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ARTICLE INFO ABSTRACT
Keywords: We analyze the non-equilibrium fluctuations of the partial symmetric simple exclusion process,
Partial exclusion process SEP(«), which allows at most @ € N particles per site, and we put it in contact with stochastic

Boundary driven

Non-equilibrium fluctuations
Non-stationary two-point correlations
Ornstein-Uhlenbeck process

reservoirs whose strength is regulated by a parameter 6 € R. Setting a« = 1, we find the results
of Landim et al. (2008), Franco et al. (2019) and Gongalves et al. (2020) and extend the known
results to cover all range of 6.

1. Introduction

Interacting particle systems are stochastic systems on which individual units (the so-called particles) perform Markovian
evolutions influenced by the presence of other particles [30]. The objective is to study the emergence of collective behavior out
of simple interaction rules for the individual units of the system. Among the most studied interacting particle systems [25] is the
so-called exclusion process, on which the interaction between particles is reduced to a simple exclusion rule, under which particles
evolving on a graph can never share the same position. The exclusion model has been used as a landmark for a myriad of collective
behavior, among which mass transport, interface growth and motion by mean curvature. The success of the exclusion process as an
interacting particle system comes from one side from its striking combinatorial and algebraic properties, which makes the analysis of
the collective behavior of particles a mathematically tractable problem, and from the other side from the fact that it is rich enough
to allow modeling a great variety of collective behaviors. A generalization of the exclusion process that shares many of its algebraic
properties is the so-called partial exclusion process: in this model, the exclusion rule is relaxed to allow at most a particles per site,
where a € N is a fixed parameter.

The partial exclusion process that we investigate here, the SEP(«), was first introduced in Section B of [29]. We restrict ourselves
to the choice of a simple symmetric dynamics on a one-dimensional lattice, i.e. nearest-neighbor jumps with p(1) = p(-1) = 1/2. For
N €N, we consider the finite lattice Ay = {1,..., N — 1} which we call bulk. For a site x € A, we fix the rate at which a particle
jumps from x to x+ 1 (resp. from x+ 1 to x) to be equal to n(x)(a —n(x + 1)) (resp. n(x + 1)(a@ — n(x))), where n(x) denotes the quantity
of particles at site x on the configuration #. If « = 1, the model coincides with the so-called symmetric simple exclusion process
(SSEP). This specific choice of the rates was introduced in [29], see equation (2.30) in that article. The SEP(a) has been further
studied in other settings, such as in [6,12] where the system is put in contact with stochastic reservoirs, in [11] under a random
environment and also in [7,8], always from a duality point of view. We note that for the choice of rates given above this model is
what is called a gradient model, since the instantaneous current of the system at the bond {x,x + 1}, i.e. the difference between the
jump rate from x to x + 1 and the jump rate from x + 1 to x can be written as the gradient of a local function. More precisely, that
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current is equal to a(n(x) — n(x + 1)). We also observe that the number of particles is conserved by the dynamics of the SEP(a) and
that the symmetry of the jump rates of the individual particles makes the system reversible with respect to Binomial measures of
product form.

Non-equilibrium phenomena have become increasingly relevant in recent years, and the study of how collective behavior is
modified by breaking reversibility is an active research subject. A natural way to modify the SEP(a) in order to make it non-reversible,
is to attach to the lattice density reservoirs with at least two different densities. This creates currents through the system, which drive
the system out of equilibrium. In this article, this will be the setting we will be working on, i.e. we will attach a stochastic reservoir
to each boundary point of A . These reservoirs will break the conservation of the total number of particles, since they can inject and
remove particles, even-though the individual units of the system will still be conserved locally. With the aim of exploring various
possible answers to the question whether the limiting collective behavior of particles retains the non-reversible behavior, we will
choose the particles injection and removal rates to scale with the size N of the system, through a parameter 6 € R, and to be such
that the system is no longer in equilibrium. When 0 < 0, the reservoirs are fast and when 6 > 0, the reservoirs are slow.

The main question here is whether this non-reversible behavior is observed at the level of the scaling limits of the model. The
hydrodynamic limit of the SEP(a) turns out to be a non-reversible PDE, which answers this question at the level of the law of large
numbers. The next question is whether the non-reversible behavior has a stochastic component, which motivates the analysis of the
fluctuations of the density around its hydrodynamic limit. The question can thus be restated as whether a non-reversible behavior
is observed in the limiting SPDE. The Macroscopic Fluctuation Theory (MFT), as formulated in [4,5] can be used to predict the
behavior of large scale limits of driven-diffusive systems. This description depends on two macroscopic quantities, the diffusivity
and the mobility of the system. One assumes that these quantities are local functions of the thermodynamic variables. In the case of
the SEP(«), the density of particles p € [0, «] is the only thermodynamic variable. The diffusivity is constant and equal to «, while
the mobility is quadratic and equal to p(a — p). Our main result confirms the predictions of MFT for the Central Limit Theorem (CLT)
fluctuations of the density of particles.

In this article, we will be interested on the analysis of the fluctuations of the density of particles around its hydrodynamic limit.
This corresponds to the derivation of the CLT associated to the hydrodynamic limit of the system. The limiting equation is no longer
a PDE, but a linear SPDE on which the time evolution is given by the hydrodynamic equation, plus a stochastic conservative noise
with a covariance structure given in terms of solutions of the hydrodynamic equation. More precisely, in this paper we will analyze
the non-equilibrium time dependent fluctuations for SEP(«a) for all € R and « € N. We remark that the equilibrium case can also
be easily proved by the same type of arguments as in the case a = 1, obtained in [14]. For that reason, we omit the proof of this
case here and we refer the reader to that article for a proof.

Now we recall the state-of-the-art of some of the scaling limits for this model. For the case of the exclusion process with open
boundary and a = 1, the hydrodynamic limit was derived in [1] for slow reservoirs and in [3] for fast reservoirs. In [13], the
derivation of the hydrodynamic limit was extended to a« € N in both the slow and fast regimes, with a proof that relies on the
entropy method introduced in [19]. An extension of these hydrodynamic limits to general domains based on duality can be found
in [28]. In the case of asymmetric rates and with a slow/fast boundary, the hydrodynamic limit was analysed in [31,32]. The
hydrodynamic equation of the SEP(«) is the heat equation given by 9,p,(u) = a4p,(u), that needs to be complemented with suitable
boundary conditions. Depending on the choice of the parameter 8, the boundary conditions are of Dirichlet type (for 6 < 1), Robin
type (for = 1) or Neumann type (for 6 > 1). The non-equilibrium fluctuations for the case a« = 1 were analyzed in several works,
namely in: [23] when 6 = 0, where the non-equilibrium stationary fluctuations were derived as a consequence of its non-equilibrium
fluctuations; [15] when 6 = 1 and [18] when 6 € [0, o). The equilibrium fluctuations, also for the case a« = 1, were analyzed in [14]
for 6 > 0. Nevertheless, the case § < 0 was an open problem up to now, apart in the equilibrium setting, which was derived in [2].

The main difficulty on the rigorous mathematical derivation of the non-equilibrium fluctuations relies on the fact that the systems
typically exhibit long-range space—time correlations. For that reason, one has to face the problem of obtaining good estimates of
the two-point centered correlation function, that we denote by ¢. This is one of the main topics discussed in this article and we
consider that it is here that relies the major contribution of our work. For the case « = 1, by writing down the Chapman-Kolmogorov
equations directly for ¢, one gets

oY (x,y) = N2 4 0N (x,y) + g (x, »)1((x. ) € D)), 1.1)

where A"N is the infinitesimal generator of a certain bi-dimensional random walk, @7\] is a certain finite set that we will define later
and g is a non-positive function that only has support on @fv From last identity, one can use Duhamel’s formula to obtain an
expression for such function. From that, we reduce the problem to estimating three simple quantities: the initial correlations (pé" s
the term gV and the occupation time on @; of the bi-dimensional random walk with infinitesimal generator A"N. Unfortunately,
for « > 2, if one tries to write down the Chapman-Kolmogorov equations directly for ¢ defined as in the case « = 1, an additional
interaction term appears at the diagonal {x = y}, which breaks down the previous approach. To overcome such issue, we construct
an extension of ¢ to the diagonal {x = y}, to which a similar approach as the one previously described can be applied to obtain
the decay in N of . By analyzing this extension function, we are able to obtain a generalization of the results for « = 1 that
were derived in [15,18,23]. The novelty of our approach to obtain the decay in N of (pf\' is the construction and use of such a well
chosen extension function that can be compared with ¢ and also the use of some discrete versions of the maximum principle (see
Appendix A) to, after applying Duhamel’s formula, compare occupation times for different values of 6. After some trial and error, we
discovered that the right choice of the extension function is related to the duality function of the SEP(«), see [6] and Appendix C.1.
Nevertheless, we observe that there are other ways on which one can arrive to the right extension function for the correlation
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function ¢V. In order to follow a fully analytical method, for example, one can introduce a boundary layer at the diagonal to
discover the best approximation of the heat equation with sources at the diagonal.

To determine the non-equilibrium fluctuations of the system we follow the same strategy outlined in [15,18,23] (with similar
ideas to the ones described in Chapter 11 of [22]), and, for that reason, some details in the proofs are omitted here. The idea of the
argument is the classical probabilistic approach to functional convergence of stochastic processes, namely, to prove tightness of the
sequence of density fluctuation fields and then characterize all limit points.

Now we comment on the main tools and difficulties of our approach. We first observe that depending on the range of 6, the density
fluctuation fields have to be defined on proper spaces of test functions, which typically are quite regular and satisfy the boundary
conditions of the hydrodynamic equation but with an appropriate choice of parameters. Second, in order to prove tightness, we use
both Aldous and Kolmogorov—Centsov criteria (as in [18]), where this last one is mainly applied to the boundary integral terms
of the Dynkin’s martingales. Recall that on the proof of tightness at the level of the hydrodynamic limit, i.e. of the sequence of
empirical measures associated with the density profile, the quadratic variation of the Dynkin’s martingale { MN (¢)} yey converges
to zero. Now, in the case of fluctuations, the corresponding Dynkin’s martingale converges, as N goes to infinity, in the J,-Skorohod
space @N([O, T1;R) of cadlag functions from [0,7] to R, to a mean-zero Gaussian process which is a martingale with continuous
trajectories and with a deterministic, non-degenerated quadratic variation. We also note that from our results we can obtain the
non-equilibrium fluctuations starting the process from a product measure with slowly varying parameter or even a constant one. In
particular, if we fix a profile p : [0,1] — [0, 1] and consider 4" as the product measure whose marginals are given by the Binomial(a,
p(%)) distribution, the result also holds, leading to an Ornstein—Uhlenbeck process in the limit.

In our work, we also consider the case § < 0 for « € N in the non-equilibrium scenario, extending therefore the results of [2].
This case is more demanding than the others since the boundary terms are of order O(N ) and therefore, they blow up when taking
N — +o0. To overcome this difficulty, we take a space of test functions that have all derivatives equal to zero at the boundary.
Since this space of test functions is too little we supplement the characterization of limit points by showing that the limit field when
integrated in time satisfies the Dirichlet conditions as in the case 6 € [0, 1). This is reminiscent of item 2 (ii) of Theorem 2.13 of [2],
where it was proved that when the system is in its equilibrium state, this extra condition gives in fact the uniqueness of the limit.
Here we extended that result to the non-equilibrium setting.

Here is a summary of our contributions in this article. First we provide a natural extension of the two-point correlation function
to the diagonal in such a way that it satisfies a consistent set of equations that allows estimating the non-stationary two-point
correlations of the SEP(«a) for any value of « € N and 6 € R. As a consequence, we characterize the non-equilibrium fluctuations
of SEP(a) for any value of « > 2 and 6 € R. Moreover, our approach also allows characterizing the non-equilibrium fluctuations of
SEP(1), for 6 < 0.

In a recent article [20], a methodology based on the analysis of the evolution of the relative entropy with respect to carefully
crafted reference measures has been developed to derive non-equilibrium fluctuations of particle systems. In principle, this
methodology applies to the SEP(a), but at the cost of more restrictive hypothesis on the initial conditions than the ones used in this
article. In particular, knowledge of one and two-point correlations is not enough to kick-start the methodology of [20].

To conclude we comment on the fluctuations starting from non-equilibrium stationary state (NESS). Observe that the Ornstein—
Uhlenbeck equation has a unique invariant measure, which is given by a Gaussian spatial process on the interval [0, 1]. Observe
as well that the SEP(a) as defined here is irreducible, and in particular has a unique invariant measure. A relevant question is the
derivation of a fluctuation result for the empirical density of particles of the SEP(«) starting from its NESS. This question has been
solved for the SEP(1) in [18,23], and more recently in [17] for reaction-diffusion models. Unfortunately, our estimates are not
sharp enough to allow for the limit exchange which is needed to derive such a result. Recall that, for « = 1, the matrix product
ansatz (MPA) developed by [9] provides detailed information about the NESS of SEP(1) and recently [10] found a characterization
of such measure. For SEP(1), the MPA enables one to obtain explicitly the k-point correlation function of the system for any value
of 6 € R, see, for example, Section 2.2 of [18] and the closed-form steady state formula (4.26) of [16] when # = 0, which can
be generalized for any § € R. Knowing the decay in N of such objects is one of the main ingredients to analyze both stationary
fluctuations and hydrostatic limits. We observe that, when a # 1, the steady state of the model we consider has no matrix ansatz
formulation available. We believe that this lies in the fact that the associated integrable open XXX spin chains does not represent a
Markov process for higher spins a > 1. There are, however, solvable models for which it is possible to compute exactly correlation
functions without the use of integrability [26]. Even though it is known that the two-point stationary correlations of SEP(a) are
negative (see Theorem 3.4 of [12]), nevertheless, its decay with N is still an open problem. In this paper, we will not treat the case
of the fluctuations from the NESS since our method depends on having such bounds on correlations. From our results, we cannot
just simply take r - oo to obtain the stationary fluctuations of SEP(«) because some of the estimates we use here depend on time
and would blow up as ¢ goes to infinity. This is left as future work. Nonetheless, for the case # = 0 and any a € N, since we can
find explicit expressions for the two-point correlations for certain choices of the parameters at the boundary rates (see for example
in [6] equation (6.8)), one can follow the same strategy of the proof developed here and easily obtain the non-equilibrium stationary
fluctuations of the system when 6 = 0, we leave this to the reader.

Now we provide an outline of this article. In Section 2 we introduce the SEP(«); we recall some known facts regarding its
equilibrium measure (see Section 2.1) and its hydrodynamic behavior (see Section 2.3); and we introduce the setting for the
analysis of the non-equilibrium fluctuations (see Section 2.4) and state our main results, namely, Proposition 4.2 and Theorem 2.3.
In Section 3 we provide the proof of Theorem 2.3, which relies on showing tightness and characterizing the limit point; which we
show to be unique as a consequence of Lévy’s Representation Theorem. In Sections 4 and 5 we obtain a collection of auxiliary results
that we use in our proofs mainly related to estimating the two-point correlation function. In Appendix A we state and provide the



C. Franceschini et al. Stochastic Processes and their Applications 178 (2024) 104463

proofs of various versions of the maximum principle. In Appendix B we provide some details on the Chapman-Kolmogorov equation
for q;tN , when a > 2, with the aim of facilitating the reading of the article. In Appendix C we show two different arguments for the
construction of the extension function that we use to bound ¢! : the first one via stochastic duality and the second one by analytic
methods. Finally, Appendix E is devoted to the proof of a replacement lemma.

2. The model and statement of results
2.1. The model: the SEP(a)

Fix « € N and for each N e Nlet Ay :={1,..., N — 1} be the one-dimensional, discrete interval and let ZN :=AyU{0,N}. We
will call Ay the bulk. We say that x,y € Ay are nearest neighbors if |y — x| = 1, and we denote it by x ~ y. We consider a Markov
chain with state space 2y := {0, ...,a}4~. We call the elements of 2, configurations and we denote them by 1 = (7(x); x € Ay). We
interpret n(x) as the number of particles at site x € Ay and we call the functions (5(x); x € Ay ) the occupation variables. For each
x € Ay, let us denote by 5, the configuration in £, with exactly one particle, located at x, that is,

Liy=x,
6,(y) =
* {O;yaﬁx.
For each f : Qy — R, let L f = Lok n S : 2y — R be given by

N-2

Lou f (1) 1= Z n(x)(a —n(x+ 1)){f(f1 + 6,41 —0y) — f(ﬂ)}
x=1
N-2
+ ) G+ D@ =) {fn+6, —6,41) — f()}
x=1
for every n € Q. In this expression, we adopt the convention that 0- /(7 +§, — é,) = 0 whenever (7 + 6, - 6,) is not well defined.
The linear operator £, defined in this way is a Markov generator, which describes the bulk dynamics.
For every j € {#,r},let0 < A/ < 1 and p/ € (0,«) be fixed, and let § € R be fixed. Define x/ = 1 and X' = N—1. For f : Qy — R,
let Z,f =2; yf : 2y — R be given by

L) 1= ¥l (@ =GN {fn+6,) — F@}+Ha—p ) neH{fn-6.4)-fm}
for every n € Q. The SEP(a) with slow/fast reservoirs at 0 and N is the Markov chain (5,;¢ > 0) in 2, generated by the operator

1
QN = gbulk + m(gf + gr)
Observe that the operator £, depends on the parameters a, A, A7, %, p", 0. Sometimes it will be useful to state this dependence
explicitly on the notation. Whenever we need to do this, we will use the generic index i to denote the vector of parameters
(a, A%, 27, p%, 0", 0).
The dynamics of the SEP(«) with parameters (17, A", p?, p’, ) is described in Fig. 2.1.

N Al N A Ay N
2

o n(x)a—n(x—1)) H
1 1) 1) (a—n(2) AN
¥ N ) .

o
[
[
[ )
o0 [
|
\
y-1

F N/ x

\
0 1 2 crox-1 0x o x+1

[ ]
e r T
6 AN =1 a—n(N—2) i 1N =1
|
[
y

y+1 ** N2 N1 N
left right
reservo/ilu .Qservoir

2o (a—n(1)) E8 (a—n(N-1))

Fig. 2.1. Dynamics of SEP(a).

The choice of such parametrization allows to interpret the reservoirs’ dynamics in a similar way to the bulk dynamics. More
precisely, let us define

e=1p", =y, y=1@-p), p=N(@-p. 2.1)
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Interpreting A/p/ for j = ¢,r as the corresponding particle densities at the two reservoirs, then the jump rates of the reservoirs’
dynamics corresponds to the jump rates of the bulk dynamics on which the occupation variables of sites outside the interval A,
are replaced by their corresponding densities.

Hereafter we fix T > 0 and we consider a finite time horizon [0, T]. For each N > 1, we denote by @,([0,T], 2y) the space of
cadlag trajectories endowed with the J,-Skorohod topology. We fix a sequence of probability measures (4")ys; on 2. In order to
see a non-trivial evolution of macroscopic quantities we need to speed up the process in the diffusive time scale tN2, and in that
case 7,52 has generator N2Z,,. Let P~ be the probability measure on @y ([0,T], 2y) induced by the Markov process (7,525t > 0)
and by the initial measure uN. We denote the expectation with respect to P,x by E,n.

2.2. Stationary measures

Since the SEP(a) is an irreducible continuous time Markov chain with a finite state space, then it admits a unique stationary
measure. In fact this stationary measure can be identified for a certain choice of the parameters of the model.

Proposition 2.1. If p’ = p" =: p, then the stationary (equilibrium) measure is given by an homogeneous product measure with Binomial
marginal distributions with parameters a« € N and 5 € (0,1):

=TT () (&)=

XEAN

See [6] for a proof when 0 = 0, for 6 # 0 the proof is identical.
We note that for p” # p” we do not have any information about this measure.

2.3. Hydrodynamic limit

Here we recall the hydrodynamic limit for the SEP(a) which was obtained in [13]. For n € 2, we define the empirical measure
zN(n, du) by

1
N _ 1 .
2N du) = < Y 08 x (du),
XEAN
where §,(du) is a Dirac measure at b € [0, 1]. For every G : [0, 1] — R continuous, we denote the integral of G with respect to 7V
by (zV,G) and we observe that

Ny L x
(#".6) =+ ¥ 106 (%)
XEAN
We denote by J the space of non-negative Radon measures on [0, 1] with total mass bounded by a and equipped with the weak
topology. Also, we denote by @, ([0, T1], ) the space of cadlag trajectories in /l endowed with the Skorohod topology. We define
N N
7, (n,du) 1= 7 (52, du).

Definition 2.1. Let y : [0, 1] — [0, ] be a measurable function. We say that a sequence of probability measures (vV) N>1 0N Qp is
associated to the profile y if for every continuous function G : [0, 1] - R and for every § > 0, it holds

1
lim vV (n ey : ‘@N, G) —/ G(u)y(u)du( > 5) =0. (2.3)
N-oo 0
From now on we make the following assumption on the sequence of probability measures:
™) N>1 is associated to a measurable function y : [0, 1] — [0, a]. (H1)

In order to properly state the hydrodynamic limit, i.e. Theorem 2.2, we need to recall the notion of weak solutions stated in [13].
To this end, we need to consider a proper space of test functions. We denote by C-*([0, T x [0, 1]) the space of continuous functions
defined on [0, 7] X [0, 1] that are continuously differentiable on the first variable and infinitely differentiable on the second variable.
We also denote by CJ‘°°([O, T]x [0,1]) the space of functions G € C*®([0,T] x [0, 1]) such that for each time ¢, the support of G,
is contained in (0,1). We denote by C*([0, 1]) the space of infinitely differentiable functions defined in [0, 1] and we denote by
C([0,1]) (resp. CX([0, 11)) the space of m-continuously differentiable (resp. infinitely differentiable) real-valued functions defined
on [0, 1] with support contained in (0, 1). We denote by (-, -) the inner product in L?([0, 1]) and we denote by ||-|| 12 the corresponding
L?-norm. Now we define the Sobolev space %' on [0, 1]. For that purpose, we define the semi inner-product (-, -}, on the set C*([0, 1])
by (G, H), :=(0,G,0,H) for G, H € C*([0, 1]) and we denote the corresponding semi-norm by || - ||;.

Definition 2.2. The Sobolev space %! on [0, 1] is the Hilbert space defined as the completion of C*®([0, 1]) with respect to the norm
I - ||;€] = - ||2L2 + - ||% and its elements coincide a.e. with continuous functions. The space L*(0,T;%") is the set of measurable

functions / : [0,T] — %" such that f; || S, di < oo,



C. Franceschini et al. Stochastic Processes and their Applications 178 (2024) 104463

We remark that in %' we can define the trace operator, and so it makes sense to talk about boundary values of functions in this
space when interpreted in the trace sense.

Definition 2.3. Let y, : [0,1] — [0, «] be a measurable function. We say that p : [0,7] x [0,1] — [0,a] is a weak solution of the
heat equation

0,p,(u) = adp,(u), (t,u) € (0,T]x(0,1)

(2.4
pow) =yo(w), ue€l0,1].
with initial condition y,(-) and:
1. Dirichlet boundary conditions given by
p)=p" and p(l)=p", 1€(,T], (2.5)

if pe L2(0, T; %), p,(0) = p¢ and p(1)=p" for a.e. 1 € (0,T], and for all r € [0,T] and all G € Ccl’°°([0, T1x [0, 1]) it holds
t
(9 Gy} = (100 Go) — /0 (o, (€d+0,)G,)ds =0.
2. Robin boundary conditions given by

90,0/0) = A" (p,(0) = p*).  Qup,(1) = X" (p" = p, (1)), 1€ (0.T], (2.6)

if pe L2(0,T;%") and for all t € [0,T] and all G € C*°([0,T] x [0, 1]) it holds
(p1, Gy) — (v0, Go) — /OIOA» (aA+0x)GS>dS + 0!/0, [ps(1)9,G (1) — p(0)3,G,(0)] ds
~a /Ot (G4 (p,(0) = p”) + G, (DA (5" = py(1))] ds =0.
3. Neumann boundary conditions given by
9,p,(0) = 9,p,(1) =0, 2.7)
if pe L*0,T;%") and for all t € [0,T] and any G € C»*([0,T] x [0, 1]) it holds
(p1, Gy) — (v0, Go) — /Ot<ﬂs, (OM\ + l%)GS)dS + 0!/0, [ps(1)9,G (1) — p,(0)3,G(0)] ds = 0.

We observe that there exists one and only one weak solution of the heat equation with any of the previous boundary conditions,
see [1]. We are now ready to state the hydrodynamic limit of [13].

Theorem 2.2. Lety : [0,1] — [0,a] be a measurable function and (u™) ~N>1 @ sequence of probability measures associated to y(-),

i.e. satisfying (H1). For any t € [0,T], any continuous function G : [0,1] — R and any § > 0, it holds

. 1

lim P, (7. ‘N 2 G(%)n,Nz(x)—(G,p,)
XEAN

N—-oo

>6>:0,

where p,(-) is the unique weak solution of the heat equation with initial condition y and for:
(a) 6 < 1, Dirichlet boundary conditions (2.5);
(b) 6 =1, Robin boundary conditions (2.6);
(¢) 6 > 1, Neumann boundary conditions (2.7).

Our focus on this article is to describe the fluctuations of the system around the hydrodynamical profile. And this is what we
discuss in the next subsection.

2.4. Non-equilibrium fluctuations

2.4.1. The space of test functions

As we did before stating Theorem 2.2, in order to show the non-equilibrium fluctuations of the SEP(a), we need to introduce a
proper space of test functions. Observe that realizations of white noises are not well defined as measures, but only as distributions.
Therefore, we need to introduce Schwarz-like spaces of test functions. Recall that a subscript or superscript i represents dependence
on the parameters i = (a, A”, A", p*, p", ) of the model.

Definition 2.4. We define 5”, as the set of functions ¢ in C*([0, 1]) that satisfy, for all k € Nu {0},

1. if @ < 0: 9 p(0) = 9% ¢p(1) = 0;
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2.if 0 <0 < 1: 0%¢(0) = 9% (1) = 0;

3. if 0 = 1: a2K*1p(0) = A7 02K p(0), a2+ p(1) = —A" a2 p(1);

4. if 0 > 1: 921 p(0) = 92+ gp(1) = 0.

As in [15,18], the previous choice is to make .¥, invariant under taking second derivatives, which in turn implies that the
Markov semigroup associated to the operator a4 with the corresponding boundary conditions, which we denote by S/, is such that,

if ¢ € ., then Sigp e .¥,. This property will be useful later on. Indeed, as in the proof of Proposition 3.1 of [15], for the case = 1,
and for the other values of 6 as in Remark 2.5. of [18], given ¢ € 5”,., S; ¢ is solution to

0,8!p(u) = aA S!p(w), (t,u) € [0,T] X (0,1)
Sep) = ), u € [0,1].

with boundary conditions:

1. if 6> 1

0,5/ $(0) = 9,8 ¢p(1) = 0; (2.8)
2. if6=1

0,Sip(0) = A7 Sip(0) and 9,S'p(1) = —A"Sip(1); (2.9)
3. ifo<1

S{p(0) = Sj¢(1) = 0. (2.10)

Let us compute S! by the separation of variables method. The aim is to look for solutions of the form

Slpu) = g0 f W), 2.11)

with g a function of # and f a function of x to be computed. This leaves us with g(¢) = Ce#*, where C, u € R to be computed, and
the Sturm-Liouville problem f”'(u) — ¢ f(u) = 0, for u € (0, 1) with boundary conditions

1. if 6> 1, f/(0) = f'(1) = 0
2.if0=1, f/(0)= A7 £(0) and f'(1) = —A" f(1);
3. if0<1, £0)= f(1)=0.

The previous problems have a solution of the form f(u) = Asin(w,u) + B cos(w,u), where A, B, w,,®, have to be computed. A
simple but long computation shows that

1. if 6 > 1, f(u) = B(k)cos(rku), for some k € Z, where B(k) has to be computed. Thus,

Sigpw) = Y, e K (p,2 cos(mk-)) cos(zku). (2.12)
keZ

2.if 0 =1, f(u) = B(k) [z—f sin(fu) + cos(ﬂku)] , for some k € Z, where B(k) has to be computed and p, are the solutions of
k

% = tan(x). Thus,
. 14
Sigpw =) P B(k) [’L sin(Bu) + cos(ﬂku)] , (2.13)
keZ br

with B(k) such that ¥, B(k) [;—’ sin(fu) + cos(ﬁku)] = d(w).
k
3. if 0 <1, f(u) = A(k)sin(rku), for some k € Z, where A(k) has to be computed. Thus,

Sipy = Y 7R, 2sin(xk-)) sin(rku). (2.14)
kEZ

For every 6 € R, we showed that S!¢ can be written in terms of the eigenvalues and eigenfunctions of the Laplace operator with

different boundary conditions. From here we easily conclude that, for every ¢ € .7, Sigp e .

We equip .¥, with the topology induced by the family of seminorms {||| N I}jeNu 10) where for ¢ € .7,

llgll; == sup [p9 ). (2.15)

u€l0,1]
The space ., endowed with this topology turns out to be a nuclear Fréchet space, i.e. a complete Hausdorff space whose topology
is induced by a countable family of semi-norms and such that all summable sequences in .#; are absolutely summable. We will

denote by 95”1 the topological dual of .¥, i.e. the set of linear bounded functionals over .%; and we equip it with the weak topology.
Let 9,5([0,T7], 5”[.) denote the set of cadlag time trajectories of linear functionals acting on ..

7
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2.4.2. The discrete profile and the density fluctuation field
Observe that Theorem 2.2 can be understood as a law of large numbers for the random trajectories (<7Z'I‘N, G);t > 0). Therefore,

it is natural to study the corresponding central limit theorem. In order to do that, one needs to specify how to center and how to
rescale the random variables (z, G). Whenever possible, the most natural way to do this is to consider the quantity

VN ((2}.G) ~ E, (2N, G))).
Thanks to the duality properties of the SEP(a), the expectation E, v [{(zY,G)] can be computed in a fairly explicit way. Let us define
the expected density of particles pN (x) for all r > 0 and x € Ay as

Y () = Eun [y (0] for x € Ay and p(0) := ", pN(N) =0

This last definition serves as a boundary condition for the expected density of particles. Using that the monomials ("X ;xeA N)

o
are self-duality functions for the SEP(«), one can show that (p,N (x);t>0,x € ZN) is the unique solution of the discrete heat equation
0,p) (x) = N24 pV(x),x € Ay, 1 20,
pN©O)=p%,120, (2.16)
PN(N) =120,

with initial condition p(])v (x) = E,~ [né" (x)]. Here the operator A'}v is a discrete Laplacian with modified rates at the boundary
depending on i. More precisely, let us define the jump rate

et {(x,y) € AN XXN;x~y} - [0, )
as

a ;X,yE Ay

i ﬂ- —1l.y=0
¢ =g X ly= (2.17)
r
%;x—N—l, =N

Then the operator 4’ acts on functions f : Ay - Ras

A;,f(x) = C;yx_l (f(x -H- f(x)) + C;vxﬂ (f(x +1) - f(x)), (2.18)
for every x € Ay (see Fig. 2.2).
NO a a a a NO
¥ N~ X F N7 2 F N7 %
| | | | | | | | |
[ [ [ [ [ [ [ [ |
0 1 2 -« N-2 N-1 N

Fig. 2.2. Illustration through arrows of the jump rate ¢’ defined above.

The stationary solution of (2.16), that we denote by p(-), is given, for every x € Ay by
pi’,(x) = aiNx + bl}v’ (2.19)
where

i A

4 = AP (N =2+ A (NY + (N = DAY
NTUNO 4 Ar(N - 1) - '

2.20
A (N = 1)+ AXNO + Ar(NO — %) (2.20)

(" =by) and by

Definition 2.5. We define the density fluctuation field (YtN ;t > 0) associated to the SEP(a), (,52:7 > 0), with initial measure
(uN) ey as the time trajectory of linear functionals acting on functions ¢ € ., as

YN@) = ﬁ EZA‘, # (%) im0, @2.21)

where, for each x € Ay, we centered 7,52(x) by taking 7,y2(x) = #7,52(x) — ptN (x).

For each N € N, let Qy be the probability measure in D ([0, T1,.#), induced by the density fluctuation field (Y;"),,. Our goal
is to prove, under suitable assumptions, that (Qy)yey Weakly converges to Q, a probability measure on @y ([0, 77, 5”,.), that can be
uniquely characterized. A limit theorem of this form is known in the literature as the derivation of the non-equilibrium fluctuations
of the SEP(«a). To achieve our goal, it will be enough to: show that the sequence of measures (Qy)yey is tight, guaranteeing the
weak convergence up to a subsequence and then characterize (uniquely) the limit point. Roughly speaking, this is the content of
Theorem 2.3.
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y
N @ o o o o Color interpretation:
N—-19 @ @ o o o
@ o o o Vy
e @ O
Dy
2 @ 0 Dy
1 o
. : ; ' : + >
OT 1 2 N—-1N X

Fig. 2.3. Illustration of the sets 9V (in red), .@}; (in blue) and .@N (in gray). (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

2.4.3. Main results

To properly state our results, we need to introduce some definitions and notations. A crucial estimate for the non-equilibrium
fluctuations is a sharp estimate on the decay of both space and space-time correlation function of the SEP(«). Define the
two-dimensional set Vy := {(x,y) € (Ay)? | x < y} and its boundary by

Vy :={(x,y) : x€{0,N},yeAyand x <y} U{(x.y) : ye{0.N}, x € Ayand x < y}.
We denote its closure by V  := Vy UdVy, and we denote its upper diagonal and its diagonal, respectively, by

.@“L ={(x,))€Vy |y=x+1}and Dy :={(x,y) EVy | y = x}. (2.22)

Definition 2.6. Let ((pTN ;1 > 0) be the time-dependent, two-point correlation function, defined on (x,y) € 7,\, with x # y by

E 7l 7l , if (x, WVy,
(p,N(x, 2 = uN [ N2 T 2 (D], 1 (x, y) € 0V (2.23)
0, if (x,y) € aVy,

and extended symmetrically to (Ay)*\ Py.

Now we make some extra assumptions on the initial measures, besides (H1). We assume that there exists a measurable profile
v : [0,1] = [0, a] such that

%z]ﬁ"’o @-r(%) — (H2)

We also assume that there exists a sequence of profiles gy (-) of class C® that satisfy, for each N > 1

gy =0,/ (Nd\u+b), (H3)
for u € {0,1} and j = 0, 1,2, 3, where a and b’ were defined in (2.20) and such that, for every N > 1,
1
N _ X)) < —
mx b -av (3)] 5 - 4

We remark that the assumption on the regularity of g, is needed in order to prove Lemma 4.1, see Appendix D. We also assume
that

1 N 2 1
< — -1 =(a— < —
e VNS e ma [ a0 - 1 - @ - D) 07| 5 . 15
X#Y
and that for x=1and x= N — 1,
1. - —
max |gg (v, »| S 5 min{1, N1}, max B langGtmgo = D = (@ = D) ]| 5 ~ min{1, N1}, (H6)

x#y

Notation: Above and in what follows, we denote by < an inequality that is correct up to a multiplicative constant independent of
N.
Now we present the main result of this article.
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Theorem 2.3 (Non-Equilibrium Fluctuations). Let « > 1 and 6 € R. Let y : [0, 1] — [0, a] be a measurable function, (u")ycy @ sequence

of probability measures satisfying (H1)-(H6) and assume that the initial field YON converges to Y,,. Then, the sequence of probability measures

(Qn)Nen converges to a probability measure Q which is concentrated on the path Y that satisfies
t
Y(f) = Yo(Sif) + / AWISI ), 2.24)
0

forany f € ./, and any t € [0,T]. Above S! : .7, — .7, is the semigroup associated to the hydrodynamic equation (2.4) with the

1
respective boundary conditions, and {W,";t >0} is an 5/3 -valued, mean-zero Gaussian martingale of quadratic variation

t
W= [V, s

where, for every s € [0,T] and g, h € L*(p,),

1
(h.8) 2, = / 21 (ps()h(u)g(u)du
: 0
+ 10 = D{[A7(1 = 20")p,(0) + 27 p” a] h(O)g(0) + [4"(1 = 2p")p (1) + A" p"a] h(1)g(1)}
and p. is the unique weak solution of the corresponding hydrodynamic equation (2.4). Above,

Xo(p) = pla—p) (2.25)

represents the mobility of our model. Moreover, Y, and {W/;t > 0} are independent and, for each fixed initial random state Y;,

1. if @ > 0, the measure Q is concentrated on the unique solution Y, of the O.U. martingale problem OU(.%,, a4, || - || 12(p,) - See
Definition 2.7 - on the time interval [0, T] with the initial (random) condition equal to Y. Thus, Y, is a generalized O.U. process,
which is the unique (in law) formal solution of the stochastic partial differential equation:

0,Y, = adY,dt + /2, (p)VAW,, (2.26)

where dW, is a space-time white noise with unit variance and a4 is the same operator as in (2.4) with the corresponding boundary
conditions depending on the value of 0. As a consequence, the covariance of the limit field Y, is given, for f,g € .%,, by

s

ELY,(/)Y,(2)] = o(S! . Sig) + / (0, 120,51,8) 12, 1.
0

with d,h(0) (respectively, d,h(1)) identified with 9,h(0*) = lim,, 10 0,h(x) (respectively, d,h(17) = lim, 9,h(x)), for h € f

2. if § < 0, the measure Q is concentrated on the unique solution Y, of the Ornstein-Uhlenbeck martingale problem OU (., a4, ||-|| 2(p)
- see Definition 2.7 - on the time interval [0, T'] with initial (random) condition equal Y, and whose uniqueness (in law) of solution
is guaranteed when remarking that Y, satisfies the following two extra conditions:

(@) regularity condition: E[(Y,(H))*] S [[H|| 2, for any H € 5”,;
(b) boundary condition: For each j € {0,1}, let i/ be defined as, for j = 0, °(w) := e "1 and, for j = 1, 1@ :=
e‘ljl“_e’])(u) u € [0,1]. For any t € [0,T] and j € {0, 1}, it holds that

f 2
limE [(/ Ys(z{;)ds> ] =0.
e—=0 0

We observe that the two extra conditions (a) and (b) above, are due to the fact that for § < 0 the set of test functions is smaller
compared to the case 6 € [0, 1). By asking the limit to satisfy those two extra conditions we show that the limits in the ranges 6 < 0
and 6 € [0, 1) coincide, and therefore uniqueness holds.

Definition 2.7 (Ornstein-Uhlenbeck — Definition 2.4 of [2]). Fix some time horizon 7" > 0. Let C be a topological vector space,
A : C - C an operator letting C invariant and ¢ : C — [0, ) a continuous functional satisfying c(AH) = |A|c(H), for all 1 € R
and H € C. Let C’ be the topological dual of C equipped with the weak-* topology. Denote by €([0,T],C’) the set of continuous
trajectories in [0, T'] of functionals in C’. We say that the process {Y;;s € [0, T]1} with trajectories in B([0,T],C’) is a solution of the
0.U. martingale problem OU(C, A, c) on the time interval [0, T] with initial (random) condition y, € C’ if:

1. for any H € C the two real-valued processes M.(H) and N.(H) defined by
t
M,(H)=Y,(H)-Y,(H) - / Y, (AH)ds,
0
N(H) = (M,(H))* = 1c*(H),

are martingales with respect to the natural filtration of the process, that is, {ﬁ, ;1€[0,T])={c(Y,(H)|s<t,HeC); te

[0,T1}.
2. Yy =y, in law.

As a consequence of the previous result we obtain the non-equilibrium fluctuations starting from a local Gibbs state.

10
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Corollary 2.3.1. Fix a measurable profile y, : [0,1] — [0, a] satisfying (H3) and (H4); and start the process SEP(«) from the Binomial
product measure with marginals given by

N | ) = k) = <z) [YO(H%)]k [1 - "’(a%)]a_k,

for k € {0,...,a}. Let f,g € ... Then Theorem 2.3 holds with

1
o(S/f.Slg) = / ZaVo@)S! £ @)S gu)du.
0

Observe that the remaining assumptions of Theorem 2.3 are satisfied by the starting measure v}f‘g , so that above, we only need
to impose (H3) and (H4) from the initial profile. Also, since we assume in Corollary 2.3.1 that y, satisfies those hypothesis, this
implicitly implies that y, € C® and that it also satisfies (H2) with y = y,. In order to prove Theorem 2.3, we will need some auxiliary
results. Their proof is postponed to the sections that follow Section 3.

3. Proof of Theorem 2.3

The proof of both theorems follows by showing first the tightness of the sequence of probability measures (Q)yen With respect
to the Skorohod topology of @y ([0, TJ,&‘;); and to show that all limit points Q are probability measures concentrated on paths Y
satisfying (2.24). We start now with the former.

3.1. Tightness

Recall that the spaces 5”1 are nuclear Fréchet spaces when endowed with the seminorms defined in (2.15). Therefore, in order
to prove tightness, we can use Mitoma’s criterium (that we recall below) and restrict ourselves to showing tightness of the sequence
of real-valued processes {Y,¥ (#)} yen, for every ¢ € .7.

Theorem 3.1 (Mitoma’s Criterium — Theorem 4.1 of [27]). A sequence of processes { X ,N 31 € [0,T]) yey in D(0,T1, f ) is tight with
respect to the Skorohod topology if, and only if, for every H € ., the sequence of real-valued processes { X N(H);t €0, T} yey is tight
with respect to the Skorohod topology of &([0,T], R).

Recall that, from Lemma 5.1 of Appendix 1 of [22],
1
MN @) =YV @) - YN () - / (N*Zy +0)Y N (¢)ds, (3.1)
0

is a martingale for every ¢ € .]. Therefore, in order to show that {¥,¥(¢,)} yey is tight, it is enough to show that

(Y (@) wen - (IMY (@))i50) ven and { /0 (N*%y +aS>YSN(¢)ds}
NeN

are tight. We start by showing that {YON (¢)} Nen is tight.

3.1.1. Initial time
By Helly-Bray theorem, it is enough to show that

. . N _
Ah—I»Iolo III\JIETLPPMN“YO ()| > Al =0.
By Markov’s inequality, for every A > 0 and for every N € N,

P LYY (@) > Al < %E,,N[IYON(@IZ]

11 x _ x
= 5 ( 2 BCPENREI+ X ¢(X)e(F) e @)
XEAN XYEAN
y#X
Using (H5) and the fact that the occupation variables are bounded by «, we can bound the last display from above by a constant

independent of A and N times
1, 1
2N (e*N+N) 3 =

Therefore by taking A — oo the result follows.

11
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3.1.2. The sequence of martingales
For the martingales {M[N (¢) ; 1 €[0,T1} yen, tightness is just a consequence of the fact that {M,N (¢); t €[0,T]} yey converges
in law with respect to the Skorohod topology of ([0, 7], R) (see the next lemma) and therefore it has to be tight.

Lemma 3.2. For ¢ € 17?, the sequence of martingales {M,N (¢) ; t € [0,T]} yen converges in law with respect to the topology of
([0, T];R), as N — +o0, towards a mean-zero Gaussian martingale {mi (¢);t > 0} with quadratic variation given by

t t 1
/ VeI, , ds = / / 244 (ps W)V p(w)*duds
0 S 0 0

t
+ 1(6 = 1)/ { (27 (@ = 29" )p,(0) + @A p* ) V(0)* + (A"(a = 2p")p,(1) + a ") Vp(1)* } ds.
0

Proof. Let us fix ¢ € 5”, To prove that {MtN (¢) ; t €[0,T1} yey converges in law with respect to the topology of ([0, T1;R), as
N — +o0, it is enough to verify conditions (1)-(3) of Theorem 3.2 of [2].
Let us verify condition (1), that is, that

for any N > 1, the quadratic variation of M, tN (¢) has continuous trajectories almost surely. (3.2)

The quadratic variation of M (¢) is given by

t
(MN (), = /0 I'N(¢yds,

where TN (¢) := N2ZyYN($)? = 2N2Y N (p)Ln YN (¢). A long, but simple computation shows that this quadratic variation is given
by

1
MV @), =15 ( (ﬁ) (A% (= 20" 1, (1) + ad )

¢( ) (¥ (@ =202 (N = D+ ad' ) ) ds 3.3)
N=-2

/ Z Y %) (mon2 G (@ = o2 G D)+ 2+ D@ = 2 () ) ds,

where

i) = m(o(H)-4(3)

is the discrete gradient of ¢. Therefore (3.2) follows from the fact that the number of particles is bounded by « and from the
observation that the integral in time of a bounded function is a continuous function of time.
Let us verify condition (2) in Theorem 3.2 of [2], that is, that

lim E, [ sup |MN(¢)— MjY(qﬁ)I] =0.

N-+oo 0<s<T

Observe that the integral term in (3.1) is continuous, by exactly the same reason as in (3.2). Therefore, in order to prove the
last limit, it is enough to show that

. Negy_ vN —
Jim E, [OitlngYs (®) Ys_(¢)|] 0.

Since a jump only changes a configuration in (at most) two sites, we can bound the last expectation from above by \/> @, from
where the result follows.
We are left to verify condition (3) in Theorem 3.2 of [2], that is, that

for any r € [0,T1, (M (¢)), converges, as N — +oo, and in probability to / ||V¢||L2( )

Recall (3.3). We now argue that fo FSN (¢)ds is an additive functional of the empirical measure plus some error that vanishes in
the limit. To this end, we split the terms defining I" SN (¢) into bulk terms (the third line of (3.3)) and boundary terms (the first two
lines of (3.3)). We present the argument for the leftmost term appearing in the bulk term, namely,

. N-2 5
/0 % 3 vw(%) Hon2 (0) (& = 12 (x + D)ds, (3.5)
x=1

but for the remaining one, it is completely analogous. The argument also extends to the boundary terms. We leave all this to the
reader. Let 0 < ¢ < 1/2 and

A i={1,...e(N-1} and A :={N-1-eN-1),....N-1} (3.6)

12
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and we consider the sum divided into x & A% U A;’lf and its complementary. Note that the terms in the complementary sets are
uniformly (in N) bounded by e. Now, using twice the replacement lemma (see Lemma 4.3 of [13], which we recall in Lemma E.1)
with proper choices of the function ¢ appearing in the statement of Lemma E.1, we can rewrite the terms in (3.5) for x ¢ A% U Aj\’,"p

as
/ N VN¢(%) Tve (x)( ﬁsl;l]gJ (x+ 1))ds. 3.7)

xé/l UA

Above, for L € N,

z+L z—1
_,L _ «-L 1
() =+ 2 1) and 742 =4 D n0). (3.8)
y—z+1 y=z—-L
Now it is enough to note that 7N (x) = (zV zx/ N) and similarly for the left average. Above zx/ N (u) := —]1(X /N x/N+e) ). From the

fact that ¢ € ., and the hydrodynamic limit namely Theorem 2.2, it follows the convergence in distribution, as N — +co and then

e — 0, to /0 ||V¢||L2( )ds. Since the limit is deterministic, the convergence in probability also holds. []

3.1.3. The integral term
Observe that, for every ¢ € 5’,-,

t t
/(N2S£N+6S)YSN(¢)ds=/ YN(adyp)ds (3.9)
0 0

_/0 aN3/2 [‘f‘ﬁ(zv) (D + 2 (NT_1>775N2(N_1)] ds (3.10)

where, for every x € Ay’

s () = [o () +0(55) 20 ()

is the discrete Laplacian of ¢ evaluated at % We will treat each of the integral terms (3.9), (3.10), and (3.11), separately. We will
rely on the Kolmogorov—-Centsov’s criterion:

)2 (N = D)= Vi O)igp2(D)] ds, (3.11)

Proposition 3.3 (Kolmogorov—Centsov Criterion — Problem 2.4.11 of [21]). A sequence {X tN ;1 €[0,T1} yey Of continuous, real-valued,
stochastic processes is tight with respect to the uniform topology of 6([0,T];R) if the sequence of real-valued random variables { X (;V }Nen
is tight and there are constants K,y,,y, > 0 such that, for any t,s € [0,T] and any N € N, it holds that

E[IXN - X" < Kt —s|"72.

We start proving the tightness of (3.9): by the Cauchy-Schwarz inequality and Fubini’s theorem, we have for every ¢,,7, € [0,T]
such that #; < t,, that

1 2 t
E,~ [(/2 YSN(aANq&)ds) ] S(tz—tl)/zE”N [YSN(aANq;)Z]dS
2 1

ty—t
ST Fe e olavt () v () a0

Using the fact that the occupation variables are bounded by « and from Proposition 4.2, last display is bounded from above by
2
Cz—t2[2 ave (= Aved () a ] 3.12
=n?[e s ave () + sup favs (5) ave ()] (312)
yEX
for some constant C independent of N. Now, since ¢ € 5”, C C*([0, 1]), (3.12) is bounded from above by another constant times

Ulpl% + " 12, — 1),

which, by Proposition 3.3, shows the tightness of (3.9).

Let us now prove the tightness of the remaining terms, i.e. (3.10) and (3.11). We present the proof for the terms related to the
left boundary of (3.10) and (3.11); for the right boundary it is completely analogous. We start with the case # = 1. In this case we
note that the terms related to the left boundary in (3.10) and (3.11) are equal to

/a\/_[/lf ( ) vN¢(0)]nbN2(1)ds

1 By abuse of notation, we understand YN(aAy ) as the field YV acting on any smooth function that coincides with a4y ¢ in ﬁ/l N-

13
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Doing a Taylor expansion on ¢ at x = 0 and noting that ¢ € ., since the occupation variables are bounded, we conclude that if
XN is defined as the integral term above, then

E[XN - X151 - s, (3.13)

and tightness follows.
Now we analyze the case > 1. In this case it is enough to prove that XV defined as the next integral term

tN3/2
N 1.
/0 i o (ﬁ) i, n2(1)ds.
satisfies (3.13) with y; = 2 and y, = §, where §, is defined in Lemma 4.3. This result also implies that all the integral terms in (3.10)
and (3.11) are tight. But from Lemma 4.3, we have that

1 A73/2 ,
A ‘ L) s 1+5,
]EI:‘ s NO al ¢<ﬁ>’1gN2(l)dS) ] Slt_sl 0,

and we finish the proof for 6 > 1.
Now we go to the case 0 < 8 < 1. Note that since ¢ € .}, then ¢(0) = 0. Thus

1 N3/2
o N?
Therefore, tightness in this case will follow if we show that

t t
/a\/ﬁvw(omsm(l)dn/ a\/%’(omsm(l)dwo(L),
0 0 VN

N

t
N
@i § (<) Ana (Vs = /0 %aﬁvw(omwz(l)ds.

satisfies (3.13) with y; =2 and y, = §, where §, is again defined as in Lemma 4.3. This is a simple consequence of Lemma 4.3.
Finally, we treat the case 6 < 0. Note that now we need to prove tightness of

1T A3)/2
/ [N azqu(%)ﬁwz(n—a\/Fqus(omsNz(l)} ds.
0

From Lemma 4.3 the rightmost term in last display is tight. For the leftmost, we do a Taylor expansion of ¢ of order |-6] +2 around
x =0, and we use that ¢ € .}, so that the leftmost term in last display writes as

t 3/2

N _

/ ma%rp(m)ﬂmz(lms,
0

where 7, is a point between 0 and 1/N. Since 3/2 — 0 — |-6] — 2 < 1/2, then Lemma 4.3 shows that the Kolmogorov-Centsov’s
criteria is satisfied with y; =2 and y, = min{8y, 1} > 0 and tightness follows. This ends the proof of tightness.

3.2. Characterization of the limit points

Having proven tightness, we already know that there exists a subsequence (Qy, )ien Of (Qn)yen Which is convergent. Let us
denote by Q its limit. We want now to characterize Q. To do that, we will start by showing that QQ gives probability one to all the
paths of funcionals {Y, | + > 0} with a decomposition of the form (2.24) - see Section 3.2.1. The strategy is to rewrite Dynkin’s
martingale M,N , see (3.1), applied to a particular test function ¢ defined in (3.14) and to prove that the integral term of M[N goes
to zero as N — +oo in the L2(PMN)-norm. This is what is done in the next subsection.

3.2.1. Proof of the decomposition given in (2.24)

Let S’ be the semigroup associated to (2.4). We start by observing that, if 2 = A" = 1, then S = T?, where T? is the
corresponding semigroup when taking in (2.4) A“ = A" = 1 and that coincides with the semigroup taken in Definition 4 of [18]. In
this case, due to the previous relation between semigroups, we can simply repeat the proof presented in case « = 1 in [15] taking
(for every fixed 7 € [0, T] and restricting the process to the time interval [0, ¢]) as test function

Pu,s) 1= S f(w), (3.14)
where f € ., to obtain the decomposition of the limit point in the form
t
Y,(f) =Yy(S, /) +/ dwi(S,_f).
0

where {VVf;t > 0} is the mean-zero Gaussian martingale characterized in Lemma 3.2. For the previous choice of 1Y = A" = 1, this
test function coincides with T(f(H) fw).

For completeness, we present here the proof in the general case, which also follows the strategy of [15]. Taking ¢,(-) = ¢(-, s)
defined in (3.14), we have that

MY )= YNy — YN () / N2y YN () + YN 0,0,)du
0

14
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it is also a martingale. For every s € [0,T], if f € ., then ¢, € .%,. Remarking that the proof of Lemma 3.2 still holds if the test
function is time-dependent (and C! in time), we obtain that { M N(@,) : s €[0,1]} yey converges in law with respect to the topology
of &([0,T];R), as N — +oo, towards the mean-zero Gaussian martingale

{/Oxdw;m);s el0.1}

with quadratic variation given by

[ v, o
= /O /0 21D (Veb, () dxdu
+10=1) / {M[(a ~26)p,(0) + p” al (V) + X[(a = 29")p, (1) + '] (V¢u(1))2} du
0
Since, for every N € N,
MY @) =YN () =-YN(SIf) - / IN*ZN YN () + YN (0, 0,)1du, (3.15)
0

if we show that the time integral in the last display goes to zero as N — +oo, then, using tightness and the previous reasoning about
{M SN (¢.) ; s €[0,1]} yen, taking the limit as N - +oo0, we have, up to a subsequence, that (3.15) converges in law with respect to
the topology of 9([0,T]; R), to

s
/ d%(s,i_,,f)du
0
as we wanted. By the same computations done to obtain (3.9), (3.10) and (3.11), we have

N>2yYN(p) + YN 0,py) = aY N (AN ST f = AS!_f)+YN(@AS! _f+0,S'_ 1)

- “%9/ [Afs;'_sf (%) T2 (1) + A'SEf (NT_l) o2 (N — 1)] (3.16)
~aVN [VySi s (NT‘I) Ans(N = 1) =V SLf e (3.17)

where 4 represents the continuous Laplacian operator Since S f is smooth (by the properties of the semigroup S! ), then

Sf_s f —AS,_ f is of order O(N -2) and aAS J+0 S ,f is identically zero because S"_S f is solution to the heat equation
with diffusion coeff1c1ent equal to « with the Correspondmg boundary conditions depending on 6 - recall (2.8) for 6 > 1, (2.9) for
0 =1, and (2.10) for # < 1. It remains now to analyze the terms in (3.16) and (3.17). Here we treat the terms regarding the left
boundary, since for the right boundary it is completely analogous.

1. If 6 = 1, we have that

3/2 )
- AL (37 ) a0+ VN VS f O)a(h)
= VN [VuSL 0~ ifo_sf(F)]ilsNz(l),
_a\/_[(vN _f(©0)-0,S._ Yf(O))—/lf(S{_J(%)—S;_Sf(O))]ﬁSNz(l) (3.18)
+aVN [0, £ (0) = A7 S’ f (O] iy n2(D). (3.19)

Since S:_S f is smooth, both terms in (3.18) are of order O(N~'/2) and (3.19) is identically zero because Sj_s f satisfies the
boundary conditions given in (2.9). This immediately implies that, if § = 1, then fo'[N 2LNYN () + YN (0,,)]ds goes to zero
as N - +oco.

2. If > 1, since f € ., and so S!f € .¥;, we have that

N3/2 ; 1\ ; _
- 'S f(F)nsNz(l)+a\/NVNS,_Sf(0)mNz(1)
g SO (D VN (VST f (O) = 0,11 (0)) 2] (3.20)
=Nz’ fsn? a NSi—s (LI N2 .
— N304 37 S;'_S £ (0) 7 2 (). (3.21)

Since S{_S f is smooth and the occupation variables are bounded, then the first term of (3.20) is of order O(N'/2-¢) and the
second is of order O(N~!/2). Finally, integrating (3.21) between 0 and ¢, and taking its LZ(IPHN )-norm, by Lemma 4.3 we
conclude that the integral between 0 and ¢ of this term goes to zero as N — +o0, and we are done.

3. If 0 < 0 < 1, by the invariance of the semigroup S! in .7, we have that

N3/2
NV

VN

=_N_a/1fv,v SO 2 (D) +aVNV S (0) 7,2 (1) (3.22)

al’SI_ f(}i/)’?sNz(l)+a\/_VN S Oy (1)
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Integrating both terms in (3.22) between 0 and ¢, and taking the LZ(P”N)-norm of each term, by Lemma 4.3, the integral
between 0 and ¢ of these terms go to zero as N — +oco. We can then conclude that, if 0 < 6 < 1, then fO'[N 22y YSN (¢y) +
YN(0,¢,)]ds goes to zero as N — +oo.

4. Finally, if 9 < 0, since f € ., implies that S;i_s f € ., then, writing the Taylor expansion of order [—6]+1 of St"_x f around 0
and substituting in (3.16) and (3.17), we immediately conclude that /Ot[N 2N YN () + YN (0,6,)]d s goes to zero as N — +co.

This completes the proof of the decomposition part of Theorem 2.3.

3.2.2. Uniqueness of the limit point

To show uniqueness, one should recall that, as a consequence of Lévy’s representation theorem, we know that VV,i is independent
of Y, - see Theorem 5.12 and its proof in [24]. From this fact uniqueness follows by noting that Y|, is (¥%,)-measurable and the
following argument:

+ For 6 > 0, uniqueness follows from Proposition 2.5 of [2] once we show that (S,i )0, the semigroup associated to (2.4), satisfies

S H—S!H = eadS!H + o(e, 1), (3.23)

for every ¢ > 0, t > 0 and H € ., where o(e, 1) goes to 0, as € goes to 0, in ., uniformly on compact time intervals. But this
is an immediate consequence of the explicit formulas given by (2.14), (2.12) and (2.13),if 0 > 1, 6 = 1 or 0 < 1, respectively.

+ Finally, for # < 0, the uniqueness of solution of the O. U. martingale problem follows by repeating the arguments of
Theorem 2.13. of [2] and Proposition 2.5. of [2]. Finally, to show that the two extra conditions, i.e. regularity and boundary
conditions, hold, we only have to observe that the first follows from the boundedness of the occupation variables jointly with
Proposition 4.2 and the second follows from Lemma 4.5.

This ends the proof of Theorem 2.3.
4. Auxiliary estimates

This section is devoted to some estimates needed in order to proof our main results. Let us denote by W;“V the operator defined,
for every f : Ay > Rand x € Ay_;, by

Vi f() = NIf(x+ 1) = f(0)] 4.1

Lemma 4.1. Assume that y € C5([0, 1]) satisfies (H2), that there exists a sequence (gn)yen Of functions of class C®([0, 1]) that satisfies
(H3) and (H4) and that (u™) neN IS a sequence of probability measures satisfying (H1). Then, there exists C > 0 such that

max |V pNx)| <C,
XeAN_]| NP (0] <

for every t € [0,T].

The proof of the previous lemma can be found in Appendix D.
One of the key ingredients to prove fluctuations is to obtain sharp estimates for the decay in N of the time-dependent two-point

correlation function, i.e. on (pIN defined in (2.23), which we recall that is not defined for x = y.

Proposition 4.2. Under the assumption (H5), we have that

N 1
su max |¢, (x, S —, 4.2
te[O,r;'] (x'y):VN I Gyl N .2
x#y

and, under the assumption (H6), for x =1 and for x =N — 1,

1 .

ﬁa’ ifo>1,

-7 f0<o<1,
sup max | (x,y)| S Ry =4 N5~

1€[0,T] y;/:xN St if —1<60<0,

. fO<-1.

4.3)

The proof of the previous proposition can be found in Section 4.1.

Lemma 4.3. Recall that, for y € Ay, we denote by 7i(y) the centered variable. Then, for every 6 € R, for x € {1, N—1} and t,5 € [0,T],
it holds

P 2
E,n [( / d?;ﬁsmmdr) ] S It = 5% 4 |1 — s2(d%)? R, (4.9
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and

t 2 Ng
B~ (/ ﬁsNz(X)dr> <ﬁ|z—s|+|r—s|2R9, (4.5)

where df, = VNLO < 1)+ N32-01(0 > 1), 8y = @1(0 <3)+1(0 > 3) and RY, was introduced in the last proposition. So, in particular,
for x € {1, N — 1}, for every t € [0,T] and 6 € R\{1},

P 2
Jim B, [( /0 d@r,s,vz(x)dr> ] =0. (4.6)

The proof of the previous lemma is given in Section 4.3.
For 6 < 0, for all « € N, we will also need the following estimates.

Proposition 4.4. Let 6 < 1. Recall (3.6). If (H5) holds, then, for every ¢ > 0 and every t € (0,T], we have that

N 1 € 1
max o e, S 1+ — —+0<—>, 4.7)
(x,y)eAelf XAN ! \/; N N
Y#EX

and the same results holds for (x,y) € Ay X AY/.

The proof of the previous result can be found in Section 4.2.

Lemma 4.5. Let 6 < 1. Then, the following limit holds, for every t € [0,T] and j € {0, 1}.

' 2
lim li E YNNG = .
frg i s0p B, [(/0 s“e”“)] . @

where zi was defined in item 2. (b) of Theorem 2.3

The proof of the previous result is given in Section 4.4.
4.1. Proof of Proposition 4.2

Recall Fig. 2.3. In this proof we will use some random walks that, for simplicity of the presentation, we define now:
1. {,%”; ;1 2 0} is the random walk evolving on the set of points ¥y where
VEi=Vy\Dy fora=1 and Vg :=Vy for ax2, (4.9)

that moves to nearest-neighbors at rate «, except at the line @; that moves left/up at rate « and right/down at rate a — 1
and that is reflected at the line @;’V if « = 1, and at the line &), if a > 2. Moreover, it is absorbed at 9V : with rate aA? /N?
at the set of points {(0,y) : y € ZN} and with rate aA”/N? at the set of points {(x, N) : x € XN}. This random walk has
generator A"N which is the operator that acts on functions f : VN — R such that f(x,y) =0 for every (x,y) € 0Vy as

A fwy= Y [f@) - fw), (4.10)
veV N
for every u € Vy, with cé'x 1y defined, for a =1 by

(). (V) EVY XV i Ix =X | +]y—y | =1} = [0,00)

as
céx,y)’(x,’y) = c;,x,]l(x’ £y if |x—x'| =1,
{Céx,yx(x,y') = C;,y,ll(x #y)ifly-y=1,

and, for a > 2,

i iy — Sy — o] —
ety = G 1x' =y) if |x—x'|=1and x # y,
i . | _ — H —V| =
Sty " Sy Lx =) ifly=)I=Tandx#y. (4.11)
i P i A i —
c(’X’y)’(x,’y) = ZC;C_]’XJl(x =x—-1) ifx=y,

i NP ’_ e
céx’y),(x’y,) = 2c;’x+1]l(y =x+1) ifx=y,

with ciy as defined in Eq. (2.17).
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2. {555 ;¢ 2 0} is the random walk evolving on the set of points Vy that moves to nearest-neighbors at rate a, except at the line
%, that moves left/up at rate « and right/down at rate o — 1 and that is reflected at the line 7%, if « = 1, and Dy if a > 2,
and is also reflected at the boundary V. We denote by €' the Markov generator of {zf{;;t > 0} which is the operator that
acts on functions f : V5 — R as, for every u € Vy,

Cyrw= Y c [fo) - fw), (4.12)

vEVN
v~u

where cliv are the same as defined in (4.11) (see Fig. 4.1).

Y y
NO+@® @ @ @ o o N.® @ @ @ o o
NO 1 i NO a ar”
F~ r~ _/ v° e~ r~ _/ ¢
N-1 e O o o N-1 e ¢ o o 0
1 a _
~~ 71 ~~ 7“ ¢ 1( 72“
e O O e @ @ O
1( 711 L a2
e O @ @ O
| S g ( ot
1 a—1l a1
2 o 2 o
1 1 Qo
+ + + + + + > + + + + + + >
OT 1 2 N-1 N X OT 1 2 N-1 N X
(a) Illustration of the jump rates c' of the random walk {%[i; t >0} (b) Illustration of the jump rates c! of the random walk {%[i; t >0}
when a =1. when a > 2.
-y/\
N
a a
) F~
N—-1 @ @ O o O
a —
a( ~~ 7a “ 1( 720‘
@ @ O O
Nt S
@ a 2a
@ @ O
a—l( a1
2
1 o
+ + t + t t >
0 1 2 N—-1 N X

—i
Fig. 4.1. Illustration of the jump rates of the random walk {e%/;;t >0}.

For the standard simple symmetric exclusion process, i.e. the case « = 1, Proposition 4.2 has been proved in a myriad of articles
(see [15,18,23] and references therein). Let us review and adapt this proof. It is not difficult to check that for each x,y € Ay, the
action of the generator £, on n(x)n(y) is given by a linear combination of the functions (n(z)n(z'); z,z’ € Ay) - see Eq. (B.1) of
Appendix B. This means that the correlation function ((ptN ;¢ > 0) satisfies an autonomous, non-homogeneous evolution equation,
which involves (p);t > 0) as parameters.

For a = 1, the correlation function q;,N is solution to

oY (x,y) = N2 4 0N (x,3) + g (x, )L, ) € D)), (4.13)
where A"N is the operator defined in (4.10). Here

~ 2
glex+ D =gNx+1,x)=—(VipNx)".
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for every x € Ay_, and ng (x,y) := 0 otherwise. Observe that A;V corresponds to the generator of the random walk {e%”; .t >0} that

moves to nearest-neighbor sites on ¥, with annihilation at the boundary and the jumps to the diagonal &, are suppressed. As a

consequence, (4.13) does not involve the values of cpfv at 9. By Duhamel’s formula, for every (x,y) € Vy\Zy, We can represent
N

@, by

t
wﬁ(x,y>=E<x,y)[¢§(%Nz)+A g (2T UZ € @;pds], (4.14)

where E, , denotes the expectation of the law of the walk {3{; ;¢ > 0} starting from the point (x, y). Now, to obtain the order of
decay in N of " we note that by (4.14),

N N N ® T
Jmax e ()l < max g (z, w)l +sup_ max. lg" (2.2 4+ DI max B [ /0 WL, € Dids| . (4.15)
x#y z#w - x#y
Observe that
o
T (x.y) :==E, [ /0 WL, € Dt (4.16)

corresponds to the expected occupation time of the diagonals @X, by the random walk (e%i y23 12 0). By (4.15), in order to estimate
loN (x,y)|, we only need to estimate the simpler quantities |(p(’)" (z,w)| for every (z,w) € Vy with z # w, |gN(z,z+1)| for every
z € Ay_; and TI"\,(x, y) for every (x,y) € VN\.@N. For details on this, see equations (2.19), (2.20), Lemma 6.2. and Sections 6.1. and
6.2 of [18].

For a > 2, we would like to follow a similar strategy to the one outlined above. However, in this case, the Chapman-Kolmogorov
equation for cp,N is more complicated. In the case a = 1, the relation #(x) = 5(x)? has as a consequence that no diagonal terms appear
in the equation satisfied by (p,N . For « > 2, this relation is no longer satisfied, and therefore the Chapman-Kolmogorov equation
has an additional term — see Appendix C. At first glance, it would be natural to extend ¢ to the diagonal &y by taking ¢ (x,x)
equal to

E, v [(1,52(x) = pN (x))21. (4.17)

However, it turns out that a more convenient definition is to extend (ptN as

o (x,x) =E,n [ﬁnwz(xxw(x) - =pN?|. (4.18)

and remark here the importance of a being greater or equal to 2 for this quantity to be well defined. Some motivations and reasons
for this choice of defining the function ¢/ (x, x) are given in Appendix C. Extending " in this way, we can verify that ¢!V satisfies
the equation

0,0 (x,y) = N> Ay o (x, ) + g (x, x + D1(x, y) € T}, (4.19)

where A;V is the operator defined in (4.10). To simplify, we will use the same notation as in the case « = 1 to the occupation time
(4.16) for this case, i.e. the case a > 2.

Observe that (4.19) generalizes (4.13) in a very convenient way, because the right-hand side is structurally the same; the only
difference being the definition of the operator A’)\, which in nothing changes the strategy we followed to bound ¢! in case « = 1.
In particular, we have the analogous of (4.15) for a > 2 with the slight difference that now we need to take into account in the
right-hand side of (4.15) the points (z, w) € Vy with z = w.

From here on, we separate the proof of the bounds in (4.2) and (4.3) in two parts: for Part 1 we treat the case 6 < 2; and for
Part 2 we treat the other case, i.e. § > 2.

Part 1: the case 6 <2

We already saw that

N N N i
max X, < max z,w)| +sup max z,z+ 1) max Ty (x,y), (4.20)
nax lo," (x, ) max lpy (z, w)| DOP Lmax lg," ( )] Jmax N(x, )
x#y - Xy

Using Lemma 5.1, the assumptions (H5) and (H6), and Lemma 4.1, we conclude that

1, N
—+—,if6<0,
sup max oM el %
>0 . N — AR |
=z ~ T x5 if0>0,
and so, for 6 < 2,
sup max oV (6, )| S ~. “.21)
>0 (xEVN N

Moreover, for x=1,N — 1,

sup max |pN (x,y)| S RS, if6 <2.
>0 YEAN
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For the case 0 > 2 repeating the previous arguments we get the bound x—i and this is not enough for our results. For this reason
we need to consider another random walk.

Part 2: the case 6 > 2

Here we follow a different strategy to improve the bound for T]"V found previously, following the ideas presented in [18] for the
case « = 1, and extending the argument for « € N. We rewrite (4.19) as

09 (x,3) = N*C 0 (x.9) + Ty (x. 9] (x, ) + 8 (x, x + DLy = x + 1),

where Cﬂv is, as defined in (4.12), the generator of the random walk {E?:/:;t >0} and,
Y (x,y) = —"N—]\;zu"n(x =D+ A1y =N-1)]

By Feynman-Kac’s formula, we have that

. ' i i
(pfv(x,y) = E(x,y) |:(p(j)v(‘%§]v2)e/0 pugl (-%INZ)dA /) gﬁs(‘%iNZ)ﬂ(%iNz e @'ﬁ)ejo pugl (%INZ)drdS

where IE(W) denotes the expectation given that %L ,n2 starts from the point (x, y). Now, since %’ is negative, then

max ‘IEZ(”) [(po (% z)e/(,% (‘%ANZ)’“] < max, |<p0 (z,w)|. (4.22)

(x, y)eVN (z,w)e

For the other term, by changing the integrals using Fubini’s theorem and using the fact that g and Q]’N are both negative, we have
that

t —~j r_
|E(XJ> [/0 grlzx('%/;NZ)efO Ui (:%‘NZ)drds] ) </0 IE(x,y)[ 8- r(%NZ)]

By similar arguments as in the case 6 < 2, we obtain that

~ t ~i %1
|E(x,y> [/ gﬁx(dﬁ{im)e/() RUM Nz)drds] < sup n}‘ax Ig, (z,z+ 1)|TN(X »), (4.23)
0

>0 2€

where
TN(x,y) := / Eqy [1(% N2 € .@*)] ds . (4.24)
0

Observe that we did not bound the last integral (from 0 to r) by the integral over the interval from O to infinity and the reason
is that the bound we will obtain for that time integral depends on 7 and blows up when 7 — +oco. From Lemma 5.2 together with
(4.22) and (4.23), we obtain

sup  max oM (x,y)| s L
te[0,7] X VEVN ! N’

and, the same bound holds from (x, y) € 0Vy. This concludes the proof.

4.2. Proof of Proposition 4.4

Recall that here we will only consider 0 < 1. Since the result of Proposition 4.4 for « = 1 and 6 < 0 was not considered before,
we will present a proof that works for every « € N and every 6 < 1. Let € > 0 and recall from the statement of Proposition 4.4 that

we denote the set {1,...,e(N — 1)} by Aff We want to show that, for every ¢ > 0 and every t € (0,71,
1 € 1
max oMyl S| 1+ — —+o(—).
(x,y)eA;f xAy ! \/; N N

y#xX

Since (ptN is the solution to (4.13) then it admits the representation (4.14). As a consequence, for every ¢ € [0,T], we have that

t

t
max |@N(ry)l < max [IJE(”)W %N2>J|+1E(x.y>[/0 g,TS(ﬁ&sz)n(%‘sNze@—;)dsH]

(x,y)eA;‘l AN (. y)eA‘
Y#EX Y>X
< max |<p0 (z,w)| max gz(xy) [,%f’ , & 6VN]
e kg tN
(z,w)EV, (oDEA XAN

y>x

i
+ sgg zerr/lxax |g (z,z+1)| max Ty (. ),
¥ (r,y)eAN XAN
x#y
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where VI‘\’/ was defined in (4.9), {f%ﬂi ; t > 0} is the bi-dimensional random walk on V, with Markov generator A;V and
@(M) [‘%’;NZ & aVN] represents the probability that, starting from (x, y), at time N2, the random walk {3?,”; ; t > 0} is still not

absorbed at the boundary. Recalling the proof of the estimate of TJiV (x,y) (see Lemma 5.1), one can easily see that
max  Ti(x,) < i+N—91(0<9< D+ N—91(6<O)
(x,y)EA;‘/[xAN N ~N N3 N
yEX

Moreover, by Lemma 4.1 and assumption (H5), we have that

! € N? N
max oM (x, )| S~ max P [3?/”' ¢ v ] + e M 0<o<n+ YMae <o), 425
(x.y)EA;’,foN ! N (x.y)eA;‘/;xAN x.y) IN2 N N e N
x#y y>x

We are only left with estimating & [33”; v & aVN], when (x,y) € A;}f x Ay and y > x. This is the content of the next result.

x,y)

Proposition 4.6. Let a € N and A;‘,f as defined in Proposition 4.4. For every t € (0, T, there exists ¢, > 0 such that, for every 0 < € < ¢,

mx Py [ 2 g vy s < (4.26)
eneasy xay \/;
y>x

where @( [ﬁf;Nz & 0VN] represents the probability that, starting from (x,y), at time tN?, the random walk {3&/; ; t > 0} is still not

X.y)

absorbed at the boundary.

Using the bound in (4.26) and what we already proved in (4.25), we conclude that

1 € 1
max Ny S 1+— )| = +o(—), (4.27)
el xay ! Vi) N N

YEX

as we wanted.

Proof of Proposition 4.6. We divide the proof in two cases: « = 1 and a > 2.

Part 1: the case a =1

For a = 1 the exclusion rule creates a natural order in the system. Indeed, starting the dynamics from a configuration » and
enumerating the particles from left to right, such order lasts for every ¢ > 0. This implies that, the leftmost particle of # will remain
the leftmost particle of the system until it is absorbed. This is the main idea behind the next argument.

Given (x,y) € A;’f X Ay with x < y, then gz(x’y) [&V;Nz & 0VN] represents the probability that, at time tN2, none of the two

particles in the bulk were absorbed, knowing that one started close to the boundary, at the site x € A;’,f. Roughly speaking, since
x < y, if we track the movements, up to time N2, of the particle that started at x, i.e. the leftmost particle in the bulk, then, if it
is absorbed with high probability, i.e. of the order 1 — ir, then the event {%ﬂ:Nz & 0Vy } has to have a probability at least of order
i{. The advantage of tracking just the leftmost particle on the bulk relies on the fact that we can compare it with a simple random
walk, whose absorption probabilities are known.

Let us formalize this argument. Recall the definition of Vﬁ from (4.9). We also define 7‘;\, = VI‘\’, U aV]‘\’, the closure of VI‘\’,. The
proof will follow by a sequence of definitions of other processes that can be related with {Ez‘f; y2 o 120} We will divide our strategy
in three steps.

Step 1: Projecting { 27 ; t > 0} on the line

Recall that 27 : Ve = A0, T,V 1\7 ) is a process evolving on the triangle V' ; . We can now project this process in A, in the
following way: let EN ={ne{0,1 }ZN | 7(0) =0,7(N) =0, and ), . Ay 1) =2} the set of initial configurations of the process on
the line and define &2 : 5,\, - ([0,T7; {0, l}XN) to be such that, for every (x,y) € Vy setting n = 5, ;) € EN with 7(x) = 1 and
n(y) =1 (and therefore #(z) = 0 for every z ¢ {x, y}),

5 0, if z # 1, Zi(x,y) and z # I, Z(x, y),
& (e p)(2) = (4.28)
1, if z =11, ,%;'(x,y) orz= Hzﬂ(x,y),

where again 7, and IT, are the projection functions on the first and second coordinates, respectively. Since there exists a bijection
between V and Qy, the previous definition completely defines the process £2.

Step 2: Construction of a lazy random walk that follows the movements of the leftmost particle

To &2, which can be interpreted as a SEP(1) with only two particles and an absorbing boundary, we will associate another
process on the line that will be defined as follows: let Oy := {5 € {0, l}XN | n(0) =n(N) =0, and Z)](V:z n(x) = 1} the set of initial
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configurations on the line with only one particle that starts on the bulk and define &' : Q5 — ([0,T7]; {0, I}XN) as, for every
(x,y) € Vy setting n =1y, € Ay to be such that 7(x) = 1 (and therefore #(z) = 0 for every z # x), then

. 0, ifz;éHlt%/;(x,y),
& (n)(2) = (4.29)
1, if z= 11, Zi(x, ),

where [T, is the projection function on the first coordinate. Thus, ¢! is the process that follows the left and right movements of .27
in Vg, i.e. it follows the particle in the system that starts at x.

To define £! we are using the fact that, as we remarked above, the two particles on the line cannot exchange the order of their
positions. We observe that, because of the exclusion rule, if, eventually, the clock of the leftmost particle rings and the jump is
suppressed, &' remains still until the clock of the leftmost particle rings again for an allowed movement. It is clear that £! < &2, in
the sense that, for every z € Ay and every € [0,T], & (2) < £2(2).

Then, given (x,y) € A;’If X Ay with x < y, we see that

Py [ﬁf; v aVN] < P, | the leftmost particle of 27 was not absorbed until time N?]
=2, |@.o0=0. &, =0|
<2, €noo=0].

Step 3: Comparison with a random walk that ignores the exclusion rule of the initial process

Let ! be the process that follows &! up to the first time that a jump is suppressed. Here, the process &' realizes the jump and
starts following not the leftmost particle but the rightmost particle until a new jump for £! was suppressed. Again, ! realizes the
jump returning to follow the leftmost particle, and so on. This new process £! also satisfies &' < &2 and can be seen as the non-lazy
version of ¢! and that describes a continuous time simple symmetric random walk.

Observe that

2, €0 =0] <2, [ .cn0=0].

This is again a consequence of the fact that the two particles on the initial process cannot exchange order and so, if the rightmost
particle is absorbed at x = 0 then for sure the leftmost was already absorbed. Then, since 0 and N are absorbing states, if §:N2(~)
and E}NZ(-) start with the same configuration, at each time 7, the point where ’cjthz(') has a non-zero value is always less or equal to

the point where &' _(-) has a non-zero value. Therefore {(¢! _(-))(0) =0} c {(¢' (-))(0) = 0}. This implies that
tN2 tN2 tN2

Pin |2t ovy| < 2, [€ .00 =0] <2, [0 =0] <2, [n>N?,

tN2 tN2

where 7; = inf{t > 0 | (E}NZ(-))(O) = 1} represents the first time that &' hits 0. So, since x € A5, and .E:NZ(-) describes a continuous
time simple symmetric random walk, we have that, for fixed 7, there exists ¢, > 0 such that, for every 0 < e < ¢, P [11 >N 2]

H(x)
is of order O(it).

v

Part 2: the case a > 2

Clearly in this case the natural ordering is lost, therefore we implement some changes in the previous argument. Recall that we
are working with an absorbing SEP(a) starting with only two particles, then for every pair {x,x + 1}, for x € Ay_;, the jump rates
¢yx+1 and ¢,y can only take the values a — 1, @ or 2a and, as « increases, the jump rates increase. Since we are working with a
symmetric dynamics, this means that the time at which a jump will occur will be as shorter as larger is the jump rate, namely the
value of a. In particular, if «; > @, > 1 then the hitting time of the boundary 0V for the SEP(«,) is greater or equal to the hitting
time for SEP(a,).

Following this idea, let 2 : Vyy — 9([0,T];V y) be the representation of SEP(a) with only two particles on the system. Fix
(x,y) € Vy which will represent the starting point of %, and, to simplify notation, let us denote Z(x, y) only by Z. We remark
that 2 € ([0, T ];7,\,), which is a process that takes values on 7,\,, can be interpreted as 2 = £(I'(-)), where ¢ is the skeleton of
% and I'(-) represents the Poisson point process associated with the marked Poisson point process N(-) of SEP(«) given the initial
configuration (x, y). Le., for every s € [0,T], I'(sN?) is the number of jumps of the process up to time sN2, which corresponds to
counting how many marks, up to time sN?2, the marked Poisson point process N(-) had. Observe that, for every t € [0,T],

t t
I, ::/ AN™ < T (1) < Ty (f) :=/ dNM,
0 0

where N is a Poisson process with parameter a—1 and N™ is a Poisson process with parameter 2a. The choice of these parameters

is due to the fact that, for every x € Ay _,, the jump rates c; L and cf( +1. only take three possible values: « — 1, a or 2a. So we

choose the parameter of N as the min{a — 1,a,2a} and of NM as the max{a — 1, ,2a}. Then, denoting

T, =inf{t>0| Z €dVy},
T, =inf{t > 0 | &I,,(0) € IV},
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Ty =inf{r >0 | &y (1) € OV},
we get that

Py lom > IN?] < Py [0 > IN?] < Py [7m > N7 (4.30)

x.y) X.,y)

because the larger the value of the parameter of the Poisson clocks the faster the process evolves.

Since, the processes &(I,,(-)) and &(I'y,(-)) have Poisson clocks with a parameter which is uniform on the triangle Vy, they now
can be interpret as a continuous time simple symmetric random walk. Tracking the movements of the particle that started at site x
and everytime the particles meet and are on top of each other we start moving the particle that jumps from the top of the other, we
can deduce that, for fixed ¢, there exists ¢, > 0 such that, for every 0 < e < ¢, P, [, > tN?] and Z,, ) [rpr > tN?| are both of
order i} Remark that, since we are taking a bounded interval of time [0,7N?], the number of meetings between the two particles,

v
when they get on top of each other, is finite, so the number of times that, eventually, we change what is the particle that we will
follow next is finite, guaranteeing that the process is well defined. From (4.30), we conclude that @(X,y) [r, > tN?] is also of order

5

4.3. Proof of Lemma 4.3

Developing the square in the expectation, using the symmetry of the integrating function on the square and applying Fubini’s
theorem, we get

t 2 t opr
E, v [(/ ﬁSNz(x)ds> ] =2/ / @), (x, x)dvdr, (4.31)

where, for x,y € Ay,
@0, 9) = B n [, 52 (), 2 ()] - (4.32)

Let us fix v € [s,t] and x € Ay. For every r > v and y € Ay, a simple computation shows that ?’,N (y) := ¢£’r(x, y) is solution to

0 ¥N(y) = N2 A PNy, if ye Ay,
YN =), (x.y), if ye Ay, (4.33)
vNO)=¥NWN) =0,

where, for every f : ZN — R such that f(0)= f(N)=0

aN2[fy+ D+ fy—D=2f@] if y & {I,N =1},
N4y f() = %Nz[f(m =S+ aN?[f2) - f(D], if y=1, (4.34)
LEN2[F(N) = f(N = DI+ aN>[f(N =2) = f(N - D], if y= N — 1.

Then the solution of the previous equation can be written in terms of the fundamental solution P,N % (x, ) of the initial value problem
(4.33) as:

N-1
NG =Y PN, DE N [, n2 0D, n2(2)] - (4.35)

z=1

Plugging last identity in (4.31) and using (4.3) and the fact that the occupation variables are bounded, we obtain

' ? topr N-1
E,~ [(/ '7nv2(x)dr> ] S/ / {P,I‘_’,UG(x,x)+ Z PNy, Z)R(,’\,}dvdr
’ y ¢ z=1

Z#X
t r
< / / {BY 0G0 + RS dvar, (4.36)

where above we used the fact that ¥ .es, P “¥(x,z) is (uniformly in time) bounded by one. To finish the proof we just need to
Z#X

estimate /; /sr P,]X’Ue(x, x)dvdr for x € {1, N —1}.
Let us define 15,1! ’f(x, y) the fundamental solution of (4.33) when A% = A" = 1. Remark that

N, y) 1= PNO(x,y) — PNO(x, y) (4.37)
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is the fundamental solution to
0,807 (x,y) = N241 g0 (x,y) + N2KNOBN Y (x, y), if y € Ay,
gl () =0, if ye Ay, (4.38)
g’ (x,0) =g’ (x, N) =0,
where
a(l = 1%) a(l—2r)
NY N?

Thus, PN (x,y) is a probability and since A%, " < 1, then kN6 pN9(x ) <0, and so, by the Maximum Principle, Theorem A.3, we
obtain

KNOPNO(xy) 1=~ PO, yix=1) - P9, N - DL(y=N - 1.

N0 N0 BN.0
[0, <0 <=  PII(x,y) < PLI(x, ). (4.39)

Using Proposition 4.7 presented in the next section we have that, for every 1 € [0,7] and x € Ay
N6 5N .0 N¢ 5N.0 N¢ 5N.0 :
PV (x,x) < PV (x, x) + (/17 - 1> P71, x) + <7 - 1> P7(N - 1,x), if0>0
and

N0 5N .0 .
P (x,x) < P"(x,x), if6<0.

Moreover, a simple computation similar to Lemma 4.3 of [1], relying in a comparison to the case # = 0 and A/ = A" = 1, shows
that for x € {I, N — 1}

BN e dwdr < V=
o o (x, Ddvodr S e

and by symmetry the same is true for | ! N BNO(x, N - 1)dvdr. From this we get that

t 2 Nﬁ
E,~ (/ ﬁ,Nz(x)dr> <m|t—s|+(t—s)2RfV.

From the definitions of R?v in (4.3) the proof of (4.5) ends. To conclude (4.6) we only have to observe that, by the definition of
d]’i,, (4.5) implies that

. (/t X 2 It —s| N <1 *(d%)* R (4.40)
N dy i, 2(x)dr> Slt—s + (t=s)°(d5y)°R5 . .
A AV NI=0ifg>1 NN

Since (% 2R, = N2-91(1 < 6) + X100 < 6 < 1)+ N?2(~1 <6 < 0) + L1(6 < ~1), (4.6) follows.
On the other hand, (4.4) follows once we prove that

t r
/ / (djgv)zNBf’rl‘_/bo(x,l)dydrs It — s|1+00,
s s

where §, is the same as in the statement of the lemma. To obtain this, namely the analogous of equation (5.4) of [18], we can

simply repeat the argument used in Section 5.2 of [18]. To this aim we remark that BN ;,O(x, 1) = P;(r’i ’S)(x, 1), where PSI’N ’O(x, y) is

the unique solution of the initial value problem (5.4) of [18] taking 6 = 0, i.e. fixed x € A, we have

0PN 00x,y) = N2AY PN Ox,y), vy e Ay.r>0,
P"NOx,00= PPN, Ny =0, >0,

P(,I’N’O(x, V) =6(x—y), y€EAy,

where A}\’; coincide with the operator Al}v when taking « = 1 = ¥ = A" and 8y(x) = 1 if x = 0, otherwise it is equal to zero. The
equality follows simply because they solve the same initial value problem, whose solution is unique.

4.4. Proof of Lemma 4.5
Recall that for u € [0, 1] we defined X(u) := 71 () and 1! (u) := e™'1};_, 1,(w). Here we will only give the details for the case

j = 0 since, for j = 1, the proof is analogous. By expanding the square, using Fubini’s Theorem and the definition of the density
field YN, we obtain

t 2 t s
2
E”N [(/ YSN(t(e))ds> ] == Z / / (pllfs(x,y)duds,
0 €N ceJo Jo
xJEAN
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where (pi‘fs(x, y) was defined in (4.32). Using the identity (4.35), last display is equal to

2 t
2N Z / / ‘I’m(x x)dvds + — / / (pf}\fs(x, yduvds
xeA;‘,f 0

ZN z / / ijf(x,x)E,,N[(nUNz(x))ZJduds+ = Z / / P’”’(x 2o (z,x)dvds (4.41)
Te
+2LN / / PNO(x, pE N[(nUNz(y))z]dUds+ —_— / / Pslzf(x, 2)¢ (z, y)dvds. (4.42)
€ zedy
z#y

y#v

We remark that, for every x € Ay, Y :eay PY2(x,z) < 1. Using (4.2), we can bound the rightmost term in (4.41) by
Z#X

2 2
Lz / / PN g(x z)(pN(z x)dvds| < 2 sup  max |(pjuv(x,z)| < t—,
Ne Edn € vel0.r) I eN

Z#EX
which goes to zero when taking N to infinity. Moreover, using (4.7), we can bound the rightmost term of (4.42) by

t s
% 2 /0/ Z PNe(x z)qo (z,y)dvds <N// max » |qo£](z,y)|dvds

0 zeay (EMEANXAY
z#y z#y

<€// <1+—>duds+o(%) (4.43)

<Ce+o(N)

where C, is a constant that depends on ¢. Since, in the last bound, the first term is uniformly bounded in N, this term will only go
to zero when taking e to zero.

For the remaining terms, since the occupation variables are bounded for every x € Ay, we can bound the first term in (4.41)
and (4.42) by

t N
N%z / / PN, 0B, (52 (x) 1dvds| S — Z / / PNO(x, x)dvds (4.44)
0 Jo

and

Nié // Z PNO(x, B~ [, 2 (1) dvd's <_ z // PNO(x, y)duds, (4.45)

y#x

respectively. The idea now is to estimate PtN 'g(x, y) using 13tN 'O(x, y), where P,N 'O(x, y) represents IP’[%”: e = y|3bV6 = x], where 3?//; N2

is the random walk defined in point 1. in the beginning of Section 4.1 in the case we choose § = 0 and 1 = A" = 1. To do this, we
will use the maximum principles of Appendix A. Inspired by the bound for PIN 9 (x,y) proved for > 0 in Lemma 4.2 of [18], we
will show the following estimates.

Proposition 4.7. Let {27 . :
let RN (x,y) be the transition probability for this random walk, i.e. for every (x,y) € VN,

PO,y =P U2, =y =PI, =y 2] =x],

t > 0} be the random walk on A with infinitesimal generator N 2A"N which was defined in (4.34) and

which coincides with the fundamental solution of (4.33). Denote by f’N 0 the transition probability of the random walk {5&”; w2 | > 0}

when we take 6 = 0 and A* = A" = 1. Then, for every t € [0,T] and (x,y) € Vy, for 6 >0,

N6 5N.0 N 5N .0 N 5N.0
P, ») < B (x,y)+<7—1>3 (1,y)+<7—1>P, (N -1y),
and, for 0 <0,
N6 5N.0
P77 (x,y) < P(x, ).
Remark that Proposition 4.7 is valid for every « € N, extending what was known for the case « = 1 and 6 > 0 to the case a > 2
with 6 > 0 as well as the case 6 <0 for all « € N.
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Proof of Proposition 4.7. Let # € R and fix ¢, € [0,T] and y, € Ay. Define the function h,’;’ ’30 : Ay — R to be such that, for
X € Ay,
N6 .\ _ pN# 5N .0
Y0 ()= P, yg) = BYO(x, yp),

and at the boundary we define it as

100 2 Ja

0 - 0 - i
hy O = (57 = 1) By and 1Y 0 (N = (3 = 1) BYON = 1,30) if 0 2 0

rN ) =nN? (NYy=01if 0 <0.

10,Y0 0:Y0

Using the fact that, for every ¢ € [0,T] and (x,y) € Vy, PIN ‘g(x, y) and 13IN ’O(x, y) are fundamental solutions of (4.33) for # € R and
for # =0 and 17 = A" = I, respectively, we get
N N _ n2ai 3 N.O
0=0,h}0 (x) = N2A\hNY (x)
aN?

+ (N? = 29PN, ypi(x = D+ (N = ANPNON = 1,yp)1(x = N - 1)] 1(0 < 0).

Since, for 6 < 0, % < 0 where j € {#,r}, then, by the maximum principle, Theorem A.2, if # > 0 and Theorem A.1 if 6 < 0,
for every x € 7,\,, we have that, for every 0 € R,
N0 N9 N
hive () < max{hY ) (0), AN (N)}.

This then implies that, for every ¢ € [0,T] and (x, y) € Vy,
- N - N -

PN (x,y) < BNO(x, y) + <7 - 1> BN, y) + <,1_ - 1) BYOUN —1,y), foro>0
and

P,N’G(X, » < f’,N’O(x, y), for6<0,
as we wanted to show. []

We conclude this section with the following auxiliary results.

Lemma 4.8. Let 6 < 1 then the following holds:

i. Forevery e >0andt €[0,T]

t N
limsup ) / / PNO(x, x)dvds S te . (4.46)
N-+ e 40 JO
xEAN
ii. For every e >0 andt € [0,T]
1 N
limsup ) / / [PNO0x, 1)+ PNO(x, N - Dldvds S te. (4.47)
N—+c0 erJ0 JO
xeAY

iii. For every p>1andte€[0,T]

t s
lim lim sup —— D / / PNO(x, x)dvds = 0. (4.48)
0 Jo

>0 Notoo e’N P
xeA,\’,

iv. Forany t € [0,T]

. 1 " sno

lim 1 B — P dvds = 0. .

mé im sup ~ X ng/o /0 oy (X, y)duds (4.49)
yEX

=0 Novyoo €2

v. Forany t € [0,T]

0 1 N _ ~

lim limsup 2 //PJX’O(x,l)+P,1X'?(x,N—l)dvds:O. (4.50)
>0 Notoo € “Jo Jo T Y

xEAN

We also note that the same results hold by replacing A;',f by AS/.

Combining Proposition 4.7 and Lemma 4.8, for any ¢ € [0, T] we have that

P 1 " N g 1 " sNo
hmhmsupw Z /0/0PS_U(x,y)dUds,Shrréhmsupw Z A P (x, y)dvds

=0 Notoo et €2V N-+oo el
x,yeAA', x,yeAA',

y#x y#x
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Z //[PN"(l ¥+ PNON — 1, p)]dvds1(0 <0 < 1) =0

Aef

and the same holds for AS;". With this we complete the proof of Lemma 4.5. Indeed, the previous observation together with Eq. (4.48)
imply that the terms on the right-hand side of (4.45) and (4.44), respectively, also go to zero when taking the limit as N — +oo
and then as € — 0, from which the proof is complete.

Proof of Lemma 4.8. To show all the estimates above recall that for every r € [0,T] and x, y € Ay we can explicitly write IS,N ‘O(x, ¥)
via the eigenvalues and eigenfunctions of the operator N 2A§V, see also Lemma 4.3. of [18]. Indeed,

BY= 3 e 0N oo ), (4.51)

IeAy

where for every x,y € Ay, v (x) = 4/ i, sin ( ) and AY = 4N?%sin (%) are respectively the eigenfunctions and eigenvalues of
2 4L
N-A N
We start with item i. For x = y after two times integration of (4.51) we get

// PNOx, x)dvds = Y Py(ad) 1) Z sin (ﬂ'lx)’
1

Aff EAN
where y(u) 1= &4 - 1+“ . We observe that, for every u > 0, |y (u)| < min{1, —}, then
212
Y fveitn ¥ Zsin? (BX) g Y S
i N I 2al?2 . 2 ( =l
€Ay XeA ey sin” { 75

Noticing that - is bounded for 0 < x <2 we finally have that

(x)

t
lim sup Z / / PNo(x x)dvds < lim sup Z 2te Ste.
el

2472 ~
N—+co N—+co n=al
XAy leAy

Now we prove item ii. Again we start with the expression (4.51) for y =1 and y = N — 1. We observe that, for every ¢ € [0,7T] and
X € Ay, since sin (%) = —cos (nl)sm( ) then

- - 2[1 —cos (xl)] _
P,N'O(x,1)+P,N'O(x,N— 1) = Z Me “IN’sin<”—lx) sin(”—l).
1€Ay N N N

Thus, integrating twice in time both sides above, we get

/ / BN, 1)+ PN, N — Dduds = Y Py(@aM 12(1 — cos (al)] sin<”—1) 3 isin(”—l").
Aef leAy N XEA;',{ N N

As before, using the expression of AIN we can bound the left-hand side of the last display by

721
4dte 4N2
272 . .
1Ey T G2 (%)

Using again that - 2 = is bounded for 0 < x < 2 we conclude that

4te
Ste.
an?l?

1 N
limsup " /0/0[ﬁSIX;9(x,1)+I5S’X;f’(x,N—1)]dvds§N1ir}rloo D

N-+oc0
xeAS! IEAY

Now we prove item iii. It simply follows from Egs. (4.46), (4.47) and Proposition 4.7. For every p > 1 we can conclude that

f[1+ N?]

No lirr(l)Nlim N if0<6<1

, -0 N—>+ - -

Jim i, m Z / / e . =0 (452)
lim lim if0 <0

e>0 N>+ ¢P—I N
Now we prove item iv. A simple computation shows that

e(N—
o =Y PPy 7Y gin (72
/ / PX_U (x,y)dvds = Z a“ty(ad; 1) Z sm( N )sm< N >

x.y=1 xy=1
y#EX y#x

s(N 1
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Trying to recover a Riemann sum from the right-hand side of the last identity, we can write

e(N-1) 2 ”lx 71'ly € €
z —sin(—)sin — =/ / sin (zlz) sin (zlw) d zd w (4.53)
SN2 N N o Jo
yEX
e(N-1) € €
+ él %sin(%)sin(%)— /0 /0 sin (x1z) sin (xlw) dzdw, (4.54)
y#EX

and we remark that

€ € € 2 2
1_
l/ / sin (zl2) sin (xlw) dzdw = - /sin(zrlz)dz _ (Lzcosxle)
2 Jo Jo ez \ Jo rle

Therefore,

N-
Z t y/(/th)/ / sin (z/z) sin (zlw) d zd w

mm{N—l.(é‘ﬂY1 } 1 —cos (nle) 2 Nl 1 —cos (xle) :
2 N - 2 N —
- Ryl (2 Py (—2 2 4.55
; w40 ( nle ) ,:m.n“g:‘(_ -1 vy < zle ) @

leN

For the leftmost term of (4.55): by a third order Taylor expansion of cos(zl/e) around zero, the fact that x? < \/§, for every p > 1
and x € [0, 1], also that I < (ex)™, i.e. zle < 1 and that y(u) < 1/u, then, for each [ in the above conditions, there exists & € (0, zle),

such that
min{ N—1,(ex)"!} 2 min{N—-1,ex)"!} 5
1 —cos(xle rle
2y (M) <#> = E Py (N <”Tl€ — cos (é‘,)( ) >
=1 nie =1
min{ N—1,(ex)~!}
S _N rle

=1 ]
-1
T
~ \/— Z (”1)3/2 sinz (”_1) ,S t\/z.
2N

For the rightmost term of (4.55), for ¢ > 0 and close to zero, for N € N sufficiently large, we have that min{ N —1, (ex)~'} = (ex)~

and therefore

N-1 2 N-1 N-1
1 — 1cos (nle) t 1 \? t 212
2 N
Y Puen (FE) s ¥ K () = Y s
I=(ex)~! I=em-1 M I=(ex)~! 4N?Z sin (2_>
IeN IeN IeN
— ———
<5
N-1 ; N-1 .
< _r < 3-5 LS B
~ Z T4 e2 5 (em) Z o418 2 Ste s
I=(ex)~! I=(ex)~!
leN leN

where 0 < § < 1. Putting these estimates together in (4.55), we finally obtain that

N-1 e re
% Z tzyz(/lth)/ / sin (zlz) sin (xlw) dzdw S tmax{y/e,e' %} — 0 as N — +oo and then ¢ — 0.
€ =1 o Jo

Finally,
1 N— e(N-1) 1 I
e_2 ;ll[/(,’[NI) A;I msm(’i\] )sm< > / / sin (zlz) sin (zlw) d zdw
yEX
N-1 20 e(N-1)
< iz ;2 = Z %sin(”—lx>sm< > / / sin (xlz) sin (zrlw) d zdw
= (=D 4stin2(”—1) o N N
2 YEX
———
<5
N-1 e(N-1) € €
1
< % Z’ lz X;I 62;{2 sin(%)sin(%) _eiz/o /0 sin (zlz) sin (rlw) dzdw)| .
yEX
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To finish the argument, it is enough to show that

N-1 _ |e(N-1)

lgrgllmsup g [12 Z 62;\[2 sm(%)sm <7;V > / / sin (xlz) sin (rlw) dzdw| = 0. (4.56)

N—=+c0 x.y=1
y#x

A simple computation shows that since

//sm(zrlz)sm(nlw)dzdw—

and sin(x) is a Lipschitz continuous function, then, for every / € Ay,

N-1 _ |e(N-1)
]
lz 2 62;{2 sin (”—;]x) sin <” y) / / sin (zlz) sin (zlw) d zd w

=1 xy=1

e(N 1) xl
/ / sin (zlz) sin (rlw) dzd w,

x,y=0

~

yEX

NoD | e ) ; . aw-n o ,
= Z 5|z . /L [sin(ﬂ;v—x>sin<7y>—sin(;rlz)sin(n:lw)] dzdw — Z mSin2<%x>

I=1 xy=0 “ N N x=1

N-1 _ e(N-1) ! 2
< 2 sin(”—lx>—sm(7rlz) dz+ Z—

I2e x N 6eN
I=1 x=0 N
N-1_ eN-1) ,xtl )
N log(N

<y 2= 2o )dzH IS EN) L L has N = +oo,

= le for RS N 6e N N eN

which proves (4.56).
Item v. For the final estimate we observe that the result immediately follows from (4.47) when 0 < 0. For 0 < 6 < 1 the idea is
to improve the estimates done in (4.47). Indeed we can write

/V‘9 SN0 N0 1 t t 1
- < — —<
2 / / YOG 1)+ PYDGe N = Ddvds S — [EZA“N — S waoR [EZA',N — PR

where in the first bound we used the same reasoning of item ii. and that sin(2x) = 2 sin(x) cos(x) while for the last one we used that
I < N. The result follows again by considering the limit as N — oo, since 1+ (1 — 6)/2 is bigger than one the series converges. []

5. Results on occupation times

In this section we collect some of the results that were necessary regarding occupation times of all the random walks we used
in the article. The proof of our results uses an artifact that consists in comparing our random walk with another one for which
explicit results are known. To that end, in the first subsection below we make a comparison with an absorbed random walk and in
the following subsection we make a comparison with a reflected random walk.

5.1. Comparison with an absorbed random walk

Lemma 5.1. Recall the function ij defined in (4.16). Then, for every (x,y) € Vy

Lane vy + #n«x,w eUy+ N—”, ifo <0,

Ty s
—]l((x NEUN+ 37 ]l((x YeEUN)+X, ifo>0,

N3 ’
where Uy = {(x,y) €EVy | x=10ory=N—-1}.
Proof of Lemma 5.1. To prove the result we will use the random walk (% ;¢ > 0) generated by the operator (4.10) with the

choice 4 = A" = 1 and @ = 0. Denote by ? the expected occupation time of the diagonals @* by that random walk. A simple
computation shows that 9 (x,y) is the solutlon of

N2AY P (x,9) = =6,y i (x,9) € Vy
PR (x,y) =0, if (x,y) € V.

where A " is the operator defined in (4.10) with the choice A = 2" = 1 and 6 = 0. Solving explicitly the previous system of linear
equatlons we obtain

_ WNe-px )
TN = N -~ IN@N =D = &1
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and therefore

1 1
omax Ty S —, max A N-DS 5 and  max Fy(Ly)$ 17 (5.2)

Now, let us consider the function
Wi (x.y) 1= Th(x,y) — P (x.3) + Ciy(x, ).

where C}, is given on (x,y) € V y by

) 0
C;V(x, y) = (}/]\i 7 - 1) min sgn(0)<7‘ (z, w)L((x,y) € V).

(z, w)eV

Recall the expression of 2\] given in (5.1). A simple computation shows that

AN-IN2DUN/2D=N “5¢ /2 — [N /2] < [N/2] = N/2, (choosing in (5.1) x = y = [N/2]),

max T\ (x.y) = 2(N—[2NN/22(1‘1>£T;/)21>—N
(onEVy T Nan—y o if N/2—=[N/2] 2 [N/2] = N/2, (choosing in (5.1) x =y = [N/2]).
and
1 L
R, —— (choosing in (5.1) x=1,y=N —1).
(Xryr)ner}/N (x,y) = NN -1 ( gin (5.1) x y )

Recall that T}, is the solution of
NZA"NT‘ (X, ¥) = =6 ,rt1> if (x,y) € Vy,
Ti (x,y) =0, if (x,y) € V.
Then, a simple computation shows that W]i, is solution to

N2A Wi (x,9) + (N28ly = N28Y) ) P, + N34, Cly(x,3) = 0, i (x,9) € Vi, 53
Wi (x,y) =0, if (x,y) € oVy,
A simple computation shows that for every (x,y) € Vy
(V24 =243 ) Py ) + NP4, Cly . 9)
13 r
=(l+1(y= x))N2<a[l - ’1—] P pLx=1) + a[l - ’1—] P, N=Diy=N - 1))
2 A x i i
F (410 =x)N (—c a, y)]].(x—l)+—C (6, N = D1y = —1)).
Observe that the unique solution f of
N24i f(x,y) =0, if (x,y) € Vy,
f(x,») =0, if (x,y) € IV,
is f(x,y) =0 for all (x,y) € VN. Moreover, from the definition of Cziv’ for every (x,y) € Vy, it holds
(NZA;V - NM%")%@:, )+ N24i Cl(x, y) <0.
Therefore, W,’\, is the solution of the initial value problem given by

240 i :
N4 W (x,y) 20, if (x,y) € Vy.,
WI{](X, » =0, if (x,y) € oVy.

Applying a version of the maximum principle for discrete elliptic operators that are Markov generators, i.e. Theorem A.1 below, we
get for every (x,y) € V y that W} (x,y) <0, i.e.

Th (x.y) < Py (x,y) = Ciy(x. )

0 .
T L y) € UN) + #Jm,y) Uy + 5. ifo <0,

9
—]l((x NEUN+ 57 ]l((x y)eUN)+ N if 6 >0,
where Uy = {(x,y) € Vy | x=1o0r y= N —1}. This ends the proof. []
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5.2. Comparison with a reflected random walk

Lemma 5.2. Recall (4.24). Then, for every t € [0,T],

max TN(xy)<t+l.
()EVN\DN

Proof of Lemma 5.2. Recall that {:%f, N2 3 t > 0} represents a two-dimensional random walk on V) that jumps to every nearest-
neighbor site at rate a, except at the diagonal % where it jumps left/up at rate « and right/down at rate « — 1 and moreover, it
is reflected at 0V . Let E(x,y) denote the expectation given that 2,y starts from the point (x, y). From Dynkin’s formula, for every
function f : V5 — R and for every (x,y) € Vy\Yx,

0=Eppy [MY(N)] =B,y [f (Zino) = 1(20) - /0 N 1P (5.4)
where @}v is, as defined in (4.12). From (5.4) we get

L [ /0 N, Nz)ds] < mas (/)= f(@).
For the choice f(x,y) = —(x — %)2 - (y—-(N- %))2, a long but elementary computation shows that for every (x,y) € Vy:

—4aN?, if |x—y| > 2 but (x,y) # (1, N - 1),
—2aN?, if (x,y)=(1,N = 1),

N2Cy f(x,y) = N22N —4a -2), if [x—y| = 1,

4aN*(N -2), ify=xand y,x# 1,N — 1,

2aN22N -7), ify=x=lory=x=N — 1.

From last display, we conclude that
iy [/Ox NZQ:Nf((%Nz)ds] = N22N - 4a - 2)/(),1”{*:(&” [1( 202 € D3] s
+ 2aN2(2N - 1)/0’1%,” [1( 252 € D\l D,V = 1N = )] ds
+ 2aN2(2N - 7)/t (Beem [1Z0n2 = )] + By [1 205 = (N = LN = 1)] ) ds
- ZaNZ/Ot]E(X,y) [1(2 52 = (1.8 = 1) ds - 4aN? / B [ U2 n2 € 6] ds,
where €' = {(x,y) € Vn | Ix—y|l =2 and (x,y) # (1, N — 1)}. By noting that the time integral of the rightmost term in the first line

of last display is equal to TN (x,y), we conclude that

4aN2(N -2)
N2(Q2N —4a —
2aN2(2N —17)
" N2Q2N —4a-2)

2aN? .
+ N2(2N 40,_2)/ B [ U2 = (LN = )] + 2B [U 22 € )] ) s

TNy < - 2)/ B [UZ w2 € ZW\IALD.(N = 1N = D)])] ds

JE(W) [1(3&”5,\,2 e {11, (N-1,N — 1)})] ds

m ZT,{I&X {f(2) - f(w)}.

For N > 2a + 1, since the first two terms of the last bound for ]~",N (x,y) are negative, we have that

2 2 2 2
oo {3) (oo va§) = (5) - (-v ) )

NZ(2N —4a-2)

max TN (x,y) S
(x.»EVN

Z/\

LA
N
+1
N - o
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Appendix A. Maximum principles

Theorem A.1. Let & be the Markov generator of the continuous time Markov chain {X,},5 and denote by (&) its domain. Let 2 be a
discrete set with a non-empty 0. If f € Y(S) with domain £ is solution to

Ef 20in Q,
F(x) =0 in 0L,
then f <0in Q.
Proof. Let f be the solution of
&f =hin Q,
f(x)=0in 0,
with A > 0 in Q. Then, given the stopping time r,, = inf{t > 0 | X, € 02}, f can be represented, for every x € 2 U dQ2 by

() =-E, [ /0 o h(x,)dz].

Since A > 0 in Q by assumption, the result is a simple consequence of the previous formula. []

Theorem A.2. Let A be a finite set. Define .%(A) as the set of functions f : A — R. Consider a connected graph (A, E) and define the
non-empty subset of A, that we denote by dA, that is the set of vertices with degree one. Let & : F(A) — .%(A) be an operator of the form

Efm=Y, cndOIf &~ fnl,

(EnleE

where c(-,-) is a positive function. If there exists f € F(A) solution to &f =0 in A\0A, then

rxneajcf(X) < max fw) and gleigf(X) > u“élarh fw).

Proof. We prove the maximum case, since, to obtain the minimum, we only have to take g = —f and the result follows.

If f is constant, there is nothing to prove. So, assume this is not the case and let us proceed by contradiction. Since A is finite,
if f was such that max Avoa f(X) > max,eoq f(W), then there would exist y € A\dA such that f(y) = max,c, f(x) and f(y) > f(w)
for all w € dA. Then

0=Ef= Y c@OfE-f (A1)

{&y}eE

and, because ¢ > 0, (A.1) imply that

1
max f(x)=— 3 c(n&f (@) (A.2)
e 9 (eveE
where a, = Y. \cpc(y&). Since the left-hand-side of last display is a weighted average, in order to an average to attain the

maximum of a function, then all the points have to be equal to the maximum value. This means that, for all the vertices that are
connected to y by an edges, the maximum of f is also attained there. Repeating the argument now for this vertices, we obtain
that, for all the vertices that are connected to them by an edge, the maximum of f is also attained there, and so on. Because G is
connected, we know that for every two points of the graph there must exists a path that connect them. Therefore, by the previous
reasoning, we showed that the maximum of the function has to be attained in dA, which is a contradiction. []

Theorem A.3. Let & be the Markov generator of the continuous time Markov chain { X /}1>0 and denote by D) its domain. Let Q be a
discrete set and 0§2 a non-empty subset of Q. Let Q = Q\oQ. If f : [0,T]1x 2 — R is a function that it is differentiable in time and that is
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solution to

0,f <&F in (0,T)x L,
f(t,x)=01in[0,T] x 082,
£(0,x) = fo(x), in 2,

then f(y) < max, {0, fo(x)}, for every y € [0,T] x Q.
The proof of the previous theorem can be obtained by adapting the proof of A.1 for the time-dependent case. It is a simple
combination of Feynman-Kac’s representation of the solution to the problem
0,f =&f +hin (0,T)x 2,
f(@,x)=0in [0,T] X 0£2,
f0,x) = fo(x), in 2,

where the function 4 is non-positive.
Appendix B. Details on the Chapman-Kolmogorov equation of qof’ , when a >2

For completeness we perform here some standard computations regarding one and two-point correlations, used in the proof of
Proposition 4.2. For every (x, y) € Vy, we have

0,0 (x,9) = E,n [N* Ly (52 (il 52 (0))]
=E,v [N?L (1,52 2 )] = o DE, 8 [IN2 L1152 ()] = pN OE v [N? Ly 1,32 (D)),

by the forward Kolmogorov equation and the linearity of &, . It is worthy to compute E, ~ [ZnH)n(y)] and E,~[£xn(x)] (resp.
E, ~[£nn(y)D. We start with the latter. The action of the SEP(a) generator £, on the one-point correlation function is

Znn(x) = aln(x = 1) = n()]1Lx # D + aln(x + 1) = n(0)]1(x # N - 1)

4 r
B —n] 16 = D+ S =V - D] 2= N - 1),

for x € Ay. Similarly for x,y € A the action on the two-point correlation function can be conveniently written as

L) = n(x)Lyn(y) + nMExnx) + I (n(x),n ) , (B.1)

where

2 o= (1] + A8 (a — pf ]+ aln(1) + 1)1~ 20(Dn(@) for x =y =1,
aln(x = 1)+ 2n(x) + n(x + D] = 2n(x)[n(x— 1) +n(x+1)] fory=x#1,N -1,
2n()n(y) — aln(x)n(y)] fory=x+1,
rnG,nom=y . aN-1)
Srla=n(N = DI+~ [a = o1+

a[g(N — 1) + n(N —2)] = 2(N — Dy(N —2) forx=y=N -1,

0 otherwise.

Appendix C. Extention of (ptN to the diagonal

The role of this section is to give two different approaches in order to extend the value of the correlation function to the diagonal
Dy . We first start with an approach based on stochastic duality, while for the second one we use an analytic approach based on
degree two functions.

C.1. Stochastic duality
Based on properties of duality (see [6] for a survey on duality results for several boundary driven interacting systems), we show

how to extend ¢! to the diagonal Dy. It is well known that the SEP(a) with open boundary has SEP(«) with absorbing boundary
as its dual process with duality function D : 2, x .Q‘,’\;‘“l — R given by

D) = | f]ﬁ(O)]ﬁ AN = ALy 1y > o)) [7]7N y
" ’ o ) = A0o]le! nx)zn 4 , |
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for every (n.4) € Qy x Q4', where Q44! = (NU {0}) x {0, ...,a}* x (NU {0}) is the state space of the absorbing dual process. If
we now take 4 =46, + d, in (C.1), we have that

E,v [n(x{;g(y)] Cif y#x

E ~N[D(-, 6, +6,)]= (C.2)
" o @@= e _
E,~ [%] ,if y=x.
A simple computation shows that in fact (ptN (x,y) as defined in (2.23) for x # y and in (4.18) for x = y satisfies
(/J,N x,y) = 0!2(1E,,N [D(nn2, 65 + 61 = E, N [D(, 52, 6)IE, N [D(,6))]) - (C.3)

In other words, the function (ptN (x,y) can be written in a natural way in terms of the duality function (C.1) without distinguishing
the case x = y.

C.2. Degree two functions

Now we show an analytic argument to choose the extension of gV to Py as in (4.18). In this subsection, for simplicity of the
presentation, we neglect the boundary dynamics of the process and we explain the argument for the bulk dynamics. The general
case, follows from adapting the ideas we present here.

Let us call " the extension of ¢ to Zy as E, v [(fi(x))?], i.e. for every (x,y) € Vy

oM (x,y), if y#x,
E, v [@())*], if x = y.

@ (x,y) = ©

For @ = 1 and since 5(x) € {0,1} then there is no need to extend the correlation function to the diagonal &,. Moreover, the
Chapman-Kolmogorov equation for ¢ is very simple as we saw in (4.13). Nevertheless, if « > 2, the Chapman-Kolmogorov equation
for <7?,N is not as simple. In fact, &;tN is solution, for every (x,y) € Vy to

0,@) (x.y) = N>y oY (x.y) (C.5)
+N2{2pN e, x+ D= g e x+ D} Ly =x+1) (C.6)
= N2 {4eN 6, x) = 7N e, x + D+ 7N x = DI Ly = x), (W)

where the operator jﬁN is the generator of a two dimensional random walk that jumps to each neighbor at rate «, apart when it is
on the diagonal &, that jumps at rate « — 1 to each one of its neighbors, i.e. for every function f : ¥ — R such that f(x,y) =0
if (x,y) € 0Vy, and for every (x,y) € Vy,

alfx =1, )+ fx+Ly+ fx,y—D+ fl,y+ 1) =4fx, 0], if [x-y[ 21,
SN S (x,y) =
20— D[f(x=1Lx)+ f(x,x+1)=2f(x,x)], if y=x,

and, for every (x,y) € Vyy such that y # x,
PNy = pNla = p¥ 1+ oY Wl - pN (0.

Since we have different signs for the extra terms that appear on the upper diagonal 9}*\, and main diagonal 9y, i.e. (C.6) and
(C.7), and also they are not uniformly bounded in N, we observe that the argument used for the case « = 1 cannot be applied
directly here. This motivates us to redefine the function on the diagonal values in such a way that it becomes the solution of an
equation with a similar structure to (4.13). As we will see below, that function is exactly the function (pIN defined in (4.18).

We now observe that we can rewrite (C.5), (C.6) and (C.7) as:

0N (x,y) = N>y aN (x,y)
“ N2 20N () + 20N (x+ Lx+ D+ 7N o x+ D1y =x+1) (C.8)

- N2 {43N (x,x) = 7N eox + D + 2V (e, x = DI 2y = x),

where %, is the operator given, for every f : V5 — R and (x,y) € Vy, by

alfx =1L+ fx+Ly)+ flx,y=D+ flx,y+ D —4f(x, )] if [x -y 22,
~ alf(x—1,x+ 1)+ f(x,x+2)=2f(x, )]
T f(x.y) =
+a—-Dfx+Lx+ 1D+ f(x,x)=2f(x,x+ 1)), if y=x+1,

20— Dfx—Lx)+ fx,x+ 1) =2f(x,x)], if y=x.

34



C. Franceschini et al. Stochastic Processes and their Applications 178 (2024) 104463

With this new choice of operator acting on &}, we have corrected the sign problem but now the equation on the diagonal @']*V is
no longer closed for (pIN , i.e. the extra terms we get in (C.8) also depend on Fp,N (x,x) and (pIN (x + 1,x + 1), which are terms of the
diagonal Z,. Also, even though on the main diagonal we have a closed equation for @Y, the extra terms that do not depend on
@ are non-negative.

This motivates us to take as a candidate for ¢! a function of the following form:

@) (x, ) = CpN (x,y) + B, [N )11y = x),

with f,N (x) := An(x)*> + By(x) + D (where A, B, C and D will be chosen later on). This choice is due to the fact that, since £y
preserves the degree of functions and we want to obtain a system of equations for degree two functions, then the function fN(x)
should be of degree two.

With this new definition we have

0,0 (x,y) = N2 Al o (x, ) + hy(x, y),
where N 2A"N is the operator defined in (4.10) considered without the part that involve boundary terms and

h(x.y) = —C[VipN OPLy=x+1)
= N?[(@ = DA = CI[E,, [n(x)*] + B, [n(x + D’y = x + 1)
- N?{[(@ = DB +aCl[pN () + pN¥ (x + D] + 2(a = DD}L(y = x + 1)
+2N?*[(@ = DA=Cllp] .x+ D+ @] (x = 1L.x) + (o) (x + 1) + pY (x = )N )]y = x)
+aN*{([B+C+ AllpN (x = D)+ pN (x + 1) + 2p" ()] + 4D} L(y = x).

We observe that, since we want 4, to not depend on (pfv , then it cannot depend on E, N [#(x)?] nor on E,, [n(Gx+ 1)?], meaning that
the second and fourth lines of last display have to be equal to zero. Then (¢ — 1)A-C =0, i.e. A= % We can then simplify &, to

h(x,y) = -C[VEipN 0Py =x+1)
= N?{[(@ = DB +aCl[pN () + pN (x + D] + 2(a = DD}L(y = x + 1) (C.9)
+ ﬁNz{[(a —DB+aCllpN (x = D+ pN(x + 1)+ 2pN (x)] + 4D}1(y = x). (C.10)

Now, by the fact that we want 4, to be uniformly (in N) bounded, from (C.10) we need D < 0 and (a« — 1)B+«C < 0, but from (C.9)
we also need D > 0 and (¢ —1)B+aC > 0. To make these two requirements compatible, we finally obtain that D = (¢ —1)B+aC =0,
iie. D=0and B = —:—Cl. This implies that &,(x, y) = —=C[V}, p} ()]*1(y = x + 1). We impose that C > 0. For simplicity, we will take

C =1, and this coincides with the definition of (pf" from (4.18).
Appendix D. Proof of Lemma 4.1

The proof of last lemma follows exactly the same steps as in the proof of Lemma 6.2 of [18], which was done for the case 6 > 0.
For completeness and convenience of the reader we decided to present it here with the necessary adaptations to accommodate the
case 0 < 0. In fact the proof we present below works for any # < 1 and we note that the proof for § > 1 follows exactly the same
steps as the proof of Lemma 6.2 of [18]. Assume now that < 1. The idea of the proof is to find a sequence of functions {¢y}y,
such that ¢ (1, %) is close to pIN (x) with an error of order O(N~"). Therefore, we consider a sequence of functions of class C* in
space and for that we need to restrict to initial profiles p, of class C®. To this end let {¢y(,u)} y», be the solution of

0N (tu) = ad>py(t,u), fort>0,ue(0,1),
0,hn(t,0%) = pf(dpy.0T)—p"), fori>0,
10,08 17) = p (0" — Py, 17)), fort>0, (D.1)
N 0) = p7, PG D) =4, for 1 >0,
OonO,u) = gy, uel0,1],
where, for j € {¢,r}, we define ;4;\, = le_f/,u’ and gy is a function of class C® and that satisfies (H3) and (H4). Repeating the proof

of Section 6.4 of [18], we see that ¢y € C'*, which is a consequence of the fact that the initial condition of the equation above is
of class C% and ¢ satisfies (D.1).
For x € Ay, let yN (x) := pN(x) — ¢ (1, =). A simple computation shows that ¥V is solution of

{O,ytN(x) = (N2 Ay )+ FN(x), x€eAy, 120, 0.2)

YO =0, yN(N)=0, 120,

where 4, was defined in (2.18) and FNx)=(N ZA;V — ad®)py(t, %). Since ¢y (1, ) is sufficiently regular, we are done if we show
that |ytN (x)‘ pS % From Duhamel’s formula, we have

1
N _ N i N i
PN = B o+ /0 FN(X ) ds),

35



C. Franceschini et al. Stochastic Processes and their Applications 178 (2024) 104463

where {X ; s > 0} is the random walk on 71\, with generator A, absorbed at the boundary {0, N} and E, denotes the expectation
with respect to the probability induced by the generator 4), and the initial position x. Therefore,

t
E, [/0 FN ) ds] | (D.3)

sup max |le(z)| < max |yév(x)| + sup max
>0 XEAN XEAN >0 XEAN

From (H4), we have that
1
N = Nix)— gn(2)] < —
Jmax 7y GOl = max loy () = en (PSS -

Then, it remains to analyze the rightmost term in last display. Note that

E, [/O’E”_’S(Xﬁm)ds]‘ S/Of > R [X =Y @l as 0.4

zZEAN

Since ¢, € C*, then FN(x) $1/N? for x € {2,..., N —2} and for any > 0 and last display is bounded by

C 0 N
=+ Y )]EX[/O I{X‘Lszk)ds]ﬂF, w)l. (D.5)

ke{l.N-1

Last expectation is the average time spent by the random walk at the site k until its absorption. This is the solution of the elliptic
equation

—N2ATN (x) = 6,4, VX € Ay
with null Dirichlet conditions TV (0) = 0 and TV (N) = 0. A simple computation shows that
N° ; ;
TV = 15 |-atyx+ By
where

; Yy ; 1 2N
Al = and B, := —(1 —( ——)A’ N").
N T (N —2) + aNOGe + A7) N T e *TNe )N

0
From this it follows that MaX,e 4, ITN(x)| < % Now we analyze max;g(; y_1} IF,N(k)l. We do the proof for the case k = 1 and we
leave the case k = N — 1 to the interested reader. Note that

FN(1) = (N24), — ad®)p (1, +)
aN Gyt 2) = St 1))+ aN> 4 (py (1,0) = Py (1, 1)) — @iy (1, 1)

Now we use the regularity of ¢ and make a Taylor expansion to get

FN(1) = aNd by (1,00 + O(1) + aN20 3 (¢N(t, 0) = (1,0%) — %@@N(n 0+)) +O(NY).
If we now use the condition
aN(l - JfI—Z)auqu (1,0%) = aN>03¢ (¢N (1,0%) — dn (1, 0)),
which (by noting that ¢ (z,0) = p*) coincides with 9,¢(z,07) = ;/];](q.') ~(&,0%) = p¥), then we obtain
sup |[FN (D] S 1+ N79.
>0

Putting all the estimates together we find the bound for (D.3) given by

sup max | N(x)|<l+N—G+L
,nge/x,, Y ~N N2 N2

from where the proof ends, since 6 < 1.

Remark 1. We observe that, for each N € N, the stationary solution of (D.1), that we denote by ﬁy/ , under the assumption that
N

A =} := 4, is given by

A A+l (o = phu
= NN . (D.6)

pj(w: - -
iy 24y 244y
So, taking gy = ﬁuj + f € C°® where f isa cz[0,1] function, we have that gy satisfies (H3). Indeed, using (D.6) and the definition
. N
of u},, we get that
(N’ =" +p)+ Nap' N —pu
2N — )+ NA 2N — )+ NA

ﬁuiv(u)= = Nayu+by.
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Therefore, because f has compact support, we have that
Oyan ()= 0;p, (W),

for u € {0,1} and k = 0, 1,2, 3. Moreover, if we restrict pO to be such that Py N(x) = N (%), then (H4) is trivially satisfied and we
can find y which satisfies (H2). Indeed,
o+ (" = phu, if6 <1,

2040 | A(pz Duirg =1,

P”{V(M)m plu) := o

LAV I

where the limit is taken uniformly in u. Taking y = g + f we have that
1 N X 1 _ X _( X ) _ _
— -r(=)|== (=) -5(=)|< s i (u) — pu)| ——
v 2 o-r(F)=5 X 1o (F)-2(F)|< 2om 19, 0= sl 0
x€AN XEAN u€l0,1]
and so (H2) is satisfied.

Appendix E. Replacement lemma

For a configuration # € Q and x € Ay we define the translation by x of # as (z,#)(y) = n(x + y). Recall (3.8).

Lemma E.1 (Replacement Lemma). Recall from Proposition 4.4 the definition of A%, Ay Fix x & A and let ¢ : 2y — R be a function
whose support does not intersects the set of points in {x + 1,...,x + ¢N }. Then for any 6 € R and for any t € [0,T], it holds

lim lim E,~ D/ (p(rxn) Aen2(x) — LéNJ(x)>ds|] =0. (E.1)

e—>0 N—=+oo

Ifx¢ Ag’f and for ¢ : 25 — R a function whose support does not intersects the set of points in {x —eN,...,x — 1}, the same statement
holds replacmg ;1[‘ J(x) by ﬁl‘N T,

In the case ¢ = 1, the last result was proved in Lemma 4.3 of [13] but for sake of completeness we give here a sketch of the
proof of the more general result stated above, by following the strategy of the proof of the Lemma 4.3 of [13].

Proof. Our starting point is to change the measure uV to a reference measure, which in fact should be the invariant state of
the system that we do not know, but instead we consider another suitable measure that we define as follows. To this end, let
o : [0,1] = (0,1) be a Lipschitz function, bounded away from zero and one, and let

N a—n(x)
) :—H< )>(< )) (1—0(%)) E.2)

be the inhomogeneous Binomial product measure of parameter o(-).
From the entropy and Jensen’s inequalities, the fact that el*l < e¥ + ¢ and that for sequences of positive real numbers
(ay)n-(by)y it holds

lim sup % log(ay + by) = max {hm sup N log(ay), h]rvn sup ~ log(bN)}

N-oo N-co

together with Feynman-Kac’s formula, the expectation in (E.1) is bounded from above by

B0 |, {=o@mne =7 @), Ny + 5@V D}
BN fdengity AL 1 ’ V(QI-) B N ’ V(li\(-) ’
where B > 0.

Now we note that a bound on the entropy can be obtained as H(u™ |VZ,\([A)) < N, see for example beginning of Section 4 of [13].
Moreover, we can use the estimate N2(% N \/7 s \/7 ),~ given in Lemma 4.1 of [13] (where the parameters e.y, 6, § there have the
correspondence given in (2.1)). Putting this all togeth‘gr, we get that the expectation in the statement of the lemma is bounded from
above by a constant times

1 _FleN] _Np, 1
g+t LstoEnae -1 M@,y -Gy VD) + gy

where

ur VI = Dy (V) + DI + Dy V1)

Vo) Vo)
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with

2 o e — 2
D'y VD) —/ [i o) (Vrao-vim) + M{ﬁ(n‘”)—\/ﬁm} ]dv

0
Yot) N

Dbulk(\/—) _ Z Dxx+l(\/_)+Dx+1x(\/?)

x=1 o() o()
N-2 P
= /Q nola = n(x + 1)]{\/7 ) =/ f (n)} vy,
x=1 N
N-2

2
+ /Q e+ Dl = Gl { V7o =V} avy)

x=1
and the definition of D’ (\/_ ) is analogous to the one of Df (\/_ ) by replacing 0 and 1 by N and N — 1, respectively, and also
Yo
? and ¢’ by 4" and ¢’, respectively. We are now left with estlmatlng

(@(zm(n(x) — 7N (x)), 2y

for every f density with respect to v(f("). Note that
1 x+leN] y-1
(@(zmn) = TN o), S, 2 2 () =0+ Do, Sy .

LSNJ y=x+1 w=x+1

Since

([n(w) — n(w + D] p(z,n), f>%

= % / [n(w) = n(w + DI @ L ) = f 0 D1dv -
Qn

+ % / [n(0) = n(w + DI (ML) + £ D1V s -
QN

making a change of variables  — & = 7+ in (E.4) (and noting that the support of ¢ does not overlap with the set of points where
this change is done) and splitting the state space £, as is done in Lemma 4.3 of [13], we get

o(%)i-o()
ey

Since o(-) is Lipschitz and bounded away from zero and one; the occupation variables are bounded and f is a density, the last display
is bounded from above by a constant times ‘0 ( wtl ) 0 (%) ‘

Since n(w) —n(w+ 1) = ; n(w)[a = n(w + D] = n(w + Dla — n(w)]) and x> — y* = (x — y)(x + y), we get that (E.3) is equal to

E4) =3 [ 1w -+ Dot 1 - Fpdvy.
QN

i / n(w)la = n(w + VgV F ) = VIO NN F o)+ Vr o avy,
Qn
(E.5)
— [+ Dl = @l mVT @) = VFmIVT @) + v mlaydvy,

2a QN

Using Young’s inequality and then that (x + y)> < 2(x? + y?), we can bound (E.5) by
L — _ w,w+1y72 N
i /Q e =+ DIV ) =V HPavy
+ 21 / n@w)la = n(w + DI @@ Lf () + [0 Hldvy
a Jay

+ o [ Dia = @IV - VTP,
alA Jo, o

+ 2A n(w + Dla = n@) @@’ 1f @) + ()@, ) dv)y.
o QN

where A > 0 will be chosen later.
Putting together the previous bounds, we get that (E.3) and (E.4) are bounded from above by

Dl w+1,w w+1 w
p()“(\/_)+D o (\/_)]+A+|o( ) o(—)(. (E.6)

(@ nw) — 1w + D], Hx <+
o() N

A
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From this it follows that

x—1 y—1
i_Lé;VJ Z z<[’7(MJ)— n(w + D] [a — n(x + 1], f)N __DN(\/_)
y=x—|eN] w

N

_1 3 5 1 w,w+1 w+1,w N
[eN] NP [ﬂ |:Dv£(]') (\/?)J“Dv;{) (‘/7)] - ED%(\/?)

y=x—|eN] w=x

x—l
AN () -o(3)]

x—|eN | w=x

sﬁ N(\/_)+A€N+[}VJ z Z‘ (w“)_‘)(%))'

y=x—|eN| w=x

Choosing A = % and using the fact that o(-) is Lipschitz, then

i [| oo a0)o 5 5 + [

Finally, taking the limit ¢ — 0 and then B — oo, we are done. The proof of the other average to the left is completely analogous
and we leave it to the reader. []
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