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Abstract (English version)

The study of gas flows is an issue that nowadays responds to the necessities of various fields of research,
as aerospace engineering, climate studies, energy industries, etc. For this reason, the construction of
mathematical models simulating the behavior of real gas mixtures is extremely useful.

Among all possible approaches, the kinetic one, based on Boltzmann equations for species distri-
bution functions, seems to be a very powerful tool. It allows, in fact, to describe mixtures starting
from interaction among particles, with the possibility of deriving models for the behavior of the global
system at observable level. The work of this thesis is devoted to considering results obtained so
far for mixtures of gases and extending them considering more real-like cases, such as mixtures of
monoatomic and polyatomic gas species, that may also interact inelastically or chemically.

As first, we provide an introduction in which the basic concepts and the most relevant results for
kinetic description of gases are presented, along with a more detailed summary of the work carried
out in the thesis.

In Chapter 1, we propose the study of a reacting mixture of four gases using the classical Boltzmann
kinetic theory. This case was already analyzed when the four gases are considered to have the same
number of internal energy levels. We generalize it allowing each of the gas species to have a different
number of energetic levels.

Chapter 2 and Chapter 3 are devoted to the study of gas mixtures using a kinetic approach of BGK
type. In particular, in Chapter 2 we provide a BGK model for an inert mixture of monatomic and
polyatomic gases. We prove the consistency of the model and analyze the stability of equilibria, then
we derive macroscopic equations and perform some numerical simulations being inspired by real gases.
In Chapter 3, instead, we propose two BGK models for mixtures of reacting gases. In the first one we
have four gas species involved in a reversible chemical reaction, in the second case eight gases react
through two disjoint reactions. The same strategy is applied to both cases, the main differences are
in proving the consistency of the model, since in Chapter 3 we face more complicated transcendental
equations to determine all the parameters. Also in these cases, numerical simulations are performed
to simulate the behavior of real reacting mixtures.

In the remaining part of the thesis, we study gas mixtures using different techniques. In Chapter 4
we consider a mixture of five gas species, three of them constituting a background medium in which the
other two interact. Encounters among particles can be elastic, inelastic, or chemical and we suppose
that they occur at different time scales. We write classical Boltzmann equations for the interacting
components, we pass to the asymptotic diffusive limit and, by means of suitable integrations of the
kinetic equations, we obtain reaction-diffusion equations for densities of the species. Specifically,
we apply this procedure in three different hydrodynamic regimes, obtaining in each case a proper
reaction-diffusion system.

The stability properties of these systems are then studied in Chapter 5. We investigate the possibility

of having Turing instability for suitable choices of internal energy amounts and of collision frequencies.



Through numerical simulations, we verify the formation of spatial patterns in the evolution of the
number densities of reactants, as predicted by Turing analysis.
We conclude with some further observations and perspectives for a future development of the

present research work.



Abstract (versione italiana)

Lo studio delle miscele di gas & un tema che oggigiorno risponde alle necessita di vari campi di ricerca,
come |'ingegneria aerospaziale, gli studi climatici, le industrie energetiche, ecc. Per questo motivo la
costruzione di modelli matematici che simulino il comportamento di gas reali si rivela estremamente
utile.

Tra tutti gli approcci possibili, quello cinetico, che si basa sulle equazioni di Boltzmann per le
funzioni di distribuzione dei gas, rappresenta uno degli strumenti piu validi. Esso permette, infatti,
di descrivere miscele a partire dall'interazione tra particelle, per poi derivare modelli per le quantita
osservabili. Il lavoro contenuto in questa tesi € volto a riprendere i risultati presenti in letteratura per
miscele di gas e ad estenderli considerando casi piu realistici, come miscele di specie monoatomiche
e poliatomiche, che possono interagire in modo inelastico o chimico.

Per prima cosa, nell'introduzione vengono presentati i concetti basilari e i risultati piu rilevanti per
lo studio cinetico dei gas, insieme a una sintesi pit dettagliata dei contenuti della tesi.

Nel Capitolo 1 proponiamo lo studio di una miscela reattiva costituita da quattro gas utilizzando
la classica teoria cinetica di Boltzmann. Questo problema ¢é gia stato analizzato nell'ipotesi in cui i
gas hanno lo stesso numero di livelli di energia interna, lo affrontiamo nel caso piu generale in cui
ciascuna delle specie coinvolte abbia un diverso numero di livelli energetici.

Nei due capitoli successivi vengono studiate miscele di gas utilizzando un approccio cinetico di
tipo BGK. In particolare, nel Capitolo 2 forniamo un modello BGK per una miscela inerte di gas
monoatomici e poliatomici. Dimostriamo la consistenza del modello e analizziamo la stabilita degli
equilibri; deriviamo poi opportune equazioni macroscopiche ed eseguiamo alcune simulazioni nu-
meriche ispirandoci ai gas reali.

Nel Capitolo 3, invece, proponiamo due modelli BGK per miscele di gas reagenti. Nel primo
consideriamo quattro specie di gas coinvolte in una reazione chimica reversibile, nel secondo otto
gas che partecipano a due reazioni disgiunte. La stessa procedura viene applicata in entrambi i casi,
la principale differenza risiede nel dimostrare la consistenza del modello, poiché nel Capitolo 3 si
ottengono equazioni trascendenti pit complicate per la determinazione di tutti i parametri. Anche in
questo contesto vengono eseguite simulazioni numeriche che modellizzino il comportamento di miscele
reattive reali.

Nella parte restante della tesi, studiamo miscele di gas tramite tecniche ulteriori. Nel Capitolo
4 consideriamo una miscela di cinque specie di gas, di cui tre costituiscono il mezzo ospite in cui
interagiscono le altre due. Gli urti tra le particelle possono essere di tipo elastico, inelastico o chimico
e ci mettiamo nelle ipotesi in cui questi avvengano su scale temporali diverse. Successivamente,
scriviamo le equazioni di Boltzmann classiche per le funzioni di distribuzione delle varie componenti.
Dopo opportune integrazioni delle equazioni, si effettua un passaggio al limite, ottenendo equazioni
di reazione-diffusione per le densita di specie. Nello specifico, applichiamo questo procedimento

considerando tre diversi regimi idrodinamici, ottenendo in ciascuno di essi un diverso sistema di



reazione-diffusione.

Le proprieta di stabilita di tali sistemi vengono discusse nel Capitolo 5. Studiamo in particolare
la possibilitd che si verifichi il fenomeno dell'instabilita di Turing per scelte opportune dei valori di
energia interna e delle frequenze di collisione. Attraverso simulazioni numeriche, verifichiamo poi la
formazione di pattern nell'evoluzione delle densita dei reagenti, come previsto dall'analisi di Turing.

Concludiamo con alcune ulteriori osservazioni e prospettive per futuri sviluppi del presente lavoro

di ricerca.
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Introduction

The classical kinetic description of gas dynamics may be considered having its start in the Eighteenth
century, when Daniel Bernoulli adopted the model of a gas as a large set of molecules moving at
high speed and colliding elastically among themselves, [8]. The further development of kinetic theory
of gases was due to James Clerk Maxwell, who in 1860 carried out the probability distribution for
velocities at equilibrium [87]. But it was only with Boltzmann in 1872 [27] that an integro-differential
equation describing the dynamical evolution of the distribution function was provided, along with a
formal definition of entropy and a rigorous formulation of the second law of thermodynamics, known
as H-theorem; a complete view of Boltzmann results and biography can be found in [37].

These early results were formulated for a single rarefied gas, but it is indisputable that the nature of
gaseous flows in reality can be extremely various. First of all, a considerable number of components
having different nature may be simultaneously present in a gaseous environment. A generalization of
the Boltzmann model to a mixture of different gas species is treated in [36], where Carlo Cercignani
provides a fundamental set of results concerning the study of Boltzmann equations (i.e. uniqueness
of the equilibrium solution, its asymptotic stability and the relaxation to it from any initial condition)
and their possible applications. Also in other books authors provided a detailed study of the kinetic
theory for inert gas mixtures, as Chapman and Cowling [40], Kogan [72] or Ferziger and Kaper [52].

An important phenomenon that should also be considered in gas mixtures is that constituents may
undergo chemical reactions, causing actual changes in the physical nature of the flow. Several attempts
in the description of chemically reacting gas mixtures can be found in literature [10,32,123]. The
kinetic approach seems to be one of the most suitable for this task and first results have been carried
out in the Forties [74,99]. Afterwards, many advances have been obtained in this research line starting
from the Sixties and Seventies and, in particular, different types of approximation have been applied in
order to derive macroscopic quantities, like reaction rates or transport coefficients [90, 101, 109, 122].
Other works from the Eighties, instead, are focused on fundamental aspects, as the analysis of
equilibrium [97]. A fairly exhaustive kinetic description for a mixture of four gases undergoing, apart
from mechanical collisions, also a bimolecular chemical reaction can be found in [104], as by-product
of previous works by the authors [25, 35,55, 102].

Besides chemical processes, a relevant issue to be taken into account is that colliding molecules
cannot always be considered perfect spheres. Polyatomic gas molecules, in particular, are more
complex particles having non-translational degrees of freedom, as vibrational and rotational ones.
These features may be represented by assigning to each particle a variable denoting the internal
energy state, that can be considered both discrete [56, 58] or continuous [46,105]. As a consequence
of this assumption, interactions among particles in a gas mixture may also give rise to the non-
conservative phenomenon of inelastic scattering. In other words, once that a binary encounter takes
place, particles may change their internal energy state so that the total kinetic energy is not conserved.

The phenomenological derivation of this type of scattering may be found in [55, 113], whereas the



kinetic description of this framework is given in [103].

A following step in this research line consists in combining the results of [103] and [104] by con-
sidering a mixture of reacting gases endowed with discrete internal energy levels. This is, indeed, the
content of many works [14,58-60]. Despite the relevant outcomes, in all the models considered so
far the gas species involved in the dynamics are assumed to have the same number N of possible
discrete energy levels. This assumption surely allows more handy calculations, but does not fit any real
physical environment. Molecules belonging to different species have different shape and dimension,
thus the possibilities for their internal energy amount are various as well. In most situations, due to
chemical dissociation and recombination reactions, gaseous elements may be found even in atomic

state, that can be modeled as species having only one possible internal energy level.

Providing models for gas mixtures in which polyatomic and monatomic gas species interact through
elastic, inelastic or chemical collisions is the basic purpose of this thesis. For this reason, the aim of
Chapter 1 in this work is to collect and, at the same time, generalize the classical cornerstones of a
Boltzmann description for a gas mixture. We analyze the case of four reacting gas species, each one
allowed to have a different number (greater of equal than one) of internal energy levels I¢, i = 1,2, 3, 4.
Thus the mixture can be seen as made up by L = I' +1%2+12 +1* components, indicated by C?%, where
the superscript identifies the species which the component belongs to, while the subscript indicates
the corresponding energy level. Accordingly to this notation, a generic bimolecular encounter between

components can be written as follows
Q h « i n
Ci+Cy S G+ 0.

This encounter can be elastic if components involved do not change their chemical nature nor their
energy state ((4,5) = (I,m) and (h,k) = (n,p)), inelastic when components change their internal
energy but they still belong to the same species (i = [, h = n but j # m or k # p or both), chemical
when there is an actual change in species (i # [ and h # n).

We further adjust this notation using, instead of a pair of indices (i, j) to indicate each component,
a single index I, with 1 < I < L. We construct then a Boltzmann equation for each distribution
function f7 corresponding to a component C;. The most relevant part is to derive the integral
collision term in each equation. Indeed, in writing the inelastic and chemical contributions to the
collision operators, one has to be aware that an internal energy gap is related to each encounter,
so (if this gap is positive) the transition takes place only when the pre-collisional total energy is
sufficient. This causes the presence of suitable energy threshold in the collision Boltzmann operators.
Then we investigate the global properties of the collision operator and we present collision invariants
as L-dimensional vectors constituting a 7-dimensional linear space. In this way, after defining in this
context the macroscopic observables, we derive a system of seven balance equations.

Afterwards, we provide the proof of the classical Boltzmann inequality for our model, that leads to
the characterization of collision equilibria that are, as expected, of Maxwellian type. In this frame,
we obtain also a relation at equilibrium between number densities of each energetic component and
the density of the species it belongs to, along with the classical mass action law (of Arrhenius type)
relating species densities and global temperature at chemical equilibrium [5]. Finally, H-theorem

provides asymptotic stability and uniqueness of the Maxwellian equilibrium.
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Looking at kinetic equations of Boltzmann type, it is immediate to note that the study of the
evolution of distributions as solution of an integro-differential system can be very complicated. For
this reason, multiple strategies have been investigated to replace the integral collision term with a
simpler one, also if this choice may lead to a loss of information at the level of microscopic two-
body interactions between molecules. The most relevant collision model, taking into account only
the average outcomes of collisions, is the one proposed by Bhatnagar, Gross and Krook for a single
gas species in 1954 [9], known as BGK model. The idea of such kind of models comes from the
fact that the dynamics of the system drives the configuration to "relax" towards a Maxwellian state,
so that collisions cause a change rate for the distribution proportional to the difference between the
distribution itself and a Maxwellian attractor.

The generalization of the classical BGK model to a gas mixture is not obvious (and not unique),
since in the Maxwellian attractors there appear several free parameters that could be properly chosen
in order to reproduce the basic features of the Boltzmann equations that one wants to approximate.
The available BGK models may be divided into two classes: one assuming the kinetic equation for
each species governed by a unique relaxation operator, introduced by Andries, Aoki and Perthame
in [1], and the other one showing a sum of binary relaxation operators, preserving thus the "structure"
of the original Boltzmann system, see for instance [63,71,88] and the recent paper [24].

A BGK-type description has been then adapted to gases whose particles are subject also to very
simple chemical reactions, usually bimolecular and reversible; in this respect, models with a single
collision operator per species have been proposed in [16,61], while models with sums of relaxation
terms may be found in [30,75]. In general, most of the existing BGK models deal only with monatomic
particles, therefore in view of physical applications their generalization to polyatomic gases through
the introduction of a suitable internal energy is necessary. A BGK description in a similar situation is
presented in [11] and will be the starting point of Chpaters 2 and 3 of the present thesis.

In Chapter 2 we present a BGK model for a mixture composed by A > 0 monatomic and B > 0
polyatomic species having different numbers of internal energy levels (of course a monatomic species
has only one level). As usual, each polyatomic species can be considered as composed by components
in number equal to that of its energy levels. We build up a set of BGK-type equations for each
monatomic species and each polyatomic component of the mixture. In each of them a single BGK
operator appears, depending on auxiliary parameters individuated by the auxiliary number density of
each species/component, and the auxiliary mean velocity and temperature that are common to each
equation.

Imposing conservation of correct (Boltzmann) collision invariants, we try to express auxiliary quan-
tities in terms of the actual ones of the mixture. While for densities of monatomic species and for
mean velocity we get an explicit relation, densities of polyatomic components result to be expressed
in terms of real densities and auxiliary temperature. For the latter, we are not able to find an explicit
expression as well, but it turns out to be given as the solution of a transcendental equation (coming
essentially from the conservation of total energy, i.e. kinetic plus internal). We are able to prove that
such a transcendental equation admits a unique solution for any values of particle masses, internal
energies, and collision frequencies.

The asymptotic stability of Maxwellian equilibria in space homogeneous conditions is given by means

of the H-theorem, formulated in this framework: the proof of the entropy decreasing in time strongly
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depends on the structure of BGK equations and of Maxwellian attractors.

In a following step, after integration of the BGK equations, macroscopic equations for observables
of the mixture are derived for both monatomic and polyatomic species. Considering these equations
in space-independent conditions, we perform some numerical simulations in order to analyze the
trend towards equilibrium of the mixture. In a first test we consider a monatomic and a polyatomic
species changing the ratios between their masses, in a second one we take two polyatomic species
and we consider different sets of internal energies, as third test we take two polyatomic gases having
very different masses and we observe the trend towards equilibrium taking various amounts of initial
velocities.

In Chapter 3 our intention is to extend results obtained in the previous chapter to suitable reacting
mixtures. As first, we consider a mixture of four gas species G*, i = 1,...,4, that may undergo a
reversible chemical reaction of type G + G? = G2 + G*. In this case we do not make a distinction
between monatomic and polyatomic species, but we consider each one as having a number of energy
levels greater or equal than one.

We write BGK equations as in the inert frame and we exploit conservation laws to recover auxiliary
parameters. The main difference appearing in this frame is the fact that, since number density of each
species is not preserved due to chemical reaction, the four global auxiliary densities are related not only
to auxiliary temperature but also to each other. By conservation of total energy, however, is possible
to express each auxiliary density in terms of actual parameters and of the auxiliary temperature. On
the other hand, fictitious densities have to satisfy a constraint which is the analogous of the mass
action law of chemistry. This fact provides an additional transcendental equation for the auxiliary
temperature, and also in this case is possible to prove that the solution exists and is unique in an
admissible set.

An analogous H-theorem in space homogeneous conditions is stated and proved in this reactive
case still making use of the mass action law. Moreover, we study again the behavior in time of
macroscopic quantities through numerical simulations inspired by real gas reactions.

In the second part of the chapter, the considered mixture is composed by eight gases G?, i =
1,,...,,8, chemically interacting through two separate reversible chemical reactions, G' + G? <
G3+G* and G+ G% = G7 + GB. In this case recovering the auxiliary parameters for the Maxwellian
attractor is even more complex. From conservation of mass, indeed, we find that is possible to express
fictitious number densities for the first four reacting species in terms of actual parameters, auxiliary
temperature and auxiliary density of only one species involved in the same reaction. This analogously
holds for the remaining four species involved in the second reaction. Conservation of total energy then
provides a relation between the fictitious temperature, a fictitious density species taking part in the
first reaction and another one reacting in the second. To determine these three unknowns we exploit
the fact that we have a mass action law for each chemical reaction. From the first one, indeed, using
the implicit function theorem, we are able to express one of the fictitious densities in terms of the
temperature. Using the second mass action law, at last, we individuate the auxiliary temperature as
the solution of a transcendental equation. Once that this procedure allows to determine the BGK
operators and, consequently, Maxwellian equilibria, their asymptotic stability is verified by means of
the H-theorem also in this case. Finally, numerical simulations show how concentrations of each

component, mean velocity and temperature tend to equilibrium, taking two physical reactions as test
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cases.

In the remaining part of the thesis, we study mixtures of reacting monatomic and polyatomic gases
using a different approach. Our task is again to build a kinetic model for a particular gas mixture and
to derive and study equations for the macroscopic observables in suitable hydrodynamic limits. In this
case, though, we start from the classical Boltzmann-type description of the physical setting and we
aim to derive reaction-diffusion equations for the number densities of constituents of the mixture.

In many physical problems involving a huge amount of interacting objects (not only particles as in
our reacting mixtures, but also cells, individuals, etc.) reaction—diffusion systems are built up starting
from phenomenological considerations, therefore diffusion coefficients and parameters appearing in the
reaction part are taken as arbitrary constants, and are not directly related to microscopic interactions
between cells, preys and predators, etc. In this respect, kinetic theory may be useful. Indeed, it is
based on a mesoscopic approach and major macroscopic fields can be recovered as suitable moments
of the distribution function and, in proper hydrodynamic regimes, a closure of macroscopic equations
may be obtained resorting to an asymptotic Chapman—Enskog procedure [40]. In fluid—dynamics,
the most common hydrodynamic systems are Euler and Navier—Stokes equations [36]. In the frame
of reacting gas mixtures, the connection between reactive kinetic equations and reaction—diffusion
systems has been explored starting from BGK or Fokker—-Planck models [114,115], and also from
Boltzmann operators for a single bimolecular chemical reaction [12]. Rigorous results on this kind of
limit have been recently proved in [51,94]. Under suitable assumptions on the macroscopic fields and
on the distribution functions, the diffusive asymptotic limit may also lead to reaction—diffusion systems
of Maxwell-Stefan type [2,3]. Also in different physical frameworks, some attempts to derive reaction—
diffusion equations from kinetic equations or as mean—field limit of interacting particle systems have
been performed [41,117].

The work presented in Chapter 4 fits into this research line. We consider a gaseous mixture
with several species, undergoing elastic collisions, inelastic transitions in polyatomic particles and
chemical reactions, and, following the strategy suggested in the paper [12], we derive reaction—
diffusion equations from the kinetic level in different hydrodynamic limits. Specifically, we consider
two species, one monatomic and the other polyatomic (diatomic) diffusing in a background medium
(typically, the atmosphere). The host medium is itself a mixture, constituted by particles with different
masses, and as a whole it is assumed accommodated at a Maxwellian distribution, with fixed mean
velocity and temperature. The kinetic system is thus composed by three Boltzmann equations, one for
the distribution of the monatomic species and the others for the distributions of the two components
of the diatomic gas, each one with its value of internal energy. Intra—species and inter—species elastic
scattering is allowed, as well as elastic scattering with the background medium. Inelastic transitions
may also occur, where polyatomic particles pass from one energy state to the other. Moreover,
two bimolecular and reversible chemical reactions are taken into account, involving the considered
monatomic and polyatomic constituents and the host medium as well. In the diffusive limit, the
dominant process is assumed to be, as usual, the elastic scattering with the background. Three
different regimes are explored, corresponding to different scales assumed for the collisions and for
chemical reactions. The first one, where all reactions have the same order of magnitude (they are
all slow), leads to a system of three reaction—diffusion equations for the number densities of the

13



monatomic gas and of the two components of the polyatomic one. In the second one, for the
monatomic species the collisions with the background are supposed to be more frequent than for the
other components. This assumption has as a consequence the fact that in the resulting reaction—
diffusion system one of the three equations lacks the diffusive term. In the third regime, besides
more frequent collisions with background for one of the species, a reaction is assumed to be faster
than the other chemical and inelastic interactions. This allows to explicitly get one density in terms
of the other two, so that the final reaction—diffusion system is constituted by only two equations,
and it is similar to the classical Brusselator system [98]. These reductions resemble the classical
quasi-steady—state approximation, a standard procedure in the study of chemical reactions kinetics
in situations where certain species have a very short time of existence and therefore their variation
may be neglected, reducing thus the number of equations. A detailed description of such kind of
reductions can be found in [108, 112] and it is applied to the particular case of the Brusselator
in [44]. The possibility of modelling auto-catalytic reactions of the Brusselator system introducing an
intermediate unstable state was outlined also in [77], by one of the authors of the original paper [98].
In all the hydrodynamic limits considered in Chapter 4, we obtain that diffusion coefficients and
reaction terms of our macroscopic systems explicitly depend on particle masses, background density,
collision frequencies of all interaction phenomena, and internal energies of the species. This means
that properties of the systems can be explored starting from the microscopic structure of the mixture.

Such properties, in particular the stability of solutions of our macroscopic systems, are discussed in
Chapter 5. In particular, we recall that last system obtained in Chapter 4 is similar to the classical
Brusselator, that was introduced in order to model the behavior of cross—activator—inhibitor chemical
reactions for which pattern formation predicted by Turing [118] could be observed. One example of
reactive models showing pattern formation is the chloriteiodide-malonic acid (CIMA) reaction [78],
and other analogous models and results can be found in [57]. Analytical conditions on the parameters
involved in the equations leading to Turing instability were originally given in [98]. The target is to find
a homogeneous stationary state that in presence of diffusion turns into structures non—homogeneous
in space. Such structures are usually obtained when the concentration of some reactants and also the
diffusion coefficients of chemicals varying during the reaction fit into particular ranges.

Moreover, Turing instability has been recovered in several problems, as models for morphogene-
sis [81], prey—predator systems [79], epidemic models [47], models for metal growth [29], for multiple
sclerosis [83], for urban crime [82] or for vegetation spots on dryland [110], just to mention some of
them. In those systems, and many more, the stability properties are always discussed upon the param-
eters appearing in the equations. These parameters are often set starting from empirical observations
or heuristic considerations. In our case, instead, coefficients appearing in the equations are explicit
functions of microscopic parameters, characteristic of gas species (masses and internal energy levels)
and of the mixture (collision frequencies for each reaction and for mechanical encounters). This allows
us to investigate the occurrence of Turing instability for varying these microscopic parameters. More
precisely, for the system of two reaction—diffusion equations we are able to find explicit conditions
on the internal energies allowing (or preventing) the pattern formation; the analytical results are also
validated by some numerical simulations. An analogous study is then performed also for the systems
of three equations, that are much more involved, since the number of coefficients is higher and the

Turing instability conditions are more complicated. In particular, for the complete three reaction-
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diffusion equations case, we resort also to results derived in [107], where conditions for the occurrence
of Turing bifurcation in n-dimensional systems are provided. Analogies and differences between the
instability properties of our three systems are commented on.

We conclude this thesis with a summary of our main results along with further considerations and

perspectives for future developments of our work.

15



1 Preliminaries: Kinetic description of gas
mixtures

The classical Boltzmann description of rarefied gas dynamics can be suitably extended to mixtures
of different gases [36,40]. In this framework, apart from elastic mechanical binary collisions among
particles, also reversible chemical interactions between different gas species may occur. This case has
been extensively investigated in [104]. In following works, a generalization of this kind of representation
has been proposed for reacting species supposed to have an internal structure [56,58]. More precisely,
a mixture of four reacting gases was considered where each one was endowed with N > 1 discrete
quantized energy levels. This choice was performed in order to represent polyatomic molecules having
translational, rotational and vibrational degrees of freedom. With this assumption, also inelastic
scattering has to be taken into account, where after binary collisions particles may change their
internal energy state and kinetic energy is not conserved. Nevertheless, the assumption that the
number of discrete energy levels is the same for each gas species turns out to be very restrictive, since
these models can hardly be applied to real physical situations. For this reason, in this first chapter,
we present the kinetic description of such mixtures, with the further generalization that the number
of internal energy levels can be different for each species. We also consider the possibility of non
symmetric encounters, i.e. irreversible chemical reactions or inelastic transitions.

The procedure used to describe the mixture is the typical Boltzmann approach of classical kinetic
theory adapted and generalized to this context. We consider thus a mixture of four gas species G,

i=1,...,4 each one having mass m*. Writing the chemical reaction as
G+ sa+at (1.1)

masses have to satisfy the conservation m' + m? = m3 + m?

. As already stated, each particle is
endowed with an internal energy state and each gas species may have a number [* of possible discrete
values for it.. We denote each one of these values by E%, j = 1,...,1". As a consequence, we treat the
i-th species as composed by I* components C?, j = 1,...,1’, being the component C? characterized
by the internal energy E; Energies are monotonically increasing with the index identifying the level
in the frame of each species, that means EjZ > E} for any j > k. We denote the energy gap for the
ground states by AE = E} + E} — E? — E]. At this point, binary interactions between molecules
are expressed by the notation

Ci+Ct sl +Cy. (1.2)

In the case of mechanical collisions, in which molecules do not change their chemical nature, we may
have elastic scattering, when there is not energy dissipation due to absorption by the particles, thus
the total kinetic energy is conserved before and after the impact and in the formulation (1.2) we have

(i,7) = (I,m) and (h, k) = (n,p). If, instead, there is a variation of the internal energies of the pair
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of impinging particles, we have the collision (1.2) with i =1 and h = n, but j # m and/or k # p. .
In case of chemical encounters, there is also a mass transfer and particles change the gas species they
belong to. When this happens we have collision (1.2) with (i, k), (I,n) € {(1,2),(3,4),(2,1), (4,3)},
being (i, h) # (I,n) and i # n.

For a more handy notation, we introduce the vector based on numbers of energy levels

L=, .50 1, 2+ P+ B+, (1.3)

We define the partial sums of the number of energy levels L® = ' 4 ... 4+ 1% for s = 1,2, 3,4 and the
total one L = ' + 12 4+ I3 4 [*; we also find it useful to define L% = 0. In this way, for any energy

level E; and for any component C’; we identify each couple of indices (7, j) with the index I given by

I=L"143. (1.4)

The reverse relation is
i=min{k:I—LF<0, 1<k<4}, (1.5)
j=I-L"1 (1.6)

Consequently, energy levels will be indicated with E; and components with C7, I = 1,..., L. We

rewrite the generic collision (1.2) as
Cr+(C;sCxr+ Ck. (1.7)

We also consider the L-dimensional vector of masses whose entries are m; = m; forany 1 < I < L
with i given by relation (1.5), that we indicate by m. It is worth underlying the fact that the "two-
indices" notation and the "single-index" one are totally equivalent. In this chapter we find it useful to
adopt the latter, but in the following of this thesis we shall use the former, since it will be important
to distinguish between species having one or several internal energy levels and also to easily identify

the fundamental level Ei of each species.

1.1 Boltzmann equation and collision operators

We are now able to describe in more detail the dynamics of each generic encounter (1.7). We will
indicate with v and w the pre-collisional velocities of two impinging particles belonging to components
Cr and Cy, respectively, and with v/ and w’ the post-collisional velocities of resulting particles of
components C and Cg, respectively. With this notation, we have conservation of momentum, total

energy and mass given by

miv +myw = mgv' +mrw’
%m[1)2+E]+%me2+EJ= %mHU’Z—i-EH—i-%mKw’Q%-EK (18)

my+myg=mg+mg.

We define the quantity AEPE = Ey + Ex — E; — Ej as the variation of the global internal energy

of the impinging pair. In case of elastic collisions, it is obviously zero, in case of inelastic or chemical
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collisions, instead, it can be positive or negative. If it is greater than zero, namely the collision
Cr+ Cj — Cy + Ck is endothermic, it must be underlined that such interaction is possible only if

the total kinetic energy before the collision is sufficient. In other words it must hold

1
3 (m[UZ + myw? — mHv'2 - mKw’Q) > AE}{IK. (1.9)

This results in a threshold effect on the interaction. More specifically, taking into account the relative

velocity of the two impinging particles and the velocity of the center of mass we have relations

g=v-w g=v-w (1.10)
G =qajv+ayw G = aggVv +aggw’,
being a;; = —2%—. We also consider separately the absolute value and the direction of relative
J mz“v‘m.;
velocity:

g=90, g=4U, (1.11)

with |[€2] = 1. From the conservation formulas (1.8) and condition (1.9) we deduce that G = G’ and

1 1
Kry 2 UHEK 2
g = [(92 - %K)} Hg"=off), 9= |20 = o) | B((6) — otk)
HHK wrJy
(1.12)
being
AEHK
opft ==L (1.13)
nry
with 1177 the reduced mass given by n:;f;;b"] and H the unit step Heaviside function. These transfor-

mations imply the fact that the post-collisional relative velocity ¢’ is well defined only if the argument
of the Heaviside function is positive, and this happens only, as already mentioned, if AEEJK <0Qorif
AE}{IK > 0 and the pre-collisional kinetic energy of the interacting molecules is sufficient. The same
holds for the good definition of g in terms of ¢'.

In the following it will also turn useful to write the explicit transformations coming from (1.10)

between pre and post-collision velocities provided by

v = v+ ayw+ Y,
argv+oyr OKHY (1.14)

w =apv+a;yw—aggg Y,

Now let us consider the distribution function relevant to the component C; that is a function of
position x, velocity v and time ¢ and we indicate it by f;(x,v,t). We also define the vector of all
the distribution functions £ = (f1,..., fr). The evolution of the whole system is given by a set of
L coupled nonlinear integrodifferential equations that are a generalization of the classical Boltzmann
model

ofr

W-FV-fo[:Q][ﬂ, 1<I<L. (1.15)

The equation for each species I comes from the need to balance the variation (in absence of internal
forces) of the number of particles within an infinitesimal volume of the phase space dxdvdt. This
variation is due both to the flow of particles (each one with its molecular velocity) and to collisions

which change velocities of colliding molecules. The left hand side of (1.15) describes motion in
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absence of collisions, while on the right hand side the collision operator Q[f] takes into account all
the possible collisions in which the component C; can be involved. More specifically, the variation is
obtained by the algebraic sum of all the particles that during collision pass from velocity v to velocity
v’ (loss term) and those particles that from a velocity v’ pass to a velocity v (gain term). Thus we

are allowed to write (neglecting higher order terms)

(aaiz +v- Vi f1> dxdvdt = (QF[f] — Q; [f])dxdvdt, 1<I<L, (1.16)

that passing to the limit dxdvdt — 0 leads to equation (1.15).
With respect to general collision (1.7), the loss term for component C; coming from the direct
collision
Cr+Cjy—Cyg+Ckg (1.17)

is given by ( [103,104])

Qrlin o di fil) = [ | [ B0 =615 goflf (0. 00 ) i) o (w)dwad¥. (118

We omit dependence on position x and time t in distribution functions and collision integrals in order
to lighten the notation. The quantity o2/ is the differential cross section relevant to the process in
which two particles belonging to the species C; and C'; get transformed into two particles belonging to
the species Cy and C', respectively, and it depends on the intermolecular interaction potential [36].
It is azimuthally symmetric and depends only on the relative speed of the impinging molecules g and

on the product €2 - €. It also has to satisfy symmetry conditions
oK (g, Q- ) = (g, —Q- Q) = oK (g, Q- Q). (1.19)

On the other hand, the gain term for component C; coming from the inverse collision

Cr+Cj+ Cxg+Ck (1.20)
is expressed by
QY [fr. fr, fu, [K](v /]Ri /52 — 1) d ot (d - ) fu (V) fre(W)dw'd$d. (1.21)

Considering the total number of collisions in the infinitesimal volume dxdv’dt that is
dxit [ [ B(@P - 0l) doliield - ) fu() W) aw'a (122)
R3 JS2

and using relations (1.14) we have,

H((¢)? - 64) K av'aw' a2 = m (g® — 65) “”d dwdSY. (1.23)
g
Thus, passing again to the limit, the total collision term (gain minus loss) for component C7 is

Qrlfr, f1, fu, fx](v) = T
/ / (¢~ otf) | 112 G 1 (o 0 ) (V) (W)
R3 Jg2

~go1f(9, 2 ﬂ'm(v)fJ(w)} dwaSY. (1.24)
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We now exploit the microreversibility condition [52, 80] relating the cross section of an interaction

with the reverse one as
13 19°0 17 (9, Q- Q) = pgpe () oilk (g, - Q)H (6% — 6755) (1.25)
obtaining

Q flvafoafK]( )

/R3/s2 9—5 gUIJ(aQ‘Q)

For future utility in this work, we compute, always referring to the collision (1.7), the collision term

HHK

(“” > Fa(V) fre (W) — f1(v) f7(w) | dwd€Y.

(1.26)

for components J, H, K. For the component J, it is sufficient to perform a permutation of indices

I <+ J and thanks to properties (1.19) we get

Q flvaavafK]( )

/RS/SQ g—5 gaU(,Q~Q)

(“” ) FreW) frr(W') — f1(v) f1(w) | dwdSY.

HHK
(1.27)
For components C'y and Ck we consider the collision written as
Cp+Cg SCr+0Cjy, (1.28)
thus the collision operator for C'y reads as
Q f[vf]7fH7fK]( )
7
= [ [Lnte =l [ o 0 LR g o
R3 JS2 g KI1J
901 (9,0 ) i (v) frc(w) | dw gy, (1.29)
and applying the microreversibility condition that in this case is
MHKQZUJILIJK(gv Q- Q,) = M%J( )20511{( 7Q Q)m )H (92 - 51{{JK) : (1.30)

we have

Q f[vafoafK]( )

/RB /52 9% — 6ix) 9otk (g, Q- )

3
(“HK> F1 V) Fr (W) = Fr(v) fK(w)] dw dSY’.
Krg

(1.31)

For the component C'x we again perform permutation of indices H <> K, obtaining

Qklfr. fr, fu, fx](v)

/11@/32 9—5 QUHK( AQ)

Kmr

(“ HK) fr(v ’>ff<w’>—fK<v>fH<w>] dw dSY'.

(1.32)
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It can also be considered, instead of (1.7), an irreversible interaction between components
Cr,Cy,Cy,Ckg, it means that a couple of particles belonging to components C; and C; can be
transformed in particles of components Cy and Cg, but the inverse transformation is not allowed.
So we have

Cr+Cj;— Ch+Ck. (1.33)

In this case, collision operators for components C; and C; will be composed only by a loss term,
whereas for components C; and C there will be only a gain one. As a result, repeating calculations

done for the reversible case we have

Qrlfr, f1, fu, fr](v /]R3 /52 9> = 01%) go i (9. Q- V) f1(v) fr(w)dwdY',  (1.34)

Qulfrefrfu i) = = [ [ B (e = 0f5) goflf (0,00 Q) 1y (widbwadt, (135)

Qulfr fr. S, Fl(v / L) = 615 g otlF (o - ) ) aw a2, (136)

that becomes, using the relation between pre-collisional and post-collisional quantities that in this

case provides the change

H((g)% - o1 )“”d ‘dw'd2 = B (g% — 6% )M;Kd vdwdSY, (1.37)
Qulsr.foo i ) = [ [ 806 oli) LR G (0 ) 1) o) Y,
(1.38)

and analogously
Qklf1, f1, fu, fxl(v /Rs/s )‘jﬁf(gg) cHE (g Q- Q) fi(v )f[(w’)dwc(i?;.g)

We can now focus on a component C and compute its total collision operator, considering all the
possible interactions with other particles of type (1.7) letting the indices J, H, K vary between 1 and

L. We consider at first all possible mechanical collisions, thus we define the set of triplets
DME — ((JHK),1<J H K<L:i=1h=n}, (1.40)

being i, h, [, n obtained from I, .J, H, K, respectively, using relation (1.5). Consequently, the collision
term taking into account all the mechanical interactions of the component C; reads as

P = N Quilfr f s S, (1.41)

ME
(J,H,K)eD}

We notice that in this case operators Q) have the formulation given in (1.26), with pr; = pgk. In

case of elastic collisions, we have that the Heaviside function is constant H = 1 and the operator is

analogous to the one provided by classical Boltzmann theory [36]. Then, the possible triplets giving
rise to chemical contribution for the component C; are, instead, listed in the set
DS¢H — [(JH,K),1 < J H K <L:(i,h) # (I,n), i #n,

(i,h), (I,n) € {(1,2),(3,4),(2,1),(4,3) }}, (1.42)
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with i, h, 1, n again related to I, J, H, K by (1.5). This allows us to write the chemical collision term

CHE = > Qulfr. fr, fu. fx). (1.43)

(J,HK)eDYH

Finally, we have all the elements to recover the total collision operator that provides the integral term
in the equation (1.15) for an index I

Q1lf] = QF'PIf] + Q7 [£]. (1.44)

1.2 Collision invariants

Once defined all the collision operators for components C;, 1 < I < L, we take into account a

L-dimensional vector @ of smooth functions defined on R3, v7(v), and we define the functional

L —
= Z/R?) e1(v)Qrlf], (1.45)
=

that explicitly reads as

_ HK( & &
Clel = Z /RS/RS/SQSDI (9* = 675%) 9ot (9,2 - ')

(I,J,H,K)e

HHK

x [( “”) Fi () (W) — F1(v) fr(w) | dvdwds’,
(1.46)

with D¢ = DME j DCH  peing
DME = {(I,J,H,K),1 <I,JJH,K <L:i=1h=n}, (1.47)
and

DYH — {(I,J,H,K),1<1I,J,H K <L:(i,h) # (l,n), i #n,
(i,h), (I,n) € {(1,2),(3,4),(2,1),(4,3)}}, (1.48)

with ¢, h, [, n again coming from I, J, H, K, respectively, through relation (1.5).

We now perform in the expression for C one of the following operations:

i. Interchange v with w and H with K, obtaining

el = > [ ]| eawn(e - 65 ol (0.0 )

(1,J,H,K)eDC

3
- [(:éi) fu (V') fre(W') = f1(w) f1(v) | dvdwad,
(1.49)

this representation of Cf¢p] is equivalent to the one given in (1.46) due to the symmetry
properties of the differential cross section (1.19).
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PN

ii. Renaming the variables (v, w, ') < (v/,w’,Q) and interchanging I with H and J with K,

we have

= X [ [ | ~ 8th) ol - )

(I1,J,H,K)eDC

nry

N [(“HK) Fr) 3 (%) = fu(¥) fre(w') | v’y
(1.50)

~

Since in this case we have the Jacobian of the transformation (v/,w’,2) — (v, w, ) that is
/
J=H((g)? - o) LT (1.51)

and the microreversibility condition may be cast as

Wi (9) 2 oilk (g Q- Q) =8 ((¢)? = 6ifk) 13 s9%0 17 (9,82 ), (1.52)
we get
Clel= > / / / —or(V)H (9* = 017) go1 (9,82 - &)
(1,J,H,K)epc 'R /R J 52

HHK

3
x [(“”) F () fre(W') = f1(v) f7(w) | dvdwdSY,
(1.53)

that is again an equivalent representation for (1.46).

iii. Combining transformations i. and ii. we obtain a fourth equivalent expression for the functional
C that is

Clel= Y /Rs/Rs/sa_W H(g* —65") 905" (9. €2 )

(I,J,H,K)eDC

x [( p1 ) Fre(W) f(v) - fz(V)fJ(W)] dvdwdsY.

UKH
(1.54)
Those results have as consequence the fact that we can write the following expression
1 A
Clel=-7 > /3/3/2 (6% = o77%) 9ot/ (9,02 - ")
(1,7,H,K)epG ' & /R /S
. [( ) ) - fz(V)fJ(W)]
HHK
x [pr(v) + er (W) — o1(v) = o5 (w)] dvdwdSY'. (1.55)

We now consider any vector of smooth functions ¢ and provide the following definition
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Definition 1.2.1. A vector of smooth functions  is a collision invariant for the system if it satisfies

the following requirement
o (V) +or(wW) = or(v)+ps(w), Yiv.w, Q) eR*xR*xS%  V(I,J,H K)ec D (1.56)
It follows that for any collision invariant ¢ it holds

Cle] =0 VI (1.57)

er=my, 1<I<L,
Y1 =mjv, 1SISL7
1
or :§m102 +E;, 1<I<L, (1.58)

representing mass, momentum and total energy of each component, respectively, are collision invari-
ants, due to conservation laws (1.8).

We now give the generalization of a fundamental result in kinetic theory [36].

Theorem 1.2.2. Collision invariants constitute a 7-dimensional linear space and they may be gener-

ically written as

1
p(v) =a+mb-v+comr?, (1.59)

being a any L-dimensional vector with real entries, b any vector of R® and ¢ any real number such

that parameters a and c satisfy relations
aj—ar=c(BEyj—E;) VI,J L '<I J<L® foralls=1,234, (1.60)
areq1+aps;; —ai —apy g = cAE. (1.61)
In order to prove the Theorem above, we make use of the following statement.
Lemma 1.2.3. Let f : R™ — R be a function such that
f(x1) + f(x2) = f(x1 +x2), Vxi,%x2 € R, (1.62)
and f is continuous in at least one point xo € R™. Then it exists a unique value u € R"™ such that
f(x)=u-x. (1.63)
For the proof of this result we address the reader to [36].

Proof of Theorem 1.2.2. First of all we observe that, if ¢ is a collision invariant, accordingly to
definition (1.56) if we take sub-indices I = J = H = K (simplest elastic collision) we have that, for
any (v.w, ),

er(v') +er(w') = o1(v) + pr(w). (1.64)

We can apply a crucial result showed in [36], i.e. each function ¢;(v) has the form

p1(v)=a+ b - v+cr? (1.65)
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for some a,c € R, b € R3. In this peculiar case, indeed, we are in the classical conditions for which
conservation of total momentum and total energy before and after the collision can be expressed as
follows

v+w=v +w

2

(1.66)
v+ w? = 0%+ w'

Definition (1.2.1) implies that if v +w and v? + w? are constant, ¢;(v) + ¢;(W) must be constant

too. Thus the sum ¢ (v) + pr(w) is indeed function of only quantities v + w and v? + w?, namely
0r(v) 4+ @r(w) = ®;(v + w, 0% + w?). (1.67)

We consider the even part and the odd part of functions ¢; and ®;, respectively, defined as

o1y (V) =p1(v) + 1(=v),
e1(v) =p1(v) — 1(=v),
Oy, (v +w, vt +w?) =0(v + w, v+ w?) + &r(—v — w, v + w?),
O (v+w,0* +w?) =0;(v+w,v? +uw?) — (v — w, 0 +w?). (1.68)
It is easy to verify the relations
‘/71+(V) + QDI+(W) = <I>I+(V + W7U2 + w2)7
o1 (V) + o1 (w) = ®;_(v +w,0? + w?), (1.69)
and this holds for any v, w € R3. If we take w = —v, from the first equation of (1.69) we get
2014 (v) = ®7,(20%,0). It implies that p; (v) = 1 (v?), consequently,
P(v?) + h(w?) = &1 (v +w,v? + w?) (1.70)

. But in this case, to not get into contradiction, ®;, should depend only on v2 + w?, so we have
P(v?)+(w?) = @, (v2+w?). On the other hand, taking w = 0, we have 1 (v?)+1(0) = &, (v?).
We are then allowed to write

P(0?) +p(w?) = Y0 +w?) +9(0). (1.71)
Let us define the function f(v?) = v(v?) — 1(0), from the equality above we obtain
F@) + f(w?) = f(v* +w?). (1.72)
Moreover, since f(0) = 0, it is possible to extend the domain of f to the whole R setting
f(=x) = =f(x) (1.73)

for any © = v?2 > 0. We observe that in this way, f is continuous, being ¢ continuous, and the
additivity requirement by Lemma 1.2.3 holds. As a consequence, we have f(x) = 2cx for some ¢ € R.

¥(0)
2

Taking a = we have

o4 (v) =2a+2cv?, a,ceR. (1.74)
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Now we observe that, choosing v and w such that v-w = 0, since in this case v2+w? = |[v+w|?, from
the second equation in (1.69) we have p;_(v) + ¢;_(w) = ®;_(v + w). In particular, considering
w = 0 it holds ¢;_(v) = ®7_(v) and so ¢;_(v+w) = ®;_(v + w). We can conclude that for
any couple of orthogonal v and w it holds ¢;_(v) + ¢7_(w) = ¢;_(v + w). We choose now v
and w such that v- w # 0, let z a third vector for which v-z =0, w-z = 0 and 2% = |v - w|.
In particular, we can observe that for any v, since v - v > 0, we can write p;_(2v) = 2¢;_(v). If
v-w >0, it results (v +z) - (w —z) = 0, hence the vectors v 4+ z and w — z are orthogonal, thus

or_(v+z)+¢r_(w—12z)=¢r_(v+ w). Recalling that ¢;_ is an odd function, we deduce
er-(v) +or(w) =pr_(v+w). (1.75)
If, instead, v - w < 0, the vectors v + z and w + z are orthogonal, so
pr-(v+z)+or (W+z)=er (v+w)+¢r(22) (1.76)

. Using again the orthogonality of z with v and w we get again the additivity property (1.75). At this
point we can state that ¢ _ satisfies hypothesis of Lemma 1.2.3, thus there exists a vector b € R?
such that

or_(v)=2b-v. (1.77)

Finally, being ¢r(v) = 3[0r,(v) + wr_(v)], we get
or_(v)=a+b-v+e?, a,ceRbeR. (1.78)
As consequence of this result, each collision invariant ¢ can be written as

¢(v)=a+ Bv+cr’ (1.79)

with a, ¢ two L-dimensional vectors and B a 3 x L-dimensional matrix. This means that we end up
with 5L free coefficients. The fact that collision invariants satisfy (1.56) for any choice of vectors
(v, w, ) in R? x R3 x 52 and indices (I, J, H, K) in DS implies that we can make the particular
choice (v, w, Q') = (v, —v, —‘:—l) and indices such that I # J, I = H and J = K, namely we are
considering elastic scattering between different components. From relations (1.14) we deduce that in
this case

v = (arg = 3a1)v (1.80)

W/ = (304[] — aJ])V,

thus, condition (1.56) for a collision invariant written in the form (1.79) and for this peculiar choice

leads to the equations
8(ary — ayr)(crary — cyor)v? +4(Byary — Broayr) - v =0, (1.81)

that must be satisfied for any v € R3, v # 0 and for any I # J. But, just interchanging I and J,
we notice that the only possibility is that both addenda in the left-hand sides must be equal to zero.

Consequently, it must be
E B def

:7:b
mr my
O _ CJ defl (1.82)
mr my 27 -
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forany I # J, 1 <1I,J < L. We get to the same conditions when I = J repeating the procedure

choosing w = 0 and €/ = —|"7|. Now we consider the case in which two particles of the same

component collide and after the encounter only one of them has changed its internal energy, namely
we take the quadruplet (I,1,1,.J) with L5~! < I,.J < L*, for some 1 < s < 4. For any choice of

vectors (v, w, §2’) the post-collisional velocities are

v = %v—l—%w—l—%ﬂgQ—cﬂ}]Q’

. (1.83)
wo=iv+iw—3/g2 - ¥
In this way we have, again from (1.56), conditions

aj—ar=c(Ey—FE;), L '<I,J<L® foralls=1,23,4. (1.84)

Finally, we take into account a quadruplet (I, .J, H, K) belonging to D¢ . From conservation laws,
relations (1.56) lead to
aH—i-aK—a[—aJ:cAEf]K, (1.85)

that, combined with (1.84) give the constraint
aL2+1 + aL3+1 — a1 — CLL1+1 =cAFE. (186)

This last result makes the functions defined in expression (1.79) have only 7 free coefficients. On the

other hand, it is easily verified that each vector of functions ¢ of the form

@(v)=a+mb-v+comv’, (1.87)
with conditions (1.84) and (1.86) on coefficients, satisfies (1.56) and this concludes the proof. [

A set of seven collision invariants {fl, .. ,£7} that form a basis for the space defined through
Theorem (1.2.2) can be constructed as follows. Taking a; =az2,1 =1, a1, =0, b=0, c=0,
we have !(v) such that

1 f1<I<IL'vI*<I<I?
1 = (1.88)
0 otherwise.

Taking, instead, a1 =1, ap1,; = arz2,; =0, b=0, ¢ =0, we have ¢*(v) that is

1 f1<I<L'vI3<I<I?*
©r = (1.89)
0 otherwise.

With ariy; =1, a1 =az2; =0, b=0, c =0, we have ¢?(v) equal to

1 fILl<I<I?2VvI3<I<I?
ot = (1.90)
0 otherwise.

If we choose a; = a1, =az2,1 =aps;1 =0, b=(1,0,0), c =0 we obtain

¢! (v) = muy, (1.91)
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and, analogously, with b = (0,1,0) and b = (0,0,1) we get ©°(v) = muv, and ¢%(v) = mus,
respectively. Finally, picking a; = Fy, for s = 1,L' + 1,L?> + 1, b = 0, ¢ = 1, we find the last
independent invariant ¢’ (v) corresponding to

1
£7(v) = 5m1112 + Er. (1.92)

We notice that entries of 84' £5, fﬁ and £7 are exactly momentum and total energy defined in
(1.58). Instead the quantity ms ' + (m4 —ma) @* +my ® gives the mass, that is the first quantity

of (1.58). Moreover ' + ¢? is the total number of molecules involved in the model.

1.3 Macroscopic quantities

Results exposed in the previous sections provide tools to understand the behavior of the mixture at
a mesoscopic level, associating each component to its distribution function f;. Our aim is to move
now to a microscopic description of the model, for this reason we introduce the classical macroscopic

fields relative to each component Cy, 1 < I < L, that are number densities

ny :/ frdv, (1.93)
R3
mean drift velocities )
uy; = — Vf[dV, (1.94)
nr Jrs
and temperatures
mr 2
T[ = / |V — 11[’ f[dV. (1.95)
3’/1[ R3
Then we may consider the same quantities relative to each gas species G%, 1 < s < 4,
Le 1 Le
n’® = Z n, USZE Z nruay,
I=Ls-141 I=Ls—141
1 L R
_ 2 2
T = > a4+ 3 > mr(jurf = u?) | (1.96)
I=Ls—141 I=Ls—1+41

At last, we define the quantities that globally characterize the gas mixtures. We have total number

density, mass density and mass velocity

4 4 4
1
n= g n®, p= E m’n®, u=-— E m’nu’, (1.97)
s=1 s=1 ps:l
while temperature is
1< 1o
_ 2 2
T=— ElnsTs +3 Elmsns (Ju*> = [u?) | (1.98)
S= S=

We also define excitation energy density

4 L?
E=Y Y Em (1.99)

s=1J=Ls—141
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and the total internal energy density
3
&= 5nT+E. (1.100)

To describe completely the macroscopic features of the mixture, we also need the pressure tensor
L
P:ij/ (v—1u)® (v —u)frdv, (1.101)
I=1 R?

1
from which we recover the viscous stress p = P — gHtT‘P, and the thermal heat flux

—lL —u)(v—-u A%
_Q;mf/w)(v (v — w) frv. (L102)

With those quantities at hand, we are able to derive macroscopic conservation equations. From
Boltzmann equations (1.15), we take a test vector function ¢(v) and multiplying each equation of

(1.15) by ¢y, integrating over velocities and summing over all the components we have

L L L

0 _
g / gpjgdv—i— E / prv - Vyfrdv = g / ervQrlfldv = Clep]. (1.103)
= /R = /R’ = /R

Choosing now, as test functions, the seven collision invariants defined in the previous section,
fl,...,£7, since for each one we have Cfp?] = 0, ¢ = 1,...,7, it is a matter of simple calcu-
lations to derive the conservation laws. We firstly have the conservation of the total number densities
for the couple of species G + G2, indeed, taking the collision invariant fl in (1.103) and expliciting
the left-hand side as

Z/ e dv+2/ Phv - Vafrdv
at Z/ frdv + Z /f]dv +Zaxl Z/ v frdv + Z /szIdV 7

I=L%+1 I=L%+1

we are able to write the equation

0
a(nl +1%) + Vi - (ntu! +n®u?) = 0. (1.104)
Picking the other two invariants ¢? and ¢* we analogously get conservation of the total number

densities for the couples G! + G* and G? + G*:

8675 (n* 4+ nt) + Vy - (ntu! + ntut) =0, (1.105)
gt(n2 +nt) + Vi - (n?u? + ntut) = 0. (1.106)

Considering the invariant cp4, instead, we obtain

L

0
E /RS z}a“);[d + E / QOIV vxf[dV—a / m[vlfjdv—i- E E / m[vlvlf[dv
I=1 = 1

) o &
T ot Z /Rg myvifrdv+3 I, 4 > ( mi (v —u)(v — w) frdv +/ sz1uzf1dV>
I=1 =1 =1
9 3.9 L
at(pul)—i—v (puju) —1—2(9—1:12 - my(vy —u1) (v —wy) frdv = 0. (1.107)
=1 I=1
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Repeating calculations for the invariants £5 and fﬁ we get two expressions analogous to the previous

one, thus we are allowed to write the equation for the momentum as follows

0
a(pu)#—vx'(pu@u—i-P) = 0. (1.108)

Finally, we take into account the last invariant £7 and calculate

L

Z/ <p7afldv+ZL:/ OV - Ve frdv

— R3 [at = R3 1 x

_ai/ o+ E fdv+23:azL:/ L ® + B frdv
Tt Jpa \2T )T Ly £ [, QT T )

0 < 1
I=1

L

0 1 ) ) 2
+Z;&m;;A;LfW“V—“”W—“0+“ﬂUrHv—ulw
+2u- (v —u)(v; — w)) + Erv] frdv, (1100

that provides the equation for the conservation of total energy

;(;pUQ—G—E) + Vx - [(;pu2+5>u+P-u+q] = 0. (1.110)
Collecting equations (1.104) - (1.106), (1.108) and (1.110) we obtain a non-closed system of seven
balance equations that governs the behavior of macroscopic observables.

Different strategies may be adopted in order to close the hydrodynamic system (1.104) - (1.106),
(1.108) and (1.110) and study the behavior of macroscopic fields in certain physical conditions. We
introduce them briefly in order to provide few notions that will be useful later on in this chapter.
First of all we recall the definition of mean free path, A, as the mean distance covered by a particle

between a collision and another one. In terms of order of magnitude it holds the following relation

1

A~ — ,
noror

(1.111)

being n and Gror typical values for density and total cross section, respectively, for the model
considered. Let now £ be a macroscopic typical length for the gas, the Knudsen number is defined as

Kn,=2. (1.112)

When we are in a spatial scale of observation for which K,, << 1, the dynamics is governed by
collisions and the gas is seen as a macroscopic continuum. Thus, passing to the hydrodynamic limit
of kinetic equations in which K,, — 0, quantities involved in the description of the model actually
pass from microscopic to macroscopic ones. If we consider now a generic Boltzmann equation for a
distribution f

af B
o vV f = QU] (1.113)
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and we rescale it introducing the macroscopic time 7 and a typical value for molecular velocity £ and

adimensionalizing variables and quantities

T v t n o
X=—, VvV=—, t=— n=-—, 0= 1.114
X 27 \4 g ) T’ n ')71/’ o &TOT’ ( )
in the hypothesis in which for the Strouhal number, defined as,
Sh = S—/T, (1.115)
£
we have Sh ~ 1, we obtain a rescaled Boltzmann equation that reads as
af 1
o vVl = 2l (1.116)

At this point, if the Knudsen number is assumed to be a small parameter ¢, a resolution method for
the Boltzmann equation proposed by Hilbert [66,67] is based on expressing the distribution f as a

series

F=S e, (1.117)
n=0

and inserting this ansatz into in the Boltzmann equation. Arresting the Hilbert expansion at step 0
and calculating the usual moments (total density, momentum, total energy), is possible to derive the
known Euler closed equations for the macroscopic quantities n, u, and T', containing fist order spatial
and temporal derivatives. Another possible way of obtaining a closed system for macroscopic quantities
is the so called Chapman-Enskog expansion [38,40,49]. In this case we still have an expansion for f,
but the main moments are obtained only by the first term of the expansion, fj, while the other terms
are suppose to not contribute to the macroscopic observables (corresponding to collision invariants).
In this way, truncating the expansion at order 1 the classical Navier-Stokes equations are recovered,
with viscosity and conductivity coefficients explicit in terms of microscopic quantities of the gas (as
mass and collision frequencies). Also in this case we have a closed system of differential equations
for n, u, and T, but also second order spatial derivatives appear for mean velocity and temperature.
This kind of closures, presented here for a single Boltzmann equation, have been properly extended
in case of more complex gas dynamics. The main issue in these cases is the role played by inelastic
or chemical collisions. In particular, in [15], hydrodynamic limit is performed in two separate cases.
In the first one the elastic scattering is considered to be the dominant process, for which the relevant
relaxation time is much shorter than all the other processes. In another one, instead, all mechanical
collisions (elastic and inelastic) play a dominant role, while the time scale for chemical reactions is
longer. In both cases, for the resulting systems of Boltzmann equations is possible to perform a Hilbert

or Chapman-Enskog type expansion [6,89] and get Euler or Navier-Stokes macroscopic equations.

1.4 Boltzmann entropy inequality

We define
& fr\ A
WIf] = E 1 -— fldv, 1.118
) = /R3 o8 (”L?f) Qrlfldv ( )
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a functional of the form (1.45), with test function ¢; = log ( ) The result we are going to present
I
is a generalization in this context of the classical Boltzmann inequality, also known as Boltzmann

Lemma.

Theorem 1.4.1. The functional VW defined in (1.118) is negative semidefinite, namely WIf] < 0 for
any £ and, in particular, WIf] = 0 if and only if

f%(v’)f%(w') f13< ) fg (w), V(v.w,§¥)eR3 xR x S2, V(I,J,H K)e DC.

mH mK mI mJ
(1.119)

Proof. Since we can consider the functional WIf] as a particular case of (1.45) with ¢; = log (%)
I

we can use formulation 1 55 to write

wit=-1 Y [ [ ] 8-t et )

(1,J,H,K)eDC
prr \" fa(V)fr(w') prg \° fa (V) fr(w') a7
<o [(MHK) fr(v) fs(w) ] [(,UHK) fiv) fiw) 1] Jr(0) fa(w)dvdwdsy.

(1.120)

Being the function (z — 1) log = nonnegative and vanishing it only for x = 1, we can conclude that for
each term in the sum on the right-hand side of (1.120) the argument of the integral is nonnegative

and it is zero if and only if the relation (1.119) holds for any quadruplet of indices. O

The result expressed in Theorem 1.4.1 is a generalization of the so-called "detailed balance princi-
ple". We now provide the following definition

Definition 1.4.2. A vector of distributions f is a collision equilibrium if it satisfies

Q/lf]=0, VYveR? VvI=1,...,L, (1.121)
with Q1 the collision operator given in (1.44).
Theorem 1.4.3. A vector f is a collision equilibrium if and only if it satisfies the condition (1.119).

Proof. Let f be a collision equilibrium, from (1.118) is clear that W[f] = 0 and thanks to Thoerem
1.4.1 we can state that f satisfies (1.119). On the other hand, if f is a distribution vector fulfilling
(1.119), from expression (1.26) we have that the integrand is zero and this holds for any (I, J, H, K)
in D%, consequently equation (1.121) is satisfied and f is a collision equilibrium. O

An immediate consequence of this result is that a distribution vector f is a collision equilibrium
if and only if W[f] = 0 and it implies that the net production of each gas component is null not
only once that the sum over all the collisions is calculated, but for every single encounter we have
the collision term vanishing. At this point, we are able to provide a more detailed and exhaustive

characterization of collision equilibria for our system.

Theorem 1.4.4. Collision equilibria constitute a class of distribution vectors £ such that

T
fiM(v) = nyM; <v;u, m[> , 1<I<IL, (1.122)
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with My (V; u, mll) being the classical Maxwellians

T mr \ s my 5
My (viu, — ) = (—) [—— —uf?]. 1.123
I <V u mz) 57) P | ~5plv—ul (1.123)

Furthermore, the relation between number density of each component n; and the density of the

species n® it belongs to is given by

s oo
ny = Z;'n(T) exp <_IT> . foranyI,s such that L1 < I < L°, (1.124)

with the partition function Z*(T)
= Ex — E*
Z5(T) = R = 1.12
m= 3 ew(-T0E). (1.125)
K=Ls-1+1

and the quantity E* corresponding to Eys—1,q for all s =1,2,3,4. In addition, the number densities
of the species involved in the reaction are bound together by the mass action law

v () 202 o, (S5, -

Proof. Let f be a collision equilibrium, which, from Theorem 1.4.3 implies

o (L) )+ 108 (2 ) () =t ( L) () 1o (2 ) o)

V(iv.w, Q) e R* x R? x 82, V(I,J,H,K) e DC. (1.127)

Recalling definition (1.56), this implies that the vector ¥ (v) such that 1;(v) = log(f1(v)) is a colli-
sion invariant. Thus, from Theorem 1.2.2 there exist an L-dimensional vector a, a three-dimensional
vector b and a real constant ¢ such that

1
Yr(v) = 10g<f1(;,>> =ar+m/b-v+ c§m102, 1<I<L, (1.128)
mry

with a and ¢ satisfying relations (1.60) and (1.61). It means that

1
fl(;:) = exp <a1 +mrb-v+ c2m1v2> ) (1.129)

my

The first thing we observe is that the parameter ¢ cannot be positive, otherwise we would lose the

summability of functions f; with respect to v. Defining the quantities

b 2
N1 = m3 exp <a1 _ milbl® ) ) (1.130)
2c
we rewrite equilibria as follows
1 b)?
fr(v) =~rexp gmic (v + - . (1.131)

33



We now analyze how the parameters 77, b and ¢ are related to the macroscopic observables of the

mixture. For each component C7 the number density of distribution (1.131) is provided by

1 b)?
nr =y exp | =mjc| v+ — dv. (1.132)
R3 2 C

After a suitable change of variables and using polar coordinates (p, 6, ¢) with dv = p? sin dfd¢ the
integral above becomes

3 3
—2\2 [F>® 1 2 \2 2m \ 2

ny = y2w <> / e dv = —yrml <> <> =1 <—W> ) (1.133)
mic 0 2 mjc mjc

where the last result is obtained using the Euler gamma function I'(-) (see Appendix A). Successively,

[V][o8)

considering mean velocity of each component we have

1 / [1 < b>2
u; = —971 vexp |[zmjc | v+ —
ny R3 2 c

that, again through a change of variables is

b b b
u; = nllfy[ /]RS <§ - c> exp [;m[c (E)Q} dv = —nllcfy[ /RS exp ijc (5)2} dv = -

dv, (1.134)

(1.135)
At last, taking into account the macroscopic temperature we obtain
mr 2 1 b 2
T = 71/ v —us|“exp | =mrc | v+ — dv, (1.136)
3ng R3 2 c
turning into, again thanks to a change of variables,
m 2\3 [+ m 3 22
_ ) _
T = —Lnypdr [ —= / ple”dv = —Lyniym ([ —
3ng mic 0 3ng 4 mrc
3
1 2 21 1
_ 1 (_ m > 1__1 (1.137)
ny mrc) ¢ c

From (1.135) and (1.137) we conclude that, if the distribution vector f is a collision equilibrium all

the components C} share the same mean velocity u; = u and temperature Tt = T'. Thus, collecting

(1.133), (1.135) and (1.137) we have parameters 7, b and ¢ in terms of macroscopic quantities of

the mixture: ,

mry 2 1
b=T = —_, 1.1

27rT> ’ T (1.138)

Finally we can thus write the collision equilibria as vectors of Maxwellian distributions of the form

’YIZTLJ(

3
m 2 m
M (v) = ny (27})%@ [—Q—Tﬂv—uﬂ, 1<I<L. (1.139)

Moreover, considering (1.130) we can write, for any I,.J such that L*~! < I,J < L*, for some
1<s<4

‘ 2

e

mglua
2T

ny = exp (aI + m ) (2nTmy)2, ny=exp <aJ + > (QWTmJ)% (1.140)
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But, since in this case m; = m, from relations (1.60) we get

E;—F 2 3 E;—F
ny = exp <a1 _ T ! m;|;[ ) (27TTm[)g = nyexp <—JTI> ) (1.141)
At this point, we have,
Ls L®
EI - ELs—l
n® = Z Ny =MNps—141 Z exp (—TH> , (1.142)
I=L5—1+1 I=L5—1+1

from which, for any component C; belonging to the species s, calling E* the first energy level of

such species, namely ¥ = Ej.-1,q,

. p< EJ—ES>

o (BB

Ej— E* T

J > — . (1.143)

P T

I=L5-141

ny = anfl_;’_l exp <_

In particular, for each s = 1,2, 3, 4, if we define the partition function

LS
Ex — E*
2ME 3 exp <KT> (1.144)
K=Ls—1+1

we can write

Nps-1yq =n’ ST (1.145)
and, using again (1.130), we have
1 m?|ul? 3
n® = an—1+1m = exp (CLLS—1+1 + 5T > (2rT'm?®)2 Z°(T). (1.146)
We can thus derive the expression
3
1,2 1,2\ 2 =1 2
n'n m'm ZH(T)Z(T)
Bnd (m3m4> Z3(T)24(T) =P (a1 +apiy —ag2p —agsq), (1.147)
which, by virtue of (1.61), becomes
3
'n? 'm?\2 ZY(T)Z¥(T AE
nno_(mm (T24T) , (1.148)
n3n? m3m* ) Z3(T)Z4(T) T
that represents the mass action law for the chemical reaction (1.1). O

At this point we consider the space homogeneous version of the Boltzmann problem for our model

(1.15)

88{;1 =Qf], 1<I<L. (1.149)

The complete case with spatial gradients and boundary conditions is fully discussed in [36]. Theorem
1.4.4 provides a class of stationary states depending on 7 free parameters. We want now to give
results ensuring the fact that, given an initial configuration f°, it is possible to individuate a unique
asymptotically stable equilibrium state /.
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As concerns the existence of such an equilibrium, from equations (1.104) - (1.106), (1.108) and
(1.110) in space homogeneous conditions we have that the quantities

. 3
n'+n3, nt+nt, w2+t pu, §nT+E (1.150)

are kept constant during the evolution. This means that the admissible equilibria are those Maxwellians

M provided by Theorem 1.4.4 characterized by the same conserved macroscopic quantities.

Theorem 1.4.5. Fixed an initial state characterized by the distributions vector £ for the system
(1.149), it is possible to individuate a unique vector of Maxwellian distributions characterized by the

same macroscopic observables of £ that are conserved during the evolution.

Proof. Let f° be an initial configuration and let n8, s = 1,2, 3,4, u’, T° the initial number densities
of each species, the initial global mean velocity and the initial global temperature, respectively. First
of all we observe that we can choose a proper reference frame in such a way that u® = 0. Our aim

is to individuate a Maxwellian configuration £ with

TM
M (v) = nM My <v; uM, ) , 1<I<L, (1.151)
my
with number densities of components n satisfying
S E _ ES
nM = %exp (—ITM> . forany I, s such that L' < I < L*, (1.152)
and number densities of gas species nj, satisfying
3
1 .2 12521TM22TM AE
nynﬁ/[ — (m3m4) 3( M) 4( M) exp( M> ) (1.153)
My mom Z3(TM)ZHTM) T
Conservation of quantities (1.150) implies
nap — g = niy — g = —(njy —ng) = —(njy —np), (1.154)
4 4
nM:anw:anzno, (1.155)
s=1 s=1
O
u = u’ =0, (1.156)
P
3 Lon Q Ej—E*\ 3
0 M M 1~ 00 0
—n’T —_— E ——— | ==-n"T" 4+ E". 1.157
2" +SZIZS(TM) z;m IeXp( ™ ) T (1.157)

The fact that we have u = 0 for any ¢ > 0 reduces the dimension of the subspace of collision equilibria
from 7 to 4, leaving us with a system with the 5 unknowns n3,, T to be determined in order to

individuate the desired Maxwellian. We introduce functions

def I=Ls—141

W5 (T) (1.158)
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for any 1 < s <4 and we rewrite (1.157) as

4 4
S0rM 4 > (niy —ng) WH(TM) + > ngw(TV) = 3,070 1 go, (1.159)
2 s=1 s=1 2
that, using (1.154), becomes
3 ! & 3
5nOTM + (ndy —nd) Z_; NWS(TM) + Z_; ngW*(TM) = 5nOTO + E. (1.160)

This allows us to express each one of equilibrium densities in terms of the equilibrium temperature:
nsy =ng+ NX(TM), s=1,...,4, (1.161)

with A\ = X2 = —\3 = —\* = 1 and the function

def V(1)
X(T) € 2 1.162
(T) T’ (1.162)
being
V d_ef3 0 . s s 3 00 0
(1)< on T+ ngW(T) — 5’10 — E°, (1.163)
s=1
4
V(1) L3 w1 (1.164)
s=1

The fact that number densities are positive quantities has as consequence that, in virtue of (1.161),

the equilibrium temperature should belong to the admissible set
A %f {T > 0: max(—ng, —nf) < X(T) < min(nd,ng)} . (1.165)

From mass action law (1.153), now, we can use the expression for number densities obtained above

to get the following transcendental equation

Nlw

(M) = (mlmQ> : (1.166)

m3m#

taking the function £ as follows

Now we give proof of the following claims:

C1 On any interval I = (T*,T%) C A in which the function Y(T) given in (1.164) is strictly
positive (negative), then the function X'(T") given in (1.162) is strictly monotonically decreasing
(increasing) in I.

C2 On any interval I = (T, T?) C A the sign of Y(T) given does not change.
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C3 The set A given in (1.165) is a connected set of R

C4 The function Y(T') defined in (1.164) is strictly monotone in the set A, ranging from 0 to +o0.

Let us start with the demonstration of the first claim. C1-proof Computing explicitly the derivative

of function X we have
Y'(T)
(T)°

X(T) = - X(T)

Being

1 Er+FE;—2F°
Z Z ﬁ(E%—E[EJ)exp <_ I 1{ >

s I=Ls=141 J=Ls—1+41
(W*)(T) = e e

(25(T))? ’

that, if we exchange indices I <+ J is equal to

L® L®
1 Er+E;—2FE°
Er— F —
I z z s (Er - B exp( J )
WS/T — = = >0,
(WHH(T) Z )2

for all s=1,...,4. We have

3
V(T) = 2n0+2n0 W) (T) > 0,
s=1

and
4
== XWH)(T)
s=1

This allows us to write

4
X/(T) = y(lT) {gno + 3l (T (WS)’(T)} .

(1.168)

(1.169)

(1.170)

(1.171)

(1.172)

(1.173)

Observing that the terms in square brackets in (1.173) are strictly positive for any 7' belonging to

the admissible set A, we can conclude that on every interval (T, T?) C A in which the function )/

is strictly positive (negative), the function X is strictly monotonically increasing (decreasing).

C2-proof Now we prove that the function ) does actually not change its sign on every interval

(T',T?) C A. We first make the following considerations about the function V. Since, as already

observed, we have V'(T') > 0 and computing

- s -
Er - FE?
pr Y Bew(-BE)
I= LS*1+2

2
Er—FE*
1+ E exp( IT )

L I=Ls—142 J

—Z Z E]TL[<0

s=1[=Ls— 1—|—1
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and the negativity of the result comes from the fact that the amount of energy of each level is increasing
with the index I within each species, recalling the definition of the excitation energy density (1.99).

Moreover it is simply verified that

TLHEOO V(T) = +oo. (1.175)

This means that the function V admits a unique positive root 7' = T%#, which obviously belongs to

the admissible set A. Now we consider again function )). We note that

4 LS
1
li T)=AF i T) = )8 F 1.1
Tg&)’( ) 7 T_l)lffooy( ) ;4>\ I:LSZl—l-l I, (1.176)

and the sign of )'(T') changes, from (1.172), accordingly to internal energy levels. This means that
Y may have a positive root T*. Supposing that such a root exists and T* # T#, this would imply

lim X(T) =+ 1.177
A A(T) = oo, (1.177)

getting a neighborhood of 7% not contained in A. Thus we can conclude that on every subinterval
(T, T?) of A the function ) keeps the same sign. Instead, if it happens that Y(T#) = 0, we have
that TM = T# is a trivial solution of (1.160). This means that, from (1.154) and (1.153) we obtain

a second order algebraic equation in the unknown n},

ni, [n2 + (n}, — nd)] (m'm? %Zl(T#)ZQ(T#)eX AE
7= (o) o (

[ — (g = mg)] [ — (ny — g m3mi ) Z3(T#)Z4(T#) T# ) , (1.178)

and we can directly recover a Maxwellian state (n};,n%,,n3, ni,, TM).

C3-proof We verify now that the set A defined in (1.165) is a connected set of R*. To prove this,
we consider a connected component of A, namely an interval (7,,T}). We distinguish two cases.
If T, # 0, being the function X' continuous and strictly monotonically increasing or decreasing on
(T,,Ty), it assumes all the possible values between max(—ng, —n2) and min(n3,nd). If T, = 0,
since limy_,g+ Y(T) = AFE and the sign of ) does not change on (7,,T}), supposing AE > 0,
we have that X is strictly monotonically increasing on (T}, T}), going from limp_,g+ X(T) < 0 to
min(nd, nd) (the symmetric result is obtained if AE < 0). In both cases, the function X has a root
in (T, Ty), but as already observed, it has only one possible root. It follows that (7, 73) is the only
connected component of A, thus A is a connected interval (Thnin, Tinaz)-

C4-proof All these results are crucial for the analysis of the behavior of function L given in (1.167).

We compute its derivative with respect to T'. It holds

that can be cast as
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Analogously we obtain

1< 1 L E;— E*
LH(T) = —Ls(T) 5 Do =0 Z (E; — E®)exp <—’T) : (1.181)
s=1 I=Ls—141
Moreover
L4(T) = Lg(T)%. (1.182)

Thus, collecting the results we have

4
L£(T) = L(T) {x’(:r) > g+ xx()

s=1

4 L®
1 A8 Er - FE* AE
_72 § E; — E* —
=20 = >e"p< T )* [

I=Ls-141
(1.183)
that can be expressed, using function ) defined in (1.164), as
4
/ _ / S )\s —1 1
£I(T) = L(T) { X'(T) Y [ + X X(T)] ™ + 5 0(T) ¢ (1.184)
s=1

We have that, on the whole admissible set A, £(T') > 0 while X'(T") and Y(T') have the same sign.
Thus £ is monotonically increasing or decreasing on A. Moreover, when X (T') — max(—ng, —n3)
it holds £(T) — 0, while when X(T) — min(n3,nd) it is L(T) — +oo. Also if Tin = 0 we
have, if AE > 0, limp_,0 £(T') = 0 and limy_,7,,,,, £(T) = +00, the opposite if AE < 0. In this
way we can conclude that there exists a unique admissible value 7™ for which the transcendental
equation (1.166) is satisfied. This provides the equilibrium temperature and, from (1.161) together
with (1.145), the equilibrium densities for each component, allowing us to find the Maxwellian state

M 35 the theorem states. O

Just for illustrative purposes, we consider a real bimolecular reversible reaction involving hydrogen
Hj (with mass 2.02 g/mol), iodine I (253.8 g/mol) and hydrogen iodide HI (127.91 g/mol)

Ho+ I, S HI+ HI, (1.185)

and we build a numerical model inspired by it in order to recover from initial fixed data the Maxwellian
configuration. So we take four gas species G?, i = 1,...,4, and we set masses in such a way that

mass ratios are the ones involved in the reaction:
m' =01, m?=128, m®=m*=6.45. (1.186)

We underline the fact that in this case two of the four species coincide, thus they will be endowed
with the same internal structure and initial data. Specifically, we take as configuration for internal

energy levels the following
El =65, FEy=15 E}=17 E5=8, FE;=28.5,

E}=6, E3=17Fl=6E;=T. (1.187)
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Ci|Cy |[CP|C3 | CR|CY|C3|CE|Cy

no || 9 5 6 4 |11 10| 8 |10 | 8
To || 2 4 1 |25 2 6 |15] 6 |15

Table 1.1

Initial data for number concentrations and temperatures are given in Table 1.1, while, as already said,
we suppose that the mean velocity is null (for simplicity we assume vanishing mean velocity for each
component).

In Figure 1.1 we report the behavior of all the functions involved in the calculations to get the
Maxwellian state. In panel (a) we plot the number densities of each species in function of the
temperature T' as given in (1.161), this allows us to individuate the admissible set given by the
interval (Tonin, Trnaz) = (2.86,3.38) (indicated by the two dotted vertical lines) in which all the
quantities are positive. In panel (b), instead, it is possible to verify that both the functions X’ and
Y (dash-dotted line) keep the same sign on the admissible set and that X" (solid line) has a unique
root in it. In panel (c), instead, is given the function £ and a magpnification of the plot is in panel

(d). Here is reported also the horizontal line

mlm2\ 2
= —— 1.188
Y <m3m4) ’ ( )
and it is possible to find its intersection with the graph of £, in such a way we find the solution of the
transcendental equation (1.166) and obtain the equilibrium temperature 7™ = 3.37 (vertical solid

line). This value allows also to find the equilibrium densities of each species given by the intersection

of the vertical solid line in panel (a) with the other lines, getting

nyy = 0.61, ni; =761, n3; =nl, =31.39. (1.189)

1.5 Stability of equilibria: The H-theorem

We have proved the existence of an equilibrium state preserving the macroscopic quantities during
all the evolution, and now we inquire about the stability and the uniqueness of such a state in
space homogeneous conditions. For the stability we are able to provide an extension of the classical

Boltzmann H-Theorem [27]. Then, the physical entropy functional  is defined as follows

L
H[E] = ;/}RB ®r(f1)dv, (1.190)

with

@[(x):xlog<mi)3), i=1,...,L, (1.191)

and we exploit the fact that H is a Lyapunov functional for our problem in order to state that the
Maxwellian configuration previously found is an asymptotically stable equilibrium. We have, indeed,

the following result.
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Figure 1.1: Behavior of different quantities in terms of the positive temperature 7" for a mixture of four reacting
gases involved in a reaction inspired by (1.185), considering masses as in (1.186), energy levels
as in (1.187) and initial values for number density and temperature as in Table 1.1. Panel (a):
number densities of each species as given in (1.161), panel (b): functions X and Y defined in
(1.162) and (1.164), respectively, panels (c)-(d): function £ defined in (1.167).

Theorem 1.5.1 (H-Theorem). ! Given an initial configuration £°, let £ be the corresponding
Maxwellian stationary point individuated by Theorem (1.4.5), then the functional H defined in (1.190)

is a strict Lyapunov functional for the problem (1.15) in space homogeneous conditions. In particular,
it holds:

i. Being H[ﬁ] the time derivative of H evaluated in the distribution vector f starting from f°,
H <0 for any t > 0 and H=0 only for £ = £, where £M is an equilibrium state compatible
with the initial state f°.

ii. H[f*] > H[fM] for any other possible configuration £* # £

Proof. It is easy to verify that, in space homogeneous conditions, if f is a solution of (1.15), we have

L L
‘ = (o) ﬁ ) A% 9 vV =
H[f] = ;/Rsl g <m§> Qrlf]d +;/RS Q1lf]ldv = Wif], (1.192)

with W the functional (1.118) since the vector ¢; = 1, 1 < I < L, is trivially a collision invariant.
Thus from the formulation of W given in (1.120) and Theorem 1.4.3, we get the nonpositivity of #
and the fact that it is null only at f = f™. To prove that H[E* ] — H[ﬁM] >0 for any £* £ ™ ina
neighborhood of £, we rewrite the functional (1.190) as follows

~

HE] = | Slf]dv, S =D ®s(f1). (1.193)

I=1

YIn his original work, Boltzmann used the letter F to indicate the entropy function, but in 1890 Burbury used the
letter H [31] and in 1896 Boltzmann adopted the same notation [28]. This change aroused the curiosity of many
scholars, including Sidney Chapman, who suggested that actually the letter H stands for the capital Greek letter
eta, that corresponds to the Latin letter e [39].
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We also express the total energy density as
L
E[f] :/ ¢[f] dv => < milv —ul? +EI> fr. (1.194)
R? =1

We compute

9%

3
_ M M 2
o1 g =logn;" — 3 logm; — log(2rT™) — 2TM v—ul“+1 (1.195)
1 0¢ s niy 3 v
= —— — 1 7—71 — log (27T 1. 1.1
TM O fr|gu e 08 Zogpary g 08 og(2nT) + (1.196)

having used the relation (1.152) to express n}! in terms of n3, with I,s such that L5~ < [ < L*.

We pick now another density configuration £*, for which number densities are

ny = frdv, i=1,... L. (1.197)
R3
Now we calculate
Z/R3 ofr fM — 1) dv
B TM Z/Rs 8f[ fM fI )
+Z [( +10gm — 5 logmy —log (27T )+1> (nr* —nj )} . (1.198)

From conservation of the combinations of species densities n' + n3, n' +n* and n? + n* we have
1 1_ .2 2 3 3\ _ 4 4
ny =, =ny —ny = —(ny —ny) = —(niy — ny), (1.199)

thus second term on the right hand side of (1.198) reduces to

[— log <Z§A‘jzz‘]§> + ATE + glog <m> +log <%>} (M —nl).  (1.200)

In addition, being & an homogeneous function of order 1 in the variables f;, we can see that

Z af[ (1.201)

From the conservation of total energy &, we have that E[f *| = £[f ;,], consequently

Z/Rd af; fM —fi')dv =0. (1.202)
But with (1.193) at hand, (1.198) turns into

L

S [ @ (s - 5y dv <o, (1.203)

=1 /R?
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We take now ®7 that is first-order Taylor polynomial of functions ®; relevant to f | i. e.

7 (f1) = (") + (@1) (f17) (f1 — f11) - (1.204)

Expression (1.203) leads to

L L
HiE ) - e =3 [ @i - e Dlav =3 [ @) - eT (v, (1205)
=1 /R =1 /R®

At this point, we exploit the fact that ®; are strictly convex functions in their domain. A direct
consequence is that each integral in the last term of (1.205) has nonnegative argument, in particular
it is positive on a set with nonzero measure and null only in the case f; = fM for all I. We can thus
conclude that it holds H[f] — H[f™ ] > 0 for any f, and the equality sign is provided if and only if
f=fM O

The just proved result provides the stability of the Maxwellian equilibrium. Its uniqueness is a
direct consequence of Theorem 1.5.1. Indeed, supposing the existence of another equilibrium £,
with M1 £ £M  performing the same calculations of the previous proof, we would obtain that also
H[EM1] is a minimum, but then H[fM1] < H[fM] and this is a contradiction. So we can conclude

with the last result

Theorem 1.5.2. Given an initial configuration £f° for the problem (1.15) in space homogeneous
conditions, the Maxwellian configuration £ individuated by Theorem (1.4.5) is the unique equilibrium
for the system and it is asymptotically stable.
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2 A BGK model for mixtures of monatomic and
polyatomic gases

In this chapter, we present a BGK-type kinetic model for a mixture of monatomic and polyatomic
gas species. The need for this type of model comes from the fact that such mixtures can be found in
most of physical environments. For example, in the upper atmosphere of the Earth is possible to find
molecular Oxygen (O2) and molecular Nitrogen (N2), which are both diatomic. Anyway, because of
chemical dissociation and recombination reactions, these two elements are present in atomic state O
and N as well, along with diatomic Nitrogen Monoxide (NO).

The classical way in which kinetic theory represents polyatomic molecules consists in modelling
the non-translational degrees of freedom by means of a suitable internal energy variable, discrete or
continuous. If the energy variable is discrete, the single species is considered as composed by a certain
number (the same as the number of levels) of components, each one corresponding to a particular
energy level [58]. On the other hand, monatomic molecules lack non-translational degrees of freedom
and thus are considered to have only one possible internal energy level. The same approach is used
in [11], where for the distribution function of each component is built up a kinetic equation with a
single BGK-type collision operator, as already proposed in [16,61]. In the cited cases, all the species
involved are supposed to have the same number of internal energy levels. Our scope is to extend
such models to a mixture of gas species having different numbers of internal energy levels, and thus
to consider the possibility of having both polyatomic and monoatomic species in a mixture.

In more detail, the chapter is structured as follows. In Section 2.1 we introduce the notations
identifying the various components and their distributions. We avoid the notation used in the previous
chapter using a single index I for all the components, in order to stress the fact that we are considering
a mixture of both monatomic and polyatomic gases. Indeed, we shall use a single-index notation for
monatomic species and a double-index notation for polyatomic components. This choice makes
additional technicalities appear in the definitions of actual and auxiliary macroscopic fields, as well
as in the proofs of the consistency of the model. Afterwards we define macroscopic fields of single
species and of the global mixture, we discuss all types of collisions involving monatomic or polyatomic
particles and corresponding collision equilibria. Then, Section 2.2 is devoted to the construction of a
consistent BGK model for mixtures of monatomic and polyatomic gases, with the auxiliary parameters
uniquely determined in terms of the actual number densities, mean velocities and temperatures of
each monatomic species and each component of polyatomic ones. In particular, while for the auxiliary
number densities and mean velocity is possible to find an explicit expression, the individuation of the
auxiliary temperature involves the solution of a transcendental equation for which the well-posedness
in not trivial in this frame. Also in the proof of the H-theorem in space homogeneous conditions
the lack of symmetry in some kinds of collisions has to be carefully taken into account. In Section

2.3 we derive, from our BGK model, macroscopic evolution equations for densities, velocities and
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temperatures of all gas components. We then perform some numerical tests in order to analyze the
behavior in time and the trend to equilibrium of each quantity in space homogeneous conditions for
varying parameters. Two possible gas mixtures are considered, one of a monatomic and a polyatomic
species, and one of two polyatomic species having a different number of energy levels; in both cases
mass ratios will be varied making sure that the model represents real molecules. Some concluding
remarks and perspectives are finally summarized in Section 2.4. The content of this chapter is included
in the publication [20].

2.1 Statement of the problem and kinetic approach

We consider a mixture of various monatomic and polyatomic gases. More precisely, we assume to deal
with A monatomic and B polyatomic species. As in any kinetic approach, each monatomic gas G%, i =
1,...,A, is described by means of a distribution function f(t,x,v), depending on time ¢, position X,
and molecular velocity v. As concerns polyatomic species G* with i = A+ 1,..., A + B, similarly
to the Boltzmann description proposed in [58] and considered in Chapter 1, the non-translational
degrees of freedom are modeled by means of a discrete internal energy variable, and each polyatomic
gas is endowed with a structure of a proper number L’ of discrete energy levels. Thus, analogously
to [11,58], each gas G? with indexi = A+1,..., A+ B is represented as a mixture of L’ monatomic
components C!, each one characterized by a different energy level; the superscript i corresponds
to the gas which the component belongs to, while the subscript j identifies the energy level. The

distribution function of the component C’; is denoted by
£t x,v), i=A+1,...,A+ B, j=1,...,L". (2.1)

The energy level of the component Cj- is then consistently denoted by E%, and in the frame of the
same gas G' the energy levels are assumed (without loss of generality) increasing with respect to
the subindex 7, namely EJZ < Ei forany j,k =1,...,L" with j < k. The fact that we keep two
indices 4, j to indicate components of the polyatomic gases and their energies allows us to identify
immediately the species and the component we are referring to.

All particles of the gas G are obviously characterized by the same mass m’. Number density, mass

velocity, and kinetic temperature of monatomic species G?, i = 1,..., A, are provided, respectively,
by
i i i 1 i i m' 012 pi
n' = fi(v)dv, u'=— [ vfiv)dv, T = — lv—u'l*f'(v)dv. (2.2)
R3 nt R3 3nt R3

We find also convenient to define for each monatomic species the pressure tensor and the heat flux

Po=m'|] (v-u)®V-u)f(v)dv, q = m7 (v—u) v —u']? fi(v)dv. (2.3)
R3 R3
For polyatomic species G%, i = A +1,..., A + B, such macroscopic fields are given by suitable

combinations of moments of distributions of single components CJ"- as

L L U L 1 L

i _ i i_ L i i i _ i Lo i (14812 _ |2

n—g ns, u—nig njuj, nT—g anjJrgm E n](|u]| |u]), (2.4)
j=1 j=1 j=1 =1
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where

i i i i p_m 0|2 gl
nj = - fi(v)dv, u; = ./Rgvfj(v)dv, T = 3n§- - v —ui[*fj(v)dv. (2.5)

In addition,

Pi=m" [ (v—-uj)®(v—uj)

| i) fi(v)dv, qj:QAg(v—uj)|v—uj|2fj(v)dv. (2.6)

For polyatomic species we can define the excitation energy density as follows
A+B L
E= > > Einl (2.7)
i=A+1 j=1

The total number density n and mass density p of the mixture, as well as the global mean velocity

u and temperature T', are defined as

A+B A+B
T ST S
i=1 i=1
(2.8)
1 AsB I e T
u:meZnZuZ, T=- ZnZTZ+§ZmZnZ(|uZ|2—|u]2) .
L N i=1
We introduce also the total internal energy density as
3
€=nT +E. (2.9)

As usual in kinetic theory, molecules interact only through binary instantaneous collisions, that lead to
a change in their velocity. Besides classical binary elastic collisions, in the present mixture even suitable
inelastic encounters may occur, implying changes of the internal energies of the colliding (polyatomic)
particles. More precisely, pairs of particles belonging to monatomic gases G*, i = 1,..., A, may give

rise only to elastic collisions
Gi+ G — G+ Gh, 1<i,h<A, (2.10)

preserving global momentum and kinetic energy:

. - ,
miv4+mlw=m'v +mhw,

2.11)
Losioe Voo b e 1 o (

—m |V "+ =-m W T==-—m |[V|T+-—m W
still denoting by (v, w) the molecular velocities of the ingoing particles, and by (v, w’) the corre-
sponding post—collision velocities. On the other hand, pairs of polyatomic particles may give rise to
elastic collisions (with conservations analogous to (2.11)) or to inelastic scattering in which at least

one particle passes from one component to another of the same gas:

Ci+Cp—Cl+Cl, A+1<ih<A+B, 1<jI<L', 1<km<L'. (212
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In these collisions one has preservation of global momentum (which is the same as before) and of

total (kinetic and internal) energy:
SV 4 B4 o mt w4 B = L VP B 4 g m W+ B (213)
Analogous inelastic encounters may involve a monatomic and a polyatomic particle as
G'+Ch— G +Cp, 1<i<A A+1<h<A+B, 1<jk<IL" (2.14)

and conservation of total energy in this case reads as

%mi [v| + %mh |w|? + E]h = %ml Iv/|? + %mh lw'|*> + El. (2.15)

Is only a matter of change of notation proving that, also in this case of inert mixture, collision
equilibria are provided by Maxwellian distributions in which all species share the same mean velocity u
and the same temperature T, similarly to what is done in [36,40] and repeated in Chapter 1. In

particular, denoting by M*(v;u, T/m?) the Maxwellian

T mt 3/2 m!
i T _ —_qul?
M (v, u, mz> (27(T) exp ( 5T |v — ul ) , (2.16)

the equilibrium state for monatomic gases reads as

. o T

fir(v) =n' M (v;u, W)’ 1=1,...,A; (2.17)

analogously, equilibrium distributions for polyatomic components may be cast as
: — i M (viu, — j=A+1,...,A+B, j=1,... L 2.18
fin(v) =nj viu, — |, 1=A+1,....,A+B, j=1,...,L", (2.18)
where, as proven in [58] and Chapter 1, number densities of single components n; and the total
number density n’ of the gas G they belong to are related by the following relation depending on

the internal energy levels:
)
exp | — 5

m=nt g (2.19)

with functions _
Ll . .
, Ei _ Ei
ZYT) = — k1) 2.2
(T) g_l eXP( T ) (2.20)

We have of course Z]L; n; = n!, and the ratio appearing in (2.19) represents the fraction of particles
of the gas G' belonging to the component C7 in any equilibrium state. Notice that, in our frame
with increasing energy levels, such fractions are decreasing with respect to the index j, namely in
any equilibrium configuration n! > n% > ... > nZLZ (the bigger fraction of particles has the lowest
energy EY).

This system of particles has A+ B+4 independent collision invariants, corresponding to preservation
of A + B species number densities n, of the three components of global momentum u, and of total
energy (kinetic plus internal). In the next section we will build up a BGK model for our mixture able

to reproduce correct equilibria and collision invariants.
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2.2 BGK relaxation model

We generalize here the BGK model proposed in [11] to the present frame of a mixture of gases with a
different number of internal energy levels. We suppose that the kinetic equation for each distribution
function f (with i = 1,..., A) and f; (withi = A+1,...,A+Band j = 1,...,L%) has a
collision operator constituted by a unique relaxation term, given by a suitable collision frequency
multiplied by the difference between the distribution itself and a Maxwellian—type attractor to be
properly determined. This idea was originally proposed in [1] for inert mixtures of monatomic gases,
and it allows to build up consistent BGK models that, besides Maxwellian equilibria and correct

conservation laws, guarantee positivity of distribution functions and species temperatures.

The BGK equations for monatomic gases G, with i = 1,..., A, read as
of i v i
BT +v-Vxf'=v'M" - f"), (2.21)
while for each polyatomic species G?, with i = A+1,..., A+ B, we have a set of L’ kinetic equations,

one for each component C]"-:

oft . o A , ,

5 TV VxSl =M= f), j=1,...,L". (2.22)
In this way, (2.21) and (2.22) constitute a set of A + LA*! + ... + LATB BGK equations, where
vt and yji- are macroscopic collision frequencies (independent of molecular velocity v, but possibly

dependent on macroscopic fields), while M? and M; are Maxwellian attractors:

7 3/2 7
Mi(v) =7 _ exp |— ~v—ﬁ2}, i=1,...,A, 2.23
W =it (25) e |- Tzv-a (223)
P\ 3/2 ; ‘
. A i i =A+1,...,A+B
Miw) =75 (22) e[~ Topwoap| AR AR D (222)
27T 2T j: ,...,Li,

depending on auxiliary parameters 71’ (i = 1,..., A), ﬁ; (i=A+1,...,A+B, j=1,.... LY, 1,

T, to be suitably determined in terms of the actual macroscopic fields. For any polyatomic gas G,
i=A+1,...,A+ B, fictitious densities 72’ are taken bound together as

J
exp (_ Eﬁ)
: ' . (2.25)

=i __
’ ZU(T)

n

In this way, collision equilibria of the BGK model (2.21)—(2.22) are correctly provided by Maxwellian
distributions sharing a common velocity and a common temperature, with number densities of com-
ponents of polyatomic species related to the total density of the gas by the expected relation (2.19).

The attractors are thus defined in terms of the A + B + 4 auxiliary disposable parameters 7’, 1,
T which, analogously to the procedure outlined in [1,11], may be determined in such a way that
the BGK model (2.21)—(2.22) preserves the correct A + B + 4 collision invariants. Indeed, these
requirements yield the equations for preservation of

- number densities of monatomic species

zﬂ’/ (M= fHdv =0 i=1,...,A, (2.26)
]R3
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- number densities of polyatomic species
ZV;/Rs(M;-—f;)dVIO i=A+1,...,A+ B, (2.27)

- global momentum
A+B L

Zym/ — v+ > > v m/ — fhdv (2.28)

i=A+1 j=1

- total energy

A 1 A+B L?

o ) ) , _—
Z2wm%/ms|v| (M= fav+ > > v / ( ml|v| +El>(/\/l}—f})dv_
=1 1=A+1 j=1

(2.29)
We prove now that system (2.26)—(2.29) determines uniquely the A + B + 4 unknowns 7!, 1,

T, for any choice of masses m!, collision frequencies v*, yjZ and internal energies E]’ of polyatomic

components. Constraint (2.26) immediately provides
nt=nt, i=1,...,A, (2.30)

consistently with the fact that number densities of monatomic species do not change through binary
collisions. On the other hand, as concerns densities of polyatomic gas components, condition (2.27)

provides

]

S vpdh =Y vini, i=A+1,...,A+B, (2.31)

Li
Zl/]’nz ZYT)
. =1
. . i=A+1,...,A+B, (2.32)
L i i
7 Eh_El
thexp<_ > )

and

L o
- Ei-Ei
g ving | exp (— JT1>
- i—A+1,... A+B

= o (2.33)
Z ( El — E> j=1,..., L
l/hexp
T

These formulas determine uniquely the auxiliary number densities of polyatomic components in

puil
L.

terms of actual number densities nj, internal energies E, and auxiliary temperature T, that has to

be determined too.
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Constraint (2.28), related to momentum conservation, yields

A A+B L
Zl/imini(ﬁ—ui)—i— Z Zuhm Ay — Zl/mn;u; =0, (2.34)
i=1 i=A+1 =
that owing to (2.31) provides
A+B L?
Zymnu+ Z Zl/mn;u
5= 1=A+1 j=1 ’ (235)
A A+B L'
Sontair 30 St
i=1 i=A+1 j=1

hence @ is an explicit combination of actual number densities and mass velocities of single gas
components.

Finally, constraint (2.29) for temperature conservation is more complicated. Using the trivial

relations
v—a? = |v?+|a?®-2v-q, (2.36)
v —u'|? = v+ [u)?-2v-u, (2.37)
v —uj 12 = |v|*+ |u§-|2 —2v'u§-, (2.38)

we integrate (2.29), and recalling the definitions of global temperature in (2.2) and (2.5) we obtain

A
(3 .. 3 . . 1 .
Zyz CRIT 2t 7mznz |u|2 nt |uz’2
- 2 2 2

(3., - 3 . .7 1 3
+4Z ZV;{[QngT - 2n;.:r;] — 5’ [ [a* = nj [ujf’] + Ej [7 —nj]} =0. (239)
From the expressions of auxiliary densities in terms of actual ones and auxiliary temperature (2.30),
(2.31) and (2.33) we get a transcendental equation for T' of the form
F(T)=A, (2.40)

where F(T) in (2.40), after some trivial algebra takes the form

Ej — B}
o (N e N P ZVkEkeXp< T )
7)< (Zyn> T+ > D vin 5T+ . (2.41)
i=1 i=A+1 \ j=1 ZV exp( EZ>
- h T

and the right hand side A contains several addends explicit in terms of actual densities, velocities,
and energies:

A+B

A Zmun (W2 = @)+ S m Z P2 Ja?)

i=A+1 j=1

A+B L A+B L'
+f ZunT’+ Z Zu n; TZ + Z ZV;E}TL; (2.42)
i=A+1 j=1 i=A+1 j=1
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Even in the case with a different number of energy levels for each gas, it can be proved that the terms
on the right hand side in (2.42) involving mass velocities are non-negative. Indeed, the expression of

the auxiliary velocity @ given in (2.35) provides

A+B A+B L
Zmunﬂu Zmyn—l— Z Z ; lal® + Z miZV;nZ
i=A+1  j=1 i=A+1  j=1
A+B L T oa
Zl/mn—i— Z Zumn Zmimhyiuhninh(|ui|2—ui-uh>
i=A+1 j=1 i,h=1

A+B Lt L»

ioohoiohoioh (12 _ ik
+ E E E m' m" v vy nsny (|uj| —uj-uk>

ih=A+1j=1 k=1

A A+B LM

30 Somimt v vl (P + - 2wt b (243)

i=1 h=A+1 k=1

and the content of the curly brackets, by suitable exchanges of indices into each term separately,

becomes

A+B Lt L»

A
1 4 4 , ,
3 g mim" v vt ut — E E E mtm" V an nlt u —ul)?

ih=1 zh A+l j=1 k=1

A A+B LM

Jrz Z Zmimhl/il/,’;ninﬂuifuzp, (2.44)

i=1 h=A+1k=1

providing thus the desired positivity result. Consequently, the whole quantity A is such that

A+B L* o A+B Lt
2 Y YaEms Y Y, (2.49
i=A+1 j=1 i=A+1 j=1

recalling that min; ;. E; = E%. Moreover, setting g’(f) each term in square brackets appearing
in (2.41), i.e.

Ei — Ei
ZykEkexp< )
k=1 T

GU(T) = gT +
EZ E}
Z%m( )
T
o y Ei — Ei
\ I/{Ei—FZl/iE,@exp <_k’f>
= 5T+ — —
. . El _ E"L
Vi + v} exp <— h~1)
i ;;2 h =
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we immediately note that G/(T') > E? for any T > 0, and moreover we have the strict positivity of

-2

Li . -\ 2 i
3 i (EL-E}) ( e 2@) ( E’E)
=— + vyt 2 ex Vi ex
B Z kVh 2(T)? p Z h €XP 7
(2.47)

Consequently, the function F(T) is strictly monotonically increasing, and for positive auxiliary tem-

perature T it varies from

A+B L*
lim F(T)= Y Y Eiv} (2.48)
T—0 i=A+1 j=1
to
lim F(T) = +o0. (2.49)

T—+o0
It follows that, keeping inequality (2.45) in mind, the transcendental equation F(T) = A admits a
unique solution for any value of masses, energies, collision frequencies, and species densities, velocities
and temperatures.

This allows to conclude that all auxiliary parameters of this BGK model are uniquely determined in
terms of the actual macroscopic fields: number densities coincide with the actual ones for monatomic
species and are provided by relations (2.32) for polyatomic species; mass velocity u is given in (2.35),
while temperature T, needed also in the construction of auxiliary number densities, is deduced as the

unique solution of the transcendental equation (2.40).

2.2.1 H - theorem in space homogeneous conditions

As already noticed, equilibrium states correspond to distribution functions coinciding with Maxwellian
attractors: f' = M’ fori=1,...,A, and f; :Mé» fori=A+1,...,A+Bandj=1,...,L°
therefore

w=u=u, T'=T=T, i=1,...,A, (2.50)

ui=t=u, T, =T=T, i=A+1,...,A+ B, =1,..., L, (2.51)

and number densities of polyatomic components n; are related to global density of the corresponding
gas n" and to temperature T by the relation (2.25), providing thus the correct equilibrium Maxwellian
configurations (2.17) and (2.18), with the constraint (2.19).

We can also prove the asymptotic stability of such equilibria. Indeed, in space homogeneous

fA A+1 A+B
vJ 1

conditions, we set f = (f!,..., , TA+n), and define the physical entropy as

.

=1

>dv+"‘§i/ f<

i=A+1 j=1

) dv, (2.52)

thus setting £ = (ML MA,M‘le, ... ,ijfB) we have the following classical result.

Theorem 2.2.1. The entropy functional (2.52) is a Lyapunov functional for the BGK model (2.23)
- (2.24). More precisely, once the initial state £, is fixed, denoting by £ the corresponding (unique)
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stationary point we have H[f*] > H[fM] for any £* # £M and H[f*] < 0 for any £* # £M while
H[EM] = 0.

Proof. The fact that, if conservation of global densities, momentum and energy holds, the H-
functional (2.52) takes its minimum value exactly at the equilibrium Maxwellian state has already
been shown in Chapter 1, and it is possible to repeat all the same procedure adjusting to the present
notation, that would be even simpler since we have directly conservation of total number density
for each species. As concerns the entropy inequality, being the time derivative of the entropy, by
(2.21)-(2.22) in space homogeneous conditions,

Mf]:zwaa{ o( L >dv+A+ZBLZ/ o | (ff)3>dv

i=A+1 j=1

:Zw‘/RS — ) log<( >dv—|— Aig i / — log<(n§)3>dv,

i=1 i=A+1 j=1

(2.53)
we have to prove that ’H[ﬁ*] < 0 for all £* £ £M . To this aim, at first we can check that

Z /R3 log( >dv+ Aig i / log<(M; ) dv=0. (2.54)

i=A+1 j=1

The proof of (2.54) is more involved than the one for a mixture of polyatomic gases only, with the
same number of energy levels (see [11]). At first we explicitly compute the logarithm of Maxwellian

attractors, leading to

Z /R3 - 1) [logfzi - g log(m") — g log(QWT)} dv
+Z”’/ , (M= 17) H%('V'Q—%-wﬁl%] d"

A+B Lt

3 .3 )
i=A+1 j=1
A+B L* i
+ ; > / [_2T (Iv*=2a-v+ ﬁl|2)] dv . (2.55)
1=A+1 j=1

Then, owing to conservations of momentum and total energy, we note that the contribution due to

monatomic species vanishes, while the one due to polyatomic components simplifies to

A+B Lt R
Y v (al—nd) llogﬁ; + ?J (2.56)
i=A+1 j=1
that also vanishes since, bearing in mind (2.25) and (2.32), the term
= EJZ Ef a i Q% E, - B
log 7 + 7 = = + log ; vy ny, | —log Z U} €Xp ( 7 ) (2.57)
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does not depend on the subindex j and the equality (2.31) holds for any index 7. Then, by subtract-
ing (2.54) from (2.53) we easily get that for any f* # f

e i myes(L) + 3 3w (W "

=1 i=A+1 j=1 J

(2.58)

and the inequality H[f*] < 0 holds owing to usual convexity arguments applied to the function
x log(z). O

2.3 Macroscopic equations

In this section, starting from our BGK model (2.21)—(2.22), we derive evolution equations for the
main macroscopic fields useful in physical applications, namely for species number densities, mass
velocities and temperatures of monatomic species (n’, u’, 7% for i = 1,..., A) and all components
of polyatomic gases (né u; T]Z fori =A+1,..., A+ B, and j = 1,...,Li). As illustrated at
the beginning of Section 2.1, such macroscopic quantities may be obtained as suitable moments of
distribution functions, therefore their balance equations are recovered (following the same procedure
used in the preliminaries for the Boltzmann case) by multiplying the BGK equations by suitable weight

functions '(v), gp;(v) obtaining

8875/Rg SOZ(V) fl(V) dv + Vx - /jovgpi(v) fl(v) dv = 1/* /R3 SOZ(V)(MZ(V) . fz(v» dv, (259)
0 4 o . . , ,
ot ) el )f;(v)dv+vx.Ang}(v)f;(v)dv:V; /Rd PL(V) (Mi(v) = fi(v)) dv, (2.60)

for monatomic or polyatomic components, respectively. More precisely, equations for number densities
correspond to the option ¢!(v) = cpé»(v) = 1 for all components, equations for mean velocities are
provided by ¢'(v) = ¢’(v) = v, while equations for temperatures involve the computation of the
second order moments with ?(v) = ¢§(V) = |v|?. The streaming terms of such equations (obtained
performing integrals on the left-hand side of (2.59) - (2.60)) are of course the classical ones [36] and

we briefly report here results adjusting them to the present notation.

0 A on .
% f%( )dv + V- Rgvf’(V)dVZ 671 + V- (n'u’), (2.61)

9 ; , A(niu’ o . 1 A
é)t/Rgvf’(v)dwvx-/Rg(v@@v)f@(v)dv: (%t“) + Vi (0 (u @ u)) + — Vi P,
(2.62)

Q 2 ri 2 i _ia(”iTi) d(Ju’[*n’)
875/]1{3 [v|“f'(v)dv + Vx /Rs(v\ V)f(v)dv—ml. 5 + 5t

2 o
+ va (u"-P'+q"), (2.63)
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fori=1,..., A, and

9 i i on; i i
3t Jas fi(v)dv + Vx - - v fi(v)dv = a—tj + Vx - (njuj), (2.64)
9 i i d(njuj) i (yi o i 1 i
% RSij(V)dV+Vx' RB(V®V)fj(V)dV: ot + Vx (nj(uj®uj))+EV'Pja
(2.65)
9 2 pi 24\ i _ 3 O(niTy)  O(|uj|*nj)
5 | VRS v+ V- [ (v i ay = S 25
2 i pi

fori=A+1,...,A+B,j=1,...,L' being P, ¢, P;, q;'- the pressure tensors and heat fluxes

for monatomic species and polyatomic components introduced in (2.3) and (2.6), respectively.
Now we focus the attention on the scattering contributions, i.e. integrals on the right-hand side of

(2.59) - (2.60). In the equations for number densities we have

/RS (M'(v) = fi(v))dv=0, i=1,...,A, (2.67)
consistently with the fact that particles of monatomic gases do not change during the evolution, while
/Rs (Mi(v) = fi(v))dv =i} —ns, i=A+1,...,A+B, j=1,... L (2.68)
for polyatomic components. Momentum exchange rates read as
/R3 v(Mi(v) = fi(v))dv=n'(—u"), i=1,...,A, (2.69)
and

/R3v(M;l(v)—f?(v))dv:ﬁ;lﬁ—ni.u? i=A+1,...,A+B, j=1,....,L". (2.70)

J J )0

Analogous results hold for the second order moments:

3n’

i

VI (M) — fi(v) dv =

R3

(T — T +ni([a]®* - '), i=1,...,4, (2.71)

and
i i 3 i F iy =i n i |y
/3 V2 (M (v) — ) dv = 2 @ T = T) 2 [ — 2
R (2.72)

i=A+1,...,A+ B, j=1,..., L%

With these results at hand, some simple algebra allows to write down four independent equations for

the main fields of each component. For the monatomic gases (i = 1,..., A) macroscopic equations
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may be cast as

( on’
ot

+ Vi - (n'u") =0,

i ou’ i i 1 i i i i
n <8t +u -qu>—|—mivx'P =v'n'(u—u'),

(2.73)

3 T i i i i i
§n (81& +u -VXT>+P :Vxu' +Vy-q =

.13 . . 1 . 4
—Jin [2(T—TZ)+2mZ]ﬁ—uZ|2 ,

while for the components of the polyatomic species (i = A+ 1,...,A+ B, j=1,..., L") one has

8“2‘ i i Qi i

(0w i 1 i i i

(2.74)

2.3.1 Numerical simulations

We report now some numerical simulations of the macroscopic equations in space homogeneous
conditions just for illustrative purposes, in order to check and comment on the trend towards equilibria
of the main macroscopic fields, for varying parameters. The space homogeneous version of evolution
equations (2.73)—(2.74) reads as

Gni_o ‘
875_ 9 Zzl, .,A,
on’ o . , =A4+1,...,A+B
7327/@(%;_”;)’ 7 + 1, ‘a + D,
ot j=1,..., L1
ou’ . :
o V(@) i=1,...,4,
ouy i i=A+1.. A+B, (275)
— =, —=(a—u})
ot T pt 70 ; ‘

7 jzl,...,Ll,
oT" 1,
at :UZ<T—TZ+3ml’u ul|2>, 2_17 7147
oT" RN 1 } = A+1,...,A+ B
]:y;.g<T_T'}—|—mZ|ﬁ_u;~‘2>, ! i " M
ot n’ 3 j=1,...,L

where ﬁ; is provided by (2.25) and (2.32), @ is explicitly given in (2.35), and T' may be obtained
as the unique solution of the transcendental equation (2.40). Equations (2.75) constitute thus a
closed system of 4(A + LAt 4o 4 LA+B) equations, having as unknowns densities, velocities and
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temperatures of monatomic gases and of all components of polyatomic species. Once the initial state
(n")o, (n5)o, (u*)o, (Wh)o, (T")o, (T})o is assigned, the corresponding equilibrium configuration is
unique and may be determined (analogously to the procedure used to relate auxiliary parameters with
the actual ones) bearing in mind the conservations of densities n’ of monatomic gases, total densities
ZL 1 n of polyatomic gases, global velocity u and total energy 5 ST+ ZAJ;EH Z]L;l Eint

We W|II show here results relevant to two different test cases: at first, a mixture of a monatomic
and a polyatomic gas, and then a mixture of two polyatomic gases. In both cases, for masses of gas
species, internal energy levels and initial values for number density, mean velocity and temperature
of each component, we set dimensionless quantities. The system (2.75) is simulated by means of
MATLAB routines for ordinary differential equations, based on the implementation of the explicit
Runge—Kutta method proposed in [26]. At each time step, a bisection method is used to solve the

transcendental equation (2.40) for the auxiliary temperature.

Test 1 - Mixture of one monatomic and one polyatomic gas

In the first test case, we consider a monatomic gas G'' and a polyatomic species G2, that is assumed

to be divided into three different components CZ, C2, C2, each one endowed with its internal energy:
E}=5 FE3=6, E2=0. (2.76)

From now on, in place of number densities we will consider the components concentrations

-1 -1

A+B Lh A+B Lh
Zn + Z an , Zn + Z an ) (2.77)
h=A+1k=1 h=A+1k=1

and also velocities and temperatures will be suitably normalized. Initial data for number concentra-

tions, velocities and temperatures are given in Table 2.1.

Gl | ¢c2 | ct| c2

co || 0321026 | 0.19 | 0.22
uw || 031 0 | 01| 04
T || 2 4 1 | 25

Table 2.1

Collision frequencies, instead, are taken as in [11], where they have been estimated imposing that
average loss terms of Boltzmann equations equal the BGK ones. For the monatomic gas, collision

frequency turns out to be a linear combination of number densities provided by
1 1 1 2
vi=—|n+ Z nj |- (2.78)

The result for the polyatomic components is more complicated, since one has to separate the exother-

mic transitions, where the post—collision internal energy is less than the pre—collision value, from
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the endothermic transitions, where the internal energy increases through the collision. Setting for
j=1,2,3

Dex?:{k,l,m:1,2,3 : Ef—i—E?rL—EJZ—E,%SO}’ (2.79)
Den?: {k,l,m=1,2,3 El2+E72n—EJ2—E,%>0}’ (2.80)
we finally take
1 E2 4 E2 _ E2 _ E2
VJZ = %nl + Z V,iTni + Z V,i’jnni exp < J b T l =, (2.81)
k,z,m,eDw? k,l,m,eDE"?
: kE+3j
thptm = 77
with v 200 +m)

We want to investigate the behavior of the mixture when the masses of the two considered gas
species are relevantly different. For this reason we shall take as reference case the one where the mass
ratio can be approximated by one. This case can occur in a realistic framework taking as monatomic
gas Argon Ar (39.95 g/mol) and as polyatomic Fluorine Gas F» (37.99 g/mol). Then, with masses
m' = 1.05, m* = 1, equilibrium values for concentrations ¢y, c3,,, global mean velocity u and
temperature Ty are reported in Table 2.2.

atlc2|lcz| o2

cy || 0.32 ] 0.35 | 0.24 | 0.08
upr || 0.21 | 0.21 | 0.21 | 0.21
Ty || 279 | 279 | 2.79 | 2.79

Table 2.2

1

The dynamics in time of species concentrations ¢' and ¢2, normalized velocities %' = ul/uM and

EJQ = u?/uM normalized temperatures T = T /Ty, and Tjg = TjQ/TM are computed numerically
and showed in Figure 2.1.

Of course the concentration of the monatomic gas G' remains constant, while the equilibrium
densities of the components of G? are decreasing with respect to their subindex, consistently with the
equilibrium condition (2.25). Velocities and temperatures show a monotone trend to the corresponding
equilibrium value.

Now we consider the case when the mass of the polyatomic species is much bigger than the mass of
the monatomic one. More precisely, we take m' = 1 and m? = 64.97; this ratio between masses can
be obtained with Helium He (4 g/mol) and lodine Heptafluoride IF; (259.89 g/mol). Equilibrium
values for concentrations in this case are shown in Table 2.3, as well as the equilibrium velocity and
temperature normalized with respect to the equilibrium values of the reference case: u); = upr/0.21,
T = T /2.79.

Finally, we assume the monatomic gas to have mass significantly bigger than the polyatomic one.
For example, considering Radon Rn (222 g/mo) and molecular Hydrogen Hs (2.02 g/mol), we have
a ratio that will be numerically represented choosing m' = 111 and m? = 1. Normalized equilibrium

values obtained in this case are the ones in Table 2.4.
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Figure 2.1: Test 1, concentrations, normalized velocities and temperatures for a mixture of a monatomic and
a polyatomic gas with energy levels as in (2.76) and initial values as in Table 2.1, considering
masses (m!,m?) = (1.05,1).

Gl | c2| c2| c?

cy || 0321034 | 024 | 0.09
ups || 0.76 | 0.76 | 0.76 | 0.76

Ty || 1.14 | 1.14 | 1.14 | 1.14

Table 2.3

Gl | c2 | ct| c2

cy || 0.32 | 0.35 | 0.24 | 0.08
up || 1.38 | 1.38 | 1.38 | 1.38

Table 2.4

We observe that the equilibrium velocity depends only on mass ratio, and it is slightly increasing
versus the ratio m!/m?2. Number densities and temperature at equilibrium, instead, depend mainly
on the polyatomic gas mass value: when it is small, values are approximately the same for any choice
for the mass of the monatomic gas, while, when it is bigger, the equilibrium temperature is a bit
higher and densities values are slightly closer to each other. Numerical results for these other two
mixtures are reported in Figure 2.2.

We notice that in these examples with the gases having disparate masses, velocities and tempera-
tures of the three components of the polyatomic gas (dashed line) tend to assume at first a common
value and after they still evolve together until they reach the prescribed equilibrium. This separation

between light and heavy particles, with the two species reaching at first a local Maxwellian equilib-
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Concentrations 0.4 Concentrations
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Figure 2.2: Test 1, concentrations, normalized velocities and temperatures for a mixture of a monatomic (solid
line) and a polyatomic (dotted line) gas with energy levels as in (2.76) and initial values as in
Table 2.1, considering masses (m!, m?) = (1,64.97) (panel (a)) and (m!,m?) = (111,1) (panel
(b))

rium and converging then to the global steady state, is in agreement with several physical problems
discussed in the pertinent literature [17, 68, 84]. Moreover, in the case with the mass of the poly-
atomic molecules much higher than the one of the monatomic particles, temperatures of polyatomic

components show a slight overshooting, namely a non monotone trend to the equilibrium.

Test 2 - Mixture of two polyatomic gases having similar masses

We consider now a mixture of two polyatomic gas species, G and G?. We suppose that the first
one has two possible internal energy levels and that the second one has three of them. In this way,
the mixture is composed by five different components, namely C{, C1, 012, 022, C’%. As before, we
set collision frequencies defining the sets, for i = 1,2 and j = 1, 2,3 (for a simpler notation, we shall

indicate three energy levels for the first gas too, imposing for the third energy value Ei = 0)

Dexéz{h:Lz kilm=123 : E§+E21—E;Z—E,’;§0}, (2.82)

peni = {h:1,2, kdom=1,2,3 : E +E-E —E}> o}, (2.83)

and choosing

' Ei+EM—E! - EP
l1 h l’ h L l m
V; - Z Vk::]r'lnk‘ + Z nglnk exp < J T , (284)
hok,lm, €D k,l,m,eDen’
. Im k +j
with Vi = m

At first, we show the case of gas species having similar masses and we let values of energy levels
vary. This case can be represented by taking as gas species Nitrous Oxide NoO (44 g/mol) and
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Ozone O3 (48 g/mol). For numerical simulation we take m! = 1, m? = 1.09 and initial data for
concentrations, velocities and temperatures those reported in Table 2.5.

cl |G et A | s

co || 0.25 | 0.22 | 0.2 | 0.15 | 0.175
ug || 0.3 | 0.2 0 | 01 0.4
To 2 35 | 4 1 25

Table 2.5
We set as reference case internal energy levels
El =2, El=4 E}=5 FE;=6 Fi=09, (2.85)

obtaining as equilibrium values for concentrations, mean velocity and temperature the ones reported
in Table 2.6.

cl|cl|c2|c2|c

cy || 0311 0.16 | 0.26 | 0.19 | 0.07
ups || 0.20 | 0.20 | 0.20 | 0.20 | 0.20
Ty || 3.02 | 3.02 | 3.02 | 3.02 | 3.02

Table 2.6

The evolution of macroscopic quantities in this case is presented in Figure 2.3.

0.4 Polyatomic gas 1 - Concentrations 0.4 Polyatomic gas 2 - Concentrations
0.2 0.2
0 : : : : : 0 ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 04 t o5 O 0.1 0.2 0.3 04 t 05
5, Polyatomic gas 1 - Velocities 5 Polyatomic gas 2 - Velocities
e 1
0 L L L L I 0 1 I L I I
0 0.1 0.2 0.3 04 t 05 7o 0.1 0.2 0.3 04 t 05
|5 Polyatomic gas 1 - Temperatures i5 Polyatomic gas 2 - Temperatures
1 1
0.5 0.5
0 : : : : : 0 : : : : :
0 0.1 0.2 0.3 0.4 t 05 0 0.1 0.2 0.3 04 t 05

Figure 2.3: Test 2, concentrations, normalized velocities and temperatures for a mixture of two polyatomic

gases with energy levels as in (2.85) and initial values as in Table 2.5, considering masses
(m!,m?) = (1,1.09).

We want to show evolution of global quantities considering different values for internal energy levels.
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First, with respect to energies in the reference case (2.85), we increase each amount of internal energy
El =38, E)=40, FE}=35 FE?=36, E3=239, (2.86)

then we increase only energy levels of the second gas
El =2 FEi=4, E?}=35 F?=36, E?=239. (2.87)

In both cases we obtain equilibrium values that are not significantly different from the reference ones.
As third case, we only increase the gap between the lower and the higher energy level for each

species,

El =4, FE3=40, E}=5 F;=18, E35=239, (2.88)

obtaining the normalized steady values clM, czM, iy = upr/0.20, Thy = Thyr/3.02 reported in Table
2.7.

Ci | G | CE | C3 | C3

ey || 045 1 0.02 (038|012 | 0.02
an 1 1 1 1 1
Tw |l 3.77 | 3.77 | 3.77 | 3.77 | 3.77

Table 2.7

Numerical results for the evolution of concentrations, normalized velocities and temperatures cor-

responding to the options (2.86), (2.87), (2.88) are shown in Figure 2.4.

(a) (b) (c)
Concentrations 0.5 Concentrations Concentrations
0— 0
0 0.1 0.2 03t 04 0 0.1 0.2 03t 04 0 0.1 0.2 03t 04
Velocities 5 Velocities 5 Velocities
6 01 02 03t 04 ° : t 0f
' ' ' ' c o0t 02 03t 04 "5 o1 02 031t 04
Temperatures 5 Temperatures Temperatures
2 4 B
1 t:}-k; 2 &

0 0
0.2 03t 04 0 0.1 0.2 03 t 04 0 0.1 0.2 03t 04

Figure 2.4: Test 2, concentrations, normalized velocities and temperatures for a mixture of a two component
(solid line) and a three component (dotted line) polyatomic gas with initial values as in Table 2.5,
considering masses (m', m?) = (1,1.09) and taking energy levels as in (2.86) (panel (a)), (2.87)

(panel (b)) and (2.88) (panel (c)).
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We point out that when there is a bigger gap between energy values as in (2.88), there is also
a bigger gap between concentrations of components corresponding to the highest and to the lowest
energy levels. Moreover, a high gap between internal energies causes a considerably higher value for
the final temperature (see panel (c)), since it is strongly affected by all the differences E; — EL.

We may also observe that, when there is a quite big difference between the total amount of internal
energy of the two species, as in (2.87) (panel (b)), the one with higher internal energy levels reaches
the equilibrium faster.

At this point, we investigate the case in which one of the two polyatomic gases has a higher total

density. We set as initial values for concentrations the ones reported in Table 2.8.

cllca|lce2| a2l e

co || 0.47 | 0.43 | 0.04 | 0.03 | 0.03

Table 2.8

Then we keep initial values for velocities and temperatures the same of the reference case (Table
2.5) and energy levels as in (2.85). Normalized equilibrium values ¢}, ¢y, @n = upr/0.20, Ty =
Th/3.02 are listed in Table 2.9.

Ci | Gy | Ct | ¢8| &3

cy || 0.60 | 0.30 | 0.05 | 0.04 | 0.01
upr || 1.20 ) 1.20 | 1.20 | 1.20 | 1.20

Ty || 0.97 | 0.97 | 0.97 | 0.97 | 0.97

Table 2.9

Normalized final values for mean velocity and temperature in this case are very close to the ones
obtained considering only the first gas (that would be @y, = 1.25 and T); = 0.96). Time behavior
of velocities and temperatures are compared with the reference case in Figure 2.5.

We can observe that the presence of a higher concentration of the first gas species leads it to a
faster reaching of equilibrium state. Indeed, the species with very high concentration plays the role of
a background medium (for instance, the atmosphere), in which a rarefied gas (for instance, a pollutant
powder) is diffusing. It has been proved that in this low density limit the particles dynamics may be
modelled by a linear Boltzmann equation [116], and the equilibrium velocity and temperature coincide

with the corresponding background values [36].

Test 3 - Mixture of two polyatomic gases having different masses

As final test, we show the case of two polyatomic gases having different masses. Keeping in mind a
real case of Hydrogen Hy (2 g/mol) and Arsine AsHj (77.95 g/mol), we take as masses m! = 1
and m? = 38.97. We consider three different scenarios changing initial velocities of the components.
Firstly we take initial values as in Table 2.5 and energy levels as in (2.85), obtaining equilibrium values
reported in Table 2.10.
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Figure 2.5: Test 2, normalized velocities and temperatures for a mixture of two polyatomic gases with energy

levels as in (2.85) and initial values for velocities and temperatures as in Table 2.5, considering

masses (m!,m?) = (1,1.09) and taking initial values for concentrations as in Table 2.8 (solid line)

and Table 2.5 (dotted line).

Ci | C3 [ CF | C5 | C3

cy || 0.31 ] 0.16 | 0.26 | 0.20 | 0.07
ups || 0.16 | 0.16 | 0.16 | 0.16 | 0.16
Ty || 3.20 | 3.20 | 3.20 | 3.20 | 3.20

Table 2.10

Time behavior of normalized global quantities in this case is shown in Figure 2.6.

0.5 Polyatomic gas 1 - Concentrations 05 Polyatomic gas 2 - Concentrations
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘
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0 I I I I ) 0 ! L I I )
0 0.1 0.2 0.3 t 04 05 O 0.1 0.2 03 t 04 0.5
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17 1
/—'
0.51 0.5
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0 0.1 0.2 0.3 t 04 0.5 0 0.1 0.2 0.3 t 0.4 0.5

Figure 2.6: Test 3, concentrations, normalized velocities and temperatures for a mixture of two polyatomic

gases with energy levels as in (2.85) and initial values as in Table 2.5, considering masses
(m!,m?) = (1,38.97).
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Then we increase initial velocities of components of the gas having smaller mass as reported in
Table 2.11 and we get the normalized equilibrium values ¢, cé-M, up = upg/0.16, Toy = Thy/3.20
reported in Table 2.12.

cllct|c?|ce|ce

up || 10 {20 | 0 | 01|04

Table 2.11

Ci | ¢ | ¢t | 3 | G

cy || 024 | 023 | 0.18 | 0.17 | 0.16
upy || 3.06 | 3.06 | 3.06 | 3.06 | 3.06
Ty || 12.40 | 12.40 | 12.40 | 12.40 | 12.40

Table 2.12

Finally, we increase initial velocities of components of the gas having bigger mass setting the values
as in Table 2.13 and we obtain that normalized equilibrium values are those in Table 2.14.

cl|ct|c?|c?|c?

up || 0.3 0.2 | 10 | 30 | 40

Table 2.13

¢ | ¢ | ¢ | G 3

cMm 0.24 0.24 0.17 0.17 0.17
ups || 157.06 | 157.06 | 157.06 | 157.06 | 157.06
Ty || 388.81 | 388.81 | 388.81 | 388.81 | 388.81

Table 2.14

The behavior of the mixture taken into account is depicted in Figure 2.7.

As regards densities, when the initial velocities of components are higher, final equilibrium values are
closer to each other. The final value of mean velocity is clearly higher when initial values are higher,
but its order of magnitude strongly depends on the mean velocity of the gas having bigger mass;
moreover, the trend to equilibrium for the heavy particles is much faster than for the light ones. At
last, even equilibrium temperature increases significantly as initial velocities of various levels (especially
the ones of heavy molecules) are higher; the temperatures trend to the steady value turns out to be
monotone for components of the gas with low velocities, while an evident overshooting appears in the
first stage of the evolution of the faster components. The overshooting phenomenon in temperatures

evolution has been observed in several experiments both in space homogeneous conditions [33] and in
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Figure 2.7: Test 3, concentrations, normalized velocities and temperatures for a mixture of a two component

(solid line) and a three component (dotted line) polyatomic gas with energy levels as in (2.85) and
Lm?) =
(1,38.97) and taking initial values for velocities as in Table 2.11 (first panel) and Table 2.13 (second
panel).

initial values for number densities and temperatures as in Table 2.5 considering masses (m

space dependent situations, such as shock wave formation and combustion problems [48,69,85]. Even
the dependence of equilibrium values on the initial data is consistent with the physical expectations:
see for instance the discussions in [42,43] about mixtures with high velocities or large temperature

differences between interacting species.

2.4 Conclusions

We have proposed a kinetic BGK model for a mixture of monatomic and polyatomic gases, whose
non-translational degrees of freedom are modeled by means of a suitable set of discrete energy levels.
This model generalizes the one presented in [11], where all species were assumed polyatomic and
with the same number of energy levels. Of course the present frame is much more technical to
deal with, since the nature of each interacting particle must be identified by a pair of indices, one
denoting the gas that it belongs to and the other referring to the particle energy level. This pair of
indices is needed also to denote distribution functions and main macroscopic fields relevant to the
various components of a polyatomic gas, as described in the previous sections.  We stress again
the fact that, with a view to a lighter notation, the pair of indices could be substituted by a single
one, as done in Chapter 1, and all the calculations could be performed analogously. However, for
our purposes, we kept a separated formulation to treat monatomic and polyatomic species. We have
then proved that even for general mixtures the parameters appearing in the Maxwellian attractors of
the BGK operators are uniquely determined in terms of the actual fields of the various species by
imposing that the kinetic equations of relaxation type preserve the correct collision invariants of the
original Boltzmann equations. Even the classical H-theorem still holds. Finally, we have performed
some numerical simulations of evolution equations for species densities, velocities and temperatures

corresponding to our BGK model. We have considered a mixture constituted by a monatomic and a
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polyatomic gas, and another mixture composed by two polyatomic species having different number
of energy levels. Several tests have been performed for both mixtures, varying the mass ratio, the
internal energies, and also the initial values of number densities or mean velocities. In various cases
we have noticed that when one gas is very different from the other (for instance much heavier, or
denser), the two species spend a different amount of time to reach the equilibrium state. In such
situations with species showing disparate values, also overshooting of velocities or temperatures may
appear. The characteristic relaxation time for a BGK model depends of course on collision frequencies
that, at least for interaction of Maxwell molecule time, could be set in according with experimental
data following the method outlined in [17]. Anyway, our qualitative dependence of the hydrodynamic
time scale on the macroscopic data and the different species relaxation speed in case of disparate
masses are in agreement with the results of [64,70]. Such trends and in particular the separation of the
species for very high mass ratios should be discussed also in space-dependent problems, such as shock-
wave formation and evaporation-condensation phenomena between parallel plates [105]. In addition,
more sophisticated kinetic models for polyatomic particles are highly desirable, where the internal
energy is separated into two different components, the vibrational and the rotational ones; since it is
well known that the gap between two subsequent discrete levels is much lower for rotational energy
than for vibrational energy [65], a possible way of modeling could approximate the rotational part by
means of a continuous variable, keeping the vibrational part discrete. A corresponding Boltzmann or
BGK description should then mix together in a consistent way the discrete levels approach, introduced
in [58] and used also in this work, and the Borgnakke—Larsen procedure involving a continuous internal
energy, used for instance in kinetic models [46] and [19].

In the following chapter, we extend the present type of BGK models to frames in which some of the
species are subject also to chemical reactions, as already discussed in [11] for a very simple case of
only four species (all polyatomic with the same number of internal energies) subject to a bimolecular
and reversible chemical reaction. The main additional difficulty with respect to the inert case will be
the relations of Arrhenius type (mass action laws) which in any chemical equilibrium configuration
must relate temperature with number densities of the reacting species; indeed these are additional
transcendental equations to be managed in the construction of auxiliary parameters in the Maxwellian

attractors.
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3 Kinetic BGK models for reacting mixtures of
polyatomic gases

The main purpose of this chapter is to extend results obtained in the previous one for inert gas mixture
to a chemically reactive framework. More precisely, we suppose that gas particles of the mixture may
undergo, besides elastic and inelastic mechanical scattering, also bimolecular and reversible chemical
interactions, involving mass transfer during the collision.

Concerning Boltzmann description of reacting mixtures of particles several works are available [46,
58] and have been summarized and extended to a more general frame in Chapter 1. The treatment of
such models involving integro-differential equations can be quite cumbersome due to energy thresholds
appearing in the collision operators for endothermic chemical encounters. For this reason, a BGK-
type description of these types of mixtures can be helpful. In literature we can find generalizations
of the original model proposed in [1]. Such extensions have been performed in different ways, of
course facing different emerging technicalities, such as more complicated expressions for auxiliary
parameters affecting Maxwellian attractors [16], or the need of simplifying assumptions in the reactive
contributions [61].

As already outlined previously, in view of physical applications, for instance the investigation of gas
flows in the atmosphere, polyatomic gases should be included in the kinetic description. To this aim,
in [11] a BGK-type approximation of a mixture of four chemically interacting gas species has been
proposed. Anyway, such work follows the line of [58] and each gas species is endowed with the same
number of (discrete) energy levels. The physical need of considering both monatomic and polyatomic
species makes desirable an extension of this model to a mixture in which the number of energy levels
is different for each gas, analogously to Chapter 2.

In detail, in Section 3.1 of this chapter we firstly consider a mixture of four gas species, G,
1 = 1,...,4, whose particles, besides elastic collisions and inelastic transitions from one internal
energy level to another, are subject also to the reversible chemical reaction G' +G? = G3+G*, where
a pair of reacting particles of species (G, G?) provides, as products, a pair belonging to (G3,G%),
or vice versa. The additional difficulties with respect to the inert frame are essentially due to two
reasons. At first, single number densities are no more preserved during the evolution; consequently,
auxiliary number densities are related in a non—trivial way to species masses and concentrations,
to global (auxiliary) temperature and to the chemical energy gap. Then, the mass action law of
chemistry that characterizes chemical collision equilibrium, and that is assumed to be valid also for
auxiliary parameters, constitutes an additional transcendental equation to be combined to the energy
conservation requirement (that is a transcendental law by itself) in order to prove well-posedness
of auxiliary number densities and temperature. Mass action law also takes part in the proof of the
H-theorem in space homogeneous conditions, that ensures the consistency of the model. Then, in

Section 3.2 some numerical simulations, inspired by real bimolecular reactions, of trends to equilibrium
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of main macroscopic fields in space homogeneous conditions are shown and commented on.

In Section 3.3 we extend the model to a mixture in which there are eight gas species, G, with

i1=1,...,8, that are subject to two reversible chemical reactions
'+ s +at (3.1)
G +G = a7+ G8. (3.2)

In this case a second mass action law appears and this means that another transcendental equation
has to be solved in order to get the proper auxiliary number densities and temperature. Nevertheless,
the fact that the two reactions are indeed disjoint allows to reduce the number of unknowns and to
recover them as in the case of only four gases, as well as to prove the H-theorem in this case. Also in
this frame numerical simulations for the time behavior of macroscopic fields are performed in Section
3.4 and compared to the first case. Finally, Section 3.5 contains some concluding remarks. The first

model presented in this chapter is contained in [21], while the second one is contained in [23].

3.1 Statement of the problem for a mixture of four reacting gases and
discussion of the relative BGK relaxation model

We take into account a mixture of four polyatomic gas species, G¢, i = 1,...,4. The reversible

chemical reaction in which the four gas species are involved is
G'+G? =G+ gL (3.3)

Using the same notation of the previous chapter, each gas species G* will be characterized by a mass
m® and a certain number L’ of discrete energy levels. Thus, it will be seen as a mixture of components
C’; j =1,..., L each one corresponding to a different energy level, denoted by E; In the frame
of the same gas G" the energy levels are assumed (without loss of generality) to be increasing with
respect to the subindex j, namely E} < Ej for any j,k =1,..., L’ with j < k. As concerns masses,
according to the conservation law, they have to satisfy the relation m! + m? = m? + m?.

The distribution function of the component C]’: is denoted by
ftxv), i=1,...,4, j=1,...L" (3.4)

We now consider possible interactions between particles, that will be, as usual, only binary instan-
taneous collisions. We may have, besides classical elastic collisions, also inelastic encounters in which
particles may change their internal energy, but also their nature, according to chemical reaction (3.3).

We write those generic chemical encounters as follows

i

1< <
, i h l 1<k<ILh
Ci+Cp—Cl + (i h) # (), == (3.5)
(i,h), (I,n) € {(1,2),(3,4)}, 1<m<IL
1<p< L™

and they are endothermic if E!, + B} — E]Z — El > 0 or exothermic if E!, + E} — E]z - El <.
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Denoting with (v, w) the molecular velocities of the ingoing particles and with (v/, w’) the corre-

sponding post-collision velocities, we have preservation of mass, global momentum and total energy:
) h _ 1 n
m +m°=m +m
miv4+mlw=m'v + m"w', (3.6)

1
—m" |w'|? + Ey.

m! |V'|2 + Efn + 5

1 1
Sm|\w?+ Bl =

m' |v|2—1—E§»—|—2 5

2
Again we will take into account the major moments of each component C%, that are number
densities n , drift velocity u and kinetic temperature T’ (for their explicit expressions we address the

reader to the previous chapter). Clearly, the total den5|ty of each gas species, given by

Ll
n'=Y"ni, i=1,....4 (3.7)
j=1

is not constant in time, but thanks in the reaction (3.3) we have that three suitable combinations of
them, for instance n! +n3, n' + n*, n? + n*, are conserved, as well as global momentum and total
energy of the mixture.

Using the current notation, results from the preliminary part apply directly to this case, in particular
equilibria in gas mixtures are provided by Maxwellian distributions in which all species share the same
mean velocity u and the same temperature T'. In more detail, for a mixture of polyatomic gases with

discrete energies, denoting by M*(v;u, T/m?) the Maxwellian

T mt 3/2 m?
if o _ —ul?
M <v, u, m1> <27r ) exp ( 3T |v — ul ) (3.8)

the equilibrium state for gas components reads as
(V) =0t M v L i=1,...,4, j=1,...,L (3.9)
im(V) =mn; V’u’mi , 1=1,...,4, j=1,...,L", .

where, as proven before, number densities of single components nz are related to the total number

density n’ of the gas G* by the following relation depending on the internal energy levels:

w(5E) ()

L=t =n' : ) 3.10
n] n Lt El n Zz(T) ( )
zexp( )

k=

In addition, in the present reactive frame, number densities of the four interacting gases must fulfill

at equilibrium the mass action law of chemistry representing the chemical equilibrium in a reversible

reaction .
1,2 1,,,2\ 2 Zl T 22 T AE
nn (T (T)2°( )eXp , (3.11)
n3n4 m3m* ) Z3(T)Z4(T) T
with
AFE = E3 + E} — E} - E}. (3.12)

Without loss of generality, we suppose that the reaction involving the lower energy levels is endother-
mic, i.e. AE > 0.
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3.1.1 BGK model

We propose a BGK model analogous to Chapter 2 by writing a kinetic equation for each component’s
distribution function f; (i=1,...,4,j=1,..., L) with a collision operator constituted by a unique
relaxation term. In this way, we get a set of L' 4 ... 4+ L* BGK equations

of:

E#+v.m4puaw@—ﬁ% i=1,...,4 j=1,... L, (3.13)

where 1/; are macroscopic collision frequencies (independent of molecular velocity v, but possibly

dependent on macroscopic fields). The distributions /\/lz are Maxwellian attractors:

% 3/2 i =1 4
<"ﬂ> em{—nuv—Mﬂ, TS (3.14)
27T 2T j:17~'-7Li7

depending on auxiliary parameters ﬁ; (i=1,...,4,j=1,.... LY, q, T, to be suitably determined

in terms of the actual macroscopic fields.

For any gas species G*, i = 1,...,4, fictitious densities ﬁ; are taken bound together as
exp <_ E?;Ei>
nt = qt — , 3.15
; Z(T) (3.15)
and in addition fictitious total densities 71" satisfy the constraint
3 ~ ~
i 'm?\2 ZY(T)Z*(T AE
,':_L ,':_L = mm (~) (~) eXpl| —— |- (316)
304 m3m4 zZ3 (T)Z4 (T) T

In this way, collision equilibria of the BGK model (3.13) are correctly provided by Maxwellian dis-
tributions sharing a common velocity and a common temperature, with number densities related to
the total density of the gas by (3.10) and total densities bound together by (3.11). Our aim is to
find auxiliary parameters in terms of the actual ones imposing the preservation of the same (seven)
collision invariants of the Boltzmann equations in the BGK model. These correspond to three suitable

combinations of gas densities, for instance n' + n3, n' + n*, n? + n4,

L! L?
Yoot [ = ghav+ o0t [ (3= v = @7
=1 R =3 'F
L L
b [ = shav e 3ot [ o5 = sfhav =0 (319
= /K =t R
L2 L
St [ v Yoot [ (M ghav=o. (319)
= IR j=1 TR
global momentum
4 L' ' '
S5 wm [ Vv pjav=o, (3:20)
i=1 j=1 R
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and total energy

SY i [ (Gmive+ 5 (M- s (3.21)

=1 j=1
Relations (3.17)-(3.19) lead to

ZV n —n )\ZZV n —n 1=1,...,4, (3.22)

with
M=X=_M=)\=1 (3.23)

A linear combination of previous equations, together with conservation of mass, gives as results

4 L*
ZZV = > vin (3.24)

i=1 j=1 i=1 j=1
and
Lt L
i imi i i i
E m E ving = E m E ving. (3.25)
=1 j=1 =1 j=1

Expression (3.22) can be written as

Ll
ZV” —Z mh AN vl —ng), =14, (3.26)
j=1

and, from relation (3.15), we have

exp [ — L; _ Ei
T

Zlﬂnl+)\12u ( T

Z’/ 'T

R
T

—n}>, i=1,...,4.

(3.27)
This allows us to write three of the auxiliary total densities (722, 73, 7*) as function of the remaining
one (7'):
—E ! 1 1
viex v n -\
[Ssen (- 255 z 5
El El ~1
Zl/ exp 1 n , (3.28)
T ZU(T)
that holds for ¢ = 1,...,4, since for i = 1 we get a trivial identity.

From momentum conservation (3.20) we get the equation involving auxiliary mean velocity

4 L

Z Zuhm nhu—Zan;uz =0, (3.29)

=1
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that owing to (3.25) provides

4 L*
~ i=1 j=1
U= , (3.30)

22 vym'

i=1 j=1

hence 11 is an explicit combination of actual number densities and mean velocities of single gas
components, analogously to inert mixture case illustrated in the previous chapter.

Total energy conservation (3.21) gives the equation

4 L
DI ]mzznmu (3.31)

i=1 j=1 i=1 j=1
with A being a term explicitly depending on actual densities, velocities and energies
d " 1 4 LP
£1 XD oEEYEREE) R D ob oL D wp o E PSS
i=1 j=1 i=1 j=1
By inserting expression (3.15) into the left-hand side of (3.31) we get an equation of the form
4 L ; i i
3 ; E; — E1
B z;z; ]T+ZZZ Zl/ E: exp( % =A. (3.33)
=1 j=
At this point, we face the main difference with respect to the model without chemical reaction.
Instead of a transcendental equation for T' having one positive solution and depending only on the
actual parameters of the mixture, we have equation (3.33) containing both auxiliary parameters T
and n!. Following the procedure applied in [11], we are going to show that those two parameters are

uniquely determined, bearing in mind also the fictitious mass action law (3.16). At first, we find it

convenient setting
Rt El E}
n( ZV exp ( = ) , (3.34)
and equation (3.33) thus becomes
EZ E}
7
. Zl/ E; exp ( 7 )

4 L
3 o
EDI L DS = A. (3.35)
i=1 j=1 i=1 ZV ox < EZ Ez)
L €XP T

Since from (3.28) we have

LY Lt
:Zu;n; —)\iZV}n}—}—)\in, i=1,...,4, (3.36)
j=1 j=1

we end up with an equation of the form

Zulnl +S8(T (3.37)
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where S(T') is written as

N T
sty €20,
D(T)
with the numerator N/
LZ
) Bt — E?
e |, Zmes(-
~. de ~ j=1
T — A_ ) 1 *T
NDZ A= | 2 v | 15T+ -
=1 m=1 7 k
S i exp <_
k=1

and the denominator D

D(T) def Z )\z j:l
i= EZ El
! Z Vi exp ( 7 )

(3.38)

(3.39)

(3.40)

We observe that, if we had repeated the previous calculations choosing a different gas species

in (3.22) to express the other three ones, we would have obtained analogous expressions for (3.28)

leading to
ZVW +NS(T),  i=1,...,4. (3.41)
Putting expressions (3.41) for @ = 1,...,4 in the constraint (3.16), we obtain a transcendental
equation depending on T
3
~ mim?\ 2
o() = (2o ) (.42)
with
def . -
G(T) = Gu(T) - Go(T) - Gs(T), (3.43)
being i i
Zylnl—i—s Zy2n2—|—8
~. def
G1(T) = = = (3.44)
ZV?H?—S(ﬂ ZV?HE‘—
[ 7=1 J =t i
L3 L4
E} - F3 E} - FEf
S W exp <_ kl) S v exp <_fm1
=\ def k=1 T k=1 T
Go(T) = - L o (3.45)
1 ! 2 !
Z Vv €Xp <— ~> Z Vi, €Xp <— =
k=1 T k=1 T
def AFE
Gs(T) = exp <— = ) (3.46)
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Our aim is now to show that equation (3.42) admits one positive solution in the range in which
all the densities n’ are positive. More precisely, referring to the quantities Y, we are looking for a

solution in the set

Ll L2 L3 L4
A={T>0: max | — Zu}n}, - ZVJQTLJQ < 8(T) < min ZV?TL?, Zl/;-ln? . (3.47)
Jj=1 Jj=1 j=1 j=1

We will go through the same proof performed in [11], adjusting it to the present frame of polyatomic
gases with a different number of internal energy levels. The first result that we point out is the

following.

Lemma 3.1.1. Let [ = (T},15) C A be any interval in which the function D(T') given in (3.40) is
strictly negative (positive), then the function S(T') given in (3.38) is strictly monotonically increasing

(decreasing) in I.

Proof. From the expression of S(T') we easily get

D(T) D(T)

(3.48)

Then we have that

Lt Lt iy El—FEz _2Ei>

k i\2 i i j k
DI [(Ej) —EjEk} exp <_ AR

D/(T) =Y n I ; D (349)

=1 EZ E'Z
Zykexp( - >

performing the exchange of indices j <> k, equation (3.49) can be written as

4
=Y NFUT) (3.50)
=1
with
L Zl/yk L, Ei + E! — 2E!
5y (_JT
iy def j=1k=1 .
FUT) = 5 >0, i=1,...,4. (3.51)

Analogously we get

4 L
N =5 (S vini B + J—"'(T)] <0. (3.52)
i=1 \j=1
Eventually, from (3.48), the expression for S'(T) is
5 1 1 g (L s
SU(T) = 5 25 > vind +Z Zy nt + NS(T) | FI(T) p . (3.53)
i=1 j=1
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We notice that the content of the square brackets in (3.53) is strictly positive for T € A and so the
content of the whole curly brackets is positive too, this means that S'(T) and D(T') have opposite

sign. [
We focus now on the behavior of the function S(T'). For the numerator N'(T') we have
Lemma 3.1.2. The function N'(T) has a unique positive root T*.

Proof. First of all we recall that N/(T") < 0. Moreover we have

_ L ' N
o E: — E!
_ i 9 j=
R D A E A -
' k=2 T
4 L '
3 AL
=1 m=1
1 - 2 ~12 3 7
zmz i) ) + 2 (XS
=1 i=1 j=1
4 L*
D ving (E) - Ei) . (3.54)
i=1 j=1

As it is shown in Chapter 2, the sum involving mean velocities in (3.54) is non—negative, so the whole

limit is strictly positive. In addition it holds

lim N(T) = —o0. (3.55)
T—+o0
Thus, N(T) has a unique positive root T*. O

Following the same argument used in [11], we shall omit the situation in which the choice of initial
data, internal energies and collision frequencies is such that also D(7*) = 0. In this case, T = T*
simplifies the function S(T) and we have to deal with a simple algebraic equation for our unknown
vl

Now we make some considerations about D(T).
Lemma 3.1.3. On every interval (Tl,T2> C A the sign of D(T) does not change.

Proof. Since

LZ
(A i}
4 Z Vi Ej

lim D(T) = ~AE < 0, lim D(T) =Y A= — (3.56)

T—0 T—+00 .7
1—1 ’L
Z Yj
Jj=1

and the sign of D'(T) given in (3.50) changes in relation to internal energy levels and collision

frequencies, D(T) may have a positive root, call it T# with T# % T*. But in this case we would
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have

lim S(T) = 00 (3.57)
T—T#
getting a neighborhood of T# not contained in A. Thus we can conclude that on every interval
<T1,T2> C A the sign of D(T ) does not change. O

Consequently, from Lemma 3.1.1, neither the sign of §’(T’) changes. This allows us to prove the

following result.
Lemma 3.1.4. The set A given in (3.47) is a connected set of R™.

Proof. Let (Ta,f’b) be a connected component of A. If T, # 0 the function S(T) is continuous,
strictly monotonically increasing or decreasing on it, hence it assumes all the values between its upper
bound that is

L3 L4
min Z V?n?, Z V?n? (3.58)
j=1 j=1
and its lower bound that is
Lt L2
max —ZV}TL},—ZVJZH? . (3.59)
j=1 j=1
If T, = 0, since
lim D(T) < 0, (3.60)
T—0

S(T') has to be strictly monotonically increasing on (Ta,Tb>, going from

lim S(T) <0 (3.61)
T—0
to
L4
min Z 53 ving | (3.62)
7=1

Thus S(T) has a root in <Ta,Tb>, but we know that S(T) has only one positive root, 7. It follows

that (Ta,Tb> is the only connected component of A, i.e. A is a connected set. O

Now we are able to give the final result.

Lemma 3.1.5. The function G(T)) defined in (3.43) is strictly monotone in the set A, ranging from
0 to +00. More precisely, it is increasing if D(T) < 0 and decreasing if D(T) > 0.

Proof. We compute the derivative of the function G(T'). We have
) —2
A

Gy(T) Z ~ 8(1) Z vinj

I3 L4
X Zylnl +8(T Z:yzn2 +8(T nyn? —S(T) Zufn;l -
=1 =1
L3 . L 3 L )
+ ving —S(T) | + vind —S(T) || | D vin} +S(T) Z ‘n; + S(T
j=1 j=1 j=
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that can be cast as A

G(T) = Gy(T )Z S'(1) . (3.64)
=t Z:y’nZ + \'S

Proceeding in a similar way we have

i : .

E: — E}

Zy’ exp S
o= T

Go(T) = = Gao(T) > 2] : (3.65)

. ZV ex < E)
1. €XP T

and, finally,
- AFE
Ga(T) = Gs(T) —; (3.66)
In this way we can conclude that
[ B -E) |
Zl/ E exp i1
4 - i) T
o §/(7) AE
G(T)=a){Y |~ =%
, T2 i i T2
= Z IﬂnZ + NS(T) Z Vi exp <— Bl _ E1>
k=1 ’ T
(3.67)
that can be written, using function D(T) defined in (3.40), as
4 ~ ~
- - S'(T) D(T)
/ —
¢'(T) = G(T) z_; = - (3.68)
= vj n + \S
L =l 1

We have that G(T ) is positive in the set A that, as we proved in Lemma 3.1.4, is an interval

A = ( mzmeax)' moreover, thanks to Lemma 3.1.1, §(T) and —D(T) have the same sign,

that does not change in A, and this means that G(T') is strictly monotone. Moreover, recalling the
definition of G(T') given in (3.43), when

L3 4
T) — min (Z V?’I’L?, Z V;»ln?) (3.69)
=1 j=1

we have
G(T) = +oo (3.70)
and when
L L2
S(T) — max _ZV;”}>_ZV]2”§ (3.71)
j=1 7j=1
we have

Gg(T) — 0; (3.72)
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also in the case in which T, = 0 it holds hngOg(T) = 0, since we are supposing AE > 0.

We observe here that also for the case AE < 0 it is sufficient to take the inverse of both sides of
equation (3.16) and modify the equation (3.42) studying the behavior of function g(1T~) in order to

get the same result. O

This final result allows us to assert that equation (3.42) has a unique solution, providing thus the
auxiliary temperature T.

At this point, fictitious densities ﬁ; are given by (3.15) and (3.28) together with expression (3.37),
hence they are known once T is found, while fictitious mean velocity 1 is expressed in (3.30) and this
completes the construction of Maxwellian attractors M; of our BGK model. The equilibrium states
correspond to f; = M fori=1,...,4and j=1,...,L" therefore

i

u =u=u, T =T=T, i=1,...,4, j=1,...,L" (3.73)

and number densities of components n; are related to global density of the corresponding gas n’ by
the constraint (3.10), while the densities n’ are bound together by (3.11).

3.1.2 H-Theorem for the homogeneous case

We can also prove the asymptotic stability of collision equilibria in this case. Indeed, in space homo-

geneous conditions, setting f = (f{,... ,f§4), the physical entropy

4 Lt i
Hf] = ZZ/RS f; log <(n{:‘z)3> dv (3.74)

i=1 j=1

is a Lyapunov functional for the present BGK model. Specifically, if £ denotes the stationary state
corresponding to the initial state f,, we have H[f] > H[f¥] for any £ # £ The proof of this result
for the present reactive model is a bit more involved with respect to the inert mixture case since the
conservation of species number densities does not hold anymore. Anyway, also in this case the proof
is analogous to the one performed in Chapter 2, so we skip details.

We can now prove the entropy inequality H[f*] < 0 for any £* # f™ while H[f™] = 0.

Let f* # £ the time derivative of the H—functional (3.74) reads as

. LN - i
HIf] = ZZV; /RS (M — f;*) log ((m]l)?’> dv. (3.75)

i=1 j=1

At first we can check that

LI . M
ZZV;/RS (M5 = £;7) log<(mi;3> dv=0. (3.76)

Indeed, we explicitly compute the logarithm of Maxwellian attractors, leading to

4 Lt . ‘ . 3 ) . 5 ]
ZZV; /]R3 (M= 1) [logn;- -5 log(m') — 2 10g<27rT>] dv

i=1 j=1
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+ZZ / [;TLT (|v|22ﬁ-v+|ﬁ|2)} dv . (3.77)

i=1 j=1

Then, owing to conservation laws of momentum and total energy, it simplifies to

1 . . . . E 3 )
IPIAGEIY llog"§- + = 210gm1] ; (3.78)

i=1 j=1

bearing in mind (3.15), the previous equation becomes

4 Lt 4 4 ‘ ) Ei o 3 '
PIPBAGEIY {10% n'+ ;1 —log (ZZ(T)) — 5 log m] : (3.79)

i=1 j=1

Using the relations (3.22), the quantity above can be written as

L
g ]1 n —n Z)\’ [logﬁz+l;—log (ZZ(T)) —Zlogmz}

—Z n —n log WA (mim — log
a3at \ mim?2

due to the mass action law (3.16) for auxiliary parameters. Then, by subtracting (3.76) from (3.75)

ZYT)Z%(T) exp <AE>

Z3(T)Z4(T) T

} =0 (3.80)

we easily get that for any f* # fM

= ZZ / log</{;l>dv (3.81)

i=1 j=1

and the inequality [f*] < 0 holds owing to usual convexity arguments.

3.2 Macroscopic equations for mixtures of four reacting gases

Performing the same calculations done in Chapter 2, we are able to derive from BGK model (3.13)
the evolution equations for the main macroscopic fields, i.e. number densities, mean velocities and

temperatures of all components of the four reacting gases (”3 u} TJZ fori = 1,...,4 and for

j=1,...,L%). We obtain the following system

( Onj (i i
W‘FV - (njuj) = vj(Af — nj),

% au] 1 % 1 ~1
"\ 5 +u qu mi Vi Pl =v; n](u uj)
(3.82)

3 . (0T Z . . .

. 3 1
=vin ;[Q(T T1)+2m’|u u]]2

\

where Pé» are pressure tensors and qj- heat fluxes for each component defined as

P§:mi (v—ué)@(v—u)f’( )dv, q§~:T;Ll/‘(v—u;-)]v—u;\Qf;(v)dv. (3.83)
R3 R3
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For illustrative purposes we will show some numerical results for two reacting mixtures taking into

account the space homogeneous and one—dimensional version of evolution equations (3.82) that reads

as
on’ . . =1,....4
“ =il — ), T
ot j=1,... L
ou’ Rl . i=1,...,4
i R S A E (3.84)
8t J’n]’. J . 4
J J= 7"‘7L7
T il | i=1,...,4
]:V55<T—T;+mz(u—u;)2>, i ) 77'
ot n 3 j=1,..., L,

where ﬁ; is provided by (3.15) and (3.28), @ is explicitly given in (3.30), and T' may be obtained as
the unique solution of the transcendental equation (3.42). Equations (3.84) constitute thus a closed
system of 3(L! + ... + L*) equations, having as unknowns densities, velocities and temperatures
of all components of polyatomic species. Once the initial state (n;)o (u;)o (T;)o is assigned,
the corresponding equilibrium configuration is unique and may be determined bearing in mind the
conservations of three suitable combinations of total densities, global velocity and total energy.

3.2.1 Numerical simulations
Test 1

The first mixture we model is inspired by the reversible reaction involving hydrogen Hs (with mass
2.02 g/mol), iodine I (253.8 g/mol) and hydrogen iodide HI (127.91 g/mol)

Hy+ I = HI + HI (3.85)

So we take into account four gases G, i = 1, ..., 4, with mass ratios reproducing the ones of the gases
involved in the reaction: m! = 0.1, m? = 12.8, m® = m* = 6.45. Notice that in this bimolecular
reaction the third and the fourth species coincide, therefore they are characterized by the same internal
structure and by the same initial data. We suppose that gas species G!, G® = G* are endowed with
two and G2 is endowed with three discrete energy levels, respectively. Specifically, we assume the

following configuration of internal energy levels
El =65, FEJ=175 FEi=17 FE3=8 E5=385,

E} =6, E3=17 E =6, Ey=T. (3.86)
From now on we will consider concentration c;'- of each component C; defined as
ni
A

_ J
E— Lh ’
D oh=1 2 k=1 ”Z

and also velocities and temperatures will be suitably normalized with respect to the corresponding

(3.87)

equilibrium values. Initial data for number concentrations, velocities and temperatures are given in
Table 3.1.
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Ci |G|t |cg|cf|cs|ct| G
co || 0.13 | 0.07 | 0.08 | 0.06 | 0.15 | 0.14 | 0.11 | 0.14 | 0.11
ug || 0.3 0 0.1 04 | 02 | 06 | 0.1 06 | 0.1
To 2 4 1 2.5 2 6 1.5 6 15
Table 3.1
The choice of collision frequencies is done as in [11], setting the sets of indices for i = 1,...,4 and
j=1,..., L}
h=1,....4,
D=4 m=1,.. L, :E,+El—E —El<0;, (3.88)
_ h
\ k.p=1,...,L )
h=1,...,4,
DY =< m=1,.. LI, ‘E,+E'-E—-E'>05%, (3.89)
_ h
{ k,p=1,...,L )
(i’h>#(l7n)’z¢n7 kzl" '7Lh7
DY = {hln: (i,h), (I,n) m=1,.... [}, : BL,+E} —E\—Ef <0
€{(1,2),(3,4),(2,1),(43)}, p=1,...,L"
(3.90)
(i,h) # (I,n), i # n, k=1,...,L"
D4;: h’l’n: (Z7h)7(l7n) mzl?' '7Ll7 ELL+E;L_E;_E£>O
€{(1,2),(3,4),(2,1),(4,3)}, p=1,...,L"
(3.91)
and taking
; o h En + By — E} — By b
h,k,m,pED% h,/am,pEDl;-
PPN S ! n i h
mp p (V2 B+ By — B — By

hkelmn,pe DA’

m7p h
+ . v
hok,lm,n,peD3}
k+j
H m,p  __
Wlth Vj,k: = —.
20(m + p)

Equilibrium values for concentrations cé-M obtained in this setting are

reported in Table 3.2 while equilibrium global mean velocity is up; = 0.29 and equilibrium temperature

is Thy = 3.47.

The evolution in time of species concentrations computed numerically is depicted in Figure 3.1.

It is possible to observe that, according to constraint (3.10), for each gas species the component
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Ci | G | ¢F | ¢3¢ | ¢ | 3| C |G

cy || 0.001 | 0.001 | 0.042 | 0.031 | 0.027 | 0.256 | 0.192 | 0.256 | 0.192

Table 3.2

corresponding to a higher energy level will have a lower concentration and vice-versa. Moreover, due
to relation (3.11), the concentrations of species G' and G? are lower, in particular the one of G*
(that has the lowest mass in the mixture) is the lowest, while concentrations of species G* and G*
are higher. In other words, chemical equilibrium is achieved when species G is almost completely
disappeared, so that almost no reactive collision can occur. We also note that trend to equilibrium

for concentrations may be non monotone, see for instance ¢ and c3.

G' - Concentrations G? - Concentrations
0.3 0.3
1 —Cf
—C 02 0.2 2
1 - --C
--GC 2
0.1 0.1 -- ¢}
0——= : :
0 0.05 t 0.1 0 0.05 t 01
G? - Concentrations G* - Concentrations
—ct
1
------------------------------------- --ct

0.05 t 0.1

0 0.05 t o1

Figure 3.1: Test 1, concentrations for a mixture of four reacting gases with energy levels as in (3.86) and
initial values as in Table 3.1, considering masses (m*, m?,m3, m*) = (0.1,12.8,6.45, 6.45).

In Figure 3.2 we report the behavior of normalized velocities ﬂ; = uz/uM and normalized tempera-
tures T} = T} /Ths. We can observe that the species G takes a longer time to reach the equilibrium
value for velocity and temperature, its components keep nearly constant values in the first stage of

the evolution.

Test 2

The second reacting mixture we take into account for our simulations is the following
CINOs + NO = NO2 + CINO, (3.93)

where the chloro nitride CINOz (81.46 g/mol) reacts with nitric oxide NO (30.01 g/mol) forming
nitrosyl chloride CINO (65,46 g/mol) and nitrogen dioxide NOy (46.01 g/mol), and vice-versa in
the reverse reaction. As before, we take in our model four gases having mass ratios similar to the ones
involved in the real reaction: m! =1, m? = 2.72, m? = 2.18, m* = 1.53. We make the assumption

that the first gas G is composed by two, the second gas G is composed by four, and the other two
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Velocities

.2}
— N
........ 22 \’Q~\\
;._.&am
- G3 1 ,“f" .......
- —-G4 f{‘
0 0.02 0.04 0.06 008 t 01
2r Temperatures
_G‘I ‘\
........ Gz ~, ——
- __G4 =
0 ‘ | | | |
° 0.02 004 006 008 t 0.1

Figure 3.2: Test 1, normalized velocities and temperatures for a mixture of four reacting gases with energy

levels as in (3.86) and initial values as in Table 3.1, considering masses (m!, m? m3,m*) =
(0.1,12.8,6.45, 6.45).

gases G and G* are composed by three components, respectively. Each component corresponds to
a different internal energy level as follows

El =6, Ey=7 FE{=7 E5=8, F;=10, FEj=12,

E3=55 E3=6, Es=15 El=4, E;=9, Fj=10. (3.94)

We set initial concentrations, velocities and temperatures as reported in the Table 3.3

cllct|c2|c2|lcz|c2 || cd|cs|ct|ct| ot
co || 0.12 [ 0.09 | 0.07 | 0.08 | 0.11 | 0.06 | 0.07 | 0.05 | 0.13 | 0.03 | 0.08 | 0.09
w || 03] 0 | 01| 04]02|06]| 0104|0503 0 |02
To 2 4 1 2.5 2 6 1.5 2.5 3 4.5 5 1

Table 3.3

In this case, equilibrium values for equilibrium concentrations of components czM are given in Table
3.4, while equilibrium global mean velocity is uj; = 0.28 and temperature is Th; = 3.59.

cl ot | c2lc2|cz|c2|cd|cs|cs|ct|ct| s

cy || 0.09 | 0.07 | 0.12 | 0.08 | 0.04 | 0.02 | 0.13 | 0.11 | 0.07 | 0.2

0.05 | 0.04

Table 3.4

Numerical results for behavior in time of concentrations for all the components are showed in Figure

3.3. In this case, since there is less difference among masses than in the previous case, final values
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G' - Concentrations G* - Concentrations

0.2¢ —c?
1
_Cl _ _'CS
—-¢! 01k a2
e LA AR CS
_________________ >
0 | | | ‘ ‘ B C4
0 0.02 004 t 0.06 0.02 0.04 t 0.06
G2 - Concentrations G* - Concentrations
s 0.2f
_C1
--c3 N ——
2 013 =""-
ot hemT
3
O L L J L L J
0 0.02 0.04 t 0.06 0 0.02 0.04 t 0.06

Figure 3.3: Test 2, concentrations for a mixture of four reacting gases with energy levels as in (3.94) and
initial values as in Table 3.3, considering masses (m!, m?,m3, m*) = (1,2.72,2.18,1.53).

of number densities are more similar; we only have a significantly higher concentration of component
C4 that corresponds to the lowest energy level.
Trends for normalized mean velocities and temperatures of the species are reported in Figure 3.4

and also in this case we can observe that the lighter gas G takes a longer time to reach the equilibrium

value.
Velocities
_G1
........ G2
__GS
"'G4
0 0.01 0.02 0.03 0.04 005 t 0.06
Temperatures
O L L L L L I
0 0.01 0.02 0.03 0.04 0.05 t 0.06

Figure 3.4: Test 2, normalized velocities and temperatures for a mixture of four reacting gases with energy

levels as in (3.94) and initial values as in Table 3.3, considering masses (m!,m? m3,m*) =

(1,2.72,2.18,1.53).

Test 3

At this point, we consider the following physical case

O+OH — Oy + H. (3.95)

86



This irreversible exothermic reaction between the two radicals atomic Oxygen O (15.99 g/mol) and
Hydroxide OH (17.01 g/mol) is known to cause production of molecular Oxygen Oz (31.99 g/mol)
along with Hydrogen H (1.01 g/mol) in the cold core of interstellar clouds [100, 111].

Clearly, since our present model is built up for reversible chemical reactions, it is not possible to
implement it to reproduce such physical event. Nevertheless we try to describe a reversible virtual
chemical encounter of type (3.3) performing a choice of parameters (energy levels, collision frequen-
cies, initial concentrations, temperatures and velocities) in such a way that inverse reaction becomes
highly improbable and the equilibrium state corresponds to a considerable consumption of one of
the reactants (its concentration become negligible, as in the equilibrium configuration of the real
irreversible process).

Thus we take four gases G*,i = 1,...,4 having mass ratios analogous to the ones involved in the
real reaction, i.e we set m! = 15.83,m? = 16.83, m> = 31.67, m* = 1. Then we suppose that gas
species G' and G*, being monatomic, have only one internal energy level, whereas we assign to both
species G2 and G2 two energy levels. Fixing values for energies, we assume the energy gap between

reactants and products sufficiently large:
El =12, E? =409, E2=41, FE}=06, E3=0.7, Ef=08. (3.96)

We set initial data for number concentrations, velocities and temperatures for the one-dimensional
case as reported in Table 3.5. The initial concentration of reactants is higher than the one of products

and we take initial temperatures lower than the values adopted in the previous simulations.

SIS TS S IS Y

co || 0.21 | 0.367 | 0.42 | 0.0005 | 0.001 | 0.001
U 0.1 0.3 0.2 0.4 0.2 0.5
Ty || 0.002 | 0.003 | 0.004 | 0.005 | 0.003 | 0.006

Table 3.5
For the collision frequencies, we consider for each i = 1,...,4and j = 1,..., L? the following

E: +EM—FEi— El
mID STy v

i — m,p_h
Vo= > vimiew (‘ T

h.k,;m,pe D2’ \ h.k,m,peD1’
i iN 5 l n i h
+ 100 vipng | —— | exp T (3.97)
i ’ m'm
hk,l,m,n,pe D
m,p h

+ > v

hklmn,peD3’

m,p __ k +]

ith P = -~ )
W YR T 90(m + p)

(3.90) and (3.91), respectively. The factor 135 in front of the third addendum in (3.97) represents

T 1t 21 31 4% . .
and the set of indices D*;, D*;, D°; and D%, as defined in (3.88), (3.89),

the fact that inverse endothermic reaction is less frequent than the direct exothermic one.
Equilibrium values obtained for final concentrations of single components c?M are reported in Table

3.6 while equilibrium mean velocity and temperature are uy; = 0.22 and Ty = 7.19, respectively.
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cl | c2 | ¢z | o3| 3|

cy || 0.001 | 0.291 | 0.287 | 0.106 | 0.104 | 0.21

Table 3.6

We report the behavior in time of concentrations of energy components (Figure 3.5), mean velocities
and temperatures (Figure 3.6).

G' - Concentrations G? - Concentrations

0.5
1
_C1
0 ‘ ‘ ‘
0 1 o 1 3 4 o t 3 4
G2 - Concentrations G* - Concentrations
0.5 0.5
3 4
—C1 —C1
3
_._.(32
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 1 2 t 3 4 0 1 2 t 3 4

Figure 3.5: Test 3, concentrations for a mixture of four reacting gases with energy levels as in (3.96), initial

values for concentrations and velocities as in Table 3.5, considering masses (m!, m?,m?,m*) =
(15.83,16.83, 31.67, 1).

Velocities

—g' 2t
........ G2
_ G3 1 T
- "G4

O | | | | | |

0 0.5 1 1.5 2 t 25 3
Temperatures

0 0.5 1 1.5 2 t 25 3
Figure 3.6: Test 3, normalized velocities and temperatures for a mixture of four reacting gases with energy
levels as in (3.96), initial values for concentrations and velocities as in Table 3.5, considering
masses (m!,m?,m3, m*) = (15.83,16.83,31.67,1).
We highlight the nearly total disappearance of the monatomic reactant G'. This means that

the equilibrium state of the mixture is similar to the result of an irreversible reaction (the consumed
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quantity of G' and G? is approximately the same). Moreover it is worth noticing how the temperature

of the mixture is higher than the initial ones, because of the exothermic property of the reaction.

3.3 Statement of the problem for a mixture of eight gases involved in
two disjoint chemical reactions and discussion of the relative BGK
relaxation model

The following step we would like to take in building BGK models in gas mixtures is to consider a
number of gas species greater than four, involved in different chemical reactions. In this case, the
equilibrium configuration is governed by a higher number of mass action laws, that lead to a higher
number of auxiliary quantities to be determined; in particular we have to find (by means of three
transcendental equations) the auxiliary temperature and two of the auxiliary densities. Our intent is
to show that, when the reactions are disjoint, i.e. no gas species is involved in more than one reaction,
it is possible to write one of the auxiliary densities in terms of the other ones and of the auxiliary
temperature. Successively we manage to express everything in terms of the auxiliary temperature and
again it can be detected as the unique admissible solution of a transcendental equation.

Thus, we consider a model for a mixture of eight gas species, G, i = 1,,...,,8 and we suppose

that they are involved in two separate reversible chemical reactions:
G+ G? = G2 + G4, (3.98)

GP+G% = G7 +G8. (3.99)

Each gas species G* has its own mass m‘ and, due to conservation laws, particle masses satisfy the
relations m! +m? = m? + m* and ms + mg = m7 + mg. As before, each gas species can be seen
as formed by a certain number L’ of components, C}, j = 1,..., L", each one corresponding to a
discrete internal energy level E7. Even in this case we assume E} < Ej for any 1 < j,k < L*, with

j < k. Distribution functions for each energy component Cji- are
fitx,v), i=1,...,8, j=1,...L" (3.100)

Encounters among particles of the mixture are modeled as binary instantaneous collisions and can

be generically written as

. 1<k <
Ci+Cp—Cl+Cy, 1<ihln<8 = 7 (3.101)
<

1<p< L™

Those encounters can be elasticif i =1, h =n, j =m, k = p, inelasticif i =1, h =n, j % m or
k # p, chemical if (i, h) # (I,n) with (i, h), (I,n) € {(1,2),(3,4)} or (i,h),(I,n) € {(5,6),(7,8)};
in the last two cases the collision is endothermic if E! + En — EJ’ — El" > 0 or exothermic if

El, + E} — Ei — Ep <0.
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Moments of components C]i- we are interested in are number densities n; satisfying the relation

L1
n'=Y"ni, i=1,...,8 (3.102)
j=1

i
J
have conservation of global quantities that are six combinations of gas species number densities that

drift velocities u% and kinetic temperature T]’ During the kinetic evolution in time of the mixture we

can be chosen as n' +7n3, nt +n% n?+n*, n®+n", nd®+n8 n® 4+ ns momentum and total energy.

As usual, at equilibrium the distribution functions of each component will be in the form

. o T .
f;M(V):n}M’<v;u,mi>, i=1,...,8, j=1,...,L", (3.103)
with 3/2
il Ty m? m! 9
M (v, u, mz> = (27(T) exp( 5T |v — u] > , (3.104)

the Maxwellian containing the common mean velocity u and temperature 7.
The relation at equilibrium between number density of each component nz and the total density
n' is still provided by (3.10). Moreover, we have the two mass action laws of chemistry regulating

the ratio between reacting species densities:

3
nin? mim?\ 2 ZYT)Z*(T) AE*
n3nt <m3m4> Z3(T)Z4(T) €xp < T ) ) (3.105)

3
2

(3.106)

nSnd mPm®\ 2 Z3(T)Z%(T) AE*
nn <m7m8> Z7(T)2Z5(T) ( T ) ’
with AE* = E$ + E} — Ef — E] and AE** = E] + E¥ — E} — EY.. We shall prove that the choice
for the signs of the two quantities is arbitrary and it does not affect the results.
The BGK model we are showing here is analogous to the previous ones, thus we write the set of
L' + ...+ L8 kinetic BGK-type equations as
oft

8—;+v-vxf;=u;i(/\/l§—f;), i=1,...,8, j=1,..., L, (3.107)

in which the collision operator is a relaxation term, with 1/;» macroscopic collision frequencies and ./\/l;

Maxwellian attractors

, omi P m' i=1,...,8
M5(v) =7} < ~> exp [— —|v — ﬁ|2} , T (3.108)
27T 2T j:17...,Li,

depending on auxiliary parameters ﬁ; (i=1,...,8,j=1,....L) ua,T.
In order to be sure that the BGK model provides correct collision equilibria given by Maxwellian dis-
tributions depending on a common mean velocity and temperature, we require that fictitious densities

satisfy relations

B E;Z—E;'
L 7 i=1,...,8, (3.109)

Al =7 . ,

K3
’ Zi(T) j=1,... L,
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and in addition fictitious total densities 72’ satisfy the constraints

A2 (mim2\* Z\(T)ZXT)  (AE*
n3nt <m3m4> 33(f>24(f) eXp< 7 ) ; (3.110)
WA (mPmO\? 2NT)ZNT) (AET
aTRs <m7m8) Z7(T)Z8(T) ex < T ) : (3.111)

Our purpose is to show that is possible to express auxiliary parameters in terms of the actual
quantities of the mixture. This is achieved imposing that the BGK model preserves the conservation
of the same collision invariants of the Boltzmann equations. More specifically, we impose conservation
of the six combinations of number densities expressed before that give

Lh

Z /RS fhdv+z / v =0, (3.112)

with (h, k) varying in the set {(1,3),(1,4),(2,4), (5, 7),(5,8),(6,8)}. Then we have conservation of
global momentum
ZZV m / v (M} — fhydv =0, (3.113)
1=1 j=1
and total energy
ZZ / < mi|v|? +E2> (M — fhydv = 0. (3.114)
i=1 j=1

Relations (3.112) can be expressed as

1

Zz/n —Zulnl—&—/\lzy}(ﬁ;—n}), i=1,...,4, (3.115)
=1
L5

Zun _Z nf N V(R —nd),  i=5,...,8, (3.116)
j=1

with
M=22= = M= =2 NT= N8 =1, (3.117)

Bearing in mind (3.109), from (3.115) and (3.116), we can express total fictitious densities 712, 723,

7t and 7%, A7, A8 in terms of ! and 77, respectively:

z( EiTEl)_ R0 w0

E! - El 5l
Zu}exp _ IL L i=1,....4, (3.118)
=~ T Z1(T)

_ L5
T Zl/ exp< EZ EZ) Zl/n Xizgyfn?
j=

T

L5 5 5 -

A E°—E 775
+ AT wlexp | - L b, i=5,...,8, 3.119
=" p( )| @) (3.119)
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observing that for i = 1 and ¢ = 5 we get trivial identities. We rewrite expressions above in a more

compact form using functions

EZ Ez
i def ZV exp( 7 ), 1=1,...,8,

thus relations (3.118)-(3.119) become

with quantities

i def i -
= Vn —A Z 1=1,...,4,
J=1
def L L
e o . 5 5 )
p= V;n;-—)\’Zanj, 1=25,...,8.
j:l ) —

Since in the model we obviously have conservation of total mass, that is expressed as

DI D
we write conservation of total momentum (3.113) as
Z Zuhm nhu*ZV m n;u; =0,
i=1 \ h=1
and we use (3.125) to express the auxiliary mean velocity as follows

8 Lt
00,0 0
E Eyjmnju

i=1 j=1

8 L
22 vym'n

i=1 j=1

i =

Conservation of total energy (3.114), instead, leads to

8 L*
Sy TS =

i=1 j=1 =1 j=1

and the term A containing only actual densities, velocities, temperatures and energies is

8 L
defl Z Zyn |u]2 \ﬁ| ZZVTLT’ +ZZV;E;n;

i=1 j=1 i=1 j=1
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(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)



and we have that (3.128) becomes

8§ L* i Ei_ Ei
g SN v ]T+ZZ Ik p( 3T1> =A. (3.130)

i=1 j=1 i=1 j=1

Inserting (3.121) and (3.122) into (3.130), we have the following expression

D(T) | PY(T Z B(T) |#®P>(T Z (T), (3.131)

with functions

4 8
D) &S Nei(T),  BI)E S XD, (3.132)
i=1 i=5

7) %A - Z Z [ T+ &(T )}, (3.133)

EZ E’
Z vk El exp
T

defjl
E’ EZ
V1. exX
zk p(- 21

Expression (3.131) gives a relation between the auxiliary densities 72!, 2% and T, in particular, it allows

being

E(T) < (3.134)

us to express 1% in terms of ' and T. Showing that these quantities are uniquely determined and
that are physically admissible is a much more involved problem, in comparison with the case of only
four reacting gases, since we have two remaining free unknowns. Anyway, we can exploit in this case
the two fictitious mass action laws (3.110)-(3.111) in order to construct a system of two equations.

By inserting the expressions (3.121) in (3.110) we get a first transcendental equation

3
. - mim?\ 2
G*(T,n') = <m3m4> ; (3.135)
with
G*(T, ") €' Gi(7") - Go(T) - Ga(T), (3.136)
being
il [ﬁhr o
- 1(T
G,(T, ") & s PT) — (3.137)
a (6%
[—ﬁl +—— } —A 4 —— ]
PUT) PYT)
L3 L4
Ek—Eif) 4 < E,g—Ef)
e ; V), €eXp ( 7 ;I/k exp 7
G:(T) = — - : (3.138)
L 1 1\ L° 2 2
Zy ex BB 2 _ Ep - EY
K 6XP 7 Vj, €xXp 7
k=1 k=1
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Gs(T) &' exp (— A? ) . (3.139)

We want now to show that there exists a unique pair of values (T il) for which 75 is uniquely
determined accordingly to the two mass action laws and in addition all the densities 71* are positive.

First of all we consider equation (3.135) and define the set of admissible densities 7! as

a? o’ ot -
A1 = {fll >0 : max (0,-..) <77l1 < min <~,~> ,VT>O} (3140)
PUT) PUT) PUT)
Now we rewrite equation (3.135) as follows

L*(T, ') =0, (3.141)

with

3
def = ~ m1m2> 2
)

L (T, 7Y € g (7,7t — M(T), M(T) < [go(T) - gg(T)}_l- <m3m4 (3.142)

being G1, Ga, G3 defined in (3.136), (3.138), (3.139), respectively. We can state the following result.

Lemma 3.3.1. For any value T > 0 there exists a unique positive value 7' in the admissible set A;
such that (3.141) is satisfied. Moreover there exists an open interval I with T € I and a unique
function ' (T) : I — (0, 400) such that ' (T) = 7' and L*(T, 7" (T)) = 0 for any T € I. Moreover
7 (T) is differentiable on I and it is possible to write explicitly its derivative with respect to T

Proof. We compute

oG,
onl

1 1 1 1
= + = + = + = )
PYT)Rt!  PYT)n'+a2 —PYT)nl+a3 —PYT)n! +a

— G PY(T) (3.143)

0% is strictly positive in the admissible set A;. It follows that for any fixed
_ n
value T' > 0 the function G; is strictly monotonically increasing with respect to 7! in A; and it ranges

and we observe that

between
lim G =0 (3.144)
ﬁ1—>max(07—P?7<2T_>>
and
lim - Gi= oo, (3.145)

it —smin (58075 5
Thus, for any positive value T, there is a unique admissible value 7! for which equation (3.141) is

satisfied and we are able to express it explicitly in terms of T":

—a? = M(T)(0® + a¥) + /a2 + M(T)(0? + ah)]? + 4aa M(T) (1 — M(T))

|
n =n(T)= = =
@) 2(1—M(T))PYT)
(3.146)
0 - - .
Being 5l = 8% strictly positive and being L*(T,7!) differentiable with respect to T for any T,
n n
we can apply the implicit function theorem that allows us to write the derivative

~.

~q

e (oL
('Y/() = < ;

;A\ (oL (T, ab) -
o . (3.147)
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At this point we compute the derivative of function L*(T,7!) with respect to T

*( ~1
OLNT, ) _ 99y _ yppy. (3.148)
or or
thus, being
oG PR 1 1 1 1
= = PH(T — + = + = + =
o ~ I PV | oat T P Ea v a2 T PR 4 ad T P 4 ad
(3.149)
we get
=1 (7 1\/ (T -1
1y () (P)(T) s (091
(n)(T) = PIT) + M(T) 5l , (3.150)
with, repeating calculations analogous to those performed in Section 3.1,
L (mim?\® D(T)
e N Nk m'm
May_@@y%@ﬁ-<m%0 S (3.151)
O
Now we adopt the notation

Yi(T, 7)) aipi(1y), i =

—5,....8, (3.152)
and, combining (3.122) and (3.131) we express quantities Y?°,...,Y® in terms of Y and T

~ ~ Ll
Wy{Wﬂ+D@)

= — lenjl -yt
B(T) B =

(T

Li
}+Zu§n§, i=5,...,8 (3.153)
j=1

In addition, thanks to the results obtained in the previous lemma, quantities (3.153) can be actually

written in terms of the variable 7" only; indeed, it is sufficient to insert in the relations above the
quantity Y(T) def A (T)PH(T), with 2 (T ) given by expression (3.146), defining

~ ~ Ll
- def N(T)  D(T) 1,1 _ yi(F
O F + ww | n ) (3.154)
and getting
~ . ~ Lz . .
YHT) = XNS(T)+ Y _vini, i=5,...,8 (3.155)
j=1
Inserting such quantities into (3.111) we have a second transcendental equation in T
sk (T m5m6 %
g™(T) = (m7m8> , (3.156)
with
g () % G,(T) - G5(T) - Go(T), (3.157)
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being

Jd [ Lo
Zyj’ng’—i-S(T) Zl/GnG—i-S( )
~. def |J=1 | =1 ]
Gu(T) E = = . = (3.158)
Zujnj—S(T) Z vind — S(T)
_]:1 - _j:1 -
L7 L8
E7 — E7 ES—F
S o] exp <_ i 1) S s exp <_ i 1)
~. def k=1 T k=1 T
95(T) = /5 T : (3.159)
Zu5ex <_Ek_E1> 6 <_Ek_E1>
% €XP = Vg €XP =
k=1 T k=1 T
- AE**
Go(T) % exp ( - ) . (3.160)

We show that is possible to find a unique solution of (3.156) in terms of the actual parameters of

the mixture. Firstly, we define the admissible set for the temperature

L5 L6 L7 L8
Ay ={ T >0 : max —Zu?n?,—zy?n? < 8(T) < min Zu;n;,z%snf
j=1 j=1 J=1 J=1
(3.161)

Then, we extend results obtained in Section 3.2 to this case.

Lemma 3.3.2. Let [ = (T1,Ty) C Ay be any interval in which the function B(T) given in (3.132)
is strictly negative (positive), then the function S(T') is strictly monotonically increasing (decreasing)
in I with respect to T

Proof. Recalling expressions (3.133) and (3.132), we define

Ll
N(T) ENT) + DT |3 vinl - YD) (3.162)
j=1
Thus we write S(T) as i
S(T) = @ (3.163)
B(T)
and its derivative with respect to 7' can be written as
N e
sy = D _ g B0 (3.164)

B(T) B(T)
Defining functions

L' L 1/ % . Ei+ E! —2F:!
g E Ik E,ﬁ]Qexp S M -
i def j=1k=1 212 ] 1
JrZ(T) 1€

. >0, i=1,...,8,  (3.165)

El E1
Z v}, €Xp 7
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we are able to write

4 8
D(T)=>_XNF(T), B(T)=> NF(T), (3.166)
=1 1=5
getting
) 3 8 L o 8 L*
N(T) =~ z; (Z Vi n;) - z; (Z} v n;) FUT)

FUT) —D(T)(YY(T) (3.167)

which, since the quantity Y (T') belongs to A, is negative. Thus we get

/N__L § Z/ZTLZ z
S(T) = B(T){ 11(31 )+Z{Z + NS

+§; {Z vinh 4+ N ( NT) - Zy;n;)] FUT) +D(T)(Y1)’(T)}. (3.168)

)| FA(T)

7=1

Underlying the fact that we are taking T in the admissible set A5 and since by results of Lemma 3.3.1

we have

-1
(YVY(T) = (@1)(TYPN(T) + 7 (F)(PYY (T) = M (T) (%) , (3.169)

onl

with M'(T') expressed in (3.151) that, being the functions Go and Gs positive, has the same sign of
D(T). We can then conclude that the term in the whole curly brackets of (3.168) is positive and
thus the signs of §'(T") and B(T') are opposite. O

We prove another result concerning the behavior of S.

Lemma 3.3.3. The function S(T) admits a unique positive value T* such that S(T) = 0.

Proof. Since

S(T) = A y (3.170)

keeping in mind the the expression of A'(T) defined in (3.162), we show that the function vanishes
for a unique value of T. We are discussing the result depending on the sign of the quantity AE*. If
AE* < 0, recalling the definition of function M (T)) given in (3.142), we have lim;. . M(T) = 0,

and from expression (3.146) we have

—a? — M(T)(a® + o) + \/[oz2 + M(T)(aB + a4)}2 + 4030 M (T)(1 — M(T))

i) = 2 (1 - M(T))

(3.171)

So we can write
lim YY(T) = 0. (3.172)

T—0+
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If, instead, AE* > 0, the limit for T — 0T of M(T) is +00, so the computation of the limit of
Y(T) is not straightforward. In fact we get (rationalizing (3.171))

lim YYT)
T—0+
3.4 T
~ lim : QOi o M(T) i
T=0% 02 4 M(T) (o + o) + \/(a2)2 + M(T)2 (a3 — a*)? + M(T) (202 [03 + o) + 4a3a]
. 203t
= lim
T—0+ a2 3 4 (a2)2 3 42 a?(ad+at)+4a3at
M(T)+(a +a)+\/M(T)2+(a at)” + = AT
20304
aa = ok, (3.173)

:a3+a4+|a3—a4|

with K =4 if a® > a* or K = 3 if a* > o3, the effective value does not affect the result. At this
point we can state that, keeping in mind the expressions for quantities o’ given in (3.123),

—AE*Z in}  if AE* <0

lim D(T) |> vinj —YNT)| = (3.174)
j=1
! AE* Z VK if ABF >0,

that is, in both cases, a positive quantity. Computing the limit of N(T)

lim N(T Zmz — [af?) +f ZZVnT’

T—0+ =1 =1
+ZZV nt (B — E}) > 0, (3.175)
=1 j=1

we can state that the function N'(T') tends to a positive value as T — 0. On the other hand

lim N(T) = —co. (3.176)
T—+o00

Recalling now that N”(T) < 0, and being the function N(T) continuous, it is null in only one
T=T" O

Now we have the following result.
Lemma 3.3.4. On every interval (Tl,T2> C As the sign of B(T) does not change.
Proof. Being the limit

Ll
E Vi- EZ‘»
8

lim B(T) = —AE™, lim B(T) =Y nNT (3.177)

T—0 T—+00
=5 i
Z Vi
j=1
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and since the derivative of B(T') expressed in (3.166) may change sign in relation to internal energy
levels and collision frequencies, it could exist a positive value T# root of B(T'). We shall suppose
that the choice of initial data, internal energies and collision frequencies is such that T# % T*, since
in this case we would have only algebraic equations. We suppose that T# belongs to an interval
(TI, Tg) C As, but we would have also

lim S(T) = +oo (3.178)

T—T#
getting a neighborhood of T# not contained in Ay. Thus B(T) does not vanish on any interval
(Tl, Tg) of AQ. O

Now, let (Ta,fb) be a connected component of A. The previous result has as a consequence the

fact that on (Ta, Tb) the sign of S'(T') does not change. This means that S(T') varies monotonically
from the minimum to the maximum value that it can assume in Ay, which have different sign.
Consequently it has a root in (TI,TQ). Also in the case in which T, = 0, since limg_,, B(T) <0,
S(T') is monotonically increasing from limTHOS(TZN’) < 0 to its upper bound that is positive, having
a root as well. Since in Lemma 3.3.3 we proved that S(T) has a unique positive root, it follows that

(Ta, Tb> is the only connected component of A, then the set A, is connected. This fact allows us to

study the properties of the function G*(T',Y) defined in (3.136), in particular we have the following
statement.

Lemma 3.3.5. There exists a unique value T € Ay such that

mTm8

L(T) € g (1) - <”M>2:o. (3.179)

Proof. We compute the derivative with respect to T' of the function L**(T) Repeating the same

calculations performed in Section 3.1 we have
~1

= L**(T) Z Zylnwrx T) —;QB(T) : (3.180)

=5 \j=1

dL**(T)
dT

The term in square brackets is positive in Ay and, as proved in Lemma 3.3.2, (S)/(T) and —B(T)
have the same sign. It follows that L**(T') is strictly monotonically increasing or decreasing in As,

that is an interval of type <Tmin7Tmax>- In particular, when T — Tpin, L**(T) - — (%) % and
when T' = Thoe, L**(T) — +00, or vice versa. This holds also in the case T}, = O if we have

AE* > 0; if, instead, AE** < 0, it is needed to take the inverse in both sides of equation (3.156)
3
and repeat all the calculations defining L**(T) as [G**(T )]_1 - <m7m8)2. Thus, we can find a

m®mb

value T for which L**(T) = 0. O

This result provides the existence and uniqueness of a solution of an admissible auxiliary temperature
T that can be expressed in terms of actual parameters of the mixture. By inserting it in (3.146) we get
the admissible quantity Y'! then from (3.121) and (3.153) we obtain the remaining Y?, i = 2,...,8.

This allows us to reconstruct the Maxwellian attractors M; given in (3.108) and those attractors
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provide the equilibrium states of the distribution functions for i = 1,...,8 and j = 1,...,L". In
particular, equilibrium mean velocities, temperatures, and number densities of each component will

be exactly the auxiliary parameters individuated previously:

u=u=u Ti=T =T nt = n’

J ) j ) y ; 1=1,...,8, j=1,...,L", (3.181)

with global density of each gas n’ related to the number densities of its components by the usual

constraint

(-5
S PAT T
ni =n' : (3.182)

T Em

and all the densities n’ of the the two quadruples involved in the two reactions are bound together

by (3.105) and (3.106), respectively. We are able to prove that, in space homogeneous conditions,
these equilibria are asymptotically stable. Indeed, we set the densities vector £ = (fi,... ,fgg) and

we define the physical entropy as

ZZ / £ log(f}) d (3.183)

=1 j=1

Then we have the classical result already shown in analogous or more general settings.

Theorem 3.3.6. Let £, be an initial state for the problem (3.107) in space homogeneous conditions
and let £,, be the corresponding stationary state. Then for the functional H defined in (3.183)
we have H[f*] > H[f \,] and H[f*] < O for any £* # £,,, while H[f,,] = 0. It follows that the
functional H defined in (3.183) is a Lyapunov functional for the BGK model and f ,, is the unique

stable equilibrium.

Proof. The proof of this result is analogous to the one performed in Section 3.2 for the four gases
case. The main differences are that, when showing the minimality of the Maxwellian configuration,

computing the quantity

- M;l) dv (3.184)

zz/%

1 =1

fI\I
with
; f
Z Z filog (3.185)
=1 j=1
and f;* any other configuration, we have to take into account the fact that for number densities in

the Maxwellian state n’ and for those in the other state n** we have

nt —nt" =n? —n? = -3 —n?") = —(n* —n*"), (3.186)

n® —n® =nS —nf = (" —n") = —(n® —n®"). (3.187)

Moreover, in the calculations, we have to take into account both the mass action laws. Similarly, the

two laws apply when we show that H[ﬁ*] < 0 for any f* # f ,, and ﬂ[fM] =0, in particular we use
them to state that

M
Z Z / ) log <(mi;3> dv=0. (3.188)

=1 j=1
U
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3.4 Macroscopic equations for mixtures of eight gases involved in two
disjoint chemical reactions

We derive from the BGK model (3.107) evolution equations for main macroscopic fields (number
densities, mean velocities, temperatures) for each component of the gas species of the mixture,
performing the same calculations reported in the previous sections; we restrict also in this case to the

space homogeneous conditions in one space dimension, obtaining the following system

on’ o . =1,...,8
J :V;(ﬁ;—né), ? ) 3 Oy
ot g=1,..., L%
ou’ Rk . =1,...,8
Ty (), T (3.189)
8t J J .
n] j: ) '7L27
ot Rk 1 , =1,...,8,
oy (Peri - g?), |
ot n 3 j=1,..., L%

Auxiliary quantities are given in terms of the actual ones, more specifically, @ is explicitly given in
(3.127), fz; is provided by (3.109) and (3.118)-(3.119), once that the temperature T is found as
solution of the system of two transcendental equations given by (3.135)-(3.156) and the quantity 7°
can be obtained from (3.131). The evolution of the 3(L! + ...+ L?®) equations of (3.189) provides
the trend towards a unique equilibrium configuration that is uniquely determined once that initial

quantities (n;)o (u;)g (T;)o are assigned.

3.4.1 Numerical simulations

For simulations, we take into account the two reversible reactions taken as model in Section 3.2, that
were considered as two separate mixtures, and we take them now as a mixture of eight interacting gas
species. The two reactions are one involving hydrogen Hs (with mass 2.02 g/mol), iodine Is (253.8
g/mol) and hydrogen iodide HI (127.91 g/mol)

Hy+ L= HI+ HI, (3.190)

and another one having as reactants chloro nitride CINO (81.46 g/mol) and nitric oxide NO (30.01
g/mol) forming nitrosyl chloride CINO (65,46 g/mol) and nitrogen dioxide NOy (46.01 g/mol)

CINO; + NO S NO, + CINO. (3.191)

Thus, we set up eight gas species that have mass ratios reproducing gases involved in reactions (3.190)
- (3.191). In particular, we suppose that species G3 and G* coincide, so they shall share not only
the same mass but also the same internal structure and initial data. Masses of gas species involved

in our model will then be

mt =01, m?=128, m®=m*=6.45,

m® =4.03, mbS=149, m’ =228 md=324 (3.192)
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For the internal energy structure of species involved, instead, we suppose each gas composed by

energy components with corresponding energy values for each species as follows

Gt =clucy, Ei =65, El=1.5,
G2=C2uCiucy, E2—7, E}—8, E2—85
G3 =C}uCs, E}=6, E5=T,
G* = CtuCs, E{=6, E;=T,
(3.193)
G° = CyUCs, E}=6, Ej=T,
Gé=cfucSuctucs, ES=7 E$=8, E$=10, E$=12,
G'=CclucCiuci, El =55, EI=6, EI=71.5,
G =C8uUCSUCE, E$ =4, E§8=9, E§=10.
Quantities considered in our simulations will be components concentrations given by
: nt
i (3.194)

_ J
’ Z}SLZI 2521 ”Z ’
along with velocities and temperatures, both normalized with respect to the corresponding equilibrium
values. We set now initial data for concentrations, velocities and temperatures as reported in Table
3.7 and Table 3.8.

clalce|a|lala|agl|aolcda

co || 0.06 | 0.03 | 0.04 | 0.02 | 0.07 | 0.06 | 0.05 | 0.06 | 0.05
ug || 0.3 0 01|04 | 02|06 |01 06|01
Th 2 4 1 25 2 6 15 6 15

Table 3.7

e lces | os|ces|co|lcr|ci|ct|es|cs| o

co || 0.06 | 0.05 | 0.04 | 0.04 | 0.06 | 0.03 | 0.04 | 0.02 | 0.07 | 0.06 | 0.04 | 0.05
up || 0.3 0 01|04 02|06 | 01| 04| 05|03 0 0.2
To 2 4 1 25 2 6 15 | 25 3 45 5 1

Table 3.8

As regards collision frequencies, we define the sets of indices as done in Sections 3.1 and 3.2, taking
fori=1,...,8and j=1,..., L}

h

plt — _ i E +EM_E _EM<O 3.195
m—l,...,L, . m+ D J kE = 9 ( )
k
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h=1,...,8,
D ={ m=1,.. [, :E +E'-E—E'>0;, (3.196)
kp=1,...,L"
)
i #n, k=1,...,L"
D% = hln: (i,h), (I,n) m=1,...,I}, : B+ E —E;—E} <0
€ {(172)7(374>7(27 1)7 (473)}7 p: 17"'7Ln
( (3.197)
i #n, k=1,...,L"
DY = {hln: (i, h), (I, n) m=1,... L :E,+E}—E—E>0
€{(1,2),(3,4),(2,1),(43)}, p=1,....L"
(3.198)
i£n, k=1,...,L"
D% = hln: (i, h), (I,n) m=1,...,I}, : Bn+E —Ej—E} <0
€{(5,6),(7,8),(6,5), (8,7}, p=1,....L"
( (3.199)
i #n, k=1,...,L"
DY = {hln: (i, h), (I, n) m=1,... L :E,+E—E —E>0
€{(5,6),(7,8),(6,5), (8,7}, p=1,....L"
(3.200)
and taking
. S E}, + E) — El — E} I
M= 2 vmkew |- 7 X ik (2
h.k,m,pe D2, h.k,;m,peDL’
3 .
mimd\ 2 El, +E"—FE.— E}
D SR e e (3:202)
h.k,l,m,n,pe D UDE!

h,k,l,m,n,pED%U'DE’;

. k+j

th 7P = ———
W Vi 20(m +p)
gas species set as reported in Table 3.9, Table 3.10 and Table 3.11.

. Results obtained show final concentrations of single components and of

cl | ot |2 ez | 2| 3| 3| ot |

cy || 0.002 | 0.002 | 0.02 | 0.015 | 0.013 | 0.111 | 0.084 | 0.111 | 0.084

Table 3.9

In particular, we have that ratios between reactants and products of the two reactions are

1 2 5 6
WtV g3 gy (3.204)
v+ T v T Tm
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cy || 0.044 | 0.033 | 0.055 | 0.041 | 0.023 | 0.013
cl ||| | o] o

cy || 0.068 | 0.059 | 0.039 | 0.129 | 0.031 | 0.024

Table 3.10

G* G* G3 G* G® G° G7 G8

vum || 0.004 | 0.047 | 0.195 | 0.195 | 0.077 | 0.133 | 0.165 | 0.227

Table 3.11

Compared with results in Section 3.2 for the two reactions taken separately, for which we recall that
ratios between reactants and products were 0.033 for reaction (3.190) and 0.7 for reaction (3.191), we
can observe that the equilibrium is different. In particular, for reaction (3.190) we have a higher final
presence of reactants, instead for reaction (3.191) reactants are slightly more reduced, with consequent
higher increasing of products. Final values for mean velocity and temperature are, instead, uy; = 0.27
and Tj; = 3.54. These values are not very different from the ones obtained in the two simulations
for the separate reactions. The behavior in time of components concentrations, normalized mean
velocities u% = u}/ups and normalized temperatures T} = T} /Ty in space homogeneous conditions

J
is depicted in Figures 3.7 and 3.8.

3.5 Conclusions

We have generalized the BGK model proposed in Chapter 2 to mixtures of polyatomic gases under-
going bimolecular and reversible chemical reactions. The additional difficulties with respect to the
inert frame are essentially due to two reasons. At first, single number densities are no more preserved
during the evolution, since particles involved in a reactive collision change their nature; consequently,
proper auxiliary number densities affect the Maxwellian attractors of the BGK collision operators,
and they are related in a non—trivial way to species masses and concentrations, to global (auxiliary)
temperature and to the chemical energy gap. Then, the mass action laws of chemistry that charac-
terize chemical collision equilibrium, and that are assumed to be valid also for auxiliary parameters,
constitute additional transcendental equations to be combined to the energy conservation requirement
(that is a transcendental law by itself) in order to prove well-posedness of auxiliary number densities
and temperature.

In particular, as first model, we have considered a gas mixture of four species undergoing a chemical
reaction. In this case from the conservation of total mass, we found that all auxiliary densities can be
expressed in terms of only one of them and of the auxiliary temperature. Moreover, from conservation
of total energy, the former can be expressed as function of the latter. Finally, from the mass action law
related to the reaction, we obtained a transcendental equation for the auxiliary temperature and we

proved that it has a unique positive solution in the admissible set, i.e. the set for which all the auxiliary
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Figure 3.7: Concentrations for a mixture of eight reacting gases with energy levels as in (3.193), initial val-
ues for concentrations, velocities and temperatures as in Tables 3.7 and 3.8, considering masses
reported in 3.192.

densities are positive. We have also performed some numerical simulations of evolution equations for
species concentrations, velocities and temperatures corresponding to this BGK model. Firstly, we
have considered two different mixtures, with particle mass ratios corresponding to real cases, namely
to the ones of two real bimolecular and reversible chemical reactions. The trend to equilibrium turns
out to be much slower for the species much lighter than the others, and this is in agreement with the
separation of species with disparate masses observed in several physical problems [68]. As last test,
we have taken into account a real case of bimolecular but irreversible reaction. Aware of the fact that
our model is based on reversible reactions (for irreversible ones the mass action law used would not
be applicable) we have performed numerical simulations taking mass ratios similar to the real ones
and then adjusting parameters to have a consistent consumption of one of the reactant in favor of a
major final quantity of products. Results obtained show that we have such an outcome taking a quite
high energy gap between reactants and products, low initial temperatures values and setting collision
frequencies in order to make the inverse endothermic reaction less probable.

The second model for which we have made a BGK-type based study is a mixture of eight gas
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Figure 3.8: Normalized velocities and temperatures for a mixture of eight reacting gases with energy levels as
in (3.193), initial values for concentrations, velocities and temperatures as in Tables 3.7 and 3.8,

considering masses reported in 3.192.

species involved in two separate chemical reactions. For this framework, the expression of auxiliary
quantities in terms of actual parameters is much more technical. From conservation of total mass, we
have that species involved in the first reaction can be expressed in terms of the auxiliary temperature
and one of the four densities involved, the same for the second reaction. Thus we have three auxiliary
unknowns. Applying conservation of total energy, we have obtained a relation involving the three
quantities, and this yields that one of the two densities can be written in terms of the other one
and the temperature. Using the first mass action law, we have shown that is possible to express the
remaining density as function of the temperature, which is finally the only admissible solution of a
transcendental equation coming from the second mass action law. The demonstration of existence
of such solution is more involved, especially in the first part. Here, in fact, in the computation of
various limits the sign of the energy gap related to the first reaction plays an important role and
we had to distinguish two possible cases. Also for this second mixture we have performed numerical
simulations for macroscopic quantities. Considering the two reversible reactions taken as separated
models in the four-species case, we have taken them together, observing different equilibrium ratios
between reactants and products for both.

We finally point out how it would be interesting to test our BGK model and corresponding macro-
scopic equations also in space dependent problems, as for instance the shock wave structure, comparing
our results with the ones obtained for inert mixtures in the frame of extended thermodynamics [85],

or from kinetic systems for reactive monatomic gases [18] or for a single polyatomic gas [73, 96].
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4 Derivation of reaction-diffusion equations from
kinetic models for gas mixtures

In the previous part of the thesis, we have derived, from BGK models, equations for the macroscopic
quantities. As known, the whole system describing the behavior in space and time of observables is
not closed. Through proper scaling procedures is possible to derive the classical Euler or Navier-Stokes
equations for gaseous flows, see e.g. [15]. Another possible strategy leading to closed macroscopic
systems, adopted in [12], is to obtain, starting from the kinetic description of Boltzmann type for a
mixture of four reacting gas species, reaction-diffusion equations for the number densities of reactants.
The utility of such an asymptotic closure is confirmed by the fact that a wide range of phenomena can
be described by means of reaction-diffusion systems in mathematical biology, with particular reference
to the epidemiology (diffusion of infectious diseases) [86,91,92,120], in ecology [34], in the physics
of hot plasmas [121], and of course in chemistry [76]. Mathematical aspects of these systems have
been extensively investigated, see for instance [62,95,119].

Starting from the features of gas mixtures considered so far, we want to apply the strategy of [12] to
a mixture where monoatomic and polyatomic gases interact, not only elastically, both also chemically
and non-elastically. In more detail, this chapter is organized as follows. In Section 4.1 we present the
physical setting we are considering: a binary mixture composed by a polyatomic (diatomic, having two
discrete internal energy levels) and a monatomic gas, diffusing in a gaseous background (typically,
the atmosphere) composed by three much denser monoatomic gas species. We write the kinetic
Boltzmann equations for the two components of the polyatomic species and the monatomic one, with
explicit collision operators for elastic collisions, two possible inelastic transitions and two reversible
chemical encounters. We perform a time scaling in which the dominant process is assumed to be
the elastic scattering with the host medium, while we present three different scalings for the various
chemical reactions. In the first one we assume that all elastic encounters with the background
occur with the same frequency, and that all chemical and inelastic collisions occur at a much slower
(common) scale. In the second, we suppose that monatomic species collides with the background
more frequently, while in the third one we also take one of the chemical reactions occurring at a
faster time scale. Section 4.2 is devoted to the diffusive asymptotic limit from the kinetic level, in the
first hydrodynamic regime, leading to a closed set of three reaction—diffusion equations for species
number densities. Then, in Section 4.3 the second regime is explored, obtaining a system of two
reaction—diffusion equations and a third equation with only a reactive term. The last modification in
the regime is considered in Section 4.4, in which we obtain a reduced set of only two macroscopic
equations similar to the classical Brusselator system. Finally, Section 4.5 contains some concluding

remarks. This chapter is an extension of results proposed in author’s post-print [22].
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4.1 Physical setting and Boltzmann equations

We consider a mixture of two rarefied gases diffusing in a background medium: one species Y is
supposed to have two possible energy levels, E1 and Es, thus, according to the way of modeling
proposed in [56,58] and considered throughout the other chapters of this work, it can be decomposed
into two different components, Y7 and Y5; the other gas Z is monatomic and has only one energy
level, E. Particle masses of these gases are denoted by my and my, respectively.

The host medium, which from the physical point of view could be seen as the atmosphere, is
a gaseous mixture and is much denser than the considered species Y7, Y5, Z. Specifically, in this
model the background is provided by a mixture of three gas species A, B and C, with different
particle masses m 4, mp, mg. Also these background species are supposed to have only one possible
energy level, expressed by F4, Eg, E¢, respectively. Their distributions are supposed to be fixed
Maxwellians, with constant number densities n4, ng, ngc, temperature equal to one and zero mean

velocity:

fr(v) =nsM;(v) Mj(v) =ny (;‘T])gexp (—m‘j2|v|2> J=AB,C. (4.1)

We shall write and investigate (in different asymptotic limits) kinetic Boltzmann equations for the
evolution of distribution functions of species Y7, Y3, Z, denoted by f1, fa, fz, respectively. Besides
on molecular velocity v, they depend also on time ¢ and on the space variable x. Particles, in addition
to elastic collisions with the background medium and among themselves, are assumed subject to the

following inelastic transitions or chemical reactions

A+Y — A+Ys, (4.
Z+4+Ys > Z 4V, (4.
B+Y, S A+C, (4.
Yi+Y1 S Z+ B. (4.
The interactions (4.2) and (4.3) are inelastic transitions where particles of species Y, colliding with
the background (in (4.2)) or with the other species Z (in (4.3)), pass from one energy state to the
other, namely a particle of the component Y; transforms itself into a particle of the component Y5
or vice versa. The collisions (4.4) and (4.5) represent bimolecular and reversible chemical reactions:
(4.4) describes creation or disappearance of a particle of species Y] through interactions with the
background medium; in (4.5) a pair of particles Y7 produces a particle Z and a background particle
or the other way round. From the physical point of view, the reactions (4.2)—(4.5) represent a simple
set of bimolecular interactions (that can be easily modelled by Boltzmann operators) allowing to
recover, in a suitable hydrodynamic limit that will be detailed afterwards, the well known Brusselator
system [98]. External production of particles is provided by chemical interactions with the fixed
background, and passages from one component to another (with the same mass) occur through
inelastic transitions.

The kinetic Boltzmann equations for distributions f;(t,x,v), with I = 1,2, Z, may be cast as

AL A A > Qur(fnaMp)+ > Qpr(fr, fr) + Qin(E) + QGu(f). (4.6)

ot
J=A,B,C K=127

108



Here QL (f1,m;My) denotes the collision operator for the elastic scattering between the considered
species I and one background species J = A, B, C. Then, the operator QIEL(fI,fK) describes the
elastic collisions between particles of the species I and particles of only one other species K = 1,2, 7,
including of course the case K = I. Finally, the operator Q1 (f) takes into account the effects on
species I due to inelastic transitions (4.2), (4.3), and QL ;;(£) the effects due to the chemical reactions
(4.4), (4.5); here f denotes the whole set of distributions, the precise dependencies will be specified
here below.

We shall write explicitly the collision operators that govern the dynamics, adapting the generic
operators derived in section 1.1 of Chapter 1, which are written for generic encounters, to each
particular collision (4.2)—(4.5). For this reason, we shall use the same notation for all quantities and
functions involved in calculations. For convenience, we report the operator for a generic encounter

between four components, Cr,Cy, Cyg, Ck,
Cr+C; s Ch + Ck, (4.7)
that is (for component C7)

f[7fJ7fH7fK( )
// (9° = 015) goi (9. €2 - )
R3 JS2

( i, ) F (V) fie (W) — Fr(v) fr(w) | dwaY.

MHK
(4.8)

Concerning operators relative to elastic collisions, they come directly from the classical Boltzmann
collision model. In this case there is nor internal energy exchange, nor change of particles masses, thus
both the Heaviside function and the ratio between reduced masses are identically one. Consequently,

elastic operators between a gas component [ and a background species J are
Qb (f1,msMy)(v) = / o192 Qg [f1(V ) My (W) = fi(vIngMy(w) | dwd¥ (4.9)
R3 xS

for I =1,2,7Z and J = A, B,C, while elastic operators between a gas component I and another

component K are
Qr(f1, fi)(v) = /R o 011 (9.2 W)g | f1 (V) fic (W) = fi(¥) fic (w) | dwaf . (4.10)

In this case we indicate by o77(g, €2-€’) and 075 (g, Q- €’) the differential cross sections. Moreover,
a Maxwell molecule assumption [87] will be adopted throughout the chapter: the intermolecular forces
are supposed to be proportional to the in verse power d5, where d is the intermolecular distance. This

has as a consequence [36] that

AN ~ ) def Ao
[ oo aygay . [ oo @ @ygat Lo @y

S S

where v7; and vy are constant collision frequencies.
As concerns inelastic transitions, we have dissipation or absorption of internal energy during the
collision, but particles do not change their nature. Furthermore, we are taking into account only "one-

way" transitions, thus we shall take the collision operator in case of irreversible processes, outlined
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in Chapter 1 as well. Since components Y; and Y> are involved in both interactions (4.2) and (4.3),

their inelastic operators may be split into two parts

Qin(E) = Qin(f1, fo.naMa) + Qin(f1. fo. f2),  I=1,2. (4.12)

Inelastic collision operator for Y related to the collision (4.2) is simply provided by a loss term as

Qi fonada)(v) = = [ m(e? = 54) g0 i 0. 00 ) fi(vymadla(w) dwa¥ . (213

On the other hand, collision (4.2) produces a gain term for component Y2, that may be cast as

N2
Qi nadt) ) = [ 8 ( = 58) Lot 0 ) (AW dwaY.
R3xS

(4.14)
Analogous operators are in order for transition (4.3), with a gain term for Y7 and a loss term for Y5:
2
An(hofaf0) = [ 8= 02) U o2 0 8) v fa(w) dwa - (415)
X

Qin(f1, fo, f2)(v) = — /]Ri‘ o H(9° — 6%3) 9053(9, S0 - ) fo(v) f2(w) dwdSY'. (4.16)

The species Z is involved only in the inelastic transition (4.3), and it has both a gain term and a loss
term, thus we have

Z _ NZ _ 2_Z2wZI/A.A/ ! /
QIN(f)—QIN(flvf2afZ)(V)_/ H(g 521) P o72(9, 8- Q) fa(v') fz(W')

R3 x 52
—8 (g = 628) 9059, 2 ) fo(v) fr(w)| dwdSY.
(4.17)

Boltzmann collision operators relevant to chemical reactions (4.4) and (4.5) are more standard,
since bimolecular reversible reactions have been extensively studied in kinetic theory [12,13,58] and
they can be directly derived from the general operator (4.8). Component Y; is involved in both

reactions (4.4) and (4.5), therefore the relevant operator is the sum of two terms

Qen(f) = Qo (fi,naMa,ngMp,ncMc) + Qe (fi, fz,nsMp), (4.18)

where the first one, taking into account the reaction (4.4), is provided by

~

Qtn(fisnaManpMp,neMe)(v) = /]R LB 057) o5 (9.2 - )g
X

3
% [(mBmy> neMo(V)YnaMa(w') — fl(v)nBMB(W)] dwdSY',  (4.19)

mamc

and the second one, accounting for the effects of (4.5), reads as

Qtu(fi, fz,nMp)(v) :/ H(g* —67P) olP(9.Q- g

R3 x .52
2 3
X [<mj7§13> fz()npMp(W') — f1(v)fi1(w) dwd€) (4.20)
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The other component Y3 of the polyatomic gas is not involved in reactions (4.4) and (4.5), therefore

Q% (f) = 0. The monatomic gas Z appears only in reaction (4.5), and we have

Qéu(f) = Q¢y(fr, f2,mpMp)(v) = /}R3 SQH(QQ—&I B) 045(9.Q-)g

myzm )

8 [< ; B) V) ALW') = fz(v)ngMp(w)| dwdQ' . (4.21)
y

Even for inelastic transitions (4.2), (4.3) and for the direct reactions in (4.4), (4.5), cross sections

will be assumed of Maxwell molecule type as
A A A, def
/S o1y (9,2 ¥)gd = vt (4.22)

with vE2K denoting constant collision frequencies.

4.2 Derivation of a three-component reaction-diffusion system

In this section we derive a reaction—diffusion system for the number densities of the two components Y;
and Y5 of the polyatomic gas, and of the monatomic constituent Z as well, in a suitable hydrodynamic
limit. To this aim, we rescale the set of Boltzmann equations (4.6) in terms of a small parameter
¢, standing for the Knudsen number (ratio of the particle mean free path to a macroscopic length,
introduced in Chapter 1). We assume different time scales for collisions among particles as follows:
the dominant phenomenon is provided by the elastic collisions with the much denser background
medium, that are taken of order 1/¢; binary elastic collisions between particles of the species Y7, Y»,
Z are less frequent, of order e with whatever p > 0; inelastic and chemical encounters (4.2), (4.3),
(4.4) and (4.5) are assumed to be slow processes of order €. Since we are interested also in the effects
on species number densities of inelastic or chemical interactions, we take the same O(e) scaling in
front of the temporal derivatives. Thus, the rescaled Boltzmann equations for distribution functions
of Y1, Y5 and Z read as

off 1
€ 8];1 + v fof: g Z Q}E'L(ff,nJMJ)‘Ffp Z Q}EL(flifﬂ
J=A,B,C 1=12,7
+eQry (£) +eQep (£), (4.23)
B v Vegi= LY QhulE M) e Y QRS e Qi (), (429)
€ JjZaBcC =127
a €
‘ aftZJrv-fo%: LY QhlsmaM) e Y QR £
J=A,B,C 1=12,7
+eQin(E)+eQiy(f). (4.25)

In order to stress the fact that the solution of this system depends on the scaling parameter ¢,
distribution functions are denoted by f7, I = 1,2, 7, and the corresponding number densities will be
given by n{, n5, n%, respectively. We have skipped here the rigorous dimensional analysis leading
to the rescaled system (4.23), (4.24), (4.25). A detailed derivation of dimensionless Boltzmann—like

or BGK kinetic equations may be found in several references, as for instance [4,7, 36,93, 106].
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We immediately note that in the kinetic equations (4.23), (4.24) and (4.25) the Boltzmann oper-
ators describing collisions with the background play the dominant role, namely

Z QLL(ffingMy) =0(e), 1=1,2,7. (4.26)
J=AB,C

We show now how distributions f5, for I = 1,2, 7, may be seen as perturbations of a collision

equilibrium. Since (4.26), we write a first order expansion for each distribution:
fit,x,v) = fs(t,x,v) +ehS(t,x,v), I[=1,22, (4.27)

Consequently, for any subindex I the Boltzmann equation can be written as

_ 1 _ s o

veVxfi = - > Qe (ffnaM)+ > Qup(hfnsMy)+e” > Qi (ff, [5)+0(e).
J=A,B,C J=A,B,C 1=12,7

(4.28)

As first, we immediately get

Z QIE'L(.]E;,TIJMJ) = 07 I = 1,2,2. (429)
J=A,B,C

This means that the functions f; are of Maxwellian type, having mean velocity 0 and temperature

one as the host medium, namely

fit,x,v) =n5(t,x) M(v), (4.30)
with , )
Mi(v) = (%)2 exp (mg‘” > . (4.31)

From the next order (O(e”)) of (4.28) we have instead (here we consider the case p = 0)

veVfi— Y QL) =Y Qip(hi,nsMy). (4.32)

I=12.7 J=A,B,C

If we define the linear operator:

L) > Qbr(nsMy), (4.33)
J=A,B,C

it turns out to have the well known mathematical properties of boundedness, self-adjointness, and
validity of the Fredholm alternative [12,36] in a suitable L? space W, which can be thus decomposed
as

W =R(L;) ®K(Ly), (4.34)

being R(Ly) and IC(Ly) the range and the kernel of L, respectively. It means that is possible to

uniquely (up to a Maxwellian addendum) determine the functions B} Summing up, we have

fe(t, x,v) = a5(t, x) My (v) + e hS(t, %, V), I=1,2,Z (4.35)
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Integrating (4.35) in dv we get, indicating by n§ the number density provided by [gs f(v)dv

RS (1 %) = nS (£, x) — / R (v)dv, (4.36)
R3
and, inserting this expression into (4.35),
fit,x,v) =n5(t,x)Mr(v) + € h5(t,x,v), I1=1,2,27, (4.37)

with

h$(t,x,v) = h$(v) — My(v) /R3 hS(v)dv. (4.38)

The function h§ is of order O(1), fulfilling the constraint

i) dv=o. (4.39)

Therefore, in this hydrodynamic regime, in order to describe the evolution of distribution functions

f7 at leading order accuracy it is enough to build up consistent evolution equations for number

1+ € € €
densities ng, ng, ng.

4.2.1 Equation for the density of the first component

By integrating (4.23) with respect to the kinetic variable v, we get

g [ frav e e [ vhidv=c [ (@Qhy(©)+ Qb (©) av. (4.40)

since elastic contributions obviously vanish [36] (the nature of particles does not change in elastic

collisions):

/ Qpr(ff,nyMy)dv =0, J=ADB,C, and / Qur(ff, ff)dv=0, I=122
R3 R3

(4.41)
Bearing in mind the expression of the distribution functions provided in (4.37), the equation (4.40)
becomes

g+ eV [ viav=c [ (@hy M) +Qby (M) dv+O(),  (442)
R3 R3

with nM the whole set of Maxwellian distributions n$ M; (I =1,2,Z) and ny M; (J = A, B,C).

Inelastic and chemical collision contributions may be explicitly computed (for Maxwell molecules
interactions) when distributions are accommodated at a Maxwellian shape [13, 56, 58]. Detailed
calculations for a general bimolecular and reactive encounter are reported in Appendix A, here we
summarize the results relevant to species Y;. Contributions due to inelastic transitions (4.2) and
(4.3) read as

2
[ @bt e nada) )iy = v v (5 0B Jun, (443)

3

2
J R A e e
R3

i @(AE%)) nong,  (444)
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respectively. As expected, contribution (4.43) is negative, since transitions (4.2) produce a loss of
particles Y7, while term (4.44) is positive, since in encounters (4.3) one gains a particle Y. Reactive

source terms due to collisions (4.4) and (4.5) are provided, respectively, by

2
/ QCH (n{My,naMy,npMp,ncMc)(v)dv I/AC F<2,@(AE§?)>

N
3
mpmy \ 2 AC e
X [(mAmC> eXp( Bl )nAnC an1] 5
(4.45)

2 3
[, Qutniat ngdz mnda iy v v (5 0088

PN
X [< Y ) exp(AElle)n%nB—(ni)Qi, (4.46)

mpmy

and they turn out to be a balance between a gain and a loss term, since reactions (4.4) and (4.5) are
reversible. In (4.43)—(4.46), symbols 21K denote collision frequencies defined in (4.22), while T is

the incomplete Euler gamma function

“+oc0
I(o,y) :/ e Tdr, (4.47)
Yy

and O(y) = max{y,0}. The presence of these functions is due to the fact that if a reaction is
endothermic (namely with a positive internal energy gap AE/" HK > 0), it occurs only if the kinetic
energy of the ingoing particles is enough, as already explained in Chapter 1.

By inserting results (4.43)—(4.46) into equation (4.42), we get

9 e
3tn1 + Vx » vhidv

2 3 2

A2

—v O(AF )nAn +VZ (

2 ( @B ) nank +
mpmy

o Zor (Beai)) | (2 cxp( s nanc

7B 2 3 7B m%, 2 ZB 2
+vi]— (2,@(AEH )) ( > exp(AEH )nEZnB—(ni)

! NG mpmy

We would like to express even the integral ng, vh{dv in terms of our unknown macroscopic fields

S O(AFZ )) ns

+O(c). (4.48)

(number densities); to this aim we resort to the momentum equation for species Y;. More precisely,

we multiply (4.23) by the weight function v and integrate in dv:
vfldv+V / v) fidv

Z /VQEL fi,ngMy)dv + € Z /VQEL fi, fr)dv

JABC 1=1,2,7

+ € /R3 vQiy (f)dv + ¢ /R3 vQiy (f)dv. (4.49)

9
ot
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By substituting the expansions (4.37) for I = 1,2, Z, we obtain

€
Vi LI 4eVy: [ (vev)hsdv
my R3
= > / vQpp (hf,nyMy)dv + & Y- / vQp(hi, ngMr)dv
R3 R3
J=A,B,C I=1,2,7
4 ptl Z /vQ}EL(niMl,hﬁ)dv+ € /v (Qiny (aM) + Q& (nM)) dv
I=1.2,7 /R R3
+ O(e?). (4.50)
Here it has been taken into account that, since all Maxwellians share the same zero mean velocity, it
clearly holds
Z / vQl (nSMy,nyMjy)dv = Z / vQL; (n{ My, nsM;p)dv = 0, (4.51)
J=AB,C 'R 1=12,77R

and use has been made also of the trivial results

nE

/ vniMidv =0, / (v ® v)niMydv = —-1T. (4.52)
R3 R3 my
Neglecting O(e) terms, (4.50) may be cast as
ni 1 €
\% p— E /BVQEL( L nsMy)dv + O(e) (4.53)

J=AB,CR

We aim now at computing the elastic contribution on the right hand side of (4.53), bearing in mind

that the weak form of the bi-species elastic Boltzmann operator derived in Chapter 1 now reads as

/ o(v) Qer(fr, fr)dv = / / [cp(v’) — go(v)}an(g7 Q- Q’)g fr(v) fs(w)dvdw sy’ .
R3 52 JR3xR3 (4.54)

In our case we have
/ vQL (hS,nyMj)dv = / / (v =v) o15(g, - Q) g h$ (v)ny My(w) dv dw dS¥' , (4.55)
R3 52 JR3xR3
therefore, recalling relations between pre-collision and post-collision velocities reported in Chapter 1
V/:Oé[JV+OéJ[W+OéJ[gQI, (4.56)

being s the mass ratio ay; = my/(my + my), we have to compute

~

/ / o17(9, - ) gasy (9 — v+ w) h§(v)ny My (w) dv dw dSY'. (4.57)
52 JR3IxR?

By parity arguments
/ o1y(g, Q- V) gV dSY = 0. (4.58)
S2

Still adopting the Maxwel molecules hypothesis and taking collision frequencies v as the integral of

cross section multiplied by module of relative velocity, as defined in (4.11), we have to determine

- lejozjy/ Vhﬁ(v)dv/ nyMj(w)dw + VL]O(JY/ h{(v)dv [ wnsM;(w)dw; (4.59)
R3 R3 R3 R3
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last term obviously vanishes, and in conclusion we get

/3 vQL (h$,nyM;j)dv = —vinyoyy /3 vhi(v)dv. (4.60)
R R
By inserting this result into (4.53) we obtain

ni

Vs - I=— Z V1gnjogy / vhi(v)dv + O(e). (4.61)
R3

m
Y J=A,B,C

In this way we have expressed the sought streaming contribution appearing in (4.48) in terms of
masses, collision frequencies and number densities; more precisely, by substituting (4.61) into (4.48),
we get the reaction—diffusion equation

0 9 e Ax n§
1
Ot my > wvmgagy
J=A,B,C

2 (3 3 e e
Vﬁ% ﬁr <2, @(AE?%)) nAnl + Vz2 f ( @(AE )) USALD)

3
2 3 2
+v élcf ( @(AE )) [(mBmY) exp(AEglc)nAnc—anii

mamc

2
my

3
3 E € €
+ 1/11 fF (2 @(AElle)> [(mBmZ> eXp(AEﬁB)nZnB — (n1)2

+ O(e).

(4.62)

It's important to remark that an evolution equation of this kind could be obtained also without
Maxwell molecule assumptions on collision kernels. At first, even for hard potentials or for hard
spheres with cutoff, the spectral properties of the linear Boltzmann operator [36] allow to conclude
that distributions functions in the present scaling take the form (4.27). Moreover, looking at the
detailed computations of inelastic and reactive contributions outlined in Appendix A, we note that their
dependence on species number densities may be recovered without any assumption on cross sections
oK (see formula (A.10)); the Maxwellian potential allows only to explicitly compute the coefficient
in front of the classical Arrhenius term, vanishing at chemical equilibrium. The major additional
difficulty arising for non—Maxwell collisions concerns the computation of the integral [,; vh{dv, since
in general it is not directly amenable to the moment of the linear operator ng vQL, (h§,nsMy)dv
as in (4.60). By inserting expansions (4.27) into the rescaled Boltzmann equation (4.23), we get that

h{ should be a solution to the linear problem
Y Qip(h§nyMy)(v) = v My(v) - Vxnf + O(e). (4.63)
J=A,B,C

It can be proved [12,45] that the problem QL (k1s,nsMy)(v) = v M;i(v) has a unique solution
that may be cast as ki;(v) = —kis(|v|) v, where k;;(]v|]) depends only on the modulus of v.

S e apcki(vD) v+ Vans +0(6),
and the streaming term of the macroscopic equation for nj becomes

Consequently, the sought perturbation takes the form h{ = —

/N

Vi vhidv = — Z / E1y( ]v[ dv Axni, (4.64)
R J=A.B,C
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therefore it is again a diffusion operator, but with a non explicit diffusion coefficient. Since the final
aim of our work is to investigate the stability properties of reaction—diffusion systems derived from the
kinetic level, we consider only the case of Maxwell molecule interactions, in order to have diffusion and

reaction coefficients completely explicit in terms of the microscopic parameters of the gas mixture.

4.2.2 Equation for the density of the second component

Now we perform the same procedure in order to obtain an equation for density n5. By integrating
(4.24) in dv we get

68/ fgdv—i—vx‘/ fadv =€ / Qiy (£)dv, (4.65)
ot R3 R3 R3

since

/ Qpr(fs,nyMy)dv =0, J=AB,C and / QuL(fs. fr)dv =0, 1=122
R3 R3

(4.66)
Substituting again for I = 1,2, Z the asymptotic expansions (4.37) we have

e§n§+evx / vhidv = e/ Q%y (nM) dv + O(e?). (4.67)
ot R3 R3

Inelastic collision contributions may be computed as described in Appendix A, giving

8 € €
anﬁ—vx . /R3 vhydv

> /3 . 2 (3 .

where the first term appearing on the right side is due to encounters (4.2) and the second one to

interactions (4.3). In order to have an explicit expression for the streaming term, similarly to previous
subsection we multiply (4.24) by v and integrate in dv, getting

v f5dv+Vy - / (Vv ®@ V) fadv
R3

Ot Jus
1
=2 Y [ @Gy S [ vQbus div
€ j2apc/R I=1.2,7 /R
e [ V@i @dv, (4.69)
R3
We again substitute, for I = 1,2, 7, the expansions (4.37) for the distribution functions obtaining,
as above,
Vs / (vovmsihdy = Y / VO, (S, ny M,)dv + O(e), (4.70)
R3 J=AB,C 7R

since all other elastic contributions vanish to the leading order accuracy. This leads, as for the

component Y7, to

€

Vx -

I=— Z Vagnjogy /R3 vhs(v)dv 4+ O(e). (4.71)

my J=A,B,C
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Finally, inserting (4.71) into equation (4.68) we have the reaction—diffusion equation

9 € Ax”%
ot my Z Vagnje gy
J=A,B,C
2 3 € 2 3 € €
ﬁ%ﬁ <2,@(AE£%)> nanj — V%%ﬁl“ (2,@(AE§%)> nyns+ O(e).  (4.72)

4.2.3 Equation for the density of the monatomic species

Once again, we start from the rescaled kinetic equation (4.25) and integrate in dv, obtaining

0
g [ gpav e [ vizdv = [ (@ 0+ Q) dv, (473)
being

/RSQgL(fg,nJMJ)dVZO, J=AB,C and /RSQgL(fg,fI)dv:o, I=1,2 2.

(4.74)
Substituting the asymptotic expansions (4.37) we have
0
€57 +eVx | vhydv=e / (Q7ny (M) + Q€ (nM)) dv + O(e?). (4.75)
R3 R3

We observe that the contribution given by the inelastic encounter (4.3) is null, since there is no net

production of particles of species Z, in fact we have

/
[Lenmnma= [ n-02) CEog 0 0 nadt n My ivia
X X

—/ H (9> — 6%3) 9955(9, - ) o My (v)nz My (w)dvdwdSY';
R3xR3 x .52

(4.76)

using relation (1.37) given in Chapter 1, and noticing that in this case we do not have mass exchange,

in the first term on the right-hand side of the integral above it becomes
[ ehvaay = [ B ((¢')? — 628) o' 0Z4(g', €0 - ) ma My (v )y Moy (w' v/ dw' a2
R3 R3xR3 x 52

—/ H(g* - 0% )gUZQ(g,Q Q) ng My (vng Mz(w)dvdwdQ = 0.
R3xR3x.5?
(4.77)

We now compute the chemical integral due to the bimolecular and reversible reaction (4.5) and we

get
9 ¢
5 —n%+Vyx - » vhidv
3
7ZB 2 3 ZB m2y 2 ZB\, € €\2
= Vll ﬁ §7®(AE11 ) m eXp(AEll )nZnB — (nl) +O(€)

(4.78)
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By multiplying (4.25) by v and integrating in dv we have

0
fat/Rgiéd"*VX'/ ez
E /VQEL fz,ngMy)dv + €P g /VQEL fz: fr)dv

€ J=aBcC 1=12,7

re [ v Qs ©) + Qi (©) dv. (@.79

and use of expansions (4.37) now gives

Vx| (vev)ngMzdv
R3

Z / VQEL nzMZ,TLJMJ dV-f— Z / VQEL hz,nJMJ)d

JABC J=A,B,C

e /R (@ (M) + QZyy (M) dv + O(c), (480)

leading again to the equality

V2] = — > vzmgayz / vhiz(v)dv + O(e). (4.81)
mz J=AB,C RS

We have now obtained the third reaction-diffusion equation for the density of species Z

Ax nS
gn;_ "y (4.82)
B my Y vzmsagz
J=A,B,C
2B 2 3 ZB m%, 2 ZB\ . € €12
= =V NG ia@(AEll ) pr—— exp(AE” )ngnp — (n)*| + O(e).
(4.83)

4.2.4 Reaction-diffusion system

By passing to the limit € — 0 in equations (4.62), (4.72), and (4.83), and denoting by (n1,n2,nz)
the limit of the sequence of density functions (n{,n5,n%), we have that (ni,n2,nz) is a solution of

the system of reaction—diffusion equations:

0 1 ~ ~
anl — Axni = a — (b+6)n1+ﬁnzn2+énz—fn%
my Z Vgngo gy
J=AB,C
0 1 ~ _
gng — Axnz = bm —nnzny
t my Z Vo gn oy
J=AB,C
0 1 ~ _
8—712 — Agny = fn% —éng, (4.84)
13 my Z VzJnjogz
J=AB,C
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with

3
a :Vg‘f;%F <z, @(AEéf)) (2j22> ’ exp(AEé?)nAnC (4.85)
b —yﬁf;%r (g @(AEQ%)) na (4.86)
o =i o (0B ) o (4.87)
1= (S.ear) (4.88)
¢ =128 21 <3,9(AE1213)) ( my )gexp(AElle)nB (4.89)
vroo\2 mzmp
f :uﬁB;%r (2 @(AEﬁB)) : (4.90)

Later on in this work, the stability properties of system (4.84) will be investigated in a regular open
space domain 2. If we suppose that the rescaled distribution functions ff, I = 1,2, Z, satisfy the
initial conditions

fi0x,v) = flxv), 1=122, (4.91)
and the specular reflection boundary conditions

fS(t,x,v) = fé(t,x,Rv) Vt>0, x€d, veR I=1272 (4.92)

with Rv = v —2(v-1n)n, being n(x) the outward normal vector to 952 at a point x, then, as proved
in [12], by integrating the rescaled kinetic system (4.23)—(4.25) over (¢,x,v) € (0,4+00) x 2 x R?
and passing to the limit ¢ — 0, we get exactly the weak form of the reaction—diffusion system (4.84),
with initial data

nr(0,x) = A(x,v)dv, I=1,2 2, (4.93)
R3
and homogeneous Neumann boundary conditions

n-Vyny=0 on (0,+00)x 0, I=1,22. (4.94)

Changing the time variable ¢ = ¢t and defining

~ l‘; ~ ~ r3
a:g, b= -, 77:2, 6227 f:i, (495)
¢ 5 c c ¢
-1 -1
Dy = |cmy Z ViJgnjogy , Dy = |cmy Z Vagnja gy »
J=A,B,C J=A,B,C
. (4.96)
Dy = |cmy Z Vzjnjojz )
J=A,B,C
we have that the system (4.84) for ny, ny and nz may be rewritten as
on
a—tl — Di1Axny =a— (b4 1)ny + nnzna + eny — fn%
ang
o DyAxng = bny — nngne (4.97)
0
% — Dy Ayngz = fn% —eng.

120



Diffusion coefficients Dy, Do, Dy are essentially due to the very frequent interactions with the
host medium; indeed, they depend on collision frequencies of such dominant collisions, on number
densities of background species, and on masses of the colliding particles. The terms on the right
hand sides are due to inelastic transitions and chemical reactions (4.2)—(4.5). Notice that, besides
quadratic contributions due to binary reactions involving a pair of the considered components Y7, Y5,
Z, there are linear terms caused by non—conservative interactions with background particles, and in
the equation for ny there appears also a constant source term, taking into account the production
of particles Y7 due to the background only (see the reverse reaction in (4.4)). As we will show in
the following, the occurrence of this “external” particle source allows the system to have a unique
homogeneous state, independent of initial data. A great advantage of the present derivation from the
kinetic level is that diffusion and reaction coefficients are explicitly provided in terms of the microscopic

parameters of the colliding system, namely particle masses, collision frequencies and internal energies.

4.3 Derivation of a reaction-diffusion system with a non-diffusive
species

In [44] the so-called bimolecular Brusselator model is presented. It is inspired by the idea introduced
in [77] of considering an intermediate state in the classical Brusselator chemical environment. This
system is composed by three differential equations, two of which of reaction-diffusion type, while the
third is an ODE for the time evolution of the species. Aiming to obtain a similar system for our model,
we suppose that the species Z has a faster collision rate with the background, more precisely, elastic
collisions between gas species Z and A, B,C are of order E% We keep all the other assumptions
made in the previous section, i.e. interactions of species Y7, Y5 with the background are of order 1/e,
all other bi-species elastic collisions are of order €?, p > 0, as above, and inelastic encounters (4.2),
(4.3) and chemical reactions (4.4),(4.5) are of order e. For the distribution functions of Y; and Y5
we have the same Boltzmann equations given in (4.23) and (4.24), whereas, for the species Z the

Boltzmann equation reads as

ofs 1
vy = 5 Y QRUE M Y Qg 1) e Qf (D)4 e @y (£).

J=A,B,C I=12,2

€

(4.98)

Also in this case, the dynamics is dominated by collisions with the background, it means that

Z QIEL(fIGﬂnJMJ):O(e) I'=1,2, Z QIEL(fIE7nJMJ):O(€2) I'=2.

J=A,B,C J=A,B,C
(4.99)
thus the perturbed expressions of distributions are now
Filtx,v) = ng(E )My (v) + ehi(tx,v), =12, (4.100)
fit,x,v) = nS(t,x)M;(v) + € h5(t,x,v), [=2Z, (4.101)

with functions h§ still fulfilling constraint (4.39).
We observe that, willing to obtain partial differential equations for number densities n§ and n$§

we can repeat the integration procedure of Boltzmann equations performed in the previous section,
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ending up with the same expressions (4.62) and (4.72). For the density n, instead, if we integrate
(4.98) in dv we obtain again (4.73) but, substituting the expressions (4.100) for ff, fs and (4.101)
for f5,, we get

gy =< [ (@ (M) + Qs (b)) dv + Oe?) (4.102)

that, once computed the integrals, provides

3
0 . 2 3 m2 \? . .

We see that the diffusive term does not appear because of its higher order nature. Collecting equations
(4.62), (4.72) and (4.103) and considering again the limit ¢ — 0, the system for number densities

(n1,n2,nz) is

0 1 s - - :
prih Axny = a— (b+&ny +fngng + éng — fnl
my Z vignjgagy
J=A,B,C
0 1 7
5712 — Axng = bny —ngns
t my Z Vo nja gy
J=A,B,C
0 c 9
5"z = fny —éng, (4.104)

with coefficients of the equations defined as in (4.85)-(4.90).
Considering again a regular open domain €2, we can set initial data and boundary conditions for
the distribution functions as (4.91) and (4.92) and after the time scaling # = ¢t we obtain the

reaction-diffusion system

0
% — D1AXT7,1 =a— (b + 1)711 +mnnzng +eny — fn%
ong
W - DQAXRQ = bm —nnmzng (4.105)
0
7th = fni —eng,
with coefficients ~ ~
- i - -
a:g7 b:iy 77:2’ e:g’ f:£7 (4106)
¢ ¢ ¢ ¢ ¢
1 -1
Dy = |émy Z vingogy | Dy = |émy Z vongogy |, (4.107)
J=A,B,C J=A,B,C
initial data
nr(0,x)on Q, I1=1,2Z7, (4.108)
and homogeneous Neumann boundary conditions
N-Vyxn;=0 on (0,400) x990, I[=1,2 2. (4.109)
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4.4 Derivation of a reduced two-component reaction-diffusion system

The presence of an intermediate unstable state in the Brusselator—type reaction was introduced in [77],
later it has been explored in [44]. More precisely, to obtain the classical two-species Brusselator
system, besides being a non diffusive component, the transient state is also considered to be quickly
disappearing through proper interactions. In this section we present a derivation from our kinetic
model of a closed Brusselator-type system of reaction—diffusion equations for the two components
Y1, Y5 of the polyatomic gas only. In this hydrodynamic regime, the other gas Z will play the role of
the unstable particle state.

We show that it is possible to derive such a reduction assuming, in addition to faster time scales
for elastic collisions between the background and the species Z as done in the previous section, also a
faster rate for the reaction (4.5) which involves the unstable state Z. In particular, we prove that in
the considered scaling the number density n¢, is completely determined in terms of the number density
n§ and other fixed parameters (masses, internal energies, and background density), therefore in order
to have a complete description of the evolution of concentrations, it suffices to derive a system of
two coupled reaction—diffusion equations for n{, n$.

In the present scaling, elastic scattering with the host medium is still the dominant process: collisions
of the two components of the gas Y with the background are taken of order 1/¢, while scattering
between the monatomic gas Z and the background is assumed of order 1/€2. All other elastic collisions
are of order €?, p > 0, as above. Inelastic encounters (4.2), (4.3) and chemical reaction (4.4) are
of order € (slow as above), while the bimolecular reaction (4.5), involving the unstable state Z, is
faster, of order 1. This means that a pair of particles Y] easily recombines to give rise to a particle Z,
and then such particle Z, colliding with the host medium, very quickly dissociates again into a pair
(Y1,Y1). We use here a separate notation for the chemical collision operator for reactions (4.4) and

(4.5), respectively:

Qby (£) = QLy(ff,naMa,npMp,ncMc),
Ql** (f) = QlC’H(ff? f%a nBMB)?
Qén (£) = Qéu(fi. f5nsMp). (4.110)

Thus, rescaled Boltzmann equations for Y7, Y5 and Z read as:

v = 1Y QUM+ Y QU D) + e Qly (B)
J=A,B,C 1=1,2,7
+eQep (F) + Qep (), (4.111)
B v Vgs= 1Y QM) et Y QRS )+ e Qi (D).
J=A,B,C 1=1,2,7
(4.112)
gy V= T Y QhuUmaMy) e Y Qhulf )
J=A,B,C 1=12,7
Qv (B)+ Qi (£). (4113)
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The same dominant role as in the previous section is played by collisions with the background,

Y QEL(ffingM)=0(e) I=12 Y  Qp(ff,nsM;)=0() I=Z

J=A,B,C J=A,B,C
(4.114)
Consequently, the perturbed expressions of distributions are once again
fi(t,x,v) =n5(t,x) Mr(v) + e h§(t,x,v), I1=1,2, (4.115)
Fi(t%,v) = ng (LM (V) + Bt x, V), [=2Z, (4.116)

where assume again constraint (4.39).

4.4.1 Equation for the density of the first component

By integrating the Boltzmann equation (4.111) with respect to the velocity variable v, and substituting
the expressions (4.115) and (4.116) for distributions we get, eliminating vanishing terms,

eaatni—i—evx. vhidv:e/ (QIN (nM) + Q& (nM) dv+/ QL (nM) dv
R3

6/ Q& (hi,nsMy)dv + O(e?), (4.117)
R3

where Q& (h§,n{ M) is the first order (O(¢)) correction of the dominant chemical term Q% (f)
given in (4.20), that turns out to be

QL (RS, nS M) :—2/5/52 ZBY ofB (g, - V) g h(V)n{ M (w)dwdSY . (4.118)
R

We notice that, at the first order, only the correction of the loss term in the the chemical operator
remains, since the gain term contains the expansion of f, so that its correction is of order 2, and
thus negligible.

Leading order of equation (4.117) provides

/ QL (nM) dv = O(e), (4.119)

which after the explicit computation of collision contribution, following the procedure outlined in
Appendix A, becomes

2B 2 (3 O(AE%, )> [( my )gexp(AEﬁB)n;nB_(ng)Zl = O(e). (4.120)

LSh1 \/} mymp

We note that this provides an explicit expression for number density n%, to the leading order accuracy,

as function of n{:

m2 \? )
nS = (n$)? [( Y > exp(ABEE)ng|  + O(e). (4.121)

mzmp

With this result at hand, by writing explicitly next order (O(¢)) of equation (4.117) we get

0 . -
Gyt + Ve [ vhiav = [ (Qhy (M) + QU (M) v+ [ QB (0, niMy)av + O0)
(4.122)
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Under a Maxwell molecule assumption for the direct reaction in (4.5), the last integral in (4.122) is

explicitly provided by
/ Qg;l( {niMy)dv = — 2y1ZlB ng / / H (92 — 51213) hi(v)My(w) dvdw. (4.123)
R3 R3 JR3

If we suppose that the quantity AE{P = Ep + Ez — 2E; < 0, we have H(g? — 67%) = 1 and
thus the whole integral is zero, owing to (4.39). In the opposite case, the contribution cannot
be made explicit without further assumptions on the perturbation h{(v). Anyway, we expect that
such contribution would be very small (bearing in mind (4.39)), and therefore negligible in the final
macroscopic equation; moreover, we will see in next chapter that the assumption AEZP < 0 is
almost no restrictive in determining the configurations of masses and energy values allowing pattern
formation, therefore it may be reasonably adopted.

Also in equation (4.122) we need an expression for [.; v h5dv in terms of number densities; we
multiply (4.111) by v and integrate in dv. Substituting again expansions (4.115) and (4.116) and

taking only the leading order terms, we obtain

Vi [ (vev)niMidv = > /ngL(hﬁ,nJMJ)dv+/ vQiy (nM) dv+O(e). (4.124)
R? J=AB,c7 R R?

But for AEZP < 0 we easily get

[ vQki My av o, (4.125)
R3

since it is enough to perform the change of variables (v, w) — (g, G) expressed in formula (1.10) of

the preliminary Chapter and to observe that

1
Gexp (— my GZ) dG = / g exp <— my 92> dg = 0. (4.126)
R3 R3 4
Thus it holds again the relation
n€
Vy  —T=— h{(v)dv + O(e). 4.127
iy Z V1Jnjogy /]RS vhi(v)dv + O(e) ( )

J=A,B,C

It is now sufficient to insert this into the equation (4.122) and to compute inelastic and chemical

collision integrals in order to obtain the reaction—diffusion equation

9

. Axng
e
ot My D j—ap.cV1INI0TY

> /3 . 2 /3 .
= —Vﬁ‘%ﬁr (27 @(AEQ%)> nany + V%ﬁr <2a @(AE%)) nzny
3
2 3 mpmy \ 2 €
+ Vglcﬁ (279(AE§?)> [(mAmc> exp(AESRY Ynanc — npnf | + O(e).
(4.128)
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Substituting on the right hand side the expression (4.121) for the density of the unstable state n¢, it

becomes
gns _ AX ni
ot t my ZJ:A,B,C vignjagy
2 3
= —Vﬁfﬁr (2, @(AEQ%)) nang (4.129)
5 _
2 3 mi \2 .
e (Geaem) | (o) entarting| i
3
2 3 mpmy 2 €
+ Vﬁ‘?ﬁf <2, @(AEg‘f)) [(mAmC> exp(AER Ynanc — npn§ | + O(e).
(4.130)

4.4.2 Equation for the density of the second component

Being the component Y3 not involved in reaction (4.5), that is the only one with a modified scaling
with respect to previous sections, the derivation of the reaction—diffusion equation for density n$§
is really analogous to the one performed in Section 4.2, thus we skip details here. With the usual

asymptotic procedure we derive the equation

0 Axn§

€

—n§—
ot my ZJ:A,B,C mjnjogy

2 3 . 2 3 e e
= Vﬁ%ﬁ (27 @(AEﬁ%)> nang — nglﬁr <27 @(AE%)> ngny + O(e).  (4.131)

Again we substitute the expression for n¢, provided by (4.121), obtaining

0 Axn§

€

—n§—
ot my ZJ:A,B,C vjnjoegy

2 3
— vt (5084 ) nang

=va1 BY
vroo\2
3 -1
71 2 3 Z1 my \? ZB N2,
- yzzﬁ Y O(AE7Z;) — exp(AEY" )ng (n{)*ns + O(e). (4.132)

4.4.3 Reaction-diffusion system

We pass to the limit € — 0 in (4.130) and (4.132) obtaining the following reaction—diffusion system
for the unknown number densities 11, n2, which denote the limiting values of the sequences nf, n:

0 1 ~ ~
an Axny = a— (b+ &y + dn’ny
ot my Z vignjagy
J=A,B,C
5 ) (4.133)
e Ayng = Bnl — Jn%ng,
Ot my > wvynjogy
J=A,B,C
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with

3

- 2 3 mpmy \ 2

a= yglcﬁf (2, @(AE??)) (mAmC) exp(AEé?)nAnc (4.134)
~ 2 3

b :uﬁfﬁr (2, @(AE;Q‘%)) nA (4.135)
- 2 3

&= yg‘fﬁr (2, @(AEg‘lc)) np (4.136)

3 -1
d :ymi 3 O(AFEZ3) my ) exp(ABEP )ng (4.137)
z2 =t 3 72 — 11 : :

Notice that coefficients @, b, ¢ coincide with the ones obtained in the previous section for the system
of three equations (see formulas (4.85), (4.86), (4.87)). The coefficient d may be instead recovered
from (4.88), (4.89), (4.90) as d = 77 f/é. Indeed, system (4.133) could also be formally obtained
from the macroscopic system (4.84) in a suitable scaling. In order to do this, one has to carefully
check the implications at the macroscopic level of the additional assumption AEZP < 0 introduced in
this section. Specifically, this requirement makes the chemical contribution (4.123) vanish, implying
that ng, = f(n5)%/é + O(e?). For this reason, the right scaling allowing to derive (4.133) from
(4.84) consists in putting 1/€% in front of the right hand side of equation for n$, in (4.84) and in the
analogous contribution appearing in the equation for n{. The derivation of a system of type (4.133)
as a reduction of a system of three equations may be found also in [44], where one of the species (Z)
is assumed non—diffusing and unstable, so that it may be considered accommodated at an equilibrium
configuration, with its number density related to the ones of other constituents as in (4.121).

We will investigate Turing instability of system (4.133) in a bounded domain €, and to this aim,

as already motivated in previous sections, we set an initial datum

nr(0,x) = , Ax,vydv, I=1,2, (4.138)
R

and we assume Neumann boundary conditions

H-Vyn;=0 on (0,00) x 890, I=1,2 (4.139)

For convenience, we perform again the change of time variable ¢ = ¢t and define

i b d
a=% b=z d==, (4.140)
¢ ¢ c
-1 -1
D1 = 5my Z mgnjgo gy y DQ = 5my Z Vognjo gy N (4.141)
J=A,B,C J=A,B,C
in this way, the evolution system for nq and no reads as
(9711 2
ol D1Axny = a — (b+ 1)ng + dni“ne,
(4.142)
8“2 )
E — DQAxng = bn1 — dn1 no.
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The system (4.142) is similar to the classical Brusselator model, whose stability properties were
investigated for the first time in [98] and [77] (the only difference is the presence of our coefficient d
instead of 1). In that context, coefficients of the system were expression of the kinetic constants of
the individual reaction steps of the auto—catalytic process and of concentrations of constant reactants
involved. Here, coefficients of the system play a similar role; indeed, their dependence is on microscopic
quantities that, besides masses and energy levels, are collision frequencies (determining the interaction

rates between elements of the mixture) and densities of the background species.

4.5 Conclusions

We have derived reaction—diffusion equations from the kinetic level for a mixture of two gas species
in a dense background medium in three different hydrodynamic limits. The mixture is assumed
composed by a monatomic and a polyatomic gas, this last one having two possible internal energy
levels, thus it is considered separated into two different components. Different interactions between
particles have been taken into account. In particular, apart from elastic scattering with the background
(the dominant process), intra—species or inter—species elastic collisions (both less frequent), also two
inelastic transitions and two reversible chemical reactions have been supposed to take place among
particles at different time scales. In the first scenario, all inelastic and chemical transitions have been
assumed of the same order. This has allowed us to derive from the rescaled Boltzmann equations
suitable closed macroscopic equations for the number densities of the monatomic gas and of the two
components of the polyatomic one. In the system of reaction—diffusion equations obtained, coefficients
of both the diffusive and the reactive part are actually functions of microscopic quantities as particle
masses, background densities, collision frequencies and internal energy amounts. We have repeated
the same asymptotic procedure in a second case in which the elastic scattering with the background
has not the same features for all the species. In particular for the monatomic gas, collisions with the
host medium are supposed to be faster, this leads to the fact that the diffusion term for this species
vanishes at leading order accuracy. Thus we have derived a system similar to the previous, but with a
non-diffusive component. Finally, an additional assumption has been made for the model, i.e. one of
the two chemical reactions (the one involving the unstable state, namely the monatomic gas) has been
considered faster. In this case, in the derivation of the reaction-diffusion system the number density
of the monatomic component can be expressed in terms of the other two concentrations. This has
led to a system of only two reaction-diffusion equations, similar to the classical Brusselator, known
to exhibit Turing instability for particular choices of the coefficients. In this frame, a natural step is
the investigation of Turing instability for our reaction—diffusion systems and its discussion upon the
dependence of the coefficients on microscopic quantities. The next chapter will be devoted to such

an analysis.
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5 Turing instability of reaction-diffusion systems
for gas mixtures

As observed, the three reaction-diffusion systems derived in Chapter 4 are somehow related to the
classical Brusselator model, used to describe a class of chemical reactions that have as a result
the formation of oscillating patterns. The implementation of a specific mathematical model able
to reproduce real phenomena in which there is pattern formation was introduced by Alan Turing
in his work of 1952 [118]. His aim was to describe the chemistry behind morphogenesis, i.e. the
formation of different patterns in natural systems. At the basis of this phenomenon there is a reaction-
diffusion system for which a stable homogeneous stationary state turns into spatially non—homogeneous
structures in presence of diffusion. This kind of investigation was then applied in various fields in
which is possible to observe patterns, as biology, social science, medicine, environmental studies, etc.
Consequently, our aim is to apply this analysis to the reaction-diffusion systems obtained and to find
proper conditions on parameters of the gas mixture leading to spatial patterns.

In more detail, this chapter is structured as follows. In Section 5.1 we discuss the Turing instability
for the reduced system of two equations. In particular, we write conditions on the coefficients of
both reactive and diffusive part of the system. Then we express them as functions of the amount
of internal energy of components of the mixture, fixing all the other microscopic parameters. We
individuate then a range of possible energies for which we have space non-homogeneous equilibria and
we validate our results through numerical simulations. In Section 5.2 the discussion is made for the
complete system of three reaction-diffusion equations. In this case we are able to find only necessary
conditions for the Turing instability, but with the help of numerical simulations we are able to show,
also in this case, pattern formation. In Section 5.3, finally, we perform the analysis for the system of
three equations with a non-diffusive component; as in the two equations case, here we find explicit
conditions on energy levels allowing to observe Turing patterns. Section 5.4 contains some concluding

remarks. Part of the results presented in this chapter are contained in [22].

5.1 Turing instability for the reduced two-components system

We consider the last system derived in Chapter 4, that we report here for the convenience of the

reader
8711 2
W — D1Agni = a — (b + ].)’I”Ll + dni°ng,
) (5.1)
% — DQAXTLQ = b’l’Ll — dn12n2.

Quantities n; and no are the number densities for the two energetic components of the species Y

that take part in the system of reactions
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A+Y - A+ Y5, (
Z+Yy = Z+Y, (
B+Y, S A+C, (
Vi+Yi S Z+ B, (

modeled in the previous chapter. The behavior of these quantities will be studied in a bounded,
open, regular spatial domain €2, having fixed initial data n1(0,x),n2(0,x) and Neumann boundary
conditions

n-Vynr=0 on (0,00)x00Q, [=1,2. (5.6)

Following the procedure outlined in more detail in Appendix B, we first look for conditions on the
coefficients a, b, d and on diffusion coefficients Dy, D5 in order to have Turing instability, then we
discuss the fulfillment of such conditions for varying microscopic quantities, energy levels in particular.
The first step consists in imposing the stability of a space homogeneous steady state, and to this aim

we consider the system in absence of diffusion:

aantl =a— (b+ 1)ng + dni’ng

3 (5.7)
n

87752 = bny — dni’no.

We note that this set of ODEs admits a unique stationary state, provided by

(g, i) = <a, abd) . (5.8)

Uniqueness of the equilibrium is due to the presence of a source term a, related to chemical interactions
with the host medium. Indeed, in self-contained reacting systems, involving for instance four gases
undergoing only a bimolecular and reversible chemical reaction, one has that the collision contribution
in equations for number densities is provided by an Arrhenius—type law, having a manifold of steady
equilibria (of the form ny ny = K ngny) [12,104].

In order to study the equilibrium stability in space homogeneous conditions, we linearize the system
(5.7) getting

oW
— =AW .
-7 -1 2
withw = [ "7 ™ and A= b a’d . Conditions to have the stability of the
no — Ny b  —a%d

stationary state are tr A < 0 and det A > 0. Since in our model coefficients of the system are all
positive quantities, the determinant is trivially positive, while for the sign of the trace we get the
constraint

b<1+ad. (5.10)

The linearized system including diffusive terms in a bounded space domain © ¢ RY with zero—flux

boundary conditions reads as

%ﬂ = DAXxW + AW  on (0,00) x §2
¢ (5.11)
n-VyW =0 on (0,00) x 09
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Dy 0

0 Do
We look for solutions of this system represented in Fourier series as

with diffusion matrix D =

W(x,t) = ZWk(x,t) = che)"“twk(x) , (5.12)
k k

with & € N and the eigenfunction W,(x) denoting a solution of the time-independent problem

AW +k2W =0 on (0,00) x Q
(5.13)
VW =0 on (0,00) x A0,

In our numerical simulations we will consider as domain 2 a one-dimensional segment © = [0, L],

and solutions of (5.13) in this case are

Wy, (z) = Cy, cos (ky x) (5.14)
with wavenumbers k,, given by
k:n:n%, neN. (5.15)

Going back to (5.11), with the ansatz (5.12), the linear PDE provides

D Mk Wi(x) = DY (=) epe M Wi(x) + A cpe Wi (x), (5.16)
k k k

and this means that, for each k, A is an eigenvalue of the matrix A —k?D. Imposing det(A — k%D —
ML) =0, we find

Aets = % trA— k(D + Dy) + /[rA — K2(Dy + Da)® — 4h(k2) | , (5.17)

being the function

h(k?) % KDy Dy + K2[Ds(1 — b) + Dya’d] + a2d. (5.18)

Turing instability occurs if there exists at least one wavenumber k such that the corresponding solution
W (x,t) has ReA; > 0. This implies that h(k?) is needed to attain a negative value for some k # 0.

To this aim, we have to require firstly that
Ds(1—b) + D1a*d < 0. (5.19)

If we introduce the quantity § def g—;, conditions (5.10) and (5.19) may be recast as

b—1

1)
< a?d

<1, (5.20)

and consequently it must be 6 < 1 and b > 1. Compared to the classical theory of Turing systems
[92, 118], this result states that the component Y5 of gas species Y corresponding to the energy
level E5 plays the role of “inhibitor”, while the component Y7 plays the role of “activator” in the

reaction—diffusion dynamics, being known that Turing patterns may appear only below a critical value
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for the parameter ¢, representing the ratio of the diffusion constants of the activator to the inhibitor.

A second condition to be satisfied in order to have h(k?) < 0 is that Ay, < 0, and being

[Do(1 — b) + Dya?d)? — 4Dy Dsa’d

hmin = - ) 21
4D1 Dy (5.21)
it becomes
6%atd?® — 26(1 4 b)a®d + (1 — b)® > 0. (5.22)
By solving this algebraic equation with respect to the parameter d, we get
b—1)2 b+ 1)2

a?d a?d
but, bearing in mind (5.20), only the first of the two inequalities above provides admissible values for
J.
In conclusion, necessary conditions to have unstable modes can be summed up as follows

b—1

0< o2d

<1,

(5.24)
)2
a’d
The range of possible wavenumbers k such that ReA; > 0 is then k1 < k < kg, where k7, k32 are the

solutions of the equation h(k?) = 0, reading as

b—1—0a%d+ /(1 — b+ da2d)? — 4a2d

k2., =
1,2 9D,

(5.25)
We should bear in mind that for finite domains the relevant wavenumbers are discrete (see (5.15) for
a one—dimensional problem), therefore Turing instability occurs only if at least one of them belongs
to the interval (K1, k2).

5.1.1 Analysis with respect to microscopic parameters

We investigate now conditions (5.24) in terms of the parameters of the mixture. Before proceeding
in this direction, we introduce some assumptions, especially concerning the fixed parameters of the
host medium. Indeed, since the background may be considered as a unique external medium, we may
suppose that collision frequencies relevant to elastic scattering of species Y7 with the background take a
unique value, independently of the species A, B, C of the colliding molecule: v14 = 115 = vic = 1,
and analogously for scattering involving species Y5 and the background: 194 = 1o = oo = Ds.
Also for background number densities we assume for simplicity ny = ng = ng = . We fix particle
masses of background species and of gases Y and Z, bearing in mind the obvious conservations of
masses prescribed by the encounters considered. We fix also background energies, and for convenience
we pick a value for E7 in such a way that AE@? < 0. This implies T’ (%, @(AEﬁf)) = @ but the
presence of a different value would not change the main results of the investigation below.

With these assumptions, the analysis of Turing instability depends only on the difference F; — F;
and on Ez, which has to be chosen such that AElle < 0, as required by assumptions made in
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Chapter 4 for the integral of chemical collision operator (4.123). Reaction coefficients of system (5.1)

may be recast as

3
mpmy \ 2 ACY —
a= exp(AE 7

<mAmc> p( Bl) ’

A2
Vi (3 A2y) 2
b _TCF (27 G(AEA1)> ﬁv
Z1 2\ 5 !
Vg (3 210\ | VT [ my \? ZB\ -2
d—@l—‘ <,®(AE22)> [2 <msz> eXp(AEll )n y (526)
while the ratio between diffusion coefficients is simply provided by
Dy V9
=~ ="2= 27
Dy 1 (5 )
By defining the following functions
AC
(52— 21 ¥ (3 08 ) - 2 0T (5.28)
2 Vit 2
2
def 3 vaC | /m
H(E, — Eqr) = [\/F (2,@(AEg‘f)> - \/%\f] (5.29)
Vit 2
3
N2~ B0 T (5 00 ) (5.30)
with
m3mn\ 2 21
7= ( 3 2Z> exp <2(EA + Ec) — 3EB> 22, (5.31)
memmy VB1
conditions (5.24) can be written as
G(E2—E1) g
0< ez <1 5.32
N (B> = By) (532)
Ey — F
§ < MeEZ. (5.33)
We observe that H(Ey — E1) > 0 and N (Ey — E1) > 0, thus the first requirement to have Turing
instability is
G(Ey — Ey) > 0. (5.34)
This is possible only if the ratio ”%f is less than one. More precisely, for F5 — E1 < 0 we have
Va1
AC
T v
g:< _Bl>, (5.35)
2 Vﬁ%

while in the range F5 — E; > 0 the function G is decreasing ! and
AC

lim  g= - YTUBL (5.36)

Eo—FE1—+00 2 I/Al

ar(avﬁ) _ _pa—1_-58
o8 B e .

"We recall the definition of upper incomplete Euler gamma function provided in Appendix A, that is T'(«, 8)

—+o0
/ 77 Ye™Tdr, thus its derivative with respect to 3 is
B
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Therefore, if 312 < 1, there exists a unique value E* such that G > 0 for every E5 — F; < E* and
G is negative after this threshold.

In this admissible range, conditions (5.32) and (5.33) can be summarized as

MEy =B _ oy N(E2= By (5.37)

§ YA T H)
H(Es — En) = ¢ G(E2 — E1)

At this point, we notice that there could be admissible values for E only if the inequality

G(E; — Ey)

)—= -7
H(Ez — Eq)

<1 (5.38)

holds. It's easy to check that the function 5% is increasing where G is positive, and its limit for
Ey — E1 — E* is +00. Since for E5 — E7 < 0 we have

-1
AC AC
59 = 5(1 +4/ 281 ) (1 - ”ﬁ;) , (5.39)
H Vit Val

only if collision frequencies are chosen in such a way that this quantity is less than one we can find a
nonnegative value E (less than E*) such that 5% < 1 for every E» — By < E. Another condition for
the existence of values for the energy E fulfilling (5.37) is that the right hand side has to be greater
than one (since energy E is positive):

N(Es — By)
C(E—Ey) (5:40)

But, being the function %/ increasing where G is positive, ranging from zero (for By — Ey — —00)

to +oo (for By — Ey — E*), we get that there exists a unique E such that %[(E) =1, and %[ >1
for B9 — E4 > E. Thus, we can conclude that Turing instability may occur only if £ < E and we
take values for E5 — Ey in the interval (E,E) With Ey — Ej in this range, inequalities (5.37) are
fulfilled for £z such that

log (8) + log (N (E2 — E1)) —log (H(E2 — Ev)) < Ez < log (N (F2 — Ey)) —log (G(E> — E)) .
(5.41)

As test case, we choose the following set of masses and background energies for the mixture:
ma=2, mp=35 mc=4, my =25 mgz=15, (5.42)

Es=45, Ep=36, Ec=4, (5.43)

and we fix 7 = 7.2. We remark that masses fulfill conservation laws prescribed by chemical reactions
(5.4)—=(5.5), namely mp + my = my + m¢ and 2my = mz + mp. Collision frequencies are the
ones listed below

Va2 =0.004, vZ1=03, va¢ =0.0001, vZP=1, (5.44)

7 =150, Dy =120, @y =3000. (5.45)

Elastic collisions frequencies 1, 5, Uz are much higher than the others in order to take into account
that scattering with the host medium is the dominant process. We note that, actually, 7, disappears

from the quantities involved in the discussion, but we find it useful to set it as well, underlining that
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it is much higher than 7; and 5 in order to express the fact that the species Z has more frequent
collisions with the background. Concerning the other collision rates, v = 1 is the highest recalling
the assumption that the chemical reaction (5.5) is faster.

Region of energy parameters allowing Turing instability is the black one in Figure 5.1.

20 4

Figure 5.1: Values for Ez and Ey — E; satisfying requirements for Turing instability in system (5.1). Values
for masses as in (5.42), background energies as in (5.43), frequencies as in (5.44)-(5.45) and
Ey1 = 7.2. The region allowing Turing instability is depicted in black. The meaning of the plotted

curves is explained in the text.

The first value that we highlight is E* ~ 4.77, for which G(E*) = 0. Then we plot the critical
curve given by

C': Bz =log (N (Ey — Ey)) — log (G(Ey — Ey)), (5.46)

whose intersection with the E5 — F; axis is at the point E ~ —9.03. For points (Fy — F1, Ez) in the
region under this curve we have linear stability of the stationary state. Moreover, we have the other

critical curve
C?: Ez =log (0) +log (N(Ey — Ey)) — log (H(FEs — Ey)), (5.47)

and the intersection of curves C! and C? occurs at E ~ 4.36. For (Fs— E1, Ez) in the region between
curves C2 and C!, conditions (5.24) for Turing instability hold. We should recall that we have to take
E; < 2E;— Ep = 10.8 (individuated by the horizontal dashed line), therefore, in conclusion, energy
levels for which pattern formation can be expected are the ones in the black area of the picture. It is
worth noticing that Turing instability may occur both if E; — F; is positive, namely with the inelastic
transition (5.2) endothermic and (5.3) exothermic, and also if E2 — Ej is negative, thus with (5.2)
exothermic and (5.3) endothermic.

5.1.2 Numerical simulations

We perform some numerical simulations for the system (5.1) in a one-dimensional domain © = [0, L],
taking values for masses, background energies and collision frequencies as in (5.42), (5.43) and

(5.44)-(5.45), and fixing energy of component Y; as E; = 7.2. Initial data are random perturbations
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of the space homogeneous equilibrium state.

We take values for the difference of energy values

E5 — Eq and for E7 in the region where Turing instability is expected. It is important to remark that

pattern formation occurs only if at least a squared wavenumber k2 =

(n7/L)? belongs to the interval

individuated by the roots (5.25); in our simulations we fix L = 30.

Firstly, we choose F5 — E1 = 1 and take three possible values for E;. The results of this case are

shown in Figure 5.2.

@0z 0 o) = © n .
T £ 0 /7 ' / \ / \ 02 / \ / \
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; ” ,/\—/‘\/’\/\
0 00 0 «
(d) 30 ()
0.2 9)30 02 730 0.25
20 0.15 015 20 0.2
- 01 0.15
10 10 0.1
0.05 0.05 0.05
0

10

g) 30 0.04 (h)30 (i)30
0.05
20 20 0.05
0.02 - -
10 10
0 0 0 0 0
0 10 x 20 30 0 10 x 20 30

Figure 5.2: Panels (a), (b), (c): Configuration at time ¢ = 30 of the densities compared to their equilibrium

state 7i; (dotted line) and 75 (solid line) taking E; — Ey = 1 and Ez = 9.3,9.8,10.3, respectively.
Panels (d), (e), (f): behavior of density n; in space and time for the energy levels taken above.
Panels (g), (h), (i): behavior of density ny in space and time. Values for masses as in (5.42),
background energies as in (5.43), frequencies as in (5.44)-(5.45) and E; = 7.2.

In the panels (a), (b), (c), we plot the configuration at time ¢ = 30 of number densities n;,
ng, compared with the relevant space homogeneous equilibrium value. We see that the density of
the two components is considerably heterogeneous and we notice that the two distributions oscillate
around the homogeneous equilibrium values. As E increases, we observe for the quantity n, a bigger
fluctuation from the equilibrium, giving rise to regions where n; is nearly zero alternated to regions
with higher density. For no, instead, oscillations are not equally sharp and for higher values of E its
plot remains mostly under the equilibrium value. In the other plots of Figure 5.2 we show the time
and space behavior of number densities (panels (d), (e), (f) for ny and panels (g), (h), (i) for n2):
in the trend from the initial data to the oscillating configurations at ¢ = 30 one can appreciate the
formation of space periodic patterns.

Analogous behaviors appear in different tests, we show here two of them focusing the attention
mainly on density n1, which shows higher oscillations. We fix E; = 10.3 and we increase Ey — E
starting from 1 to a value close to the highest one allowing Turing instability. Results for this case
can be observed in Figure 5.3.

We note that for higher values of E5 — E7, the number of space oscillations for n; decreases, but
—9,

when E is higher we observe that the number of oscillations for ny is lower, but peaks are high and

the space amplitude of the peaks increases. Fixing, instead, a negative value for By — F;

narrow, thus the component Y7 is highly concentrated in few points, as can be observed in Figure
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Figure 5.3: Panels (a), (b), (c): Configuration at time ¢ = 30 of the densities compared to their equilibrium
state n; (dotted line) and 75 (solid line) taking Ez = 10.3 and E; — E7 = 1, 1.6, 2.2, respectively.
Panels (d), (e), (f): behavior of density ny in space and time for the energy levels taken above.
Values for masses as in (5.42), background energies as in (5.43), frequencies as in (5.44)-(5.45)

and E1 =17.2.
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Figure 5.4: Panels (a), (b), (c): Configuration at time ¢ = 30 of the densities compared to their equilibrium

state 7; (dotted line) and i (solid line) taking Fy — E7 =

—2and Ez = 8.2,8.9,9.6, respectively.

Panels (d), (e), (f): behavior of density ny in space and time for the energy levels taken above.
Values for masses as in (5.42), background energies as in (5.43), frequencies as in (5.44)-(5.45)

and E1 =17.2.

5.2 Turing instability for the complete three-components system

This section is devoted to the investigation of stability properties and pattern formation for system

obtained in Section 4.2 of the previous chapter. It is a system of three reaction-diffusion equations

describing the dynamics of number densities for two energy components of a polyatomic gas species

Y and a monatomic species Z. The system turns out to be the following

(b+ 1)ny +nnzna + eng — fny

on

a—tl — Dlenl =a—

on

6_t2 — DyAxng = bng — nnzna
85—5 —DyzAyngy = fn% —eny.

2

(5.48)
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Also in this case we describe how densities change in a spatial domain €2 once that initial data n; (0, x),

n2(0,x), nz(0,x) and Neumann boundary conditions
n-Vyny=0 on (0,00)x0Q, [=1227 (5.49)

are fixed.

First of all, we look for stationary states for our model in absence of diffusion, given by the system

8n1
5 = a— (b+1)ny +nnzgne +eny — fn%
0
—(;2 = bny —nnzgna (5.50)
a’nz
W = fn% —enyg.
By imposing in the system above % = % = ag—tz = 0, we get a unique steady state
be fa?
A1, Ao, fig) = (@, —, 2 ) . 5.51
i) = (o ) &5

The state (721, 712, z) is Turing unstable if it is locally stable for the homogeneous system (5.50), but
unstable for the system with diffusion (5.48). We linearize at first the system in space homogeneous

conditions, writing it in the following form

oW
—— = BW 5.52
8t ) ( )
ny —ni
Wlth W = ng — ﬁ2 and
ng —nz
2
—b—1-2af a’nf e(b+1>
2 af
B = b _a™nf _be . (5.53)
e af
2af 0 —e

The stability of the stationary state is achieved if all the eigenvalues of B have negative real part.

They are provided by the roots of the characteristic polynomial

— X+ \2trB — AA + detB, (5.54)

with )
trB:—b—1—2af—a;7f—e<0, (5.55)

~ 3., £2 2
A:Q%—Fa%f—i-%—eb—i-e (5.56)

and detB = —a®nf < 0. Applying the Routh—Hurwitz criterion [54], all roots have negative real part
if the condition
AtrB < detB (5.57)

138



is satisfied. Of course this is possible only if the term A is positive; more precisely, since in this case
we would have A trB = detB + T with T’ a negative quantity, the condition A > 0, that we rewrite

as

2af +1 1
o2

+ J a*nf >b—1, (5.58)

is also sufficient for the equilibrium stability.

Now we consider the linearized system including diffusive terms in Q with zero—flux boundary

conditions W
5 = DAXW +BW  on (0,00) x ©
(5.59)
n-VyW =0 on (0,00) x 09
with diffusion matrix
Dy 0O 0
D=1 0 Dy, 0 |- (5.60)
0 0 Dyg
As in Section 5.1, we look for solutions in the form
W(x,t) = ZWk(x,t) = che)‘ktwk(x), (5.61)
k k

with Wk(x) solution of the time-independent problem. Choosing as domain €2 a one—dimensional
segment of length L it can be checked that wavenumbers allowing the existence of a solution to the
time—independent problem are again k,, = mn/L, with n € N. Concerning the global problem (5.59),
for each k, the exponent )\j has to be an eigenvalue of the matrix B — k2D, hence a root of the

characteristic polynomial
— AN+ Xtr (B — k*D) — AA + det (B — k*D) , (5.62)
with tr (B — k?D) = trB — k*(D1 + Da + D7) < 0,

A =(D1Dy + D1Dy + DoDy) k*

2 2
+ <D2+2afD2+D1a:f +2Dzaf+DZb+DZ+2D1DZa;7f +D26> K2

+ «nf —&-2(132}02 +a’nf—eb+e (5.63)
and
B2 ©det(B — k2D) = —D1 DDk
- (DlDz “2;” +2DyDzaf +eDiDy+bDaDy + DQDZ> k!
— <2DZ angQ + Dia®nf + Dy a2£]f — Doyeb + eDg) K — a’nf. (5.64)

Turing instability may occur only if for some k the characteristic polynomial (5.62) has roots with

positive real part. Again for the Routh—Hurwitz criterion, this happens if there exists k such that

det(B — k*D) > 0 (5.65)
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or
Atr(B — k*D) > det(B — k*D). (5.66)

We notice that last five terms of A in (5.63) are exactly the quantity A that we have supposed to
be positive in (5.58) for the stability in the homogeneous problem, and consequently we have A > 0.

Since we have
Atr(B — k*D) = det(B — k*D) +T, (5.67)

being T a negative quantity, we see that (5.66) can never be satisfied. It means that the matrix
B — k2D has eigenvalues with positive real part only if condition (5.65) holds.

5.2.1 Analysis with respect to microscopic parameters

We aim at finding more specific conditions on the parameters of the system (5.48) allowing Turing
instability. As in Subsection 5.1.1, we suppose that collision frequencies for the elastic scattering with

the background take a unique value for each species:

VIA = VIR = Vig = V1, Vg = 1B = lsc =, VzA =Vzp =Vzc = Vg, (5.68)
and also background number densities have the common value ny = ng = ng = n. We fix
energies E4, Eg, Ec, and E; in such a way that AEg‘f < 0, so that F(%,@(AE&‘?)) = @

The analysis of conditions allowing pattern formation still depends on the difference E; — E; and
on Eyz: we restrict our investigation to £ such that AE#P < 0 (just for convenience, in order to
be able to compare results with the ones obtained for the two—component system in Section 5.1).
Moreover, as usual in kinetic models dealing with energy levels [56, 58], we assume Es > Ej, then
also I' (3,0(AEZ))) = @ With these assumptions at hand, the parameters appearing in the

reaction—diffusion system (5.48) read as

3
mpmy \ 2 ACN =
a= exp(AEZT )7,
(mAmc> p( Bl )

A2
v 3 2
B1
Vg 1

N="ac -
I/Bl n

3
ZB 2 3
v m
11 Y ZB
e=—"x exp(AE{"),
vgy \mzmp

vZB 1
F="===, (5.69)

Vpq n

-1 -1

AC. 4! AC
Dy = |vgy mynin Z njogy , Do = D—Dl, Dy = |vgy mgnvg Z njojz
J=4,B,C 2 J=A,B,C
(5.70)
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Our first purpose is to find suitable values for energies F5 — E1 and Ez in order to have condition
(5.58) for the linear stability in the space homogeneous problem satisfied. We find convenient rewriting
condition (5.58) as

(1 —0b)e? +ea’nf + (2af + 1)a’nf > 0. (5.71)

If b < 1 this inequality is obviously fulfilled, while the case b > 1 is much more involved. The
condition b > 1 means

A2
def V 2 3
L(E, — B) E A (27

Al — @(AEQ%)) —1>0; (5.72)
vy VT

the function £ has the same behavior of the function G introduced in the previous section, thus also
in this case there exists a unique value E* such that £ > 0 for every F5 — E1 < E*. Notice that
in the inequality (5.71) the dependence on Ez is included only in the parameter e. Therefore, by

defining a second function

A2
def 7 Vai 2 3 A2
FEy—F) = - |1 1+4y | 45=—=I'|( =,0(AF —1 5.73
T( 2 1) 9 +\/ + X(Vﬁf P <27 ( Al) ) ( )
with v as in (5.31) and
g - 3 z1, 7287}
mpmy 2 Aoy VES mpmy AC\ VZaViT
=2 AFE —Z= 2AF 5.74
X [(mAmc> exp (AL )l/gf 1 mame ) P (2AE5) (a2 | (5.74)

condition (5.71) leads to the explicit constraint:

Ez < m (5.75)

e

Since we are dealing with positive energies, we have e > 1, so we must require that the right hand
side of (5.75) is greater than one. But, being £ > 0 and

T\ v (—VI+IHL-1-2xL o
L2/1+4xL ’

L
is increasing where L is positive, and its limit for Es — Fy — E* is +00, while for

E2 — E1 = 0 we have
VA2
7[1+\/1+4X (Vﬁ% 1)]
B1

= a3 . (5.77)
-
Vp1

Consequently, if masses, background energies and collision frequencies are chosen in such a way that

2

(5.76)

the function %

o3

the quantity above is less than one, then there exists a unique E < E* for which T /L > 1is satisfied
for every Ey — Eq > E; otherwise, if the same quantity is greater than one, then 7 /L > 1 holds for
every By — E; > 0. In conclusion, for By — By € (max{E,0}, E*), condition (5.71) guaranteeing
stability of the steady state of the homogeneous problem is fulfilled for

Ez <log (T (B — E1)) — log (L(E2 — EY)) . (5.78)

As concerns Turing instability, it has been proved in [107] that it is prevented if all minors of order

q of the matrix B given in (5.53) have a determinant with the same sign as (—1)7 (with 1 < ¢ < 3,
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in our three equations system). Consequently, it's easy to check that in our problem a bifurcation
leading to Turing instability is possible only when the determinant of the submatrix extracted from B

eliminating the second row and second column, given by

—b—1-—2af e(cff—i-l) (5.79)
2af —e

has a negative determinant. This implies the condition b > 1, namely Ey — E; < E*, analogously to
the result obtained in previous section for the reduced two—component system. In this region, we are
able to find a necessary condition on parameters E; and E5 — E; for Turing instability, recalling that
unstable modes are possible only if the determinant of the matrix B — k2D, given by (5.64), is positive
for some k. According to the Descartes rule, the cubic function 3(k?) may have two positive roots
(and consequently it may assume positive values) only if the coefficient of k% in (5.64) is positive,
which means

Dy Dy
1—b
( )e” +D nfe+D2

Keeping in mind (5.58) (that has to be valid for the stability of the homogeneous equilibrium), the

a’nf(2af +1) <O0. (5.80)

above relation implies that at least one of coefficients Dy and Dz must be smaller than Ds. Defining

1+ \/1 +4% <”£§ \QF <3 @(AEQ%)) - 1)] , (5.81)

Ey S(Ey — E)
L(Ey — Ey)’
The behaviour of the ratio % is analogous to that of % discussed above. We point out that condition
(5.82) is compatible with (5.75) only if

the function

def 7 D
§(B, B < I

condition (5.80) becomes

(5.82)

m 1, (5.83)
but this is ensured if we take also D1 > Dy.

One should also check that the cubic function 3 assumes a positive value in correspondence of its
positive stationary point, but with this analysis we are not provided with any information about the
sign of det(B — k%D) as function of k. Nevertheless, as proved in [107], a wider range of k for which
det(B — k*D) > 0 can be obtained taking the diffusion coefficients D; and D sufficiently smaller

than Dy. More precisely, taking D1 = a Dz ~ w, with w small positive quantity, we have
det(B — k*D) = Dae(b — 1)k* — a*nf — O(w). (5.84)

In this case, the component Y5 can be seen as inhibitor and component Y; and gas species Z as
activators.

Just for illustrative purpose, we report the conditions established in this section in Figure 5.5,
choosing as particle masses and background energies the same as in (5.42) and (5.43), fixing Eq = 7.2,

taking as collision frequencies for the inelastic and the chemical collisions the ones below

V42 =0.004, vZi=03, i =00001, vEP=0.1, (5.85)
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and adopting the following choice for collision frequencies with the background
7 = 1.5 x 103, Uy =2, vy =3 x 103, (5.86)

in order to have diffusion coefficients given in (5.70) such that Dy > Dy and D; < Dy. With
these data we have again E* ~ 4.77 such that £(E*) = 0, and Turing instability prevented for
Es — E1 > E*. In Figure 5.5 we show the critical curve given by

C3: Ez =log (T (Ey — Ey)) —log (L(Ey — Ey)), (5.87)
under which we have linear stability of the stationary state, and also the second curve
C*: Ey =log (S(Ey — Ey)) —log (L(Ey — Ey)), (5.88)

above of which the determinant of the matrix B — k*D might have positive roots. We also plot the
line E; = 2FE, — EpR, below of which the assumption AEIZIB < 0 is satisfied, and the region where
Turing instability might occur is thus the black one.

Figure 5.5: Values for Ez and E2— E; satisfying (5.75) and (5.82). Values for masses as in (5.42), background
energies as in (5.43), frequencies as in (5.85), (5.86) and E; = 7.2. The region allowing Turing

instability is depicted in black. The meaning of the plotted curves is explained in the text.

We may compute det(B — k?D) numerically: in Figure 5.6 we plot it versus k for some values of
Ez and E5 — Eq, and in Table 5.1 we show its maximal value in the right half—plane.

We notice that, for Ez = 10 and Ey — Ey = 2.5 there is a particularly wide range in which there
could exist wavenumbers k leading to unstable modes. For these values we perform a simulation
of the behaviour in time and space for functions nq, no, nz in a one—dimensional domain of size
L = 0.15 and we report the result in Figure 5.7. We see that for a time ¢ = 50, the component Y;
and the gas species Z, characterized by a very low diffusion coefficient, turn out to be concentrated
in one point of the domain, while we have a low but nearly uniform concentration of component Y3,

due to its much higher diffusion coefficient.
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Ey | By — By | Max det(B — k?D)
7.5 1 1.16x10°
10 2.5 5 x 107
6.4 2.5 6.27 x 109
8 35

—3.1 x 10%

Table 5.1: Maximal values of determinant det(B — k?D) as function of k picking some values for Ez and
in (5.85), (5.86) and E; = 7.2.

E5 — Ey when values for masses are as in (5.42), background energies as in (5.43), frequencies as
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Figure 5.6: Panel (a): Behavior of the quantity in (5.64) as function of wavenumbers k, taking values of Ez

and By — F; as in Table 5.1 (the graph corresponding to the values E; = 10, E; — E1 = 2.5 is
reduced by a factor 5). Panel (b): Zoom of the area close to k = 0 of panel (a).
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Figure 5.7: Panels (a), (b), (c): Configuration at time ¢ = 50 of the densities ny, ny and nz (solid lines)
compared to their equilibrium state (dotted lines), respectively, taking Ez = 10 and Es—E; = 2.5.
Values for masses as in (5.42), background energies as in (5.43), frequencies as in (5.85), (5.86)
and F£; = 7.2.
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5.3 Turing instability for three-components system with a non-diffusive
term

Adding a further assumption on different frequency of collisions with the background for the
monatomic species Z, in Section 4.3 of the previous chapter we derived a second system of three
reaction-diffusion equations in which the diffusion term for species Z disappears at first order accuracy.

The resulting system is

8(;51 — DiAxny = a— (b+1)n1 +1nzgng + eng — fni

% — DoAxng = bny — nnzng (589)
ong

W = fn% —eng.

We want to investigate its stability properties again in a spatial domain  with initial conditions

n1(0,x),n2(0,x),nz(0,x) and with absence of flux at the boundary, i.e.
n-Vynr=0 on (0,00)x0Q, [=127Z. (5.90)

In absence of diffusion, we have the same system as (5.50), that linearized around the equilibrium
state has the same matrix B given in (5.53); for this reason, the unique equilibrium state is again the

one given in (5.51) and condition for the linear stability is again

2 1 1
[ af & +} a2nf>b—1. (5.91)
e e
If we include the diffusion, instead, we have a system similar to (5.59), but with a different diffusion
matrix: SW
(5.92)
n-VyW =0 on (0,00) x 99
Dy 0 0
Dy = 0 Dy 0 |- (5.93)
0 0 O
We still look for a solution of the system of the form
W(x,t) = chekktwk(x), (5.94)

k

and wavenumbers, considering again as domain ) a one-dimensional segment of length L, k,, = 7 7.

Eigenvalues of the matrix B — k> Dy, ), are now roots of the characteristic polynomial
— A+ Ntr (B — k*D) — X [E] + det (B — k*Dy) , (5.95)

with

a’nf
e

2 3 2
+2D1+D2e> /-cM% +2# valnf—ebte  (5.96)

== <D2 + 2(1ng + Dy
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and
p(k?) def det(B — k*Dy) = —eD Dok — (D1a2nf + Doeb — eDg) k% —a’nf. (5.97)
Also in this case, the only condition allowing to have eigenvalues with positive real part is

det(B — k*Dy) > 0, (5.98)

i.e. the function p(k?) should attain a positive value for some k # 0. It means requiring firstly that

Dy(1—b) + DlaQ% <0, (5.99)
that, if we introduce the quantity § def %, becomes
2
(b—1e
0 < ——— 5.100
a*nf (5.100)
which implies conditions 6 < 1 + 20f+1 3nd b > 1. Also in this case, the component Y5 can be

e
seen as inhibitor and Y] as activator. A second condition to be satisfied to have p(k?) > 0 is that

Pmaz > 0 and being

2
[D2(1 —b)+ DlaQﬂ — 4D1D2a2ﬂ
e e
maxr — ’ 101
it becomes
nf\’ nf
62at <> —25(1 +b)a* = + (1 - b)* > 0. (5.102)
(& (&
Solving with respect to the parameter ¢, we get as a result
(Vb —1)% (Vb +1)%
0< —5—— o> -———. 1
< pEm Y > o (5.103)

But, since (5.100), the only admissible values for § are given by the first of the two inequalities above.

To conclude, necessary conditions to have unstable modes can be summed up as follows

(b—1)e 2af +1
0< g <l+—
(5.104)
(Vb —1)%e
(5 < W.

Turing instability then occurs if at least a wavenumber belongs to the interval (k1, k2), with

2
b—1—5a277fi\/<1—b+5a2"f> —4a2ﬂ
2 e e

(&
k172 - 2D1 . (5105)
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5.3.1 Analysis with respect to microscopic parameters

Coefficients of system (5.89) are explicitly expressed in (5.69) and (5.70) and, in addition, we have

E agnjagy

§ = =A8C . (5.106)

Z Vngogy

J=A,B,C

Assumptions on the other parameters, i. e. collision frequencies, masses and background energies,
are the same as in previous sections, in such a way that the analysis still depends only on the difference
E5—E; (as in the previous section we suppose Es—E; > 0) and on Ez. As already noticed, conditions
on parameters for the stability of homogeneous equilibrium are not different from the previous section,
that we recall here

Ez <log(T(E2 — Ey)) —log (L(E2 — E1)) (5.107)

with functions 7 and £ defined in (5.72) and (5.73), respectively.
For Turing instability analysis, instead, we define the following function

H(E, — B) % 2 [\/ AEﬁf)) - \/”ég] (5.108)
VAl

with vy as in (5.31). In this way conditions (5.104) can be written as, recalling also (5.107),

5 o T(Es— Ey)
_ 0 B 2T 5.100
H(E, — Ey) € L(Es— 1) (5.109)

Also here, there are admissible values for E only if the inequality

L(Ey — En)

O H(E> — BT (B> — By

<1 (5.110)

holds. We compute the derivative

< ; >/
HT
» AC
Bl( 1+4xL —|—1—|—2xﬁ +4xL AEﬁ%)>+ % :
Va1

LH
(5.111)

CTH?

Referring to the condition (5.72), we observe that the functions £ and H have the same sign, and in
particular we identify again the value E* such that H > 0 for every s — E1 < E*. in addition, we
have H' > 0, thus the function %_ is increasing, with the limit for E5 — E7 going to E* being +oo0.
For E5 — Ey = 0, instead, we have

Lo_, (-1)

5HT A2 VAC 2"
2{1+\/+4X<A1—1)]<1— 312)
Vai

As a consequence, if choice for collision frequencies is made in such a way the quantity above is

(5.112)

smaller than one, there exists a nonnegative value E such that 5% < 1forevery0 < Ey— E; < E.
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We now take masses and background energies as in (5.42) and (5.43). For collision frequencies,
instead, the ones for inelastic and chemical reactions are as in Section 5.2, while collisions frequencies
of components Y7, Y5 and species Z with the background as in Section 5.1, recalling the fact that

they have different orders of magnitude:

Va2 =0.004, vZi=03, i =00001, vEP=0.1, (5.113)

b =150, =20, @y = 3000. (5.114)

Taking E1 = 7.2 in this case as well, we individuate the region of parameters leading to Turing
instability reported in Figure 5.8 (black area).

20

Figure 5.8: Values for Ez and E3 — Ej satisfying (5.109). Values for masses as in (5.42), background energies
as in (5.43), frequencies as in (5.113)- (5.114) and E; = 7.2.The region allowing Turing instability
is depicted in black. The meaning of the plotted curves is explained in the text.

Here we have again the curve C3 given in (5.87) and the other curve
C5: Ez =log(8) — log(H(Ey — Ey)). (5.115)

Their intersection occurs at £ ~ 4.36. We may now perform a comparison between this case and
the previous two. The stability region for the steady state of current system is obviously the same of
the complete three-equations system (5.48), which in both cases is bigger than the stability region of
system (5.1). For the Turing instability, instead, with respect to the case of species Z diffusing, the
range of possible values for the difference Fo — E; allowing pattern formation is considerably shorter,
but, differently from the two-equations case, values close to zero for this quantity can be taken. We
also observe that in both the three-equations cases the energy level E; must be, in order to have
Turing instability, higher than in the reduced case, where very low values are admitted.

We verify the formation of pattern taking Ez = 10 and Es — Ey = 1. The behavior in time and

space of quantities ni,n9, ny is reported in Figure 5.9.
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Figure 5.9: Panels (a), (b), (c): Configuration at time ¢ = 25 of the densities n1, n2, nz (solid lines) compared
to their equilibrium states (dotted lines) taking E; — E; = 1 and Ez = 10. Panels (d), (e), (f):
behavior of densities n1, na, nz in space and time for the energy levels taken above. Values
for masses as in (5.42), background energies as in (5.43), frequencies as in (5.113)-(5.114) and
E, =72

5.4 Conclusions

The different reaction-diffusion systems derived in Chapter 4 for a mixture of two gas species (a
monatomic and a polyatomic one, the latter having two possible internal energy levels) in a dense
background medium considering various hydrodynamic limits have been here analyzed in detail. In
particular we have inquired about the possibility of having Turing instability and the consequent
formation of spatial patterns for the densities of chemical species involved, setting the discussion
upon the dependence of the coefficients on microscopic quantities.

We have started from the two equations system and we have focused our analysis on collision
frequencies and energy levels. First of all, we have pointed out that, as in any system showing
formation of Turing patterns in which the diffusion coefficient of the inhibitor species has to be bigger
than the one of the activator, in our case this means that for component of the polyatomic species
corresponding to the higher energy level (playing the role of inhibitor) collision frequencies with the
background have to be less than the ones relevant to the the other component corresponding to
the lower energy, (acting as activator). We have explicitly individuated a region for values for the
internal energy of the monatomic gas and for the difference of the two energy levels of the polyatomic
species in order to have spatial oscillations in the equilibrium configuration. We have also verified
the appearing of a spatially non—homogeneous solution owing to some numerical simulations, and we
have discussed the dependence of the number of oscillations on the choice of the energy levels. As
expected, the component with the higher diffusion coefficient shows a more homogeneous profile at
equilibrium. Concerning the complete system of three equations, we have been able to derive necessary
conditions on microscopic parameters allowing Turing instability but, being the number of parameters
involved higher than in the two—component Brusselator—type system, it has not been possible to verify
analytically when such conditions really lead to unstable modes. To this aim we have numerically
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simulated a test case, obtaining as final state a configuration in which the polyatomic component
having the lower energy is concentrated in a small region, as well as the monatomic species, while
the density of the second component, characterized by a much higher diffusion coefficient, is basically
constant in space. For the system of three equations in which only the two components of the
polyatomic gas exhibit a diffusion term, at last, the fact that the diffusion matrix contains only two
nonzero terms on the diagonal has allowed us to find explicit conditions leading to unstable modes, as
in the reduced case. Thus, we have been able to make comparisons between this case and the other
ones, and we have also validated results obtained analytically with a numerical simulation.

The derivation performed in these chapters, based on a diffusive asymptotic limit of a system of
kinetic equations, has provided reaction—diffusion systems in which the diffusion matrix is diagonal
and constant. Actually, in many physical situations the Brusselator—type dynamics is better described
if the diffusive part is nonlinear, as for instance in [53], or if there is also a cross diffusion term, as
in [50]. In these cases the discussion of Turing instability requires a deeper analysis of parameters
appearing in the diffusion part. A possible step forward in our models is to look for a different set
of possible interactions among particles of the mixture, and to investigate different hydrodynamic
limits of the kinetic equations that may lead to the appearance of nonlinear diffusion or cross diffusion

terms, in order to study also their dependence on microscopic quantities.
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Concluding remarks and perspectives

The research work presented in this thesis has been aimed at constructing kinetic models and hydro-
dynamic equations able to reproduce accurately the behavior of real gas mixtures. The main features
of physical settings we considered take into account the fact that, in a gaseous flow, gas species may
be found in both monoatomic or polyatomic state and they may interact elastically, inelastically or
chemically.

We have, first of all, collected the main results of the classical Boltzmann description of a mixture
of four polyatomic gases involved in a bimolecular and reversible chemical reaction proposed in [15],
extending them to a more general case in which the four gas species may have different numbers of
discrete internal energy levels. In this way, also the presence monatomic constituents (having only
one internal energy level) is allowed. To this aim, we have introduced a more compact notation for
the description of the model.

Aware of the mathematical and computational difficulties of the investigation of the the classical
Boltzmann model, in the following chapters of the thesis we have adopted a BGK-type description
of a gas mixture, following the research line of [11]. We have built up consistent BGK models for
coexisting monatomic and polyatomic species in an inert (Chapter 2) or reacting (Chapter 3) frame.
This generalization has allowed us to simulate numerically the behavior of more realistic chemical
species. In the inert case we have been able to understand how the possible differences between
masses of interacting species may affect the trend towards equilibrium of the macroscopic quantities.
For the reacting model, furthermore, we could take inspiration from real bimolecular reactions and
we describe the behavior of densities, mean velocities and temperatures. A further development
in this research line could involve a more specific description of the internal energy structure of
particles, considering separately the rotational and the vibrational energy of each polyatomic species.
The macroscopic analysis presented in Chapters 2 and Chapter 3 was performed essentially in space
homogeneous conditions; it would be highly desirable to consider also space dependent problems, for
example shock wave structure, starting from suitable BGK models.

On the other hand, in this thesis we have approached to the time-space dependent problems
for macroscopic quantities following a different line. In fact, in Chapter 4 and Chapter 5, we have
performed a derivation of reaction-diffusion equations for the densities of a mixture of a polyatomic and
a monatomic species interacting in a gaseous medium, starting from the Boltzmann type description
of the model. In this case,our starting point was the paper [12], where an analogous derivation is
obtained for a mixture of four reacting species, without considering the internal energy structure
of each one. In our work we have considered various hydrodynamic regimes, one of them leading
to a reaction-diffusion system analogous to the classical Brusselator system. Our approach allows
thus to derive classical chemical systems starting from the kinetic level, with reaction and diffusion
coefficients completely explicit in terms of microscopic parameters (masses, collision frequencies,

internal energies). In our reaction-diffusion systems, we have investigated the possible occurrence of
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Turing instability, namely the formation of periodic non-homogeneous stable solutions. We have been
able to find analytic conditions on the microscopic parameters of the mixture allowing or preventing
pattern formation, and our results have been confirmed by numerical simulations. The utility of this
approach to the study of gas mixtures is that it can be extended to a wide set of possible interactions
among particles. An important future research line, already in progress, should be the investigation
of different asymptotic limits of the kinetic equations, possibly leading to the appearance of nonlinear

diffusion or cross diffusion terms, to be studied also in terms of microscopic quantities.
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A Integrals of collision contributions

In Chapter 4 of this thesis a system of reaction-diffusion equations for number densities of components
of a particular gas mixture is derived from a system of Boltzmann equations for the distribution
functions. In particular, after writing each distribution function as a Maxwellian distribution plus a
perturbation term, the derivation is obtained by integrating each Boltzmann equation. Thus, we have
to compute the integrals of Boltzmann collision operators involving Maxwellian distributions. We

provide here details of such calculations considering a generic bimolecular encounter of type
A+ Ay S Az + Ay, (A].)

with each component having a certain mass m; and internal energy E;, I = 1,2,3,4. We assume

that distribution functions are

fr(v) =niMi(v)  Mp(v) =ny (g:)gexp (-”@‘"2) [=1,2,34. (A.2)

Keeping in mind the notation used in the preliminary chapter of this work, we write the collision
operator for each component, denoting by nM the vector [ny M7, neMa, nsMs, naMy]. The collision

operator for Ay reads as

M) = [ [ 5 - o) aotio. 0 )

3
X [(Mz) naMs(v' ) naMy(w') — ny My (v)ngMy(w) | dwdSY’, (A3)
H34
recalling that yi;; = (%J;Z:J), 52}3’“ = 2 , with AEhk Ey+ E, — E; — E;. Here we suppose that

AE3 > 0. Operators for the remammg AI can be derlved accordingly to the exchange of indices

and variables performed in Chapter 1, obtaining

:/R?’/SQH(QQ_(S% 9012(979 Q,)

3
% [(Mlz> ny My (V' )3 Ms(w') — naMa(v)ny My (w) | dwdS¥, (A-4)
34
// 9‘734(%9 Ql)
R3 J 52
pas )’ ;
X [(ﬁ) n1 My (V' )noMa(w') — ng My (v)naMy(w) | dwdSd', (A.5)
12
4nM](v —/ / 1) 9083 (g, 2 - )
r3 J 52
3 .
% [(534> n2M2(V/)n1M1(W/)—n4M4(V)n3M3(W) dwdSY'. (A6)
12
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It is worth to observe that in (A.5) and (A.6) the quantity H (¢° — 633) could have been omitted since
it is identically 1 with hypothesis made on energy gap. We are now interested in calculating explicitly
the integral

Q1 [nM](v)dv. (A7)
R3

Substituting the expressions for the Maxwellians we have

_ 1 340 & A 2 34
T e I I [ B SPEA )

mimes 3 1 2 1 )
X ——— n3ngexXp | —=mszv - — —Mygw
msmy 2 2

1 1 “
— (mlmQ)% n1no exp <—2m1v2 — 2m2w2>} dw dv dS?, (A.8)

and using the conservation of total energy during the collision (A.1) written as

1 1 1 1
§m3v’2 + §m4w'2 = —AF}+ §m1v2 + imng, (A.9)

we have

3 3
_ (mamg)2 | (mamg 2 34 / 340 & N A0
- Q1nM](v)dv = an) p— exp (AE12)n3n4 nino . o75(g, - Q")gdQ2

: 1 1
X / H (g% — 0%3) exp <—m1v2 — m2w2> dw dv. (A.10)
R3 xR3 2 2

The Maxwell molecules assumption adopted throughout this work still holds here, thus we have

constant collision frequency

[ otha. 0 @)gaty E iy (A11)
Moreover, inside the six-folds remaining integral
2 ¢34 1 2 1 2
H(g” — 673) exp [ —=m1v° — —mow” | dwdv (A.12)
S 2 2
by writing
mi1 + me mi + mo mi + mg
_ |m1v + maw|? N mima|v — wl|? (A13)
myp + ma myp + ma
we perform the change of variables (v, w) — (g, G) that we recall here
g=vVoW (A.14)
G = appv + anw,
being a;; = m;?m] and we obtain
1 5 1 5 mimo
exp | —=G*(m1 +mg) | dG exp | —=g°——— | dg. (A.15)
R3 2 92>834 27 my+mo
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Passing to spherical coordinates in both integrals above, we have

Foo 1 1 mim
167 / exp | —=pg(m1 + m2) | pidpa / exp (—-p2———— ) pldp,.  (A.16)
0 2 p2>635 2

Setting

1 1 mm
i(ml +m2)pa, §= *#P?p (A.17)

y= 2mi1 + mo

the integral may be rewritten as

2 too
167723/ exp (—y2) 2y2dy/ exp (— \/df
)2 Jo E>AE

(mlmg Ey5
s 1 3 34
:16w27)3r 2 O(AER) ), (A.18)
2

(mima 2

with T'(«, 3) the upper incomplete Euler gamma function
+o0o
I(a, B) = / oLl gy (A.19)
B

and O(x) = max{x,0}. Finally we get the result

Or[nM](v)dv — 312 (3 O(AEH )) [(m”@)gexp(AE§§)n3n4—n1n2

s nivl Vig—F= /r -

We want now to calculate integrals for the remaining collision operators (A.4)-(A.6). We notice that,
via a change of variables v <+ w, it is easy to check that

Q2[nM](v)dv = [ Q1[nM](v)dv.
R3 R3

For the remaining two integrals, being the Jacobian of the transformation involving pre-collisional and

post-collisional velocities (v/, w’, 2) — (v, w, ) for the reverse reaction in (A.1) equal to

H((g)" - o )Z;ijﬂ (A.20)

we have, after the change of variables,

PN

2
g ~
[ ey = [ [ w6 - a) Sttt 0 )

X (5?2) : {nlMl (v )na My (w')

3
— (,u12> n3M3(v)n4M4(w)]dv’dw’dQ, (A.21)
H34

By microreversibility introduced in (1.25) [52,80] and that now reads as

~ ~

13,9053 (9,2 Q) = pdy ()05 (g, 2 - ), (A.22)
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the integral above becomes

[y = [ [ a((0) - dlf) gothle R 9)

3
x [nlMl(vl)ngMg(wl) - (Zm> ngMg(v)n4M4(w)] dv'dw'd<2
34

» Q1[(nM](v)dv. (A.23)

Exchanging again velocities v and w we get

QunM](v)dv = / QsM|(v)dv = — | QinM](v)dv. (A.24)
R3 R3

Rii

Considering, instead, a "one-directional" irreversible collision of type
A+ Ay — Az + Ay, (A.25)

accordingly to results obtained in the preliminaries, the collision operator for components A; has only

the loss term, thus its integral is

Q1[nM](v / / 3) 9035(g, 2 - Q)ny My (v)no Mo (w)dwdSY’
R3 R3xR3 J 52
2 3
Repeating the procedure performed for the reversible case we get to relations for the other integrals
@:oM](v)dv = | Qi[nM](v)dv = — | @3nM]|(v)dv = — | QanM]|(v)dv.
R3 R3 R3 R3
(A.27)
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B Turing instability in reaction-diffusion systems

In Chapter 5, the stability properties of three different types of reaction-diffusion systems previously
obtained are analyzed through the Turing instability procedure, outlined by Alan Turing in 1952 [118]
and applied by Murray in [92] to models describing pattern formation in biology. We report here an
overview of the topic.

The starting point is the reaction-diffusion system for a certain number of substances that diffuse,

interacting, on a bounded domain. The system reads as
u; = DAxu + F(u), (B.1)

where u = (uq,...,ux) is the vector whose entries are the uri nknown quantities of the system
depending on time and The systems are somehow related to the classical Brusselator model, used
to describe a class of chemical reactions that have as a result the formation of patterns. The im-
plementation of a specific mathematical model able to reproduce real phenomena in which there is
pattern formation was introduced by Alan Turing in his work of 1952 [118]. His aim was to describe
the chemistry behind morphogenesis, i.e. the formation of different patterns in natural systems. The
analysis of a generic reacting system with linear diffusion, along with the discussion of its stability
properties, leading to an accurate description pattern formation in biology, was provided by Murray
in [92] space u; = u;(x,t), D is the diffusion matrix containing diffusion rates and F is a vector of
smooth non-linear functions representing the interaction among quantities. Turing's idea was that
steady heterogeneous spatial patterns may be obtained by means of a diffusion-driven instability of
the steady state. In other words, the appearance of patterns occurs when the system exhibits the
so-called Turing instability: a homogeneous steady state is stable under small perturbation when there
is no diffusion, but it becomes unstable if the diffusive part is considered. These stability/instability
features can be obtained only if specific necessary and sufficient conditions on the diffusion coefficients
and on parameters of the reaction functions are satisfied, and identifying these conditions is the main
issue of the Turing analysis.

We shall present here the classical model in which two quantities (in our case are they are number
densities of gaseous constituents) u, v are involved, but, as discussed in the last part of this thesis, it
can also be generalized to a higher number of components, not without additional technical difficulties.
We will also consider only the case in which the matrix D is diagonal. Thus we write the system in

the form
uy — D1Axu = f(u,v)
vy — Do Axv = g(u,v), (B.2)
with ¢ € (0, +00) and x € 2, being Q a smooth, bounded and connected set. The functions f and g
D,

represent the interaction between u and v, while the matrix D = contains the positive
0 Dy
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diffusion rates of the two chemical species on Q. The dynamics is all contained in €, for this reason
we impose zero flux at the closed boundary 9 of the domain (homogeneous Neumann boundary
conditions):

n-Vxu=0, n-Vxv=0 on (0,4+00) x 09, (B.3)

being 1 the unit outward normal to 9. Once that initial data u(x,0), v(x,0) are set on §2, the first
step is to individuate a steady state for the space-homogeneous system obtained without considering

the diffusion, namely

Ut = f(u,v)
U = g(“’vv)' (84)

Thus, imposing f(u,v) = 0 and g(u,v) = 0, we assume the existence of a steady state belonging to
the interior of 2, that we denote by (u, v).

As mentioned before, the diffusion-driven instability occurs when the state is first of all stable in
spatial homogeneous conditions, under small perturbations. To this aim, we linearize the system in

absence of diffusion around the state (u,v) and we write it in a compact form, getting

W, =AW, (B.5)
Y of of
with W= | “7 " | and the matrix A defined as A = Fu fo = ou v
_ 99 Jg
v—v Ju  Gv 4 Do

The stability of the steady state, that now is W = (0, 0), implies that the solution W 0(12“(1)85) is
such that W — (0,0) as ¢t — 0 when the initial state is sufficiently close to zero. Being the solution
W with respect to time of the form e, with A given by eigenvalues of the matrix A, the asymptotic
stability of the steady state is possible only if the eigenvalues have negative real part. Computing the
characteristic polynomial of A, which is

p(\) = det(A — \I) = A2 — MtrA + det A, (B.6)

its roots have negative real part if irA < 0 and detA > 0, conditions that can be explicitly written

as
fut 90 <0,  fugo— fogu>0. (B'7)

The fulfillment of conditions above depends on the parameters appearing in f and g, upon which is
usually set the analysis.

After that conditions on linear stability are set, we consider the complete system with the diffusion,
again linearized around the steady state, together with the boundary conditions considered above,
that is

W, =DAW + AW  on (0,00) x

(B.8)
n-VyW =0 on (0,00) x 0N
The solutions of this system are represented in Fourier series as
Wx,t) => Wi(x,t) =Y cpe™Wi(x), (B.9)
k k

158



where k € N and each eigenfunction W,(x) is a solution of the time—independent problem

AW +E*W =0 on (0,00) x Q

(B.10)
fi-V,W=0 on (0,00) x 0N.
Inserting the series (B.9) in the linear PDE of (B.8) we get
Z Apcre Wi (x) = D Z(—kZ)cke)"“Wk (x)+ A Z e Wi (x). (B.11)
k k k
This implies that, for each k,
MW (x) = [A — k*D] W(x), (B.12)
thus \; is an eigenvalue of the matrix A — k?D, whose characteristic polynomial is
pr(N) = det(A—k*D — XI) = > + X [k*(D1 + D2) — (fu + gv)] +7(k?), (B.13)
with the function
def
r(k*) € k'D1Dy — K*[D1gy + Do fu] + fugo = fodu- (B.14)

The instability predicted by Turing analysis is achieved if at least one term Wi (x,t) of (B.9) is not
vanishing as t — +o00, it means that there exists at least one wavenumber k such that ReXj, > 0.
Since, for each k, roots of (B.13) are

/\k1,2 = % |:fu + Gv — k2<D1 + DQ) + \/[fu + gv — kg(Dl + DQ)]Q - 4T(k2)] ’ (B'15)

and recalling the negativity of ¢ A required for the linear stability, one eigenvalue Az may have positive
real part only if the function (k?) attains a negative value. To have this, keeping in mind the other
constraint detA > 0, first of all it must be

Dsfy + Digy > 0. (B.16)

Taking (B.7) and (B.16) together, it follows that f, and g, must have opposite signs. This means
that if f,, > 0 it has to be Dy > D1, the opposite if f, < 0. The discussion of all possible cases along
with physical examples can be found in [92], in which the “activator-inhibitor” dynamics is considered
to be at the basis of pattern formation.

On the other hand, condition (B.16) is not sufficient to ensure r(k?) < 0 for some values of k, in

fact we should also check that r,,;, < 0 and, being

(Dafu + D1gy)?

Tmin = — 4D, D, + fugv — foGu, (B']-?)

it means
4D1D2(fugv - fvgu) - (Dqu + Dlgv)Q < 0. (818)

Summing up, if the following conditions are satisfied by parameters of the system

trA = fu+g, <0,

detA = fugy — fugu >0,

Do fy+ Digy, >0

AD1Da(fugy — fugu) — (D2fu + Digy)? <0,

(B.19)
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is possible to identify a range (k?,k2) of wavenumbers, with k2 and k3 solutions of 7(k?) = 0 given
by

k2 _ D1gy + D2fu + \/(Dlgv + D2fu)2 - 4D1D2(fugv - fvgu)
1,2 2D1D2 ’

(B.20)

such that for any integer (if there exists) k such that k2 < (k)° < k2 one has Re); > 0, getting an

unstable mode W7y, that leads to formation of patterns.
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