fixed number of epochs. Then, for each image of the training set, a

random crop of size 256×256 is selected, blurred, corrupted with noise and passed through L0.

The output is saved and used as an input to train L1. When the training of L1 is complete, its

output is used to train the next layer, etc... This training strategy is chosen with regards to its

low memory requirement: the number of layers is not limited by the hardware. The rest of the

network, Lpp ◦L39 ◦ . . .◦L30, is trained as one block for a variable number of epochs, depending

on the progress on the validation set. With the validation set we monitor this last step of

the training. In particular, by following the early stopping approach described in Chapter 2,

the configuration of network parameters that gives the best performance on the validation set

during the training is the one saved and used for the tests. To accelerate the training, for every
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k ∈ {1, . . . ,K − 1}, the internal parameters of Lk are initialized with those of Lk−1, while the

internal filters of the CNN structure Lpp are initialized with the suggested default values.

The learning algorithm used to train iRestNet is Adam optimizer, reported in Algorithm 12.

Detailed information about the setting of this algorithm can be found in Table 4.1 below. In

particular, when training Lpp ◦ L39 ◦ . . . ◦ L30, the initial learning rates, reported in the table,

are scaled by a factor of 0.9 every 50 epochs.

GaussianA GaussianB GaussianC MotionA MotionB Square

Rates (0.01,0.001) (0.01,0.001) (0.001,0.001) (0.01,0.002) (0.01,0.001) (0.01,0.005)

Epochs (40,393) (40,340) (40,300) (40,1200) (40,1250) (40,740)

Table 4.1: Algorithm 12 setting. First row : global learning rates. Second row : number of

epochs. For every pair, the first and second numbers correspond to the training of (Lk)0≤k≤29

and Lpp ◦ L39 ◦ . . . ◦ L30, respectively. For the exponential decay rates and the constant δ the

default values are used, i.e., ρ1 = 0.9, ρ2 = 0.999 and δ = 10−8.

Note that for the first 30 layers, after each layer the quality of the restored training images

should improve. This property comes from the training strategy, it is not encoded in the

network: if memory was not an issue, then iRestNet should be trained in an end-to-end fashion,

to be consistent with the iterative method.

In all training phases, Adam optimizer is used to minimize a training loss function, which is

taken as the negative of the structural similarity measure (SSIM) [140] defined below

SSIM(x, x̄) =
(2µxµx̄ + c1)(2σxσx̄ + c2)(2covxx̄ + c3)

(µ2
x + µ2

x̄ + c1)(σ2
x + σ2

x̄ + c2)(σxσx̄ + c3)
, (4.21)

where x̄ is the ground truth, x is the restored image, (µx, σx) and (µx̄, σx̄) are mean and

standard deviation of x and x̄, respectively, covxx̄ is the cross–covariance of x and x̄, and

c1, c2 and c3 are constants. As explained in [140], the SSIM is a good measure of perceived

visual quality, since it is based on how the human eye extracts structural information from an

image. Hence, it is more discriminative with regards to artifacts than the mean square error

for instance.

The gradient of the SSIM loss with respect to the trainable parameters of the network is

computed by combining the code available online 3 based on [140], with the implementation of

the chain rule, in which we exploit automatic differentiation, presented in Section 2.3.3, and

the expression given in Section 3.5.2 for the derivatives of the barrier proximity operator.

Codes are implemented in Pytorch. Some hidden layers in the post-processing part make use

of ReLU, which is not differentiable everywhere. Since this nondifferentiability happens only

3https://github.com/Po-Hsun-Su/pytorch-ssim
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at specific points for which the left and right derivatives are well–defined, Pytorch can handle

it, as explained in Section 2.1.3. All trainings are conducted using a GeForce GTX 1080 GPU,

or a Tesla V100 GPU. The training, which can be performed off-line, takes approximately 3 to

4 days for each blur kernel. Once a network is trained, it can be used for deblurring. Then,

the time taken per test image is only about 1.4 sec on a GeForce GTX 1080 GPU.

4.4.5 Evaluation Metrics and Competitors

The performance of iRestNet is evaluated on the test set, in terms of the SSIM metric. The

reconstruction given by the proposed approach is compared with a solution to problem (4.18)

obtained using the projected gradient algorithm [75]. For every blurred test image, the pair

(λ, δ) which leads to the best SSIM is selected using the simplex method. The solution given

by this variational approach is referred to as VAR. The latter is an unrealistic scenario since

it assumes that there is a perfect estimator of the error, but it gives an upper bound on the

image quality that one can expect by solving (4.18).

We also use the following Deep Learning image reconstruction methods for comparison: EPLL

[152], and MLP [124].

Finally, we include comparisons with three unfolded-based methods:

• IRCNN [150], where an empirical algorithm derived from an augmented Lagrangian is

unfolded over 30 iterations and a CNN is used as a denoiser to update the splitting

variable;

• FCNN [148], where the authors unfold a half-quadratic splitting algorithm and use a

network to learn an effective regularization function;

• The method from [100], which is referred to as PDHG, where the authors perform a

maximum of 30 iterations of a primal-dual hybrid gradient algorithm and the proximity

operator of the second regularization function is replaced by a neural network.

For FCNN, we use the code that is available online, in which the authors provide a model

that has only been trained for motion blurs. Hence, for a fair comparison, we only provide the

results of FCNN on MotionA and MotionB, and we specify that this method is not applicable

(n/a) to the other configurations. Similarly, for MLP and PDHG, the authors do not provide

models that were trained specifically for MotionB and Square, so we do not test these methods

on these two configurations.

Since MLP, EPLL and IRCNN require the knowledge of the noise level, for the GaussianB

degradation model, we make use of the estimation of the noise standard deviation given by the

method in [112]. In addition, since some comparison methods, like EPLL for instance, do not

estimate well the borders of the images, the SSIM index is computed excluding a 6-pixel-wide

frame for all images and all tested methods.
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4.4.6 Results and Discussion

The average SSIM obtained with the different methods for the various blur kernels and noise

levels on the BSD500 test set can be found in Table 4.2. The mean SSIM achieved with iRestNet

on this test set is greater than those obtained with the other methods for all degradation models,

except MotionA. For this kernel, the average SSIM achieved with iRestNet is the second highest

value after IRCNN, which appears as the most competitive method. IRCNN involves two steps:

first, a Wiener filter is applied to the blurred image, then, a neural network is used to predict

the residual and denoise the image. These two steps are repeated 30 times, for 30 different

manually tuned regularization parameters. In contrast, iRestNet does not require any tuning

from the user regarding the regularization parameters during training.

For completeness, the SSIM of all images of the BSD500 test set are plotted in Figure 4.6 for

the 6 different degradation models. As one can see, iRestNet performs well in terms of SSIM

on most of the images.

GaussianA GaussianB GaussianC MotionA MotionB Square

Blurred 0.676 0.526 0.326 0.383 0.549 0.544

VAR 0.804 0.723 0.587 0.819 0.829 0.756

EPLL [152] 0.800 0.708 0.565 0.816 0.839 0.755

MLP [124] 0.821 0.734 0.608 0.854 n/a n/a

PDHG [100] 0.796 0.716 0.563 0.801 n/a n/a

IRCNN [150] 0.841 0.768 0.619 0.902 0.907 0.834

FCNN [148] n/a n/a n/a 0.794 0.847 n/a

iRestNet 0.853 0.787 0.641 0.898 0.910 0.840

Table 4.2: SSIM results on the BSD500 test set.

Since no image was taken from Flickr for training iRestNet, the results on the Flickr30 test

set show how well the performance of the trained networks are transferable on test sets with

statistics that are different from those of the training set. Table 4.3 contains the average SSIM

obtained with the different methods on the Flickr30 test set. Similarly to the BSD500 test set,

iRestNet compares favorably with the other approaches on the Flickr30 test set.

Examples of visual results obtained with the different methods can be found in Figures 4.7

and 4.8, for two images from the BSD500 test set corrupted with the GaussianB and Square

degradation models, respectively. We also provide in Figure 4.9 the results obtained for one

image from the Flickr30 test set, that has been degraded with MotionB.

As one can see from inspecting these pictures, details from the snake’s and caterpillar’s skin

patterns are better retrieved with iRestNet, which provides more visually-satisfactory results

than competitors. Similarly, on Figure 4.9, competitors tend to smooth too much the details on

the leaves, as it can be seen in the top left-hand corner. Regarding Figure 4.7, which belongs
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(a) (b)

(c) (d)

(e) (f)

Figure 4.6: Sorted improvement of iRestNet with regards to other methods on the BSD500

test set using the SSIM metric: a negative value indicates a better performance of iRestNet.

(a): GaussianA, (b): GaussianB, (c): GaussianC, (d): MotionA, (e): MotionB, (f): Square.
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GaussianA GaussianB GaussianC MotionA MotionB Square

Blurred 0.723 0.545 0.355 0.376 0.590 0.579

VAR 0.857 0.776 0.639 0.856 0.869 0.818

EPLL [152] 0.860 0.770 0.616 0.857 0.887 0.827

MLP [124] 0.874 0.798 0.668 0.891 n/a n/a

PDHG [100] 0.853 0.781 0.623 0.855 n/a n/a

IRCNN [150] 0.885 0.819 0.676 0.927 0.930 0.886

FCNN [148] n/a n/a n/a 0.801 0.890 n/a

iRestNet 0.892 0.833 0.696 0.919 0.930 0.886

Table 4.3: SSIM results on the Flickr30 test set.

to the test set with a level-varying noise, it is worth noticing that the green background is free

of artifacts on the result obtained with the proposed method. This is not the case for the other

methods, in particular for PDHG and IRCNN. This suggests that those two competitors are

not robust to a small change in the noise level.

Finally, it is interesting to see in Figure 4.10 the sequences of stepsizes, barrier parameters and

regularization weights obtained by passing the image from Figure 4.7 through the 40 layers of

iRestNet.



Numerical Experiments 111

Ground-truth Blurred: 0.509 VAR: 0.833 EPLL: 0.839

MLP: 0.860 PDHG: 0.772 IRCNN: 0.840 iRestNet: 0.883

Figure 4.7: Visual results and SSIM obtained with the different methods on one image from

the BSD500 test set degraded with GaussianB.

Ground-truth Blurred: 0.344 VAR: 0.622 EPLL: 0.553

IRCNN: 0.685 iRestNet: 0.713

Figure 4.8: Visual results and SSIM obtained with the different methods on one image from

the BSD500 test set degraded with Square.



112 Chapter 4 A Neural Network Based on a Proximal IPM for Image Restoration

Ground-truth Blurred: 0.576 VAR: 0.844 EPLL: 0.849

IRCNN: 0.906 FCNN: 0.856 iRestNet: 0.909

Figure 4.9: Visual results and SSIM obtained with the different methods on one image from

the Flickr30 test set degraded with MotionB.

Figure 4.10: Left to right : estimated stepsize (γk)0≤k≤K−1, barrier parameter (µk)0≤k≤K−1 and

regularization weight (λk)0≤k≤K−1, for the image from Figure 4.7 passed through the network

layers.
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4.5 Extending iRestNet to Poisson Noise

What we want to do in future, is to extend our approach to a wider variety of applications.

As a first step in this direction, in this last section we adapt iRestNet to address the image

reconstruction problem on images corrupted with Poisson noise. This may be useful, because

in imaging applications such as emission tomography, microscopy and astronomy, the main

source of noise corrupting the images is photon counting [145]. In such a case, the statistics of

the noisy images are well described by a Poisson process. We recall that the main properties

of Poisson random variables are reported in section 3.2.1.

4.5.1 Problem Formulation for Poisson Noise

We treat the non-blind color image deblurring problem, where we take into consideration

natural images corrupted with Poisson noise. Again, the degradation model is taken from

equation (3.12),

y = D(Hx). (4.22)

where y = (y(j))1≤j≤3 ∈ R3n is the noisy and blurred RGB image, x = (x(j))1≤j≤3 ∈ R3n is

the ground-truth, and H ∈ R3n×3n is a linear operator that models the circular convolution

of a known blur kernel with each channel of the color image. In this case, D is the noise

perturbation operator, which models the application of Poisson noise to the blurred image.

From the theory in Section 3.3, applying a MAP–approach for the deconvolution of images

corrupted by Poisson noise, we obtain the following penalized formulation,

minimize
x∈C

KL(y,Hx) + λ
3n∑
i=1

√
(Dvx)2

i + (Dhx)2
i

δ2
+ 1. (4.23)

The data–fidelity function, which directly derives from Poisson noise, is given by the KL–

divergence defined in (3.25), with yi ln yi
(Hx)i

= 0 when yi = 0, and with (Hx)i > 0. Note that

the last condition ensures the twice-differentiability of the KL, which is required to apply the

backpropagation procedure in the network training. Instead the smoothed TV regularization

is maintained for its edge-preserving properties, as we keep the feasible set C = [0, 1]3n, and

δ = 0.01 in all experiments.

4.5.2 Network Characteristics

As before, to approach Problem (4.23), we consider a neural network obtained by unfolding

the forward–backward proximal IPM, proposed in Algorithm 14. The global structure is the

same that was previously implemented for K = 40 layers, see Figure 4.1.

We only need to pay attention to the hidden structures (L(λ)
k )0≤k≤K−1, which estimate the

regularization parameter λ. They are chosen in view of the objective function in problem (4.23)
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and have the following expression,

(∀k ∈ {0, . . . ,K − 1}) λk = L(λ)
k (xk) =

Softplus (bk)√
2 (η(xk) + Softplus (ck))

, (4.24)

where (bk, ck) is a pair of scalars learned by the network and η(xk) is the standard deviation

of the concatenated spatial gradients of xk, [(Dvxk)
T (Dhxk)

T ].

We recall that in Gaussian noise case, the regularization parameter was inferred from the image

statistics and from the noise level in the observed image. In fact, in equation (4.19), the factor

σ̂(y) derived from [96], is an approximation of the variance of the additive Gaussian noise in

the image. Switching to Poisson data, the noise variance is not uniform over the image spatial

domain, but is pixel dependent. Also we can’t use the approximation from (4.19), which is

specific for additive Gaussian noise. So we have to modify equation (4.19) accordingly. In

particular, we replace σ̂(y) with a factor 1/
√

2, that derives from the following discrepancy

principle for Poisson data.

Discrepancy Principle

In order to estimate the regularization parameter for the Poisson noise, a discrepancy principle,

which is a counterpart of the Morozov principle [11], has been proposed in [10, 145, 146], based

on the KL data-fidelity function (3.25). As shown in [145], if x̄ is the ground-truth corresponding

to the observed image y, and the values of x̄ are sufficiently large, then the expected value of

KL(y,Hx̄) is approximately given by n/2, being n the number of pixels in the image spatial

domain. Motivated by the above argument, it is proposed to select the value of λ such that

the normalized discrepancy function

DH(x, y) =
2

n
KL(y,Hx) (4.25)

obeys

DH(x∗λ, y) = 1. (4.26)

Here we denote as x∗λ a nonnegative minimizer of (4.23). In this way, we are requiring that the

discrepancy corresponding to the selected minimizer is close to that of the ground-truth [146].

4.5.3 Experimental Settings and Network Training

In this section, we present numerical experiments and the preliminary results we obtained on

Poisson data, demonstrating that the proposed approach yields a good reconstruction quality,

and it is competitive with standard variational methods.

We test iRestNet modified for Poisson data, with the same experimental settings used for

the Gaussian noise case, seen in Section 4.4. In particular we use the same datasets of natural

images, divided in training, validation and test sets, as explained in Section 4.4.3. The images
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have been center-cropped using a window of size 256× 256. Blurry images are produced using

the 25× 25 blur kernels depicted in Figure 4.5:

- The Gaussian kernel with a standard deviation of 1.6 pixels (GaussianA configuration).

- The Gaussian kernel with a standard deviation of 3 pixels (GaussianC configuration).

- The eighth and third motion test kernels from [93] (MotionA and MotionB configuration,

respectively).

- The square uniform kernel of size 7× 7 (Square configuration).

The noise-free images, obtained from the blurring step, are corrupted with Poisson noise using

a Python code available online 4. Through this operation each pixel value of the noise-free

image is replaced with the value generated by a Poisson distribution with mean given by the

previous pixel value.

For each degradation model, one iRestNet network is trained using the approach explained

in Section 4.4.4, with minibatches of 10 images. Again, we used the Adam optimizer [83] to

minimize the training loss. Detailed information about the setting of the learning algorithm

can be found in Table 4.4 below.

GaussianA GaussianC MotionA MotionB Square

Rates (0.01,0.001) (0.01,0.001) (0.01,0.001) (0.01,0.001) (0.005,0.001)

Epochs (40,1000) (40,1000) (40,1200) (40,1000) (40,1000)

Table 4.4: Training information. First row : global learning rates. Second row : number of

epochs. For every pair, the first and second numbers correspond to the training of (Lk)0≤k≤29

and Lpp ◦L39 ◦ . . .◦L30, respectively. In the second case, the global learning rates are scaled by

a factor of 0.9 every 50 epochs. Exponential decay rates and δ are set as ρ1 = 0.9, ρ2 = 0.999

and δ = 10−8.

The training loss function is taken as the negative of the structural similarity measure (SSIM)

[140] defined in equation (4.21). We tried to use the mean squared error (MSE) training loss

function too, (1.7), but it did not improve the results.

All trainings are conducted using a GeForce GTX 1080 GPU or a GeForce GTX 1070 GPU.

The training, which can be performed off-line, takes approximately 4 to 5 days for each blur

kernel, while the time taken per test image is only about 1.2 sec on a GeForce GTX 1080 GPU.

4https://github.com/scikit-image/scikit-image/blob/master/skimage/util/noise.py
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4.5.4 Results and Discussion

As for the Gaussian case, the reconstruction quality is evaluated in terms of the SSIM metric.

The reconstructed image given by the proposed approach is compared with a solution to prob-

lem (4.23) obtained using a scaled gradient projection (SGP) algorithm from [16, 18]. Again, for

every image of the test set, a simplex method selects the optimal pair (λ, δ) to be used in SGP

for obtaining the best SSIM. To the best of our knowledge, for the problem of image reconstruc-

tion applied to Poisson data, there are no Deep Learning or unfolding methods, whose codes

are available online. Because of this, SGP is the only method with which we confronted ourself.

In Table 4.5 it is reported the average SSIM of the reconstructed images of the BSD500 test

set, for the different kernel configurations. As we can see, the proposed approach yields a good

reconstruction quality. The mean SSIM achieved with iRestNet on this test set is competitive

to that obtained with SGP, with some differences in the results that depend on the considered

blurring configuration. These are preliminary results, obtained while still working on the itera-

tive part of iRestNet, to further improve the efficiency of the first 30 layers. For completeness,

the SSIM of all images of the BSD500 test set are plotted in Figure 4.11 for the 5 different

degradation models. As one can see, iRestNet performs well in terms of SSIM.

GaussianA GaussianB MotionA MotionB Square

Blurred 0.697 0.549 0.408 0.579 0.573

SGP 0.883 0.722 0.961 0.972 0.671

iRestNet 0.910 0.763 0.931 0.965 0.872

Table 4.5: SSIM results on the Poisson images of the BSD500 test set.

The results on the Flickr30 test set are also reported for the Poisson noise case. Table 4.6

contains the average SSIM obtained with iRestNet and SGP on the Flickr30 test set. Similarly

to the BSD500 test set, iRestNet is competitive with SGP on this dataset.

GaussianA GaussianB MotionA MotionB Square

Blurred 0.745 0.579 0.400 0.621 0.608

SGP 0.917 0.783 0.973 0.979 0.692

iRestNet 0.933 0.814 0.929 0.966 0.894

Table 4.6: SSIM results on the Poisson images of the Flickr30 test set.
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(a) (b)

(c) (d)

(e)

Figure 4.11: Sorted improvement of iRestNet with regards to SGP method on the BSD500 test

set using the SSIM metric: a negative value indicates a better performance of iRestNet. (a):

GaussianA, (b): GaussianC, (c): MotionA, (d): MotionB, (e): Square.
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Ground-truth Blurred: 0.458 SGP: 0.630 iRestNet: 0.730

Figure 4.12: Visual results and SSIM obtained with SGP and iRestNet methods on one image

from the BSD500 test set degraded with GaussianB.

Ground-truth Blurred: 0.323 SGP: 0.920 iRestNet: 0.950

Figure 4.13: Visual results and SSIM obtained with SGP and iRestNet methods on one image

from the BSD500 test set degraded with MotionA.

Examples of visual results obtained with iRestNet and SGP methods can be found in

Figures 4.12, 4.13 and 4.14 for three images from the BSD500 test set and the blur kernels

GaussianB, MotionA and Square, respectively. We also provide, in Figure 4.15, the visual

results obtained for one image from the Flickr30 test set, degraded with Square.

As one can see from these pictures, details in all the examples are well retrieved with iRestNet,

which provides more visually-satisfactory results than SGP. In Figure 4.12, it is particularly

noticeable how the details and the contrasts in the stone wall are better reconstructed with our

approach, than with SGP. It is also worth noticing that SGP reconstruction shows artifacts in

some examples, particularly those that belong to the test sets degraded with Square. See, for

example, the smooth green area behind the zebra, reported in the top–left corner of Figure 4.13,

or the doll hands pointed out in Figure 4.15. These artifacts do not appear in iRestNet

reconstructions. Conversely, it can be seen in Figure 4.14 that iRestNet can reconstruct both

the more detailed parts of the fox fur and the smoothness in petals well.

Finally, Figure 4.16 shows the stepsize, barrier parameter and regularization weight sequences

obtained by passing the image of Figure 4.13 through the 40 layers of iRestNet.
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Ground-truth Blurred: 0.643 SGP: 0.670 iRestNet: 0.870

Figure 4.14: Visual results and SSIM obtained with the SGP and iRestNet methods on one

image from the BSD500 test set degraded with Square.

Ground-truth Blurred: 0.651 SGP: 0.730 iRestNet: 0.890

Figure 4.15: Visual results and SSIM obtained with the SGP and iRestNet methods on one

image from the Flickr30 test set degraded with Square.

Figure 4.16: Left to right : estimated stepsize (γk)0≤k≤K−1, barrier parameter (µk)0≤k≤K−1 and

regularization weight (λk)0≤k≤K−1 for the image from Figure 4.13 passed through the network

layers.





Conclusions

The research activity presented in this thesis has dealt with the study and the analysis of

Deep Learning and variational methods for inverse problems in imaging. The work mainly

concerned the design of a suitable neural network architecture, called iRestNet, which derives

from a variational formulation of an inverse problem. In particular, we constructed the struc-

ture of iRestNet, by unfolding the iterates of a proximal interior point algorithm, considered to

address the variational problem, into the layers of the network. It is to be noted that the vari-

ational formulation of the problem involves the minimization of an objective function, which is

parametrized by several variables, like the regularization parameter, the stepsize and the barrier

parameter. An advantage of our method is to automatically determine these variables, without

performing any parameter search, that is usually time–consuming when applying traditional

IPMs. Also, useful constraints on the sought solution are enforced thanks to a logarithmic

barrier, so providing more control over the output of the network.

We have shown for three standard types of constraints that the involved proximity operator can

easily be computed, and that its derivatives, needed in the network training, are well-defined

and computable. We provided their expressions in Chapter 3.

In the case of a quadratic cost function, the theoretical result of Section 4.3 regarding the

robustness of the network with respect to an input perturbation, ensures the reliability of the

proposed method, which is crucial for many practical applications. In a future work, it would

be interesting to extend the scope of this study to a wider class of problems, and to illustrate

this stability result by numerical experiments on different applications like classification.

The proposed method have been tested on a set of problems of image reconstruction. Nu-

merical experiments are conducted on datasets of natural color images, blurred with different

types of blur and corrupted with Gaussian noise. In this case, the problem is formulated as

the constrained minimization of an objective function expressed as the sum of a mean–squared

loss function and a smoothed Total Variation regularizer. The choice of the data–fidelity func-

tion is strictly related to the noise that affects the images, while the regularization function is

chosen for its edge–preserving properties. From this problem formulation we derive the IPM

iteration, and we use it to construct the layers of iRestNet. The network is then trained in

a supervised fashion, in order to find an optimal reconstruction quality, and it is tested on a

test set of images. Experimental results show that iRestNet performs favourably compared to

121
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state-of-the-art variational and machine learning methods, demonstrating that in many cases

the proposed approach yields a better reconstruction quality than the methods we have been

confronted with. Advantages of the proposed approach are that, in contrast with its evaluated

competitors, it does not require any knowledge about the noise level and it does not involve

any hand-selection of the regularization parameters. Also, once iRestNet is trained, running

the model on the test images is fast. The time taken per test image is only about 1.4 seconds

on the used GPU.

One limitation of iRestNet is that the network needs to be trained for a given blur kernel. A

direction for future works is to extend the method to situations in which the observation model

is not fully known, so as to address blind or semi-blind deconvolution problems. For now, we

are focusing on extending the approach to a wider variety of applications. As a first step in

this direction, we adapted iRestNet to address the image reconstruction problem on images

corrupted with Poisson noise. This is useful, because in imaging applications such as emission

tomography, microscopy and astronomy, the main source of noise corrupting the images is pho-

ton counting, which is described by a Poisson process.

Numerical experiments on Poisson data demonstrate that the proposed approach yields to a

good reconstruction quality. Preliminary results show that iRestNet is competitive with the

standard variational method with which we confronted, but we think the results can be further

improved, by working on the iterative procedure used to construct the layers of iRestNet.



Appendix A

Mathematical Background

A.1 Elements of Functional Analysis

Let us introduce the concept of Hilbert space, that will be a key point in the study of inverse

problems.

Definition A.1. A complex vector space X is called a inner product space if there exists a

map (., .)X : X ×X → C, called inner (or scalar) product, that for each x, y, z ∈ X and λ ∈ C
satisfies:

a) (x, x)X ≥ 0 and (x, x)X = 0 if and only if x = 0;

b) (x+ y, z)X = (x, z)X + (y, z)X ;

c) (λx, y)X = λ(x, y)X ;

d) (x, y)X = (y, x)X , where x denotes the complex conjugate of x.

Among the straightforward consequences of such properties we can remark that:

i) (x, y)X = 0,∀y ∈ X ⇐⇒ x = 0 by combining a) and c);

ii) (x, y + z)X = (x, y)X + (x, z)X from b) and d);

iii) (x, λy)X = λ(x, y)X from c) and d).

Definition A.2. Given two complex vector spaces X and Y , a function f : X → Y is said to

be linear if it preserves the operations of addition and scalar multiplication, i.e., for any two

vectors x, y ∈ X and any scalar λ ∈ C the following conditions are satisfied:

• f(x+ y) = f(x) + f(y);
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• f(λx) = λf(x).

It follows that an inner product is linear with respect to the first variable and, therefore, the

map

(., y)X : x→ (x, y)X

is, for a given y ∈ X, a linear function on X.

Definition A.3. A function ‖.‖X : X → R is called norm if, for each x, y ∈ X and λ ∈ C, the

following conditions hold true:

a) ‖x‖X ≥ 0 and ‖x‖X = 0 if and only if x = 0;

b) ‖λx‖X = |λ|‖x‖X ;

c) ‖x+ y‖X ≤ ‖x‖X + ‖y‖X (triangle inequality).

A vector space X endowed with a norm is called normed vector space.

In particular, the function

‖x‖X :=
√

(x, x)X (A.1)

is a norm in X called norm induced by the inner product (., y)X . In Chapter 3, when the

context is clear, we write (., .) and ‖.‖ instead of (., .)X and ‖.‖X , except in some cases where

the distinction is necessary.

Definition A.4. A sequence xn in a normed vector space (X, ‖.‖) is said to be a Cauchy se-

quence if ∀ε > 0 ∃N ∈ Z such that ‖xm − xn‖ < ε, ∀m > N and ∀n > N .

A normed vector space (X, ‖.‖) is called complete if any Cauchy sequence in X converges to an

element of X.

An inner product space that results to be complete with respect to the norm induced by the inner

product itself is called Hilbert space.

Finally, we recall some definitions and properties, that will be useful in the discussion of

Chapter 3.

Definition A.5. Let X,Y be Hilbert spaces. A linear operator A : X → Y is said to be bounded

if there exists a constant C > 0 such that ||Ax||Y ≤ C||x||X for every x ∈ X.

Let us also define the operator norm of A as

||A|| = inf{C ≥ 0 : ||Ax||Y ≤ C||x||X ∀x ∈ X} (A.2)

= sup{||Ax||Y : x ∈ X, ||x||X = 1}
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An immediate consequence of the definition of operator norm is given by the following inequality

||Ax||Y ≤ ||A|| ||x||X . (A.3)

Definition A.6. The kernel (or null space) of an operator A between the Hilbert spaces X

and Y is the subspace N(A) = {x ∈ X | Ax = 0} ⊆ X, while the range of A is the subspace

R(A) = {y ∈ Y | y = Ax for some x ∈ X} ⊆ Y .

Denoting with D(A) the domain of an operator A, we can recall the following properties:

• If A is bounded, then N(A) is a closed subspace of X.

• If A is injective, then N(A) = 0.

• If A is surjective, then R(A) = Y .

• If A is bijective, then there exists the inverse operator A−1 : R(A) → D(A) defined by

A−1y = x for all y = Ax ∈ R(A).

Theorem A.1. A linear operator A between the Hilbert spaces X and Y is bounded if and only

if is continuous. Moreover, if A is bounded and bijective, then A−1 is continuous.

To conclude, we recall the Implicit Function Theorem.

Theorem A.2 (Implicit Function Theorem). Let U be an open subset of Rm × Rn and F :

U → Rn a function of class C1. Let (a, b) ∈ U and consider the system of equations

F (x, y) = F (a, b).

Assume that the Jacobian matrix

J
(y)
F (a, b) :=

(
∂Fi
∂yk

(a, b)

)
1≤i,k≤n

is invertible. Then there exists an open subset V ∈ Rm containing a and an open subset

W ∈ Rn containing b such that V ×W ⊂ U and such that, for all x ∈ V , there exists a unique

y = ϕ(x) ∈ W such that (x, y) is a solution to the above system of equations. Moreover, the

function ϕ : V →W is of class C1 and the derivative at x ∈ V satisfies the equation

Jϕ(x) = −J (y)
F (x, ϕ(x))−1J

(x)
F (x, ϕ(x)). (A.4)
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A.2 Elements of Convex Analysis

Let us recall some useful definitions and properties of convex analysis, that will be used for

introducing interior point methods, in Chapter 3.

Definition A.7. The set A ⊂ Rn is said to be closed if and only if it contains all of its limit

points, i.e., the points x ∈ X for which every neighbourhood of x contains at least one point of

A different from x itself.

Definition A.8. Given a set A ⊆ Rn, a point x is an interior point of A if x ∈ A and there

exists a neighbourhood of x that is entirely contained in A. The interior of A, denoted by intA,

is the collection of all interior points of A.

Definition A.9. Given a set A ⊆ Rn, a point x is a boundary point of A if every neighbourhood

of x contains at least one point in A, and at least one point not in A. The boudary of A is the

collection of all boundary points of A.

Remark A.1. It is straightforward to show that a closed set contains all its boundary points.

Definition A.10. The set A ⊂ Rn is a convex set if the affine combination (1− t)x+ ty ∈ A,

∀x, y ∈ A,∀t ∈ [0, 1].

Definition A.11. The set A ∈ Rn is said to be bounded if and only if it is contained inside

some ball x2
1 + ...+ x2

n ≤ ρ2 of finite radius ρ.

Definition A.12. The domain of a function f : Rn → R ∪ {+∞} is the set dom(f) given by

dom(f) := {x ∈ Rn | f(x) < +∞}.

Definition A.13. A function f : Rn → R ∪ {+∞} is said to be proper if there exists x̄ ∈ Rn

such that f(x̄) < +∞; namely if dom(f) 6= ∅.

Remark A.2. We recall that the lower limit of a function can be characterized in the following

way [114, Lemma 1.7]

lim inf
y→x

f(y) = min{α ∈ R̄ : ∃ {x(k)}k∈N ⊆ Rn such that x(k) → x, f(x(k))→ α}.

Similarly, there is an upper limit (lim sup) formula,

lim sup
y→x

f(y) = max{α ∈ R̄ : ∃ {x(k)}k∈N ⊆ Rn such that x(k) → x, f(x(k))→ α}.

Definition A.14. [114, Definition 1.5] A function f : Rn → R̄ is lower semicontinuous (lsc)

at x if

f(x) = lim inf
y→x

f(y) = sup
δ>0

(
inf

y∈B(x,δ)
f(y)

)
. (A.5)
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Similarly, f is upper semicontinuous at x if

f(x) = lim sup
y→x

f(x) = inf
δ>0

(
sup

y∈B(x,δ)
f(y)

)
. (A.6)

Remark A.3. The function f is continuous at x if and only if f is both lower and upper

semicontinuous at x.

Definition A.15. Let A ⊆ Rn be a convex set. A function f : A→ R is convex if

f((1− λ)x+ λy) ≤ (1− λ)f(x) + λf(y), ∀ x, y ∈ A, ∀ λ ∈ [0, 1].

For every q ∈ N, we will denote as Γ0(Rq) the set of functions which are convex, proper, lower

semicontinuous on Rq, and which take values in R ∪ {+∞}.

Definition A.16. A function f : Rn → R̄ is called coercive if and only if f(x) → +∞ as

‖x‖ → +∞.
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