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Abstract—This paper introduces the spectrally efficient
time-frequency space (SETFS) modulation, a two-dimensional
(2D) modulation extending the concepts of spectrally effi-
cient frequency division multiplexing (SEFDM) and orthogonal
time—frequency space (OTFS) modulation by increasing the
spectral overlap at two levels, i.e., in both frequency and Doppler
domains. This double compression improves the use of the
available spectrum. Moreover, in SETFS, the periodicity in both
time and frequency is maintained through the use of a double
cyclic prefix (DCP) in order to simplify channel equalization
and avoid 2D inter-symbol interference (ISI). However, the
presence of a spectral overlap unavoidably induces 2D inter-
carrier interference (ICI), that makes symbol detection more
complicated. To mitigate channel estimation errors and also sup-
port high-resolution sensing, a novel channel estimator, dubbed
Newton-based estimation and spectral cancellation algorithm
(NESCA), is proposed. Numerical results show that SETFS
achieves up to a 24% gain in the achievable communication rate
with respect to OTFS at the cost of higher receiver complexity.
Combined with NESCA, SETFS provides near optimal delay
and Doppler estimation, outperforming other three algorithms
available in the technical literature. In terms of communication
performance, SETFS employing the NESCA, followed by a
minimum mean square error equalizer and iterative detector
with soft symbol mapping, reaches quasi optimal capacity, while
throughput saturation occurs with an SNR gap of about 10 dB in
favor of OTFS-DCP and increasing with less advanced estimators.
Nevertheless, SETFS combined with NESCA achieves a better
communication-sensing tradeoff, improving spectral efficiency up
to 25% with respect to OTFS at the price of a higher detection
complexity. Overall, SETFS offers a relevant tradeoff between
spectral efficiency, complexity and sensing accuracy, making it a
promising candidate for future wireless systems.

Index Terms—Channel estimation, detection, orthogonal time-
frequency space, spectral efficiency.
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I. INTRODUCTION

NTEGRATED sensing and communication (ISAC) has

emerged as a key paradigm to enhance spectral efficiency
(SE) while simultaneously enabling a wide range of sensing-
oriented applications. A crucial challenge in ISAC is the
design of waveforms able to offer good performance in
both communication and sensing under specific bandwidth
and complexity constraints [1]. Additionally, as carrier
frequencies continue to increase, signal propagation may
be substantially affected by Doppler shifts and time-variant
channel effects; this can severely degrade the performance of
traditional modulations such as orthogonal frequency division
multiplexing (OFDM).

To overcome the last limitation, orthogonal time—frequency
space (OTFS) modulation has been recently proposed as a
promising alternative to OFDM, thanks to its inherent robust-
ness against Doppler effects and its ability to provide full
time—frequency (TF) diversity [2], [3]. The OTFS modulation
maps information symbols in the delay—Doppler (DD) domain
and relies on the discrete symplectic Fourier transform (DSFT)
to spread each symbol across all the available TF resources.
When implemented with a double cyclic prefix (DCP) [4],
channel filtering results in a two-dimensional (2D) cyclic
convolution in the DD domain, equivalent to an element-wise
multiplication in the TF domain. This property ensures the
absence of inter-symbol interference (ISI) between adjacent
OTFS symbols and enables simple single-tap equalization.
Moreover, data-aided channel estimation can be efficiently
performed even if a single OTFS pilot symbol is transmitted
in each frame [5].

This work extends the concept of spectrally efficient multi-
carrier modulation, originally developed for one-dimensional
(1D) frequency-domain (FD) modulations such as spec-
trally efficient frequency division multiplexing (SEFDM) [6],
[71, [8], [9], to the 2D OTFS framework. More specif-
ically, we introduce a novel modulation format, dubbed
spectrally efficient time—frequency space (SETFS), which
generalizes SEFDM to the DD domain. Unlike conven-
tional OTFS, SETFS intentionally increases the spectral
overlap at two levels, namely between signal carriers in
both frequency and Doppler domains, thus breaking the
orthogonality in both time and frequency while achieving
higher SE.

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/
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To the best of our knowledge, no prior work has investigated
the proposed non-orthogonal 2D format. The closest related
studies concern multiple-input multiple-output (MIMO) faster-
than-Nyquist (FTN) signaling for OTFS systems, where the
lack of orthogonality is introduced across antennas, while
the underlying modulation remains orthogonal [10], [11]. In
contrast, in this work we introduce SETFS modulation as
a generalization of the SEFDM concept to the 2D OTFS
framework, including the use of both time-domain (TD) and
FD cyclic prefixes (CPs) in its generation (i.e., a DCP). The
resulting modulation format ensures cyclicity in both time
and frequency; similarly as OTFS-DCP, this allows for simple
element-wise equalization, thus avoiding the need for higher-
complexity decision-feedback equalization (DFE) techniques
(e.g., see [12] for zero-padded, ZP OTFS). However, unlike
OTFS-DCP, the spectral compression introduces intentional
2D ICI, which breaks the full orthogonality of the modulation.
As a result, additional detection complexity is required at the
receiver to properly recover the transmitted symbols while
preserving the SE gain [8], [9].

This manuscript aims at introducing the SETFS modulation
format, developing new algorithms for channel estimation,
detection and equalization over doubly selective fading chan-
nels, and providing various insights in the benefits that may
originate from its use in ISAC systems. More specifically, its
main contributions can be summarized as follows:

1) A novel modulation scheme, named SETFS, which
extends SEFDM through the use of fractional discrete sym-
plectic Fourier transform (FrDSFT) and of proper pulse
shaping (root-raised cosine, RRC, pulses) is proposed.

2) A low-complexity SETFS baseband transceiver archi-
tecture, including pilot-aided channel estimation (exploiting
a single SETFS pilot symbol per frame), single-tap minimum
mean square error MMSE) equalization, and a serial interfer-
ence cancellation (SIC)-based detection adapted from SEFDM
systems [7] and dubbed iterative detector with soft symbol
mapping (ID-SSM), is developed.

3) A novel target estimation algorithm, named Newton-
based estimation and spectral cancellation algorithm
(NESCA), which combines the Newton-based multiple cisoid
refiner (NMCR) originally developed in [13] for range and
Doppler estimation in SEFDM radar systems with a serial
cancellation strategy, is devised. Unlike NMCR, our approach
a) does not require target pre-estimation for initialization and
b) is able to effectively resolve closely spaced targets. The
resulting set of estimates, comprising the number of targets,
their delays, Doppler shifts, and complex amplitudes, can be
employed within a pilot-based SETFS receiver to reconstruct
a denoised channel representation, with the aim of improving
the subsequent equalization accuracy.

4) The problem of evaluating the Cramér-Rao lower bounds
(CRLBs) for delay and Doppler frequency estimation for the
considered SETFS system is tackled. Approximate closed-
form solutions for single target estimation are derived, and the
dependence on the compression parameters, and the tradeoffs
between sensing and communication are highlighted.

The rest of this manuscript is organized as follows. In
Section II, the main steps for the generation of the SETFS
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signal are sketched and the baseband models for the received
(RX) signal in the presence of a doubly selective channel
are illustrated. Section III is devoted to the development of
the NESCA, whereas its performance is compared with that
offered by the conventional and widely employed periodogram
method (also employed in the OFDM and OTFS literature;
e.g., see [1], [2]) in Section IV. Data detection performance
for SETFS is compared with that achieved by OTFS-DCP in
terms of achievable capacity and throughput when the ID-
SSM algorithm developed in [7] is employed for SETFS
after channel equalization to recover the intentional 2D ICI
introduced by compression. Finally, some conclusions are
offered in Section V.

Notation: In this paper, the following notation is adopted:
1) (-)* and ()7 denote complex conjugate and complex
conjugate transpose, respectively; 2) the symbols © and @
represent the Hadamard and product and division operators,
respectively; 3) the symbols ® and ® represent the Kronecker
and Khatri-Rao product operators, respectively; 4) mody|-]
indicates the modulo N operator; 5) X = [z,,.,] defines
a matrix X of proper size and z,,, denotes the element
appearing on its mth row and nth column; 6) y = vec(Y)
defines an (M N)-dimensional column vector resulting from
the ordered concatenation of the columns of the M x N matrix
Y; 7) R{z} indicates the real part of the complex variable x;
8) 0O denotes the zero vector of size N; 9) E, indicates the
unitary discrete Fourier transform (DFT) matrix of size NV,
whose (p, q) element is exp(—j2mpq/N)v/N; 10) Iy is the
order N identity matrix.

II. SIGNAL AND SYSTEM MODELS

In this section, we focus on the derivation of an analytical
model for the complex envelope of the transmitted SETFS
signal and of the corresponding received signal in the presence
of a doubly selective fading channel.

The baseband architecture of the proposed SETFS-based
communication system is illustrated in Fig. 1. In the following,
we assume that the SETFS signal conveys a sequence of
multidimensional complex symbols; for any d, the dth symbol
is represented by the M x N matrix C; = [eﬁ{i’n} (with
m=0,1,....,M—1and n=0,1,..., N —1) containing NV,
channel symbols, that belong to an M_ ary constellation, and
Nye & MN — N, zeroes (associated with to the suppressed
carriers, SCs). Our derivation of the SETFS signal model
parallels that provided in [4, Sec. II-C] for an OTFS-DCP
signal; the main difference is represented by the fact that
the matrix! C undergoes an order (M, N) fractional inverse
discrete symplectic Fourier transform (FrIDSFT) of (positive)
parameters (3(FP), 3(TP)) both less than or equal to one (note
that, if (3(FP), (TP)) = (1, 1), SETFS coincides with OTFS);
this produces

X & [fm,n] = FM’,Q(FD) Cngﬁ(TD), (1)

where Fx g is a square matrix of order X, whose (p, g)th
element is equal to exp(—;j27pgB/X)/v/X. The matrix X, in

I'Since in this paragraph we focus on the transmission of a single SETFS
symbol, the dependence on symbol index d is omitted to ease notation.
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Fig. 1. Baseband model of the considered SETFS-based communication system. Blocks differing from OTFS-DCP are highlighted in purple.
,,,,,,,, yr SEFDM signals. In addition, the overall duration of the SETFS
D . .
gy T,J Frequency symbol is T/B8(T), with T £ 1/(NT,). The 2D frequency
| 5 resource allocation adopted in SETFS is shown if Fig. 2,
B, Bsﬂ(FD)§ where it is also compared with that employed in a conventional
] .* .* .* OTFS scheme. Observations related to (3) suggest adopting the
same pulse and the same rules for subcarrier suppression as
P P P those illustrated for SEFDM in [9]. This leads to: 1) selecting
* * * p(t) as a pulse whose spectrum P(f) is a RRC with roll-
off factor o € [0,1] [4, Eq. (17)]; 2) meeting the condition
.* .* .* B, D) = B(TD)/TS; 3) setting to zero multi'ple (.e., N%C)
Doppler elements of the matrix C. Based on the last choices and on its
% OTFS @ SETFS cyclic structure, the signal s,(CTD) (t; C) (3) can be represented

Fig. 2. 2D frequency resource allocation adopted in SETFS and in OTFS.

(1), is cyclically extended along both dimensions, with period
N in the index n (i.e., in the TD) and period M in the
index m (i.e., in the FD); the new elements are generated
aS Tk, = Tmody[k],mody[] fOr & ¢ {0,1,...,M — 1} and
I ¢ {0,1,...,N — 1}. This results in the introduction of a
TD CP, a FD CP and a FD cyclic postfix (CPO) having sizes
Nég D), Nc(g D) and NC(SOD ), respectively.2 The complex enve-
lope of the SETFS signal conveying the cyclically extended
symbol can be expressed in a similar way as that of OTFS-
DCP, i.e., as (see [4, Eq. (62)])

(FD)
M/2+NED) 1

s(t;: C) = > s, )
k=—(M/2+NG"™)
where
N—1
s,(CTD)(t, C) & Z a:k,lp(t — ZTS/B(TD))
1=—NG™P)

exp(j2nkBAD) (1~ 1L, /5) ). G

It is important to point out that s(TD)( t;C) (3) can be
interpreted as the frequency-shifted version of a SEFDM signal
(e.g., see [9, Eq. (2)]), characterized by a CP of size N&TD),
transmit (TX) pulse p(t), symbol interval T;/B(™P) and a
frequency shift equal to kB,8FP), where B, represents, up
to the factor S(FP) the frequency spacing between adjacent

2The sizes of the TD and FD guard intervals should be selected based on the
maximum expected dispersion introduced by the communication channel in
the corresponding domains. In particular, the TD CP should not be shorter than
the maximum delay spread (including the effect of TX/RX filtering), whereas
the FD CP/CPO should be large enough to accommodate the maximum
Doppler spread. Further details on selection criteria can be found in [4].

through its Fourier series (FS) as

-3 s
q=—00
in the interval [0,7"], with T & NT,/B(TP); here, f, =
qA(SEFDM) is the qth SEFDM subcarrier frequency, with
A(SEFDM) N B(FD)A(]COFDM) nd AOFDM) 2 1/(NT,) is
the subcarrier spacing required for orthogonahty Moreover,

TD
g X, P (q_ld\[) , (5)
VT, M T
appearing at the right hand side (RHS) of (4), is the
gth Fourier coefficient of s,(CTD)(t‘ C) (3) and Xi, £
271212—01 Tk exp(—j2mqn/N)/V/N is the gth coefficient of the
order N DFT of the sequence {xy ,} done with respect to the
index n.

Let us assume now the signal s(¢;C) (2) is sent over
a doubly selective fading channel, having channel impulse
response (CIR)

s\ (t; ) C) exp(j2n f,t) (4)

SiP(C) =

L-1
h(t,7) = Z a; exp(j2mut) 6(1 — 1), (6)
1=0
which is characterized by the L triplets {(a;,7;,1);1 =
0,1,...,L — 1}; here, a;, 7, and v; represent the gain, the
delay® and the Doppler shift associated with the Ith path,
respectively and L is the overall number of paths.

Note that (6) can also describe the propagation scenario
in a co-located SETFS-based radar system. In this case, L
is the overall number of distinct point targets, whereas ay,
7; and v; are related to the radar cross section, the range
R; and the velocity v, respectively, of the /th target (with
[ =0,1,...,L — 1); in fact, we have that 7, = 2R;/c and

3We assume the CIR components are arranged in ascending order of delays,
so that 79 and 77,_; are the minimum and maximum delays, respectively.
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v, = 2fc v /e, where c is the speed of light and f. is the
carrier frequency.

The baseband equivalent of the received signal 7 (¢; C) feeds
a filter bank, consisting of M distinct matched filters (see
[4]]). The response of the kth matched filter (with k=
—M/2,-M/2 +1,...,M/2 — 1), having impulse response
o7 (t) = p*(—t) exp(j2rkt BTD) /T;) is sampled at the instant
tn =71 +n1s, withn =0,1,..., N —1; this produces the
sample r[l;, 7). The M N samples* acquired at the output of the
filter bank are collected in the M x N matrix R £ [r[k, 71]].
In [4, Sec. II-C.4], it is proved that the property of double
periodicity, ensured by the introduction of a DCP, and the
specific choice of the pulse p(t) allows to express R as

R2HOT(C)+W; @)

here, H £ [h[k,n]] and W £ [wl[k,7]] are M x N matrices
that represent the channel state information (CSI) and the
complex noise affecting R (an additive white Gaussian noise,
AWGN, model is assumed for the 2D sequence {w[k,7]};
the variance of noise samples is denoted o2), respectively.
Additionally,

L-1
hlk, 7] £ " A exp(—j2rkFy,) exp(j2riF,),  (8)
=0

with £ = 0,1,...,M —1 and = = 0,1,...,N — 1,
A & apexp(j2nv(m + 1o-1)), Fr, 2 (1 — 72-1)8T) /T,
and F,, £ 1;/(BsBTFP)) represent the complex gain, the
normalized delay and normalized Doppler shift associated with
the /th channel path, respectively, and (see (7))

T(C) = Fy1 500 (C© G)FYy serm), €))

is an M x N matrix accounting for the channel symbols
through C and the pulse shape through G £ [, ,].

The last equation deserves the following comments:

1) The coefficients {g,,} depend, in principle, on the
normalized delay and Doppler frequencies (F,,F,,), as
shown in [4, Eq. (106)]. However, for the considered pulse
shape, this dependence is weak, so that the approximation
Gp.q(Fr, Fy) = gpg holds for any [ and pair (p,q) (see
[4, Eq. (122)]). As a result, the coefficients {g, ,} associated
with the N, unsuppressed channel symbols exhibit similar
(approximately unitary) amplitudes. This approximation leads
to the simplified model in (7), which allows us to perform
channel estimation and equalization in a element-wise fashion.

2) Equation (9) can be rewritten in vector form as

Y £ vec(T(C)) = \Ilé{(FD)”B(TD)é; (10)

here, ‘I’B(FD)’ﬂ(TD) £ FN’B(TD) ® FAH/[ﬂ(FD) is an (MN) x
(M N) matrix and ¢ = vec(C ® G) is an (M N)-dimensional
vector. Based on (10), it can be shown that detection can
be achieved after applying the order (M, N) FrDSFT of
parameters (3(FP), 3(TP)) to ~, yielding
c= ‘I’ﬁ(FD)7B(TD)7:I‘é7 an

4Note that the samples associated with the TD CP have been discarded.
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Fig. 3. Signal-to-interference ratio versus the 2D compression factor 32,
assuming 1) 8(TP) = g(FD) — g and 2) M = N = 32. The dashed
horizontal line indicates a reference SIR threshold of 6 dB, which corresponds
to an approximate compression limit of 52 22 0.67 (8 = 0.82).

where T' £ W w0, g0) W e, gero) s the (MN) x (MN)
matrix accounting for the 2D intentional ICI.

Given the average power Picr = ||T' — Iy n|?/MN, the
impact of interference can be quantified by evaluating the
signal-to-interference ratio (SIR)

1 MN
Per |0 = TIun|?

In particular, this quantity allows us to establish how much
the compression level can be increased without making ICI
become the dominant impairment, thus limiting the reliability
of symbol detection in SETFS.

Some numerical results are shown in Fig. 3, in which the
dependence of the SIR, in dB, on the 2D compression factor
2% € [0.5,1] is represented; Note that: 1) 3(TP) = g(FD) — 3
and 2) M = N = 32 are assumed. As expected, the SIR
increases monotonically as 32 approaches 1, since SETFS
progressively approaches OTFS. Conversely, a stronger com-
pression (i.e., a smaller 32) results in a larger interference
power and, therefore, in a SIR reduction. In the same figure,
a reference threshold of 6 dB is also shown. This value has
been selected as a practical operating limit to ensure that the
interference power remains sufficiently smaller than the useful
signal power, so limiting the SNR degradation observed by any
SETFS detector. As it can be easily inferred from our results,
the threshold is approximately achieved for 32 = 0.67 (i.e.,
for 5 = 0.82); therefore, lower values of /3 should be avoided.

A detection algorithm compensating for the 2D ICI is
described in the following section, after illustrating channel
estimation and equalization methods required to generate an
estimate of ¢ (11).

SIR = (12)

III. RECEIVER PROCESSING

This section is organized into four parts. The former part
revisits the channel estimation and equalization, which consti-
tute fundamental steps of the receiver processing chain. The
second focuses on the derivation of a novel Newton-based
algorithm for the estimation of channel parameters, which
is able to provide a refined reconstruction of the channel
response. While the first part is essential to ensure reliable
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data recovery, the second provides a more detailed channel
characterization. Note that such estimation can be exploited
for: 1) improving communication performance at the receiver,
since the equalization step can benefit from it and 2) enabling
radar sensing capabilities in co-located SEFDM-based radar
systems, since, as illustrated in the Sec. II, the parameters
characterizing the considered channel model describe L point
targets. The analytical steps required to evaluate the CRLB
associated with the problem of target delay and Doppler esti-
mation in a co-located SETFS-based radar system are provided
in the third part of this section. The latter part introduces a
simple data detection algorithm originally proposed in [7] for
the data detection in SEFDM and adapted here to the SETFS
framework. The algorithm combines a SIC mechanism, relying
on the prior knowledge of the structure of the intentional 2D
ICI matrix, with a soft symbol mapping (SSM) principle.

A. Channel Estimation, Equalization

We first consider the transmission of a SETFS frame con-
sisting of D SETFS symbols, the first serving as a pilot.
In the following the SETFS pilot symbol is denoted C,
whereas the remaining SETFS symbols are {C, = [cﬁ,’?n} d=
1,2,...,D —1}; moreover, the RX signal matrix R (7) asso-
ciated with the dth SETFS symbol is denoted R4. In addition,
we assume that: 1) all the elements of the matrix Ry (7) are
affected by AWGN with variance o2, for any d; 2) channel
variations over each SETFS frame can be deemed negligible;
3) thanks to the last assumption, CSI can be estimated through
Cy and, then, be exploited for channel equalization over the
other (D — 1) SETFS symbol intervals of the same frame.

The estimate H of H is evaluated through the least square
(LS) method® as

2 [h[k,7]] =Ro © T(C), (13)

where T(C(®) is known at receive side (see (9) with C =
C(9). Note that the CSI estimate achieved through (13) can
also be directly exploited to equalize the remaining (D — 1)
SETFS symbols in the TF domain. In particular, equalization
can be done in the TF domain to compensate for the distortions
introduced by the channel (see (7)). In this case, the MMSE
equalization for the dth SETFS symbol is computed as

Td = Rd O] Qmmsea (14)

where Qumse = [q[k, 72]] is an M x N matrix, whose (k,7)th
element is [k, 7] £ h* [k, 7]/ (h* [k, A)hk, 7] + 62 ), with 62
being an estimate of the noise variance in (7).

The equalization method proposed in this section deserves
the comments provided below.

Remark 1: The proposed MMSE equalization strategy has
an impact on the intensity of the noise affecting the elements
of Ty (14); in fact, the variance of the (I;:, 7)th noise sample
g, i (14) is 02 = o2 [Hy /(| Hj 1 +62).

5 Alternative DD domain techniques, such as Bayesian estimators (e.g., [14])
or weighted LS (WLS) methods (e.g., [15]), both proposed for OTFS, can in
principle improve estimation accuracy compared to LS. However, their DD
domain operation in SETFS would require mitigation of the intentional 2D
ICI, typically via iterative (turbo-like) procedures, resulting in substantially
higher computational complexity than the proposed LS approach.

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 25, 2026

Remark 2: Channel equalization can rely either on the
direct CSI estimate extracted from the pilot symbol through
(13), or on a refined, denoised version of such estimate. The
latter becomes available after channel parameter estimation
(discussed in the next subsection) and the subsequent model-
based channel reconstruction through (8), which typically
leads to improved equalization accuracy, especially in low
signal-to-noise ratio (SNR) regimes.

Remark 3: A key advantage of performing equalization
directly in the TF domain is that the computational complexity
scales linearly with the frame size, since the operations done
according to (14) are element-wise. Thus, the complexity of
the channel equalization task is O(MN).

Remark 4: Differently from OTFS-based communication
systems [2], [3], where DD domain equalization can leverage
channel sparsity under ideal assumptions (i.e., in the presence
of integer delays and Doppler frequencies), the proposed
SETFS framework leads to a non-sparse DD domain repre-
sentation due to intentional 2D ICI. Consequently, DD domain
equalization becomes computationally demanding and inher-
ently ill-conditioned, as observed in SEFDM systems with
rank-deficient interference matrices [6]. This further motivates
the adoption of TF domain equalization.

Remark 5: The LS estunate in (13) can be expressed as
H=H+W, where W £ [W07.5] = W o T(C©) represents
the noise contribution. Hence, the noise power affecting h[k, 7]
becomes Var(wy, ) = o3, /[T, ;| for any k and . In OTFS,
since the mapping reduces to an inverse discrete symplectic
Fourier transform (IDSFT), the pilot matrix T(C(?)) exhibits
approximately constant magnitude and the noise statistics
are preserved. In contrast, in SETFS, the FrIDSFT generally
produces non-uniform amplitudes |ch,ﬁ‘; this results in a non-
uniform noise variance across the CSI estimates, i.e., in the
presence of colored noise.

B. Target Estimation Algorithm

In this section, we focus on the problem of estimating the
parameters of the adopted channel model, namely a) the set of
parameters {(A;, F,,, F,,);1=0,1,..., L — 1} characterizing
multiple point targets and b) the overall number of such
targets, L; these parameters provide a full description of the
matrix H (see (8)). The availability® of an estimate H of the
channel H (see (8)) is assumed.

To begin, we rewrite the model (13) in vector form as

h2vec(H)=h+w, (15)

where w is the (M N)-dimensional column vector of noise
samples affecting h, whereas

h = vec(H) = B(f,,f,) a;

here,aé [A07A13-- AL 1]T f = [ T0» .,-1,...7FTL71
and f, £ [F,,,F,,...,F,,_,]T collect the L complex
gains, normalized delays and normalized Doppler frequencies,

respectively. Moreover, in (16),
B(f;.f,) = Cy(f,) ® Cu(fr)

OThis stems either from the transmission of a pilot symbol or the knowledge
of the transmitted symbols in a co-located SETFS-based ISAC system.

(16)
]T

a7
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is an (MN) x L matrix, Cp(f) =
[bo(f), by (f),. .., by (f)]T isapxL rnatrix for any
positive integer p, b, (f) £ [b,(fo), b e (f1)s - be(fr—1)]" is

an L-dimensional column vector and b, ( fl) = exp( j2mx f;)
for any I.

Given h (15), our goal is estimating a, f,, f, and L. The
algorithm we propose is dubbed NESCA and consists of four
steps: 1) an initialization step based on the computation of
the 2D spectrum of h; 2) residual spectrum analysis and
identification of a new tone; 3) a Newton-based frequency
refinement and 4) a spectral cancellation procedure. Each of
the four steps is briefly described in the following

Step 1 - The initialization step consists in:

1) evaluating the 2D spectral matrix (through a discrete
symplectic Fourier transform, DSFT)

Y £ [y, #i]] = L, L. Y, Hzp Ex, (18)

where

H, (03 0%, _n)

I:IZP £ T T
(0n1o—n1 Ox) (Ongy—n1 Oy, —

(19)
is the ZP version of ﬂ, and has size My x Ny, where My 2
L, Mand Ny £ L. N, with L, and L. being the oversampling
factors for the rows of H and its columns, respectlvely (13).

2) Initializing the residual spectrum Yies = [Yres [k: n)] =
Y and the parameter L = 0.

Step 2 - The residual spectrum energy ||'Y ,es||? is evaluated;
if7 [ Yies||? > €||Y|?* (e and ||Y]|? represent a detection
threshold and the initial spectrum energy, respectively), then
L is increased by one and the parameters associated with a
new (i.e., the (L — 1)th) 2D tone are estimated as

Fr,_, =m/Mo, (20)
Fy,  =7/No—05 1)
and )
AL 1 = Yres[, 1, (22)
where (see (18))
(1, ) = arg max|yes i 7] (23)

Step 3 - The third step is fed by L-dimensional vectors

a2t [Ag,Ar,... Ay )7 f & [Fy, Py, By, )7 and
f, & [FVO,F,,I,... F,. ], collecting the estimates of the

complex gains, normalized delays and normalized Doppler
frequencies, respectively, with L < L. It refines these esti-
mates through an iterative procedure, which maximizes, in
an approximate fashion, the maximum likelihood (ML) cost
function

p(h|€1, f'r; fu) =

(no2) MN exp(—L(h|a,f,,£,)/02). 24)
In the last expression, the quantity
L(h|a,f,,f,) 2 |h-B(,f)a|? (25)

is the log-likelihood (LL) function of the considered optimiza-
tion problem. The refinement procedure is initialized by setting

7If this condition is not met, the algorithm stops and the L-dimensional
estimate vectors of target parameters are provided as output.

18429

a0 =a £9 = f and £V = £,, FO = [T #)T|T
and the iteration index ¢ set to 1. Then, an iterative procedure,
is started; it consists in:
1) A complex amplitude update—-The new complex ampli-
tude vector
a — Bt (fﬁi*), f"y*)) h (26)
is computed; here, £ £07 and £ denote the estimates of

f, and f, at the end of the (i — 1)th iteration.
2) A frequency update—The new estimate

m I:Izl(é(i), f(i—l)) v£(5(1)7 f*(i—l))

is evaluated; here, £ = [(£)T (£")T)T, 1 is a (positive)
step size (in our simulations, this parameter has been set
to one), and V,(a,f) and H,(a,f) represent, for a given
couple (&, f ) the gradient vector and Hessian matrix of the
LL function £ (25). The gradient and the Hessian of £ can
be expressed as®

FO) _ pl-1) _ 7)

Ve(af) = -2 [R{a o B (h- Ba)}",
R{a* o Bl (h - Ba)}T] " (28)
and as
H(a,f) 2 [Iijf gf} : (29)
respectively; here,’
%L .
. AT = | ~xH Hyx
Ter ® o7 or, | = @ © (BEB:)
_ (5* (h— Ba)HBﬁL) } (30)
S o _ = =H o H Tk
Ufr,fu = [m = 2%{(33 )@ (B?TB?,,)
~ (a"(h-Ba)"B; 5 )} @31)
and
9L
e | _opl@at) o (BYB:
o [ onliam (s
~(a'(h-Ba) By ¢, ) | (32)

are L x L matrices. Moreover, Bﬂ is an (M N) x L matrix,
whose Ith column contains the partial derivative of the Ith
column of B (see (17) with (f,,f,) = (f},fu)), evaluated
with respect to fz Similarly, B i 7, is a (MN) x L matrix,
whose Ith column contains the second-order derivative of the
lth column of B (17) evaluated with respect to fx and fy
Note that, thanks to the linearity property of the derivative,
the equality B; i = Bf ¢, holds. A proof of the results
illustrated above is sketched in [13, App. Al

8The dependence of the matrix B (17) on the variables (f',—,f',,) is not
explicitly shown in the following to ease reading.
Note that the dependence of the matrices Tg B U; £ 5, and V%V

7 on
1
the variable a is not explicitly shown to ease notation. v
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Algorithm 1 Newton-based estimation and spectral cancella-
tion algorithm (NESCA)

Input: The M x N matrix H (13), the detection
threshold ¢, the oversampling factors (L,, L.), the
step size p and the overall number of refinement
iterations Nii.

1 Initialization: Compute Y from H through (18), set
a, f,, and f,, to all zero vectors and L = 0. Initialize
Yies =Y.

2 Energy criterion: If ||Y 2, then increase
L by one and go to step 3, otherwise go to Output.

3 Residual spectrum maximization: Evaluate the new

quantities (A P 1 FTL_ - F,,L ,), through (22), (20)
and (21), using Y, in the spectral
maximization (23). Then, append Fﬁfv Fl’i—l
A 1 = Yres|M, 7] tO £, f, and &, respectively.

4 Refinement: Initialize 4() = 4 and £(©) = [f7 {717

for 1 =1 to Nj; do

3a- Amplitude update: compute a*) through (26).
3b- Frequency update: Compute
£ = [ENT E)TIT using (27).

end

Set a =aWNiw f = f'T(N“), £, = f'ﬁN“) and I = L.

5 Spectral cancellation: Update Y,.s through (33)
using a, f, and f,; then, go to step 2.

Output: The estimates a, fT, f and L of a, f.,f, and
L, respectively.

and

Step 4 - Once the refinement step for the detected L 2D
tones is completed, a spectral cancellation procedure is carried
out; this step aims at computing the residual 2D My x Ny
spectrum

Yies 2 [presl, 0] =Y - Yo (a,f.£,), (33)
where Y is defined by (18). Moreover, in (33), Y.(&, fT,f )&
(m, 1)

[yc[, n]] is an My x Ny matrix, whose th element is
evaluated as

. 1 N . . A
yC[m7n] 7N Al ¢m(FTl7MO) (bﬁ(Fl/lvNO) (34)
1=0
where
. 1 —exp(j2m(x — F Xy
62(F, Xo) = g2n( ) (35)
1 —exp (j271' (Xio — F))
with z = 0,1,..., Xy — 1 for any positive integer Xy and

normalized frequency F'. To conclude the description of the
NESCA we remark that: a) after spectral cancellation, the
residual spectrum energy is evaluated again in Step 2; b) this
step aims at improving estimation accuracy and may a have a
significant impact in the presence of multiple closely spaced
targets; c¢) prior knowledge of the overall number of targets,
L, is not required.

The NESCA is summarized in Algorithm 1. Its overall
complexity, is Nyrsca = Nop.rrr + NiL2MN, where
Nop.FrT £ My Ny lOgQ(MO No) is the complexity of the
initialization (due to evaluating the 2D spectrum Y (18)).
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C. Derivation of Cramér-Rao Lower Bounds for
SETFS-Based Target Estimation

In this section, the CRLBs for the joint estimation of the
delays {7;} and the Doppler frequencies {v;} associated with
the L targets are derived. In addition, a closed form expression
for the case of single target (i.e., L = 1) is provided to show
the dependence of each CRLB on the compression parameters
(BFDP), 3(TP)) of SETFS.

First of all, let us consider the scalar model (8), that refers
to L distinct targets, and define the (2L)-dimensional trial
vector 1 = [7:0,%1, ey TL—1, V0, U1y - - -y DL_l]T, where {7:1}
and {7} are the trial values involved in the ML estimation of
{n} and {1;}; in the following, for convenience, 1, denotes
the kth element of 12: The CRLBs we are interested in refer
to the optimization of the ML cost function in (24), where,
however, the dependence is expressed in terms of delays and
Doppler frequencies instead of their normalized counterparts.
If we assume that the elements of the noise vector w, in (15),
are Gaussian mutually independent and have zero mean and
variance o2, the CRLBs of all the parameters of interest are
represented by the diagonal elements of the matrix

V = UEV'I’_l,

where ® £ [¢; /] is a (2L) x
can be expressed as

(36)

(2L) matrix, whose (I, 1’)th term

M—-1N-1

Ohlk,n] (Ohlk,n]\"
o2y ( - ]) G7)
k=0 n=0 6wl I

It is not difficult to prove that, if L = 1 (so that /,I’ = 0, 1),

2N MM —1)(2M — 1
bo,0 = |aol? ( ﬂT ) N ( é( ) (38)
b1 = ¢1,0 = |ao|*m*M(M — 1)N(N — 1) (39)

and
2r  \° N(N —1)(2N —1)
2

¢)1,1 - |a'0| (BBB(FD)> M 6 (40)

The required CRLBs can be obtained by: 1) substituting the
resulting expressions of {¢;;;1,I’ = 0,1} in the matrix ®
appearing at the RHS of (36); 2) extracting the diagonal terms
of the 2 x 2 matrix V; 3) retaining the dominant terms in the
expressions derived for the CRLBs under the assumption that
M and N > 1. This yields

crip, = (L) ! (41)
= \BTD) ) 72SNRM3N
and
( B, 6(FD))2
CRLB, = ——s2 ) 42
72 SNR N3 M (42)
where SNR £ |ag|?/02. The last result shows that the evalu-

ated CRLB exhibit a quadratic dependence on the compression
parameters (SFP) 3(TP)) In particular, if T, and B, are
fixed, if (TP (and, consequently, 3FP)) is reduced, CRLB,
increases, but CRLB,, gets smaller.
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D. Data Detection Stage

When discussing our proposed data detector we consider
symbol detection in SETFS can be accomplished on a
symbol-by-symbol basis, i.e., on the dth M x N matrix after
equalization Ty (14). By rewriting this last matrix in vector
form and performing an order (M, N') FrDSFT of parameters
(BEFP) B(TD)) to the resulting vector produces

¢ca=Tcq+w, 43)
where ¢; £ (C4 ® G) and Wy is an (M N)-dimensional
(generally non-white) noise vector. As anticipated, the detector
aims to mitigate the effect of I' (see (43)). To this end, we
adopt the iterative detector with SSM (or ID-SSM) proposed
for SEFDM systems in [7, Sec. III-A], which is specifically
designed to compensate for intentional ICI (see the N x N
matrix C in [7, Eq. (3)]). In our setting, such distortion is
instead represented by the 2D ICI matrix I'.

The ID-SSM is initialized by setting: 1) the initial soft
estimates é&o) to ¢4 and 2) the iteration index 4 to 1. Then,
in each ID-SSM iteration, two main steps are executed. The
first step is represented by a SIC procedure, described by (see
[7, Eq. (4)], for SEFDM)

el = Nég+ Iy — A1) el Y, (44)

where A € [1,2] represents the convergence factor of the
proposed algorithm. The second step consists in a SSM mech-
anism applied to the soft estimates, ég), obtained from the
last equation. Specifically, the soft mapping decides in favor
of symbols that fall within a neighboring area, defined by a
radius 7, around a constellation point. The performance is fur-
ther enhanced by adaptively changing the decision areas over
iterations. In particular, the parameter r is typically expanded
(or reduced linearly) after each iteration, thus transitioning the
soft mapping towards a hard mapping to progressively decide
the symbols and reduce the number of undecided symbols.

It is important to assess the computational complexity
of the ID-SSM detector and to compare it with that of
other well-known SEFDM detection schemes. The adopted
ID-SSM detector avoids matrix inversion, relying instead on a
reduced-complexity iterative approach that exploits both SIC
and SSM. Its complexity scales linearly with the number
of iterations and the frame size; more specifically, its order
is O(NyyMNDM,) in the case of SETFS. In the case of
SEFDM, alternative detection methods, such as the message
passing (MP)-based detectors described in [8] and [9], achieve
improved performance at the cost of an higher complexity,
which is proportional to Ny N 2M, and Niy N Mf respectively.
Extending these methods to SETFS would entail replacing N
with M N in the expressions given above, with a substantial
increase in the computational burden. Matrix-inversion-based
detectors after ICI regularization [16] are even more demand-
ing, since their complexity exhibit a cubic dependence on
number of symbols to be detected; consequently, their adoption
would be impractical for SETFS. These considerations lead
us to the conclusion that ID-SSM offers a favorable tradeoff
between complexity and performance; this justifies its adop-
tion in the proposed SETFS system.
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TABLE I

COMPUTATIONAL COMPLEXITY ORDER OF THE PROCESSING TASKS EXE-
CUTED IN THE CONSIDERED SETFS RECEIVER

Block O()
Channel estimation MN
Channel refinement / target estimation (optional) NNEScA
Single-tap MMSE equalization MN
ID-SSM detection Nigy NM M.

TABLE 11
SETFS MODULATION PARAMETERS SELECTED IN OUR SIMULATIONS

Parameter Value / Description
M =32, N =32

(OFDM) __
Af =

DD matrix C sizes

Orthogonal subcarrier spacing 15 kHz

TD CP size NP = N/16

FD CP and CPO sizes NGP) = NED) =1

Carrier frequency fe = 5.8 GHz

Roll-off factor for the pulse p(t) « = 0.15

Compression factors B = 0.9 (unless differently specified)
Symbol constellation QPSK

# SETFS symbols in a frame D=8

The complexity of the main blocks of the receiver process-
ing chain is summarized in Table I. Note that, the ID-SSM
detector, used to recover the intentional 2D ICI in SETEFS,
reduces to a simple LL ratio (LLR) detector, with complexity
order O(M,) when employed in OTFS, since the matrix T', in
(44), becomes an identity matrix and no iterations are needed.

IV. NUMERICAL RESULTS

Computer simulations have been run to assess the per-
formance in terms of both sensing and communication
capabilities of the considered SETFS system operating in the
presence of high mobility. For this reason, in the remainder
of this section we first analyze the channel estimation perfor-
mance achieved with SETFS and compare it with that obtained
for OTFS-DCP and OFDM, all employing the LS method!”
under different mobility conditions. Then, we compare the
sensing accuracy offered by the NESCA, when employed in a
co-located SEFDM-based radar system, with that of a) the 2D
periodogram method; b) a variant of it exploiting a refinement
procedure based on interpolation of the 2D periodogram
[18, Sec. IV-AJ; c) the algorithm developed by Gaudio et al.
in [3, Sec. III-C, Algorithm 2]. The last three algorithms
are referred to as 2D-FFT, 2D-FFTi and Alg-G. Finally, we
compare the SETFS communication performance with that
achieved by OTFS-DCP in different scenarios.

In the following, we consider ten different scenarios, each
of which, dealing with either communication or sensing, is
described in the dedicated subsection: the ith scenario (with
i =0,1,...,9) is referred to as S,.

10The LS method we consider is described by Eq. 13 for both SETFS
and OTFS-DCP; whereas it is described by [17, Eq (20)], where a frame
consisting of M consecutive OFDM symbols is considered to acquire the
slow-time phase variations induced by Doppler effect.
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The parameters for the SETFS frame and modulation format
adopted in our simulations are listed in Table II; note that,
since B(TP) = B(FD) js always assumed, the new parameter
B £ p(TP) = g(FD) i5 defined to easy readability and improve
conciseness. The choices made for the listed parameters result
in: 1) channel symbol time T = 2, 1us; 2) frequency spac-
ing between adjacent SEFDM symbols By = 0.48 MHz;
3) useful channel symbols per SETFS symbol NV, = 864 (see
comments above [4, Sec. II-A, Eq. (17)]); 4) constellation
cardinality M. = 4; 5) useful bandwidth occupied by each
SETFS symbol B £ MB, = 13.8 MHz; 6) delay and
Doppler resolutions, 7y, 2 T./(MBFP)) = 72 ns and
Vbin = ByB(TP) /N = 13.5 kHz; 7) the adoption of a DCP
entails an overhead A, = 11% (see [4, Eq. (61)]), but
makes the receiver structure simple, by allowing element-wise
channel estimation and single-tap equalization; 8) the chosen
frame length D represents a reasonable trade-off between
two conflicting requirements, namely the need of limiting
CSI aging and that of minimizing the pilot overhead, and
thus the SE loss.!! Note also that, from a communication
perspective, the values selected for the compression parameters
allow to achieve a good tradeoff between SE and data detection
complexity; in fact, reducing these two parameters improves
SE, but increases the complexity of data detection because
of the stronger induced ICI [8]. From a sensing perspective,
instead, the values of (3(FP), 3(TP)) impact the related CRLB
(see Sec. 1II-C).

A. Channel Estimation Performance

In this subsection, the accuracy of pilot-aided channel esti-
mation, in terms of mean square error (MSE), is analyzed for
SETFS and OTFS-DCP (see (13)) and for OFDM in a single
scenario. In our work, the use of an OTFS-like embedded pilot
configuration in a SETFS-based transmission is also taken
into consideration for completeness; in this case, a single
pilot symbol is placed in the DD domain and surrounded
by guard regions along both delay and Doppler dimensions
[2]. The MSE metric employed in our analysis is defined
as MSE 2 ||Y — Y||2/(MN), where Y = 2 HZy and
Y = Ef/[ HZE=y, being H and H the estimated and ground
truth CSI, respectively.

The considered scenario, dubbed S0, is affected by double
selectivity; the time dispersion and the time selectivity of
the channel are described by a truncated exponential power
delay profile (with maximum delay 7,.x = 2us) and the
Jake’s power spectrum (with maximum Doppler shift vy, =
21.5 kHz, corresponding to a maximum path velocity vy, =
2000 km/h), respectively. Moreover, the Gaussian quadrature
rules [20] have been employed to generate an approximate
channel model suitable to computer simulations; such a model
is characterized by L = 3 paths, whose amplitudes are repre-
sented as the superposition of three complex exponentials.

"'When a single pilot is used for a frame of (D — 1) symbols, the channel
estimate may become outdated in highly time-varying channels, leading
to performance degradation. This tradeoff between pilot overhead and CSI
accuracy can be mitigated by choosing shorter frames or introducing channel
tracking techniques, e.g., mid-frame pilots or decision-directed updates [19].
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Fig. 4. Mean square error, achieved by the LS method, in CSI estima-
tion for OFDM, OTFS and SETFS modulation. The velocities vmax €
{500,1000,2000} km/h are considered for OFDM, whereas vmax =
2000 km/h only for both OTFS and SETFS. Two pilot configurations are
adopted for SETFS, namely pilots interspersed in the symbol sequence and
pilots embedded in the data sequence (see magenta and orange curves,
respectively).

To ensure a fair comparison, the same bandwidth B =
16.32 MHz has been selected for all the considered modulation
formats. For this reasons, the following choices have been
made: 1) N = 64 and a subcarrier spacing equal to 255 kHz
for OFDM; moreover, each OFDM frame consists of M = 32
consecutive OFDM symbols. 2) M = N = 32 and a subcarrier
spacing equal to 15 kHz for OTFS; 3) M = N = 32
and orthogonal subcarrier spacing (i.e., ASCOFDM)) equal to
15/8 kHz for SETFS; in addition, two different values of
the compression factor 5 € {0.9,0.95} have been selected
for SETFS. As far as the embedded pilot configuration in
SETEFS is concerned, a single pilot symbol zy has been placed
at DD coordinates (pg, go) within the useful region of the
M x N symbol grid and the compression factor has been set
to 8 = 0.95. Guard regions have been introduced along both
delay and Doppler dimensions, with cardinality p, = 5 and
¢, = N (i.e., full guard along Doppler, as in [2, Fig. 3-b]).
This has allowed us extracting a DD domain channel matrix of
size P x @, where P 2 |p, /2| +1and Q = N [2, Eq. (11)].
In this case, the resulting pilot overhead is approximately 16%.

In our simulations, three different values of the receiver
speed Umax (namely, 500, 1000 and 2000 km/h) have been
considered. Some numerical results are shown in Fig. 4. Note
that only the curves corresponding to vmax = 2000 km/h are
shown for SETFS and OTFS-DCP, since, their related MSE
performance does not significantly vary with the considered
channel path velocities. In contrast, all the curves, relative to
the different channel path velocities are reported for OFDM.
From these results it can be easily inferred that:

1) The MSE performance of SETFS worsens for lower
values of 3, i.e., for higher resource compression. This is
justified by the fact that the pilot matrix employed for element-
wise channel estimation is affected by progressively stronger
compression (see (13)); this makes the quality of channel
estimates poorer than that obtained with OTFS-DCP.

2) The MSE performance of OFDM worsens with an
increase in the Doppler shift. At high SNR, error floors
develop in MSE curves, and become more evident as vpax
increases.
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TABLE III

COMPUTATIONAL COMPLEXITY ORDER OF THE CONSIDERED
TARGET ESTIMATORS

Algorithm  O(+)

2D-FFT Nop_rrT + LMo Ng -
2D-FFTi Nop_rrr + L (I Ic + M N)
Alg-G Nap_prr + Niy MPN? (L + MN)
NESCA Nop_rrr + Nit L°MN

3) Both OTFS-DCP and SETFS are more robust to Doppler
than OFDM, as shown by their unbiased MSE trends.

4) In the case of SETFS, a significantly worse MSE per-
formance is achieved with the embedded pilot configuration
with respect to the case of interspersed pilots. This degradation
is due to the intentional 2D ICI introduced by the SETFS
modulation; this limits the accuracy of channel estimation. The
only advantage offered by the embedded pilot configuration is
the availability of a CSI update at every symbol. However, this
advantage is outweighed by the negative impact of interference
in estimation accuracy.

B. Sensing Performance

In this subsection, the sensing performance of the above
mentioned methods for target parameter estimation is com-
pared in terms of root mean square error (RMSE) achieved in
delay (RMSE,) and Doppler shift (RMSE, ) estimation. To this
end, both SETFS with 8 = 0.9 and OTFS-DCP are considered.

The computational complexity orders (O(-)) of the 2D-FFT
algorithm, the 2D-FFTi algorithm, the Alg-G and the NESCA
are listed in Table III. Note that: 1) The 2D-FFT algorithm
represents the baseline technique for the other methods. In
2D-FFT, 2D-FFTi and Alg-G, the overall number of targets
L is first estimated through the generalized likelihood ratio
test (GLRT); in this test, the detection threshold is selected in
a way that a constant false alarm probability Py, = le™3 is
guaranteed. For NESCA, the fixed detection threshold ¢ = 0.5
has been selected for the peak detection stage. This value
has been empirically selected with the aim of providing a
false alarm probability comparable to that attained by the
GLRT-based detector employed by the other algorithms. The
L most significant spectral peaks are then identified, and their
frequencies are refined by the 2D-FFTi and Alg-G. In contrast,
NESCA relies on the 2D-FFT spectrum computation only
(see (18)), since it performs its own frequency estimation and
refinement independently.

2) The 2D-FFTi refines each 2D frequency by interpolating
the 2D spectral components around each peak detected by
the 2D-FFT algorithm. The interpolation orders for the rows
and columns of the 2D spectrum Y (18) are denoted I
and I., respectively. The interpolation procedure generates
L finer 2D grids, each of size M x N and over which
spectral maximization is carried out to refine the detected L 2D
frequencies and their associated amplitudes.

3) The Alg-G refines each 2D frequency by means of an on-
grid iterative approach. In a single iteration, each frequency is
refined through the maximization of a 2D cost function, which
involves the single 2D frequency to be refined and the other
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(L — 1) 2D frequencies estimated in the previous iteration.
This approach aims at removing the interference originating
from the other (L — 1) 2D tones. The cost function is thus
evaluated over an M x N grid for (Ni; L) times.

4) The NESCA operates in an off-grid fashion and its
complexity scales linearly with the variables M and N, but
grows quadratically with the number of targets. However, since
L is usually small, the major contribution to the complexity
of the NESCA is given by its initialization step through the
DSFT used to evaluate the 2D spectrum in (18).

In assessing sensing accuracy, five distinct scenarios,
namely S1, S2, S3, S4 and S5 are considered. In S1, a single
channel path (i.e., by L = 1) is assumed, whereas L > 1
has been selected in S2, S3 and S4. In particular, in S1,
the single channel path is characterized by a unitary path
gain ag, and by random delay 7y and Doppler frequency vy,
that are uniformly distributed in [0.9,1.1]7 and [0.9,1.1]7,
respectively, with 7 = 0.2us and 7 = 5.4 kHz (corresponding
to v = 500 km/h). In both S2, S3 and S4, L = 2 and the
parameters of the /th path are selected as

Tl:TOJV_lTreS’Fy Vl:VO"'lVresﬂ (45)

and a; = 0.75, with [ = 1 and 2; here 7 and ¥ represent the
normalized spacing in delay and Doppler, respectively. The
difference between S2 and S3 lies in the selection of these
two last parameters: in fact, 7 = v = 1.2 in S2, whereas
7 =v =1 in S3. The fourth scenario (S4) is identical to S2,
but the SNR is set to 0 dB; moreover, only Alg-G and NESCA,
with a number of refinement iterations Ny € {1,2,...,10},
are taken into consideration in this case.

Finally, in S5, is a fixed SNR = 20 dB is assumed, the first
channel path is generated as in S1, whereas the parameters of
the remaining (L — 1) targets are obtained as follows: a) 7
and v; are generated as in S2 (see (45)) and b) the path gains
a; has been set equal to ag for [ € {1,2,...,L —1}.

The selection of the four considered scenarios can be
motivated as follows:

1) In S1, channel path detection and estimation are not
affected by the potential spectral leakage originating from the
presence of multiple targets.

2) In S2, multipath is present, but leakage is negligible,
since the considered targets are adequately spaced.

3) S3 is characterized by two closely spaced targets, one
stronger than the other one. For this reasons, our results
referring to this scenario unveil how the considered estimators
behave in the presence of closely spaced targets.

4) S4 is useful to assess the convergence behavior and
parameter sensitivity of the considered iterative sensing algo-
rithms. This allows us to explicitly analyze the tradeoff
between estimation accuracy and computational complexity.

5) S5 allows us to assess the dependence of the com-
plexity of each technique (in particular, its computational
cost, expressed in Mega floating point operations per second,
MFlops, and execution time, ET, in seconds) on L.

The values selected for the considered estimation algorithms
in our simulations are summarized in Table IV.

Some numerical results referring to S1 are illustrated in
Fig. 5, where RMSER and the RMSE, are provided for all
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RMSE, (kHz)

SNR (dB) SNR (dB)
~0-2D-FFT (8 = 0.9) 4 2D-FFTi (8 = 0.9) -0~ NESCA (8 = 0.9) Alg-G (8 =0.9) — CRLB (8 = 0.9)
-O- 2D-FFT (8=1) -4 2D-FFTi(8=1) -0 NESCA (8=1) Alg-G (3=1) --- CRLB (8=1)

Fig. 5. Root mean square error performance achieved by 2D-FFT, 2D-FFTi, Alg-G and NESCA in delay (left figure) and Doppler frequency estimation (right
figure); S1 is assumed, and the CRLBs for delay and Doppler estimation are also shown as References.

RMSE, (us)

SNR (dB) SNR (dB)
—O-2D-FFT (8 =0.9) —— 2D-FFTi (8 = 0.9) - NESCA (8 = 0.9) Alg-G (8 =0.9) — CRLB (8 = 0.9)
-O- 2D-FFT (B=1) -A- 2D-FFTi (8=1) - NESCA (8=1) Alg-G (8=1) --- CRLB (8=1)

Fig. 6. Root mean square error accuracy achieved by 2D-FFT, 2D-FFTi, Alg-G and NESCA algorithms, in delay (left figure) and Doppler frequency estimation
(right figure); S2 is assumed, and the CRLBs for delay and Doppler estimation are also shown as references.

TABLE IV
VALUES OF THE PARAMETERS SELECTED IN OUR SIMULATIONS

Parameter Value / Description
L,=4,L.=4
P, = 1073
Ip="71="7

M =121, N = 121
uw=1, Nix =10
e=0.5

2D-FFT oversampling factors

False alarm probability for GLRT

Interpolation orders (2D-FFTi)

Interpolated grid sizes (2D-FFTi)
Step size & # iterations (NESCA)
Detection threshold (NESCA)

Grid sizes & # iterations (Alg-G)

M =11, N =11, Njy =4

the estimators; both SETFS with 8 = 0.9 (solid lines) and
OTFS-DCP (8 = 1, dashed lines) are considered. Based on
these results, the following comments can be made:

1) OTFS outperforms SETFS in delay estimation but not
in Doppler. Thresholds for OTFS-DCP occur at lower SNR
values; this is due to its lower MSE in channel estimation
compared to SETFS (see Fig. 4).

2) The NESCA achieves the best accuracy, closely
approaching the corresponding CRLBs.

3) Despite showing the least complexity, the 2D-FFT offers
the worst RMSE and its curves exhibit a high floor.

4) 2D-FFTi, NESCA and Alg-G achieve the illustrated
RMSE results at the price of a complexity which is

approximately 1.06, 1.25 and 2.5 times higher than that of
the 2D-FFT (see Table III). Therefore, the NESCA offers the
best tradeoff between RMSE accuracy and complexity and, in
particular, outperforms the Alg-G with 50% less complexity.

Some numerical results obtained for S2 are illustrated in
Fig. 6. Most of the comments made S1 apply to this scenario
too, the only remarkable difference being represented by the
fact Alg-G outperforms the 2D-FFTi. This is due to the
fact that the two paths of the considered channel model are
sufficiently separated, so that leakage is negligible; hence, the
estimation problem reduces, in practice, to that of a single-path
case. It is also worth underlining that: a) the 2D-FFTi, NESCA
and Alg-G achieve the given RMSE results at the price of a
complexity which is 1.11, 1.46 and 3.84 times higher than that
of the 2D-FFT; b) even in this scenario, the NESCA achieves
the best tradeoff between RMSE accuracy and complexity,
outperforming the Alg-G with 200% less complexity. The last
considerations also apply to S3.

Some numerical results referring to S3 are shown in Fig. 7.
From these results it can be easily inferred that:

1) The 2D-FFT, 2D-FFTi and Alg-G show a high RMSE
floor; this stems from the presence of closely spaced tar-
gets, that cannot be separated by peak detection. This
results in estimation errors for 2D-FFT and, consequently,
poor initialization for the other two methods. Adjusting the
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SNR (dB) SNR (dB)
~0-2D-FFT (8 = 0.9) 4 2D-FFTi (8 = 0.9) -0~ NESCA (8 = 0.9) Alg-G (8 =0.9) — CRLB (8 = 0.9)
-O- 2D-FFT (8=1) -4 2D-FFTi(8=1) -0 NESCA (8=1) Alg-G (=1) --- CRLB (8=1)

Fig. 7. Root mean square error performance achieved by 2D-FFT, 2D-FFTi, Alg-G and NESCA algorithms, in delay (left figure) and Doppler frequency
estimation (right figure); S3 is assumed, and the CRLBs for delay and Doppler estimation are also shown as references.
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Fig. 8. Root mean square error accuracy of delay (left) and Doppler (right) estimation versus the number of refinement iterations Ni; € {1,2,...,10} for

Alg-G and NESCA. The use of SETFS with 8 = 0.9) in S4 is assumed. The CRLBs are also provided as performance benchmarks.

TABLE V

VARIATIONS IN THE ESTIMATION ACCURACY OF THE NESCA FOR DIF-
FERENT PRECISIONS (S4 IS CONSIDERED)

Precision ET Speed-up (times) ARMSE - (%) ARMSE,, (%)
Floating-point 0 0 0

32-bit 6.44 < 10710 <1010
16-bit 7.68 07 2-107%)
8-bit 8.56 1.04-10" 4.22 107

parameters of the 2D-FFTi and Alg-G does not mitigate this
issue.

2) The serial interference cancellation technique adopted
in the NESCA enables detection of the weaker path after
suppressing the dominant one. As a result, NESCA approaches
the CRLB for both delay and Doppler estimation even in this
more challenging scenario.

Some numerical results referring to S4 are shown in Fig. 8
and in Table V. On the one hand, Fig. 8 illustrates how
the RMSE of delay and Doppler estimation decreases as the
number of refinement iterations N of Alg-G and NESCA
gets larger. On the other hand, Table V allows us to assess the
impact of finite-precision arithmetic on both ET and estimation
accuracy; in particular, the variations in estimation accuracy,
ARMSE,; and ARMSE,,, with respect to the case of floating
point arithmetic are listed for different numerical precisions.
These results lead to the following considerations:

1) The NESCA requires a significantly lower ET than
Alg-G for the same number of iterations; more pre-
cisely, it approximately requires a 4 times to 6 times
lower ET over the entire range of considered Nj.. This
confirms the efficiency of the NESCA in real-world
deployments.

2) The NESCA is highly robust to quantization effects and
suffers from a negligible RMSE degradation down to 16-bit
precision and only moderate degradation at 8-bit. At the same
time, reducing the numerical precision yields a non-negligible
computational speed-up.

3) Both NESCA and Alg-G exhibit a clear convergence
trend as Ny increases, with the RMSE approaching the CRLB.
While Alg-G achieves slightly better performance for a fixed
number of iterations, the gap becomes negligible for moderate
Ni;. Moreover, NESCA shows a steady convergence behavior
and achieves comparable accuracy at higher iterations, despite
its lower computational complexity.

The dependence of the CC and ET on the overall number
of targets (i.e., L) is exemplified by Fig. 9. From these results
it is easily inferred that:

1) The 2D-FFT and Alg-G algorithms exhibit the lowest
computational complexity and the highest one, respectively.

2) The 2D-FFTi and NESCA algorithms fall in between,
but the former exhibits a lower complexity than the
latter.
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Fig. 9. Computational cost (solid lines), in MFlops, and execution time

(dashed lines), in seconds, versus the overall number of targets, L, for the
2D-FFT, 2D-FFTi, Alg-G and NESCA algorithms. S5 is considered.

TABLE VI

PARAMETERS SELECTED IN OUR SIMULATIONS FOR ID-SSM AND THE
LDPC ENCODER/DECODER

Value / Description
A =1, Ni =10
Ny, = 1296

r = 3/4, soft-input

Parameter

Convergence factor & # iterations for the ID-SSM

Binary LDPC codeword size

LDPC rate & input type

Tterations for the BPA in the LDPC decoder NEPFA) <10

C. Communication Performance

In this subsection, we focus on the communication perfor-
mance of the considered SETFS system and compare it with
that achieved by a system employing OTFS-DCP. The com-
munication performance is evaluated based on three different
metrics. The first metric is the effective capacity, defined as
Cor 2 MI/f3%, where MI represents a mutual information
computed on the basis of the soft-output information generated
by the considered detector; note that the approach illustrated
in [3, eq. (37)] has been employed for the evaluation of the
MI. Our interest in Ceg is motivated by the fact that it allows
for a fair comparison between SETFS and OTES in terms of
SE, since it accounts for the narrower bandwidth occupied
by SETFS when operating at the same information rate. The
second metric is the throughput (or goodput), G, achieved by
the full communication chain, including both detection and
subsequent decoding. The evaluation of the last metric refers
to the case in which a low-density parity check (LDPC) code is
employed, detection and decoding at the receive side operate
on a symbol-by-symbol basis, and the belief propagation
algorithm (BPA) is adopted for LDPC decoding. The G metric
can be evaluated as G = R, (1 — BER)%; where BER
denotes the bit-error rate and Ry = Ny log,(M.)/(MNTy)
represents the useful bit-rate within the single SETFS symbol.
The third metric is the useful rate, defined as R £ CB
and expressed in Mega samples per second (Msps). This
metric is evaluated as a function of the sensing distor-
tion, defined as D £ NCRLB — 1, where NCRLB =
HCRLB(B)/HCRLB(1) denotes the normalized'> CRLB,
whereas HCRLB(B) £ /CRLB, /T + CRLB, /B is the

12Normalization is performed with respect to the HCRLB associated with
the OTFS modulation (whose compression factor is 8 = 1).
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Fig. 10. Effective capacity, Cos, achieved by the ID-SSM and LLR detectors
for SETFS (8 = 0.9, solid lines) and OTFS-DCP (8 = 1, dashed lines),
respectively, when the MMSE equalizer exploits a) the reconstructed channel
generated through the estimates of the 2D-FFT, 2D-FFTi, Alg-G and NESCA
and b) CCE only; S6 is considered.

hybrid CRLB, which accounts for the joint estimation of
the delay and Doppler parameters. Note that rate-distortion
(R-D) analysis, widely adopted in ISAC frameworks [21],
characterizes the communication-sensing tradeoff by jointly
accounting for achievable rate and estimation accuracy. In this
context, it enables the identification of favorable operating
points of SETFS with respect to OTFS, also in terms of
SE. When evaluating Ceg, G, and R-D performance, the
parameters listed in Table VI have been adopted.

In our assessment of communication performance, four sce-
narios, namely S6-S9, are considered. The channel generation
follows the same procedure adopted in SO; however, different
channel conditions are introduced depending on the scenario.
In particular, in S6-S8 only the SNR and/or the compression
factor are varied, whereas in S9 also the channel parameters
are modified. More specifically: 1) in S6 an SNR € [0, 30]
dB and 8 = 0.9 are assumed for SETS modulation; 2) in S7
the SNR is fixed to 20 dB and a variable 3% € [0.65,1] is
considered; 3) S8 is analogous to S6, but with LDPC coding;
4) S9 is analogous to S7, but is used to evaluate the R-D
tradeoff under different channel conditions when the NESCA
only is employed in the transceiver chain. In S9, two channel
configurations are considered: a) a single-path channel with
L = 1, Tmax = 1lps, and vyax = 10 kHz; b) a more
challenging doubly selective channel with L = 3, Tpyax = 2us,
and vpmax = 21.5 kHz. In both cases, SNR € {15,30} dB is
considered. In S6-S8, the outputs of the sensing algorithms,
i.e., 2D-FFT, 2D-FFTi, Alg-G, and NESCA, are used to recon-
struct the channel through (8). In S9, instead, only NESCA
is employed for sensing. The estimated channel is then used
for MMSE equalization, followed by ID-SSM detection to
mitigate the 2D ICI. For comparison, we also consider the
case in which the channel estimate obtained via (13) is directly
used for equalization, referred to as coarse channel estimation
(CCE).

Some C.g curves obtained for S6 are shown in Fig. 10;
all the above mentioned estimators and CCE are considered.
These results lead to the following conclusions:

1) The NESCA combined with ID-SSM algorithm achieves
the highest capacity among all the possible options.
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Fig. 11. Effective capacity, Ce, achieved by the ID-SSM algorithm for
SETFS with a varying 2 € [0.65,1]. The MMSE equalizer employs
the reconstructed channel generated through the estimates of the 2D-FFT,
2D-FFTi, Alg-G and NESCA. S7 is considered.

2) Despite potentially having lower detection complexity
(LLR detection has complexity O(M.)), OTFS saturates ear-
lier due to its lack of spectral compression. In particular, the
performance gap between OTFS and SETFS can be quantified
by approximately 1/32 (i.e., a 24% gap in Cef).

3) 2D-FFT combined with ID-SSM yields the smallest Cog,
even smaller than that obtained in the case of CCE. This
is due to the fact that, unlike the other channel estimators,
2D-FFT lacks a refinement stage and this leads to less accu-
rate channel reconstruction. The same limitation appears in
the other scenarios; for this reason, the 2D-FFT curve is
not shown below for S8, since this shares the same setup
as S6.

4) In SETFS, the CC of the 2D-FFT, 2D-FFTi, NESCA and
Alg-G combined with ID-SSM are 7, 8, 12 and 33 times higher
than that required by the CCE combined with ID-SSM. These
values are approximately 14 times higher compared to the
complexity of CCE combined by the LLR detector in OTFS.

The Coir curves obtained in S7 for all the considered channel
estimators combined with ID-SSM are shown in Fig. 11. Based
on these results, the following considerations can be made:

1) For all the combinations including a channel estimation
stage, Coq increases (decreases) with 42 in the interval [0.6,
0.75] ((0.75,1]). In the cases of CCE and 2D-FFT, C.g
increases for 32 < 0.8, but Ceg is substantially lower than
that provided by the aforementioned methods. These results
indicate that the most favorable tradeoff between SE and
detection accuracy across all considered techniques in the
given scenario is achieved for 0.75 < 32 < 0.8.

2) The NESCA and Alg-G outperform the 2D-FFTi for 32 €
(0.65,0.75).

3) CCE outperforms all the other techniques for 5% €
(0.65,0.7). This is due to high compression, that results in
strong 2D ICI and significant estimation errors causing, in turn,
larger channel reconstruction inaccuracies and, consequently,
greater equalization errors.

4) As 3% approaches 1 (i.e., compression is reduced), all the
methods except 2D-FFT converge towards a similar value of
Cor. Notably, when 32 = 1 the curves reflect the performance
of each algorithm in an OTES system, where no bandwidth
compression occurs.
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TABLE VII

COMPUTATIONAL COMPLEXITY OF THE SETFS RECEIVER ALGORITHMS
(S8 Is CONSIDERED)

Block CC (MFlops)
Channel estimation 1le”3
Channel refinement / target estimation ~ 0.32
Single-tap MMSE equalization 4e73
ID-SSM detection 0.041
LDPC decoding 0.65

The CCs, in MFlops, of the main processing tasks exe-
cuted by the SETFS receiver in S8 are listed in Table VII;
channel estimation, optional channel refinement and target
estimation, single-tap MMSE equalization, ID-SSM detection,
and LDPC decoding are taken into consideration. In evaluating
the complexity of these tasks the parameters listed in Tabs. I
and VI have been assumed. Among the considered processing
tasks, the most computationally demanding steps are channel
refinement and target estimation, which improve communica-
tion performance as shown in previous scenarios, and LDPC
decoding,'® which increases the throughput of the receiver.

The goodput (G) curves obtained in S8 for all the considered
channel estimators combined with ID-SSM are illustrated in
12. As a benchmark, the G curves referring to an OTFS system
using the same detector and the same LDPC code (dashed
lines). Note that OTFS achieves a smaller SE, since it occupies
a bandwidth larger than SETFS by a factor (1 — 3?). From
the last results we draw the following conclusions:

1) The goodput achieved by all the methods increases with
SNR and eventually reaches a saturation level, corresponding
to the maximum achievable G. For OTFS this occurs at
approximately 13 dB for the 2D-FFTi, NESCA and Alg-G, and
at 18 dB for CCE. For SETFS, this occurs at approximately
18 dB for 2D NESCA and Alg-G, and at 30 dB for the
2D-FFTi.

2) When employing the NESCA, G consistently starts
increasing at lower SNR values than all the other techniques.
Our results evidence a gap of 5 dB in OTFS with respect to
the 2D-FFTi and Alg-G, and of 10 dB compared to the CCE
case. For SETFS, the gap between the NESCA and Alg-G is
negligible, but it is equal to 10 dB and 5 dB with respect to
the 2D-FFTi and CCE, respectively. Note also that the NESCA
achieves this result with lower complexity than the Alg-G.

Some numerical results referring to S9 are shown in Fig. 13,
which illustrates the dependence of the achievable useful rate
‘R on the sensing distortion D for the SETFS when the NESCA
is used; different SNR values and channel conditions are con-
sidered. Based on these results, the following considerations
can be made:

1) There exists an operating region (associated with D €
(0,2.6)%) in which SETFS provides a higher useful rate than
OTEFS (corresponding to D = 0), while maintaining a limited
sensing distortion. In that region, SE gains in the range of
approximately 26% to 33% can be achieved; therefore, SETFS
is able to improve communication performance without exces-
sively compromising sensing accuracy.

13See [22, Sec. 5-B] for BPA-based LDPC decoding complexity.
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lines), respectively, when the MMSE equalizer exploits a) the reconstructed
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NESCA and b) CCE only; S8 is considered.
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Fig. 13. Rate-distortion (R-D) tradeoff obtained with the proposed NESCA in
the SETFS communication chain; different SNR values and channel conditions
have been considered. The point D = 0 corresponds to OTFS, whereas D > 0
values reflect the SE gain achieved by SETFS at the cost of increased sensing
estimation error.

2) Higher SNR values lead to higher R for a given distortion
level. Conversely, more challenging channel conditions (larger
delay and Doppler spreads, higher number of paths) degrade
both sensing accuracy and communication performance, thus
shifting the curves downward and mainly leaving the location
of the optimal operating point'# unchanged.

3) For sufficiently large distortion values (corresponding
to excessively aggressive compression), the performance of
SETFS degrades and may even fall below that of OTFS in
terms of achievable rate. This behavior is due to the increasing
impact of the compression-induced 2D ICI, which eventually
dominates over the SE gain. This highlights the need for a
careful selection of the operating point in order to properly
balance communication rate and sensing accuracy.

V. CONCLUSION

In this manuscript, a novel digital modulation format, called
SETFS and extending the SEFDM paradigm to the 2D DD
domain of OTFS, has been introduced. Moreover, a new target

14The optimal operating points in terms of SE gain are enclosed within the
dashed circle shown in Fig. 13.
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parameter estimator, called NESCA, has been developed for
SETEFS systems operating over doubly selective channels.

Our simulation results evidence that: 1) SETFS provides
significant SE gains, though at the cost of higher detection
complexity due to the presence of the 2D ICI; 2) the NESCA
achieves accurate target parameter estimation, consistently
outperforming 2D-FFT, 2D-FFTi, and Alg-G, while main-
taining a favorable complexity profile (25% to 46% higher
than 2D-FFT and 2D-FFTi but 200% lower than Alg-G);
3) the NESCA better approaches the CRLB in both delay
and Doppler estimation. When the NESCA is combined with
the ID-SSM detector, SETFS attains near optimal capacity in
high SNR regimes, yielding an approximate 25% SE gain over
OTFS. However, throughput saturation occurs with an SNR
gap of about 10 dB in favor of OTFS when using the NESCA;
moreover, this gap widens further with the other estimation
techniques. In summary, SETFS offers a promising tradeoff
between SE, complexity, and sensing accuracy, positioning
it as a strong candidate for future ISAC systems. Ongoing
research aims at exploring the application of SETFS in more
complex ISAC scenarios, further assessing its potential in next-
generation wireless networks.
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