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Abstract
In a recent paper (19), the authors obtained a sharp version of the Trudinger-Moser
inequality in the whole space IR?, giving necessary and sufficient conditions for the
boundedness and the compactness of general nonlinear functionals in W!2(IR?). We
complete this study showing that an analogue of the result in (19) holds in arbitrary
dimensions N > 2. We also provide an application to the study of the existence of ground

state solutions for quasilinear elliptic equations in RY.
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1. INTRODUCTION AND MAIN RESULTS
Trudinger-Moser Inequalities

Let O Cc RY, N > 2, be a bounded domain and let W,"”(Q) be the usual Sobolev space

obtained as the closure of €{°({2) with respect to the L”-Dirichlet norm, i.e.
| Vu] = f |Vul? dx.
Q

The Sobolev embedding theorem reads as follows:

L7 (Q) if 1 <p <N,

Wy (Q
ASUAS {L‘”(Q) it p> N,

where p* := Np/(N — p) is the critical Sobolev exponent. In the so-called limiting Sobolev
case, which occurs when p =N, Wol’N (Q)c L4(Q) for any g > 1 but, it is well know
that Wol’N (Q) € L*(Q). Actually, the celebrated Trudinger-Moser inequality (proved
independently by V. I Yudovich (33), S. I. Pohozaev (27) and N. S. Trudinger (30) and,

later refined by J. Moser (26)) states that

< +oo if o < ay,

(1.1)

=400 if a > ay,

sup AU dx = C(Q, ) {

I,
ueW N (Q), || Vul| y<1 "2

where oy = Nwllv/fl\{_l) and w,_, is the surface measure of the unit sphere S¥~! ¢ RY. A

remarkable phenomenon is that inequality (1.1) still holds for the critical value «, itself.
The supremum in (1.1) becomes infinite, even in the case o < ay, for domains with

infinite measure. Therefore an interesting extension is to construct Trudinger-Moser type



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

inequalities in the whole space R". A weaker result in this direction is due to S. Adachi

and K. Tanaka (1). Let

N=-2 4j
=0/’

Theorem 1.1 ((1)). If N > 2 then for any a € (0, ay) there is a constant C(a, N) > 0 such

that

[ dn(aul )y dx < Clt Mully Vu e WY RY)with [ Vul, <1 (1.2)
RN

and, this inequality is false for o > o.

We point out that the critical exponent o, is excluded in (1.2) and the necessity of o < ay

was proved in (1) using the sequence of test functions introduced by Moser. This is quite

different from the Trudinger-Moser inequality in its original form. However, B. Ruf (28)

(in the case N = 2) and.Y. Li, B. Ruf (22) (in the case N > 3) showed that if the Dirichlet

norm is replaced by the standard Sobolev norm, i.e.

ol = Vel Hlall
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then the critical exponent o = o), becomes admissible and Moser’s result can be fully

extended to the whole space IRY.

Theorem 1.2 ((28), (22)). Let N > 2, then

o
swp [ guCeulydx = cv, 2 | S HE =0
RN

ueWt-N(RN), flully1, v <1

(1.3)

= +oo 1f a > ay.

In view of Theorem 1.1 and Theorem 1.2, we can say that the failure of the Trudinger-
Moser inequality (1.1) in the whole space IRY can be recovered either by weakening the
exponent o, or by strengthening the Dirichlet norm. In (19), the authors, dealing with
the 2-dimensional case, remarked that, weakening slightly the growth of the exponential
nonlinearity, it is possible to preserve both the sharp exponent o, = 47 and the Dirichlet

norm.

Theorem 1.3 ((19), Proposition 1.4). There is a constant C > 0 such that

2
e477:u -1

. (1+—|u|)2dx < C||u||§ Yu e Wl’z(IRz)With ||Vu||2 < 1

and, this inequality fails if the power 2 in the denominator is replaced by any p < 2.

Obviously-this last inequality implies (1.2), but the interesting fact is that it also implies

(1.3). This result raised the following open question:

Does an analogue of Theorem 1.3 hold in higher dimensions N > 2?7
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As expected the answer to this question is affirmative and one of the main purposes of this
paper is to show that, actually, if we keep both the conditions a = o, and ||Vu||y < | then

we have

Theorem 1.4. Let N > 2 then there is a constant Cy > 0 such that

b (o || 1)

2 dx < Cylully Yu e WHY(RM)with || Vully < 1. (1.4)
o (1t [u)
Moreover, this inequality fails if the power % in the denominator is replaced by any p < %

As in the 2-dimensional case, this last inequality implies both (1.2) and (1.3).

Remark 1.1. We mention that the extension of Theorem 1.3 to the higher order Sobolev
space W>2(IR*) has been obtained in (25). It will be clear from the proof of (1.4) that,
a suitable combination of the arguments proposed in the present paper together with the
ideas used in (25) enables to obtain an analogue inequality also in the space w22 (RY) with

N> 2.

We pointout that in (19) the authors obtained not only a precised version of the Trudinger-
Moser inequality in the whole plane R?, but necessary and sufficient conditions for the
boundedness and the compactness of general nonlinear functionals in W!2(IR?). In this

way, they completely determined the growth order, not only among exponential growth



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

functionals. Arguing as in (19), we obtain the complete generalization to the higher-

dimensional case of the above mentioned result (see (19), Theorem 1.5).

Theorem 1.5 (Boundedness). Let N > 2. Let g: R — [0, +o00) be any Borel function and

define the functional G as

Gu) == /}RN g(u(x)) dx.

Then for any K > 0 the following conditions are equivalent:

_N_
|| N=T

(1) limsupy,_, ;o |t|%e_1<l/<[1vv*” g(t) < +oo and limsupy, . [tV g(t) < +oc.

(2) There exists a constant Cy , ¢ > 0 such that

G(u) < Coyp cllully Vu € W'Y RY)with || ull < oy, K.

Theorem 1.6 (Compactness). Let. N >2. Let g:R — [0, +00) be any a.e.-continuous

function and define the functional G as

G(u) :=/ g(u(x)) dx.
RN
Then for any K > 0 the following conditions are equivalent:

(3) imsup;;_, 4o |t|%e_1<1/<%—‘> |t‘mg(t) = 0 and lim sup,_,, |t| ¥ g(r) = 0.

(4) For any sequence {un}nzlcwl’N RY)  satisfying || Vu,||y < woy_K and weakly

rad

converging to some u € WI’N(]RN), we have that G(u,) — G(u).

rad
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Theorem 1.5 includes Theorem 1.4 as a particular case, in fact it suffices to take wy_ K =1,
moreover Theorem 1.6 shows that for functionals behaving like the one appearing in (1.4)
we have a loss of compactness.

The proof of Theorem 1.5 and Theorem 1.6 follows the arguments introduced in (19).
In Section 2, we explicitly exhibits sequences of test functions constructed to prove the
necessity of conditions (1) and (3). More precisely, we show that if (1) fails then there exists

a sequence {u,},.; C W'Y (R") such that
| Vi, | < oy K ¥Yn>1 and |u,|ly — 0, G(u,) — Foo. asm'— oo,

while if (3) fails then there exists a sequence.{u,},&, & W, (RY), satisfying ||Vu,|¥ <
wy_1K and weakly converging to 0 in WA (IRY), such that G(u,) > 6 for some é > 0. In
Section 3, we obtain an exponential version of the radial Sobolev inequality expressing
the optimal growth of radial functions in the exterior of balls when the L¥-norm and the
Dirichlet norm are given (see Theorem 3.2). In order to obtain this optimal descending
growth condition, we argue as.in (19) reducing the problem to a discrete version. Section
4 and Section 5. are devoted to the proof of the sufficiency of conditions (1) and (3)
respectively,-While the proof of the sufficiency of condition (3) again follows (19), when we
show the sufficiency of (1) we avoid the reduction of the problem to a discrete version and
we propose an alternative proof. In fact, exploiting the arguments introduced by B. Ruf

in (28) and applying the optimal descending growth condition obtained in Section 3, we

show that the problem can be solved using the classical Trudinger-Moser inequality (1.1)
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for bounded domains in R". Finally, in Section 6, we prove that inequality (1.4) implies

(1.3).

Ground State Solutions for Quasilinear Equations in RV
The above Trudinger-Moser inequalities play an important role in nonlinear analysis. Let

us consider the following quasilinear equation
—Ayu+clul"?u = f(u) in RY, N >2, (1.5)

where A, is the N-Laplacian operator, i.e. Ayu := div (|Vu|Y=2Vu), and ¢ > 0 is a positive
constant. The research of ground state solutions for problems of the form (1.5) is crucial
in several applications to the study of evolution equations of N-Laplacian type that appear
in non-Newtonian fluids, turbulent flows in porus media and other contexts.

In view of (1.3), the maximal growth on the nonlinear term f which allows to treat equation
(1.5) variationally in W'V (IR") s of exponential type and is given by functions f: R — R

|N/(N=1

behaving as e*l* "at infinity, more precisely

(1) 4 {0 if o > o,

|t|— 400 etV =D +oo if o < oo,

for some o, >0. Differently from the case of quasilinear problems on bounded domains
(see(9; 2; 3; 12; 11)), in the study of quasilinear problems on the whole space RY
one should be warned that the loss of compactness in W'V (R") can be produced not
only by concentration phenomena but also by vanishing phenomena. In fact, in the case

when the nonlinearity f has exponential growth, the functional associated to a variational
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approach of problem (1.5) reveals a lack of compactness due to the critical behavior of
the nonlinearity and to the unboundedness of the domain IR": at certain levels the Palais-
Smale compactness condition fails due to concentration phenomena and to the leak of the
LY-norm to infinity, i.e. to vanishing phenomena.

Recently, there has been considerable interest in the study of existence results for equations

of the form
—Ayu+ V) |ul"u = f(u) in RV, N >2, (1.6)

where the nonlinear term f has an exponential behavior at infinity and the potential V:

RY — R is bounded away from zero, i.e.
V(x) >c>0 x € RV,

If V is large at infinity in some suitable sense, then the loss of compactness due to the
unboundedness of the domain IR¥ ¢an be overcome and vanishing phenomena can be ruled
out. In fact, a natural framework for the function space setting of problem (1.6) is given by

the subspace E of W' ¥(IRY) defined as
E:= { we WN@RY) ‘ / V() |u|¥ dx < +oo }
RN

endowed with the norm

=z|—

ully = (/]RN(|VM|N + V() |ulY) dx) Vu e E.
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Under appropriate assumptions on the potential V, the embedding

E — L?(R") (1.7)
turns out to be compact. For instance, if

V! e L1 (RY) (1.8)

then the embedding (1.7) is compact for any p > 1 (see e.g. (31, Lemma?2.4)), while assuming

the weaker condition
vle Ll(]RN) (1.9)

the embedding (1.7) is compact only for any.p > N (see (10)).

The authors of (13; 16; 17; 5; 4;.14; 31; 21), considering a potential V satisfying (1.8)
or (1.9), obtained existence results for equations of the form (1.6) and even more general
equations. However, the arguments of their proofs depend crucially on the compact
embeddings (1.7) givenby (1.8) and (1.9), and in particular on the compact embedding of
E into LN (RY).

In the case when the potential V is constant, i.e. V(x) = ¢ for any x € R", there is a long
way to go yet. ' The natural space for a variational treatment of (1.5) is the whole space

WEN(RM) and it is well known that the embedding

WEN(RY) — LY(RY)

10
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is continuous but not compact, even if we restrict out attention to the radial case. In the
literature, up to our knowledge, there are only few existence results concerning the study
of problem (1.5) by means of variational methods. We refer the reader to the papers (8),
(6), (29), (18), (19) and the references therein for the semilinear case N = 2. In order to
overcome the possible failure of the Palais-Smale compactness condition, there is a common
approach that relate (6), (29), (18) and (19), and it involves a constrained: minimization
problem through the Pohozaev identity. Combining the Trudinger-Moser inequality with
the exact growth (Theorem 1.5 and Theorem 1.6) with the arguments in (18) and (19), our
aim is to obtain the existence of ground state solutions for equations of the form (1.5) in
the general case N > 3. This will be done in Section 7, where we will prove the following

result.

Theorem 1.7. Let f: IR — R be a continuous function satisfying f(0) = 0 and

Ju > N such that 0 < uF(1) := u/[f(s) ds < tf(t) Vre R\{0}, (1)
0
Aty, My > 0 such that F(f). < Myf(t) Vt > t, (f2)

(f2)

i=o0 @M1 +oo if o < o,

S « {O if o > a,

If
] tN/(N_l)F(t)
zEr—Poo e“ofN/(N_l) = oo

11
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then, for each c¢ > 0, equation (1.5) admits a positive radial solution u € W'~ (IRY) which has

the least energy among all the solutions of (1.5).

We complete this paper proposing, in Section 8 (see also Theorem 7.4), other sufficient

conditions for the existence of ground states solutions for equation (1.5).

Notations

We will write A < B to denote an estimate of the form A < CB for.some constant C > 0
depending only on the dimension N. We will also write' A ~ B:'to denote that A < B and
that B < A. Finally, we will always denote by B, € R" the ball of radius R > 0 centered

at 0, i.e.

By :={x e R" | |x| < R}.

2. NECESSITY OF (1) AND (3): COUNTEREXAMPLES

In order to prove the necessity of (1), we show that if (1) fails then there exists a sequence

{u, 1 C WL N(RY) such that
Vi, Iy < oy 1K Vn 2 1 and  Ju,lly — 0, G(u,) — +ooas n — +oo.

Similarly, in order to prove the necessity of (3), we show that if (3) fails then there exists a
sequence {u,},.; C Wl N(RN), satisfying ||Vu,||¥ < wy_,K and weakly converging to 0 in

rad

WLN(RY), such that G(u,) > J for some § > 0.

12
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First we consider the much easier case with the failure of the conditions (1) and (3) at the

origin. Let {u,},.; C W'¥(RY) be a sequence of spherically symmetric functions defined

by
a, if 0 < |x| <R,
u,(x) :=1qa,(1—|x|+R, ifR,<|x|]<R,+1,
0 if |x| > R, + 1,

where {a,},-1, {R,},=1 are sequences of positive real numbers to be chosen and satisfying

a, —> 0, R, - +oo0 as n — +oo. We have that

Wy _q N
RY.
N g(a,)R,

lu Iy S ay Ry Vi, lly S ay Ry and G(u,) =
If (1) is violated by

lim sup |#| "V g(f) = +o0,

[t{]—0

then there exists a sequence {a,},.; C R*, a, — 0, such that a,"g(a,) - +oo. Let

{b,},>1 C R", b, - +oc, be such that a,"g(a,) > b, and choose

R

1 1
e_ 4 N —13.72n8
pi=an” +ay by

Then R, — +o0,:a,R, — 0, a¥R¥=! — 0 and

Wy

G(u;,) > b,a¥RY — +oo.
If (3) is violated by
lim sup |7V g(f) > 0,

[7|—0

13
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then there exist a sequence {a,},.; C R*, a, — 0 and a constant é > 0 such that g(a,) >

da¥. Choosing R, := a;', we have that R, — +o0, a,R, = 1, a¥R¥~! — 0 and

Wy_q

G(u,) > daRY = w]1\<,—15 > 0.

It remains to consider the case when the conditions (1) and (3) fail at infinity. Let {b,},.,; C
R*, b, - +o0, and {K,},-; C R*, K, 1 K, be such that

NN .
lim sup |¢|7Te” «70 " o(4) = limsup ¢,

[t]— o0 n—+o0

where

N
N—1

N
AN _p
. Vo1 1/(N-1) 71
c, :=b) e & g(b,).

Also, define

N

- 1(1 1)177{\]_l
. /(N=
R,:=e % ,

N
so that ¢, = by ' RNg(b,). Now, we consider the so-called Moser’s sequence {¢,},.; C

WL N(RY) consisting of spherically symmetric functions defined by

b, if 0 < |x| <R,
|log |x]| .
=3{b—— ifR <1,
Pu0) E VDo g 1R < Il <
0 if |x| > 1.
We have that
bN Ll
0 K~

14
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and

WOy_1 €

N

n

Wy _q

b )RY =
N g(b,)R,

G(¢,) =

Moreover, if {S,},.; CIRT and we consider the sequence

u, (x) = ¢,(x/S,) then

N
N 1 N
n
lu,lly =S¥ dully S ———> IV, lly = IV, [N < oy 1K
by
and
wy_1 SVe
Glu,) = )G($,) = Pt
b~

Assume that the condition (1) fails at infinity, namely

N
. N N | N-T .
limsup |t|¥Te V/®¥-D g(t) = limsup c, = +oo,

[t]—+o0 n—+o0o

and let {S,},.; C R* be;such that
1 SN
S, = o(b,iv’l) and ”—NC" — +oo0.
b

Then by construction

{t,} o1 € W2V ARN) “with

| Vi, |V < oy K, Yn>1 and |u,|y — 0, G(u,) — +o00 as n — +oo.

Now, assume that the condition (3) fails at infinity, namely

N
: L L -
limsup |t|¥Te x7®-D g(t) =limsupc, > 0.

|| = oo n—+4oo

15



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

1
Choosing S, = by, the corresponding sequence {u,},-, is bounded in W' ¥(R"), in fact
N
lu, Iy S KT <K and (| Vi, | < oy K.

Moreover u, — 0 a.e. in RY and

W W
N-1 N-1
c, =

N

G(u,) > 0

for some 0 > 0.

3. OPTIMAL DESCENDING GROWTH CONDITION

In (19), the authors obtained the following exponential version of the radial Sobolev
inequality expressing the optimal growth of.radial functions in the exterior of balls when

the L?>-norm and the Dirichlet norm are given.

Theorem 3.1 ((19), Theorem 3.1). «There exists a constant C > 0 such that for any u €

WL2(R?) satisfying u, <0 <wuspu(R) > 1 and
2
|| Vl/t ||L2(IR2\BR) S 27'CK,

for some R, K> 0, we have

e % u*(R)

u?(R)

K*R* < Cllull?> g5,

16
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In this section, we show that an analogue Theorem 3.1 still holds in any higher dimension
N > 2. This optimal descending growth condition will enable us to reduce the proof of
the inequality expressed by condition (2) of Theorem 1.5 to a simple application of the

Trudinger-Moser inequality for bounded domains in IR",

Theorem 3.2. There exists a constant Cy, > 0 such that for any u € wh N(RN) satisfying u, <

rad

0<u, u(R)>1and
”VM”Z"(]RN\BR) =< oy K,

for some R, K > 0, we have

N N
e KN uN-T(R)

N
K¥TRY < Cyllu||¥ )
u%(R) — N” ||LN(]RN\BR)

In the above estimate, the function

eum

1

UN-I

is optimal. In fact,

Theorem 3.3. Let

pu(h) = inf{”u”LN(IRN\Bl) ue era’dN RY), u, <0 <u, u(l) = h, ”VM”gN(lRN\Bl) = wN—l}'

17



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

For any h > 1, we have

—1
e

w(h) ~ 1

N-1

We can notice that Theorem 3.2 follows from Theorem 3.3 by rescaling. In otder to prove
Theorem 3.3, we consider the discrete version and, following the arguments introduced in

(19), we define

pa(h) == inf{llall, | lall, = &, laly < 1},

where for any sequence a := {a,}~¢

—+o0 —+o00

lally := 3" lal” and lallg,) =3 la,[Ne
k=0 k=0

Lemma 3.4. For any h > 1, we-have that

eh N-1

:ud(h) ~ i 1

N—-1

Proof. Since p,(h) is increasing in A, it suffices to show that

k
N—1I e
Hd(kN)Ng

for any positive integer k.

18
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If we consider the sequence a := {a;} ., defined by

doifje{0, 1, ..., k—1},
a =1k {. } (3.1)
0  otherwise,

then it is easy to see that

(SN
o~

ua(k'7) <

=~
2=

Therefore, to complete the proof, it remains to show that, for any positive integer &,

=~

,“d(k v )

(V‘|<\
=z~

We argue by contradiction assuming that for‘any 0 < ¢ << 1 there exist a positive integer
k and a sequence a := {a,} -, satisfying

N-1 8€k
lally =1, llaly =k~ and |lalfe)= —

kN
Using the upper bound of | af 4, we can estimate each term |a,| as follows:

k—j
la;| <

Vj > 0 (3.2)

Now the idea is toreonsider the truncated sequence o' := {a’} ., defined as

o if g I, ..., k=1
a/__ a IJE{O’ B ’k }9

J
/ 0 otherwise.

From (3.2), we deduce the following lower bound for ||&’||;

/ Bl N-1 & = _i N
ld'lly = llall, =Y la;| = k7 ——>" 7 =k™ o= (3.3)
j=k N =k kv
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where C, is a positive constant independent of ¢, k and a.

In order to obtain an upper bound for ||&’|,, we recall the following version of Hdolder’s

inequality for sums which takes into account a difference defect (see (23), Inequality (3.3),

see also (24), Example 7)

(lzc\ + ¥ |c—c|2> < NN(ZMN) (3.4
O<i<j<k—1

where ¢, ¢, ..., ¢;_; € R. Applying (3.4) and recalling that ||a||y.<1, we get

|a||1—(i ) =@t (Zlar) = 8 flal-

j=0 0<i<j<k—1

<% - Y lal - e,

O<i<j<k—1

(3.5)

In particular, combining (3.3) with (3.5), we can deduce the following estimate of the defect

> lal - lal|” < 2Cek "% (3.6)

O<i<j<k—1
Now, let 0 < m < k — libe such that |a,,| := min,_;;_; |a,|, using Holder’s inequality for

sums and (3.6) we get
k—1 k—1 5 % Nl
o'l = Kla,| =32 dl —a,) = VE(Xlaj] ~ la,l’)" = V2CakF".
Jj=0 j=0

From (this last inequality and from (3.3), it follows that

1 Vv2C 1 1
|am|2z||a/||1— k118 Z_1<1_C1%—\/2C18> Z_<l C18—\/2C18)Z

»
z\|’_‘
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provided that & > 0 is sufficiently small. Consequently,

=~

|a,|e*

lalle = (|ak—1|N€N(k_l))% > 2

e

|
2|~

which is a contradiction. O

In view of Lemma 3.4, we can notice that Theorem 3.3 (and hence Theorem 3.2) follows

from the following result.
Lemma 3.5. For any h > 1, we have u(h) ~ u,(h).

Proof. Let h > 1.
In order to show that u, (k) < u(h), let u e WhY(IRV) be such that u, <0 <u, u(l) = h

rad

and
”Vu”gN(IRN\Bl) = Oy-g-

Let h, := u(e) and @, :=h, — hy,y > 0. Then by construction |a|, = hy = u(l) = h and,
applying Holder’s inequality, we get
+o0

lally = X[l — u(eH)]"

k=0

=x(/

“+o0
=/ lu, |N PV dr =
1

+1

N +o00 ek+l
—u, dr) < Z/ lu, [NVt dr
k=0"¢"

“V”“}LVN(RN\BI) <1 (3.7)
WN—
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Moreover

+oo , pk+l | 1 — e—l +o0 | |
N N N— N k+1y Nk
s gonsy = ona X [, w'r" " dr = oy > (e
k=0"°¢ k=0
l—e_l +oo l_e—l +00
= wy_, YohyeM > wy_, > a)eM™,
N 4 N 4
from which we deduce that
+o00
N N N Nk N N
“a“(e) =a, + Zak e Shy + ”u”LN(IRN\Bl)'
k=1
If we prove that
h(])v S ”u”]LVN(]RN\Bl) (3.8)

then we can conclude that u,(h) < u(h). In order to show that (3.8) holds, it suffices to

notice that for 1 < s < * with o :=2"

’ N vl e ~ 1 h
ho—u(s):/I —u,drf(/l. |u, | dr) (/; —dr> SOCN*1=§<7,

r

—N
v we have

namely £,/2 < u(s) for 1 < s < ¢*. Consequently

N < N NI e — 1 hif
”u”LN(]RN\Bl) = wN—1/1 u'rt T dr = CON_1—N N

which'is the desired estimate.
To.complete the proof, it remains to show that u(h) < p,(h). Normally, we would like

to prove that given a sequence a = {a;};~o such that |a|; =h, [|a|y <1, we can find
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a ue Wy (RY) such that u, <0 <u, u(1) = h, | Vu|Yygms, < Oy and ||ull v gug,) <

Cllall,). Actually, since from Lemma 3.4, we know that

ehN—l

,ud(h)N hL ’

N—-1

it is enough to consider a sequence a which is close to the infimum p,(%),«as in (3.1), and

optimize the energy. So let k be a positive integer satisfying

we consider the sequence a := {a;} -, with

ifje{0,1,..., k—1},

h
0 otherwise .

We will first define u(e’) for any integer j > 0. Let u(1) = hy := h and for j > 0, we define
u(e™) =nh j+1:=h; —a;. It is clear that the sequence h; is nonincreasing and that &; goes

to zero when j goes to infinity. Optimizing ||Vu||gN(1RN\Bl), we see that we should take
u(r) = aj|log(e™ '+ hy (& <r=<e™. (3.9)

In particular this.yields an equality in the first inequality in (3.7) and hence we deduce that

||VM||ZN(]RN\BI) = Wy_q-

Finally, we have

k-1 k-1
T et & PR LAV VY
LY(RM\B)) = ON-17" j€ 7 = WN N N J) e

Jj=0 j=0
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WN k Wy
~ e S et S S ).
=1

kN

4. PROOF OF THEOREM ??: SUFFICIENCY OF (1)
In order to prove that (1) of Theorem 1.5 implies (2), we will only consider the case K =
wy! ;. Then the general case follows easily by rescaling.

So, let g: R — [0, +o0) be a Borel function such that

v N 1

lim sup |¢|7Te™ 1" o(£) < 400, where ay 1= NoJ |, 4.1)
[t]— o0

and

lim sup |¢t| Vg(t) < 4o0. 4.2)
|7|—0

The aim of this Section is to show that there exists a constant Cy , > 0 such that
G(u) := / g(u(x)) dx< Cyrllully Vu € WEN@RN)with || Vu|y < 1. (4.3)
RV ’

Recalling the notion of symmetric decreasing rearrangement of functions, it is sufficient

to prove that (4.3) holds for non-negative and radially symmetric non-increasing functions
1’ N N . .

u € W' (RY) satisfying || Vu|y < 1.

rad

Given such a function u, we can notice that the proof of inequality (4.3) reduces to

N
’

/]RN o(u) dx < Cy |lully, where (i) := min(|u

as a consequence of the assumptions (4.1) and (4.2) on g.
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Let Ry = Ry(u) > 0 be such that
Ry :=inf{r> 0| u(r) <1} € [0, +00),

the idea is to split the integral we are interested in into two parts:

_N_
e‘“Nlul N-1

_N_
/ o(u)dx = / —|—/ o(u)dx = f |u|Ne°‘N|”|N*l dx + ———=dx,
RN RM\By, Br, RY N1

\Bg, B, |u|N-T
here we have also exploited the definition of ¢.

The estimate of the integral on RY \Bg, is trivial. In fact, by construetion u < 1 on RY \Bg,,

consequently

_N_
/ |u| N e N gy < e“N/ lu|™ dx.
R¥\By, R¥\By,

Therefore, from now on, we will always assume that R, > 0.

Let o, € (0, 1) be arbitrarily fixed. Then there exists R, = R,(u) > 0 such that

|Vul" dx < 6, and VulVNdx < 1—a,.
. 0 0

2, RY\ By,

We remark that the choice of o, is independent of u, whereas the choice of R, and R,
depends onu and hence our goal is to obtain an estimate which depends only on ¢, and
N.

In order to estimate the integral on By, we will distinguish between the case 0 < Ry < R,

and the case 0 < R; < R,. The reason is that the first case, namely 0 < R, < R, is subcritical
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and easily estimated. In fact, if 0 < R, < R, then for 0 < r < R, we have

R 1 N-1

a) = uR) + [ s = 1+ ([ T ds) (log ) T

1 Ry\ "%
<14+ —= TN —~ 00 (log —0> : (4.4)
On-1

We recall that for any & > 0 there exists a constant C, > 0 such that

N-1

I+s% <[(1+e)s+C]T Vs=0, (4.5)

hence, for 0 < r < R,, we have

unN-1 (}") W(l + 8)0’0 -l IOgTO + Cg.
N 1

_1

Since o, € (0, 1), there exists g, = g,(g,) > O'satisfying ¢)~' =1 — g, and, choosing € = g,

in the above estimate, we get

e 1 2 Ry
un=t(r) = 1/(N D (1 —&j)log > +C,,.
Wy_y
Therefore
ju T . i

e“N “ 5 0 R N(1—g3)
/ — dx < N g < a)N_leaNC“O/ (_0) 0 N g
B, |M|N*1 B, 0 r

O(Ncrr
(UN 1 e 0
y ocNCaoRN 5 / |M|N dx
Nso g /B

Ro

and the proof is completed.

26



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

So, from now on, we will focus our attention on the case 0 < R; < R,. Again, we split the

integral on By into two parts:

_N_ _N_
oy |u| N-T ay|ul N-T

e e
/ < dx:/ —l—/ — dx.
ey Jul B B Jul i

Ro Ry

If R, < r < R, then, arguing as in (4.4), we can estimate
1 Ry\ '+

u(n) =1+~ (1= o) (log_0> -
Wy r

and, applying (4.5), we get for any & > 0

1
U¥T(r) < 7 1)(1+8)(1—00)N110g—+C
Nl

1 0y R,

where we also used the inequality (1.— A)? < 1 — gA which holds for all A € [0, 1] and ¢g €

[0, 1]. In particular, choosing & =

N 1 0'(2) RO
- < - — T - -
uv-(r) < VD (1 N 1)2>10g " +C,, v for Ry <r<R,,
and hence
N 2
eO‘N|u|N_1 RO R N 1—7(:0
—dx < a)N_le“NC"OWf (—O> ( w 1)2)rN_1 dr
i\ [u] BT
N — 1)% " Caon
< ( 5 ) 5 / lu|™ dx.
a; £ Bg,

Therefore, the proof is complete if we show that in the case 0 < R; < R, we have

_N_
oy |ul N=T

[ S dx = Clully (4.6)
B |uﬁ

Ry
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where the constant C > 0 depends only on N and g,

In order to prove (4.6), following the arguments introduced by B. Ruf in (28), we define
v(r) :=u(r) —u(R,) for 0 <r <R,.

By construction v € WOI’N (Bg,) and Vv =Vu in By . In the same spirit.as in (28), the
motivation behind the introduction of such a function v is that we would reduce the proof
of (4.6) to an application of the Trudinger-Moser inequality (1.1) for bounded domains of
IRY. Since we deal with the Dirichlet norm on the whole space RY :and we don’t have any
estimate of the complete Sobolev norm of u, the above mentioned argument will not enable
us to complete the proof until we provide some ‘additional information about u. In this
sense, the optimal descending growth condition expressed by Theorem 3.2 will be a crucial
tool. In fact, since

u(R))>1 and |Vu|¥dx < 1~ g,
RM\Bpg,

in view of Theorem 3.2-we know that

o

N
6(1760)1/(N—1)

”%(Rl)

N
uN=T(R;)

= Cy, ﬂOR_jlvHu”gN(]RN\BRI)' (4.7)

Applying the following one-dimensional calculus inequality

1

1—
_m> ' Va >0, Ve > Oand Vg > 1,
o)/

(14 a)"< (1 +e)a’ + (1
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we can estimate u on B as follows

1 __1

VoM L
uv-1 = um(Rl)<1 + M(R )>N l =< (1 + S)U% + <1 — m) : 1M%(Rl),
1
for any & > 0.
Consequently,
eaNlulN 1 1 N

/ — dx < —; f eV dx

B, |M|ﬁ MW(RI) Bp,

.
(=) e Ry y
=< ~ e ITOVNT gy
MH(RI) Bg,
and, if we choose ¢ := g, with g, = ¢,(g,) > 0 satisfying
1 —wr 1 1 — gy

1 — —> <————, namely g, > ——%——, (4.8)
( (1 + gy)N-! (1- Go)ﬁ ) 6(1)/(N—1)
then we can apply (4.7), obtaining

= 1
eaN|u|% e“N(I_W) 4 ”%(Rl) N
B |u|ﬁ MW(RI) B,

1
o N oy (14g9)vN-T
< CN:O'ORN ||””LN(RN\BR1)/B e dx.
1 Ry

In conclusion, if we'show the existence of g, > 0 satisfying (??) and such that

N
[ dx < ¢ RY (4.9)
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for some constant Cy , > 0 depending only on N and o, then (4.6) follows. In order to

achieve (4.9), we set
N-1
w:=(l+¢g) v on By
Since w € WOI’N (Bg,), if we prove that
”Vw”LN(BR]) <1

then (4.9) is nothing but a direct consequence of the Trudinger-Moser inequality (1.1) for

bounded domains of RY. We have
”Vw”gN(BRl) = (1 + SO)N_IHVUHZV(BRI) = (1 + SO)N_l”Vu”gN(BRI) S (1 + 80)N_10'0 S 1

provided g, > 0 satisfies

I — g/@-D

&= —TwnD
O.é/(N 1)

Therefore, the choice

| — 0(1)/<N—1)

(N=D)
0y

80:

which/is independent of u, yields the desired estimate (4.6).
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5. PROOF OF THEOREM ??: SUFFICIENCY OF (3)

Let g: R — [0, +00) be any a.e.-continuous function satisfying

limsup |7|Vg(f) =0 (5.1)
[t{|—=0

and

fim sup 1|1 e v T gy — 0 (5.2)
t|— o0

for some K > 0. Let {u,},.; € WL (R") be such that ||Vu,||¥ < @,_,K and assume that

rad

u, — u in WH-N(RY). The aim of this Section is to show that
Gu,) = Gw) = [ [g(u,) = gw)dx— 0 asn = +.
RN

First we remark that, from the assumptions on {u,},-,, it follows that u, — u a.e. in R"
and that ||u,|,1.v < C for some constant C > 0 independent of n.

Now, from the radial Sobolev lemma,

N \v .l
lu(r)| < <CUN_1> TV |v||yiy forae. r>0

which holds for any v Wr{a’dN (RY), we deduce that u,(r) — 0 as r — +oo uniformly with

respect to n.. This together with (5.1) leads to conclude that for any & > 0 there exists R > 0

independent of n such that

/ g(u,)dx < 8/ lu, |V dx < e and f g(u)dx S e. (5.3)
RN\Bg RN\Bg RN\Bp,
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On the other hand, from (5.2), we deduce that for any & > 0 there exists L > 0 independent

of n such that

N
N N_
e k/(N-D o2, ] N1

/ g(u,) dx < 8/ ——dx
{Juy|>L) (un>L} o, | ¥

and

N
v
e k=T U T

/ g(u) dx < 3/ ——dx.
{lu,|>L} {Ju,|>L} |u|ﬁ

Therefore, applying Theorem 1.5, we get

| sw)dxSelu,ly S e and g(u)dx .
{lua|>L} {lun|>L}

Hence, combining (5.3) with (5.4), we have

|G (u,) — G(u)| < + [ l8(u,) = gw)|dx S e+ | |g(u,) — g(u)| dx
RN\ By By Bg

=&+ |g(un) _g(u)|dx§

+
BrO{|un|> L} BrN{lu,|<L}

Set |g(u,) — g(u)| dx.

BRm{IunlsL}

If we define

vy o0 dr=
S {g(L) il > L,

then

lim [G(u,) — G(u)| S &+ lim / 8" (u,) — g"(u)l dx S e,
——+o0 n——+oo Bg

n

32
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as a consequence of the Lebesgue dominated convergence theorem. Since & > 0 is arbitrary

fixed, the proof is complete.

6. FROM TRUDINGER-MOSER INEQUALITY WITH THE EXACT GROWTH TO

TRUDINGER-MOSER INQUALITY IN WbV (RY)

In this Section we show that Trudinger-Moser inequality with the exact growth condition
(1.4) implies Trudinger-Moser inequality in W~ (RY) (1.3).

Before proceeding with the proof, we point out that Adachi-Tanaka inequality (1.2) can be
deduced as a direct consequence of the Trudinger-Moser inequality with the exact growth

condition (1.4) and in particular this inequality tells us that
[ éw(ul?T)y dx < Cyllully Vi e WY RN with |Vl < 1. 6.1)
RN

Using the power series expansion of the exponential function together with Stirling’s

formula, it is easy to see that (6.1)dmplies that
N N .
Hul =, S pllully Yue WY (RY)with || Vully < 1 (6.2)

for any integer p =N — 1, then (6.2) can be extended to non-integers p > N — 1, simply by
interpolation (see (7), Chapitre IV.2, Remarque 2).

Now let u € WV (IRY)\{0} be such that |uy.x < 1, our aim is to prove that

[, enCalul 1) dx < Cy (63)
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for some constant Cy > 0 independent of u. Let 0 € (0, 1) be such that |Jul|y = 0, so that

| Vu||¥ < 1 — 0. We distinguish two cases,

Ist case 0 > M=L:

2nd case 0 < NT_I

If 0 > NT_I, we define i := N%u, so that

iy = Nlluly <N and [[Valy = N|[Vul} < N(1 - 0) < 1.

Applying Adachi-Tanaka inequality (1.2) to u, we get for any o € (0, ay)

N ~
[, Sx Nl dx < Cla Nl S C M

and, in particular, choosing o so that

]

1 1
N_T N—-1

o 2Nl =g
N=1 N—1 = %n>

1 .
aNV-T =0, 1e.a=DN

we obtain the desired estimate. (??).

Therefore, from now on, we will focus our attention to the case 0 < NT_I Let
A:={xeR"||u(x)| >1}.
By construction |u| < 1 on RM\A and it is easy to see that

Py (1) < Cyt™™' Vi e [0, ay]
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for some constant C, > 0. Consequently,

[ wylulPydx < Cyay™ [ ulY dx < Gy
RN\ A

RM\A

Thus, to complete the proof, it remains only to show that

[ nlanlul ) dx < €.

Since

[on (D] = ¢n(pr) Vi =0, Vp=1,

applying Holder’s inequality, with 1 < p < 4060 to be suitably chosen, we get

/A(Z)N(OCN|M|%)dx < ( [ d)N(OCNpluljjv—l) ) < 1+ [u]) 7 1))p

) a1,

(1+ [l

§2NN< ¢N<aNp|u|~NL>
A (L)

Our choice of p is the following

N-1 \
= >1.
P=N"1)—9

In this way

I (N—1)—0

— >N-—-1
p—A 0

and, in view of (6.2), we have

a1, S () Tl

35

(6.4)



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

Now, we let u := pNT*l u. By construction we have

(1—6)w ]N—l iy

~IN _ _N— N - N—_l v — =
|Valy = p 1||V””N—<(N—1)—9) ! 9)‘[1—9/<N—1>

since (1 — A)? <1 — gA for any ¢, A € [0, 1]. Consequently, we can apply.the Trudinger-

Moser inequality with the exact growth condition (1.4) to u and this leads.to

byl ™) ) ( M”k il s = [l s
(A a+ups ) =L apays @) S vl e (6.5)

In conclusion, combining (6.4) and (6.5), we obtain

N—14+=
) ON 1+

1 o
[ oxld ™ ax £ 95 (25) Wl S g

and the right hand side of this last inequality is bounded by a constant depending only on

the dimension N, since 0 < 6 < NT_I

7. EXISTENCE OF GROUND STATES

In this section, we study the following quasilinear elliptic equation

{—ANu toelulN2u=fw)  inRY, N>2, 1)

ue WHENRY), u > 0in RY

where/ ¢ > 0 and the nonlinear term f satisfies the assumptions (f}), (f,) and (f,) of
Theorem 1.7. Since we look for positive solutions of (7.1), we may assume without loss of

generality that f = 0 on (—o0, 0).
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The natural functional associated to a variational approach to problem (7.1) is
1
1(w) = < (IVuly + clul) = [ Py dx vue W (RY),
RN

which is well defined and of class €' on WV (IR"Y). Our goal is to prove the existence of
ground state solutions for (7.1) and we recall that a solution u of (7.1) is a.ground state if

I.(u) = m, where
m, :=inf{ I.(u) | u € W""(R")\{0}is a solution of (7.1) }

To this aim, motivated by the Pohozaev identity for equation (7.1), we introduce the

functional

G.(u) = c|u|ly — N/ F(u)dx Yu e WHNRM)
RN

and the constrained minimization problem

1
A, = mf{ Sl vuly

u e W-MRY\ (0}, G.(w)=0]

c

= inf{ I.(u) ‘ ue WHY@RMI\{0}, G.(u) =0 } <m,.

Some remarks are in order.

Remark 7.1. Let 2, be the set consisting of all functions in WV (R)\{0} satisfying the

Pohozaev identity for equation (7.1), i.e.

P ={ueWNRY) | u+#0,G.(u) =0},
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so that
C

S BN
A= jnf IS

We point out that %, is not empty. In fact, let u € W'~ (IR¥)\{0} be compactly supported

and define
h(s) i= G, (su) = cs™ u]| ¥ — N / F(su)dx Vs> 0. (1.2)
]RN

Then A(s) > 0 for s > 0 small enough, as a consequence of (f;) and(f,), while A(s) < 0 for
s > 0 sufficiently large, as a consequence of (f,). Therefore we get the existence of s, > 0
satisfying h(syu) = 0, which means that syu € ..

Note also that for any fixed u € WV (IR¥)\{0}, the function & defined by (7.2) is strictly

positive for s > 0 small enough.

Remark 7.2. Given a minimizing sequence for A, that is a sequence {u,}, C %, satisfying
N||Vuk||% — A, astk — +oo,

we may always assume that {u,}, C Wrsz IRV) and ||u,||y = 1. This can be done simply by

Schwarz symmetrization and rescaling.
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Remark 7.3. If the infimum A, is attained then the minimizer u € W' N (IRV)\{0} is, under

rad
a suitable change of scale, a ground state solution of (7.1). In fact, if u is a minimizer for

A, then there exists a Lagrange multiplier 0 € IR such that
—Ayu+ clulNPu — f(u) = 0( clulN?u — Nf(u) ) in RY,
namely

—Ayu = (NO — 1)( clulN"2u — f(u)) in R".

Recalling that u € %,

N-2 — N _
f]RN(c|u| u— f(u) )u dx = c||ul|y f]RN(uf(u) + NF(u) ) dx

= —/ (uf(u) — NE(u)) dx <0
RN

as a consequence of (f,). Moreover,
/ uAyudx <0

]RN

and hence N0 — 1 < 0. Therefore

u(x) := u(W) for a.e. x e RY

1s a non-trivial solution of (7.1). Note also that # is a minimizer for A, and thus # is a

ground state solution of (7.1).
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Following (18), we begin showing an interesting relation between the attainability of the
infimum A_ and the Trudinger-Moser inequality with the exact growth condition (Theorem

1.5). To this aim, as in (18), we introduce the Trudinger-Moser ratio

Chu(F) = sup]

o [ P dx | ue WY R0}, [Vully < 4],
luelly T

the Trudinger-Moser threshold

M(F) :=sup{ A > 0| Cy(F) < o0}

and we denote by Cjy,(F) the ratio at the threshold, i.e.

Crm(F) = Cizy (F).

From (f;) and (f;), it follows that

N/(N-1) i
lim ﬂ _ 0 lf o > 0, (73)
t>+to0  uMW-D +oo If o < Q-
Moreover, (f;) implies
. F(»)

Hence; from Theorem 1.5, we deduce that

N-1

A (%)

)
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Now, we can state a sufficient condition for the attainability of A, in terms of the Trudinger-

Moser threshold 2¢(F).

Proposition 7.1. Let ¢ > 0 and assume (f,), (f,) and (f>). If

A, < —( %(F))
N

then A, is attained and A, = I.(u) where u € W2 ¥ (RY)\{0} is, under a suitable change of

rad

scale, a ground state solution of equation (7.1).

Proof. Let {u,}, C era’dN(]RN)\{O} be a minimizing sequence for A_., namely |u|y =1,

u, € P, for any k > 1,
1 N
N”V”k”N — A, ask — +4oo

and, we may assume that u, —~ # in WHV(RY) as k — +oo.

Step 1. First, we prove that A, > 0. Clearly A, > 0; by way of contradiction, we assume that
A, =0.

From (7.3) and (7.4), we deduce that F satisfies the growth condition (3) of the compactness
theorem (Theorem 1.6) for any K > 0 with N/KY™=D > 4, and, since || Vi, |y — 0 as k —

+o0; we get

/ F(uy) dx—>/ F(u)dx as k — 4oo0.
RY RN
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Recalling that u, € %, and ||u,|y = 1, we have also
/ F(u,)dx =c/N Yk > 1.

RN
Consequently,

c

/ Fu)dx = — > 0.

R N
On the other hand,
0 = lim inf [V > ||Vl > 0

—+00

and u = 0, which contradicts (7.5).

Step 2. Since

N—1
0< NA, < (M(F)" = (),
0
from (7.3), we deduce that

e MNED () oAy
\tllgiloo e ltM=D =0 Vae o, (NA)/WN=1) .

This together with«(7.4) and
lim sup || Vi ||y = NA,
k—>~+o0

enable us to apply the compactness theorem (Theorem 1.6), which tells us that

/ F(uy) dx—)/ F(u)dx as k — +oc.
RN RN

42

(7.5)



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

Therefore, arguing as in (7.5), we get
C
/ Flu)dx=— >0
RY N
and u # 0. Moreover,
1 N : : 1 N
 IVully =< liminf [V, [ = A,

and in order to prove that the infimum A, is attained by u, it remains only to show that

G.(u) = 0. Since

Golu) = cllully =N [ Flu) dx = elluly = ¢ < liminf el — c = 0,
we argue by contradition assuming G_(u) <0. If we define

h(s) = G (su) = cs" ||u||y — N/IRN F(su)dx Vs> 0,

then h(1) < 0 and, from Remark: 7.1, we deduce that A(s) > 0 for s > 0 small enough.

Consequently, there exists s, €(0, 1) such that h(syu) = 0, namely syu € %, and hence
A= V) I s IVl < sy, < A
c — N N N N — c c

a contradition. O

Remark 7.4. Note that the case o, =0, 1.e.

fim L)

t—>+o0 eWN/(Nfl)

=0 Va>0, (7.6)
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corresponds to the subcritical exponential case. If the nonlinear term f satisfies the
assumptions of Proposition 7.1 with (f,) replaced by (7.6), then 2¢(F) = 400 and for any

¢ > 0 the infimum A, is attained by a ground state solution of equation (7.1).

We have also an interesting connection between the attainability of A, and the Trudinger-

Moser ratio at the threshold Cfy,(F).

Proposition 7.2. Let ¢ > 0 and assume (f)), (f,) and (f,)" The constrained minimization

problem A, associated to the functional 1. satisfies

g N
A, < M (7.7)
N

if and only if

c < Cry(F). (7.8)

Proof. First, we prove the sufficiency of (7.8), that is 0 < ¢ < C}y,(F) yields

A < ()
N

We distinguish between the case Chy(F) < +o0 and Ciy(F) = 4o0. In the case Ci,(F) <

+o0; since 0 < ¢ < Cy(F), we have that ¢ < Ci(F) — g, for some g, > 0. From the

definition of Ciy,(F), there exists u, € WHN(RM)\{0} with ||Vu|ly < D(F) satisfying

N
C; —g) < —— Fi dx,

RN
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and hence

/}R  Fluy) dx, (7.9)

lato 1y
namely G, (u,) < 0. Let h(s) := G.(suy) for s > 0; since h(l) <0 and A(s).> 0 /for s> 0
small enough (see Remark 7.1), there exists s, € (0, 1) satisfying h(syu,) = 0. Consequently,

Souy € P, and

1 1
Ac = S IVGouIN = 5§ 1V <

(W(F)" _ (W(F)"
N N &

In the case Ciy(F) = +oo, for any ¢ > 0 there exists ug.€ WhV(RM)\{0} with || Vi y <
W (F) and satisfying (7.9). Hence we can repeat the same arguments as above to get the
conclusion.

Now we prove the necessity of (7.8), that is (7.7) implies (7.8). Let ¢ > 0 and assume
that (7.7) holds. Obviously, if Ciy(F) = 400 then ¢ < C},(F) and the proof is complete.
Therefore, without loss. of ‘generality, we may assume that Ciy(F) < 4oo. Since the
assumptions of Proposition 7.1 are satisfied, we have the existence of a minimizer u €

W N (RV)\{0} for-A, satisfying || Vu|y < DM (F) and G (u) =0, i.e.

N

CcC =
ol

/]RN F(u) dx

We introduce the function

N

§) = —— F(su)dx Vs> 0,
) = S o
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so that g(1) = ¢ and, using (f), it is easy to see that g is monotone increasing. If we set

_M(F)

= u
Ve

then ||Vl y = M(F) and

M(F)
IVl

Chn(®) = e [P0y dx = g( ) - gy =c

Before proceeding to the proof of Theorem 1.7, we recall that in'(19) the authors enlighten
an interesting relation between the existence of solutions to problem (7.1) in the semilinear

case N = 2 and their Trudinger-Moser inequality with'the exact growth in IR?.

Theorem 7.3 ((19), Theorem 5.1). Let N = 2 and assume that f satisfies (f,), (f>) and (f>).
Then there exists c, € (0, +oo].such that, for each c € (0, c,), equation (7.1) admits a positive
radial solution which has the least energy among all the solutions of (7.1). Moreover, c, =

Ciyp (F) when Chy(F) < +oo, while ¢, = +oo is equivalent to

2
F
lim E0 -

t—>+o00 e“otz
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In view of the Trudinger-Moser inequality with the exact growth in RY (Theorem 1.5), we
can obtain a similar result in the general quasilinear case N > 3 and thus, in particular, we

can prove Theorem 1.7.

Theorem 7.4. Let N > 3 and assume that f satisfies (f,), (f,) and (f,). Then there exists c, €
(0, 4-00] such that, for each c € (0, c,), equation (7.1) admits a positive radial solution which
has the least energy among all the solutions of (7.1). Moreover, ¢, = Ciy(F) when Chy(F) <

~+o0, while c, = +o0 is equivalent to

NN E(Y)

lim D

t—+4o00 %

(7.10)

The proof of Theorem 7.4 follows the same linewof (19, Theorem 5.1), but we briefly sketch

it for the convenience of the reader.

Proof. If 0 < ¢ < C}y(F) then in view of Proposition 7.2

g N
A, < —(JJC(F))
N

Hence the assumptions of Proposition 7.1 are fulfilled and we get the existence of a ground

state solution of equation (7.1). Moreover, recalling (7.4) and in light of Theorem 1.5, we

can easily see that C},,(F) = +oo if and only if (7.10) holds. O
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8. OTHER SUFFICIENT CONDITIONS FOR THE EXISTENCE OF GROUND

STATES

In Section 7, we showed that for problems of the form (7.1), where ¢ > 0 and f satisfies

(f1), (f>) and (f,) of Theorem 1.7, the additional growth condition on the nonlinear term f

N/(N-1)
TR 8.1)

lim

t—+o00 e“OIN/(Nil)

is a sufficient condition for the existence of a ground state solution.:Now, we propose some
sufficient conditions that can be considered alternatively to (8.1).

First, we recall the results obtained in (6) and (29) for the semilinear case

(8.2)

—Au+u = f(u) in R?,
uec WH(R?), u>0 in R?,

where f satisfies the assumptions«(f;), (f>) and (f,) of Theorem 1.7 with N = 2. Both the
papers (6) and (29) concern the existence of ground state solutions for problem (8.2). In
(6), the existence is obtained by means of the following additional growth condition on the
nonlinearity f:

2

— I\ 52 42
3¢ > 2such that < f(f) > 4" Vt>0, where i> <q7) ’ (Z—i) ’ Cg/z. (8.3)

Here, the constant C, 1s defined as

[Vell3 + [luell3

C, = 5
ueW'2(IR2)\{0} el

q

Note that, since f has exponential growth at infinity (f,), assumption (8.3) only prescribes

the growth of f near the origin. Instead in (29), the existence of a ground state solution for
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(8.2) follows from an additional growth condition at infinity and more precisely from the

assumption

tf(t 2
lim f(z) = f, > —e. (8:4)
t—+oo %! o

(Note the flaw there: it is not sufficient that f, > 0 and the condition.f, > (2/%)e is
needed.)

The arguments of the proofs in (6) and (29) can easily be adapted to study the general
quasilinear case (7.1) where ¢ > 0 and f satisfies (f), (f,) and (f,) of Theorem 1.7 together
with an analogue of the growth condition (8.3) or (8.4) for the N-dimensional case.

In fact, since ¢ > 0, the quantity
N N\1/N I,N /N
lulle := (IVally + cllully) ™ Yue W (RY)

defines a norm on W'V (IR") which is equivalent to the standard one. The functional I, €

€' (WL N(IRY)) associated to a variational approach to problem (7.1), i.e.
1

I(u) := —|ul|y —/ F(u)dx Yue WHNRY),
N RV

has a mountain pass geometry, that is
Propesition 8.1. Let N > 3, ¢ > 0 and assume that f satisfies (f,), (f,) and (f,). Then
* 1.(0) =0,

e 3p, a> 0 such that I.(u) > a > 0 VYu € WHN(RY) with ||ul|, = p,

e Ju, € WHN(RN) such that ||ug). > p and I.(uy) < 0.
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If we denote by b, € IR the mountain pass level of the functional 7, i.e.

b, :=inf sup I.( (1))
7€l tef0,1]

where
Fi= {7 € €([0, 11, W (RM)[3(0) = 0, 1.6:(0) < 0},

then the following relation between b, and the constrained minimization problem A_,

introduced in Section 7, holds:

A, <b

c

(8.5)

c*

To prove the above inequality it suffices to argue as in (29, Lemma 7) and apply (15,
Lemma 2.5)

In view of (8.5) and Proposition 7.1, in order to obtain the existence of a ground state
solution for (7.1), it is enough to get some suitable upper bound for the mountain pass level

b, and more precisely

MY 1 pay\N-1
b, < (R))” ¢ _<_N) (8.6)
N N \ o
Let
\2 Y VYl
q- 1 N(RN N 1N (RN N ’
ueW! NRV\(O} [lu[[ uewr N@RM)\(0} o]

which is attained by some non-negative radial function u € W'~ (IR")\{0} provided ¢ >

N (see for instance (32, Proposition 7.2)). If the nonlinear term f satisfies the additional
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growth condition

39> N suchthat f(r)> 7" Vi>0,
8.7)

4N N-1 o,
where /1 > <ﬂ)qN (ﬁ) v N)Cq/N
q Ay -

then, arguing as in (6, Lemma 3.7) and using the fact that C, is attained when g > N, it is
easy to get the desired estimate (8.6).

Instead of (8.7), one may also assume the following growth condition at infinity

lim tf(1)

t—~o00 eo‘O[N/(Nfl)

N
= By > (N = 2)!——ec.
%o

(8.8)

In this case the upper bound for the mountain pass level (8.6) can be obtained as in (29) (see
also (31, Section 3.2) and (21, Lemma 3.6)) by means of an estimate involving the Moser’s
sequence of functions.

Therefore, we can finally state the following result

Theorem 8.2. Let ¢ > 0 and consider the quasilinear equation

—Ayu+ cluf"Pu="F(u) in R", N >2. (8.9)

We_assume that f satisfies the conditions (f,), (f,) and (f,). Then the growth conditions (8.7)
and (8.8) are both sufficient to get the existence of a positive radial solution u € WH"(R") of

(8.9) which has the least energy among all the solutions.
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Remark 8.1. Note that both conditions (8.7) and (8.8) entail a relation between the
choice of the constant potential ¢ > 0 appearing in equation (8.9) and the growth of the

nonlinearity f.

Remark 8.2. It seems to be difficult to compare the growth condition (8.7) with (8.8). The
point is that (8.8) allows to control the growth of the nonlinear term f at infinity while
(8.7) prescribes the growth of f near the origin. However, a comparison between these
conditions can be seen in terms of the Trudinger-Moser supremum Cr,, (F). In fact, both
the conditions (8.7) and (8.8) yield the existence of a ground state solution for (8.9) by
means of the following property of the constrained minimization problem A, associated to

(8.9)

A, < —(EIR(F)) ,
N

(see (8.5) and (8.6)). In view/of Proposition 7.2 the above estimate is equivalent to

¢ < Cry(F),

even if we.do not know whether or not Ci, (F) = +oco. In other words the growth
conditions (8.7) and (8.8) implies that the constant potential ¢ > 0 appearing in equation

(8:9) satisfies ¢ < Cpy; (F).

52



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

REFERENCES

. Adachi, S., Tanaka K. (2000). Trudinger type inequalities in IRY and their best

exponents. Proc. Amer. Math. Soc. 128(7):2051-2057.

. Adimurthi (1990). Existence of positive solutions of the semilinear Dirichlet problem

with critical growth for the n-Laplacian. Ann. Scuola Norm. Sup. Pisa CL Sci. (4) 17.

. Adimurthi, Yadava, S. L. (1990). Multiplicity results for semilinear elliptic equations

in a bounded domain of R? involving critical exponential growth. Ann. Scuola Norm.

Sup. Pisa CI. Sci. (4) 17(4):481-504.

. Adimurthi, Yang, Y. (2010). An interpolation of Hardy inequality and Trudinger-

Moser inequality in R"Y and applications: Int. Math. Res. Not. IMRN 13:2394-2426.

. Alves, C. O., Figueiredo, G. M. (2009)..On multiplicity and concentration of positive

solutions for a class of quasilinear problems with critical exponential growth in R". J.

Differential Equations 246(3):1288-1311.

. Alves, C. O., Souto, M. A:'S:, Montenegro, M. (2012). Existence of a ground state

solution for a nonlinear scalar field equation with critical growth. Calc. Var. Partial

Differential Equations43(3—4):537-554.

. Brezis, #H. (1983). Analyse Fonctionnelle. Théorie et Applications. Collection

Mathématiques Appliquées pour la Maitrise Masson, Paris, pp. xiv+234.

.Cao, D. M. (1992). Nontrivial solution of semilinear elliptic equation with critical

exponent in IR2. Comm. Partial Differential Equations 17(3—4):407-435.

. Carleson, L., Chang, S. Y. A. (1986). On the existence of an extremal function for an

inequality of J. Moser. Bull. Sci. Math. (2) 110(2):113-127.

53



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Costa, D. G. (1994). On a class of elliptic systems in RY. Electron. J. Differential
Equations 07:approx. pp. 14 (electronic).

de Figueiredo, D. G., do 0. J. M. B., Ruf, B. (2002). On an inequality by N. Trudinger
and J. Moser and related elliptic equations. Comm. Pure Appl. Math 55(2):135-152.

de Figueiredo, D. G., Miyagaki, O. H., Ruf, B. (1995). Elliptic equations in IR? with
nonlinearities in the critical growth range. Calc. Var. Partial Differential Equations
3(2):139-153.

do O, J. M. B. (1997). N-Laplacian equations in RY with critical growth. Abstr. Appl.
Anal. 2(3-4) 301-315.

do O, J. M. B., de Souza, M. (2011). On a class of singular Trudinger-Moser type
inequalities and its applications. Math..Nachr. 284(14-15):1754-1776.

do O, J. M. B., Medeiros, .E. S. (2003). Remarks on least energy solutions for
quasilinear elliptic problem§ in IR". Electron. J. Differential Equations 83(83):14
(electronic).

do O, J. M. B., Medeiros, E., Severo, U. (2008). A nonhomogeneous elliptic problem
involving critical growth in dimension two. J. Math. Anal. Appl. 345(1):286-304.

do O, J--M. B., Medeiros, E., Severo, U. (2009) On a quasilinear nonhomogeneous
elliptic equation with critical growth in R". J. Differential Equations 246(4):1363-1386.
Ibrahim, S. Masmoudi, N., Nakanishi, K. (2011). Scattering threshold for the focusing
nonlinear Klein-Gordon equation. Anal. PDE 4(3):405-460.

Ibrahim, S., Masmoudi, N., Nakanishi, K. Trudinger-Moser inequality on the whole

plane with the exact growth condition. J. Eur. Math. Soc. (JEMS) to appear

54



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

20.

21.

22.

23.

24.

25.

26.

27.

28.

Ishiwata, M. (2011). Existence and nonexistence of maximizers for variational
problems associated with Trudinger-Moser type inequalities in IRY. Math. Ann.
351(4):781-804.

Lam, N., Lu, G. (2012). Existence and multiplicity of solutions to equations of N-
Laplacian type with critical exponential growth in RY. J. Funct. Anal. 262(3):1132-
1165.

Li, Y., Ruf, B. (2008). A sharp Trudinger-Moser type inequality for unbounded
domains in R”. Indiana Univ. Math. J. 57(1)451-480.

Maligranda, L., Persson, L. E. (1992). On Clarkson’s inequalities and interpolation.
Math. Nachr. 155:187-197.

Maligranda, L., Persson, L. E.<(1993). Inequalities and interpolation, Third
international conference function spaces (Poznan, 1992). Collect. Math. 44(1-3):181-
199.

Masmoudi, N., Sani, F. (2014). Adams’ inequality with the exact growth condition in
IR*. Comm. Pure Appl. Math 67:1307-1335.

Moser, J. (1970/71). A sharp form of an inequality by N. Trudinger. Indiana Univ. J.
20:1077=1092.

Pohozaev, S. 1. (1965). The Sobolev embedding in the case pl = n. Proc. Tech. Sci. Conf.
on Adv. Sci. Research 1964-1965, Mathematics Section, Moskov. Energet. Inst. Moscow
158-170.

Ruf, B. (2005). A sharp Trudinger-Moser type inequality for unbounded domains in

IR2. J. Funct. Anal. 219(2):340-367.

55



Downloaded by [Nanyang Technological University] at 14:13 25 April 2015

29.

30.

31.

32.

33.

Ruf, B., Sani, F. Ground states for elliptic equations in IR? with exponential critical
growth. In: Geometric Properties for Parabolic and Elliptic PDE’s, Springer INAAM
Series, Vol. 2, 2013, pp. 251-267.

Trudinger, N. S. (1967). On imbeddings into Orlicz spaces and some applications. J.
Math. Mech. 17:473-483.

Yang, Y. (2012). Existence of positive solutions to quasi-linear elliptic equations with
exponential growth in the whole Euclidean space. J. Funct. Anal: 262(4):1679-1704.
Yang, Y. (2012). Trudinger-Moser inequalities on complete noncompact Riemannian
manifolds. J. Funct. Anal. 263(7)1894-1938.

Yudovich, V. L. (1961). Some estimates connected with integral operators and with

solutions of elliptic equations. Dokl Akad. Nauk SSSR 138: 805-808.

56



