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Abstract: This paper proposes a statistical approach for modeling vertical walking forces induced
by single pedestrians. To account for the random nature of human walking, the individual vertical
walking force is modeled as a series of steps and the gait parameters are assumed to vary at each
step. Walking parameters are statistically calibrated with respect to the results of experimental tests
performed with a force plate system. Results showed that the walking parameters change during
walking and are correlated with each other. The force model proposed in this paper is a step-by-step
model based on the description of the multivariate distribution of the walking features through a
Gaussian Mixture model. The performance of the proposed model is compared to that of a simplified
load model and of two force models proposed in the literature in a numerical case study. Results
demonstrate the importance of an accurate modeling of both the single step force and the variability
of the individual walking force.

Keywords: statistical load model; pedestrians; vertical vibrations; footbridges; Gaussian Mixture

1. Introduction

As a result of the increasing slenderness and liveliness of modern footbridges, the
serviceability assessment against vibrations due to human excitation has become a key
aspect in the design of this kind of structure. Reliable assessment of human-induced
vibrations of footbridges relies mostly on adequate mathematical representation of the
pedestrian loading. Over the years, several time-domain force models have been proposed
in the literature, most of them based on the same pedestrian load for any individual and
on the assumption that both feet produce exactly the same periodic force [1,2]. The main
gait parameters characterizing the walking process are the walking speed, step length, step
width, pacing rate and force amplitude [3,4]. More recently, stochastic modeling approaches
have gained increasing attention as they can provide a more realistic description of the
random nature of the walking process. Indeed, the human-induced walking force is
affected by the so-called inter-subject variability as well as the intra-subject variability. The
former means that the walking gait parameters in a population of different individuals
vary, while the latter represents the intrinsic variations in the gait parameters induced by a
single individual step-by-step.

The inter-subject variability of the walking force is usually characterized through the
mean value and the standard deviation of the average gait parameters within a studied
population [5]. Several studies were performed to statistically characterize the pacing
rate of the walking force, such as [6–11]. They found that the pacing rate followed a
normal distribution with mean values ranging between 1.8 Hz and 2.2 Hz and standard
deviations in the range [0.11; 0.3] Hz. Živanović [12] explained that the differences among
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the pacing rates obtained in the different studies are related to the different samples of
people analyzed. As far as the step length l is considered, Pachi and Ji [9] observed that it
is related to the pacing rate fs through the walking speed v by v = l fs. They also estimated
that the pedestrians walked with a mean walking speed of 1.3 m/s. A correlation between
the step length and the walking frequency was also suggested by Wheeler [13]. On the
contrary, Živanović et al. [11] assumed that the pacing frequency and the step length are
independent random variables, the latter following a normal distribution with mean value
and standard deviation of 0.71 m and 0.071 m, respectively. The main study concerning the
force amplitude is from Kerr and Bishop [8], who estimated the dynamic loading factors of
the main forcing harmonics of the walking force, which increase with the pacing frequency.
Similar studies were proposed by Ellis [14] and Rainer et al. [15].

Unlike inter-subject variability, intra-subject variability has often been neglected as
its impact on vibration levels was traditionally considered insignificant [16]. Neverthe-
less, more recent studies demonstrated the great impact of the variability of individual
walking force on the accuracy of the predicted vibration response [17–19]. As an example,
Rezende et al. [18] demonstrated the impact of both the inter- and intra-subject variability
on the tuned mass damper (TMD) efficiency through simulations involving pedestrian
densities up to 0.5 ped/m2. Similarly, Ramos-Moreno et al. [19] highlighted the importance
of considering the step frequency variability for individuals in simulations with multiple-
pedestrian scenario (pedestrian densities of 0.2 ped/m2 and 0.2 ped/m2). To describe the
intra-subject variability, the variation in the gait parameters induced by a single pedestrian
step-by-step needs to be evaluated [16,20]. This variation can be expressed through the
mean value and the standard deviation of the considered parameter. A few studies on this
subject exist in the literature. Among these, Brownjohn et al. [21] measured the continuous
walking force generated on a treadmill by three test subjects (TSs) walking at a self-selected
pacing rate with different speeds. They observed that the coefficient of variation of the
pacing frequency on a step-by-step basis is about 3%. Yamasaki et al. [22] found that the
mean coefficient of variation of the step length ranges from 2% and 5% and depends on
the walking speed and gender. A detailed description of the intra-subject variability has
been proposed by Dang and Živanović [5], who statistically characterized the walking gait
parameters of a population of ten TSs using a motion capture system that tracks human
body movements.

The statistical description of the walking gait parameters can be used as a direct input
for stochastic modeling. Based on the probabilistic approach, the vibration response can be
expressed as a probability that a certain level of vibration will not be exceeded. Over the last
decade, stochastic models for vertical human-induced excitations have been developed both
in time [11,16,23] and frequency domain [21,24–27]. Among these, Živanović et al. [11]
proposed a probability-based approach to predict the vibration response caused by a single
pedestrian crossing the footbridge. The pedestrian force is described in the time domain,
and the inter-subject variability is considered using the probability distributions of walking
frequency, step length and force amplitude, while the intra-subject variability is included
through the phase angle. The stochastic model proposed by Racic and Brownjohn [23] was
developed starting from the analysis of 824 walking time histories collected from about
80 TSs and is able to replicate temporal and spectral features of real walking loads. Similarly,
García-Diéguez et al. [16] presented a model of variable individual forces based on the
vertical ground reaction forces measured in an experimental campaign involving 50 TSs
walking on a treadmill. In the frequency domain, the random nature of human walking is
accounted for by presenting the walking forces as auto-spectral densities [23,28,29]. The
theory of turbulent wind on linear structures can be adopted to describe the correlation
among pedestrians at different locations on the structure [24].

This paper proposes a framework for the statistical modeling of the vertical walking
forces induced by single pedestrians on a rigid surface based on a step-by-step variation
of gait parameters. Basically, the pedestrian walk is modeled as a series of consecutive
steps, each one characterized by the typical M shape [1], where parameters of the given
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step are independent of those of the previous steps. The proposed mathematical model for
the pedestrian gait takes inspiration from the well known application of Markov chains
called “random walk” [30]. Gait parameters of each step are randomly extracted from
their probability distributions. Statistical characteristics of the walking gait parameters
are estimated from the experimental tests conducted to measure individual walking forces
through the force plate system developed by Fontanili et al. [31]. Experimental tests
involved three TSs and allowed measuring about 700 steps for each TS. The analysis of the
experimental measurements demonstrated that walking features are related with each other
and characterized by multivariate distributions. In this paper, multivariate distributions of
the walking features are described through Gaussian Mixture (GM) models [32]. GM is an
interesting approach to the problem of fitting multivariate distributions, since it depends on
a limited number of parameters, can accurately approximate several practical distributions
and can rely on simple algorithms for parameter estimation.

The main benefit of the proposed approach lies in the in-depth investigation of the
correlation among the walking features and its accurate characterization through multi-
variate distributions. As the aim of the paper is to provide a framework for the statistical
modeling of the walking force induced by single pedestrians and highlight the importance
of faithful description of its random nature, experimental and numerical results refering to
three TSs are presented. Results from a small number of test subjects allow us to show that
the proposed procedure is suitable for real experimental data. Furthermore, the proposed
approach can be used to calibrate a force model representative of the behavior of different
individuals based on the results of experiments involving many test subjects.

The proposed walking model is adopted to predict the human-induced vibrations of a
simply supported beam considering different footbridge parameters. The performance of
the proposed model is compared to those of a simplified model presented in this paper
and of two simulation models presented in the literature, namely the above-mentioned
force model by Živanović et al. [11] and the single-step load model by Li et al. [33]. Both
models are defined in the time domain: the former accounts for the intra-subject variability
of the walking force while the latter is one of the few models proposed in the literature
that defines the single foot force. Finally, the simplified model presented in this paper
differs from the proposed one according to the definition of the single step force. Unlike
the typical M shape, the foot force is assumed to be constant over the step duration. The
comparison with this simplified model allows us to highlight the importance of a reliable
description of the footfall forces.

The paper is organized as follows. Section 2 presents the experiments performed
to measure the ground reaction forces, while Section 3 describes the proposed modeling
approach. The statistical characterization of the walking features is performed in Section 4.
Section 5 presents and compares the performance of the proposed model for the evaluation
of human-induced vibrations in a numerical case study. Finally, conclusions are drawn in
Section 6.

2. Experimental Setup and Measurements

Properties of pedestrian walking have been investigated through an experimental
campaign at the University of Modena and Reggio Emilia, Department of Engineering
“Enzo Ferrari” (Italy), which allowed measuring force, time and position of the vertical
forces induced by single pedestrians on an instrumented floor. It is worth pointing out
that this approach allows us to directly acquire the quantity of interest for the study of the
footbridge. On the contrary, the measurement of the acceleration through an accelerometer,
for instance, constrained to a foot, requires a suitable procedure to evaluate the step forces
that may introduce large uncertainties. In fact, the human body is not a rigid system and
the force applied to the floor cannot be simply inferred from the acceleration and the static
mass of the person.

Ground reaction forces are measured adopting the force plate system developed
by Fontanili et al. [31] and shown in Figure 1. Each unit of the force plate system is
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a stand-alone uniaxial force platform composed of two aluminum plates. The lower
plate is constrained to the ground, hosts the force measurement devices and measures
1000 × 1000 × 12 (mm). The upper plate is 1000 × 1000 × 15 (mm) and allows the TS to
walk on it. Load cells are installed between the plates, along the diagonals of the surface
and at the farthest end from the plate center. A control unit acquires the signal from
the four load cells in each force plate and transfers it to the management software that
enables selecting the sampling frequency and viewing measurements. In the presented
experiments, the sampling frequency was set to 100 Hz. Thanks to a specifically designed
interface, data acquired from the four load cells are combined, and ground reaction forces
as well as foot positions are evaluated for each force plate. The force plate system is
characterized by a high flexibility and modularity, allowing us to set up the measuring
surface on the basis of the test to perform.

Figure 1. Force sensors installed under the vertices of the plates.

To characterize the intra-subject variability of the walking force induced by single
pedestrians, an instrumented walkway is built with two rows of force plates placed side by
side. Tests involved three test subjects. The characteristics of the three TSs are summarized
in Table 1.

Table 1. Test subject characteristics.

TS Mass [kg] Age [Years] Gender

1 45 25 female
2 54 25 female
3 55 22 female

Each walking test involved one person and was carried out as follows. First, the TS
took a few steps before getting on the walkway, and then she walked through it with her
self-selected comfortable walking speed. Once the TS left the walkway, she took a few
more steps, turned around and crossed the walkway in the opposite direction. The TS
kept walking back and forth for the whole duration of the test, namely 10 min. The steps
taken before getting on the walkway allowed the TS to get used to her comfortable walking
speed and achieve a natural rhythm when she made contact with the force plate. The TS
walked astride the center of the walkway so that the right food was placed on the right
row of force plates and vice versa. Note that the pacing was not prompted by any device
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(e.g., a metronome) and the pacing rate was determined only from the post-processing of
the measured signal.

Since the time histories of the right and left foot are separately recorded by the two
rows of force plates, the vertical force induced by a single step can be clearly recognized
from the measurements. Figure 2 shows an example of the time histories of the right and
left foot along with the continuous walking force obtained by adding the contribution of
both feet. A total of about 700 single step forces were collected for each TS.
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Figure 2. Experimental forces of the right (blue line) and left (red line) foot and continuous walking
force (dashed black line).

The analysis of the experimental data presented in Section 4 has shown that the main
gait parameters describing the walking force are random variables correlated each other.
This is reflected in the statistical model proposed in the following section.

3. Walking Force Models

The approach proposed in this paper is based on the modeling of the individual
walking force as a series of moving footsteps. To account for the intra-subject variability
of the walking force, the gait parameters of the single foot force are defined as random
variables. Walking parameters of the given step are assumed as independent of those
of the previous, and they are randomly extracted from the multivariate distributions
described in Section 4. On the one hand, this approach is able to grasp the individual
variability of the gait, since the steps of the same person are never identical to each other.
On the other hand, the proposed model is memoryless, such that it is not able to describe
particular event as a stumble or a collision. This approach takes inspiration from the
well-known application of Markov chains called “random walk” [30]. In practice, the
position of the agent is given by a sequence of steps, where the position of each step
depends only on the position of the previous step. In the classical random walk, the step
direction is uniformly distributed between [0, 2π), and the step size depends on the specific
phenomenon under investigation. However, in our scenario, the pedestrian is walking
towards a given endpoint, so its direction cannot be uniformly distributed.

The force model proposed in this paper is thoroughly described as follows (Section 3.2).
For comparison purposes, a simplified model is also defined (Section 3.1), which differs
from the proposed one by the definition of the single foot force. In the proposed model, the
typical M shape of the vertical foot force is assumed, while in the simplified model the step
force is supposed to be constant over the step duration.
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3.1. Proposed Force Model

The proposed force model is based on the assumption that the single foot force presents
the typical M shape. Hence, the dynamic force Pm,k(t) induced by the kth step is described
by a Fourier series as follows:

Pm,k(t) =


0 t < Ti,k

∑4
n=1 An,k cos(n2π fs,kt + Φn,k) Ti,k ≤ t ≤ Ti,k + Tc,k

0 t > Ti,k + Tc,k

(1)

where n is the harmonic number, An,k (N) and Φn,k (-) are the amplitude and phase shift
of the nth harmonic and fs,k (Hz) is the walking frequency. The contribution of four
harmonics is accounted for as we found that the first four harmonics allow for an accurate
description of the measured foot forces. The variable t (s) denotes time, Ti,k (s) and Tc,k
(s) are, respectively, the instant of application and the duration of the contact between the
foot and the ground. Hereafter, the subscript k (if present) denotes the kth step; however,
sometimes the subscript k is dropped to simplify notation and increase readability. The
instant of application Ti,k of the kth step can be expressed as a function of the previous
k − 1 steps:

Ti,k =
k−1

∑
i=0

Ts,i (2)

where Ts,i (s) is the time elapsed between the two successive heel-strikes of steps i and
i − 1, with Ts,0 = 0. It is worth pointing out that step duration Tc and walking period Ts
are related by Tc = Ts + ∆t, where ∆t (s) represents the period during which both feet are
in contact with the ground.

The continuous walking force Fm(t) in the time domain is modeled as a series of
moving footsteps, each one described by Equation (1), i.e.,

Fm(t) =
Np

∑
k=1

Pm,k(t) (3)

where Np is the total number of considered steps.
To describe the continuous walking force, spatial parameters also need to be intro-

duced. These are the step length l and the step direction θ, which are the polar represen-
tation of the coordinates where the foot force is applied. In particular, the step length l
represents the distance between two successive heel-strikes.

According to the proposed load model, the pedestrian’s walking is described by
ten gait parameters, each being a random variable: the period ∆t, the pacing frequency
fs, the amplitudes A1, A2, A3, A4, the phase shifts Φ1, Φ2, the step length l, and the
step direction θ. Note that the walking frequency fs is directly related to the walking
period Ts by fs = 1/Ts and the step duration Tc can be evaluated from ∆t and Ts. The
phase shifts Φ3, Φ4 are selected so that the walking forces at Pm(0) and Pm(Tc) are as
close as possible to zero. The state of the Markov chain at the kth step is described by
Sk =

{
fs,k, A1,k, A2,k, A3,k, A4,k, ∆tk, lk, Φ1,k, Φ2,k, θk

}
. The geometrical interpretation of the

proposed model is illustrated in Figure 3.
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Figure 3. Geometrical interpretation of the proposed force model.

Figure 4 shows an example of the numerical single foot forces compared to the
experimental ones. It is observed that the shape of the simulated step forces is qualitatively
the same as the experimental ones, despite the differences due to the variability of the
walking parameters.

Formally, this Markov chain is continuous in the state space S and discrete in “time”,
since the process is represented by a countable sequence of steps. If we assume that the
steps are independent and identically distributed, then the Markov chain is fully described
by the transition probability density function (pdf) p(S). Note that this Markov chain is
stationary, i.e., the transition pdf does not depend on step index k. In practice, the proposed
approach consists of devising the transition pdf p(S) from the experimental measurements
as shown in Section 4 and on generating the random walk accordingly.
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Figure 4. Example of (a) consecutive steps from the proposed force model and (b) measured steps.

3.2. Simplified Force Model

A simplified version of the force model presented in Section 3.1 is described in the
following. In this case, the single foot force is assumed to be constant over the step duration.
The comparison among the results of these two models allow evaluating the effect of a
reliable modeling of the single foot force. The dynamic force Ps,k(t) induced by the kth step
is described by a Fourier series as follows:

Ps,k(t) =


0 t < Ti,k

A0,k Ti,k ≤ t ≤ Ti,k + Tc,k

0 t > Ti,k + Tc,k

(4)
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where A0,k [N] is the force amplitude. The continuous walking force is obtained by adding
the contribution of each foot force:

Fs(t) =
Np

∑
k=1

Ps,k(t) (5)

The simplified load model is described by five parameters: the force amplitude A0,
the period ∆t, the step duration Tc, the step length l and the step direction θ. The state
of the Markov chain at the kth step is described by the 5-tuple Sk =

{
A0,k, ∆tk, Tc,k, lk, θk

}
.

An example of consecutive steps modeled according the the simplified model is shown in
Figure 5.

Figure 5. Simplified load model: example of three successive steps. The dashed lines represent the
measured steps while the solid lines are the corresponding modeled steps.

4. Statistical Characterization of the Walking Parameters

This section summarizes the procedure adopted to statistically characterize the walk-
ing parameters of the force models presented in Section 3.

• For each TS, collect all the measured steps Nstep.
• For each step, evaluate the temporal and spatial parameters that characterize the force

models of Section 3:

– For the proposed force model, the model parameters are: fs, A1, A2, A3, A4, ∆t, l,
Φ1, Φ2 and θ. In particular, the temporal feature ∆t is easily evaluated measuring
the period during which the analyzed step overlaps the following one. The step
frequency fs (equal to the frequency of the first harmonic), the amplitudes A1,
A2, A3, A4 and the phases Φ1, Φ2 are evaluated based on a Fourier analysis of the
measured step. Finally, the distance l and the direction θ from the step to the next
one are evaluated considering the mid-position of the foot. These parameters are
collected in three matrices, one for each TS, of dimensions Nstep × 10.

– For the simplified load model, the model parameters are: A0, Tc, ∆t, l and θ.
Besides the parameters previously described, the temporal parameter Tc is evalu-
ated measuring the total duration of the foot force while the amplitude A0 of the
constant footfall force is calculated so that the integrals of the experimental and
simulated step forces over the step duration Tc are the same. These parameters
are collected in three matrices, one for each TS, of dimensions Nstep × 5.
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• For each TS, calculate the correlation matrices R starting from the parameter ma-
trices defined in the previous step. Correlation matrices collect the pairwise linear
correlation coefficient between each pair of walking parameters. Depending on the
considered force model (proposed or simplified), the resulting matrices have dimen-
sions 10 × 10 or 5 × 5.

• To devise general information, calculate the average correlation matrix R over the three
TSs: Equations (6) and (11) for the proposed and simplified load model, respectively.

• Based on the average correlation matrices, evaluate which parameters are correlated
and which are not. For both force models, results show that all model parameters are
correlated except for the step direction θ.

• Assume a normal distribution for the uncorrelated model parameters and a multi-
variate distribution p(S) for the correlated parameters: Equation (7) for the proposed
model and Equation (12) for the simplified one.

• Fit the multivariate distributions adopting a Gaussian Mixture model [32]: Equation (10)
for the proposed model and Equation (14) for the simplified one.

• Assess the accuracy of the calibrated GM model through the Kolmogorov–Smirnov
test [34].

4.1. Proposed Force Model

According to the procedure presented above, the average correlation matrix R =
[
Rij
]

computed from experimental measurements is:

R =



1.000 −0.847 0.195 −0.467 −0.476 0.391 0.328 −0.566 0.069 0.000
−0.847 1.000 0.062 0.359 0.347 −0.286 −0.324 0.456 −0.003 0.195
0.195 0.062 1.000 −0.253 −0.153 0.113 0.076 −0.404 0.271 0.103
−0.467 0.359 −0.253 1.000 0.439 −0.459 −0.380 0.132 0.028 −0.006
−0.476 0.343 −0.153 0.439 1.000 −0.263 −0.174 0.223 0.010 −0.158
0.391 −0.286 0.113 −0.459 −0.263 1.000 0.744 0.219 −0.100 −0.113
0.328 −0.324 0.0760 −0.380 −0.174 0.744 1.000 0.202 −0.081 −0.102
−0.566 0.456 −0.404 0.132 0.223 0.219 0.202 1.000 −0.237 0.018
0.069 −0.003 0.271 0.028 0.010 −0.100 −0.081 −0.237 1.000 0.154
0.000 0.195 0.103 −0.006 −0.158 −0.113 −0.102 0.018 0.154 1.000


(6)

where the order of the variables i, j is the following: fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2 and
θ. A moderate correlation among almost all parameters is observed, except for the step
direction θ. Hence, we consider that, for each step, the parameters fs, A1, A2, A3, A4, ∆t, l,
Φ1, Φ2 are correlated, whereas the step direction θ is statistically independent of the other
features. Then the step pdf p(S) can be simplified as:

p(S) = p( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2, θ)

= p( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2)p(θ)
(7)

Gaussian Mixture (GM) models represent an interesting approach to the problem of
fitting multivariate distributions, since they depend on a limited number of parameters,
can accurately approximate several practical distributions and can rely on simple algo-
rithms for parameter estimation. For instance, the experimental fs − ∆t histogram and the
corresponding GM fit are shown in Figure 6 for the TS 1. The fs − ∆t domain has been
divided into a grid of dimension 21× 21, corresponding to 20× 20 = 400 bins. The number
of steps falling into each bin, i.e., the number of counts, is reported in Figure 6a.

The GM p̂( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2) fitting the multivariate pdf
p( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2) is based on Nc = 5 components, since this option has
shown a good trade-off between complexity and accuracy.

Hence, the pdf p( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2) is approximated through the GM

p̂( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2) =
Nc

∑
i=1

wi N
(

µi, ∑i

)
(8)
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where wi is weight of the ith component and N(µi, ∑i) denotes a multivariate normal
distribution with mean µi and covariance matrix ∑i, for i = 1, . . . , 5.

The accuracy of the proposed model based on GM has been assessed through the
Kolmogorov–Smirnov test [34]. In particular, the distribution of experimental data has been
compared with that of data randomly generated on the basis of the GM
p̂( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2).

(a) (b)

1

Figure 6. (a) Experimental fs–∆t histogram and (b) GM fit for TS 1.

For all three test subjects, random data have passed 100% of Kolmogorov–Smirnov
tests with a 5% significance level, thus leading to a great accuracy of the developed model.

The pdf of the step direction p(θ) has been analyzed independently of the other
features according to Equation (7). The experimental histogram of the angle and the
corresponding GM pdf are shown in Figure 7 for test subject 1. The angle domain has been
divided into 20 bins, whereas Nc = 3 components have been employed for the GM p̂(θ).
Note that (a) the distribution is bimodal and somewhat symmetric with respect to 0 because
of the succession of right and left steps; (b) the distribution is not perfectly symmetric as
naturally the human body is not perfectly symmetric.

The step direction pdf p(θ) is approximated through the GM:

p̂(θ) =
Nc

∑
i=1

αi N(mi, σi) (9)

where αi is the weight of the ith component and N(mi, σi) denotes a univariate normal
distribution with mean mi and standard deviation σi, for i = 1, 2, 3.

In sum, the transition pdf p(S) of Equation (7) is approximated asx

p̂(S) = p̂( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2) p̂(θ) (10)

on the basis of Equations (8) and (9). The parameters of the GMs (8) and (9) are listed in the
Appendix A (Table A1 and Table A2, respectively).
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Figure 7. (a) Experimental histogram and (b) corresponding GM fit of the step direction θ for TS 1.
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4.2. Simplified Force Model

The same correlation analysis is performed with reference to the walking parameters
characterizing the simplified force model. In this case, the average correlation matrix R
computed from experimental measurements is:

R =
[
Rij
]
=


1.000 −0.312 −0.334 0.133 0.078
−0.312 1.000 0.583 −0.027 0.068
−0.334 0.583 1.000 −0.237 0.018
0.133 −0.027 −0.237 1.000 0.154
0.078 0.068 0.018 0.154 1.000

 (11)

where the order of the variables i, j is the following: A0, Tc, ∆t, l and θ. A moderate
correlation between the following pairs of variables is observed, A0 − Tc, A0 − ∆t, A0 − l,
Tc − ∆t, ∆t − l and θ − l, while any other correlation can be deemed negligible. Based on
this consideration, it is assumed that the step direction θ is statistically independent of the
other features, which are, in turn, correlated. Then, the pdf p(S) of the correlated variables
can be simplified as

p(S) = p(A0, Tc, ∆t, l, θ) = p(A0, Tc, ∆t, l)p(θ) (12)

A good compromise between complexity and accuracy of the model is obtained
considering Nc = 3 components in the definition of the GM fitting the experimental data:

p̂(A0, Tc, ∆t, l) =
Nc

∑
i=1

wi N
(

µi, ∑i

)
(13)

The parameters of the GM of Equation (13) are shown in Appendix A (Table A3). As
an example, the experimental histogram and the corresponding GM fit of the pair Tc − A0
are shown in Figure 8 for the TS 1. The great accuracy of the proposed model based on GM
is proved by the results of the Kolmogorov–Smirnov test, which shows that, for all three
TSs, random data have passed 100% of tests with a 5% significance level.

Hence, the transition pdf p(S) of Equation (12) is approximated as

p̂(S) = p̂(A0, Tc, ∆t, l) p̂(θ) (14)

on the basis of Equations (9) and (13). Being the step direction θ statistically independent
from the other parameters, its pdf (experimental and simulated) is the same described in
Section 4.1.

(a) (b)

1

Figure 8. (a) Experimental Tc − A0 histogram and (b) GM fit for TS 1.
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5. Simulation of Human-Induced Vibrations

In this section, the performance of the proposed force model is evaluated by calculating
the structural response induced by single pedestrians crossing the footbridge considering
different footbridge parameters. Results are then compared with those obtained from two
load models proposed in the literature and from the simplified model of Section 3.2.

5.1. Footbridge Parameters

The footbridge is modeled as a simply-supported beam 50 m long and 3 m wide with a
linear dynamic behavior. Only the contribution of the fundamental mode, namely the first
bending mode with a half-sine mode shape, is taken into account. The damping ratio ξ1 and
the modal mass M1 are, respectively, 0.04% and 25 × 103 kg, while the natural frequency
f1 is assumed to vary from 0.1 Hz to 8.0 Hz with step 0.01 Hz. Since the case study is a
one-dimensional problem, the pedestrian is assumed to walk on the footbridge centerline.
Hence, in this case, the step direction θ is equal to zero, and the step length l represents
the distance between two successive heel-strikes projected on the footbridge centerline.
Note that this assumption would not be appropriate if a torsional mode contributed to the
structural response.

5.2. Footbridge Response Simulation

Starting from the time history of the continuous walking force F(t) defined by
Equation (3) or Equation (5) depending on the force model, the footbridge response to
pedestrian load is evaluated through modal decomposition. The fundamental mode is
modeled as an SDOF system with a load representing the pedestrian walking across the
footbridge. The modal response of the SDOF system is calculated from [35]

ÿ1(t) + 2ξ12π f1ẏ1(t) + (2π f1)
2y1(t) = ϕ1(t)

F(t)
M1

(15)

where ÿ1(t) [m/s2], ẏ1(t) [m/s] and y1(t) [m] are the modal acceleration, velocity and
displacement. The right hand side of Equation (15) is the modal force acting on the SDOF
system, represented by the product of the pedestrian force F(t) and the mode shape. At
each time instant t, the mode shape ϕ1(t) is evaluated in the position occupied by the
pedestrian at that time, calculated by adding the length l of the steps taken up to t. The
variable representative of the response is chosen as the maximum mid-span acceleration.

To evaluate the modal response ÿ1(t), Equation (15) is solved through a MATLAB
routine. In particular, the integration procedure proposed by Mancuso and Ubertini [36]
and based on a time discontinuous Galerkin formulation is adopted. This integration
procedure has proved to be particularly well suited for the simplified force model because
it allowed avoiding the numerical instabilities that may occur with step functions. Finally,
the mid-span acceleration is evaluated as ÿ1(t)ϕ1(L/2), where L is the footbridge length.

5.3. Simulation Procedure

The flowchart of Figure 9 summarizes the procedure for the evaluation of the foot-
bridge vibrations induced by single pedestrians adopting the proposed force model. Due
to the random nature of the load model, simulations are repeated 500 times to statistically
characterize the response. Parameters of the multivariate probability distributions adopted
for the presented simulations are those calibrated with respect to the test subject 1.
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Figure 9. Flowchart of the simulation procedure.

5.4. Comparison with Existing Models

Results of the proposed force model are compared to (a) those of the simplified model,
(b) those of the multi-harmonic force model by Živanović et al. [11] and (c) those of the
single step load model by Li et al. [33]. The last two models are briefly described in the
following. Input parameters of the single step load model and the multi-harmonic force
model are defined according to the fact that parameters of the multivariate probability
distributions are referred to as TS 1. In particular, based on the results of the experimental
tests for TS 1, a mean step frequency fs = 1.73 Hz and step length l = 0.71 m are considered.

Similarly to the proposed and simplified models, the individual walking forces of
Equations (18) and (19) are adopted to calculate the modal force acting on the SDOF system.
At each time instant t, the mode shape ϕ1(t) is evaluated in the position occupied by the
pedestrian at that time. In particular, with the force model by Li et al. [33], the position
of the pedestrian at each time instant t is evaluated from its velocity v (assuming the
pedestrian is moving at a constant speed) [37].



Appl. Sci. 2021, 11, 10207 14 of 22

5.4.1. Single-Step Load Model

The model proposed by Li et al. [33] is based on the assumption that the footfall force
induced by a single pedestrian is the same at each step, described as:

PLi(t) = G
5

∑
n=1

αn sin
(

πn
Tc

t
)

, 0 ≤ t ≤ Tc (16)

where αn (-) are the Fourier coefficients, normalized to the weight of the pedestrian G
[kN). The duration Tc and the period Ts are related by Tc = Ts + ∆t, where ∆t = 0.24Tc.
The single step force is defined accounting for the contribution of the first five harmonics.
Values of the Fourier coefficients for the five harmonics can be found in [33].

The footfall force of the kth step is defined over the total duration of the analysis as:

PLi,k(t) =


0, t < (k − 1)Ts

PLik(t), (k − 1)Ts ≤ t ≤ (k − 1)Ts + Tc

0, t > (k − 1)Ts + Tc

(17)

Finally, the continuous walking force is obtained:

FLi(t) =
Np

∑
k=1

PLi,k(t) (18)

5.4.2. Multi-Harmonic Force Model

The multi-harmonic force model for the calculation of the structural response to a
single pedestrian crossing the footbridge is proposed by Živanović et al. [11]. The model
is based on the force spectrum of the walking force measured by Brownjohn et al. [21],
who found that the human-induced walking force is not periodic but rather a random
narrow band process. This means that there is a leak of energy into adjacent frequencies on
either side of the fundamental pacing rate and its multiples in the amplitude spectrum of
a series of continuous footsteps. Hence, the model is developed in the time domain but
it is also able to represent the intra-subject variability of the walking force thanks to the
characterization of the force in the frequency domain.

The load model covers the frequency range related to the first five harmonics of
the walking force. The contribution of both the five main harmonics, with frequencies as
integer multiples of the step frequency, and the first five sub-harmonics, appearing between
the main harmonics, is considered. The total force is the sum of the contribution of each
harmonic and sub-harmonic (indicated by the superscript s):

FZ(t) =
5

∑
n=1

Fn(t) +
5

∑
n=1

Fs
n(t) (19)

The contribution of the nth harmonic to the total force is the following:

Fn(t) = G αn

n+0.25

∑
f j=n−0.25

αn( f j) cos(2π f j fst + Φ( f j)) (20)

while for the nth sub-harmonic it is:

Fs
n(t) = G αs

n

n−0.25

∑
f

s
j=n−0.75

αs
n( f

s
j ) cos(2π f

s
j fst + Φ( f

s
j )) (21)

In Equations (20) and (21), the product f j fs [Hz] is a frequency line within the energy

range of the analyzed (sub-)harmonic and Φ( f j) [−] is the phase assigned to the spectrum
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line, based on a uniform distribution in the range [−π,+π]. The reader is referred to [11]
for the values of the Fourier coefficients.

Note that the multi-harmonic force model is also able to represent the inter-subject
variability of the walking force, accounted for through probability-based modeling of the
pacing frequency and step length. According to the aim of this paper, those parameters are
assumed as deterministic variables defined on the basis of the experimental results.

5.5. Results and Discussion
5.5.1. Comparison among the Force Models

Figures 10–13 present a comparison among the walking forces obtained from the
different force models. Both the continuous walking forces and the modal forces are
presented. Except for the multi-harmonic force model, the contribution of the single foot
forces to the continuous walking force is shown with dashed lines. Due the random nature
of the multi-harmonic force model, the proposed force model and the simplified one,
the walking forces and the footbridge accelerations depend on the randomly generated
model parameters. Hence, the walking forces shown in Figures 10–13 only represent a
possible realization of the walking process. On the contrary, the single-step-load model is
deterministic and not affected by the variability of the input parameters.
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Figure 10. (a) Walking force and (b) modal force obtained from the proposed model. Solid line:
continuous walking force; dashed line: single foot force.
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Figure 11. (a) Walking force and (b) modal force obtained from the simplified model. Solid line:
continuous walking force; dashed line: single-foot force.
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Figure 12. (a) Walking force and (b) modal force obtained from the single step load model. Solid line:
continuous walking force; dashed line: single foot force.

0 1 2 3 4 5

Time [s]

0

200

400

600

800

1000

F
o

rc
e
 (

N
)

(a)

0 10 20 30 40 50

Time (s)

0

0.01

0.02

0.03

0.04

M
o

d
al

 F
o

rc
e 

(N
/k

g
)

(b)

1

Figure 13. (a) Continuous walking force and (b) modal force walking force obtained from the
multi-harmonic force model.

As far as the simplified model is concerned, it is observed that the walking force is
a step function due to the assumption of constant footfall forces (Figure 11a). Moreover,
as a result of the intra-subject variability, the single step forces of both the proposed and
simplified models differ from each other leading to non-periodic walking forces. The same
goes for the multi-harmonic force model, characterized by a non-periodic walking force
such as the one shown in Figure 13a . On the contrary, in the single step model, the gait
parameters are the same for each step, resulting in the periodic walking force of Figure 12a.
Note that the force of Figure 13a is obtained by adding the contribution of the static weight
G to the force FZ(t). In Equations (19)–(21) the weight of the pedestrian is neglected, as
the acceleration caused by a constant force moving at a low velocity (as for pedestrians) is
negligible compared to that caused by the dynamic part of the force.

5.5.2. Simulation Results

The structural responses obtained from the different load models considering foot-
bridge natural frequencies in the range [0.1; 8] Hz are shown and compared in Figure 14.
Results are presented in terms of maximum structural acceleration. As mentioned before,
maximum accelerations obtained from the multi-harmonic force model and the simplified
and proposed force models depend on the randomly generated values of the gait parame-
ters. By way of example, Figure 14 shows results obtained from a random sampling, while
the envelopes of the results of 500 simulations are reported in Figures 15 and 16a, together
with the mean values. Finally, the same mean values of the maximum accelerations ob-
tained from the statistical models and the acceleration of the single step load model are
compared in Figure 16b.
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Figure 14. Maximum structural response obtained considering a random sampling of the gait
parameters. Red: proposed force model; green: simplified force model; black: single step load model;
blue: multi-harmonic force model.
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Figure 15. Envelope and mean value (bold line) of the maximum accelerations obtained from
500 simulations for (a) the proposed force model and (b) the simplified force model.
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Figure 16. (a) Envelope and mean value (bold line) of the maximum accelerations obtained from
500 simulations for the multi-harmonic force model; (b) Mean values of the maximum accelerations.
Red: proposed force model; green: simplified force model; black: single step load model; blue:
multi-harmonic force model.

With reference to the single step load model, high amplifications of the structural
response can be observed for natural footbridge frequencies equal to the step frequency
and its integer multiples. On the contrary, the structural acceleration quickly decreases
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for different values of natural frequency. This is due to the deterministic nature of the
single step load model, which implies the assumption that the pacing frequency of the
pedestrian is constant during walking. To account for the intra-subject variability means to
consider that some gait parameters may change during walking. This causes amplifications
of the structural response for a wider range of natural frequencies of the footbridge. Hence,
this highlights the importance of considering imperfections in human walking to prevent
underestimation of the structural response for frequencies different from the resonant
frequencies and vice versa.

The greater variability of results from the simplified and proposed models than from
the multi-harmonic force model can be explained as follows. Simplified and proposed force
models see a step-by-step variation of all the walking features, while in the multi-harmonic
force model, the intra-subject variability is taken into account through the phase angle
only. Thus, the greater variability of input parameters leads to a greater variability of
results. As far as the multi-harmonic force model is considered, slight increments of the
response can be observed for frequencies between the main harmonics due to the effect of
the sub-harmonics of the walking force. Similar amplifications are not observed from the
other simulation models.

Proposed and simplified force models present maximum accelerations in correspon-
dence of the main resonant frequency, which are significantly reduced compared to those of
the other simulation models, whereas comparable results are obtained for higher harmon-
ics of the walking force. Moreover, the proposed models present higher accelerations for
frequencies between the main harmonics of the walking force. Compared to the proposed
model, the simplified model shows greater accelerations for the second and third compo-
nent of the walking force, namely around 3.6 Hz and 5.4 Hz. This is related to the nature of
the simplified model. Indeed, from Figure 11a, it is observed that the walking force is a
step function with narrow peaks and large troughs. The Fourier spectrum of this kind of
function is characterized by high amplifications for frequencies two and three times the
fundamental frequency. This is not the case of the proposed force model, where, because of
the different shape of the foot force, the walking force is not a step function (Figure 10a).

6. Conclusions

This paper proposes a statistical approach for modeling vertical walking forces in-
duced by single pedestrians. The approach is able to describe the intrinsic random nature
of the walking force. Basically, the walking force is modeled as a series of consecutive
steps, where the gait parameters are assumed to vary step-by-step. This approach takes
inspiration from the application of Markov chains called “random walk”.

The analysis of experimental tests has showed that the gait parameters describing
the load of each individual change during walking as well as that these parameters are
correlated with each other. The statistical characterization of the walking features is
performed by describing their multivariate distribution through Gaussian mixture models.
According to the force model proposed in this paper, the individual walking force is
described as a series of consecutive footfall forces each one characterized by the typical
M shape. The gait parameters characterizing each steps are randomly extracted from
their multivariate probability distributions, which have been properly calibrated on the
basis of the experimental results. The proposed force model is adopted to predict the
human-induced vibrations of a simply supported beam considering different footbridge
parameters. The performance of the proposed model is compared to that of a simplified
model based on the assumption that the foot force is constant over the step duration as
well as to those of two simulation models presented in the literature, namely the single step
load model and the multi-harmonic force model. The former defines a periodic walking
force as a series of steps equal to each other, while the latter accounts for the intra-subject
variability through the phase angle.

Simulation results highlight the importance of accounting for the variability in the
human walking to prevent underestimation of the structural response for frequencies
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different from the resonant frequencies and vice versa. Moreover, results of the proposed
and simplified models show a greater variability than those of the multi-harmonic force
model where the intra-subject variability is accounted for through the phase angle only.
Finally, the high response amplifications obtained from the simplified model for frequencies
about two and three times higher than the pacing frequency demonstrate the importance
of a faithful representation of the single-step force. Indeed, these amplifications are related
to the simplifying assumption of constant footfall forces, whereas they are not observed
considering the typical M shape.

The main benefit of the proposed approach lies in the fact that it is able to reliably
represent the variability of the gait parameters observed from the measurements. Since the
the aim of the paper is to demonstrate the importance of a faithful representation of the
intra-subject variability of the walking force, experiments involving three test subjects are
considered. However, a force model representative of the behavior of different individuals
can be calibrated as shown in this paper based on the results of experiments involving
many test subjects. Once a general force model is calibrated, it can be adopted for the
design of footbridges especially in design situations that imply light pedestrian traffic. In
those cases, in fact, to account for the intrinsic variability of individual walking forces is
crucial for a proper assessment of the vibration response.
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Appendix A. Parameters of the Gaussian Mixture Models

The following table presents the parameters of the multivariate GM for the proposed
model (Table A1), the univariate GM p̂(θ) (Table A2) and the multivariate GM for the
simplified model (Table A3).
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Appl. Sci. 2021, 11, 10207 20 of 22

Table A1. Parameters of the multivariate GM p̂( fs, A1, A2, A3, A4, ∆t, l, Φ1, Φ2) (Equation (8)).

TS 1 TS 2 TS 3

w1 w2 w3 w4 w5 w1 w2 w3 w4 w5 w1 w2 w3 w4 w5

0.147 0.281 0.175 0.035 0.363 0.017 0.281 0.181 0.271 0.251 0.211 0.053 0.156 0.092 0.490

µ1 µ2 µ3 µ4 µ5 µ1 µ2 µ3 µ4 µ5 µ1 µ2 µ3 µ4 µ5

0.5838 0.7207 0.6682 0.5546 0.7056 0.5369 0.5670 0.5635 0.5895 0.5581 0.6132 0.5558 0.5100 0.5877 0.5957
1.0391 1.0763 1.0221 0.9790 1.0158 1.1930 1.2624 1.1714 1.2260 1.1858 1.3953 1.3535 1.2904 1.3315 1.3009
0.2993 0.3785 0.3019 0.2256 0.3433 0.2450 0.3064 0.3042 0.2870 0.2338 0.3923 0.2746 0.2529 0.2893 0.3238
0.0878 0.0437 0.0498 0.1372 0.0549 0.0745 0.0492 0.0555 0.0330 0.0423 0.0497 0.0699 0.1399 0.0803 0.0500
0.0962 0.0511 0.0632 0.1070 0.0652 0.1193 0.0682 0.0862 0.0811 0.0762 0.0659 0.0865 0.0890 0.0632 0.0683
−1.6275 −1.5040 −1.4590 −1.6748 −1.5174 −1.4371 −1.5002 −1.5526 −1.4864 −1.4805 −1.5018 −1.4691 −1.6193 −1.5259 −1.5065
−1.5025 −1.2197 −1.1513 −1.5505 −1.2441 −1.1708 −1.3136 −1.2883 −1.2956 −1.2894 −1.2201 −1.0979 −1.5144 −1.2318 −1.2310
0.1233 0.1134 0.1424 0.1265 0.1109 0.2637 0.1762 0.1658 0.1730 0.2021 0.1538 0.2029 0.1717 0.1778 0.1603
0.6827 0.7251 0.6416 0.7028 0.6919 0.9140 0.7289 0.7141 0.7331 0.6025 0.7028 0.5952 0.7065 0.4844 0.6610
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Table A2. Parameters of the univariate GM p̂(θ) (Equation (9)).

TS 1 TS 2 TS 3

α1 0.509 0.505 0.493
m1 0.272 0.235 0.331

σ1 × 103 4.137 3.475 4.415

α2 0.117 0.118 0.487
m2 −0.311 −0.316 −0.333

σ2 × 103 6.995 3.203 2.821

α3 0.375 0.377 0.019
m3 −0.266 −0.222 −0.478

σ3 × 103 1.857 1.253 0.199

Table A3. Parameters of the multivariate GM p̂(A0, Tc, ∆t, l) (Equation (13)).

TS 1 TS 2 TS 3
w1 0.292 0.208 0.663
µ1 0.736 0.697 0.130 0.679 0.832 0.853 0.197 0.556 0.949 0.790 0.156 0.676

Σ1 × 103

0.313 −0.238 −0.120 0.237
−0.238 1.304 0.548 −1.076
−0.120 0.548 0.493 −1.148
0.237 −1.076 −1.148 15.98

0.488 0.223 −0.129 0.945
0.223 1.889 0.788 −0.387
−0.129 0.788 0.845 −1.389
0.945 −0.387 −1.389 7.824

2.002 −0.329 −0.1975 0.835
−0.329 2.186 0.746 −0.283
−0.197 0.746 0.381 −0.252
0.836 −0.283 −0.252 5.860

w2 0.220 0.708 0.168
µ2 0.733 0.813 0.124 0.675 0.867 0.829 0.172 0.737 0.9209 0.892 0.180 0.600

Σ2 × 103

2.168 −1.078 −0.203 2.485
−1.078 7.712 0.650 0.582
−0.203 0.650 0.280 −0.907
2.485 0.582 −0.907 17.44

1.609 0.134 0.011 −0.075
0.134 1.535 0.345 0.297
0.011 0.345 0.289 −0.274
−0.075 0.297 −0.274 5.754

3.477 −2.824 0.044 −8.700
2.824 5.880 0.900 6.482
0.044 0.900 0.456 −0.770
−8.700 6.482 −0.770 26.31

w3 0.488 0.084 0.169
µ3 0.772 0.659 0.111 0.706 0.839 0.922 0.217 0.728 0.903 0.895 0.181 0.641

Σ3 × 103

0.9817 −0.054 −0.001 0.562
−0.054 0.854 0.193 −0.038
−0.001 0.193 0.103 −0.047
0.562 −0.038 −0.047 5.240

2.122 −0.818 −1.502 −3.403
−0.818 3.350 1.817 4.169
−1.502 1.817 2.481 4.004
−3.403 4.169 4.005 35.63

1.482 −0.435 −0.882 0.929
−0.435 6.377 0.340 3.633
−0.882 0.340 1.243 1.111
0.929 3.633 1.111 27.78
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