
Full length article

Isotropic auxetic trigonal symmetry tessellations designed for FDM printing 
infill patterns

Reza Moghimimonfared , Andrea Spaggiari , Luke Mizzi *

Department of Sciences and Methods for Engineering, University of Modena and Reggio Emilia, Reggio Emilia, Italy

A R T I C L E  I N F O

Keywords:
Auxetic metamaterials
Poisson’s ratio
Additive manufacturing
Infill Patterns

A B S T R A C T

Mechanical metamaterials derived from Euclidean polygonal tessellations constitute a novel class of architected 
materials capable of exhibiting a broad spectrum of mechanical properties, including auxeticity. In this work, 
new monohedral and dihedral tessellations derived from a Euclidean hexagonal tessellation system possessing 
trigonal rotational symmetry were designed through targeted structural modifications of the original tessellation. 
A parametric analysis was carried out on these tessellations using finite element (FE) simulations in order to 
evaluate the Poisson’s ratios and effective Young’s moduli, followed by experimental tests on various additively- 
manufactured prototypes to validate the results predicted by the FE simulations. The results obtained show that 
these new transversely-isotropic tessellations have the capability of exhibiting the entire spectrum of two- 
dimensional isotropic Poisson’s ratios (− 1 < ν < +1) as well as a wide range of Young’s moduli. The repre
sentative unit cells of these tessellations are also relatively small (compared to other irregular monohedral and 
dihedral networks) and highly porous, which coupled with the inherent tuneability in mechanical properties and 
isotropic behaviour, makes them ideal for implementation as infill patterns for Fused-Deposition Method (FDM) 
additively-manufactured components with low volume fractions.

1. Introduction

Additive Manufacturing (AM) is a manufacturing process that fab
ricates components directly from 3D model data by depositing material 
layer by layer, differing fundamentally from conventional subtractive or 
formative manufacturing techniques [1]. The emergence of Additive 
Manufacturing technology has driven a paradigm shift from the tradi
tional principle of “design for manufacturing” toward “manufacturing 
for design,” with a focus on product functionality [2]. Building on this 
capability, this manufacturing technique enables the production of 
highly complex, topologically optimized, lightweight, and lattice-based 
structures as well as functionally graded materials (multi-material AM) 
that are often unattainable with conventional manufacturing methods, 
while minimizing finishing work and significantly reducing material 
waste, making it a more sustainable alternative to traditional subtractive 
techniques [2–6].

In the present study, we focus on the FDM manufacturing technol
ogy, which is one of the most widely used AM techniques for fabricating 
models, prototypes, and functional products due to its simplicity, cost- 
effectiveness, and versatility in processing thermoplastic polymers. In 

this process, thermoplastic filaments are heated slightly beyond their 
glass transition or melting temperature in an extruder and then deliv
ered to a nozzle that precisely controls the flow, building parts layer by 
layer [7–9]. FDM offers advantages such as low cost, wide material 
availability, and ease of use, making it highly suitable for both research 
and industrial prototyping [7–9]. This AM technique has found appli
cations across a broad spectrum of industries, including aerospace, 
automotive, marine, biomedical, sport, sensors, and construction, due to 
its ability to produce lightweight structures, customized components, 
and functional prototypes with high precision [7–12]. Several factors 
influence the FDM 3D printing process and, consequently, the quality of 
fabricated parts—such as material type, layer height, layer adhesion, 
nozzle temperature, printing speed, support structure, infill density, and 
infill design [12–19]. Among these, infill design plays a particularly 
critical role, with standard geometries such as line, rectilinear, trian
gular, grid, honeycomb, cubic, and gyroid patterns, among others, each 
offering distinct trade-offs between strength, flexibility, and efficiency. 
Infill design also significantly affect the mechanical performance, 
weight, material consumption, and printing time of the final part 
[20–23].
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While numerous studies have focused on the effects of commercially 
available infill patterns in FDM machines on the characteristics of 
fabricated parts, there may be considerable potential in exploring 
auxetic metamaterial geometries as alternative infill patterns, since they 
possess unconventional properties and have not yet been implemented 
in this context. Auxetic mechanical metamaterials exhibit negative 
Poisson’s ratio, meaning they become wider when stretched and thinner 
when compressed, in contrast to conventional materials [24–27]. This 
unusual behavior, resulting from their distinct geometrical arrange
ments, leads to remarkable properties such as enhanced energy ab
sorption [28], superior indentation and impact resistance [29], and 
improved fracture toughness [30]. Auxetic metamaterials can generally 
be broadly classified into re-entrant [31–34], chiral [35–40], rotating 
rigid units [41–43] and origami structures [44–46]. These general 
mechanistic classifications each incorporate various forms and config
urations encompassing various symmetry classes and topologies, 
including both 2D and 3D systems [40,47–50]. Furthermore, other 
advanced classes including fractal/hierarchical geometries [51–53], 
functionally-graded architectures [54], hybrid mixed-mode systems 
[55] and disordered/aperiodic frameworks [56–58] can also be formed 
to obtain further advanced functionalities over conventional materials. 
Auxetic metamaterials have already demonstrated to be promising for 
implementation in applications in fields such as biomedical implants 
[59,60], protective and sport equipment with high energy absorption 
characteristics [28], aerospace engineering [61], and soft robotics [62], 
suggesting that their integration as 3D printing infill patterns may 
enhance the capability of this manufacturing technology to produce 
lightweight yet high-performance printed parts.

On this basis, the present work aims to explore how auxeticity may 
be attained from various tessellatable structures through a wide-ranging 
parametric study, with the goal of identifying configurations with var
iable mechanical properties, including unconventional behaviours such 
as a negative Poisson’s ratio that could be implemented in 3D printing 
technology as potential infill patterns. Specifically, we considered tes
sellations which exhibit in-plane isotropy; a property which is highly 
desirable for infill patterns; coupled with a relatively small representa
tive unit cell. These include a) a hexagonal cellular tessellation [63] with 
trigonal rotational symmetry, which following a series of targeted 
structural modifications, can yield three additional derived configura
tions: b) Design I, a monohedral dodecagonal tessellation; c) Design II, a 
dihedral tessellation composed of pentagons and triangles; and d) 
Design III, a dihedral tessellation composed of nonagons and triangles. 
Using Finite Element (FE) simulations, various configurations of these 
systems were analysed, followed by an experimental validation on ex
emplars produced using FDM additively manufacturing. Through this 
study, these new tessellations, each of which retains the rotational 
trigonal symmetry and unit cell size of the original hexagonal system, 
have been demonstrated to possess the capability of exhibiting a wide 
range of mechanical properties, including the entire spectrum of 
isotropic Poisson’s ratio, and could potentially be used as an infill 
pattern for the attainment of on-demand micromechanical properties of 
additively-manufactured components.

2. Methodology

In this section, the methodology used to design the new tessellations 
through modifications of the original hexagonal geometry [63] pos
sessing trigonal rotational symmetry is described. This is followed by an 
explanation of the parametric linear Finite Element (FE) simulations 
conducted using periodic boundary conditions (PBCs) to evaluate the 
Poisson’s ratios and effective Young’s moduli of the designed structures. 
Finally, the experimental procedure used to validate the results obtained 
from the FE simulations is presented in detail. Through this organized 
methodology, we aim to obtain a comprehensive understanding of the 
mechanical properties of the proposed structures.

2.1. Design the targeted structures with specified unit cell

As previously stated, the three configurations designed in this 
study—Design I, Design II, and Design III—are derived from a hexagonal 
tessellation with trigonal rotational symmetry. As depicted in Fig. 1a, 
the original hexagon is composed of three pairs of consecutive sides with 
side lengths denoted as i, j, and k, arranged such that the angle between 
each pair of identical lengths is 120◦, while the remaining three interior 
angles vary based on geometric constraints. The geometric features of 
this hexagon, as well as its realizable area as a function of the side 
lengths, are described in detail in [63] and are also included in the 
Supplementary Information. The methodology used to design the pro
posed configurations exhibiting trigonal rotational symmetry is outlined 
below: 

i. Design I. These structures were obtained by removing both sides 
of length i from the original hexagon. This modification trans
forms the original hexagon into an open-ended four-sided shape. 
However, following the rotational trigonal symmetry rotational 
replication, the original monohedral hexagonal tessellation is 
converted into a monohedral dodecagonal tessellation (see 
Fig. 1b).

ii. Design II. These structures were obtained by removing both sides 
of length j from the original hexagon and adding a diagonal 
connecting their endpoints (denoted as jj). These modifications 
transform the original hexagon into a pentagon. However, 
following the trigonal rotational symmetry replication, the orig
inal monohedral hexagonal tessellation is converted to a dihedral 
tessellation consisting of a pentagon and a triangle (see Fig. 1c).

iii. Design III. These structures were obtained by removing four 
sides of the hexagon—two of length i and two of length j—and 
adding a diagonal connecting the endpoints of the two removed j 
sides (denoted as jj). These modifications transform the original 
hexagon into an open-ended shape with three sides. However, 
following the trigonal rotational symmetry replication, the orig
inal monohedral hexagonal tessellation is converted into a dihe
dral tessellation consisting of a nonagon and a triangle (see 
Fig. 1d).

It is worth noting that in Designs II and III, when j = i + k, the 
resulting structure forms a triangular tessellation, which deviates from 
the typical configurations of Design II (pentagon + triangle) and Design 
III (nonagon + triangle). These configurations (which are extremely 
few) arise as a result of the boundaries of the realizability conditions for 
these tessellations and given that they represent different polygonal 
tessellations, were excluded from the current study. It is also important 
to specify that for all three designs studied in this work, the side length 
variables i, j and k are interchangeable and that the same geometries are 
effectively obtained from the same combination of variables.

2.2. Parametric FE analysis using periodic boundary conditions

To examine the mechanical properties—specifically, Poisson’s ratio 
and effective Young’s modulus—of the newly designed structures, a 
parametric study was conducted using ANSYS Mechanical APDL. For 
each of these three designs, a wide range of structures was simulated 
across three subsets, with variables defined as follows: 

A) i-constant: The value of i was kept constant as 24 mm, while j 
and k varied between 1.2 mm (0.05i) and 84 mm (3.5i) in in
crements of 1.2 mm (0.05i).

B) j-constant: The value of j was kept constant as 24 mm, while i 
and k varied between 1.2 mm (0.05j) and 84 mm (3.5j) in in
crements of 1.2 mm (0.05j).

R. Moghimimonfared et al.                                                                                                                                                                                                                   Thin-Walled Structures 228 (2026) 115088 

2 



C) k-constant: The value of k was kept constant as 24 mm, while i 
and j varied between 1.2 mm (0.05k) and 84 mm (3.5k) in in
crements of 1.2 mm (0.05k).

By considering these three subsets, we aimed to ensure a compre
hensive investigation of the mechanical properties of the three afore
mentioned designs. A total of nine sets of parametric simulations were 
conducted, each adhering to the geometric constraints necessary to 
maintain a realizable shape (these conditions are detailed in [63]). 
Within the FE simulations process, the representative unit cells (RUCs) 
of the designed structures were meshed using BEAM189 elements with a 
constant rectangular cross-section, defined by an in-plane thickness (t) 
of 0.1 mm and an out-of-plane depth (d) of 1 mm. After performing 
mesh convergence analysis testing, the element size was defined as 
24/120 to ensure a minimum of six elements along the shortest side 
length, i.e., 1.2 mm. The BEAM189 element is defined according to 
Timoshenko beam theory, incorporating shear deformation effects, 
making it suitable for analyzing slender to moderately thick beam 
structures. The parameters detailed in the subsets defined above all 

result in systems with ligaments which adhere to this classification, 
making BEAM elements the natural choice for simulation of these met
amaterial networks with optimal computational efficiency. This element 
consists of a quadratic three-node beam, with its default configuration 
presenting six degrees of freedom at each node, encompassing three 
translational and three rotational motions [64]. The constitutive mate
rial properties were defined as linear isotropic ABS material, charac
terized by a Young's modulus of E = 1 GPa and Poisson's ratio of 
ν = + 0.3. For each system, the RUC was defined by the lengths Lx and 
Ly, which are determined as a function of the side lengths i, j, and k 
(shown in Eqs. 1 and 2) [63]. The schematic configuration of the rect
angular RUC for the designed structures is shown in the rightmost col
umn of Fig. 1 and for a given set of i, j and k is identical for the new 
designs (I, II and III) as well as the original configuration. This RUC was 
used to perform linear FE simulations by applying appropriate periodic 
boundary conditions (PBCs) and in-plane loading systems in both the x 
and y-directions. Since these geometries lack an axis of mirror symme
try, PBCs were implemented through a series of specific constraint 
equations on the corresponding nodes located on opposite edges of the 

Fig. 1. Methodology for designing the newly developed hexagon-based structures: a) The original hexagon with trigonal rotational symmetry, constructed from three 
pairs of identical consecutive side lengths, denoted as i, j, and k, arranged such that the angles between identical lengths are 120◦, while the three remaining angles 
vary; b) Design I, obtained by removing both sides of length i from the original hexagon; c) Design II, formed by removing both sides of length j and adding a diagonal 
connecting their endpoints, denoted as jj; d) Design III, generated by removing four sides—two of length i and two of length j—and adding a diagonal connecting the 
endpoints of the removed j sides, also denoted as jj.
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unit cell, ensuring correlation between their rotational and translational 
motions. The system was completely fixed (i.e. Ux = 0 and Uy = 0) from a 
single point in the bottommost edge of the RUC and fixed in the x-di
rection only (Ux = 0) from the corresponding node of the upper edge in 
order to ensure that there is no rigid body motion and that the system 
remains aligned with the global y-axis throughout deformation. The FE 
simulation technique employed in this study, using PBCs with the BEAM 
element, is based on the generic implementation of boundary conditions 
[65,66] and described in detail in [63]. 

Lx =
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2.3. Sample preparation and experimental test

To validate the results obtained from the FE simulations, one pro
totype of each design (I, II, and III), along with one of their base hex
agonal tessellations, was fabricated to conduct experimental testing. The 
length combinations were identical across all four prototypes, with 
i = 20 mm, j = 14 mm, and k = 6 mm. The printed prototypes consist of 
three RUCs in horizontal direction and five RUCs in the vertical direc
tion, with rectangular blocks (10 mm in height) added to the top and 
bottom edges of the 3 × 5 RUCs system. These blocks facilitate proper 
placement of the specimens within the tensile testing machine and 
promote uniform distribution of the applied load during testing. The 
overall horizontal and vertical dimensions of the prototypes, including 

the rectangular blocks, are 160 mm and 174 mm, respectively. Images 
of the fabricated prototypes are shown in Fig. 2. The in-plane thickness 
of the ligaments was set to 1 mm, and a fillet with a radius of 0.25 mm 
was applied at the ligament intersections. Additionally, the out-of-plane 
thickness of the prototypes was set to 20 mm. The prototypes were 
fabricated using a Bambu Lab X1 3D printing machine with ABS material 
and 100% infill.

Prior to carrying out the experimental tests, all prototypes were 
marked with white points on either four or eight vertices, depending on 
the presence or absence of the central RUC vertices. Specifically, four 
points were marked on the vertices of the central RUC for the original 
(see Fig. 2a) hexagon and Design II (see Fig. 2c) structures, whereas 
eight points were marked near the central RUC for Design I and Design 
III structures (see Fig. 2b and d), in which the central RUC vertices are 
inherently removed by the designs. These marked points were then 
tracked at each loading step (image) using image processing techniques, 
allowing Poisson’s ratios of each system to be calculated. For this pur
pose, the average length and width of the marked rectangular RUCs 
prior to loading were taken as the initial reference lengths, and varia
tions in these lengths at each step were used to determine the corre
sponding strains and Poisson’s ratios in both the x and y-directions. 
Finally, all prototypes were subjected to a quasi-static compressive 
loading condition of 10% global strain using a Galdabini® universal 
tensile testing machine equipped with a 5000 N load cell, at a crosshead 
speed of 5 mm/min. In order to perform an accurate comparison be
tween the experimental results and the simulation predictions, an 
additional set of non-linear geometric simulations using PLANE183 el
ements was carried out on geometries corresponding to the experi
mental prototypes. The PLANE183 element models the material as a 
two-dimensional system, incorporating a more realistic representation 
of ligament connectivity and representing with a higher degree of ac
curacy and precision the localised stress distributions within the struc
ture. This ensures a more effective modelling of the interconnection 
regions where the ligaments meet and provides a more realistic and 
direct comparison to the experimentally tested prototypes, particularly 
with respect to capturing the influence of geometric nonlinearities. 
Therefore, separate nonlinear finite element simulations using 
PLANE183 elements were performed for the experimentally fabricated 
specimens, which had an in-plane ligament thickness of 1 mm and an 
out-of-plane thickness of 20 mm, consistent with the printed prototypes. 
This simulation mode allows for a more thorough analysis of the local
ized von Mises strain distributions and captures more accurately the 
stresses and deformations at the vertices of the truss systems. Two sets of 
additional FE simulations were carried out; the first set under periodic 
boundary conditions, similar to the beam element simulations, while the 
second set under finite loading conditions analogous to the experimental 
tests (see Supplementary Information). In the latter case, the Poisson’s 
ratio was extracted from the central representative unit cell, similar to 
the experimental tests.

3. Results and discussion

The results obtained from the parametric study conducted using FE 
simulation are presented in this section in terms of the Poisson's ratio 
and effective Young's modulus. The effective Young's modulus (E*) for 
each structure was determined by normalizing the simulated Young’s 
modulus (Emeta), obtained from the FE analysis, with respect to the 
predefined modulus of the base material (Emat), which is 1 GPa (as ob
tained from tests on 3D-printed dogbone samples shown in the Supple
mentary Information). It can thus be defined as follows: 

E∗ =
Emeta

Emat
(3) 

Subsequently, the experimental results obtained from the compres
sion tests are presented, which validate the FE findings.

Fig. 2. Fabricated AM prototypes with length combinations of i = 20 mm, 
j = 14 mm, and k = 6 mm, along with the compression test setup: a) hexagonal 
structure, b) dodecagonal structure (Design I), c) pentagonal-triangular struc
ture (Design II), d) nonagonal-triangular structure (Design III).
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3.1. Linear finite element simulations

In this section, the results obtained for each tessellation from the 
linear FE simulations are discussed separately. At this point, it is 
important to highlight that due to their inherently trigonal rotational 
symmetry architecture, all tessellations studied in this work are 
transversely-isotropic. This is confirmed by the results obtained for 
loading in the x- and y-directions, which are identical, and therefore, all 
results for mechanical properties are presented in terms of a single 
Poisson’s ratio and effective Young’s modulus.

3.1.1. Design I
The contour plots of Poisson’s ratios and effective Young’s moduli as 

function of variable side lengths for Design I are shown in Fig. 2. These 
results were obtained from the parametric FE simulations by considering 
i-, j-, and k-constant, respectively, whilst varying the remaining two 
variables. The design space was chosen in order to ensure that all 
combinations of the geometrical design were evaluated.

It is clearly evident from the plots in Fig. 3 that the Poisson’s ratio 
varies significantly as a function of the length variables, i, j and k. The 
plots for the sets with j-constant and k-constant are identical since there 
is no distinction between the resultant tessellations formed by keeping j 
or k constant when the side lengths i are removed. This observation is 
further reflected in the i-constant set shown in Fig. 3a and b, which 
exhibits symmetrical behavior with respect to the line k/i = j/i for both 
Poisson’s ratio and effective Young’s modulus. This symmetry indicates 
that configurations mirrored about this line possess identical mechanical 
properties, as they correspond to geometrically equivalent dodecagonal 

tessellations with constant i, obtained through the interchange of the 
length parameters j and k.

As shown in Fig. 3a, c and e, the Poisson’s ratio for Design I varies 
from − 0.55 to + 1. The most auxetic structures are obtained when k and 
j > > i and k – j = i, with − 0.55 being the actual limit within the 
boundary limits of realisability for the tessellation (see reference [63]
for further details on the mathematical realizability limits of this tes
sellations). In the plots shown in Fig. 3c and e, this limit is obtained for 
the smallest i values (i.e. when i/k → 0 and when i/j → 0), while in 
Fig. 3a, it is obtained as k/i and j/i → ∞ , with the lowest values in the 
plot, shown as points D and F, exhibiting a value of − 0.48.

Two examples of Design I systems showing a negative and positive 
Poisson’s ratios are shown in Fig. 4. In the negative Poisson’s ratio 
system, it is evident that the smallest ligaments (in this case the j-liga
ments) are rotating as a whole triangle resulting in a rotating mecha
nism, hence the auxetic behaviour. On the other hand, in the second 
system with a positive Poisson’s ratio, it is clearly evident that the sys
tem is deforming predominantly through flexure of the ligaments similar 
to a regular hexagon [67].

In terms of effective Young’s modulus, the results obtained indicated 
that, as expected, the systems with the shortest ligaments are the stiffest. 
Given that the i-ligaments are not present in Design I, it is unsurprising 
that the stiffness of the systems depend almost entirely on the size of the 
j- and k-ligaments and this is reflected in the trends shown in the plots in 
Fig. 3b, d and f. In the numerical simulations set, the largest effective 
Young’s modulus is obtained for the configurations with the smallest k/i 
and j/i values in Fig. 3b, with a value of 1.66 × 10− 7.

To provide further insight into Design I, the trends of Poisson’s ratio 

Fig. 3. Variation of Poisson’s ratio and effective Young’s modulus as functions of the variable side lengths for Design I, considering i-, j-, and k-constant set: a) 
Poisson’s ratio of the i-constant set, with a minimum value of − 0.48 for j/i = 2.5, k/i = 3.5 and j/i = 3.5, k/i = 2.5; b) Effective Young’s modulus of the i-constant set, 
with a maximum value of 166 × 10− 9 for j/i = 0.05, k/i = 0.95, and j/i = 0.95, k/i = 0.05; c) Poisson’s ratio of the j-constant set, with a minimum value of − 0.55 for 
i/j = 0.05, k/j = 0.95; i/j = 0.05, k/j = 1.05; i/j = 0.1, k/j = 0.9; i/j = 0.1, k/j = 1.1; d) Effective Young’s modulus of the j-constant set, with a maximum value of 
145 × 10− 9 for i/j = 0.95, k/j = 0.05; e) Poisson’s ratio of k-constant set, with a minimum value of − 0.55 for i/k = 0.05, j/k = 0.95; i/k = 0.05, j/k = 1.05; i/k = 0.1, 
j/k = 0.9; i/k = 0.1, j/k = 1.1; f) Effective Young’s modulus of k-constant set, with a maximum value of 145 × 10− 9 for i/k = 0.95, j/k = 0.05.
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and effective Young’s modulus along the boundary line L1 (defined by j/ 
i + k/i = 1) with i-constant, along with the geometrical configurations 
of three representative structures labeled A, B, and C on this line, are 
presented in Fig. 5. The configurations represented on this line pertain to 
the systems with the largest effective Young’s modulus, all of which 
have a positive Poisson’s ratio. As shown in Fig. 4a, the stiffness of the 
systems increases as the configuration moves away from the midpoint 
(point B) toward either boundaries (points A and C). This is due to the 
fact that one set of ligaments becomes very short, thereby becoming 
stiffer per standard beam theory [68]. As shown in Fig. 4, these systems 
deform predominantly through flexure, hence the positive Poisson’s 
ratio.

3.1.2. Design II
Fig. 6 illustrates contour plots of the parametric FE results for Pois

son’s ratio and effective Young’s modulus as functions of the variable 
side lengths for Design II. The first observation which must be noted is 
that the i-constant and k-constant simulation sets exhibit mirror sym
metry with respect to each other. This is due to the fact that the resultant 
structures are identical to each other, thus demonstrating identical 
mechanical properties. Additionally, the j-constant simulations display 
symmetrical behavior relative to the line i/j = k/j. Both of these general 
observations are consistent with the fundamental geometry of Design II. 
It is also important to mention that the configurations on the boundary 
line j = i + k are not included in this result set since, although realizable, 
they conform to another tessellation type consisting of a trihedral 
tessellation made up of three differently sized triangles.

As shown in Fig. 6a, c, and e, Poisson’s ratio for Design II is generally 
close to + 1 for nearly all configurations. However, at the boundaries of 
the design space (i.e. k = i + j and i = j + k), the Poisson’s ratio changes 
drastically, varying from − 0.85 to + 1. This is congruent with the results 
observed for the original hexagonal tessellation [63], however in this 
case the Poisson’s ratio can reach significantly more negative values 
beyond the previous limit of − 0.22. In the numerical design space, the 
minimum value obtained was − 0.85 for the configurations with 
j/i = 0.95, k/i = 0.05 and i/k = 0.05, j/k = 0.95, however it is possible 
to go beyond this limit and arrive close to − 1 for configurations which 
correspond to k = i + j and k > > i or i > > k. In order to confirm this, 
an additional simulation was carried out for a configuration with i = 24, 

j/i = 0.998, k/i = 0.002 and t/i = 2.08 × 10− 4 (the thickness of the 
ligaments was changed in order to ensure that the system could still be 
accurately simulated using beam elements). The resultant structure is 
shown in Fig. 7 and has a Poisson’s ratio of – 0.96.

It is clearly evident from Fig. 7 that the negative Poisson’s ratio 
configuration exhibits a deformation mechanism which is similar to a 
chiral honeycomb [69], with vertices with 9 connections showing a 
significant degree of rotation, while the vertices with 3 connections 
show less rotation in the opposite direction. This results in an extremely 
negative Poisson’s ratio close to − 1. On the other hand the positive 
Poisson’s ratio architecture has a tessellation shape which is very similar 
to a rhombile tiling which is known to exhibit a highly positive isotropic 
Poisson’s ratio [36]. The configurations on the boundary lines k = i + j 
and i = j + k migrate from one limit to the other, hence these systems 
can exhibit the entire spectrum of 2D isotropic Poisson’s ratio, i.e. 
− 1 < ν < + 1. This variation is shown in Fig. 8, where the transition in 
Poisson’s ratio and Young’s modulus along the line along boundary line 
L1, defined by k/i + j/i = 1 for i-constant is plotted. The corresponding 
structures for combinations A, B, and C are shown in Fig. 8b-d, respec
tively. transitioning from Structure A to Structure C—where larger tri
angles are formed—leading to an increase in effective Young’s modulus 
and a decrease in Poisson’s ratio. It is worth noting that the maximum 
Young’s modulus was obtained for architectures possessing a positive 
Poisson’s ratio of + 0.93, with the following configuration: j/i = 1, 
k/i = 0.05. This configuration does not fall on the boundary line and 
yielded an effective Young’s modulus of 3.69 × 10− 4.

3.1.3. Design III
The contour plots of Poisson’s ratios and effective Young’s modulus 

as functions of their variable side lengths for Design III are illustrated in 
Fig. 9. Similar to Design II, the boundary line j = i + k results in a 
separate triangular tessellation that differs from the typical configura
tions of Design III. Consequently, these boundary lines in the contour 
plots are excluded from the overall analysis. It is immediately apparent 
that unlike Design I and II, the three plots do not show any symmetry 
relations. This is due to the fact that for this tessellation type, the sides i, j 
and k are not interchangeable since, as shown in Fig. 1, different vari
ations are applied to each set of sides once creating Design III from the 
original trigonal symmetry hexagonal tessellations, i.e. the sides with 

Fig. 4. Images showing the undeformed and deformed shapes of two Design I systems with i-constant showing a negative and positive Poisson’s ratio. The orange 
triangles and arrows indicate the direction of deformation of the ligaments. The systems are shown with 2 × 2 representative unit cells in order to demonstrate 
clearly the deformation mechanism.
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lengths k remain unchanged, the new side jj replaces the original sides 
with length j and the sides of length i are both removed.

Similarly to Design II, the Poisson’s ratio of Design III varies 
numerically from − 0.87 to + 1 as shown in Fig. 9. However, in this case, 
the variations are not limited to the boundary lines, with configurations 
in the central regions of the plots also showing a variable Poisson’s ratio. 
In general, the Poisson’s ratio decreases and becomes highly auxetic for 
configurations where j is greater than i and j is greater than k, however, 
in this case there is not a clear cut route towards the design of auxetic 
tessellations with the Poisson’s ratio varying in a nonlinear manner for 
variations in k and i. At this point it is worth mentioning that although 
the minimum Poisson’s ratio obtained from the original parametric 
simulation run is − 0.87, lower values can also be obtained for config
urations on the boundary line. One such example of a system exhibiting 
a Poisson’s ratio − 0.98 is shown in Fig. 10 below, where the following 
combination of parameters was tested: i = 24, j/i = 0.998, k/i = 0.002 
and t/i = 2.08 × 10− 4. It is immediately apparent that this configuration 
assumes a shape similar to triangular tessellation with small chiral nodes 
at the edges. This results in a deformation mode reminiscent of a hex
achiral honeycomb which is known to exhibit a Poisson’s ratio of − 1 
[69]. On the other hand, the positive Poisson’s ratio system shown in 
Fig. 10 is similar to hexagonal honeycomb with small triangles at three 
of its vertices. As illustrated in the figure, its deformation mode is also 
similar to a regular hexagonal honeycomb, hence, the highly positive 
Poisson’s ratio close to + 1.

Fig. 11 shows the variation of mechanical properties along the 

boundary line L1 in the i-constant plot in Fig. 9. For the Poisson’s ratio, it 
is evident that the systems become more auxetic as the triangle of the 
tessellation becomes larger in size, which corresponds to an increase in 
the j-length. In addition, this also results in a significant increase in 
stiffness, with the effective Young’s modulus also increasing as j be
comes larger.

3.1.4. Comparative analysis of all tessellations
In this section, we aim to elucidate the differences in mechanical 

responses between the newly designed structures and their underlying 
hexagonal tessellation through a representative example. To this end, a 
common set of side lengths (i = 24, j = 16, and k = 8) for all the designs 
was selected, and the corresponding mechanical properties of each 
design were analyzed. The selected combination belongs to the i-con
stant set and are located on the boundary line L1 (see Figs. 3, 6, and 9). 
The undeformed and deformed shapes of the original hexagonal system 
alongside the three newly designed structures developed from the 
original configuration with identical side lengths are illustrated in 
Fig. 12. The original hexagonal structure exhibits a Poisson’s ratio of 
zero. In contrast, the three newly designed systems demonstrate 
distinctly diverse values as well as deformation mechanisms. Specif
ically, Design I has a Poisson’s ratio of + 0.38, Design II, − 0.61 and 
Design III − 0.50. These values can all be explained in terms of the 
deformation mechanisms described in the individual sections for all 
three new tessellations. In the case of Design I, the system is deforming 
similar to a regular hexagon, hence resulting in a positive Poisson’s 

Fig. 5. Variation of Poisson’s ratio and effective Young’s modulus for combinations along boundary line L1 within the i-constant set of Design I, along with the 
geometric configurations of three representative structures labeled A, B, and C; a) Along line L1, both Poisson’s ratio and Young’s modulus exhibit symmetrical 
behavior with respect to midpoint B, such that both properties increase as the configuration shifts away from B toward the boundary points A and C; b) representative 
structure for point A with j/i = 0.15, and k/i = 0.85, c) representative structure for point B with j/i = 0.5, and k/i = 0.5, and d) representative structure for point C 
with j/i = 0.85, and k/i = 0.15.
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ratio, while in Designs II and III, the deformations modes are mixed variants of the two mechanisms indicated in Figs. 7 and 10 for negative 

Fig. 6. Variation of Poisson’s ratio and effective Young’s modulus as functions of the variable side lengths for Design II, considering i-, j-, and k-constant setset: a) 
Poisson’s ratio of the i-constant set, with a minimum value of − 0.85 for j/i = 0.95, k/i = 0.05; b) Effective Young’s modulus of the i-constant set, with a maximum 
value of 368945 × 10− 9 for j/i = 1, k/i = 0.05; c) Poisson’s ratio of the j-constant set, with a minimum value of − 0.85 for i/j = 1.05, k/j = 0.05; i/j = 0.05, k/ 
j = 1.05; d) Effective Young’s modulus of the j-constant set, with a maximum value of 368945 × 10− 9 for i/j = 1, k/j = 0.05 and i/j = 0.05, k/j = 1; e) Poisson’s ratio 
of k-constant set, with a minimum value of − 0.85 for i/k = 0.05, j/k = 0.95; f) Effective Young’s modulus of k-constant set, with a maximum value of 368945 × 10− 9 

for i/k = 0.05, j/k = 1.

Fig. 7. Images showing the undeformed and deformed shapes of two Design II systems with i-constant showing a negative and positive Poisson’s ratio. For the 
negative Poisson’s ratio’s system, the in-plane ligament thickness, t, is 0.005 mm while in the positive Poisson’s ratio system it is 0.1 mm. The arrows indicate the 
direction of deformation of the ligaments and the systems are shown with 2 × 2 representative unit cells in order to demonstrate clearly the deformation mechanism.
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and positive Poisson’s ratio systems with more similarity to the negative 
Poisson’s ratio mode.

In terms of effective Young’s modulus, considerable differences are 
also observed between each structure. Design II has the highest effective 
Young’s modulus, while also showing strong auxetic behavior, closely 
followed by Design III with a slightly lower effective Young’s modulus. 
In contrast, the original hexagonal structure has a significantly lower 
Young’s modulus, while the lowest effective Young’s modulus is 
observed in Design I, making it the most compliant structure. This result 
is interesting, since when it comes to the amount of material present in 
each tessellation, i.e. density, the original hexagonal system has the 
highest amount, followed by Design II, III and I respectively. This means 
that Designs II and III exhibit improved stiffness/density ratios and this 
property most probably arises from the triangulation present in these 
systems which are known to impart significant reinforcement in truss- 
based structures [70–72].

3.2. Experimental results in comparison with non-linear FE simulation 
results

As discussed previously, 4 AM-fabricated prototypes were tested 
under quasi-static, compressive strain conditions. As detailed in the 
methodology section, these structures were each based on an identical 
side-length combination of i, j, and k; specifically i = 20 mm, 
j = 14 mm, and k = 6 mm. These configurations were chosen on the 
basis that they encompass nearly the entire spectrum of possible 

Poisson’s ratios. Specifically, the base hexagonal structure exhibits a 
Poisson’s ratio with a slightly positive value, Design I demonstrates a 
high positive Poisson’s ratio, while Designs II and III display negative 
values. The choice of this combination of variables was determined 
based on preliminary linear simulations using BEAM189 elements. 
Subsequently, non-linear geometric simulations were performed on all 
four samples using PLANE183 elements under quasi-static, compressive 
strain conditions in order to obtain a more accurate comparison of the 
deformation modes and mechanical properties. Two sets of simulations 
were carried out; the first set under periodic boundary conditions, 
similarly to the beam element simulations, while the second one was 
carried out under finite boundary conditions analogous to the experi
mental tests. In the latter set, the Poisson’s ratio was extracted from the 
central RUC, exactly like the point-tracking analysis used to extract the 
Poisson’s ratio of the experimental samples.

A comparison of the experimental and non-linear FE simulation re
sults for all structures under 10% compressive loading is shown in 
Fig. 13. It is manifestly clear that the deformation modes predicted by FE 
simulations are replicated in the experimental tests for all four designs 
tested. Furthermore, the Poisson’s ratios obtained from the experimental 
tests show an extremely good match with the nonlinear FE predictions. 
For the original hexagonal tessellation, the Poisson’s ratio is predicted 
by both finite and infinite FE simulations to vary across a 10% strain 
range, slightly increasing from + 0.13 to + 0.25, a trend which is also 
followed in an almost identical manner by the corresponding experi
mental prototype. For Design I, the Poisson’s ratio is almost constant at a 

Fig. 8. Variation of Poisson’s ratio and effective Young’s modulus for combinations along boundary line L1 within the i-constant set of Design II, along with the 
geometric configurations of three representative structures labeled A, B, and C; a) general trends along line L1, showing a decrease in Poisson’s ratio and an increase 
in effective Young’s modulus, b) representative structure for point A with j/i = 0.15, and k/i = 0.85, c) representative structure for point B with j/i = 0.4, and k/ 
i = 0.6, and d) representative structure for point C with j/i = 0.8, and k/i = 0.2.
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value of + 0.4 and all three sets of results, i.e. experiment and two FEM simulations, show excellent agreement. In the case of Design II, which 

Fig. 9. Variation of Poisson’s ratio and effective Young’s modulus as functions of the variable side lengths for Design III, considering i-, j-, and k-constant setset: a) 
Poisson’s ratio of the i-constant set, with a minimum value of − 0.87 for j/i = 0.95, and k/i = 0.05; b) Effective Young’s modulus of the i-constant set, with a 
maximum value of 57091 × 10− 9 for j/i = 1, and k/i = 0.05, c) Poisson’s ratio of the j-constant set, with a minimum value of − 0.87 for i/j = 1.05, and k/j = 0.05; d) 
Effective Young’s modulus of the j-constant set, with a maximum value of 57091 × 10− 9 for i/j = 1, and k/j = 0.05, which corresponds to the same structure as the 
maximum in the i-constant set; e) Poisson’s ratio of k-constant set, with a minimum value of − 0.78 for i/k = 2.55, j/k = 3.5, and i/k = 2.5, j/k = 3.45; f) Effective 
Young’s modulus of k-constant set, with a maximum value of 160 × 10− 9 for i/k = 1, and j/k = 0.05.

Fig. 10. Images showing the undeformed and deformed shapes of two Design III systems with i-constant showing a negative and positive Poisson’s ratio. For the 
negative Poisson’s ratio’s system, the in-plane ligament thickness, t, is 0.005 mm while in the positive Poisson’s ratio system it is 0.1 mm. The arrows indicate the 
direction of deformation of the ligaments and the systems are shown with 2 × 2 representative unit cells in order to demonstrate clearly the deformation mechanism.
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exhibits auxetic behaviour, the Poisson’s ratio is shown to gradually decrease in magnitude upon increasing strain for both the experimental 

Fig. 11. Variation of Poisson’s ratio and effective Young’s modulus for combinations along boundary line L1 within the i-constant set of Design III, along with the 
geometric configurations of three representative structures labeled A, B, and C; a) general trends along line L1, showing a decrease in Poisson’s ratio and an increase 
in effective Young’s modulus, b) representative structure for point A with j/i = 0.15, and k/i = 0.85, c) representative structure for point B with j/i = 0.4, and k/ 
i = 0.6, and d) representative structure for point C with j/i = 0.8, and k/i = 0.2.

Fig. 12. Comparison of Poisson’s ratio, effective Young’s modulus, and deformation behaviour between the original hexagonal tessellation with side lengths of 
i = 24, j = 16, k = 8 and the three derivative Designs with the same side lengths considered in this study: a) The original hexagonal tessellation, featuring trigonal 
rotational symmetry and exhibiting a Poisson’s ratio of v= 0; b) Design I, with v= + 0.38 and the lowest effective Young’s modulus; c) Design II, the most auxetic 
structure, with v= - 0.61 and the highest effective Young’s modulus; d) Design III, with v= - 0.50.
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prototype and FE simulations. For this system, the Poisson’s ratio is 
predicted to be slightly lower at small strain values by the FE simulation 
carried out under PBCs (ca. − 0.58) in comparison to the experimental 
system and the corresponding finite nonlinear simulation. This small 
discrepancy is to be expected and can be attributed to the influence of 
edge effects since both the experimental and finite nonlinear simulations 
show exactly the same trends and deformation behaviours. Finally, for 
Design III, which was predicted by the PBCs FE simulation to exhibit a 
quasi-constant Poisson’s ratio of − 0.5, both the experimental results and 
the finite FE simulations show a slightly higher Poisson’s ratio of − 0.4 at 
small strains which gradually decreases up to a strain of 10% to reach 
− 0.5. This discrepancy between infinite and finite systems can also be 
mainly attributed to edge effects since in the simulation results the only 
difference between the two sets is the presence/absence of PBCs.

Another interesting point worth mentioning is the comparison of von 
Mises localised strain distributions between the four systems obtained 
from the PBCs FE simulations. This value provides an indication for the 
strain tolerance behaviour of these tessellations. The highest localized 
von Mises strain is observed for the Design II system (εvon Mises = 0.048) 
which is also relatively the stiffest tessellation. This indicates that this 
system will undergo yielding or failure at lower global strain values in 
comparison with the other tessellations. The next highest value is 
observed for the Original Hexagonal system followed by Designs III and I 
respectively, with the latter showing a maximum εvon Mises = 0.032. 
Overall, all of these systems showed extremely good strain tolerance 

behaviour, undergoing a global strain of 10% in the central RUC without 
failure.

3.3. General remarks and discussion

The tessellations investigated in this work have been shown to 
exhibit considerable versatility in terms of both Poisson’s ratio and 
Young’s modulus whilst retaining the inherent transverse isotropy 
associated with the trigonal rotational symmetry class. This property 
makes them particularly ideal for implementation as infill patterns for 
FDM additive manufacturing since it is possible to obtain 3D prints with 
a variable hierarchical framework which yields a tailored set of me
chanical properties whilst retaining in-plane isotropy. In addition, all 
four configurations considered in this work can be designed on the basis 
of a small set of variables; i, j and k with a single common unit cell. This 
means that for a constrained fixed design space or infill volume, multiple 
configurations which possess vastly diverse mechanical properties can 
be fitted in. These properties can vary from high to low stiffness as well 
as positive to negative Poisson’s ratio. Such versatility is not afforded by 
currently used tessellations such as monohedral regular hexagons, tri
angles and squares while infills based on regular dihedral tessellations, 
which may allow for some degree of tuneability, tend to require a 
relatively larger availability of space in order to fit multiple RUCs. The 
capability of the trigonal rotational symmetry tessellations presented in 
this work to exhibit the entire spectrum of permissible Poisson’s ratios, 

Fig. 13. Images showing the undeformed and deformed central RUCs at 10% compressive strains for the Original Hexagon, Design I, II and III along with corre
sponding plane element periodic FE simulations. In the plots, a comparison of the Poisson’s ratio obtained from the experimental tests and the FEM simulations 
carried out under both periodic and finite boundary conditions are presented. All four designs were based on the following combination of parameters: i = 20 mm, 
j = 14 mm, and k = 6 mm.
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which is relatively uncommon for ligament-based tessellations which 
are isotropic, is also unmatched by traditional tessellations as shown in 
Fig. 14, hence confirming the suitability of these systems for imple
mentation as infill patterns for low density, highly-porous, cellular 3D- 
prints.

The next step beyond this work is to evaluate in more depth the non- 
linear deformation behaviour of these systems. This includes dynamic 
tests such as high and low velocity crushing behaviour, cyclic small- 
strain fatigue properties and fracture propagation and failure modes. 
Furthermore, studies also need to be carried out to analyse the influence 
of boundary effects on the mechanical performance of these tessella
tions, since once implemented in infills the deformation of the overall 
system will be inhibited to an extent by the presence of thick/thin outer 
walls. Finally, we hope that this work can act as a blueprint for the 
design and development of further infill patterns with large tuneability 
within the framework of a fixed global rotational symmetry. In this case, 
trigonal rotational symmetry tessellations were used, however, it is 
known from continuum mechanics and elastic theory of sheet crystals 
that 2D tessellations with hexagonal rotational symmetry also exhibit 
transverse isotropy [73,74]. Consequently, the same technique utilized 
here, in which a standard trigonal symmetry tessellation was altered 
strategically to enhance its versatility whilst retaining its original sym
metry characteristics, can potentially be applied to other tessellations 
such as Florent Pentagonal, Deltoid Trihexagonal and Rhombille tilings 
[75,76] to obtain similarly promising results.

4. Conclusion

In this study, a systematic approach is presented to investigate the 
mechanical properties—specifically Poisson’s ratio and effective 
Young’s modulus—of structures designed through targeted geometric 
modifications of a hexagonal tessellation exhibiting in-plane isotropy 
and trigonal rotational symmetry. The proposed designs, including 
monohedral dodecagonal and dihedral pentagon–triangle and non
agon–triangle tessellations, were successfully derived through the 
controlled removal and addition of ligaments to the original hexagonal 
tessellation while preserving its inherent in-plane isotropy. To obtain the 
Poisson’s ratios and Young’s moduli of these tessellations, parametric 
linear FE simulations incorporating PBCs were conducted. The defor
mation behavior of structures exhibiting both negative and positive 
Poisson’s ratios was also investigated in detail for each design. Four 
prototypes derived from the original hexagonal geometry, with identical 
variable side lengths (i, j, and k) and covering both positive and negative 
Poisson’s ratios, were subsequently fabricated and tested through 

experimental compression tests, validating the FE results. All systems 
studied demonstrated large versatility in terms of permissible Poisson’s 
ratios and effective stiffness values which coupled with a variable 
representative unit cell and volume fraction modulation potential upon 
changing the relative side length parameters, allows the designer a large 
degree of customization potential for the design 3D-printed parts with 
tailored porosity, Young’s modulus and auxetic properties.

The main findings of this study can be summarized as follows: 

• Design I—monohedral dodecagonal tessellations—exhibits Poisson’s 
ratios in the range of − 0.55 < ν < + 1 and has the lowest overall 
stiffness. For configurations with negative Poisson’s ratios, the 
dominant deformation mechanism is rotational motion, whereas 
regular honeycomb-like ligament flexure governs the deformation 
behavior of structures exhibiting highly positive Poisson’s ratios.

• Design II—dihedral pentagon–triangle tessellations—can exhibit 
nearly the entire spectrum of 2D isotropic Poisson’s ratios, i.e., 
− 1 < ν < + 1 and has the highest relative stiffness out of all three 
designs investigated. The auxetic response arises mainly from chiral- 
like rotations of short ligaments, whereas positive Poisson’s ratio 
behavior is associated with bending deformation from the longest 
ligaments.

• Design III—dihedral nonagon–triangle tessellations—similar to 
Design II, can exhibit the full range of 2D isotropic Poisson’s ratios, i. 
e., − 1 < ν < + 1 and relatively high level of stiffness which is 
slightly lower than Design II. The dominant deformation mecha
nisms are rotational motion for auxetic structures and flexural 
deformation for non-auxetic structures, consistent with those 
observed in Design II.

• For each tessellation, the mechanical properties can be tailored 
through modifications of three side length parameters, whilst 
retaining at all times the transverse isotropy of the trigonal rotational 
symmetry class. This high level of tuneability is uncommon for 
isotropic tessellations and makes these systems ideal candidates for 
implementation as infill patterns given vast level of customizability 
afforded by these frameworks.
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Fig. 14. Plots showing the Poisson’s ratio vs effective stiffness/effective density ratio for the three new systems studied in this work: Designs I, II and III, the trigonal 
symmetry tessellation investigated in [63] and the traditional regular hexagonal tessellation [67] which is currently widely used as an infill pattern. The versatility of 
the new designs, particularly Design III with respect to regular hexagonal tilings which show a standard unchangeable Poisson’s ratio of + 1 is clearly evident from 
the plot.
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