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Abstract

We introduce the fractional absolute value equation (FAVE), which is an absolute
value equation containing fractional terms of the unknown variables. For simplicity,
we first consider a simple 1-dimensional FAVE and then generalize the results to
problems of arbitrary dimension #. In this context, we investigate the relationship
between the FAVE and the weighted generalization of the horizontal linear comple-
mentarity problem. Moreover, we provide conditions that ensure the solvability of
the FAVE by characterizing the number and the sign pattern of the solutions in
several situations.

Keywords Absolute value equations - Complementarity problems - Uniqueness of
solution - Solvability

1 Introduction
Aim of this paper is to introduce a fractional absolute value equation (FAVE). For

simplicity, we first consider the 1-dimensional FAVE, which consists in finding the
solution(s) to

am—b|w|—§—f:q, (1)

with a, b, ¢, d € R assigned values, ¢ € R known term, and z € R\ {0} unknown. We
then generalize the results to the n-dimensional case
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Ax — Blz| - C(eox) — D(e 0 |x|) =q, 2

where A, B,C,D € R™"*" are known matrices, ¢ € R" is a known vector,
e=(1,1,...1)T € R™is a vector whose entries are all ones, z € R™ is an unknown
vector of components z; # 0,7 =1,...,n, and @ denotes the Hadamard division.
Hence, e © x represents the vector of components z%, fori=1,...,n.

While absolute value equations with fractional terms have not been studied in the
literature, “standard” absolute value equations have excited much interest in recent
years. In their most general form, the generalized absolute value equation (GAVE)
is defined as [1]

Ax — B|z| = q, 3)

where A, B € R™*"™ are known matrices, ¢ € R" is a known vector, and € R"
is unknown'. If B = I, the GAVE (3) reduces to an absolute value equation (AVE).
The first works in this field are [1, 2], where the relationship between AVEs (GAVEs),
linear complementarity problems (LCPs, [3, 4]), and bilinear programs was studied.
Existence and non-existence conditions were provided as well. Many other works
then followed, focusing on either proposing new existence conditions [5-9], devising
new solution methods for AVEs and GAVEs [10-13], or formulating new generaliza-
tions of (3) [14-18]. The reader is referred to the recent review [19] for a complete
overview of the main works on these aspects. Nonetheless, we highlight that none
of the generalizations of the GAVE considered fractional terms: indeed, the gener-
alizations of the GAVE in the literature focused on matrix equations [16] like the
Sylvester-like AVE [14], stochastic AVEs [18], tensor equations [17], or variations
of the GAVE [15].

One of the main motivations that led to the introduction of AVEs and GAVEs
is their equivalence to (horizontal) linear complementarity problems [2, 20, 21].
In particular, it is known that the GAVE (3) is equivalent to the horizontal linear
complementarity problem (HLCP) that consists in determining two unknown vectors
&, m € R™ such that

(A-B)¢—(A+Bn=qwith£>0,7>0,6n=0. (4)

This equivalence clearly includes the AVE when B = I and can be reformulated in
terms of a (non-horizontal) LCP. Furthermore, the equivalence was widely used for
studying the solvability of AVEs/GAVEs and for proposing new solution methods
(see, e.g., [2, 7]). Even the well-known modulus-based methods for LCPs and HLCPs
[22, 23] can be seen, in practice, as based on solving a GAVE in place of the original
complementarity problem.

Similarly, in this paper we show that the FAVE (2) has a strict relationship with a
generalization of the HLCP, namely the weighted horizontal linear complementarity

"In some works, including [1], the GAVE is defined with non-square matrices. In this case, the quanti-
ties in (3) are defined as A, B € R™*" g € R™, and € R™. However, consistently with much of the
recent literature, by GAVE we here refer to the case with m = n.
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problem (WHLCP, [24]). This problem consists in determining two unknown vectors
&, m € R™ such that

M§— Mon=qwith§>0,7>0,£0n=w, (5)

where w > 0 is a non-negative weight vector, g € R™ is a known term,
My, My € R™™™ are two coefficient matrices, and o denotes the Hadamard product.
We denote the problem (5), which is a special instance of the weighted linear comple-
mentarity problem introduced in [25], as the WHLCP(M7, Mo, q).

The relationship that we establish between FAVEs and WHLCPs contains and
generalizes previous results in the literature. Indeed, both the FAVE and the WHLCP
are larger settings than the GAVE and the HLCP, respectively. In fact, it is easy to
verify that a FAVE (2) with C' = D = 0 reduces to a GAVE, and a WHLCP with
w = 0 reduces to an HLCP. Thus, the known equivalence between the GAVE and
the HLCP becomes a special instance of the analysis here performed with regard to
the FAVE. In this perspective, it is interesting that a WHLCP with non-zero weight
is no longer equivalent to a GAVE, but requires fractional terms to be present in the
absolute value formalism to establish some kind of equivalence.

Furthermore, our analysis can foster the development of new solution methods
for WHLCPs, similarly to the above-mentioned methods [22, 23] and as suggested
by recent advances on modulus-based methods for WHLPs [26]. Finally, a last aim
of the paper is to explore the solvability of the introduced FAVE. In this context, we
introduce several conditions that ensure that the FAVE has solutions and particularly
focus on their sign pattern.

Throughout our analysis, we are going to use the following two definitions, which
we here particularize to the case of two matrices 4, B. Indeed, this is the case that
will occur in this paper, while the general definitions can be found in [27], where they
were introduced.

Definition 1 [27] Let A, B € R™*" and let M = {4, B}. Amatrix C € R"*" is a
column representative matrix of M if

¢j € {ajvbj}

for j =1,...,n, where ¢; denotes the j-th column of C and a;, b; denote the j-th
column of 4 and B, respectively.

Definition 2 [27] The set M = { A, B} has the column W-property if the determi-
nants of the column representative matrices of M are all positive or all negative. If,
instead, the determinants are all non-negative with at least one positive determinant
(or all non-positive with at least one negative determinant), we say that M has the
column Wy-property.

In addition, we here introduce the following concept of simultaneously column-rep-
resentative matrices.
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Definition3 Let A, B,C, D € R™*"™, and let M; = {A, B} and My = {C, D}. Let
M be a column representative matrix of My and let M5 be a column representative
matrix of Ms. Let my, and mo, denote the i-th column of M and Ma, respectively,

i =1,...,n. Finally, let Z4 denote the set of indices where m;, = a;, Zp the set of
indices where m1, = b;, Z¢ the set of indices where mo, = ¢;, and Zp the set of
indices where my, = d;, ¢ = 1,...,n. We say that M; and M, are simultaneously

column representative of M; and Ms if 74 = Z¢ and Zp = Zp, which is if M; and
M5 are such that

m;, =a;, and my, =¢; or my, =b; and my, =d; 6)

fori=1,...,n.
Clearly, Definition 3 can readily be generalized to an arbitrary number of sets con-
taining the same number of matrices. Furthermore, replacing the conditions over the
columns with conditions over the rows, we get corresponding definitions for simul-
taneously row representative matrices. Both these cases are not of interest for the
following analysis, but are naturally included in Definition 3.

Finally, the next proposition briefly discusses the number of simultaneously col-
umn representative matrices. The proof'is evident, and hence not explicitly reported.

Proposition 1 Let M ;, My be two sets defined as in Definition 3. Then, the total
number of simultaneously column representative matrices is 2".
2 Relationship between the FAVE and the WHLCP
2.1 1-dimensional problems
We start by investigating the relationship between the FAVE (1) and the WHLCP
focusing, at first, on a 1-dimensional case. Furthermore, we assume that fractional
terms are actually present, i.e. that ¢ and d are not both zero in (1). This implies that
x is defined in R\{0}. A direct generalization of the next theorem to the GAVE (cor-
responding to ¢ = d = 0) will be considered later.
Theorem 2 Let w > 0 be a positive arbitrary value and let k = w. Assume that ¢
and d are not both zero in (1). If £ is a positive solution to the 1-dimensional FAVE
(1), then

A . w . . w

¢ = max{0,2} + max{(), —T} and 7 =max{0,—2} + maX{O, 7} @)

z z

solve the WHLCP

(0~ b~ (e din = quwith € > 0,5 > 0,60 = w. ®)

If © is a negative solution to the FAVE (1), then é’ and 1 as in (7) solve the WHLCP
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1
—(c—d)§ = (a+b)n=qwith{>0,n>0,&n=w. ©)
K
Conversely, if{, 1 solve (8), then & = éis a positive solution to the FAVE (1), iffA, il
solve (9), then £ = —1j is a negative solution to the FAVE (1).

Proof The assumption that ¢ and d are not both zero in (1) implies that the FAVE (1)
contains fractional terms in x and is defined only for z € R\{0}. Hence, any solution
Z to the FAVE is either positive or negative. Recalling w > 0, it follows that é ,7] as
in (7) are positive for any possible solution Z.

Hence, let us separately explore the positive and the negative sets of solutions to
(1). If £ > 0, then the relations in (7) reduce to

~

E=12; N=

A

;S =w (10)

SRS

with £ > 0 and w > 0. Therefore, if we replace { = z and = 7 into (1), we find
that &, 7 as in (10) solve the WHLCP

1 1
A€ = b§ — —en— —dn = q with £ > 0,7 > 0,&n = w.

In the previous equation, we required £ > 0,1 > 0 for consistency with the general
formulation of the WHLCP, but evidently any solution é , 7 must be strictly positive
when w > 0. Collecting terms and by x = w for w # 0, we finally obtain (8).

The inverse implication follows directly by considering é , 7} that solve (8) and by
proceeding backwards. It is then easy to verify that & = é is positive and satisfies the
FAVE.

If, instead, £ < 0 and w > 0, then (7) reduces to

w A

{=—= i=-8 &=w (1n

Hence, proceeding exactly as in the positive case, finding the negative solutions to
the FAVE (1) can be written as finding the solutions &, 7} of the problem

1
—(e—d)f—(a+b)np=qwith{=>0,920,8n=w

Again the inverse implication can be verified by proceeding backwards and setting
& = —1}, in accordance with (7). O

While the above theorem applies to the 1-dimensional FAVE with ¢ # 0 and/
or d # 0, the FAVE can be seen as a generalization of the GAVE if c=d =0 is
allowed. Repeating the analysis of Theorem 2 allowing for ¢ = d = 0 leads to the
following corollary, which can be applied to GAVEs as well. We remark that x can
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be zero in the special case ¢ = d = 0, as all fractional terms disappear and the FAVE
reduces to a GAVE.

Corollary 3 Let w = |c|+ |d| and let k = w if w # 0 and k equal to an arbitrary
positive value if w= 0. If T is a non-negative solution to the 1-dimensional FAVE
(1), then

¢ ) max{0,2} + max{0,—% ¢ ifw#0 - _ ) max{0,~2} +maxq0,%+ if w#0
¢ { max{0, 2} { } ifw=0 and { max{0, —2} { } ifw=0 (12)

solve the WHLCP (8). If £ is a non-positive solution to the FAVE (1), then fand n
as in (12) solve the WHLCP (9).

The inverse implications hold as well: if{ ,1 solve (8), then © zf is a non-nega-
tive solution to the FAVE (1), if €, 1 solve (9), then £ = —1j is a non-positive solution
to the FAVE (1).

Proof When fractional terms are present in the FAVE (1), the definition of w ensures
w > 0 and we fall directly within Theorem 2. In the special case ¢ =d = 0, we
instead have w = 0. In this situation, the FAVE reduces to the 1-dimensional GAVE

ax — blz| = q, (13)
and (12) becomes
€ =max{0,#} and 7= max{0,—2}. (14)

Proceeding exactly as in the cases with nonzero w, finding the positive and the nega-
tive solutions to the GAVE (13) is equivalent to solving the HLCPs

(a—b)¢=gqwith{>0,7>0,n=0

(a4 by =q with € >0, > 0,60 =0, (13)
respectively. These problems are evidently the same as (8) and (9) with ¢ =d = 0,
where the definition of x ensures that we are not dividing by zero. The only difference
with the proof of Theorem 2 is that we need to consider the case & = 0, which is now
also possible. This is easily analyzed by considering that & = 0 is only possible if
c=d = 0and g =0, and implies é =7 = 0 by (12). Hence, a solution & = 0 to (1)
will necessarily satisfy both problems in (15) with é = 7 = 0. The inverse implica-
tion naturally follows: the first problem of (15) was obtained with ¢ = d = 0 and is
solved by 5 = 0if ¢ = 0. This leads to & = § = 0 according to the theorem. Analo-
gous considerations can be made with regard to the second problem of (15), which is
solved by 7 = 0if ¢ = 0, and leads to Z = —7 = 0. O

Remark 1 1t is known that a GAVE is equivalent to a (non-weighted) HLCP. In par-
ticular, by [7, Proposition 1], the GAVE (1) is equivalent to the HLCP
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(a —b)E — (a+b)p = q with £ > 0,7 > 0,0 = 0. (16)

According to that equivalence result, if 2 is a solution to the GAVE, then £ = £, = 7
as in (14) solve (16).

Corollary 3 directly contains this equivalence. Indeed, the FAVE (1) becomes a
GAVE when ¢ = d = 0. In this case, by the definition of w, we have {7 = 0, which,
in turn, ensures that we necessarily have either é = 0 or 7 = 0 at the solution. Thus,
solving the HLCP (16) is the same as solving the two HLCPs (15) of Corollary 3
with 7 = 0 for the first problem and with & = 0 for the second. The problems simply
separate the positive and the negative solution sets of x.

2.2 Generalization to n-dimensional FAVEs

The results of the previous subsection can readily be generalized to FAVEs of arbi-
trary dimension. In this regard, it is useful to write the FAVE (2) by explicitly express-
ing the matrix—vector products as linear combinations of the columns of the matrices
A, B, C, D. l.e., denoting by a; the generic ith column of 4 and using an analogous
notation for the columns of B, C, D, we can write the FAVE (2) in the form

Zaimi_zbilxi|_zci%_Zdiﬁ:% (17)
i=1 i=1 i=1 b=l

Notice that the FAVE is defined for z; # 0 when ¢; and d; are not both the zero
vector, ¢ = 1,...,n. Indeed, (17) highlights that fractional terms in x; are present
in this case. We first focus on this situation, and later generalize it to a FAVE where
c; = d; = 0 for some i.

Theorem 4 Let w € R™ > 0 and let K € R™ ™ be the positive diagonal matrix of
entries Ki; = % Assume that c; and d; are not both the zero vector, fori = 1,...,n.

Let € R™ be a solution to the FAVE (2) and define L, and T_ as the sets of indices
It ={i|# >0}; I ={i|# <0} (18)
fori=1,...,n. Then, the vectors
£ = max{0, &} + max{0, —w © &}; 7 = max{0, -2} + max{0,w @ &}(19)
solve the WHLCP
M§ — Myn = quwith§ > 0,1 =>0,£0n =w, (20)

where {M;, My} are simultaneously column representative to the sets
{A—-B,(C—-D)K}and {(C + D)K, A+ B} with M; matrix of columns

my, =a; —b; fori €IT; my, =kiy(c;—d;) fori €T, i=1,...,n.(21)
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Conversely, l'fé7 1) solve the WHLCP (20) with I and I~ given sets of indices that
define the matrices of the problem as in (21), then & of components t; = &; for any
i € IT and £; = —1; for any i € T~ is a solution to the FAVE (2).

Proof 1f c; and d; are not both zero for ¢ = 1,.. ., n, then any solution to the FAVE
(2) cannot have zero components. Therefore, given a solution &, any of its compo-
nents is going to be either in Z or in Z~ as in (18). Furthermore, 3 ) as in (19) are
positive and satisfy £o 7) = w. Similarly to the proof to Theorem 2, let us explore
separately the positive and the negative sets of solutions to (1).

Assume that the FAVE (2) has a positive solution & > 0. Then, (19) reduces to

~

E=& H=wod; Eof=w. (22)

Using these expressions to replace & in the FAVE (2), we easily find that 3 ] solve
the WHLCP

which, by the definition of K is

As we did in the 1-dimensional case, in the previous equations we required

& > 0,m > 0 for consistency with the general formulation of the WHLCP, but evi-

dently any solution 3 7) to these problems must be strictly positive when w > 0.
Instead, if & < 0, then (19) reduces to

~

E=-wod; f=- Eof=w. (23)

Proceeding as in the previous paragraph, the FAVE (2) can be written as finding 3 )
that solve

Obviously, we can also have solutions that are not completely positive nor com-

pletely negative. In this regard, define Z+ and Z~ as in (18). Then, (19) reduces to

24

Consequently, expressing the FAVE in the form (17) and using (24) to replace suitable
components of & based on their sign, we get that &, 7 as in (24) solve the WHLCP
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dlaiti— Y ami— Y bi&— > bmi— > ¢ 7h+z Zdn—’zfzdi’?—

i€t €L~ i€t €L~ i€t i€t €L~

with & > 0,1 > 0,£ o n = w. Collecting terms and by x;; = i, we further get

Z - b;)& — Z (a; + b;)n; — Z (¢ +di)kimi + Z (ci — di)kii& = q, (25)

€Tt €L €Tt €T

with & > 0,1 > 0, £ o n = w. Passing to the matrix form and using the definition of
K, the previous equation can be written compactly as (20) with M, column represen-
tative matrix of the set {A — B, (C' — D)K} of columns

my, = a; — b, if x; € I+; my, = mii(ci — dl) ifiel™ (26)

and M5 defined consequently as a simultaneously column representative matrix to
M inthe set {(C' + D)K, A+ B}.

In all cases, the inverse implication follows by repeating the same passages back-
wards, similarly to the proof to Theorem 2 for the 1-dimensional case. O

Nonetheless, we may have ¢; = d; = 0 for some index i. If this happens for every
i =1,...,n, the FAVE reduces to a GAVE. Otherwise, we still have a FAVE, but we
do not have fractional terms at the generic i-th rows where ¢; = d; = 0. For these
indices, x; = 0 is possible. We treat both these situations in the following corollary,
which includes the case of zero components in the solution to a FAVE by allowing
c; = d; = 0. The hypotheses of the corollary will still prevent unfeasible solutions
and allow to view the following results as generalizations of existing conditions for
standard GAVEs and AVEs.

Corollary 5 Let w = (|C|+|D|)Te and let K € R™*"™ be the diagonal matrix of
entries Ki; = ; if w; # 0 and ky; equal to an arbitrary positive value if w; = 0.
Let £ € R™ be a solution to the FAVE (2) and define L, and T_ as the sets of indices

t={i|#; >0} I ={ili;<0} 27
fori=1,...,n. Then, the non-negative vectors £, 7 € R"™ of components

¢ - { max{0, #;} + max{0, = 3%} if w; #0

max{0,Z;} if w; =0 -
df — max{0, —&;} + max{0, 3} if w; #0 (28)
= max{0, —a:} if wi =0,

i=1,...,n, solve the WHLCP (20), where {M;, My} are simultaneously col-
umn representative to the sets {A — B,(C — D)K} and {(C + D)K, A + B} with
M matrix of columns as in (21) with ZT,Z~ as in (27). Conversely, ifé, 1) solve the
WHLCP (20) with T and I~ given sets of indices that define the matrices of the
problem as in (21), then & of components T; = éifor any i € T and ©; = —7; for
any © € L~ is a solution to the FAVE (2).
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Proof When w; > 0, the proof is exactly as in Theorem 4. If, instead, the generic i-th
column of C and D is zero, we have w; = 0. The analysis is, nonetheless, analogous.
Indeed, if &; > 0, (28) reduces to §, =uz;,7;, =0 fﬂh = 0. This means that the i-th
term of the left-hand side of (17) reduces to

xz_bi|$i|,

and the ¢—th term of the left-hand side of (25) reduces to (a; — b;)&;. Accordingly,
the corollary would prescribe to consider the WHLCP (20) with

my, = (a,» — bl), mo, = [H”‘(Ci + dt)] =0.

Similar considerations apply to &; < 0: (28) reduces to éz =0,1 = —I4, éiﬁi =0.
Finally, for w; = 0 we need to also consider the special case Z; = 0. Nonetheless,
this leads to éi =0, =0, éiﬁi = 0. Hence, the i-th term of the WHLCP (20) van-
ishes just as the corresponding term of the left-hand side of (17). O

Remark 2 Notice that the choice w = (|C| + |D|)? e was made out of convenience.
More in general, w can be defined as an arbitrary non-negative vector whose generic
i-th component is zero only if ¢; = d; = 0.

Example 1 Consider the FAVE (2) of matrices

a3 D) o= () e=( D) o=(1 ) - (F) e

It can be verified that such FAVE admits the positive solution &; = (1, 3)7. Next, set
w = (|C] + |D|)Te = (2,3)T (or any arbitrary positive vector according to Theo-
rem 4) and define K accordingly. Based on Theorem 4, and especially on (19), the
vectors

solve the WHLCP(M;, Ms, q) with

:A—B:(SQ _21>, MQ:(C—FD)K:@ )

It can easily be verified that E 1,7, really solve this WHLCP. Similarly, it can be veri-
fied that the FAVE (2) with terms as in (29) also admits the following solutions (here
rounded to the second decimal digit)

o=

= (1.07,-0.30)7, &3 =(-0.47,2.62)7, &4 = (—0.41,-0.33).

It is easy to verify that the WHLCPs defined according to the rules of Theorem 4 are
solved by the vectors
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&, = (1.07,9.93)T, #, = (1.87,0.30)7
&5 = (4.27,2.62)7, Ay = (0.47,1.15)7

&, = (4.90,9.14)T, 7, = (0.41,0.33)7,

which are immediately computed via (19) using the (non-rounded) values of
‘%27;%33‘%4-

Remark 3 1In the special case C' = D = 0, the FAVE (2) reduces to the GAVE

Ax — Bx = q. (30)
It is known that this GAVE is equivalent to the HLCP
(A= B)é — (A+B)n = q with £ > 0,n > 0,670 =0, (31)

with & = max{0,x},n = max{0, —x}. For instance, see [7, Proposition 1]. This
equivalence is contained in Corollary 5. Indeed, if w = 0, Corollary 5 implies that
all the solutions to the GAVE can be found by solving (20) for any couple { M7, Ms}
simultaneously column representative to the sets {A — B,0} and {0, A + B} for
which it admits a solution. Notice that this contains the solutions to (31). Indeed, at
any solution of (31), & or 7; needs to be zero in order to satisfy the complementarity
condition, 7 = 1,...,n. The i-th column either of A — B or of A+ B in (31) will
therefore multiply a zero term at the solution. It follows that any solution to (20) with
M, My simultaneously column representative to {A — B,0} and {0, A + B}, and
with f}, =0 fori € Z~ and #); = 0 for i € ZT, must solve (31) as well. The inverse
implication holds as well.

3 Existence of solutions to FAVEs
3.1 Existence of solutions to 1-dimensional FAVEs

Based on Theorem 2, the existence of solutions to (1) can be analyzed via the solv-
ability of (8) and (9). Hence, we have the following result, which, for simplicity, is at
first given with regard to the 1-dimensional case.

Theorem 6 The FAVE (1) has exactly one positive solution for any q if and only if
a — b and c + d are either both positive or both negative. Similarly, (1) has exactly
one negative solution for any q if and only if a + b and ¢ — d are either both positive
or both negative.

Proof By Theorem 2, the existence of positive solutions to the FAVE (1) is linked
to the existence of solutions to the WHLCP (8). Furthermore, the solution to the
WHLCP (8) is unique for any ¢ if and only if the coefficients a — b and ¢ + d are
either both positive or both negative, as can be seen by direct analysis of (8). This is
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also a special 1-dimensional instance of the YW-property, which ensures the unique
existence of the WHLCP solution for any ¢ and for any w > 0 according to [24,
Theorem 3]. Hence, the first statement of the theorem is readily proved.

As regards the second statement, the proof is analogous, considering that Theorem
2 links the existence of negative solutions to the FAVE (1) to the existence of solu-
tions to the WHLCP (9). O

Outside the assumptions of Theorem 6, a FAVE may or may not have solutions
depending on the known term g. Moreover, the solution may not be unique for some
values of ¢. Nonetheless, notice that the two statements of the theorem are indepen-
dent from one another: it may very well happen that the FAVE has a unique positive
solution for any ¢ (i.e., the first statement of Theorem 6 is satisfied), while negative
solutions exist only for some values of ¢ (i.e., the second statement is not satisfied).
To illustrate this, we can consider some numerical experiments. In this regard, in
Fig. 1 we represent the left-hand side of a selection of 1D FAVEs (blue curves). To
aid the interpretation of the plots, we also represent the value of a special choice of
the right-hand side (i.e., ¢ = 2) by a red line. Evidently, the solutions to the FAVE (1)
for the special choice ¢ = 2 are the intersections between the red and the blue lines
of Fig. 1.

As a first example, consider the FAVE (1) with a =c=1, b = —2, d = 2. Evi-
dently, {a — b, c 4+ d} = {3, 3} are both positive and {a + b,¢c — d} = {—1, —1} are
both negative. Hence, by Theorem 6, we expect the FAVE (1) to have exactly one
positive and one negative solution for every choice of ¢g. This is indeed what happens,
as we can observe in Fig. 1a. Beyond the special choice ¢ = 2, it is easy to verify that
we always obtain one positive and one negative solution for any ¢ (i.e., when the red
line is moved upwards of downwards).

Instead, if wetakea = 2,b = ¢ = 1,d = —2, the values {a — b,c + d} = {1, -1}
do not have the same sign. Hence, there is not a unique positive solution for any gq.
At the same time, {a + b, ¢ — d} = {3, 3} are both positive, which ensures that there
exists exactly one negative solution for any ¢. Indeed, this is what we observe in
Fig. 1b, where the negative solution is unique for any ¢, while the positive solution
does not exist for ¢ < 2, is unique for ¢ = 2, and is not unique for ¢ > 2. The oppo-
site situation is represented if Fig. 1c, where weseta =d =1,b = —5,and ¢ = 2. In
this case, the positive solution is unique for any ¢, while the negative solution exists
only for g > 4.

Finally, Fig. 1d represents the case with a = 1.5, b = d = —2, ¢ = 1. As none of
the uniqueness conditions of Theorem 6 are satisfied, one or more solutions may or
may not exist depending on the value of g.

3.2 Generalization to n-dimensional FAVEs
As regards the generalization to multiple dimensions, we first notice the following.

Proposition 7 A/l the solutions to the FAVE (2) can be traced back to the solution of,
at most, 2™ WHLCPs.
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10

-5 -5
-10 . -10 :
-10 -5 0 5 -5 0 5 10
(a) a =c =1, b= —2, d = 2. Exactly one positive (b)a =2,b=c=1,d = —2. Only the negative
and one negative solution exist for any q. solution exists and is unique for any q.
10 7 10 -
5 5
q q
0 / L 0 L
-5 -5
-10 ‘ ‘ ‘ 210 ‘
-3 -2 -1 0 1 2 -10 -5 0 5
(c) a=d=1,b= -5, and ¢ = 2. Only the positive (d) a=1.5,b=d = —2, c = 1. Positive and nega-
solution exists and is unique for any q. tive solutions may or may not exist, depending
on q.

Fig. 1 Plots of a selection of FAVEs. The blue lines represent the left-hand side of the FAVE. The solu-
tions to the FAVE (if any) are given by the intersections between the blue line and the line y = q. As
an example, the red line represents the special choice ¢ = 2

Proof The proof follows directly from Theorem 4 with Proposition 1. (]

We can then analyze the existence and the number of solutions to the FAVE (2).
In particular, we have the following theorem, which expresses a condition for the
existence of solutions with a specific sign pattern.

Theorem 8 Let w € R™ and K € R™ ™ be as in Theorem 4. Let M, My be
simultaneously column representative to the sets {A— B,(C — D)K} and
{(C + D)K, A+ B}, respectively. Furthermore, let T denote the set of indices
i=1,...,nand

171 = {Z el ‘ my, = a; — bz}, I = {Z el ‘ my, = fm(ci — dl)} (32)

Then, if {M;, My} has the column W-property, the FAVE (2) has a unique solution
& of components ©; € R\{0}, i = 1,...,n, with
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i’i>0f07‘i611; ‘T/C\i<0fOTZ.€I2 (33)

for any q. The uniqueness of the solution equivalently holds if either of the follow-
ing conditions is satisfied in place of the column VVW-property:
1. for arbitrary non-negative diagonal matrices D1, Do € R™*"™ with

diag(D1 + DQ) >0,

det(M1D1 + MQDQ) # 0;

2. My is invertible and {1, M| * My} has the column W-property.

Proof Let us focus on the first claim. The fact that { My, M5} has the column W
-property implies that (|C| + |D|)”e > 0. Otherwise, a column of either M; or Mo
would be zero, implying that { M7, M5} could satisfy, at most, the column Wy-prop-
erty. Two consequences immediately follow:

e the FAVE contains fractional terms in all the components of x, and is therefore
defined for x; € R\{0},i=1,...,n;

e the WHLCP (20) can only have strictly positive solutions, in order to satisfy
% on=w>0.

Furthermore, if {M;, M5} has the column W-property, then the WHLCP (20) has
a unique solution for that specific choice of My, Ms by [24, Theorem 3]. To such
unique, strictly positive solution &, 7 there will correspond a unique solution @ to
the FAVE according to Theorem 4. By how this solution is defined in the statement
of Theorem 4, it cannot have any zero component when 3 ) are strictly positive.
Furthermore, by comparing (18)—(21) with the definition of Z;, 7, it is immediate to
realize that & has components whose signs must satisfy (33).

As regards the assumptions equivalent to the column W-property, they come
directly from [27, Theorem 2]. O

While the previous theorem (and subsequent results) employs an arbitrary
w > 0 for generality, note that K = I if we choose w = e. Thus, in practice, the
requirements of Theorem 8 involve only the matrices of the FAVE. This can also be
viewed through the fact that the set of P-matrices is closed under positive diagonal
multiplication.

Example 2 Consider the FAVE of Example 1. It is easy to compute

A—B:(_32 ‘21), A+B:<(1) i) (C—D)K:@ ﬁ), (C+D)K:@

12
2 3

[SS[SEE
~—

By the definition of strictly and irreducibly diagonally dominant column represen-
tative sets (see [28]), it is easy to verify that all possible combinations of simul-
taneously column representative matrices to the sets {A — B,(C — D)K} and
{(C + D)K, A + B} satisfy the column W-property. Hence, the FAVE has 4 solu-
tions with unique sign pattern for any choice of g. This is consistent with the results
presented in Example 1.
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Notice that the inverse implication of Theorem 8 (namely, that the uniqueness of
the solution of the FAVE implies the column WW-property) does not hold in the gen-
eral FAVE case. Indeed, suppose that & as in (33) is unique for any q. Then, follow-
ing the proof of Theorem 8, we can prove that € and 1], as given in (19), are unique
for any g with a specific weight w > 0. However, the column W-property holds if
€ and 1) are unique for any g and for any w > 0 (or for the special case w = 0) [24,
Theorem 3]. Thus, the uniqueness of the solution for a specific w > 0 is, in general,
insufficient, even when the solution is unique for any q. In this regard, consider the
following counterexample.

Example 3 Consider the FAVE of matrices

A= d) pe(Bw) =i 8) p=(0)- o

The positive solutions of this FAVE are the values x; > 0, x5 > 0 which solve the
nonlinear system

T+ X2 — % =q1
35
{xl—f—xz—i:(I% (33)
Denoting by s the sum s := 1 + 2, the system reduces to
4 3
T = © Xg = (36)
s—q1 S —4q2
where s is the solution of
3

S=x1 +x9 = + 5
$§—q1 §—Qq2

with s > max{qi, g2} to ensure the positivity of 1, xo. Therefore, s can be deter-
mined by solving

f(s) == S B (37)

S—q1 S —q2

with the restriction s > max{qi,q2}. The function f(s) is defined for all
s > max{qi,qa2}, with f(s) = oo as s — max{q,q2}" and f(s) = —oco as
s — 00. Moreover, f(s) is continuous for s > max{q, g2}, and its derivative

ey 4 B 3 B
fle) = (s—q1)?  (5—¢qa)? !

is negative, indicating that f(s) is strictly decreasing for s > max{qi, ¢2}. These
properties hold for any ¢1, g2 € R. Thus, there exists exactly one s > max{qi, g2}
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satisfying (37), ensuring that the FAVE defined by (34) has a unique positive solution
& for any gq.

By Theorem 4, any such & > 0 forms, via Eq. (19), two vectors 3 7) which solve
the WHLCP

EDE-6 @) -0) eoroce o

where we have set w = e and K = [ for simplicity. The matrices of this problem are
My, M>, which have been computed as My = A — B and My = C + D, in accor-
dance with the previous theorems. The relationship FAVE-WHLCP guarantees that
(38) has a unique solution for any q as well. However, the matrices M7, M5 as in (38)
do not satisfy the column W-property, as the determinant of M; is zero. Instead, they
satisfy only the weaker column Wp-property.

Thus, the column W-property is not necessary for the unique solvability of the
FAVE with a specific sign pattern, nor for the uniqueness of the solution of a WHLCP
with a specific weight w > 0 for any q.

On the other hand, it is well known that the column W-property is necessary
and sufficient for the uniqueness of the solution of an HLCP for any g [27, Theo-
rem 2]. This is relevant to particularize Theorem 8 (together with Corollary 5) to
the existence of GAVE solutions with a given sign pattern. Indeed, the case of a
GAVE implies C'= D = 0. In this case, M; and M> are simultaneously column
representative to the sets {A — B, 0} and {0, A + B}. Because of the zero columns
of My, M, they cannot satisfy the column W-property. Hence, there does not exist
any {M;, My} simultaneously column representative to { A — B, 0} and {0, A + B}
for which the HLCP(M7, My, q) has a unique solution for any g. Even though this
was expected (as multiple solutions of the HLCP(M7, M>, g) may map to the same
GAVE solution), it suggests a more general non-existence result. Indeed, assume
that & is the unique solution that was obtained with a specific known term q and let
D, = diag(sgn(z)). If the solution with the same sign pattern as & is unique for any
q, it means that there exists exactly one solution of the form z = (A — BD,)~!q for
any g with the unchanging sign pattern prescribed by D,. However, such relation is
linear in g, implying that, at some point, changing g changes the sign of the compo-
nents of . This directly leads to the following corollary:

Corollary 9 A GAVE cannot have a unique solution which preserves the same sign
pattern for all q.

Notice that this does not mean that the solution to a GAVE cannot be unique for
all g (which would contradict known results), but it means that a GAVE whose solu-
tion is unique must change the sign pattern for some value of g. In this context, we
remark that many results in the literature focused on the existence of solutions (and
especially on unique solvability), while results on the sign pattern and the number of
solutions are scarce, with the notable exceptions of [2, 29].
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Several other existence results follow. For instance, the following corollary pro-
vides a sufficient condition that ensures a minimum number of solutions to the FAVE
for any q.

Corollary 10 Let w € R™ and K € R™ "™ be as in Theorem 4. Let { My, My} satisfy
the column W-property for m matrices My, My simultaneously column representa-
tive to the sets {A — B,(C — D)K} and {(C + D)K, A + B}. Then, for any q, the
FAVE (2) has at least m solutions characterized by a different sign pattern.

Proof 1t follows directly from Theorem 8 with m couples of simultaneously column
representative matrices that satisfy the column W-property. O

The previous corollary only gives a sufficient condition of existence for any q.
Indeed, when {Mj, M>} do not satisfy the column W-property, one or more solu-
tions may or may not exist depending on q. This is evident in the 1-dimensional
examples analyzed in Sect. 3.1. Corollary 10 just provides a lower bound to the mini-
mum number of solutions that exist for any g based on the number of simultaneously
column representative matrices that satisfy the column W-property.

In the special case when all possible choices of M; and M satisfy the column W
-property, we instead obtain the following condition.

Theorem 11 Let w € R™ and K € R™ " be as in Theorem 4. If {M;, Mz} satisfies
the column W-property for any M;, My simultaneously column representative to the
sets {A — B,(C — D)K} and {(C + D)K, A + B}, then the FAVE (2) has exactly
2™ solutions for any q. Furthermore, each solution has no zero components and a
distinct sign pattern.

Proof 1t comes from Theorem 8 together with Proposition 1, which states that there
are 2" simultaneously column representative matrices to two sets of two matrices. To
each choice of { M7, My} there will exist a unique solution to the equivalent WHLCP
and, analogously, a solution & with a unique sign pattern (indeed, notice that there are
2™ possible sign patterns in & € R™ with Z; # 0,7 = 1,...,n). Thus, the theorem is
immediately proved. O

For instance, Example 1-2 can again be considered. As mentioned above, all
the simultaneously column representative matrices satisfy the column W-property.
Therefore, there exist 2" = 22 solutions to the FAVE for any q. There are no zero
components and the sign pattern is different in each solution, as can be seen in Exam-
ple 1 for a special choice of g.

In the case of a GAVE, we have already noticed that we would need to consider
(non-weighted) HLCPs of matrices { M7, M>} simultaneously column representative
to {A — B,0} and {0, A + B}. Moreover, Corollary 9 remarks that a GAVE cannot
have a unique solution which preserves the same sign pattern for any q. It directly
follows that there cannot be GAVEs which have exactly 2" solutions for any g, each
with a different sign pattern.
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Theorem 11 directly leads to the following corollary, which gives a sufficient con-
dition that ensures that 2™ solutions exist for any gq.

Corollary 12 Let w € R™ and K € R™ ™ be as in Theorem 4. If the set
M={A—-B A+ B,(C—D)K,(C+ D)K} satisfies the column W-property,
then the FAVE (2) has exactly 2™ solutions for any q. Furthermore, there is no solu-
tion with zero components, and there is exactly one solution for each possible pattern
of signs of the components.

Proof 1f M satisfies the column W-property, then every possible couple of simul-
taneously column representative matrices Mj, Mo to the sets {A — B, (C' — D)K}
and {(C + D) K, A + B} satisfies the column W-property. Hence, the proof follows
by Theorem 11. O

Other sufficient conditions can then be obtained for special forms of the matrices
of the problem. For instance, we prove the following corollary.

Corollary 13 Let A— B, A+ B, C — D, and C + D be either

e strictly diagonally dominant by columns
e or constitute an irreducibly diagonally dominant column representative set [28].

Furthermore, let sgn(ay; — by) = sgn(ai; + bi) = sgn(ciy — dis) = sgn(ciy + dig)
for ¢ = 1,...,n. Then, the FAVE (2) has exactly 2™ solutions for any gq. Further-
more, there is no solution with zero components, and there is exactly one solution for
each possible combination of signs of the components.

Proof Under the assumptions of the theorem,
M={A-B,A+ B,(C—-D)K,(C+ D)K} satisfies the column W-property,
for any K as defined in Theorem 4. See [28, Lemma 1-Corollary 1]. This fact together
with Theorem 11 directly proves the corollary. O

Notice that this last corollary allows to easily assess the number and sign pattern of
the solutions to the FAVE of Example 1 via the assumption of irreducibly diagonally
dominant column representative set.

Finally, we briefly discuss the following special case, where all the solutions to the
FAVE map to the unique solution of a WHLCP.

Theorem 14 Let K € R™ ™ be a positive diagonal matrix such that
A—B=(C—-D)K and A+ B=(C+ D)K. Furthermore, let {A — B, A + B}

1

satisfy the column W-property and let w € R"™ be the vector of components w; = ——,

i=1,...,n. Then, the FAVE (2) has 2™ solutions for any q, each with a different
sign pattern. Each solution can be obtained as the 2" distinct vectors of components

i‘izéi or T;=—%;, fori=1...,n (9)

@ Springer



Fractional absolute value equations 469

where (é , M) denote the solution of the WHLCP
(A—B)¢(—-(A+Bn=quwithé>0,n>0,on=w (40)
Such solution is unique and strictly positive for any q.

Analogously, given any solution & of the FAVE, the unique solution to (40) can be
found via (19).

Proof Under the assumptions of the theorem, the simultaneously column rep-
resentative matrices to the sets {A—-B,(C—-D)K}={A-B,A- B}
and {(C+ D)K,A+ B} ={A+ B,A+ B}. Therefore, it directly follows
M; = A — Band My = A + B irrespective of the sign pattern of &. The assumption
that {A — B, A + B} satisfies the column W-property is the same as requiring that
any M7, M, simultaneously column representative to the sets {A — B, (C — D)K}
and {(C + D)K, A + B} have the column W-property. Then, the FAVE (2) has 2"
solutions for any g by Theorem 11 and the WHLCP (40) has a unique solution for

any q by [24].

All the 2™ solutions to the FAVE must therefore map to this unique solution of the
WHLCP in accordance with Theorem 4. Equation (39) follows directly from this.
Indeed, we will always have M; = A — B and My = A + B in Theorem 4, irrespec-
tive of the sign pattern of the solution. O

Example 4 Consider the FAVE (2) with

1) () () (D) e (B

Evidently, the vectors {a;,c;} are linearly dependent and so are {b;,d;}, for
it =1,...,n. Therefore, the respective sums are also going to be linearly dependent,
and we can easily find

A_B:(f _22):(C—D)K A+B:<41 g>=(c+D)K

when we select

1 0)
K:<2 .
03

It is easy to verify that { A — B, A + B} the column W-property (as all column rep-
resentative matrices have positive diagonal elements and are either strictly diagonally
dominant or irreducibly diagonally dominant). Moreover, it can be found that the
unique solution of the WHLCP (40) with w = (2, 3)7 (obtained directly from defini-
tion by the performed choice of K) is
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() - 0)

Thus, based on Theorem 14, we find that the FAVE has the following 4 solutions with
unique sign pattern

2= (@)-0) =-(5)-(5) =-()-6) «-()-6)

It can easily be verified by substitution that these vectors actually solve the FAVE (2)
with matrices as in (41).
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