Journal of High Energy Physics

You may also like

Operator product expansion of higher rank Wilson 'E—"—éﬁ@iiﬂéif":Wi'SB(’” '(V’: = ;"b”"'d
. ao Ouyang, , Jun-Bao Wu et al.
loops from D-branes and matrix models

- Wilson loops and integrability
Hagen Munkler

To cite this article: Simone Giombi et al JHEP10(2006)045 - BPS Wilson loops and quiver varieties

Nadav Drukker

View the article online for updates and enhancements.

This content was downloaded from IP address 155.185.75.238 on 07/06/2023 at 09:31


https://doi.org/10.1088/1126-6708/2006/10/045
/article/10.1088/1674-1137/40/8/083101
/article/10.1088/1674-1137/40/8/083101
/article/10.1088/1751-8121/ab2477
/article/10.1088/1751-8121/aba5bd

PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA
RECEIVED: September 11, 2006

ACCEPTED: September 28, 2006

PUBLISHED: October 16, 2006

Operator product expansion of higher rank Wilson

loops from D-branes and matrix models

Simone Giombi, Riccardo Ricci and Diego Trancanelli

C. N. Yang Institute for Theoretical Physics,

State University of New York at Stony Brook

Stony Brook, NY 11794-3840, U.S.A.

E-mail: bgiombi@max?.physics.sunysb.edu, fricci®max?.physics.sunysb.edu|,

dtrancan@max?.physics.sunysb.edy

ABSTRACT: In this paper we study correlation functions of circular Wilson loops in higher
dimensional representations with chiral primary operators of N' = 4 super Yang-Mills
theory. This is done using the recently established relation between higher rank Wilson
loops in gauge theory and D-branes with electric fluxes in supergravity. We verify our
results with a matrix model computation, finding perfect agreement in both the symmetric

and the antisymmetric case.
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1. Introduction

In the AdS/CFT correspondence local gauge invariant operators are matched with bulk
supergravity fields evaluated at the boundary of the AdS space [[-[]. An important role in
the correspondence is also played by non local gauge invariant operators, the most notable
example being the Wilson loop.

In N = 4 super Yang-Mills theory Wilson loops are defined (in Euclidean signature) as

_ 1
 dimR

Wr(C) TrrP exp}{dT [iAu(T)E" + @1(7)91]3&” (1.1)
C

where A, is the gauge field and ®; are the six scalars of the N' = 4 multiplet, and 6! is a con-

stant unit vector in R. The data which characterize the Wilson loop are the shape of the in-

tegration contour C and the representation R of the gauge group. Supersymmetry restricts



C to be a straight line or a circle [fi],! while R may be arbitrary. It is a well-established part
of the AdS/CFT correspondence that Wilson loops in the fundamental representation are
associated with a classical string surface of minimal area landing on the loop [ff, §]. The
worldsheet area, being the string infinitely long, is formally infinite but the string action
can nevertheless be made finite by adding suitable counterterms [J]. The expectation value
of the Wilson loop is then the partition function of the regularized string associated to it.

Recently circular Wilson loops in representations other than the fundamental have
been a very active field of investigation. A holographic dictionary has emerged, where
probe branes in the bulk are related to higher rank Wilson loops in the boundary [[4-
[5].2 In particular, D3 branes with AdSs x S? worldvolume and k units of fundamental
string charge dissolved on them have been proved to compute expectation values of Wilson
loops in the rank k symmetric representation.? This picture is the natural generalization
to the AdS5 x S° background of the idea that a fundamental string ending on a D3 brane
in flat space can be described in terms of a curved D3 brane with a localized spike carrying
a unit of electric flux, as first proposed by Callan and Maldacena [[[§]. On the other hand,
D5 branes with AdSy x S* worldvolume and & units of string charge correspond to Wilson
loops in the rank k£ antisymmetric representation. Both these branes are half-BPS and
preserve the same isometries of ([.1), namely SO(2,1) x SO(3) x SO(5). They pinch off at
the boundary of AdS5 landing on the curve that defines the Wilson loop.

The intuitive reason for considering these objects is that, to build a Wilson loop in
the rank k representation, one would start with considering k coincident fundamental
strings. The D3; and D5y branes can then be thought of as coming from an Emparan-
Myers polarization effect [[9, R(], which, for k sufficiently large, blows up a S* C AdS;
or a S* C 8% from the worldsheet of the k coincident strings. This is reminiscent of the
interpretation of gravitons with large momenta as D3 branes wrapping a S® C S° (giant
gravitons) or a S3 C AdSs (dual giant gravitons). We can then regard the D3; and D5
branes as dual giant and giant Wilson loops, respectively.

This brane picture has the advantage of automatically encoding the interactions be-
tween the coincident strings [R1] and yields all non planar contributions to the expectation
value of the higher rank Wilson loop [[LZ].

It is well-known that the expectation value of circular Wilson loops in the fundamen-
tal representation can be computed with a quadratic Hermitian matrix model [P3, RJ]. Tt
has been conjectured that this can be extended to higher rank loops and matrix model

computations have provided a successful check of the holographic dictionary just dis-

cussed [, B4, B3]

'In this paper we consider only half-BPS operators. For loops preserving less supersymmetry see [H,E}

2For ’t Hooft loops see [@, E], and for applications to finite temperature see @]
3The brane probe approximation breaks down for k& much larger than N. In this limit the branes

backreact deforming the geometry into the supergravity solutions studied in [E] and ]



A small circular Wilson loop, when probed from a distance much larger than its char-
acteristic size, can be expanded in a series of local operators of different conformal di-
mension [PG. The operators which are allowed to appear in the expansions must preserve
the same symmetries of ([.1]) and therefore must be bosonic, gauge invariant and SO(5)
invariant. The conformal dimension of some of these operators is not protected by the
superconformal algebra and therefore they receive large anomalous dimensions and decou-
ple in the strong coupling regime. An important class of operators which have protected
dimensions and appear in the operator product expansion are the chiral primary operators.
The correlator with a local operator can then be read off from the expansion of the Wilson
loop [4).*

In this paper, we use the D3; and D5; branes to compute the correlation function
between a circular Wilson loop in a higher representation and a chiral primary operator in
the fundamental representation. We do this by studying the coupling to the brane world-
volume of the supergravity modes dual to the chiral primaries. These modes propagate
from the insertion of the local operator on the boundary to the brane worldvolume in the
bulk.

The paper is organized as follows. In sections 2 and 3 we review the operator product
expansion of the Wilson loop and how to compute correlation functions when the Wilson
loop is described in terms of a fundamental string worldsheet. To evaluate this one needs
to study the harmonic expansion on S° of the bulk fields which couple to the worldsheet.

Following the philosophy outlined before, we then replace the fundamental string with
the D3; and D5 branes. We start by investigating the symmetric case in section 4. We
expand the brane action to linear order in the fluctuations of the bulk fields and find how it
couples to the relevant supergravity modes. Using the procedure reviewed in section 3 we
compute the correlation function. In the limit of small & we recover the previously known
result derived using the fundamental string.

We then move on to the analysis of the antisymmetric case. The D5; brane now
extends also in the S® directions. Also in this case we compute the correlator between the
Wilson loop and a chiral primary operator and check that it yields the correct string limit.

As a further check, in section 5, we compare our results against the expressions coming
from the normal matrix model introduced in this context in [24] and find perfect agreement
both in the symmetric and antisymmetric case.

In the appendix we collect some facts about spherical harmonics and orthogonal poly-

nomials that we have used in the paper.

2. Kaluza-Klein expansion

In this section we review the expansion in spherical harmonics for type IIB supergravity on

4For a nice review see @]



AdSs x S° [2g], and identify the bulk excitations associated to turning on a chiral primary
operator in the dual N = 4 gauge theory [RY. These will be later used to construct the
coupling of the various supergravity modes to the D3, and D5, branes.

The Einstein equations read °

1 .
Ryn = %Fmijklf‘n”kl (2.1)

where the 5-form field strength F(s) is self-dual. In the Poincare patch, the AdSs x S5

solution reads

1

ds® = = (dz* + d&?) + d23 (2.2)
z

Fupopspaps = —4€u1 popapiaps Fojosasasas = —4€aiazas040s- (2.3)

The fluctuations around the background geometry can be parametrized as follows

ho o
hag = hap) + = Jap; 9P hap) =0 (2.5)
ho Y
hyw = hiw - ?g’w’ gt h/(W) =0 (2.6)
F = F +F, OFijkim = BV [i@jkim) (2.7)

where ho is the trace of the metric on the five-sphere, hy = haﬁgaﬁ . Note that the fields
hu, and hL are related by a d = 5 Weyl shift. To identify the bulk excitation in AdS5 we

expand the fluctuations as follows ©

v

W =3 W @)Y (y) (2.8)

hy =Y hb(x)Y'(y) (2.9)
O AN €2) 4 ) (2.10)
Uoyasascs = —4 Y €aoanazasd’ (2) VY (1) (2.11)

where x and y refer to the AdSs and S° coordinates respectively, and Y/ are scalar spherical

harmonics on the 5-sphere which satisfy 7
VOV YT = —A(A +4)Y1 (2.12)

Spherical harmonics on S° can be classified in terms of the SO(6) ~ SU(4) R-symmetry

group. In particular scalar harmonics belong to the [0, A, 0] representation. The fields

®In our conventions Latin indices run over the whole 10 dimensional manifold while Greek indices y, v, . ..
and a,3,... run over AdSs and S® respectively. We also choose units in which Rags, = Rgs = 1.

5We do not consider the harmonic expansion of h(apy as this fluctuation is related to Q%Q? descendants
of chiral primaries in the dual super Yang-Mills theory.

"We include a brief review of spherical harmonics in the appendix.



ho and b appear coupled in the linearized equation of motions. Their equations can be

diagonalized introducing the linear combinations [R]

7 1

s = m[hﬁ —10(A + 4)b"] (2.13)
= m[hg + 10Ad] (2.14)

which obey the equations of motion

V. Vish = A(A—4)s! (2.15)
V.V = (A +4)(A+8)t. (2.16)

A scalar field in AdS with m? = A(A —4) (with A > 2) transforming in the [0, A, 0]
representation corresponds to a chiral primary operator Oa of conformal dimension A.
Therefore, to linear order, the scalar field s! corresponds to chiral primaries in the dual
gauge theory. On the other hand, the scalars ¢! are associated to their descendants, which
we do not consider in the paper.

The linear solutions to the equations of motion turn out to be [29]

4

6
h;u/ = —EASQW, + A—HV(“V,})S (2‘17)
hap = 2A s gag (2.18)
Wy popspa = €prpapspaps Vb (2.19)
(2.20)

Aayazazas = _42eaa1a2a3a4bl($)vayl(y)
I

where s = 3 s'Y! and b = S b'Y!. Using (R.5) and the solution (P.1§) one can identify
ho = 10 A s. Setting t/ =0 in (2.14), one can then deduce s = —b.

3. Operator product expansion of Wilson loops

The Wilson loop operator can be expanded in terms of local operators when probed from
distances much larger than its characteristic size a. For the circular Wilson loop with

radius a we can write [24]

In this expression Oy is a local gauge invariant operator with conformal dimension A,
and the sum over n runs over both the primary operators and their descendants. This
operator product expansion must be invariant under the symmetries preserved by the
Wilson loop. The half-BPS circular loop has /(1) = 6! = const. and therefore preserves a
SO(5) subgroup of the original SO(6) R-symmetry group. The operators appearing in the



OPE expansion must therefore contain SO(5) singlets in the SO(6) — SO(5) decomposition.
For example, at level A = 2 we can consider the chiral primary operator (’)é4 = CfJTrCDI P,
where C7 is a SO(6) symmetric traceless tensor. Under SO(6) — SO(5) it decomposes
as 20 — 1 + 5 + 14 and therefore, containing a singlet, it will appear in the OPE of
the Wilson operator. A similar analysis can be performed for higher dimension operators,
which in general will contain covariant derivatives, gauge field-strenghts and the fermions
of the N' = 4 multiplet. Some of them will get large anomalous dimension in the strong

coupling limit and therefore will decouple. The generic expansion looks as follows

=14+ 0(2) a2 Y1§2) (G)NQCjL‘JTr (Q)IQ)J) +

e @ YD (OINSC i Tr (9107 0K) + ey > Tr (07X FL) + - -
(3.2)

where Yfin) (0) are spherical harmonics and N, are normalization constants.
The coefficients appearing in the OPE expansion can be read off from the large distance
behavior of the two point correlator of the Wilson loop and the local operators
WE)o"M (@)
we)y = ‘Wing

where it is assumed that the loop radius a is much smaller than the distance L from the

(3.3)

point of insertion of the local operator. In this paper we will focus only on chiral primaries
operators (’)ﬁ = C’ﬁ___IATr(CI)I1 ...<I>IA).8 These belong to short representations of the
superconformal algebra, have protected conformal dimensions, and appear at all orders in
the expansion (B.9).

In the AdS/CFT correspondence the chiral primary operators are dual to supergravity
modes: Op corresponds to a scalar of mass m? = A(A — 4), which is a combination of the
trace of the metric and the RR 4-form over S°, as we reviewed in the previous section.

We now briefly discuss the procedure for computing the correlation function of these
operators with a Wilson loop in the strong coupling regime. The coupling to the string
worldsheet of the supergravity mode dual to Oa is given by a vertex operator Va, which

can be determined by expanding the string action to linear order in the fluctuation h,,

[ / 0 /det (G B dpa)

2ma!

1 1
B / @y det (g Do D) (1 + 5 (9w 0a2" 9p2") " by, Ozt Iz + - ) '

2ma!
(3.4)

The fluctuation of the metric hy, on AdSs is given in eq. (R.17). We write the scalar sl in

terms of a source s{) located at the boundary

sH(@, 2) = /d4f/GA(f/;f, 2)sh(z") (3.5)

8We take the traces of the chiral primaries in the fundamental representation.
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where GaA(Z'; Z, 2) is the bulk-to-boundary propagator which describes the propagation of
the supergravity mode from the insertion point &’ of the chiral primary operator to the

point (Z, z) on the string worldsheet

GA@G£2%20<———i—jF>A. (3.6)

22+ -7

A+1
227A/2N\/Z
function [RF]. Since we are probing the Wilson loop from a distance L much larger than

The constant ¢ = is fixed by requiring the unit normalization of the 2-point

its radius a we can approximate

28 A A(A-1)

GA(f’;f,z):cm, (925[:;5 ) o 1275 : (3.7)
The relevant Christoffel symbols are readily computed to be
D = 20 — 20303 (38)
so that one finally has
hfw ~ —2A g8’ + i—?é;éﬁsl. (3.9)

Inserting this result into (B.4), the coupling to the worldsheet is found to be [R6]

2ra a 2wl

2
! /d.A(—QAs)Z—2 = ! /d.AVA S. (3.10)

In this expression dA is the area element of the classical string. The correlation function is

obtained from functionally differentiating the previous formula with respect to the source

50
<W(C)OA(f0)> _ I 0 1 4$, 27 5 SI z/
_WWW__Y@M%WMWM VaGa(#": 7, 2)sh(F)
= Y'(0)5— /dA VAGA (o T, 2). (3.11)

One obtains in the approximations of eq. (8.7)

W(C)Os(E0)) _ ynj21 VAN @

WO ~TIE (3.12)

We now move on to studying the operator product expansion of Wilson loops in higher
dimensional representations. We analyze the rank k symmetric representation first. In the
bulk this is described by a D3j brane.



4. Brane computation

4.1 The D3 brane

We consider a small circular Wilson loop of radius a placed on the boundary of AdSs. The

metric on AdSs can be written in polar coordinates as
dsias = — (dz +dr} 4+ ridy? + dry + r3d?) . (4.1)

The position of the loop is defined by 71 = @ and z = r9 = 0. We take a D3 brane which
pinches off on this circle as z — 0 and preserves a SO(2,1) x SO(3) x SO(5) isometry [[J].
The bulk action includes a DBI part and a Wess-Zumino term, which captures the

coupling of the background Ramond-Ramond field to the brane

Sps = Tps / \/deth + 27TO/F) - TD3/P[C(4)] (4.2)

where Tps = % is the tension of the brane, v is the induced metric, F' the electromagnetic
field strenght, and P[C4)] is the pull-back of the 4-form

Cay = odry Adis A dry A do (4.3)
to the brane worldvolume.
We review the brane solution found in [[J]. It turns out to be more convenient to use

a new set of coordinates obtained by transforming {z, r1, 72} into

asinn acosn asinh psin ¢

z = - , T = - , To = - . (4.4)

cosh p — sinh p cos 6 cosh p — sinh p cos 6 cosh p — sinh p cos 6

In this coordinate system the metric on AdSs reads

ds?gs = (d772 + cos? 1 dip? + dp?® + sinh? p (dh* + sin® 0 d¢2)) (4.5)

sin®n
where p € [0,00), 6 € [0, 7], and n € [0,7/2]. The Wilson loop is located at n = p = 0. One
can pick a static gauge in which the worldvolume coordinates of the brane are identified
with {¢,p,0,¢} and the brane sits at a fixed point of the S° determined by the constant
unit vector §/ € RS. The remaining coordinate can be seen as a scalar field, n = 7(p).
Because of the symmetries of the problem the electromagnetic field has only one component,
Fy,(p). In this coordinates the DBI action in ([L.9) reads

SpBr = 2N/dpd9 w cos? (1 + n'2) + (2ra’)? sin* nFi (4.6)
sin®n P
while the Wess-Zumino term is
_ —2N/d " Cosnsm95mh p (cosn—l—n'sinn sinh p — COShpCOSH) @

sin* cosh p — sinh p cos 6




The solution to the equations of motion reads [[[2]

ik kYA

= 5, R = —. 4.8
8N sinh? p AN (48)

1
sinn = —sinhp, Fy,
K

The bulk action has to be complemented with boundary terms for the worldvolume
scalar 7 and for the electric field Fy, [12]. These terms do not change the solution but

alter the final value of the on-shell action which reads

Sps = Spar + Swz + Seay = —2N(kV/1 + K2 + sinh ™! k). (4.9)
The expectation value of a Wilson loop in the rank & symmetric ? representation is then
(Ws,) = exp <2N(nm + sinh ™! n)) . (4.10)
For small x this expression reproduces the result of k£ fundamental strings
(Ws,) ~ "V, (4.11)

4.1.1 Coupling to chiral primaries

The linearized coupling of the scalar s’ to the brane worldvolume can be found by expanding
the induced metric on the brane around the AdSs x S® background g¢,,, and keeping the
first order term in the fluctuation h,,,. Since the brane lies completely in AdSs we can

write

Sppr = TD3/ d4a\/det (Gw/aaX“abX’/ —|—27T0/Fab)

= TD3/ d4a\/det (9 0a XHOXY + 21/ Fyp) -

1 —
'<1+§(guyaaX“abX”Hm’Fab) lhpoaaX”abX””')' (412

Here a, b are the brane worldvolume indices.
The coupling of s’ to the 4-form in the Wess-Zumino term is obtained by replacing
C(a) — C4) + a(4) where, using eq. (B.19) and the approximation (B.7), the fluctuation as)

is

Qg —46H1___“4za'28[ ~ —4Azemm“4zsl (4.13)
so that
SW, = ~Tps / Play) = 4Tp3 A / P[Cy)s". (4.14)

In the limit of N — oo and A — oo the symmetric representation coincides with the multiply wound

Wilson loop @, @]



We use now the explicit solution to the equations of motion ({.§) to evaluate the on-
shell value of the fluctuations ([.13) and ([.14). The first order in the fluctuation in ()
turns out to be

in 6 1 — sinh? p(k~2 — sin? 9)
s :4NA2/d 6 ——— (—1 — 2x> T (415
DBI " P sin? p A (cosh p — sinh p cos 6)? s (4.15)

Similarly, the Wess-Zumino term reads

sin 0 < 1 sinh® p — sinh pcosh? p

sinh? p

SI(,Il,)Z = 8NAk! / dpdf cos 9> st (4.16)

k% cosh p — sinh p cos 6

The final result for the action is then

sinh~! x ™ :
W _ g, g0 :_4NA/ / sin ¢ I 41
Sps = Sppr T 5wz 0 dp 0 b (coshp—sinhpcos@)Qs - (417)

4.1.2 The correlation function

The prescription for computing the correlation function between the Wilson loop and the

chiral primary operator is to functionally differentiate the action (|l.17) with respect to the

source s{ (see eq. (B-H))

(W(C)Os(L)  650)
W©)  dso

(4.18)

80:0‘
We approximate the bulk-to-boundary propagator with CLZQ—AA and use for z the expres-
sion (f4). This yields
%% On(L A ANA sinh™! k m in 6
< (C) A( )> ~ a C/ dpSthAp/ de( S
0 0

(W(C)) LA kA cosh p — sinh pcos §)2+4°
(4.19)

We are neglecting terms of higher order in /5.
After performing the two integrals, the final result for the coefficients of the operator
product expansion turns out to be remarkably simple
9A/2+1

C =
Sk,A \/Z

Interestingly enough, this can be expressed in terms of Chebyshev polynomials with ima-

sinh(A sinh™! k). (4.20)

ginary argument

_1\A/29A/24+1 i ; for A
(—1)2/°2 { iVa(ir) for A even (4.21)

C =
S VA Ta(ik) for A odd
where we have used the identities T},(x) = cos(ncos™! x) and V,,(z) = sin(ncos~! z).
The string limit is recovered when x — 0. In this regime the S? in the brane worldvol-

ume shrinks to zero size and the D3 reduces effectively to a fundamental string with AdSo

worldsheet. The coefficients ([1.20) become

VA
csn = 28/ A | = 28/271 TA k (4.22)

~

in perfect agreement with the result (B.19) found originally in [2G].

,10,



4.2 The D5 brane

Circular Wilson loops in the rank k antisymmetric representation of the gauge group have
a bulk description in terms of D5 branes with AdS, x S* worldvolume and k units of
fundamental string charge dissolved in them [[[3, [[4]. The D5 description of these Wilson
loops is valid in the large N, large A limit with k/N fixed. Before moving on to compute
the coupling of these branes to the scalars s’ dual to chiral primaries, we briefly review the
D5 solution [[[3] to set up the notation and our conventions. It is convenient to take the
AdSs x S° metric as

ds®> = cosh®u(d¢? 4 sinh®Cdip?) + du® + sinh®u(d¥? + sin®9d¢?) +
+ df? + sin?0d03 (4.23)
where we have written the AdSs factor as an AdSy x S? fibration. These coordinates are
related to the usual Poincare patch by

acoshusinh ¢ asinh u sin ¢

"= coshucosh ¢ —cos¥sinhu’ "2 = Coshucosh ¢ — cosV¥sinhu
;= a (4.24)

cosh u cosh ( — cos ¥ sinh u

where, as before, a denotes the radius of the Wilson loop. In these coordinates, the Wilson
loop is at ( — oo, u = 0 and it is parametrized by . The selfdual 4-form potential can be
taken to be
Cy = 4 (3 — o sinh 4u> dHy A dQs — <§ 6~ sin20 + ~ sin 49) dQy,  (4.25)
8 32 2 8
where dH5 denotes the volume element of the AdSy part of the metric.
Since we want to construct a D5 brane with AdSy x S* worldvolume, it is natural to
take a static gauge in which ¢, and the coordinates of the S* C S° are the worldvolume

coordinates. Furthermore we can take the following ansatz which preserves the SO(2,1) x
SO(3) x SO(5) symmetry of the Wilson loop

u=20, 0 = const. (4.26)

and only the Fyy¢ component of the worldvolume gauge field is turned on. With this ansatz

the DBI and Wess-Zumino parts of the D5 action reduce to

Sppr = TD5/d6a\/det('yab+27ra’ ab)

9N An2? F?
- d¢sinh Csin® 041 + — —¥¢ 4.2
- \/X/ ¢ sinh ( sin \/ + N sl (4.27)

Swz = —QW(X’iTD5/F/\P[C(4)]

— 11 —



4iN 1
= ZT /d( Fye (; 0 —sin20 + < sin49> (4.28)

where we have used Tps = Nv/\/87* and vol(Q4) = 872/3. The equation of motion for
the electric field states that the conjugate momentum is a constant equal to the number of

fundamental string charge k dissolved in the D5 brane

—i & 2N Esin'¢ 2N 1
_ i ok 2N Esin 0 2N (3, Giog4 Lsinde) = & (4.29)
2 6Fyc  3m \/1—E2  3m \2 8
where for convenience we have defined F = 7\%” si‘}’fc. This equation allows to determine

the angle 6 at which the D5 sits as a function of k

0), — sin 0}, cos 0, = W% (4.30)

while the electric field is given by E = cosf. One can check that with this ansatz the
equation of motion for u is also satisfied. Adding the appropriate boundary terms for the
electric field and the worldvolume scalars (see [[[d, for details) the on-shell action for
the D5 brane becomes
2N i
Sps = Sppr + Swz + Suay = 3 A sin® 0, (4.31)
so the expectation value of the Wilson loop in the rank k antisymmetric representation is

given by
2N
(Wa,) = exp (3—7T\/Xsin3 9k> . (4.32)

As previously noted in the literature, this result is consistent with the duality between
the rank k and rank N — k antisymmetric representations: indeed, it can be seen from
eq. ([.30) that under £ — N — k the angle ), goes into 7 — 6. It can also be checked that
in the limit /N — 0, in which the S* factor shrink to zero size, ({.39) coincides with the
action of k fundamental strings, as for small k/N eq. ([E30) gives 63 ~ 3wk/2N, so that
(Wa,) =~ exp kv/\.

4.2.1 Coupling to chiral primaries

The coupling of the KK scalars s’ to the D5 worldvolume can be obtained along the same
lines of the D3 calculation of the previous section. However, besides the fluctuation of the
AdSs part of the metric hy,,

hap as well as the fluctuation of the 4-form a4y along the S4. The explicit expressions can

we also need the fluctuation of the metric in the S® direction

be found in section 2. In particular, in this coordinates the 4-form over the S° is

Uy opos0s = 4sin? 0 () Z sTopy ! (4.33)

where o1,...,04 are the coordinates on the S* and () = sin® oy sin? oy sin o3 is the

corresponding measure. Differently from the D3 compuation, in this case the S® spherical
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harmonics Y/ play an active role in the computation since the D5 brane extends into the
5-sphere. The explicit form of the harmonics is given in the appendix.
The variation of the DBI part of the action to first order in the fluctuations h,, and

hapg reads

T ~
sU = % / Vet (Yap 270" Fop) (Yap+270 Fap) ™ (B 0a X 05 XY +hop0a X0, X ).

Using the explicit solution reviewed in the previous section, it is easy to compute the
matrix v, + 2w’ F,y,. Plugging in the explicit expressions for the fluctuations and using
the fact that on the D5 solution we have z = a/cosh( (this follows from the change of

coordinate (f.24) after setting u = 0), we get after some computations

4A

1) . .
Sg)BI =7Tps / dldoy . ..dogu(€y) sthsm5 0 (—m

+ 8A> sTY7.(4.34)

Performing the integration over the S*, only the SO(5) invariant spherical harmonics are
selected, namely the harmonics which depends on 6 only, and we get
NV 4A
i =222 / d¢ sinh C sin’ 6 <—— +8A> s2Y20(p 4.35
DBI 3T ¢ ¢ k cosh? (sin® 6y, (0r) ( )
where the suffix on the harmonic indicates that all the quantum numbers except one were
set to zero by the integration over the 4-sphere. As reviewed in the appendix, these S4

invariant harmonics can be explicitely written as
YA0(0,) = Na C(AQ) (cos O) (4.36)

where C(AQ) (cos By) are Gegenbauer polynomials, and Na is a normalization constant nec-
essary to have orthonormality.

The linear coupling coming from the Wess-Zumino part of the action ({.2§) can be
obtained using the expression for the 4-form fluctuation in eq. (.33), and after integrating
over the S* as above, we get

8NV

1
S‘(/V)Z - 3

d¢ sinh ¢ sin® 0y, cos Oy s> 9y, Y20 (). (4.37)

4.2.2 The correlation function

The correlator between the rank k£ antisymmetric Wilson loop and chiral primary operator
Oa(L) can now be computed plugging (B.5) into (f:34) and (f.37) and differentiating with
respect to the source sOA. As before, the bulk-to-boundary propagator can be approximated
by ¢ z? /L*”. Recalling that on the D5 solution z = a/ cosh ¢, the (-integrals can be readily

computed and we get

(Wa, Oa(L)) _ a® [22/2

<WA > = 725 | 31 vA)\sin3 HkYA’O(Gk) —
k
282/ N(A+T) . 4 A cos By,
— in® 0, [ AY20(9 Do, Y20(6,) ) |.(4.38
VAL D On k< ( k)+sin9k b Y ( k))]( )
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Using the formula for the derivatives of Gegenbauer polynomials eq. (JA.16), we obtain

Na 2 2
o, D9, Y20 (0y) = 520, (AC(A)(COS 0) — (A + 3) cos by, C(A)_l(cos O))-
(4.39)

0
AYAO(g,) 4 50k
(Ok) + S

The correlation function (B.3§) can then be written as

(Wa, Oa(L)) _ a® 28/2

<WAk> o LA

YA’O 0) [ VAXsin® 0,

(
((A n 2))" ( (A +1)cos by C(A) 1(cos b)) — AC(AQ)(COS Hk))} (4.40)

where we have factorized out the spherical harmonic evaluated at § = 0, Y20(0) =
N, A%.lo The OPE coefficient cg, A we aim to compute is the expression in square
brackets. Using the recurrence relation eq. (A.17), we find that this expression can be
written in the compact form

28/2 , 6(A —2)!

— 3 (2)
CAk7A = 3—7T A)\ S Hk m CA72(COS Hk) (441)

This is our final result for the correlation function of rank k antisymmetric Wilson loops
and chiral primaries. In the next section, we will see that this result exactly matches
the one obtained from the normal matrix model. As a check, one can verify that this

expression reduces to the string result of [Pf] in the limit k/N — 0, by using 63 ~ 37k/2N
and eq. (A.1§) from the appendix.

5. The correlation functions from the normal matrix model

It is well-known that the expectation value of a circular Wilson loop in the fundamental

representation of SU(N) can be computed from a quadratic Hermitian matrix model [P3, B3

(Wno) = ZlH /[dM] exp <—gTrM2> %Trg eM, (5.1)

This matrix model is conjectured to capture the physics of the Wilson loop exactly, up to
instanton corrections [B1], to all orders of 1/N and A. The conjecture extends to higher rank
Wilson loops as well. The result for the multiply wound Wilson loop has been obtained
in [[2], whereas [ and [[3, Pj] contain the computations for, respectively, the symmetric
and antisymmetric representations.

When computing the correlation function between a Wilson loop and a chiral primary

operator one can substitute the Hermitian model (p.J) with a complex one by introducing

0The OPE coefficient does not include a factor coming from the spherical harmonic evaluated at the
unit 6-vector 7 appearing in eq. (E) After a rotation, this vector can always be set to 8/ = (1,0,...,0)
which corresponds to the north pole of S®, i.e. § = 0.
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a second matrix My, and defining z = M + iM;,. In [@] it was shown that, for certain
representations of the Wilson loop (the multi-winding and the antisymmetric), the complex
matrix model is equivalent to a normal matrix model, which is a complex model where the
matrix is constrained to commute with its conjugate. In the normal matrix model the

expression for the Wilson loop reads

1 9 2N _ 1 L (242)
= — ——T Trrev2 . 2
(Wr) Z. /[sz}o[d z] exp < 3 rzz> T LIReY? (5.2)

For large N, the eigenvalues of this model are distributed in incompressible droplets
in the complex plane. This leads to interpreting the complex plane as the phase space of
free fermions, in analogy with the matrix quantum mechanics describing chiral primary
operators [@, @] For example, the Wilson loop in the fundamental representation has an

eigenvalue distribution given by a circular droplet with constant density !

(5.3)
0 lod>4/3

In [R4 it was also shown that the correlation function between a Wilson loop in the

fundamental representation and a chiral primary operator is given by 2

2A/2
ZN

1

1 L /A sy A

(WoOa) = / [d?2] exp (—Tr 22) —Trge? \/;(ZJFZ) 8N
[2,2]=0 N

We now use the normal matrix model to check our results for the coefficients of the operator

product expansion of higher rank Wilson loops.

5.1 The symmetric case

We start by reproducing the result (f.20) for cg, A using the normal matrix model. Accord-
ing to the holographic dictionary put forward in [[[4], we are interested in the correlator

between a Wilson loop in the rank k symmetric representation and the chiral primary op-
1
VANA

Wilson loop Wg, effectively coincides with the multiply wound fundamental loop W,

TrZ?. In the limit of large N and large A the symmetric representation
(k)
, as

erator Op =

was shown in [24] and [R5]. Therefore we limit ourselves to the simpler case of computing
<Wék)(9A>, where k is the winding number and corresponds in the brane probe picture to
the number of fundamental strings dissolved in the brane.

We start from eq. (4.7) of 4], where we replace everywhere A — k%X

A/2+1 _k2\/8N d kv N [2VAN A
(k) _ 2 e w A kVAw/2 (4 1 _1
(W570a) VIS 5 e ( +2Nw +2Nw (5.5)

"Projecting @) into the real axis one recovers the Wigner semi-circle distribution.
12The factor 2°/2 instead of the 272/2 of @] is set in order to have normalizations consistent with [E]
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The large winding limit consists in taking N — oo while keeping « = % fixed. In this

limit the integral can be evaluated around the saddle point of the terms proportional to N
and k
O (%Xw—i—Nlog(l—i-%)):O (5.6)
which yields
w, = V1+K2— k. (5.7)
Inserting w, in (b.§) and using
1+ k2 + Kk = exp(sinh ! k), V1+r2— k= exp(—sinh ™! k) (5.8)

it is easy to see that
A)2
2N /{\/Z

To get a properly normalized expression one still needs to divide (5.9) by

(ng)(QA> = 2sinh(Asinh ™! k)e?N oy L2sinh ™ ), (5.9)

(k)y _ 1 2N (kvV1+k2+sinh™1 k) 1
(W) = SN . (5.10)

The final result coincides with eq. (), which we obtained from the brane picture.

5.2 The antisymmetric case

To compute the OPE coefficients of Wilson loops in the rank k antisymmetric representa-

tion, we have to evaluate the following correlator in the normal matrix model [24]
9A/2 GkA/8N

ZNNA2VA 1 g-0

1

(W4, Op) = [d%2]e” ™ (%) Tr g, e2 VAGE) A, (5.11)

This matrix integral can actually be solved exactly, as was shown in [R4], and similarly to
the case of the fundamental representation, it can be written as a k-dimensional contour
integral. However, it does not seem to be easy to take the large N and large k limit with
k/N fixed from such an expression. Here we follow a different approach to get the above
correlator in this limit. First, as in [R5], we find it convenient to rewrite the trace in the
antisymmetric representation using the corresponding generating function
TrAke%\/%(z—Fg) = y{ %tkil exp [Tr log <1 + % e%\/%(ﬂ_z))] . (5.12)

Since we expect the correlator to be real, it is also convenient to replace Trz® — %(TrzA +
Trz®). The idea is then to view the insertion of the chiral primary Trz® in (F.11) as a
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small perturbation of the gaussian potential, by writing

/ [d2z]efTr(z2) TrZA e 10g(1+% e%\/%(z-o—s)) _
[2,2]=0

_z 2 9 1 / [dZZ]e—Tr(ZZ)—I—%(TrZA—i-TrZA)eTrlog(l-i-%e%\/%(z+2))
Zn(@) Jps =0

a=0
1 1./x z+z
EZN3 <exp [Trlog <1—|——eé\/§( * )>}> (5.13)
Oa t o lazo
where we have introduced an a-dependent partition function
ZN(Oé) — / [dZZ]e—Tr(zz)—f—%(TrzA-i-TrZA) (5‘14)
[2,z]=0

and we have used that Zy(a) = Zy + O(a?).!3 The problem is now to evaluate the
correlation function (F.IJ) in the normal matrix model with the deformed potential

V(z,z) = —Trzz + %Tr(zA +258). (5.15)

Normal models with potentials of this kind were previously studied in the literature, for a
recent account see for example [B4, BH]. To solve the model at large N, one can as usual go
to the eigenvalue basis at the expenses of introducing a Vandermonde factor, and determine
the eigenvalue density p,(z,Z) in the continuum limit. The density is found by solving the

saddle point equation 4

- AO‘Al N/dz’po‘zz (5.16)
Z—Z

where the term in the right hand side comes from the Vandermonde factor. Once the

density is known, the correlation function in (5.13) becomes

(o [ (1 EEN]) o[ i (1 3 9],

(5.17)

It is known that for potentials of the kind V(z,2) = —2z + f(2) + f(2), the density is a
constant (equal to ﬁ in the normalizations we are using here) inside a certain droplet in
the complex plane and zero outside. For the gaussian potential, as reviewed previously,
the droplet is just a circle of radius v/ N (to compare with eq. (F-3), one has to rescale
z — ﬁz), while the term proportional to « induces a deformation of the circle which
preserves its total area (since we do not change the number of eigenvalues). It is not
difficult to find the shape of the droplet which solves the saddle point equation (5.16) at

13 This follows from the fact that in the matrix model with gaussian potential (Trz?) = (Trz%) = 0.

MAs in [@], the term exp {Tr log <1 + %e%\/%(ﬂz))] does not modify the saddle point equation at
leading order at large V.
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leading order in . It is convenient to work in polar coordinates z = re*®. The curve which

bounds the droplet can then be written at first order as
(@) = VN(1+a f(9)). (5.18)

Clearly f(¢) has to be periodic, and may be written as
o0
= Z ap, COS N (5.19)
n=1

where only cosines appear because of the symmetry of the potential (5.1§) under z < 2,
and the mode with n = 0 is excluded by requiring the area to be preserved. The saddle

point equation now reads

, 2m VN(1+a f(4) !
7”€¢— %V"A 1 —Z(A 1)¢ / / d'l"l r ) (5 20)

re=i — yle—id’

Expanding the integral at first order in a and plugging in the Fourier expansion (5.19),

A/2—1 A
NA/Z-L S

we see that this equation is satisfied if ap = and all other a,, vanish, so we find

that the shape of the deformed droplet is given by the curve
r(¢) = VN <1 + % A NA271 ¢og A¢> . (5.21)

Before moving on to compute (f.IJ), we can check the validity of the method by
applying it to the computation of the correlator (5.4) when the Wilson loop is in the
fundamental representation. In this case, following the same steps as above, in the large

N limit we arrive at

282§ 1 /X (s
<WD0A> = m£ dQZPoz(Z}g)eQ\/;( +2) 0
AJ2 21 VN(14+2 A NA/2=1 cos Ag)
= Lii d¢ 2 drre\/%rcomﬁ
\/KNA/2 804 N 0 a=0
AJ2 21 A/2
_ %%/ dp V35 cos Ay = 2 N\/ZIA(\/X) (5.22)
0

which is the result first found in [Bg] and the correct large N limit of the exact formula (F.5)
(with k& = 1).
Going back to the antisymmetric representation, we have to evaluate

7{ dt gy 0 exp[ /dQZpa(Z’Z)log (H%e%\/%(m)ﬂ

271 da

dt k—1 (9 / 2 _ 11 A(Z-}—Z)
= L1 9 N log (14 = eV
f{%it o [ @2 pa(z,2)log | 1+ £ a=0
X exp [N/sz po(z, ) log <1 + %e% v %(Hz))} (5.23)

a=0

X
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where in the last line pg is just the circular droplet density. Since the exponent is indepen-
dent of «, the t integral can be evaluated in the supergravity limit of large A\ exactly as
in [Pg]: we first make a change of variables ¢ = eﬁw, then the saddle point of the exponent

is found to be
w, = cos O, (5.24)

where 6y, is defined as in eq. (J.30). The exponent in (5.2J) gives a term proportional to
the expectation value of the Wilson loop, while the prefactor is evaluated at the saddle
point. After dividing by (W4, ), the OPE coefficient can then be obtained as

A/2 z+z
m{;ﬁ O>A> = \/ENA/Q% [N/szpa(z,z) log (1 + eéﬁ(jﬁ%ose’“>>]
Ay

2A/2N\/_ o 2 05 1+%ANA/271COSA¢
o NA/2 3@77/ ﬁ

a=0

dr r(r cos ¢ — cos 6y) (5.25)

os 0,
cos ¢

a=0

where the lower limit in the r integral comes from the fact that in the large A limit the
integral has support only in the region r cos ¢ > cos 6.1 After doing the derivative, (5.25)

gives the final result

<WAk OA> _ QA/Q\/A_)\/Gk
<WAk> a 0

Remarkably, the integral in (f.2) precisely reproduces the Gegenbauer polynomials arising

d¢ cos A¢ (cos ¢ — cos by). (5.26)

in the bulk computation, and the final result is

Wa, O 28/2 6(A
< <;;A >A> = S VAXsin’ ek((Af))c@)Q(cosek) (5.27)
k

which exactly matches the D5 computation of the OPE coefficient.

6. Conclusion

In this paper we computed the correlation function between a higher rank Wilson loop and a
chiral primary operator in the fundamental representation using branes with electric fluxes.
Following the proposal of [Id—[I4], we considered a D3j brane for the rank k symmetric
case and a D5, brane for the antisymmetric one. We then checked our results with the
normal matrix model discussed in [@] finding perfect agreement in both cases.

We focussed on chiral primary operators but it should not be difficult to extend our
computation to operators corresponding to other supergravity modes. For example, the

KK modes of the dilaton are necessary to compute correlation functions of Wilson loops
and Tr @2 F2.

5The upper limit in the ¢ integral is rigorously 6y + O(a), but it is easy to see that the correction does
not contribute at first order in a.
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It would be worthwhile to study more general representations of both the Wilson loop
and the chiral primary operator. A particularly interesting issue to address would be
understanding from our brane picture the selection rule found in [P4]: for Wilson loops in
the rank k antisymmetric representation the only non vanishing correlators involve chiral
primaries with traces over Young diagrams with at most k& hooks. Another direction to
pursue may be considering the correlation function between higher dimensional Wilson loop
and a chiral primary operator with A ~ N. In the bulk this would require to study the bulk-
to-bulk exchange of supergravity degrees of freedom between the electric branes describing

the Wilson loop and the (dual) giant gravitons associated with the chiral primary.
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A. Spherical harmonics and orthogonal polynomials

In this appendix we collect some facts about spherical harmonics and orthogonal polyno-
mials we have used in the paper. We follow the treatments of [B7 and [Bg].
Spherical harmonics in d dimensions are eigenfunctions of the Laplacian on the unit

d-sphere
ViV () = AY(Q) (A1)
where the Laplacian is

Viy = NG d; \/det g g” 8; (A.2)

with the metric given by g;; = diag(1,sin?0,4(1,sin?604_1(...))). The integer multi-index
I=(lg,...,l) satisfies
lg>lg—1 > > 1 > |l (A.3)

The general solution to eq. ([A.1]) is

yia-lig, .. 0)) = IT -2 0n) (A.4)

where we defined

WPLB) = net(sing)~22p (500 (cos ), (A.5)
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In this expression P, ™(x) is the Legendre function of the first kind and the constant

L [@L4n—1)(L+1+n—2)" oG
oL 2(L —1)! (4.6)

is chosen to ensure the orthonormalization condition
/ w(Qg) Yy =gl (A.7)

where 11(£24) is the measure over S%. The integration over S%~! selects only SO(d) invariant

JECIED SR SR (A8)
I

la

harmonics

The eigenvalue A depends only on [; = A because of the O(d + 1) symmetry of the
problem and it can be found by studying the action of the Laplacian on SO(d—1) invariant

spherical harmonics
1
<7. — 9 19, 2 )YA’O(Q):AAYA’O(Q). (A.9)
sin

After the change of variable x = cos 4, this is recognized to be the Gegenbauer equation

((1 - x2)§—; - dm%) YAO(z) = MY 0(z). (A.10)

The solution to this equation is

d—1

A= —-AA+d-1), Y& 0(z) = Na ch)(x) (A.11)

d—1
where Cg ) are Gegenbauer polynomials and the constant Na can be obtained from the
orthonormality of the Y& ®’s

1/2
al2a+d- [ ()P ()]

Na =
2 dr P T(A +d— 1)

(A.12)

The Gegenbauer polynomials C(A)‘) (z) are a generalization of the Legendre polynomials

and can be obtained from the following generating function

1 N oW A
A=0

We list the first few of them
(N) _ 2
CyV(x) == A+221+ Nz

— 21 —



cM(x) = —2X\(1 + Nz + gm + (24 AP (A.14)

They satisfy the normalization condition

1 _ W12 o1 (A4 2))
/1 do(1 — 2?12 {CA ] — 9l 2A7T(A ICOG T (A.15)

for A > —1/2.
In the paper we have used the following formula for the derivative of a Gegenbauer

polynomial
(1-220,C0(z) = —AzCP (@) + (A + 22— 1)) | (2) (A.16)
and the following recurrence relation
ACY (@) =2+ r—1)zC{) (2) — (A +2x —2)C),(2). (A.17)

We have also used that

(A+d-2)

870 = S

(A.18)
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