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Abstract

We develop a time and space-dependent predator—prey
model. The predators’ equation is a nonlocal hyper-
bolic balance law, while the diffusion of prey obeys a
parabolic equation, so that predators “hunt” for prey,
while prey diffuse. A control term allows to describe
the use of predators as parasitoids to limit the growth
of prey-parasites. The general well-posedness and sta-
bility results here obtained ensure the existence of opti-
mal pest control strategies, as discussed through some
numerical integrations. The specific example we have
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1 | INTRODUCTION

We consider the following mixed system on R"
a[u+V‘(uU(t,w))=f(t,x,w>u+q(t,x) (1)
ow—uAw = g(t,x,u,w)w,

where u = u(t, x) and w = w(t, x) represent, respectively, the predator and the prey density at
time t € R, and position x € R". We remark that in the vector field v the dependence on the
prey density w is of a functional nature thus allowing, for instance, to describe predators that hunt
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for the prey they perceive within a given distance. The parameter u, related to the prey diffusion
speed, is assumed to be strictly positive.

Once the fundamental well-posedness and stability properties for (1) are obtained, we consider
the problem to steer the solution to (1) to optimize a goal, typically represented by the minimiza-
tion of a functional defined on the solutions to (1). In the driving example we have in mind, the
term g in (1) represents the space and time-dependent deployment of parasitoids (predators) in
the environment, aiming at limiting a given parasites (prey). In other words, (1) provides a possi-
ble structure for the search for an optimal strategy in biological pest control. Preliminary general
numerical results are provided in Ref. 1.

A specific situation that fits the present framework is the current attempt to limit the spreading
of Drosophila suzukii (a pest damaging fruits’ cultivation) by means of ad hoc deployments of
Trichopria drosophilce (a parasitoid laying its eggs in the larve of the Drosophila suzukii), see Refs.
2-4. An obvious question risen by the adoption of these biological strategies is the search for the
optimal time and space choices for the release of parasitoids in the environment. The present
paper offers a framework to test and compare different strategies, see Section 3.

The range of applications of renewal equations, like the first in (1), and diffusion equations,
like the second in (1), is extremely vast, in particular in the “local” version. To recall other fields
where these equations play a role, we point to Ref. 5 as an optimal reference on renewal equa-
tions with applications to biology or also to Ref. 6, where age structured population models and
epidemiological models are considered in detail.

From the analytic point of view, besides the introduction of the control, the mixed system (1)
comprehends the one studied in Ref. 7 also by taking into account general source terms that may
depend on the unknown variables, as well as on both ¢t and x. Moreover, the flow u v(¢, w) in the
first equation in (1) accounts for the velocity chosen by predators in response to the prey density
distribution w. A key feature of the mixed system (1) is the nonlocality and nonlinearity of the
function v with respect to the prey density. For instance, the choice

V(w * n)(x)

(o(t, w))(x) = x(t,x) ,
1+ IV # )l

2

means that predators are directed toward regions where the concentration of prey is greater.
Above, the positive function «x is the maximal speed of predators and may depend on time and
space. For any fixed positive smooth mollifier 7, the space-convolution product (w(t) * n)(x) is
an average of the prey density at time ¢ around position x. The denominator in (2) acts as a smooth
normalization factor.

The next section is devoted to the well-posedness and stability of the Cauchy Problem for (1).
Then, we also deal with the optimal control of the solutions to (1) by means of the control g and
aiming at the minimization of a given integral functional. A specific application of these theoret-
ical results is in Section 3. All analytic proofs are deferred to Section 4.

2 | MAIN RESULTS

Below, we fix T > ¢, > 0, possibly allowing the case T = +o0, and correspondingly we set

I=1[t,,TlorI =[t,, 400 and J={(t;,t) €*:t; <t,}. 3)
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The space dimension 7 is fixed throughout, as well as the parameter u > 0. For the heat kernel,
we use the notation H,(f,x) = (47 p )72 exp(—||x ||2/(4,u t)),wheret € I, x € R". Asitiswell
known, ”H“(t)”Ll(Rn;R) =1.

We recall below the definition of solution to (1), slightly extending that in Ref. 7, and adapting
it to the present setting of time- and space-dependent coefficients.

Definition 1. A pair (u, w) € C°(I; L1(R";R?)) is a solution to problem (1) on I if

* setting a(t, x) = g(t, x, u(t, x), w(t, x)), w is a weak solution to J,w — uAw = a w;
* setting b(t,x) = f(t,x,w(t,x)) and c(t,x) = (v(t,w(t))Xx), u is a weak solution to d,u +
V-(uc)=bu+gq.

The extension of Definition 1 to Cauchy problems is immediate. For completeness, Definition 2
provides the definition of solution to the parabolic equation d,w — uAw = a w, while Definition 3
recalls the definition of solution to the balance law 6,u + V- (uc) = bu + q.

Introduce the spaces

U=L'NnL® nBV)(R;R) U+ = (L nL® nBV)(R"R,)

X=U XU Xt=UtxUt @

and the norm
1t Wl = el gney + N0l ey ©)
We are now ready to state the key well-posedness and stability result of this paper.
Theorem 1. Consider problem (1) under the following assumptions:

W) v : Ix L' NL®)R%R) - (C2 N WL®)(R";R") admits two maps K, € L® (I;R,) and

loc
Cy € Ly (I X Ry ;R ) weakly increasing in each argument and such that, for all t € I and

w, wy, w, € (L' nL®)(R™; R),
llu(z, w)”Loo(Rn;Rn) <K,(®) ”w”Ll(Rn;R),
”Vv(t, w)”Loo(Rn;Rnxn) S Ku(t) ”w”Loo(Rn;R),
“U([’ wl) - U(l’, w2)“Loo(|Rn;Rn) < Ku(t) ”wl - w2”Ll(Rn;R),
V(Y- 00t W)l oy < CLl 101l o) 101 s ey,

” V- (U(t’ wl) - U(l’, wZ))HLl(Rn;R) < Cv(t’ ”w2”L°°(R";R)) ”wl - w2”L1([R";R)'

() f 1 IXR"XR — R" admits a weakly increasing map Ky € Ly (I;R ) such that, fora.e.t €
L allw,w, € R, and allw € BV(R"; R),

suRP If([’x’wl) - f(t’x’wZ)l < Kf(t) |w1 - w2| ’
x€Rn

sup f(t’ X, wl) < Kf(t) (1 + wl)’

xeRn
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842 COLOMBO AND ROSSI

TV f(t, -, w() < Kp(O)A + [[wll oo ey + TV (W)

(9) g 1 IXR"XRXR — R admits a weakly increasing map K, € Li® (I;R,) such that, for
ae.t € Iandalluy,uy, wy,w, € Ry,

xs;ugn 1g(t, x, uy, wy) — g(t, X, up, wy)| < K1) (luy — tp| + [wy — wy]),
sup g(t, x,u, w) < Ky(1).

(X uW)ERMKR , xR,
(@) g € L®(I xR";R,)NL®;LY(R";R,)) and q(t) € BV(R";R,), fora.e.t € I
Then, for any initial datum (u,, w,) € X, problem (1) admits a unique solution

(u,w) € C°(I, L} (R";R2))

in the sense of Definition 1 and, moreover,
(T.1) A priori estimates: forallt € I, we have

WOl gny < NWollps(geny €501,

()l o gy < NWoll ooy €1,
14Ol ey < (Mol gy + 1l o))

xexp [K(0) (¢ = £)(1+ 10 gy €7 ),
14Ol sy < (ol oqaany + 1l g, noeny)
xexp [ (Kp(0) + Ko(0)(t = 1)1+ 10l e )|
(T.2) Lipschitz continuous dependence on the initial data: for (u,, w,), (ii,,w,) € X¥,
Nl (u(®), w()) — @), W), < Co(t, 1) [|(Uo, wo) — (o, Wo)ll x> (6)
where the locally bounded function C, is defined in (61) and r is an upper bound for the L'

norm, the L*™® norm, and the total variation of the initial data, see (43).
(T.3) Stability with respect to the control q, § satisfying (q), forall t € I,

Il (®), w(®)) — (@®), ()l < Cq(t,1) g = Gll e, 1xrn) (7

where the locally bounded function C, is defined in (64) and r is an upper bound for the L!
norm, the L™ norm, and the total variation of the initial data, see (43).
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To prove Theorem 1, following the general lines of Ref. 7, we study separately, but symmetrically,
the parabolic and the hyperbolic problems that constitute (1), namely,

oow—uAw=a(t,x)w and J,u+ V-(c(t,x)u)=b(t,x)u+ q(t,x),

with a, b and c as in Definition 1. All estimates use exclusively the L! or L® norms and the total
variation in space.

The various hypotheses are rather technical and are motivated by our interest in providing
sharp well-posedness and stability estimates, rather than aiming at the widest generality. In par-
ticular, we refrain from extending to the mere BV dependence on the space variable in the speed
v, as it stems from assumption (v), in particular from the fourth requirement therein.

The assumptions on the reaction functions f and g play a key role. Essentially, they require
for both Lipschitz continuity in u and w, sublinearity for f, and boundedness for g. The latter
condition on f is satisfied, for instance, if f has bounded variation in the space variable and is C!
in the latter one.

Remark 1. Note the different behaviors of f and g allowed by conditions (f) and (g), namely,
SUp, cpn S (£, X, w) < Kp(£) (1 + w) and SUD (\ 11 )RR , xR, g(t, x,u,w) < K,(¢). For instance, f
may well increase in w, while g may decrease in both u and w. Thus, the classical Lotka-Volterra
source terms f(w) = aw — § and g(u) = y — d u (for a, B, 7, § positive and constant) are compat-
ible with (f) and (g), comprising the problem studied in Ref. 7 when g = 0.

Theorem 1 allows to consider optimal control problems based on (1). To this aim, introduce a
cost functional measuring the relevance of the presence of the pest, for instance quantifying its
effect on cultivation. Inspired by Ref. [1, Section 4], we propose a cost of the general form

1= /I-/R" @(t, x, u(t,x),w(t,x))dxdt. (8)

It is clear that various assumptions on the function ® ensure that the integral on the right-hand
side of (8) is a continuous function of (u, w) in X. Therefore, (T.3) in Theorem 1 ensures that 7 is
a continuous function of the control g in L!.

In practice, the choice of a real strategy depends on a finite set of parameters, say p € R™,
defining, for instance, the (time/space) support of g, or the maximal value of g, or its (time/space)
integral. We are thus lead to minimize a composition of maps of the type

R™ - L®GLY(RYLER) - XY > R,
p - q - (uw) -»> 1T

to which, thanks to Theorem 1, Weierstrafy Theorem can be applied, ensuring the existence of an
optimal strategy p... The actual computation of p,, can be achieved through standard numerical
procedures dedicated to the optimization of Lipschitz continuous functions. The next section is
devoted to specific examples.
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844 | COLOMBO AND ROSSI

3 | OPTIMIZED TIMING OF PARASITOIDS’ RELEASES

We present below a sample of the possible behaviors of solutions to (1). Further examples can be
found in Ref. 1.

Inspired by Refs. 3, 4, we address the problem of optimizing the timing and the location of
parasitoids’ (= predators’) releases in the case of a parasite (= prey) whose reproduction is seasonal
and geographically localized. To this aim, we consider the following instance of (1) in the case of
n = 2 space dimensions

diu+ V- (uov(w)) = (aw — Bu + q(t, x),
oiw— uAw = (y(l—sint)xg(x)(l—%>—5u> w. ©)

Here, as usual, ¢ is time and x is the space coordinate in R?. Moreover, a w is the predator natality
due to predation, 8 is the predators’ mortality, & is the prey mortality due to predation, and C is the

prey carrying capacity. The prey natality'y (1 — sin t) Xy (x) is seasonal, that is, it is 27z-periodic in

time, and localized, that is, it is supported in the ball B centered at the origin with radius 2. The
speed v is chosen as in (2), with x constant. The parasitoids predate hunting for parasites in the
direction of the highest average prey density gradient within a radius ¢, which hence measures
the predator horizon. This parameter, determining the distance at which predators feel the prey,
thus plays a key role. We refer to Ref. 8 for a detailed study on the dependence of the solution on
this parameter in a similar framework.

We summarize here the choices of functions and parameters in (9)—(2), apart from q to be cho-
sen below:

3

a=0.25 =200 y=9.00 4 ([, <] x|l <€
§=050 C=10.0 ¢=080 n(x)=1q 7¢2 ¢ o 1o
x =2.00 0 llxl>¢.

We now seek strategies g = q(t, x) to release parasitoids so that the parasite population is kept
small in the rectangle R = [1, 3] X [—3, 3], which we assume is the region where the presence

of the parasites is most harmful. The regions B and R are chosen so that they are different but
overlapping. Thus, for simplicity, we aim at the minimization of

127
1= / /w(t,x)dx dt, (11)
4 R

although within the present framework (8) more complex costs can be considered. Another natu-
ral choice, for instance, might be the minimization of the pest population w only in specific peri-

ods, for example, when fruits are ripening on the trees, as in the case of the Drosophila suzukii.
As initial datum, we choose

() =0, wy(x) = 2x,(x). (12)

Clearly, Theorem 1 applies to (9)-(2)-(10)—(12) and the cost (11) fits into (8).

1)(B is the characteristic function of the set B: ){B(x) =1 < x € Band )(B(x) =0 < xeR"\B.
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Integral of w
w; t = 0.00
¢ 300
2 250 -
200 +
g0
150 1
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00 20 40 60 80 10.0 o 2n 4n (91 8m 10m 12nm

FIGURE 1 Left, the initial datum (12) for w in the x-plane and, right, the total amount of parasites
/[_ 4] w(t, x) d x on the whole physical domain as a function of time

In the examples below, we use the Lax-Friedrichs scheme (Ref. [9, Section 12.5]) to inte-
grate the hyperbolic convective term and an explicit finite difference algorithm to deal with the
parabolic equation. Furthermore, we exploit dimensional splitting Ref. [9, Section 19.5] and a
further splitting to take care of the source terms (Ref. [9, Section 17.1]) which are computed
through a second-order Runge-Kutta method (corresponding to a = 1/2 in [Ref. 10, Section 12.5,
p- 327]). Refer to Refs. 11-13 for alternative algorithms. The numerical domain is the rectangle
[-4—-¢,4+¢] X [-4—(,4 + ¢]and we let the parameters «, 3, and y vanish outside the physical
domain [—4,4] X [—4, 4]. The computations below were obtained with a uniform mesh consisting
of 219 x 210 points.

First, as a reference case, we integrate (9)—(2)-(10)—-(12) with g = 0. The results are displayed
in Figure 1. Since parasitoids are absent, parasites evolve with a logistic growth with capacity C
and a 27-periodic natality. After two periods, the total number of parasites is approximately time
periodic, with a high mean value.

We now assume that at time 477 measures need to be taken to reduce the presence of parasites.
This is achieved through the release in the environment of the parasitoid u, which is described
by the function q in (9). Different strategies correspond to different choices of gq. The ones we
consider below differ both in the space and time dependence: they may take place in the ball
B where the parasites are born, or on the rectangle R where parasites are harmful. Moreover,
they can take place uniformly in time (on I, = [47,127]) or in the time intervals where par-
asites are more (I; = sin”'([-1, —1/\/5]) N 1y), middle (I, = cos_l([—l,—l/\/i]) N1y), or less
I, = sin”'([1 / \/5 1]) n I,) prolific (see Figure 2). These strategies correspond to the following
choices of q:

gg(t) = 3166287 x;, (1) xp(x)  q(t) = 3.315728 x;, () xr(x)
gl (f) =12.66515 x;, (1) xp(x)  q(t) =13.26291 yp, () xr(x)
g5 (1) = 12.66515 xp, (1) xp(x)  qX(t) =13.26291 x1, () xr(x)
qe(t) = 12.66515 xr, (1) xp(x)  qX(t) = 13.26291 y1, (1) xr(x).

13)

8518017 SUOWILIOD BA 1210 3|qedtdde U Aq peusenol afe ssofe VO ‘8sn Jo s8Nl Joj Aleiq1aU1IUO AB]IM UO (SUORIPUOO-PUB-SLLBIALIOD" AB| 1M Al.q U 1UO//SANY) SUORIPUOD PUe Swie | U 88S *[£202/20/LT] U0 Aleiqi8uliuO A8 euspoiN A1SIBAIUN AQ 20vZT Wdes/TTTT 0T/10p/ w00 A8 | Im Akeiqjeul|uoy/sdiy wioly papeojumod ‘¢ ‘1202 ‘0656.9vT



846 COLOMBO AND ROSSI
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on 4an 8n 12n Om 4n 8n 12n On 4n 8n 12n Om 4n 8n 12n

FIGURE 2 Characteristic functions of the time intervals, from left to right, I,, I;, I,, and I5 used in the
definitions of the controls (13), plotted together with the map ¢t — 1 — sin ¢ appearing in the natality of the
parasite in (9)

The above values are chosen so that the amount of parasitoids inserted in the environment is
constant, that is,

127
/ /qlf“(t,x)dxdt=1000 fori =0,1,2,3 and A =B,R.
0 R2

The numerical integrations of (9)-(2)-(10)-(12) with the controls (13) yield the following values
for the cost (11):

1 0 1 2 3
B 1179.05 1318.74 1332.75 1232.41 when g =0, T = 1866.98
R 874.420 1068.13 1098.85 1080.19

In the different cases of the controls in (13), the instantaneous costs t — fR w(t,x) d x are
displayed in Figure 3. All solutions to (9)-(2)-(10)—(12) show a somewhat periodic behavior for
t > 4r.

With respect to the cost (11), where the rectangle R obviously plays a key role, the most effec-
tive strategy consists in a constant release of parasitoids over the rectangle R, corresponding to
the control qg in (13). This solution is somewhat periodic and displays a maximum, respectively,
a minimum, of the running cost at the time ¢ & 33.30, respectively, ¢ ~ 30.79: level plots of the
corresponding solutions computed at these times are in Figure 4.

It is evident that the convective term in the first equation in (9) allows the parasitoids to move
toward the region with the highest parasite concentration. On the other hand, the Laplace oper-
ator in the second equation makes the parasites diffuse everywhere.

We expect that a precise simulation of a real scenario requires a model more complex than (9)-
(11), as well as the obvious tuning of the various parameters. For instance, also a, 3, and & are likely
to be better substituted by “seasonal” (i.e., time periodic) functions. While such an experimental
fitting is out of the scopes of the present work, we remark that the generality of the framework
presented here, and in particular Theorem 1, allows to comprehend it.

Boundary conditions deserve a specific treatment on their own. At the modeling level, the
immigration of parasites is neglected in the present work. At the analytic level, general well-
posedness and stability results are currently apparently still missing, see Ref. 14 for recent pre-
liminary results. The numerical algorithm to deal with boundary conditions would then be nec-
essarily adapted.

8518017 SUOWILIOD BA 1210 3|qedtdde U Aq peusenol afe ssofe VO ‘8sn Jo s8Nl Joj Aleiq1aU1IUO AB]IM UO (SUORIPUOO-PUB-SLLBIALIOD" AB| 1M Al.q U 1UO//SANY) SUORIPUOD PUe Swie | U 88S *[£202/20/LT] U0 Aleiqi8uliuO A8 euspoiN A1SIBAIUN AQ 20vZT Wdes/TTTT 0T/10p/ w00 A8 | Im Akeiqjeul|uoy/sdiy wioly papeojumod ‘¢ ‘1202 ‘0656.9vT



COLOMBO AND ROSSI 847
80 80 80
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% 6n 8n 101 2 %n 6n 8n 10 Tn %n 6n 8n 10m 12n
(a) No control: ¢ = 0. (b) ¢& (c) qff
80 80 80
70 70 70
60 60 60
50 50 50
40 40 40
30 30 30
20 20 20
10 10 10
0411 6n 8n 10n 12n 0411 6n 8n 10n 12n 04n 6n 8n 10n 12n
(d) o () aff (f) &
80 80 80
70 70 70
60 60 60
50 50 50
40 40 40
30 30 30
20 20 20
10 10 10
0411 6n 8n 10m 12n 0411 6n 8n 10m 12n 041'{ 6 8n 1om 12n
(8) @& (h) ¢f (i) af

FIGURE 3 Graphs of the instantaneous cost t — fR w(t, x) d x corresponding to the controls (13) on the
time interval [47, 1277]. Figure 3(a) corresponds to the diffusion of parasites with no control. The most effective
strategy, in the sense it minimizes (11), is in Figure 3(c)

4 Uit=3079 . wit=30.79 g t = 33.30
2 2 2

0 e 0 0

=3 -2 =2

4 55 00 25 425 00 25 Y35 00 25 425 00 25

0.0 20.0 40.0 0.0 5.0 10.0 0.0 20.0 40.0 0.0 5.0 10.0

FIGURE 4 Contour plots of the solution to (9)-(10)-(12) corresponding to the best strategy q§ in (13). Left,
at time ¢ = 30.79 approximately corresponding to a maximum of the running cost (11) and, right, at time ¢t = 33.30
approximately corresponding to a minimum

4 | ANALYTIC PROOFS

The following lemmas will be of use below. The proofs, where immediate, are omitted.
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848 | COLOMBO AND ROSSI

Lemma 1 [15, Formula (1.8) and Remark 1.16]. Lety € (L' n L® n BV)(R"; R). Then, there exists
a sequence P, € C*(R"; R) such that for h € N \ {0}

o = PIRLIRER)L e < Wlpwn: V@), = TVEH). 1)

—+00

Lemma?2. Letp € (L*® N BV)(R"; R). Then, there exists a sequence 1, € C*(R"; R) such that for
h € N\ {0}, ¥, » ¢ in L*(R"; R), so that also Y, — ¢ in L} _(R™;R), and

||¢h||L°°(R”) < ”¢”]_po([|{n)a vV (z/)h) <TV (l,b)

Proof. Let p be a mollifier: p € C(R",R), p >0, sptp C{x € R : ||x|| <1} and [, p=1.
Define p,(x) = h" p(h x) for h € N \ {0} and set ¢, = pj, * ¥. The Llloc convergence follows from
1y — ¢”L°°([R") — 0, ensured by Ref. [16, Theorem 8.14]. The L™ estimate is a consequence of
Ref. [16, Proposition 8.7]. Finally, Ref. [16, Proposition 8.68] implies the latter bound. [ |
Lemma 3. Letp € L®(I X R";R) be such that for all t € I, p(t) € BV(R"; R). Then, there exists
a sequence P, € L¥(I x R™";R) such that for all h € N\ {0} and for a.e. t €I, P,(t) € (C® N
BV)(R™;R), (1) > $(¢) in L, (R"; R) and

4.1 | About the parabolic equation d,w — y Aw = a(t,x) w
We here focus on the parabolic problem:

{afw_“Aw =abXw e Tx R, (15)

w(to’ X) = wo(x)

Similarly to Ref. 7, solutions to (15) are sought as L! functions defined on R" and all estimates
refer to the L! or L*® norms, see (5), which is somewhat unusual in relation to (15).

Definition 2. Leta € L*(I x R";R) and w, € L'(R"; R). A solution to problem (15) is a function
w € C°(I; LY(R"™; R)) such that

t
w(t, x) = (Hy(1) * wo)(X)+/ (H,(t —7) * (a(r) w(r))(x) dT. (16)
fo

The above definition is classical, see, for instance, Ref. [17, Section 48.3]. The results below are
instrumental in the sequel. We only quote them, providing full reference to the proofs.

Lemma 4 [7, Lemma 2.4]. Let a € LI X R";R). Assume that w, € L'(R";R) and w €
Co(I; LY (R™; R)). Then, the following statements are equivalent:

1. The function w solves (15) in the sense of Definition 2.
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COLOMBO AND ROSSI | 849

2. The function w is a weak solution to (15), that is, for all test functions ¢ € C2(I x R™;R)

T
/ (wop+uwAp+awe) dxdt=0 a7
t, JRn

and w(t,,x) = wy(x).
Proposition 1 [7, Proposition 2.5]. Fix a € L*(I X R";R). Then, (15) generates the process

P : J x LY(R%R) - LY(R%R)
(tost) W, - w

with w defined as in (16), with the following properties, for a suitable O € L> (I;R) that depends
only on norms of the map a on I X R™.

(P1) P isa Process: P,y =1d forallt € I and Py, ;, 0P, ,, = Py, Jorall ty, 65,83 € I, with t; <
t, <t

(P2) Regularity in time: For all w, e L'(R";R), the map t > P, ,w, is in CYI; LY(R"; R)), and,
moreover, for every 8 €]0,1[ and forallt, t,, t, € I, witht, > t; > 17 > 0,

n 9
1Py, ¢, wo — Py, 1, wO”Ll(R") < lwo ll 1y [m + O(tz)] [ty — 1117,

(P3) Regularity in space: Forallt > t,, w(t) € C*°(R"; R).

(P4) Regularity in (t,x): If w, € (L' n C')(R";R), then (t,x) — (P, ;w,)(x) € C'(I x R™;R).

(P5) L' continuous dependence on w,: Forallt € I, the map P, , : L'(R";R) - L'(R";R) is
linear and continuous, with ||Pt0,tw0||Ll(Rn) <0O(t) ||w0||L1(Rn).

(P6) Stability with respect to a: Let a,,a, € L®(I x R*;R) with a; — a, € L'(I x R*; R) and
call P!, P? the corresponding processes. Then, forall t € I and forallw, € (L' N L®)(R"; R),

1 2
”pta,two - Ptn,two”Ll(Rn) <0O@) ”wo”Loo(Rn) lla; — a2”L1([[0,[]XRn)-

(P7) L* estimate: For all w, € (L'NLY)R%;R), for all tel, [P w,ll

O0) l|wo lly o -
(P8) WU! estimate: For all w, € L'(R";R), forall t € I with t > t,,

L (R1) <

”V(Pto,two)” 1(Rn:R1 < —— ”wollLl(Rn)
VSR ™ ut=1,)

t
X <1 +2(t—1t,) ||a||Lm([t0’lijn)e/to Ila(r)lleW)dr)’

I'((n+1)/2)

whereJ,, = T2)

and T is the Gamma function.
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850 | COLOMBO AND ROSSI

In the statement above, we used the term process to emphasize the present nonautonomous
setting: whenever a is not time-dependent, the process P is indeed a semigroup. The latter estimate
in (P8) and (P3) provide a BV bound on the solution P; ;w, for ¢ > t,.

In the sequel, we need the following strengthened version of (P8).

Proposition 2. Let a € L®(I X R"; R) and assume w, € (L' N L® N BV)(R"; R). Call w the solu-
tion to (15). Then, forall t € I, w(t) € BV(R";R) and the following estimate holds:

2J
TV (w(6) < TV (w,) + ﬁ OO Nl s, epmny 100 11 gy as)

I'(n+1)/2)

and T is the Gamma function.
I(n/2)

where J,, =

Proof. Approximate w, by means of a sequence w” as defined in Lemma 1. Define wy, through (16)
by

t
wy(t,x) = (Hu(t) * wé‘)(x) + / (H,(t = 7) * (a(m) wp(T))(x) d 7. (19)
to
Let w be defined by (16) and compute

h
W, — W,

t
lon(®) = WOl < | + / 180l o gy 1WA (D) = WD g1 gy A 7
to

LI(R")

An application of Gronwall Lemma (Ref. [18, Chapter I, 1.1IT]) yields

t
i P < / ||a(r)||Lw(W)dr>.

Thus, as h goes to +co, wy,(t) converges to w(t) in LY(R"*;R) for a.e. t € I.
It follows immediately from (19) and from the regularity of the heat kernel H,, that wy,(t) €
C*®(R";R) for a.e. t € I. Moreover,

i (8) = WOl sy < ||k = w,

t
Vuwy,(t,x) = (Hy(t) * Vwé‘)(x) + / VH,(t — 7) * (a(r) wp())(x)d T,
t

o

so that, using the properties of the heat kernel H, and (P5) in Proposition 1, we obtain

IV Ollgsanny < [ V5]

t
# [ NVHE = Ol o 18O 100 Ol
t, ’

t
< || vk + 0O lallm i, e 1oy |
fo

J
" ___dr
Vut —1)

LI(R";R1)

8518017 SUOWILIOD BA 1210 3|qedtdde U Aq peusenol afe ssofe VO ‘8sn Jo s8Nl Joj Aleiq1aU1IUO AB]IM UO (SUORIPUOO-PUB-SLLBIALIOD" AB| 1M Al.q U 1UO//SANY) SUORIPUOD PUe Swie | U 88S *[£202/20/LT] U0 Aleiqi8uliuO A8 euspoiN A1SIBAIUN AQ 20vZT Wdes/TTTT 0T/10p/ w00 A8 | Im Akeiqjeul|uoy/sdiy wioly papeojumod ‘¢ ‘1202 ‘0656.9vT



COLOMBO AND ROSSI | 851

2J
h n
< HVwo LI®mRY) + O(t) Ha“LOO([tO,t]XRn) ”wO”Ll(Rn) ﬁ Vi—t,.

Let now h — +o00: Lemma 1 and the lower semicontinuity of the total variation imply that:

TV (@) < lim TV @) = Hm [1Vw,Ollpigaan,

Vit —t,,

2J
S vV (wo) + O(t) ”wollLI(Rn) ”a”L“’([t(,,t]XR")TIZ

completing the proof. [ |

In the case of positive initial data, we need the following improvements of the estimates in
Propositions 1 and 2.

Corollary 1. Let a € L®(I x R*;R), w, € L1(RY; R) with w, > 0. Then,

(P9) Positivity: P; ,w, > 0forallt € I.
(P10) A priori estimates: Assume that w, € (L' N L®)(R";R) and set, for all t € I, A(t) =
eSS SUP; a(t,&). Then,

t
”pto,[’ wO”Ll(Rn) S ”wO”Ll(RH) eXp/ A(T)df’
o (20)

1P Woll gy < M0l €XP / A dr.

(P11) Stability with respect to a: Let a;,a, € L X R";R) with a; —a, € L'I x R*;R)
and call P, P? the corresponding processes. Then, for all t € I and for all w, € (L' n

L®)(R™;R),
1 2
”P[O)[wo - P[O,:w()”Ll(Rn) (21)
[la1 (@Dl eo @y a2l peo mny |dT
S ||w0||Lao(Rn) e/to [ ! LRE®D : Lo® )] ”al - a2”L1([t0,t]><R")'
(P12) BV estimate: Ifw, € (L' N L® N BV)(R"; R), define A(t) = SUp, g a(t, X), then

27, ! Aydr

vV (pto,t wo) < vV (wo) + \/,l_,t V = to ”a”Lw([tm[]x[Rn)”wollLl(Rn) e’o ’ (22)

I'(n+1)/2)

and T is the Gamma function.
I(n/2)

where J,, =

Above, the apparent mismatch between the ess sup in (P10) with no modulus and of the norm
in (P11) is due to the positivity of the solution, ensured by w, > 0 in (P10).

Proof. The positivity (P9) follows from Ref. [7, Point 6 in Proposition 2.5] based on Ref. [19, Chap-
ter 2, Section 4, Theorem 9].
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852 | COLOMBO AND ROSSI

Starting now from (16), we have

t
W) = O s )+ [ [ He-rx-farHuEdsdr
t R~

0

t
< (HM(t)*wO)(x)+/ A(m) [ Hy(t-t,x=8w(r,§dédr.
¢ Rn

[

In both cases of the L! and L*® estimate, an application of Gronwall Lemma Ref. [18, Chapter I,
1.IIT] completes the proof of (P10).

Concerning the stability with respect to a, denote w;(t) = P[i Wo» fori=1,2and t €1, and
using (16), compute ’

t
w16, X) — wy(t, x) = / / H(t —7,x — E)ay (T, §) (7, £) — ay(z, E) wy(z, £)) d £ dt
t, JRrn

),

0

t
. Hy(t —7,x = E)(an(7,§) — ax(r, E)wi (7, §)d § d

+/zo /RHH,,(t—f,x—§)az(f,§)(w1(r,§)_wz(‘[,g))dg dr,

so that

t
lwy(6) = waOlls ey < / lax (2) = @ ()l ey 101 (Dl n ey A T
to

t
# [ 1Ol 1020) = Oy
[O

By Gronwall Lemma,

”wl(t) - w2(t)”L1(Rn)

t t
</ ||a1(r)—a2<r>||L1(W)||w1<r>||Lw(Rn)drexp< / ||a2(r)||Lw(W)dr>
to Lo

t T
< [ 1018) = ax(Ol a1l 50 < [ sup it 5)ds> dr
ty ¢

, teRr
t
X exp (/ ”aZ(T)”Loo(Rn) d7-'>
lo

t
< ||w0||Loo(Rn) exp </ (”al(f)”Loo(Rn) + “aZ(T)llLoo(Rn)) dT> lla, — a2||L1([[o’[]><Rn)
t

o

completing the proof of (P11).
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Finally, (P12) follows from Proposition 2, from (P9) and from the L* bound (20). [ |

4.2 | About the balance law 8,u + V- (c(t,x)u) = b(t,x) u + q(t, x)

We focus on the following Cauchy problem for a linear balance law

(23)

diu+ V-(c(t,x)u) = b(t,x)u+ q(t,x)
u(to’x) = uo(x)-

Recall the following conditions on the functions defining problem (23):

(b) b e L¥(I x R"; R).
(b+) b e L*(I x R";R) and b(t) € BV(R";R) fort € I.
(c1) The map c satisfies ¢ € (C° N L®)(I x R";R"), c(t) € CY(R™;R") for all t €I and Vc €
L®(I x R™; R™"),
(c2) The map c satisfies ¢ € (C° N L®)(I x R™;R"); c(t) € C3(R";R™) forallt € I, Ve € L®(I X
R";R™")and V V-c € LI(I x R"; R™).
(g-) q € L®(I x R";R) nL*(I;L}(R"; R)).

The definition below is classical, see, for instance, Ref. [20, Chap. 3].

Definition 3. Let (b), (c1), and (g—) hold and choose u,, € (L' n L®)(R"; R). A solution to (23)
is a function u € C°(I; L}(R"; R)) such that

u(t,x) = u,(X(t,;t,x)) exp (/ (b(r,X(7;t,x)) — V-c(7,X(z;t,x)))d T> (24)
t

o

t ¢
+/ q(s, X(s;t,x))exp (/ (b(r,X(t;t,x))— V- C(T,X(T;l’,x)))dl’) ds,

where

X =c(t,X)

te X(t;t,,x solves the Cauchy Problem
( ) O) y {X(to) - xo-

(25)

The next lemma clarifies the relations among different definitions of solutions.

Lemma 5 [7, Lemma 2.7] and [21, Lemma 5.1]. Let (b), (c1), (q—) hold, Fixu, € (L' n L®)(R";R)
and u € C°(I; LY(R"; R)). Then, the following three statements are equivalent:

1. u is a Kruzkov solution to (23), that is, u(t,) = u, and forallk € Rand ¢ € C}:(Io X R™%R,),

// [u—Kk)OCip+c-Vp)+(bu+qg—k V-c)p|sgn(u—k)dx dt >0. (26)
1JRn
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854 | COLOMBO AND ROSSI

2. uis a weak solution to (23), that is, u(t,) = u, and forall € Cg(IO x R"; R),
/ uop+uc-Vop+(bu+q)p)dxdt=0. 27)
1JRn

3. u solves (23) in the sense of Definition 3.

The proof amounts to mix the techniques used in Ref. [7, Lemma 2.7] and Ref. [21, Lemma 5.1].

We recall a different approach to the study of linear balance laws of type (23), which is adopted
in [22, Lemma 3.4]. That lemma guarantees the existence of a weak solution, in the sense of (27) in
Lemma 5, and provides an explicit formula for the solution in terms of characteristics, correspond-
ing exactly to (24). The regularity requirements in Ref. [22], on the functions defining problem (23)
are the following: for T € R, T > 0,

u, € LI(R™;R), be LY((0,T);L®(R";R)), g€ L((0,T);LY(R";R)),

and c € C°((0,T); C'(R"*;R")) is globally Lipschitz continuous in space. Notice that, for T €
R, T > 0, our assumptions (b), (c1), and (g—) are stronger than those required in Ref. [22,
Lemma 3.4], allowing to apply that result in the present setting.

The next proposition is not only an extension of [7, Proposition 2.8] to the present setting, but
it also improves it sharply. However, various similar statements are found in the literature: in
the case g = 0, for instance, for the existence part refer to the results in Ref. [23], Other sources,
detailed in the proof below, are Refs. 14, 21, 22.

Proposition 3. Under the assumptions (b), (c1), and (q—), the Cauchy Problem (23) generates the
map

H J X U
(to, 1) 5 U

- U,
- U,
where u is defined by (24), with the following properties:

(H1) Hisaprocess: H;; =1d forallt € I and H,,; oM, ;, = H; ; forallt;,t,,t3 € I, witht; <
t, <ty

(H2) Positivity: Ifq > 0andu, € U, then H, ,u, € U™ forallt € I.

(H3) L! continuous dependence on u,: Forallt € I, the map H,,; : U — U islinear, continu-
ous and

t
1744, 40l gy < (Wtolagany + 1l gy ) €5 / 1Bl oy d 7
to

Moreover, ifu, > 0and q > 0, then

t
1344, 140l gy < (Mol sgany + 1l gy ) ©XP / <suﬂ£ b(z, x)) dr.
t xeRn

o
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(H4) L®™ estimate: Forallu, € U, forallt €1,
174, 180l gy < (Wbl ogany + 1l oy

t
Xexp/ <||b(T)“Loc([Rn) + ” V' C(T)”Loo(Rn)> d T.
L

(4

Moreover, ifu, > 0and q > 0, then

1740180 gy < (Mg ny + 1l g osciny )

t
xexp/ << sup b(r, x)) + || V-c(r)lle(Rn)> dr.
t xXeRn

o

(H5) Stability with respect to b,c,q: If b, b satisfy (b+) with b —b € L'(I x R";R); ¢, & sat-
isfy (€2) with V-(c — &) € L'(I x R™;R), and q, § satisfy (q). Call H,H the corresponding
processes. Then, forallt € I and for allu, € U,

”Hto,tuo - Hto,tuo”Ll(Rn)

< O1(0) |lc - éllLl([to,t];Lw(Rn;Rn)) l”uo”Loo(Rn) + TV (u,)

t
- /t (max { 19l ey 1Ol e eny | + Max{TV (g(e)), TV (@)} ) d r]

(9

+(92(t) llg — q||L1([t0,t]xR")

t
+02<t><||uo||m(w> + / max { (D gee gy 19O ey | dr>

X(11b = Bl cpeany + 11 V- (€ = Dllag axim )

where

t
010 = exp | max {1l mquny 1B } 7
t

o

t
X eXp/ max { ”VC(T)”Loo(Rn;Rnxn), ||V€(T)”L00(Rn;Rnxn)} dt
t

o

t TV (b(s)) + IV V- c(8)ll s gn.gon)»
8 ll " /[ max {TV (B(s) + IV V-é(s>||L1(Rn;R,,)} ds|.

t
0:0) = exp [ max { IOy Il oy 7
t

o
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(H6) Total variation bound: Let (b+), (c2), and (q) hold. Ifu, € U, then, forall t € I,

t
TV (H,, 1up) < <9<r)<||uo||mw) FTV () + / (19l ny + TV (a(@) dr),
t

o

where

t
O(t) = eXP </ (Ilb(f)lle(RH) + “VC(T)”LM(Rn;Rnxn)> d T)
t

o

t
X(l + / (TV (b(T)) + ”V V- C(T)”Ll(R";[R")> d T).
t

(H7) Regularity in time: Let (b+), (¢2), and (q) hold. For allu, € U, the map t — H; u, isin
COL(T; LY (R"; R)), moreover for all t1,t, € I, with O(t) as above,

1744, 1,180 = Hy ol gy < Oy, 1 Ity + TV (215)

L1(Rn)

max{ty,tr}
+ / (N2l ny + TV (@) dr>|t2 —1).
t

o

(H8) Finite propagation speed: If, for allt € I, the map x — q(t, x) is compactly supported and
u, € U has compact support, then, fort € I also, spt H; .u, is compact.

Proof. Statement (H1) directly follows from Definition 3, Lemma 5, and Ref. [22, Lemma 3.4]
thanks to (b), (c1), and (g—). Using (24), points (H2), (H4), and (H8) are ensured.

To get the L! bound (H3), exploit the change of variable y = X(s; t, x), see also Ref. [21, Sec-
tion 5.1]. Denoting the Jacobian of this change of variable by J(¢,y) = det(V, X (¢; s,y)), J solves

dj(t,y)
dt

=V-c(t,X(t;s,y)J(t,y) withJ(s,y) =1.

Thus, J(t,y) = exp(fst V-c(r,X(t;s8,y))d1),so that J(t,y) > 0 for t € I and (H3) follows.

To prove the remaining points, we exploit the techniques used in the proof of Ref. [14, lem-
mas 4.4 and 4.6] for an initial boundary value problem for a conservation law, thus without source
term. To this aim, we approximate b, respectively, g, by a sequence by, respectively, g, as in
Lemma 3. Regularize also the initial datum u, and call u” € C®(R";R) the sequence defined
by Lemma 1. Using (24), define the corresponding sequence u;, of solutions to

a[uh + V. (C([, x) uh) = bh(t7 x) up + qh(t7 x)
up(to, X) = ull(x),

so that

t
u(t,x) = uf}(X(to; t,Xx)) exp (/ (bp(t, X(;t,x)) — V-c(7, X (15 t, x)))dr) (28)
to
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t t
+/ qn(s, X(s;t,x)) exp (/ (bp(t,X(t;t,x)) — V-c(7,X(7;5¢,%))) d ‘L'> ds,
¢ s

o

where X is defined in (25). Observe that for a.e. t € I, the map x — uy,(t, x) is of class C!, due to
Lemma 3, applied to both b and g, and to (c2).

Pass now to (H6). Differentiate the solution to (25) with respect to the initial point, that is, for
T e [t()’ t]a

T
V. X(t;t,x) = Id + / V,c(s,X(s;t,x)) V. X(s5t,x)d s,
t
t
IV Xz 6,0l < 1+ / IVe(s, X(s5 6, X)) IV X(s3 8,0l d s,
T
so that, by Gronwall Lemma,
t
IV, X (@6, )] < exp ( / ||vxc(s>||Lm(W;Rnxn)> ds. (29)
T

By (28) and the properties of u”?, the gradient Vuy,(¢) is well defined and continuous:

t
Vu,(t,x) = exp </ (bp, = V-o)(z,X(1; t,x))dr) (Vuf)‘(X(to; t,x)) V. X(t,;t,x)
to
t
+ul(X(t,:t, X)) / V(b — V-c)X1,X(7;t, %)) VxX(T;t,x)dT>
to

t t
+/[ exp </s (b, = V-¢)(z,X(z;t,x)) dr> (th(s,X(s; t,x)) V. X(s;t,x)

t
+q,(s, X (s; ¢, x))/ V(b, — V-c)X7,X(1;t,x)) V. X(7;t,x)d r) ds.
S

Therefore, for every ¢t € I, we use the change of variable described at the beginning of the proof
together with (29) to get

”Vuh(t)”LI(Rn;Rn)

t t
S eXp (/ ||bh(T)I|Loo(Rn) d T> eXP </ “VC(T)”LOO(RVI;RVZXVI) d f)
Ly Lo

t
X l|lvu2|lLl(R") + / ”th(f)“Ll(Rn;Rn) dt (30)
[O
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858 COLOMBO AND ROSSI

t t
+<||u£l||Loo(Rn) + / Ilqh(f)llLoo(Rn) d T> / “V(bh -V c)(T)”Ll(Rn;Rn) d T] .
to lo

Let u be defined as in (24): Lemmas 3 and 1 imply that u;, — u in L}(R"; R). By the lower
semicontinuity of the total variation, by (30) and (14), for t € I we obtain

TV (u(®) < BmTV (w,(6) = B Ve Ol e (D

o

t t
< exp < / (||b(r)||Lm(Rn)+||Vc(r)||Lw(Rn;Wxn))dr)lw(uon / TV (g(r)d <
t Lo

t t
+<||uo||mw>+ / ||q(r>||Lm(W)dr> / (TV(b(r)>+||VV~c(r)||L1(W;Rn))dr],
ty t

o

concluding the proof of (H6).
The proof of (H?7), is entirely analogous, leading to

llu(t2) — u()lpi gy < TV (u(max{ty, )16 — 4]

To prove (H5), we follow the idea of the proof of Ref. [14, Lemma 4.6], adapting it to the present
setting. With obvious notation, we denote by by, and bj, sequences of functions converging to b
and b, with the properties in Lemma 3. Similarly, we denote by g;, and §j, sequences of functions
converging to q and ¢, with the properties in Lemma 3. Consider also the regularization of the
initial datum uf} € C*(R"; R) provided by Lemma 1. For ¢ € [0, 1], set

bé(t, x) = 9b,(t,x) + (1 —98)by(t,x), c(t,x) = Sc(t,x)+ (1 —9)ét, x),

4

q,(t, x) = 8qn(t,x) + (1 = 9) gu(t, X).

Let uﬁ be the solution to

{atsui +V. (c’gh(t, X) ufl) = bﬁ(t, X) ufl + qi(t,x), where {Xz =c%(t,X9),
uh(toax) = uo (x) ’ X (to) = an

that is,

t
u’Z(t,x) = ul(X®(ty;t,x)) exp (/ (bﬁ —V-¢%) (1, X%(;1, %)) d7:>
t

(4

t t
+/ qg(s,XS(s;t,x)) exp (/ (bﬁ - V-¢?)(1,X%(5;1, %)) dr) ds.

0

(32)

Compute the derivative of X¥ with respect to 9, recalling that X®(¢; t, x) = x for all §:

8,05X°(z;1,x) = o(r,X%(1;1,x)) — &(r, X (151, %)) + Vo (7, X% (151, X)) 85X ¥ (751, x),
9sX9(t;t,x) = 0.
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COLOMBO AND ROSSI 859

The solution to the above problem satisfies

39X %(1;t,x) = / exp </ Vc’g(a,Xs(a;t,x))do>(c —&)(s,X%(s;t,x))d s
t

t N
= / exp </ —Vcs(a,Xs(o;t,x))da>(c~—c)(s,Xs(s;t,x))ds. (33)

Derive (32) with respect to 9:

agui(t, x)

t
= exp (/ (bg -V Cs)(T,X‘g(T; t,x))dr){Vuf)‘(X‘g(to; t,x)) 6,9X9(t0; t,x)
to
t
+ul (X (t,; t,x))/ (bp — by = V-(c—®))(r,X5(r;t,x))dT
lo

t
+uf}(X’9(t0; t,x))/ V(bi — V-1, X%(1;t, %)) 09X °(; t,x)df}
Lo

t t
+/t exp (/s (bﬁ — V-, X%(t; t,x))dt)

(4

X{ (qh - qh)(anS(s; t’ x)) + ti(SaX‘g(s; t’ x)) aSXS(S; t5 x)
t
+q; (s, X5(s; 1, x)) / (by — by = V-(c — &)z, X*(r;1,x))d T

t
+qi(s,X‘9(s; t,x))/ V(bﬁ —V-c)(1,X%(1;t,%)) 95X %(;t, x)d‘r} ds
t t
< exp (/ (bﬁ —V-e%)(t,X5(1; t,x))dr){/ (qn — qh)(x,X9(s; t,x))ds

t
+<Vuf}(X19(to;t,x))+/ qu;(r,X'g(T;t,x))dT>
t

(4

t N
_vuped S( 5 S
X/to exp (/[ Vet (o, X (o,t,x))do)(c c)(s, X7 (s;t,x))ds

o

t
+<uf}(X19(to;t,x))+/ qi(T,X“}(r;t,x))dT)

lo

X l/ (by — by — V-(c =)z, X%z t,x))d 1

o
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860 COLOMBO AND ROSSI

t
¥ / V(bE = V- e)(r, X (534, )
t,

(4

t N
X l/ exp </ -Vcd(o, X%(o; t,x))do)(é—c)(s,XS(s;t,x))ds] dr] },

where we made use of (33). Call u;, and g, the functions defined by (32) for 8 = 0 and § = 1, that

is, u, = u; =" and i, = u;~'. Compute

1 1
/6,9uﬁ(t,x)d8‘dx§/ / 8515 (2, x)| dxd 9. (34)
0 0 n

I21(0) = Ol < [

Rn

Exploiting the change of variable introduced at the beginning of the proof, compute

/ |69uﬁ(t,x)| dx
Rn

t t
< exp( / ||b5(r>||ww)dr>{ [ 1@ = @Ol de
[0 to

t
+< |Vu2<y>|dy+/ Vi, y>|dydr>
Rn t

o

t t
X eXp </ Ilvcs(c)lle(Rn;Rnxn) d G) / ”(C - 6)(S)||L00(Rn;Rn) d N
tO ta
t t
+<||u’3||Lm(Rn) + / 1G5 Ol e (D r) / (b = by = V- (e = )@l ry A7
to lo

<||u’“||Lm(Rn)+ / ||qg(f)||mw)(f)df> / IVF = V- XDl gy

t t
X exp </ IlVCS(G)IlLoo(Rn;Rnxn)dU> / ”(C - 6)(S)“L°°(R";R")ds}'
to Lo

Inserting the result above in (34), by the definitions of b?, qﬁ and their properties as stated in
Lemma 3, we have

”uh(t) - ﬁh(t)”LI(Rn)

t
< exp </ max { ”b(T)”Loo(Rn)’ ”b(T)”Loo(Rn) ){/ 1(qn — qh)(T)”LI(Rn)
¢

o

t
+<||ué‘||m(w) " / max { 14O gee gy 19O e ey | dr)
t

[
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COLOMBO AND ROSSI 861
t
x [ 1= By = V- e = Ol d©
[0
t
+ eXp </ max { ”VC(S)“LOO(RV!;Ran)s ”VE(S)”LOO(RVL;[Ran)} d S>
tO
t
% [ e = O o s
to
t
X l |Vu<l;l(y)| dy + / max { ”th(s)”Ll(Rn)a ||th(s)||L1(Rn) } ds
Rn to
t
+<||u(];l||Loo(Rn) + / max { ”q(T)”Loo(Rn)’ ||CI(T)||L00(W) } d T>
[O
t
X/ max { V(b = V- )l 1ngny 1V R = V- OS2 ngn) } dS] }
t()
Let now h tend to +oco0. We have:
”uh(t) - ﬁh(t)”Ll(Rn) - ”u(t) - ﬁ(t)”Ll(Rn)
48 o ey < Mo o gam by (14)
16G@r = GOl @y = 1@ = DOllpagny by Lemma 3
(b, — by = V- (¢ = O)Dlligny = 1B —b—=V-(c =)Dl 1mny byLemmas3
IVl gy = TV (t40) by (14)
”Vth(S)”Ll(Rn;Rn) <TV (b~(3)) by Lemma 3
VBRIl L1 gnny < TV (B(5)) by Lemma 3
”th(s)”LI(Rn;Rn) <TV (q(S)) by Lemma 3
IV@ L1 gnmny < TV () by Lemma 3.
Therefore,
llu(t) — ﬁ(t)llLl(Rn) (35)

t . t
< exp (/ max { ||b(T)||Lm(R,,), ”b(f)”Leo(Rn) } d T> {/ (g — q)(T)llLl(Rn) dt
t, t,

o

t
+<”uO”Loo(Rn) + / max { ”q(T)”Loo(Rn)’ “q(T)”Loo(Rn)} dT>

o

t
x [ 1 =5=V-(c = )@y dt
to

t
+exp < / max { V()| o gnsarenys IV oo gy } d s)
t

(9
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862 | COLOMBO AND ROSSI

t
X / lI(c - 5)(S)||L°°([R";R”) ds
tU

t
x lTv (uy) + / max {TV (g(s)), TV (@(s)}ds
Lo

t
+<”“’0”Loo([Rn) + / max { ”q(T)“Loo([Rn)’ ”q(T)”Loo(Rn)} dT)

Lo

t
X / max { TV (b(5)) + IV V- e(5)llsqanarys TV (B5)) + IV V-6l onn) | s] }
t

o

This completes the proof. [ |

4.3 | Proof of the main result

Proof of Theorem 1. Choose an initial datum (u,, w,) € X*. Define uy(t, x) = u,(x) and wy(t, x) =
w,(x) for (t,x) € I x R"™. Then, construct recursively for i = 1,2, ... the following sequences of
functions:

Ou; + V- (ci(t, x)u;) = bi(t, x)u; + q(¢, x),
ui([os X) = uo(x);

Orw; — uAw; = a;(t, X)w;,

w;(ty, X) = wy(x).

a;(t,x)=g(t,x,u;_1(t, x),w;_1(t,x)); u; solves {
bi(ta X)=f(t, X, wi—l(t; X)),
¢i(t, 0)=(u(t, w;_; ()(x); w; solves {
(36)
The existence part of the proof amount to verify that (u;, w;) is a Cauchy sequence in a suitable
complete metric space and that its limit solves (1). We divide the proof into several steps.

Step 0: Foralli € N, (u;, w;) is well defined and

forallt € Tu;(t) € Ut and u; € COY(I;LY(R%R,)), 37)

forallt e Twi(t) e Ut and w; € C°(I;LY(R™;R,)).
Proofof Step. 0 Fori = 0, the thesis holds true due to the choice of the initial data and the definition
of uy and w,. We proceed by induction.

Assume now that the claim holds for i — 1, with i > 1. Then, @; € L*(I x R";R) for all t € I,
by (g) and by the inductive hypothesis. Propositions 1 and 2 and Corollary 1 hence ensure that w;
is well defined, with w;(t) € Ut for all ¢ € I. Similarly, b; satisfies (b+) by (f) and ¢; satisfies (¢2)
by (v). An application of Proposition 3 ensures the existence of u;, with u;(t) € Ut for all t € I.
The time regularity of w; follows from (P2) in Proposition 1 and, for u;, from (H7) in Proposition 3.

Step 1: Foralli e N, forallt > ¢,

il gaggny < N1Wollrgemy €€, i pan ey < N0 ooy 5@, (38)
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COLOMBO AND ROSSI 863

sl sy < (Wl oy + 1, e )

(39)
xexp [K (1) (¢ = 1)(1+ 10 o ny €0

4Ol < Mt Ny + 1l ey oy

(40)
X exp [(Kf(t) + K, (1) (t — to)(l + llw, ”Lm(Rn)ng(I)(t—to)>] .

(The L! and L™ estimates on w are independent of u. This fact plays a key role throughout,
in particular in Step 6 below.)

Proof of Step 1. By (g) and (36), with obvious notation, for all T € [¢,, t],

Ai(f) .= sup ai(Ts 5) = Ssup g(T’ gs u’i—l(T9 5)’ wi—l(T’ g)) < Kg(f) < Kg(t) .

teRn teRn

Hence, (38) follows by (P10) in Corollary 1.
Proceeding now similarly, using (36), (f), and (38), compute for 7 € [¢,, t],

sup b;(z,x) = sup f(7,x,w;_1(7,x)) < sup Kp(7)(1 + w;_(7,x))
xeR” xeR” xeR"

< K@ 1+ 10l ny ) < K1+ N lgan gy 55O,

Estimate (39) now follows from (H3) in Proposition 3 and (36). Moreover, by (v),

“ V- C(T)”Loc(Rn;R) < KU(T) ”wi—l(T)“Loo(Rn) < Kv(t) ”wOHLoo(Rn) ng([) (t_to)-
Using now (H4) in Proposition 3 and (36), the bound (40) follows.
Step 2: There exists ¢ € C°(I; R, ) such that forall t € T and i € N, TV (w;(t)) < G(¢).

Proof of Step 2. By the definition of a; given in (36), by () and by (P12) in Corollary 1 we obtain
TV (w;(t)) < G(t) where

Tn VI —1o Ko(0) (—1).

2 n
G(1) = TV (w,) + ———=— Kg(O) lwoll oo (mny €
N7 g Loo(Rn)

Step 3: There exists F € C°(I; R,) such that, forall t € I and alli € N, TV (u;(t)) < F(¢).
Proof of Step 3. Exploiting the definitions of b; and ¢; given in (36), by (v), for 7 € [t,, {],
ng(T) (T_ta)’

||Vci(f)||Loo(Rn;Rn><n) < KU(T)||wi—1(T)||Loo(Rn) < KU(T) ”wo”Loo(Rn)

1V V- 6@l < Col 7 101l geny ) 102 Ol gy
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864 COLOMBO AND ROSSI

Ko (@) <r—t0)) Ky(0) (t—to).

< Co (T Iwo gy 1o 11 oy

and by (f), (38), and Step 2,
TV (bi(1)) = TV (f(z, -, wi1(7, )
< K@) (14 101 @l ny + TV @i () )
2J,A/T—t
< Kf(f)<1 +TV (wo) + ”wo”Loo(Rn)<1 + % Kg(7)>ng(T) (r—t0)>‘
Insert the latter estimates above in (H6) of Proposition 3 to get TV (u;(t)) < F(t), where

t
F(t) = <||uo||ww) +TV (1) + / (19l ny + TV (@) dr)
t

(4

t
X exp </ (Kf(‘t') + 1o ll oo gy (K (7) +KU(T))ng(T)(r_[0)> dr>
t

o

t
x(l + / Co (7. 10l gy €5 Y oy ) €550 d 7
L

(4

47 _
+Kf(t)(t - to)<1 +TV (wo) + 3 \/np \% =1, Kg(t) ”wO”Loo(Rn) ng(t)(t to)))

concluding the proof of Step 3.
Observe for later use that, due to (f), (¢), and (v), on a bounded time interval [¢,, T

Qiy1 — @, by — by, V(i1 — ) € LI([t,, TI X R R). (41)
Step 4: Referring to (4), (5), Step 2, and Step 3, consider the complete metric space
Yr = {(u,w) € C°[t,,, T]; &%) : TV (u(1)) < F(£) and TV (w(t)) < ¢(¢) for all ¢ € [t,, T1},
d((uy, wy), (U, wy)) = tes[ltlpT] (1Gy () = uy(8), i (8) = wo ()] - (42)

Moreover, for r > 0 introduce the following subset of X*:

womn) <71, V(W) <r,
X+ = {(u,w) e xr Mlhsqn <7 @) (43)

' ”w”]_,oo(Rn)Sr’ ”w”Ll(Rn)SV, TV (w)<r }

Then, given (u,,w,) € X;", there exists a continuous function K, : [t,,T] — R, for a
suitable T € I with T > t,,, such that for alli € N

d((Ui11, Wit1), (U, wy)) < K (T (T = t) d(u;, wy), (U1, Wi—1)). (44)
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Proof of Step 4. In the following, we make use of the bounds (38)-(40). Start from (P11) in Corol-
lary 1: for all ¢ € [t,, T], using (36) and (g), we obtain

”wi+1(t) - wi(t)”LI(Rn)

< Kg(0) (¢ = 1) ||l gmye® 1 Ke Sup 1040~ i (2, i) — wia (W)l
< KP(I) (T = to) d(uy, w), iy, wi)), (45)
with
KY(T) = r Ko(T) e2T=1)Ke(D), (46)

Now consider (H5) in Proposition 3: by (v) and (f), setting

Oy () = exp (Kf(rxt — to) + [|Wo [l o gy (= L) (K (£) + Kv(r))ng“)‘l—fo)) (47)

X ll + (1t —t,) Cu(t, ”wo”Ll(Rn)ng([)([_to))”wo”Ll(Rn)ng(t)(t_to)

47
+Kf(t)(t—t0)(1+TV(wo)+ L /1= 1, | Wo l o ey Kg(£) 6007100 ) |
3\/u
Ou(t) = exp (Kp(0) (¢ = t6)(1+ 110 s €5 ), (48)

we get

”ui+1(t) - ui(t)”Ll(Rn)

< laa)(t - r(,)(uuouww) +TV (1) + / (19O Mg eny +TV(q(r>>dr)>Kv<t)

o

t
+@z(t)(r—to)<||uo||Lw(Rn)+ / ||q(r)||Lw(Rn)dr)(Kf(t>+cv(r,||wo||Lwng“)<f-fv>))]
[O

X sup [[wi(7) = wi—1 (Ol gn)

TE[ty,t]
< KHTY(T = t,) sup [[wi(0) = wiy (Dl gy (49)
T€[t,,T]
with
T
KHT) = <r+ / ||q<r>||Lm<Rn)dr> exp (K ()T = t,)( 1+ rekeDT=1) )
tO
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866 COLOMBO AND ROSSI

X[/ (T) + €, (T,r ke DT=00) ) |

T
+(2r+/ (11g(DLes@ml +Tv(q(f)))dr>
t,

0

X exp (Kf(T)(T - to)<1 +r ng<T><T—fo>)) (50)

XK(T) exp (Ky(T) (T = t,) r keI =10))

x(l +7 (T — t,) Cyo(T, r eI =l0))eKe (1T —Lo)

+(T — to)Kf(T)<1 +r+ 4\J/"_ K (D) VT —t,r ng(T)(T‘fo)>>.

3K

Thus, collecting together (45) and (49),

d((Ujy1, Wig1), (W, w;)) = sup <”ui+1(t) - ui(t)”Ll(Rn) + w1 (1) — wi(t)”Ll(Rn)>
tel0,T]

< (KH(T) + K2(T) (T = 1) d((ug, wy), (Wi—g, wi—1)).
This proves (44), with KC,.(T) = K¥(T) + K£¥(T) and Step 4 is completed.

Step 5: For any r > 0, there exists a T, > 0 such that for all (u,, w,) € X;, the sequence (u;, w;)
converges in Y, to a (u,, w,) solving (1) in the sense of Definition 1.

Proofof Step 5. Choose T, > t, such that K,(T,) (T, — t,) < 1. Thanks to (44), the sequence (u;, w;)
defined through (36) is a Cauchy sequence and converges in the complete metric space (YVr,,d)
defined in (42). Call (u,, w,) the limit. Clearly, u, € C°([t,,T,]; U'") and w, € C°([t,,T,]; U™).
It remains to prove that (u,, w,.) is a solution to (1) in the sense of Definition 1. By Lemmas 4 and
5, it is sufficient to prove that u, is a weak solution to (23) and w,, is a weak solution to (15) with

a(t, x) = g(t, x, u.(t, x), w, (£, x)),  b(t,x) = f(t,x,w.(t,x)), c(t,x) = (L, w, (D) ().

The initial condition is satisfied: (u,., w,)(0) = (u,, w,). Using the weak formulations (27) and (17),
applying the Dominated Convergence Theorem, thanks to (f) and (g), we obtain that (u,, w,,)
solves (1) on [t,, T,], with initial datum (u,, w,), in the sense of Definition 1.

Step 6: The solution constructed above can be uniquely extended to all I.

Proof of Step 6. The uniform continuity in time of (u,,w,) on [t,,T,] ensures that
(W (T)), w,(T,)) = lim, 7, _(u,(t), w,(t)) is in X*. The above results can be iteratively applied,
proving that (u,, w,) can be uniquely extended to a maximal time interval [¢,, T..[.

The L! and L® bounds in (38), together with the BV bound in Step 2, ensure that the limit
lim,_, 7, w,(t) exists and is in U'*, so that we can define w,(T,) = lim,_r__ w,(t). Similarly,
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Proposition 3, allows to uniquely extend u, in T, setting u,(T,) = lim;_p__ u,(t) with u(T,) €
Ut. A further application of the steps above then allows to further prolong (u,, w,.) beyond time
T, unless T, = sup I, completing the proof of this step.

Step 7: Let r > 0. Given (u,, w,), (il,, W,) € X, call (u,w) and (i1, W) the corresponding solu-
tions to (1). Then, for all ¢ € I, (6) holds, with C, defined in (61).

Proof of Step 7. Define for (¢, x) € I x R" the following functions:

a(t,x) = g(t,x,u(t,x),w(t,x)), a,x)= g(t,x,u(t,x),wt,x)),
b(t,x) = f(t,x,w(t,x)), b(t,x) = f(t,x,w(t,x)), (51)
c(t,x) = (v(t, wt)))(x), ét,x) = (u(t, w(t)))(x).

Let v be the solution to (15) with a in the source term and initial datum w,, and let 71 be the
solution to (23) with coefficients b, c, and initial datum ,. More precisely,

0w — U AW = a(t,x)w 0,1+ V- (c(t,x)tt) = b(t,x) 1 + q(t, x)
{w(to, x) = 10,(x) and {aao, X) = (). 2
By (5), we need to compute
(D), w(®)) = @0, W) = 1(6) = Al gy + W) = WOl g1 ey
< 1(6) = Al gany + 18CE) = Ol 1 ey (53)

+ ”w(t) - w(t)”LI(Rn) + ||lf)(t) - w(t)”Ll([Rn)- (54)

Compute each term in (53) separately. The first one is the L!-distance between solutions to balance
laws of the type (23) with different initial data. Exploiting (24) for the solution to these balance
laws and the bounds obtained in the proof of Step 1, we get

146 = Oy <k = T s sy X [ K (0) & = 1) (1 4+ 1 oy €560 ) | (55)
The second term in (53) is the L!-distance between solutions to balance laws of the type (23) with
different coefficients b, ¢ and same initial datum. Exploiting the computations in the proof of

Step 4, as well as (H5) in Proposition 3, we get

18(t) = &Oll gy

t
< {@1<r,r><uaoumw>+TV(ao)+ / (uq(r)nww)+TV(q<r>>)dr>Kv(r>
t,

0

t
+0y(t, r><||ao||Lm<Rn)+ / 1G(D |y r> (R O+C, (£ 184l nye 1)) }
to
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t
x [ 1) = @@l . (56)
lo

with

O, (t,r) = exp (Kf(t) (t = to) + 1 (t — £,) e (K (1) + KU(t))>

X l1 +(t — t,) Cy(t, r eKsD=l0)y p eKg(O1=10)

4]1’1 t)(t—t,
+ K () (t - to)(l +r+ W rKy(t) \/t — t, eXelX ))] , (57)

Oy(t,r) = exp (Kf(t) (t - to)(l +r ng“)(f—fo)) ) (58)

The first term in (54) is the L!-distance between solutions to equations of the type (15) with
different initial data. Since P as defined in Proposition 1 is linear, by Step 1 we obtain

||U.)([) - w(t)”LI(Rn) < ”wo - wOHLI(Rn) exp (Kg(t)(t - to))- (59)

The second term in (54) is the L!-distance between solutions to the parabolic equation (15) with
different coefficients in the source term and the same initial datum. Exploiting the computations
in the proof of Step 4, as well (P11) in Corollary 1, we get

10(E) = WOl gny < 1o [ oo gy Kg(£) €K& [ t I(u(x) — 4(0), w(x) = W@, dz. (60)
Hence, (55), (56), (59), and (60) yield
11u(0), w(t)) = @@, DIl < Ky (L, ) (g, o) = (Ho, 1)l
(6, 7) /t (1) - 20), w(e) — Bl d,

where we set

Ky(t,r) = exp (max {Kf(t) (t- to)(l + rng(t)(‘_t°)>, eKe(—~to) })

t
Kt 1) :@l(t,r><zr+ / (||q(r>||Lw(Rn)+TV(q(r>))dr)KU(r>
L

o

t
+0,4(t, r)(r + / 19O ooy d 1') (Kf(t) +C, <t, r ng(t)(t—to)) )
tO

+r K (£) e?Ks(W01o),
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An application of Gronwall Lemma yields:

t t
10), w(0)) = @O, DOy < (1t W) — (s D) / K\ (5, ) exp ( / /cz(r,r>dr>ds,
ty N

proving Step 7 with

t t
C,(t,r) = / K1(s,r) exp (/ K, (t, r)dr) ds. (61)

o

Step 8: Given g, § satisfying (q), call (u, w) and (@i, W) the solutions to (1) with the same initial
datum (u,,w,) € X;7. Then, for all t € I, (7) holds with C, defined in (64).

Proof of Step 8. Define for (¢, x) € I x R" the functions a, d, b, b, c, ¢ asin (51).
The L!-distance between w(t) and w(t) can be computed as in (60), leading to

t
lw(®) = WO gy < NWollpeoqgunyKg(t) €K [ i(u — 71, w — W)y dT.  (62)
(Rm) (Rm)
lo

To compute the L!-distance between u(t) and ii(t), we exploit (H5) in Proposition 3 and the com-
putations in the proofs of Step 4 and Step 7, to get

”u(t) - a(t)”Ll([Rn)

< @1(t, }") ll|u0||Lm(R”) + TV (uo)

t
+ / (max { 19l sy 1Ol ny | +max{TV (@), TV (@@} dr]

(4

t
S OY N TCE G
to

t
+05(, r><||uo||ww) A (T TH dr)
to
X (K0 + Co (£ 1w 02 ))

t
X/ lw;(z) — wi—l(T)”Ll(Rn) dr+ @2(f, rlg— q||L1([[O’[]XRn)’ (63)
ta
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where O, (t,r) and O,(t, r) are as in (57)-(58). Collecting together (62) and (63) and an application
of Gronwall Lemma completes the proof of Step 8 with

¢ ¢
Cy(t,r) = O4(t, r)/ exp/ {rKg(r) e?Ke@M—l) 4 K (1) Oy (1, 1) er (64)
ty s

+ / |max { 19wy 19 geeny | + max{TV (g(@)), TV (@)} d a]

(4

T
+(§2(Ta r) lr + / max { ”q(o-)”Loo(Rn)? ||q(a)||Lw(Rn) } d G]
t

o

x [Kf(r) +C, (r, rng@(T—fo))] } drds.

5 | CONCLUSIONS

We introduced a predator-prey model amenable to describe the use of biological strategies in
fighting pests’ growth. Parasitoids—predators hunt for parasites—prey moving toward regions with
high pests’ density. The introduction of parasitoids in the environment is the space- and time-
dependent control parameter. Numerical integrations show the wide differences in pests’ control
outcome, due to different control strategies.

From the analytical point of view, we deal with a mixed system of hyperbolic—parabolic nonlocal
partial differential equations, whose well-posedness and stability properties are ensured. Thus,
sufficient conditions for the existence of time- and space-dependent optimal controls are at hand,
while necessary conditions are still currently unknown.
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