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Electrical power conversions are common in a large variety of engineering applications. With reference to
AC/DC and DC/AC power conversions, a strong research interest resides in multilevel converters, thanks to
the many advantages they provide over standard two-level converters. In this paper, a power-oriented model of
single-phase Modular Multilevel Converters (MMCs) is first provided, followed by a detailed harmonic analysis.
The model is given in the form of a Power Oriented Graphs block scheme that can be directly implemented
in the Matlab/Simulink environment. The performed harmonic analysis gives a deep and exact understanding
of the different terms affecting the evolution of the voltage trajectories in the upper and lower arms of the
converter. Next, a new model-based cascade control architecture for MMCs is proposed. Combined with the
real-time calculation of the ideal average capacitor voltages reference, the proposed control architecture allows
to properly track the desired load current while minimizing the tracking error and the harmonic content in

the generated load current itself.

1. Introduction

Power conversions are performed in many engineering applications,
including power grids (Emin Meral & Celik, 2020; Romero-Rodriguez
et al., 2019), hybrid electric vehicles (Tebaldi & Zanasi, 2023; Zanasi
& Tebaldi, 2020) and many other applications involving electric motor
drives. The devices which are responsible for performing such power
conversions are power converters, and can be mainly classified into
DC/DC (Guo, Bahri, Diallo, & Berthelot, 2023; He, Shang, Masoud Na-
mazi, & Ortega, 2022; Saeed, Wang, & Fernando, 2022), AC/DC and
DC/AC (Cisneros et al., 2015; Kamarzarrin, Hossein Refan, & Amiri,
2022; Zanasi & Tebaldi, 2021) power converters. Multilevel converter
topologies offer many pros when compared to two-level power convert-
ers (Bouarfa, Bodson, & Fadel, 2018), including distortion reduction
in the output voltage waveform and in the absorbed input current as
well as a reduced dv/dt effect. Different multilevel converter topologies
are available in the literature, including cascaded H-bridges multilevel
converters (Chiasson, Tolbert, McKenzie, & Du, 2003, 2005), converter
topologies with flying capacitors (Zanasi & Tebaldi, 2021), (Hetel,
Defoort, & Djemai, 2016; Laamiri, Ghanes, & Santomenna, 2019), and
Modular Multilevel Converters (MMCs) (Diaz et al., 2020)- (Montero-
Robina, Marquez, Dahidah, Vazquez, Leon, Konstantinou, & Franquelo,
2022). In this paper, single-phase MMCs in half-bridge configuration
are subject of study.

* Corresponding author.

The first operation to be performed is a correct and accurate mod-
eling of the considered multilevel converter topology, for which many
different approaches can be found in the literature. Understanding
the dynamics of the physical system to be controlled is an important
aspect for a control engineer, as it helps to develop a suitable control
architecture for the considered system. As an example, the dynamic
model of the soybean meal drying in a industrial direct rotary dryer
was derived in Luz, Dos Santos Conceicdo, De Matos Jorge, Paraiso,
and Goncalves Andrade (2010), based on which the proper choice of
the variables to be manipulated by the controller was found. Modular
Multilevel Matrix Converters are modeled in Diaz et al. (2020) in a
matrix form, with the definition of a power-capacitor voltage model
and of a voltage-current model. A state-space model of Modular Multi-
level Converters is proposed in Liu, Li, and Yang (2020) instead. In the
present paper, single-phase Modular Multilevel Converters are modeled
using a new and effective approach which is based on the Power-
Oriented Graphs (POG) modeling technique (Zanasi, 2010). In the
literature, two additional main graphical techniques to model physical
systems can be found: Bond Graphs (BG) (Badoud, Khemliche, Bacha,
& Raison, 2013; Jha, Dauphin-Tanguy, & Ould-Bouamama, 2018) and
Energetic Macroscopic Representation (EMR) (Delarue, Gruson, & Guil-
laud, 2013), (Garcia-Herreros, Kestelyn, Gomand, Coleman, & Barre,
2013). In the present paper, the POG technique is employed as a tool
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to develop the proposed converter model, since it provides user-friendly
block schemes which are directly implementable in the Simulink envi-
ronment using simple blocks available from standard libraries. Some
application examples of the POG technique can be found in Zanasi
and Tebaldi (2021) to model multilevel flying-capacitor converters,
in Tebaldi (2022) to model Permanent Magnet Synchronous Motors
and in Tebaldi and Zanasi (2020) to model multiphase diode bridge
rectifiers. Two MMC models are derived in this paper: a complete
model and an average model. The complete model is very suitable
for a detailed simulation of the converter dynamics and provides the
full differential equations describing it, whereas the average model
proves to be very suitable for deriving the proposed new model-based
controller of MMCs, thanks to the detailed harmonic analysis performed
on it. Furthermore, a compact POG block scheme of the MMC dynamic
model is proposed.

The next important step consists in properly controlling the con-
sidered multilevel converter topology. The objectives of MMC control
architectures can be divided into two different parts (Steckler, Gauthier,
Lin-Shi, & Wallart, 2022): the power and current control and the volt-
age balancing control. However, addressing all these control objectives
is not an easy task. The full-order nonlinear control scheme of the MMC
is addressed in Steckler et al. (2022), while a novel modulation scheme
and a closed-loop method for voltage balancing allowing the fixed
switching frequency of 50 Hz are proposed in Du, Liu, and Liu (2015).
In Abdayem, Sawma, Khatounian, and Monmasson (2021), the authors
propose a new modulation technique named Integral Modulation Tech-
nique to achieve load current control and voltage balancing, whereas a
control approach based on Weighted Model Predictive Control (WMPC)
for a half-bridge MMC is proposed in Ben-Brahim et al. (2016). How-
ever, this latter approach only relies on MPC to minimize an objective
function to achieve both voltage balancing and load current control
and does not fully analyze the complex dynamics of MMCs. A control
approach based on MPC is also proposed in Riar, Geyer, and Madawala
(2015), named Model Predictive Direct Current Control, proposing a
cost function that also accounts for the number of switching transitions.
An interesting dynamic analysis of the modular multilevel converter
is proposed in Harnefors, Antonopoulos, Norrga, Angquist, and Nee
(2013) where, assuming that the output current tracks the desired pro-
file, the nonlinear model of the MMC is derived. The system equilibrium
points are then computed neglecting the oscillatory terms, based on
which the control strategy of the circulating current is evinced. A new
feedforward modulation technique with the objective of improving the
performance in terms of modulation error in the desired arm voltage,
consequently improving other aspects such as current distortion, is
proposed in Montero-Robina et al. (2022). In the present paper, the
following new contributions are introduced which, to the best of the
authors’ knowledge, have not yet been fully addressed in the literature:
(1) the development of a modeling procedure and the proposal of a
compact POG block scheme modeling single-phase MMCs. The block
scheme is directly implementable in the Matlab/Simulink environment
using simple blocks which are available in standard Simulink libraries.
Most MMC full (and average) models proposed in the literature are
typically given in equations-form only (Abdayem et al., 2021; Ben-
Brahim et al.,, 2016; Du et al.,, 2015; Harnefors et al., 2013; Riar
et al., 2015; Steckler et al., 2022), which can become very complex
and difficult to interpret and understand especially if the number of
submodules, and thus switches, in the converter increases. On the other
hand, the POG block scheme proposed in this paper is very compact,
intuitive, easy to read and clearly highlights the power exchanges
between the different parts of the system.

(2) the development of a full harmonic analysis of the system enabling
a deep and exact understanding of the converter dynamics. Based on
this, the circulating current reference making the average capacitor
voltages track the ideal reference, that is the reference minimizing the
tracking error and the harmonic content in the load current, could
be determined. The detailed analytical harmonic analysis of the MMC
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is not addressed in other works (Abdayem et al., 2021; Ben-Brahim
et al., 2016; Du et al., 2015; Riar et al., 2015; Steckler et al., 2022)
or addressed in a different way for different purposes (Harnefors et al.,
2013). In the latter reference, a different harmonic analysis is con-
ducted with other objectives, including the estimation of the capacitor
voltages ripple, without addressing in detail other aspects such as
load current control. Furthermore, as highlighted in Harnefors et al.
(2013), the sum capacitor voltage in each arm is normally desired
to coincide with the pole-to-pole dc-bus voltage. In this paper, the
proposed harmonic analysis allows to investigate the advantages of
having a time-varying reference for the average capacitor voltages in
the converter upper and lower arms, while such voltages are typically
kept constant instead (Abdayem et al., 2021; Ben-Brahim et al., 2016;
Du et al., 2015; Harnefors et al., 2013; Riar et al., 2015; Steckler
et al.,, 2022). To the best of the authors’ knowledge, such analysis
has not been carried out in the literature yet, and leads to significant
advantages as highlighted in the next point.

(3) the exact computation of the ideal voltage reference for the average
capacitor voltages in the two converter arms, which is the minimum
voltage strictly necessary to properly track the desired load current.
The new concept of having a time-varying reference for the average
capacitor voltages, which is called ideal voltage reference, proves its
effectiveness in terms of reduction of the load current tracking error,
as well as in terms of reduction of the load current harmonic content,
when compared to the constant capacitor voltages reference case, as
further discussed later on in this section.

(4) the proposal of a new model-based cascade control architecture,
which allows to achieve all the benefits introduced by the new con-
cept of ideal average capacitor voltages reference described at the
previous point. The proposed architecture has two control loops: an
outer voltage control loop implementing two proportional controllers,
and an inner current control loop implementing an optimal current
control and a voltage balancing algorithm. Using the proposed control
architecture, all the control objectives are achieved at the same time:
capacitor voltages balancing, tracking of the ideal average capacitor
voltages reference, and tracking of the load and circulating currents.
The different control objectives are typically not addressed at the
same time (Harnefors et al., 2013) or addressed using MPC approaches
aiming at minimizing a more complex cost function (Ben-Brahim et al.,
2016). The system stability analysis is performed, and the robustness
of the proposed control architecture is verified in very challenging
conditions: when the load parameters needed for the proposed control
architecture are fully unknown and properly identified, by considering
the nonidealities such as switches on-resistances and capacitors self-
discharge resistances, and considering the signals needed for the control
to be affected by measurement noise.

One of the new important concepts introduced in this paper is
that of ideally varying the average capacitor voltages in the converter
arms exploiting the circulating current, thus proposing a new way
of using the degree of freedom introduced by the circulating current
itself. The ideal voltage reference is updated in real-time as a function
of the desired load current and represents a crucial advantage with
respect to maintaining constant average capacitor voltages, because it
allows to reduce the harmonic content and the tracking error in the
generated load current whenever the operating conditions allow it.
This is done by minimizing the level-to-level distance in the commu-
tating voltage signals, thus enhancing all the intrinsic main advantages
of multilevel converters. The harmonic content in the load current
is typically evaluated through the Total Harmonic Distortion (THD)
metric (Abdayem et al., 2021; Ben-Brahim et al., 2016; Du et al., 2015).
In this paper, the reduction of the load current harmonic content when
using the ideal capacitor voltages reference with respect to the constant
voltage reference case is quantified using different metrics, including
the average value of the amplitude spectrum resulting after applying
the Fast-Fourier Transform (FFT), the THD and showing the resulting
amplitude spectrum.
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Inductive part
o
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Fig. 1. Circuit diagram of the considered Modular Multilevel Converter. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

The remainder of this paper is structured as follows. Section 2
addresses the derivation of full and average dynamic models of the
converter. The control problem is described and solved in Section 3,
on the basis of the performed harmonic analysis and exploiting the
new concept of ideal average capacitor voltages reference. Simulation
results showing the effectiveness of the proposed control architecture
in reducing the tracking error and the harmonic content of the load cur-
rent are reported and discussed in Section 4, whereas the conclusions
of this work are given in Section 5. Finally, the detailed calculations
employed when performing the harmonic and stability analyses are
reported in Appendices A-G.

2. Dynamic model of modular multilevel converters

The circuit diagram of a MMC with »n capacitors on each arm
is shown in Fig. 1, where the switches are supposed to be in half-
bridge configuration. The complete dynamic model of the MMC is
derived, using the POG technique, in Section 2.1 and Section 2.2 for
the inductive and capacitive parts of the converter, respectively. The
derivation of an average and transformed MMC dynamic model is then
addressed in Section 2.3.

2.1. Dynamic model of the inductive part

The dynamic model of the inductive part of the MMC, highlighted
in red in Fig. 1, can be effectively obtained starting from the expanded
system shown in Fig. 2. The parameters L,, R, and L,, R, denote the
inductances and the resistances of the upper and lower arms of the
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Fig. 2. Inductive part of the MMC: expanded system. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

MMC, respectively, while the parameters L,, R, are the load induc-
tance and the load resistance. The variables I,, I, are the arm currents,
the variables V,, V, are the commutating voltages defined as in Fig. 1
and V, is a load sinusoidal voltage source. In the expanded system
of Fig. 2, the system order has been augmented by introducing an
additional fictitious capacitor C, between the central point P, and the
reference point P,, with the purpose of effectively finding the system
model. The dynamics of the expanded system shown in Fig. 2 can be
expressed as:

~

L;000 -R, 0 0 -1|| 1 10 0

0L 00| [0 =Ry 0—1|| 1 +01 [Vl]+ 0

00L,0[™] 0 0-Rr,1[]|I, 00| v

000C, 1 1 =10/[|V,]| [00]>~— |0
— N U\ J Ve

L, A, 7y B, b,

€3]

System (1) is said to be in a POG state-space form, where L, A_ and b,
are the energy, power and input power matrices, respectively, which
is convenient to apply congruent state-space transformations (Zanasi,
2010). When C, — 0, the constraint I, = I, + I, arises from (1),
generating the following congruent state-space transformation:

I, 10
L | |ot]|[n
sl ) @

Ve, 00 |~
N~—— = T

zL T

where I, is the new state vector. Applying (2) to system (1), and
assuming L, = L, = L and R, = R, = R, the following transformed
and reduced system can be obtained:

L+L, L, |; R+R, R I 14 -1
I, =- @ a vV, @3
[ La L+ La] L [ Ra R+ Ra] [IZ * VZ * -1 “ ®

N~ Y~ —~—

Lp AL I Ve by
where L, = TIL.T;, A, = TTA,T;, b, = TIb, B, V. = V,,

B, =T]B, =1,, being I, the identity matrix of order 2.
2.2. Dynamic model of the capacitive part

The dynamic model of the MMC capacitive part, including the
upper and lower capacitive parts highlighted in blue in Fig. 1, can be

expressed as follows:
Col. __ R7' 0 vafmo] [n
0C,| < ORI 0-T,] []°
——

\ , —— ——
L. R-1 Tip I
‘ (C)]
il _ _qr |Ve| _ |7 R4on O I 1
[V2] - le [VEZ 0 n Rd,on I2 M -1 Vdc’
~—— S—— N——— N N
Ve Ve Ry on I d.
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Fig. 3. POG block scheme of the complete MMC dynamic model. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

where the matrices and vectors in (4) have the following form:

C, = diag(C,,...,C,), C, =diag(C,,, ..., Cyp),

R, =diag(R.,.... R,), R, =diag(R ... R, ).
%)
Vcl Vcn+1 Tl Tn+|
Ve1 = Pl Ve = : > T] =l : | T2 = :
Vc,, chn Tn T2n

The parameters R, ,, and R, are the on-resistance of the i-th switch
and the self- dlscharge resistance of the i-th capacitor, respectively, for

€ {1, 2, ..., 2n}. The signals T; are the control variables that define
the state of the switches (on/off) and the use (no/yes) of the capacitors
C; in the definition of the voltages V; and V,: (a) if T; = 0, the i-th switch
is on and the voltage V. of capacitor C; is not used in the Kirchhoff’s
Voltage Law in (4); (b) if T; = 1, the i-th switch is off and the voltage
V,. of capacitor C; is used in the Kirchhoff’s Voltage Law in (4). The
model (3) of the MMC inductive part in Fig. 1 and the model (4) of the
MMC capacitive part in Fig. 1 can be combined together to create the
following complete dynamic model of the MMC:

L. 0]. [-R;! Ty [v, 0 0] [v,.
[0 LL]X [_TT2 Ap I " d. by Va ’ ©
—— —— e N —

L A X B u

of order m = 2n + 2. A very compact POG block scheme of system
(6) is shown in Fig. 3. The latter is composed of elaboration and
connection blocks available from the Power-Oriented Graphs technique
theory described in Zanasi (2010), and has the interesting feature
common to all POG block schemes, namely it can be directly imple-
mented in the Simulink environment using simple blocks which are
available in standard Simulink libraries (Zanasi, 2010). Indeed, the
POG block scheme of Fig. 3 is the one implemented in the Simulink
model FULL_MMC_s1x.slx in the dataset (Tebaldi & Zanasi, 2024)
using Matlab/Simulink R2023a, in order to show the implementation
of the model-based control architecture proposed in this paper. The
vertical black dashed lines in the POG block scheme of Fig. 3 are called
power sections, describing the system power flows. The vertical green
dashed line in the figure highlights the power section in correspondence
of which the power flows from the capacitive part of the system to
the inductive part and viceversa. The MMC model proposed in (6)
and in Fig. 3 has been tested against one of the most widespread
platforms for simulating power electronics systems: PLECS (Piecewise
Linear Electrical Circuit Simulation) (Anon, 2024), resulting in a very
good matching between the results given by the proposed MMC model
in (6) and Fig. 3 and the PLECS model.

2.3. Average and transformed dynamic model

In this section, an average dynamic model of the MMC capacitive
part is first derived in Section 2.3.1. Next, two congruent state-space
transformations are applied to the dynamic model of the MMC induc-
tive part and to the average dynamic model of the MMC capacitive part
in Section 2.3.2, in order to derive a transformed average model.
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2.3.1. Average dynamic model of the capacitive part

The order of the capacitive part (4)—(5) of the MMC dynamic model
is 2n, that is the total number of capacitors in the converter arms. Let
C be the capacitance value of the capacitors in the MMC of Fig. 1. In
order to have equally spaced voltage levels for voltages V| and V, in
Fig. 1, the following balancing conditions must stand:
Vv, z-qucnzV V, eV, =V, (@]

1 cl» nrt €2n

where V,, and V, are the average values of the capacitors voltages in
the upper and lower arms of the converter, respectively. Condition (7)
can be effectively achieved using the algorithm described in Section 3.1
which is implemented every switching period T . If (7) holds true, the
capacitive part of the MMC dynamic model (6) can be approximated
using the average dynamic model derived in the remainder of this
section. Assuming R, ,, — O for the derivation of the average capacitive
model, the variables ¥, and V, of vector V. in (3) can only take on the
following admissible voltage values:

Vc=[ Iljl ]: Vac =mVe , (8)
2 —Vie+mVe

where the integers n, € {0,1,2,...,n} and n, € {0,1,2,...,n} denote
the number of capacitors for which the corresponding switch is off in
the upper and lower converter arms, i.e. for which 7; = 1 in Fig. 1.
Assuming R, — oo for the derivation of the average capacitive model,

— _ T
the time derivative of the average voltage vector V, = [Vcl ch]
can be expressed as follows:

VvV = dlz;;l _[%]_ 1 [”111] ©
cTave | T |2k T ¢, |- ’
2 e Cr |-m I,

dt

where C; = nC. Using (8) and (9), the dynamic model of the MMC can
be expressed as follows:

Cro]. [ 0 A, Vdc

[ 0 LL] nT [‘A AL IL d bL Va (10
W \—/—/\v—“ \/-’\z—’
where matrices C; and A, are defined as follows:

Cr 0 n 0
= A= .
“r [ 0 CT] ’ . [0—”2]

2.3.2. Transformed average model
Applying the following transformations:

0] 1] [u wl 1t v

e T A 1
\v—‘ \—v—/\v—’ \v—‘ \—v—/\v—“

I Ty, I, Ve Ty Vi

to the inductive part (3) of the MMC complete model (6) yields:

L[2L+4L, 0] _ L[2R+4R, 0] [L] (L[V]  [-1]
4 0 2L 4 0 2R| [I,] 2|V, 0] " 12
N N~ —~— ——
Lw Au: Iw Vw bw
where L, = TTL,T,, A, = T'A;T,, V, = T' V. and b, = TIb,,

see Zanasi (2010) The variable I; in (11) is the load current I,, by
applying the Kirchhoff’s Current Law to the circuit diagram in Fig. 1.
Hereinafter, variable I, will be used to denote the load current I,. The
two equations of system (12) can be expanded as follows:

{LTIS = —Rp I, -2V, +V,, 13)

Li, = -RI;+V,,

where Ly = L+2L, and Ry = R+2R,. System (13) can be controlled
by using the input voltages V; and V, introduced in (11). An important
observation has to be made on system (13): the dynamics of currents
I, and I, are decoupled: current I, can only be controlled by using the
input voltage V,, whereas current I, can only be controlled by using
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the input voltage V. By replacing current I, in (13) with the desired
one I, one obtains the desired value V, of voltage V,:

V.=fO=LpI,+Rp I, +2V,. 14)

Inverting (8) yields the following expression of the indexes n; and n,:

mo|_ 7c1 15
[nz] Vae t Vo | as)

Substituting (15) in (9) yields the following nonlinear dynamic equa-
tions describing the capacitive part of the MMC:

Cr Vcl ?cl = Vae =V 1y, (16)
CrVaVea = -Vie + V) L.
Applying transformations (11) to system (16) results in:
{4CT7¢'1?L‘1 = (ZVdc_Vx_Vd)(IS-'_Id)’ 17)
4Cr VoV = —QVy + V-V U — 1y).

The overall dynamic equations of the transformed average MMC model
are given by combining together the transformed Eqs. (13) and (17) of
the inductive and capacitive parts of the system, respectively.

3. Model-based control of modular multilevel converters

Control Problem. Let I, = I,,, sin(wt) be the desired load current, and

let V, = V) sin(wt + ), ) be the load generator voltage source in Fig. 1.

The Control Problem Goals are:

(1) Capacitor voltages control: (1.1) Maintaining the condition v, =
N V., and Vet T A V., (capacitor voltages

balancing); (1.2) Maintaining the condition V,; ~V,, ~V, 12,,,» Where

Voo ... 1s the ideal average capacitor voltages reference.

(2) Load and circulating currents control: (2.1) the load current I, must

track the desired profile fa; (2.2) the circulating current I, must track

the desired profile I,.

The solution of Goal 1.1 of the Control Problem is addressed in
Section 3.1. In Section 3.2, the transformed average MMC model in
(13) and (17) is properly linearized, while the harmonic analysis on
the linearized model is performed in Section 3.2.1. The computation of
the desired current profile 7, is addressed in Section 3.2.2, on the basis
of the ideal average capacitor voltages reference Vcnm computed in
Section 3.2.3. Next, the discretization of the MMC model inductive part
and the optimal control problem solving Goal 2.1, Goal 2.2 and Goal
1.2 of the Control Problem are discussed in Section 3.3. Section 3.4
describes the implementation and the cascade topology of the whole
control architecture. Finally, the system stability analysis is carried out
in Section 3.5, and Section 3.6 provides a parameters identification pro-
cedure to be used when the load parameters needed by the controller
are unknown.

3.1. Solution of goal 1.1 of the control problem

The Modular Multilevel Converter of Fig. 1 is composed of n ca-
pacitors on each arm. Let i € {1, ... n} and j € {1, 2} be the indexes
identifying the (i + (j — 1)n)-th capacitor voltage Veirtmim? where j =1
identifies the upper MMC arm and j = 2 identifies the lower MMC
arm. The Goal 1.1 of the Control Problem is achieved by implementing
the algorithm schematized in Fig. 4. Other approaches in the liter-
ature aim at generating the desired arm voltage while reducing the
modulation error, thus generating the load current while reducing its
distortion (Montero-Robina et al., 2022). The objective of the algorithm
in Fig. 4 is instead to maintain capacitor voltages balancing only. The
algorithm in Fig. 4 takes as input: the index j identifying the MMC arm
under consideration, the arm current I;, the capacitor voltages vector

VL»/ defined in (5), and the index n; introduced in (8). The indexes
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Read j, I;, Ve, my:;

Initialize
T; = =0l

no (j = 2)

o[~,N]=sort (V,, 'ascend"),
with Ve = {V, . hi € (L) [
N = N TN = 1 )
N
*[~,N]=sort (V., "descend'),
with Ve = {V, ) 1 € (Ln)
N = N TN = 1 )
Write T End
( N\
yes| [~/ Nl=sort (V,, 'descend"),
with Ve = (Ve )i € (ml [
\'N =N(L:n), T;(N) = 1; Y,
no Ve N
*[~,N]=sort (V, 'ascend’),
with Ve = {V,, .- €{l,..,n} [
N = Ny T (N) = 1; )

Fig. 4. Algorithm solving Goal 1.1 of the Control Problem in Section 3. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

n, for j € {1, 2}, are the solution of the optimization problem (44)
described in Section 3.3.1, and represent the number of capacitors
involved in the generation of voltages V;. The arm currents I; result
from the optimal control on the load and circulating currents I, and I,
which is addressed in Section 3.3.1. The algorithm in Fig. 4 generates
as output the control vector T ; in the considered arm j defined in (5),
and works as follows. If j = 1, according to the sign notations adopted
in Fig. 1, a positive current I; > 0 recharges the capacitors C; in the
upper arm for which 7; = 1, making the corresponding voltages V,,
increase. Therefore, if j = 1 and I, > 0, T is set to 1 for the n; capacitors
having the lowest voltages V, , where n; identifies the required number
of capacitors to be connected in order to generate the desired voltage
level V; in the upper arm according to (8). Conversely, if j = 1 and
I, <0, T, is set to 1 for the n; capacitors having the highest voltages
v, In doing so, the control vector T, in (4) is determined. If j = 2,
according to the sign notations adopted in Fig. 1, a positive current
I, > 0 discharges the capacitors C; in the lower arm for which 7, = 1,
making the corresponding voltages V. decrease. Therefore, the logic
for sorting the capacitors to be activated is opposite with respect to
the upper arm j = 1, in order to determine the control vector T, in (4).
The algorithm in Fig. 4 is executed every switching period 7, as further
discussed in Section 3.4. It can be shown that the equilibrium condition
V==V, =V, = =V, isachieved if the switching frequency
fs = oo, since I; # 0 is always verified in sinusoidal regime except
for some occasional time instants. From (11) and the harmonic analysis
carried out in Section 3.2.1, it can be shown that the capacitor voltages
V,, never reach a constant value, but are periodical signals because of
the sinusoidal nature of the arm currents /;.

3.2. Linearization of the transformed average model

By substituting I, = I, and V, given in (14) in the second equation of
(13) and in (17), the following set of differential equations is obtained:

Li; = —RI;+V,,
ACTV Ve = RV —Vy— 01U + 1), 18)
4Cr VoV = 2Vee =Va+ FO1Uy = I,).
The last two equations of system (18) are nonlinear with respect to \gari-
v,

ables V,; and V ,. By introducing the substitutions 2V ; V.= -l =
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—2

) — = =2
V,and 2V, V= d::z =V, in system (18), and expanding the right
part, the system can be rewritten in the following form:

Li,=-RI,+V,,

=2
2Cr V. = Pi(o0t) + Py(wt), (19)
2C; V,, = P(wt) - Py(o1),

where the functions P, (wr) and P,(wt) have the following form:

Pi(wt) =2V, Iy =Vl — f(O I,

Pywt) =2V, I, -V, I, - fi,. (20)

Systems (18) and (19) are valid for sinusoidal load current 7, and sinu-

soidal input voltage V, at angular frequency w. The last two equations
—2 —2

of (19) are now linear with respect to variables V', and V ,. Note that

= = _2

- 2 i

V. >0« V >0 and viceversa. Equivalently, V , > 0% V _, > 0 and

viceversa. Based on these observations, from (19) it is evident that: (a)

focusing on P;(wt) only: when P, (wt) is positive, both voltages V,; and

ch increase as Vcl > 0 and 732 > 0; when P, (wt) is negative, both
) .

voltages V,, and V,, decrease as 7“ < 0 and ch < 0. This means
that function P (wt) can be used to make the two voltages V., and
V., follow the ideal average capacitor voltages reference V', . (b)
focusing on P,(wr) only: when P, (wt) is positive, voltage V., increases
as 731 > 0 and voltage V,, decreases as ?fz < 0; when Py(wt) is
negative, voltage V,, decreases as I}Cl < 0 and voltage V, increases

as ch > 0. This means that function P,(wt) can be used to enforce the
condition V.| =V ,.

3.2.1. Harmonic analysis of the linearized model

Recalling that the desired load current I, and the input voltage
V, exhibit a sinusoidal behavior as in (21) and (22), the voltage V,
is designed in order to exhibit a sinusoidal behavior as well with the
addition of an offset V, as in (23):

I, = I, sin(wt), @n
V, = Vo sin(or + ay, ), (22)
Vi =Vao + Vap sin(@t + ay ). (23)

The design of the parameters V,, V;), and ay,, of voltage V, in (23) is
addressed based on the following harmonic analysis.

« Sinusoidal behavior of function I,: at steady-state, when voltage V, in
(23) is applied, the solution of the first equation of system (19) is:
Iy =10+ 1y sin(a)t+ayd—aLR>, (24)

where the terms I, I;,, and a;  assume the following form:
V. V,
Iyo = 240 ___dM aLRzarctan(L—I:)). (25)

o gy = .
R MR D

« Sinusoidal behavior of function P,(wt): It can be proven, as detailed in
Appendix A, that function P,(wf) in (20) can be written as the sum of
two contributions P), and P,,(wt) defined as:

Vam I 1,
Pio=2VIgo = Vao Lo — L4 cos(ay ) — L9 cosa),

Py (@1) =2V, Iy sin (an o R) — Fy, 1, (@) (26)
+fM21aM

coswt + ay),

where the parameters f), and «, are defined in Appendix D. Using (25),
the constant term Py, in (26) can be expressed as:

V2 V2

WV, Iul
P=—dcd0 _ 0 _ ___dM___ o5 (g — M aM co5(g
10 R R 2VR2+ 1202 ( LR) 2 ( f) 27)
_ ac Vao—V2—Co
-7 Rr
where the parameter C is defined as follows:
RV? Rfy I
Co= ——M __ cos (arg) + w cos(ay). (28)

2VR? + L2a?
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From (27), it is possible to verify that term Py, is positive if:

Vio =Vae = \JVE = Co < Vg < Vye +1/VE = Co. (29)

« Sinusoidal behavior of function P,(wt): It can be proven, as detailed in
Appendix C, that function P,(w?) in (20) can be written as the sum of
two contributions P, and P,,(wt) defined as:

Vau I 1
{ Py =~ cos(ay, ) — f"”% cos(ay — ay, +ag), (30)

Py, (@t) =2V, 1y sin(wt) — Fy(wi) — Fy(o1),
where the sinusoidal functions F,(wr) and F;(wf) are defined in Ap-

pendix C. After some elaboration detailed in Appendix E, the constant
term P, can be written as:

Vi Va* + b2

Py =— > cos(ay, +7), (31

where the terms a and b are defined as:

a=1,+ S cos(P) ’ b= S sin(p) ’ (32)
VR + [2a? VR + [2a?

and where f = —a; — a;p and y = arctan2(b,a). The values of the

parameters f), a; and ay are given in Appendix D and (25).
Using (26) and (30) on system (19) yields:

Liy = -RI;+V,,
=2
2CrV,, = P+ Py + Py(wf) + Py, (o1), (33)

=2
20, V,) = Py — Py + Py(@r) — Py (o).

The terms P, (wt) and P, (wr) in (33) are the sum of sinusoidal func-
tions at frequency w and 2w with zero average value. Therefore, they
produce a periodic oscillation on variables 731 and 7?2 at steady-state,
but they do not modify their average values. It follows that the average
values of the two variables 731 and 732 can only be modified by the
two constant terms P, and Py,.

3.2.2. Computation of the desired circulating current I

Observation (1): by choosing the value a), = —y for the design
parameter ay,, the expression of constant term Py, in (31) simplifies
as follows:

Vou VE TP

5 .
From (34), it is clear that parameter V,,, directly affects the value of
the constant term P, . Specifically, the design parameter V,,, has the
following impact on term Py, and, consequently, on variables V., and
702 through (33):

Py =- (34

Viy >0 = Py<0 = (V. <0 andV,, >0),

= = (35)
Viu <0 = Py>0 = (V>0 and V,, <0).

The parameter V,,, can therefore be effectively exploited to enforce the
condition V,; =~V ,.

Observation (2): the design parameter V,, in (23) can be effectively
exploited in order to make the two voltages V,, and V , track the ideal
average capacitor voltages reference V, 12,,, Using Pyg in (27) and C,
in (28), it can be concluded through (29) that the design parameter V,
has the following impact on term P, and, through (33), on variables

V. and V
Vio>Vy, = Pp>0 = (K“>O andlic2>0), 36)
Vio<Vsy = Pp<0 = (V<0 and V,, <0).

The parameter V,, can therefore be effectively exploited to increase or
decrease the value of both voltages V., and V,, in order for them to
track the ideal average capacitor voltages reference V5, .
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lam

Calculation

Fig. 5. Generation of the parameters I,, and I,, of the desired current I, for the
control of the capacitor voltages. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Based on the aforementioned Observations (1) and (2), the param-
eters I, and I,,, in (25) of the desired current profile I, having the
form described in (24) are computed using the paths shown in Fig. 5.

Path 1: The first path, highlighted in red in Fig. 5, computes:

Vv K —2 —2
Iy = M = MV, -V, (37)

VRt 2e? VRt Y

—2 —2 —2 —2
where V', and V', are a filtered version of the voltages V', and V ,.
f c c c
This control law, based on the choice ay, = -7, provides the value of
the design parameter I,,, in order to enforce V,; ~ V ,, and is based
on relations (25) and (35).

Path 2: The second path, highlighted in blue in Fig. 5, computes:

—2 —2
- —2 =
Vo VaotKaolVep, —Ven,,) —2 Ve, vV,
lo= T} = R - Ve, == 69

—2
where Vi is the threshold given in (29), Ve s the mean value
_2 _2 _2 mis
of voltages V', and V, , and V, is the ideal reference of the
f ccf ClZges

—2 —2
average capacitor voltages V', and V' ,. Note that the error considered
—2 —2

in (38)is V, 2~ V. 12, because system (19) is linear with respect to
variables Vclf and ch,' The control law in (38) provides the value of
the design parameter I,, in order to make the mean of voltages Vclf
and V., track the ideal reference V, 12,,,» and is based on relations
(25) and (36). The part highlighted in magenta in Fig. 5 represents the
calculation of parameter Vi = VioVan) according to (28), (29) and
using the control parameter V,,, generated by the first path in Fig. 5.

3.2.3. Ideal average capacitor voltages reference V5,
The following statements hold true:

(1) From (8), smaller values for voltages V,; and V', result in voltage
levels V; = V,. —mV,, and V, = —V,. + n,V,., which are closer to
each other, thus enabling a smoother generation of voltages ¥; and
V,. In turn, this guarantees the generation of smoother currents I, and
I, from (3), thus resulting in a reduction in their harmonic content.
This also ensures the harmonic content reduction in the load current
I,=1,=1I,+1, from (11).

(2) From (8), it is possible to observe that small values for voltages 70 |
and V, limit the lower boundary of voltage V; = V,, — n,V,, and the
upper boundary of voltage V, = -V, + n,V ,,. From (14) and recalling
that ¥, = V; +V, from (11), this may compromise the generation of the
desired voltage V, and, consequently, of the desired load current .
In general, the amplitude I,,, and the frequency w of the desired load
current I, = I,(t) given in (21) can be time-varying due to variations
of the operating conditions, such as a fault for example, leading to
variations of the desired voltage V, through (14). Using the desired I,
from Fig. 5 and the first equation in (33), the desired reference V, for
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l.formik)=mk—1)—w, :nk—-1)+w, % cycle n,
2. forny(k) =nytk—1)—w, :np(k— 1) +w, % cycle n,
Vi) [Vae— ni(k)Ve (k
[ 1( )]z ae=n1( )_1( ) % Eq. 8)
Va(bl [V +na(k)Vea(k)

[11 (k+ 1)]_[11 (k)

+L“(AL[I 1k )HV‘ (k)_V“(k)D T, % Eq. (43)

L(k+ D[ (L&) LU LK) [Vak)y-Va(k)
Lk+ D) =L(k+ D)+ Lk+1); % Eq. (11)
Lik+ 1) =L(k+ )= (k+1); % Eq. (11)

5
6
7. er(k+ 1) =L (k+ )—I(k+1);
8. e (k+1)=1I, (k+1)—I;(k+1);
9. end
10. end

Fig. 6. Pseudo-code for the prediction of current errors e (k+1) and e, (k+1).

voltage V, can be obtained. From V,, V, in (14) and using (11), one
obtains the desired references V; and V, for voltages V; and V:

_ V4V, _
V1=S d and szs

) (39)

Let V), and V, denote the maximum values of the two desired
voltages V; and V,, and let Vjpy, = (V;p + Vap)/2. Since Vip = Vop,
is desired, then Vi, = Vi, = V,). The ideal voltage reference V5,
used in Fig. 5 can be obtained from the second equation in (8) when the
desired voltage V, takes on its maximum value V},,, (i.e. when n, = n):

= _ Vioom +Vae

Vv (40)

124, = n

Voltage Vclzm in (40) satisfies the following criterion: it is the strictly
minimum capacitors voltage reference allowing to generate the desired
voltages V, and V,, and thus the desired currents I, and I, while mini-
mizing the level-to-level distance in voltages V| and V,, thus minimizing
the harmonic content in the generated load current /..

3.3. Solution of goals 1.2, 2.1 and 2.2 of the control problem

The inductive part of the MMC model in (3) can be rewritten as
follows:

I -1 I a1 (Y

A1 =LA L al. 41
[Iz] £ L[Iz T -V, “n
Let I,(k), I,(k) and I,(k + 1), I,(k + 1) be the values of currents I, and
I, at the discrete time instants t = kT, and ¢ = (k + 1) T,, where T is
the sampling time. Recalling the definition of incremental ratio, it is
possible to write:
, Li(k+1)—1I,(k . Lyk+1)— Ik
I~ L+ )= L T) 10} Izz—z( T) 2 (42)

s N
Replacing (42) in (41) yields the following discretized version of system
(41) using the Euler’s forward method:

Ii(k+1) 1,(k) _ 1,(k) Vi(k) =V, (k)

[ = L) et (s [ + [ ) v @
where V| (k), V,(k) and V,(k) are the values of voltages V;, V, and V, at
t = kT,. The Euler’s forward method has been used since the prediction
of the future values that the load and circulating currents assume,
which is needed for the proposed optimal control problem as shown
in Fig. 6 and as discussed in the next Section 3.3.1, can be effectively
made using (43).
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Control of the MMC
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Fig. 7. Block diagram showing the implementation of the whole control architecture The control part is highlighted in green, while the modular multilevel converter is highlighted
in red. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

3.3.1. Optimal control problem on currents I, and I,

The switching states of the modular multilevel converter in Fig. 1
are updated every T, being T, the switching period. Therefore, the
optimal control problem on currents I, and I, needs to be set up in
the discrete-time domain. In the remainder of this section, the short
notation “k” will be used to denote the time instant “k T,”. The output
of the optimal control problem are the optimal indexes n, = ny,, () and
ny = m, (k) to be fed to the algorithm in Fig. 4 described in Section 3.1.
Let n;(k — 1) and n,(k — 1) be the optimal indexes given by the optimal
control at the previous time step, in order to generate the voltage levels
Vi(k — 1) and V,(k — 1) according to (8), and let w, be a window

parameter that can take on discrete values from the set {0, ..., n}. The
indexes n; (k) and n,(k) can take on values such that n; € {n;(k — 1) —
Wy ..., nj(k=1)+w,} and n, € {ny(k—=1)—w,, ..., ny(k—1)+w,}. Note

that decreasing the window w,, has the following consequences: (1) the
maximum step between two consecutive voltage levels is decreased,
thus emphasizing the intrinsic advantages of multilevel converters; (2)
there are fewer values of n, (k) and n,(k) to choose from for the current
control step, thus reducing the computational burden. When w, = 1,
only nine values of n,(k) and n,(k) in Fig. 6 need to be computed. Two
nested “for” cycles are implemented over the possible values of n, (k)
and n,(k), predicting the future errors e 1,(k+1) and e, L+ 1) between
the desired and actual load currents T,(k+ 1) and I,(k+ 1) and between
the desired and actual circulating currents I,(k+1) and I,(k+1). These
predictions are made for each admissible value of n;(k) and n,(k), as
depicted by the pseudo-code reported in Fig. 6. The optimal indexes
"lgp,(k) and "ZDP,(k) are determined by solving the following optimal
control problem:

{ny,, (), my, ()} = min o [alei(k +D)+ a2e§d (k+ 1)1, (44)

or ny (k). ny(

where the two weights «; and a, composing the objective function
in (44) satisfy the constraint «; + a, = 1. The optimal control problem
(44) can be traced back to a linear Model Predictive Control (MPC)
problem with a one-step prediction horizon, and can always be solved
exactly thanks to the current errors prediction described in Fig. 6 and
to the finite number of indexes in the two cycles at lines 1 and 2
of the pseudo-code in Fig. 6. Furthermore, problem (44) intrinsically
makes the average capacitor voltages follow the desired profile V., 12408
as shown in Fig. 5, since the desired circulating current has been
computed accordingly in Section 3.2.2.

3.4. Control architecture implementation and topology
The block diagram detailing the implementation of the whole con-

trol architecture is shown in Fig. 7. The complete dynamic model of the
MMC in Fig. 3 is reported within the box encircled in red dashed line

in Fig. 7. The control part is reported within the box encircled in green
dashed line in the figure, and exploits all the concepts and calculation
detailed in the previous subsections: the calculation of parameters I,
and I, of the desired current profile I, starting from the average volt-
ages V,, and V,, using the paths in Fig. 5, followed by the calculations
of the desired current profile T, using Egs. (24)-(25). The prediction of
the future errors e r,(k+1) and e, L+ 1) can be made from the desired
and actual load and circulating currents I, I,, I, and I,, where the
actual currents are given by the MMC dynamic model in Fig. 3. Next,
the optimal control problem in (44) gives the optimal indexes n 1K)
and ny,, (k) to be fed to the capacitor voltages balancing algorithm in
Fig. 4, which generates as output the control vectors T, and T, for
the MMC dynamic model in Fig. 3. In order to make the proposed
control architecture accessible by the community, the dataset (Tebaldi
& Zanasi, 2024) provides a full Matlab/Simulink implementation of
the whole proposed control architecture applied to the MMC complete
dynamic model. The Simulink implementation of the proposed MMC
model and of the proposed model-based cascade control are reported in
the Simulink model FULL_MMC_s1x.slx, which can be launched by
the main script FULL_MMC_m.m. The provided files have been imple-
mented in Matlab/Simulink R2023a. The block diagram showing the
control structure is shown in Fig. 8. The considered control structure
has a cascade topology involving two control loops and an additional
feedback loop. The first control loop highlighted in red in Fig. 8 is
the current control loop, and implements the optimal controller (44)
on the load and circulating currents I, and I, in order for them to
track their desired profiles I, and I, (Goals 2.1 and 2.2 of the Control
Problem). The desired circulating current [, is generated by the action
of the second feedback loop highlighted in green in Fig. 8. The latter is
the voltage control loop, whose objective is to guarantee the condition
Vo =V, = 701% (Goal 1.2 of the Control Problem), while the
condition V| = - =V, =~ Vs Ve =2V, = V., (Goal 1.1 of
the Control Problem) is guaranteed by the voltage balancing algorithm
in Fig. 4 working at a very high switching frequency. The controllers
employed in the voltage control loop of Fig. 8 are shown in Fig. 5:
the proportional controller K,,, and the proportional controller K,
plus the term V. The desired voltage 7‘.1% is generated through
a feedforward action, which is limited to the input of the control
architecture as shown by the “Feedforward Action: Eq. (14)” block
in Fig. 8, and through the feedback of variable I, (feedback loop
highlighted in blue in Fig. 8), which is one-step delayed in order to
avoid the presence of an algebraic loop. The switching states of the
converter are updated every switching period T, therefore all the
control signals are sampled using the sampling time 7, through the
A/D converters present in Fig. 8. The discrete-time control blocks are
highlighted in light blue in Fig. 8, while the MMC continuous-time
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Model in Fig. 3 [Vu Ve

Algonlhm in Fig. 4

Fig. 8. Block diagram showing the cascade topology of the control architecture. The light-blue blocks are the discrete-time control blocks, while the magenta block represents
the controlled system. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

dynamic model is highlighted in magenta in Fig. 8. The discrete-time
control structure is executed every switching period 7, and provides
the optimal sequences T, (k) = T, (kT,) and T,(k) = T,(k T,), which are
then converted into the corresponding continuous-time signals T, and
T, using the zero-order hold reconstructor.

3.5. Stability analysis

Let the following three assumptions stand:

(1) The average capacitor voltages V,; and V, are sufficiently high
to guarantee the asymptotic stability of the switching Current Control
Loop in Fig. 8 (i.e. I, = I,,). This assumption is justified as follows. Since
the used average capacitor voltages reference V., .. 18 set to be the
ideal one in (40), it means that (14), and thus I, = fa, can be satisfied.
(2) The dynamic behavior of the capacitor voltages Vq’VCz""’VCzn
is correctly described by the average dynamic model given by the
first equation of (10) or, equivalently, by the transformed differential
Egs. (17). This assumption is justified since the condition V, =~ - ~
V., = V., and Veoo =2V, = V., is effectively enforced by the
voltage balancing algorithm of Fig. 4, which is executed at the very
high switching frequency typical of the considered application.

(3) The asymptotic stability of the voltage control loop in Fig. 8
is proven starting from the last two equations of system (33) and
neglecting the sinusoidal terms P, (w?) and P, (w?). This assumption is
justified as follows. If the voltage control loop is asymptotically stable,
the presence of these sinusoidal terms only causes periodical trajec-
tories with limited amplitude in the vicinity of the stable equilibrium
point.

Property 1. The equilibrium point V., =V, =V .15 ., OF equivalently,
—2 —2 = ’
Vi =Veo =V, is an asymptotically stable equilibrium point for

the voltage control loop in Fig. 8 with a domain of attraction given by a
circumference having the following radius r:
12
4 Vdc -G

re——g—" (45)

Proof. The proof is given in Appendix F.

The radius r of the domain of attraction in (45) is typically very
large in practical applications, since the source voltage V,, is typically
very large and K, is a control parameter that can be properly designed.
Indeed, using V,,. and K, from Table 1, the radius r of the domain of
attraction is in the order of 10°.

3.6. Parameters identification
If the load parameters L, and R, of the inductive part of the MMC

model are unknown, they can be identified using the following moving
horizon algorithm. The latter is effective in continuously updating the

Table 1
MMC system and controller parameters.
L =1 [mH] R=0.1 [Q] C; = 1000 [pF]
L, =50 [mH] =19 [Q] R, =50 [kQ]
Ryyn =1 [mQ] V,=10sin(2z501+%) [V] n=38
V, =250 [V] T,=10"* [s] Power Factor=0.771
I, =15,9,0.75[A] Median filter N, =200 K,0=0.179-10"3
K,y =1.5107 @, =099, a, = 0.01 w, =1

identification of the load parameters, thus accounting for any variation
in time they might exhibit. System (3) can be rewritten as follows:

I, 1 L 124
a a a - la R (46)
i, 1, R, vy

where I, = I;+ 1, V' = V,=V,—[,L-I,Rand V}} =V, -V, -, L-I,R.

The parameters L, and R, of system (46) can be estimated using a
—1
least-square algorithm as ®p=gq, p=®T® &' q, where:
———

o
[ f (k=1 I,k-=1)] [ Vetk—1) ]
I (k=1) I(k=1) Vitk—1)
I(k=2) I,(k=2) I Vitk —2)
D=\ I (k=2 I,(k-2) |, p=[R“], q=| k-2, (47
Ia(k;N) Ia(k;N) Vl”(k" N)
| 1ok = N) I(k=N) | | Vitk = N) |

and where the quantities 7,(k —i), I,(k —i), Vl“(k —1i), V;(k —i) describe
the corresponding variables sampled at time instant r = (k — )T}, for
i € {l,..., N}, being N the number of considered past samples. The
identification algorithm is continuously iterated at each time instant
t = kT, in order to continuously estimate the parameters L,, R, as
newer samples of I, I, V¢, V) in system (46) become available. The
number of past samples N represents an important degree of freedom
to mitigate the impact of noise on the parameters identification.

4. Simulation results

Two simulations have been performed on the complete MMC model
of Fig. 3 controlled using the architecture proposed in Fig. 8 and
adopting the system and control parameters reported in Table 1. In
order to simulate changes in the system operating conditions, such as
for example faults, the amplitude I,;, of the desired load current I,
has been chosen to vary from 1.5 A to 9 A and then to 0.75 A during
the converter operation, as shown in Table 1. In the simulation of
Section 4.1, the ideal reference V, 12,,, computed in Section 3.2.3 is
employed, whereas the simulation in Section 4.2 is performed using
a constant reference Vch instead, and approximately equal to the
minimum value which is strlctly needed to follow the desired load
current I, during the whole simulation, which is given by the case
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Fig. 9. Results of the first simulation. First subplot: actual and desired load currents
I, and T,. Second subplot: actual and desired average capacitor voltages V,, V,, and

V.1, Third subplot: switching voltage ¥; and its minimum allowed boundary —V},y,.
Fourth subplot: switching voltage V, and its maximum allowed boundary V),,,. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

I,y = 9 A representing the most demanding situation. In order to
consider a real scenario, measurement noise has been added to signals
1, I, vV, V5, V, and V, needed by the controller. Let a be the accuracy
of the considered sensor with respect to the peak range p;, a = 0.5% and
a = 0.2% are assumed for the current and voltage sensors, respectively.
Given the peak amplitudes of the considered signals, sensors exhibiting
the following characteristics are considered: p; = 10 A for currents I,
I,; p;, =350V for voltages V,, V,; p, = 10 V for voltage V, and p, = 85
V for voltages V, . A random noise uniformly distributed between +a of
p; has been added to the considered signals, in order to simulate signals
acquisitions in a real scenario. To counteract the impact of the noise on
currents I, I,, a first-order filter with a time constant 7 = 0.13 - 1073
has been employed. The initial capacitor voltages are set different from
each other and range from 25 V to 62.5 V incrementing by 2.5 V for
Veys -+ Ve,» Whereas the initial inductor currents are set equal to 0 A.
The load parameters are supposed to be fully unknown and identified
as described in Section 3.6 using N = 1000. The window length N,
of the median filter employed to obtain the average capacitor voltages

Ve, and vV, , is computed as follows:
_ 2=z
Y

where T is the sampling time. The window N, represents the number
of samples contained in one period of the slowest oscillatory terms of
functions P, (wr) and P,(wt) in (19). A Matlab/Simulink implementation
of the proposed MMC dynamic model of Fig. 3 with the proposed
control architecture of Fig. 8 is given in the files FULL_MMC_m.m and
FULL_MMC_slx.slx in the dataset (Tebaldi & Zanasi, 2024) using
Matlab/Simulink R2023a. The results of the first simulation are shown
in Figs. 9 and 10. The results of the second simulation are shown in
Figs. 11 and 12. The effective convergence of the capacitor voltages in
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Fig. 10. Results of the first simulation: zoom-in. First subplot: actual and desired load
currents I, and [,. Second subplot: actual and desired average capacitor voltages V_,,
V., and Vclzm- Third subplot: switching voltage V), filtered voltage v, and available
levels for voltage V,. Fourth subplot: switching voltage V,, filtered voltage v, and
available levels for voltage V,. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

the simulations is shown in Fig. 13, while the comparisons between the
load current tracking error and harmonic content of the two simulations
are shown in Fig. 14 and in Table 2.

4.1. I simulation: Ideal capacitor voltages reference

The results of the simulation using the ideal average capacitor
voltages reference 7612‘1” are shown in Figs. 9 and 10. From Fig. 9,
it is possible to observe that the reference V,,, .. computed as in
Section 3.2.3 is indeed the ideal one: (1) the load current I, always
tracks I,, except for very short transients when the amplitude I,
changes; (2) the lower boundary —V},,, of voltage ¥, and the upper
boundary V),,, of voltage V, always coincide with the peak value
of voltages V, and V, except for the very short transients when the
amplitude I,,,, changes. The good tracking of the ideal reference 7012“
by voltages V,; and V', shown in Fig. 9, as well as the good tracking of
the desired reference I, by the load current I, show the effectiveness
of the Voltage and Current Control Loops in Fig. 8. In particular, the
good tracking of reference V,,,, ., Proves the effectiveness of the control
laws Py, and Pj,: P, keeping V,, and V, as close to each other as
possible and P;, making voltages V,, and V,, accurately track the
varying reference 70,2“5 even in correspondence of the changes in the
load current amplitude. The ideal voltage reference VC]ZM is computed
using (39)-(40), and represents the minimum value which is strictly
needed for voltage V to track the desired value 175 in (14), and for the
load current I, to track the desired value I,. It is very convenient to
make voltages V., and V., follow Vclzm because larger V,; and V,
would cause the discrete voltage levels generating voltages V; and V,
to be more distant from each other. As an example, Fig. 10 shows a
zoom-in of Fig. 9 for t+ € [1.28, 1.58] s, showing that the transient on
voltages V,; and V., in correspondence of I,,, = 1.5 - 9 A is very
short. Furthermore, it is possible to observe that the available voltage
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Fig. 11. Results of the second simulation. First subplot: actual and desired load currents
I, and T,. Second subplot: actual and desired average capacitor voltages V,, V,, and
V. 12,,,- Third subplot: switching voltage ¥, and its minimum allowed boundary —V,y,.
Fourth subplot: switching voltage V, and its maximum allowed boundary V),,,. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

levels (black characteristics in the figure) generating voltages V| and V,
are much closer to each other whenever I,,, is lower. This brings two
important advantages: (1) a lower harmonic content in the resulting
load current I; (2) a better tracking of current [ itself, leading to a
cleaner s1nuso1d, as further discussed in Section 4.3.

4.2. II simulation: Constant capacitor voltages reference

The results of the simulation using the constant reference Vch,, are
shown in Figs. 11 and 12. In this case, the voltages V., and V, have
to track the constant reference V, 12,,, Tepresenting the minimum value
which is strictly needed to guarantee the tracking of the desired I, that
is the value of the ideal reference 7c12dm from the first simulation in
the most demanding situation represented by the case 7,,, = 9 A. Since
Voo ., 1 constant, Fig. 12 shows that the level-to-level distance when
generating voltages V; and V, does not change throughout the simu-
lation even when there would be room to reduce it, that is when I,
decreases. This causes two main disadvantages: (1) a higher harmonic
content in the resulting load current I; (2) a worse tracking of the load
current I itself, as further discussed in Section 4.3.

4.3. Results comparison and discussion

This section addresses the results comparison and discussion be-
tween the two simulations in terms of capacitor voltages convergence,
load current harmonic content and load current tracking error. Fig. 13
shows that the capacitor voltages V,, are effectively kept balanced and
equal to the corresponding mean values V,, and V,, by the algorithm
in Fig. 4, as well as the shortness of the voltages transients which
quickly converge to the desired reference V,,, .. €ven when starting
from different initial conditions. The comparisons between the load
current tracking error and harmonic content in the two simulations are
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Fig. 12. Results of the second simulation: zoom-in. First subplot: actual and desired
load currents I, and I,. Second subplot: actual and desired average capacitor voltages
V., V., and V[12 . Third subplot: switching voltage V;, filtered voltage v, and
available levels for voltage V,. Fourth subplot: switching voltage V,, filtered voltage
v, and available levels for voltage V,. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

shown in Fig. 14 and in Table 2. Table 2 contains the following four
metrics for comparison: the root mean square value RMS(e; ) of the
load current tracking error e 10 the maximum absolute value max(le I )
of the load current tracking error e I the average value avg(fft(/,)) of
the amplitude spectrum given by the Fast-Fourier Transform (FFT) on
the load current I, and the load current Total Harmonic Distorsion
THD(I,). Table 2 also shows the same performances of the converter
in terms of active power delivered to the load. The left subplots of
Fig. 14 show the amplitude of the load current fundamental harmonic.
The asterisks on the right subplots of Fig. 14 show the amplitude of
the load current higher-order harmonics (i.e. at frequency greater than
50 Hz in the considered case), while the continuous lines report the
average amplitude over the higher-order harmonics.

With reference to the time interval 7 € [2.14,2.16] s, corresponding
to one period of the load current when I,,, = 9 A, Table 2 shows
that RMS(e; ) is approximately the same both in the first simulation,
in which the ideal reference chm is used for voltages V,, and
V .,, and in the second simulation. This happens because the constant
reference VHZM in the second simulation has indeed been set to the
minimum value which is strictly needed to track a load current having
an amplitude 1,,, = 9 A. A similar observation applies to the metrics
max(|e I, 1), avg(fft(Z,)) and THD(I}). Indeed, the average amplitudes of
the different higher-order harmonics in the actual load current I, are
approximately the same for both the first and the second simulations
when I,,, =9 A, see the red and blue continuous lines in the middle
subplot of Fig. 14, which are very close to each other.

With reference to the time intervals ¢ € [0.38,0.4] s and ¢ € [3.08,3.1]
s, corresponding to one period of the load current when I, = 1.5
A and I, = 0.75 A, respectively, Table 2 shows that RMS(e; ) and
max(|e; |) are significantly larger in the second simulation (“Constant
Vled ’ case) than in the first simulation (“Ideal varying de 7 case),
highhghtmg a tracking of the desired load current profile I which



D. Tebaldi and R. Zanasi

I simulation: Capacitor Voltages
80

7 70
6 = 60
60
—5 50 —_
>
40 40
40
3 30’ l

0 20
0 005 0.1 0 0.5 1 15 2 25 3

=]

3

3

[V]

8

i

o
o
o
S
S

35

IS

II simulation: Capacitor Voltages

o 80 80
60 - 70
— 50 60 —
> 50 >
Zw Z
40 4
30 i

30[

[Vl

Lt

20
0.002

0 0 0.05 0.1
Time [s]

Time [s]

0.5 1 15 25 3 35

IS

2
Time [s]
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Table 2
Metrics evaluating the resulting load current I, in the first and second simulation and
active power.

t [s] t €[0.38,0.4] t€[2.14,2.16] t€[3.08,3.1]
Constant V.,
RMS(e; ) [mA] 75.09 265.9 65.65
max(le; |) [mA] 200.9 945.9 169.3
avg(fft(1,)) [A] 2.14 10.7 1.39
(Ideal: 1.5) (Ideal: 9) (Ideal: 0.75)
THD(I,) [dBc] -1.05 -1.13 -0.84
Active Power [W] 21.46 762.85 5.31
Ideal V5,
RMS(e; ) [mA] 56.41 252 42.14
(-24.88%) (-35.82%)
max(|e; [) [mA] 155.9 834.4 101.5
(-22.43%) (-40.07%)
avg(fft(1,)) [A] 1.93 10.5 1.15
(Ideal: 1.5) (Ideal: 9) (Ideal: 0.75)
THD(J,) [dBc] -1.10 -1.18 -1.21
Active Power [W] 21.45 759.67 5.23

is much worse in the second simulation. This is due to the fact that
voltages ¥, and V, are generated using larger discrete voltage levels,
as shown in Fig. 12, which in turn implies a higher harmonic content
in the load current I, as quantified by the metrics avg(fft(Z;)) and
THD(I,) in Table 2 which are larger in the second simulation. The
higher harmonic content in the load current I, during the second sim-
ulation when I,,, = 1.5 and I,,, = 0.75 A can also be seen from the red
and blue continuous lines in the upper and lower subplots of Fig. 14:
the blue line is much larger than the red line, indicating a higher
amplitude of the higher-order harmonics during the second simulation.
This proves the effectiveness of the approach for computing the ideal
average capacitor voltages reference Vclzm and of the model-based
cascade optimal controller proposed in this paper.

5. Conclusion

In this paper, the modeling, the harmonic analysis and the model-
based control of MMCs using a cascade control architecture have been
addressed. As far as the modeling part is concerned, a new compact
POG block scheme to model single-phase MMCs has been proposed,
which is directly implementable in the Matlab/Simulink environment
using simple blocks that are available in standard Simulink libraries.
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Fig. 14. Results of the first and second simulation. Right subplots: amplitude spectrum
of the load current I, at high frequencies. Left subplots: amplitude of the fundamental
harmonic of the load current I,. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Two congruent state-space transformations have then been employed
in order to decouple the MMC dynamics, thus enabling the proposed
harmonic analysis of modular multilevel converters. The performed
harmonic analysis has given a deep and exact understanding of the
MMC dynamics. Thanks to this, the tracking reference for the circu-
lating current in order to make the average capacitor voltages track
the desired reference could be determined, and the exact computa-
tion of the ideal voltage reference for the average capacitor voltages
in the upper and lower arms of the converter could be performed.
Such ideal voltage reference represents the minimum value which is
strictly necessary to properly track the desired load current while,
at the same time, minimizing the tracking error and the harmonic
content in the generated load current itself. The simulation results
show that the new proposed model-based control architecture is robust
even in the case where the load parameters needed for the proposed
control architecture are fully unknown. The system stability analysis
has been performed, and the proposed controller has been proven to
be effective even in the case in which nonidealities such as switches
on-resistances and capacitors self-discharge resistances are taken into
account and in the case in which the signals needed for the control
are affected by measurement noise. The proposed control architecture
allows to effectively achieve all the goals of the Control Problem at
the same time: (a) balancing of the capacitor voltages; (b) tracking
of the ideal voltage reference for the average capacitor voltages in
order to minimize the tracking error and the harmonic content in the
load current; (c) tracking of the desired load and circulating current
profiles. The simulation results also show the effectiveness of one of the
new important concepts introduced in this paper, that is having time-
varying average capacitor voltages in the upper and lower arms of the
MMC. The circulating current is exploited in order to make the average
capacitor voltages track the ideal voltage reference, which changes in
real-time as a function of the desired load current. This represents a
crucial advantage with respect to the classical approach of maintaining
the average capacitor voltages at a constant value, because it enables
the reduction of the tracking error and of the harmonic content in
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the generated load current by minimizing the level-to-level distance in
the commutating voltage signals, thus enhancing all the intrinsic main
advantages of multilevel converters.
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Appendix A. Sinusoidal behavior of function P,(wt)

Function Pj(wt) in (19) is composed of the three terms 2V, .1,,
V,1, and f(t)I,. The first term 2 VI, is known, see (24). The second
term V,; 1, can be expressed as described in Appendix B. By performing
the product of two sinusoidal functions, and using the expression of
function f(¢) in Appendix D, the third term f(s)I, of function P,(wt)
can be expressed as follows:

FOI, = fr sin(@t + a)1,p sin(wr)

AYER % cosRwt + ay).

= Tcos(af)— (A

From (14), (24), V,1I, in Appendix B and (A.1), it follows that function
P, (wt) can be rewritten as in (26).

Appendix B. Sinusoidal behavior of function V;1,

Using (23), (24) and by performing the product of two sinusoidal
functions, function V, I, can be expressed as follows:
Valy =[Vyo + Vyp sin(ot + an)] [ g0 + 144 sin(et + ay, — arr)l

Vau
=Vyolgo + ~H54% cos(ap ) + Fy, 1, (1),

where:
Fi(wt) = Iy Vg sin(ot +ay,)
+Vy0 140 sin(ot + ay, — arr)s
Fy,;,(wt) = F (o) - W cosQat +2ay, —apg) ®B.1)
= I40Van sin(wt + ay,) ’

+Vaolan sin(wt + ay, —app)

Vam
— -~ cosQat + 2ay, — apR).
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Appendix C. Sinusoidal behavior of function P,(wt)

Function P,(wt) in (19) is composed of the three terms 2V, I,,, V, I,
and f(n1I,. The first term 2V, I, is known, see (22). By performing
the product of two sinusoidal functions, the second term ¥, I, can be
expressed as follows:

Vil = Wao + Vaar sin(@t + ay, )1 7 sin(er) €1
= Y lat cos(ay, ) + Fy (), :
where:

Vam Lam

Fy(wt) = Vo 1,5 sin(wt) — cos(2wt + ay, ).

By performing the product of two sinusoidal functions, the third term
f(®) 1, of function P,(wt) can be expressed as follows:

SOy = [ sin(ot +ap)L o+ 1y sin(of + ay, — arp)l

1 C.2
=Mcos(af —ay, +apg) + F3(w1), €2

where:

Sv Lam

Fy(ot) = 10 fy sin(wr + ay) — cos(2wt + ay +ay, — app).

From (14), (22), (23), (C.1) and (C.2), it follows that function P,(wt)
can be expressed as in (30).

Appendix D. Sinusoidal behavior of function f(t)

Function f(¢) is the sum of three sinusoidal terms characterized by
the same frequency w, and can therefore be expressed as follows:

fW=Lrl,+Rpl, +2V,
=Lyl pocos(wt) + Ryl,p sin(wt) + 2V, sin(ot + ay, )
= fu sin(ot +ay),

where:

— 2 2
Iu=1/SE+C3,

s
a =arctan <C—§> s Cp=Rrlyp + 2V cos(ay).

Sy =Lyl + 2V, sin(ay, ),

Appendix E. The constant term Py,

Using (24), the constant term P,, can also be expressed as follows:

Pyy= —W cos(ay,) — szldM cos(ay, —ay —apg)
== g cos(ay,) + YL bsin(ay,, )
= —w cos(an +7),
where g = —ay —arp,
a=1I,+ —fM cos(h) = cos(y), b= S Sin(A) = sin(y)

VR? + L2w? VR + 202

and y = arctan2(b, a). The values of parameters f, and «, have been
defined in Appendix D, and the value of parameter a;, has been
defined in (24).

Appendix F. Proof of Property 1

Using the assumptions (1), (2), and (3) in Section 3.5, the last two
equations of system (33) can be rewritten as follows:

{4CT VaVe = P+ Py, (F.1)

4Cr VeV = Py— Py

The two control laws P,, and P, present in (F.1) have been proposed
and defined in Section 3.2. By using Fig. 5 neglecting the filters, and
using Egs. (31), (27) and (29), the terms Py, and P, can be expressed

as follows:

—2 =2

Py = =K1 Kyum (Vcl - ch)’
W,y Va0~ V2~ Gy (F.2)

Py = —2 40—
10 R
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where:
vVa2+p2
K, = “T” cos(ay, +7),
- 7 VotVe (F.3)

Vaio = Vo + Kao Vclz,m - 3 .
Let %, and %, denote the error variables defined as follows:
I L =2 =
1=V =V =Va=Va (F.4)

where the reference V,,, .. 1s supposed to be constant. By means
of (F.1), the time derivative of variables X, and X, in (F.4) can be
expressed as follows:
Py + Py Py =Py
2C; 2C;
Using (F.3) and (F.4), the terms P,, and P, in (F.2) can be rewritten
as follows:
Py = =K1 Kyp (5‘1 —562), )
Py = —ay (X 4+%) —a3 (% +%,)",

K0\ V2-C K2
where a, = —“2Y 4~ and g; = 40, The derivation of the expression
of Py in (F.6) is detailed in Appendix G. By defining the positive
definite function:

21=22W V= fp =2V oV, = (F.5)

(F.6)

. - 1 . .
V(xy, %) = z(x% +X3)
and using (F.5) and (F.6), it follows:
V(%), %) = %% + %%,

_ _ [ wtaEi+%) ) o =2 _ KiKgm o2 =2
= (—2CT (X +%,) ErTon (X; —Xp)".

(F.7)
Applying the state-space transformation j;, = X; + %, , = X, — X, to
the last relation of (F.7) yields:

e = N__@tad o KiKyy o _a o
V&L %)== "0~ e, N ™ chy%"'

K Ky
) <0,
from which it follows that function V(%,,%,) is negative definite in
the vicinity of point (%;,%,) = (0,0) since, in this region, the term
a3(X +X,) is negligible with respect to the constant a,. From the Direct
Lyapunov’s criterion, it is possible to conclude that (%, %,) = (0, 0) is an
asymptotically stable equilibrium point for the considered second-order
closed-loop system (F.1)-(F.2). From (F.4), it can be evinced that the
equilibrium point (X, %,) = (0, 0) corresponds to the condition 731 =

—2 —
Vc2 =V

(F.8)

2 — — —
12, and, therefore, to the condi‘tion Ve =V =V, From
(F.8), it can be concluded that function V (%, X,) is negative definite for

all the points (%,, X,) of the error plane satisfying the following relation:

. . 44/V2 -C,
x1+x2>_a_2=_+=

as Ko

—r. (F.9)

The latter inequality implies that the origin (%, X,) = (0, 0) is asymp-
totically stable at least in a circumference, representing the domain of
attraction, having the radius r in (F.9).

Appendix G. The constant term P,

Let X denote the following error variable:

—2 2
.2 Va+V, 1/ -
X=Vo,, ~ =3 (+R). @1
Using (G.1), the variable V,, in (F.3) can be rewritten as follows:
Vao =V + KgoX. (G.2)

Using Fig. 5, (27), (29) and (G.2), and performing some algebraic steps,
the term P, can be rewritten as follows:
P 2 _ P 2 _¢ 2
0 = VchdoRVdo Co _ Kdo\/RV,,c 05— %22. (G.3)
Substituting (G.1) in the last relation of (G.3) yields:

= Kao \' dec_co % K;O %
Py = ———2¢—( (

X +5cz) 1

which is the expression of parameter P), used in (F.6).
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