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ABSTRACT

This research project aims to investigate covariation understood not only as the ability to
visualize two or more magnitudes while cevarying simultaneously (Thompson & Carlson,
2017), but in a broader epistemological sense, as the ability to grasp relatiships of invariance
between two quantities.The need to better characterize more complex forms of reasoning
performed by students in mathematical modelling activities, led us to introduceecondorder
covariation, a form of covariation that consists in dgcribing relations in which not only variables
are involved but also parameters (Arzarello, 2019). These enable to represent families of
relationships between variables that is classes of real phenomena characterized, from a
mathematical standpoint, through parameters, which determine the specificities of the

mathematical model.

The discussion of this theme arises not only from research needs in the field of Mathematics
Education, i.e., the existence of a theoretical framework only partially useful to dethe the
covariational reasoning of students, but above all by its relevance in terms of teaching
practices.There is a wide literature showing that in mathematical modelling situations the
ability to reason covariationally is essential because it allowdo visualize the invariant
relationships that exist between quantities involved in dynamic situations (Thompson,
2011). The indications for teaching mathematics in high schools (MIUR, 2010) underline the
relevance of introducing mathematical modelling as aepresentation of classes of real
phenomena. However, despite the acknowledged relevance of covariation for the learning of
numerous mathematical concepts, in the National Indications, as well as in most textbooks,
references to this approach are generall absent. The teachers themselves have littlgpecific

knowledge of covariation and therefore struggle to introduce it into their teaching practices.

The data analyzed in this project come from three didactical experiments developed in some
classes of ascientific high school and whose aim is the mathematical description of some real
situations: specifically, the motion of a ball along an inclined plane and the relationship between
temperature and humidity described in the secalled psychrometric diagram.Using appropriate

technological tools, the students were guided in deriving a mathematical formula that described
such phenomena and in recognizing the different role played by variables and parameters in the
writing and reading of different registers ofmathematical representations.Students' reasoning

processes and the evolution of the different semiotic aspects (spoken, gestural,



representational) involved in the teachinglearning processes were analyzed; as well the
support of technology and the role 6the teacher in enhancing covariational reasoning through

appropriate adaptive teaching strategies, were considered.

This study led us not only to the elaboration of a broader theoretical framework, which
consistently includes seconeorder covariation, but also to hypothesize the existence of a third
order covariation. In addition, some research studies complementary to the main one described
above, allowed us to explore the theme of assessment of covariation as a form of conceptual
understanding and to ehborate a mathematical interpretation of the covariation construct using
category theory (Mac Lane, 1978) and the cognitive mechanisms of conceptual blending
(Fauconnier & Turner, 2002).



BREVE DESCRIZIONE

Questo progetto di ricerca si propone di indagare la covariazione intesa non solo come
capacita di visualizzare due o piu grandezze mentre e@riano simultaneamente (Thompson &
Carlson, 2017), ma in un piu ampio senso epistemologico, come capacita di mrglrelazioni di
ET OAOEAT UA OOA AOA COAT AAUUA8 , 6AOECAT UA AE !/
complesse messe in atto da studenti in attivita di modellizzazione matematica, ci ha portato a
introdurre la covariazione al secondo ordineuna forma di covariazione che consiste nel
descrivere le relazioni in cui sono coinvoltenon solo variabili ma anche parametri (Arzarello,
2019). Questi ultimi consentono di rappresentare famiglie di relazioni tra variabili cioe classi di
fenomeni reali caratterizzati, da un punto di vista matematico, da parametri che determinano le

specificita del modello matematico.

La trattazione di questo tema nasce non solo da esigenze a livello di ricerca nel settore della
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modellizzazione matematica sia essenziale la capacita di ragionare in modo covariazionale
poiché essa consente di visualizzare le relazioni invarianti che sussistono tra grandezze fisiche
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modellizzazione matematica intesa come rappresentazione di classi di fenomeni reali eppure,
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concetti matematici, nelle Indicazioni Nazionali cosi come nella maggior parte dei libri di testo i
riferimenti a questo approccio sono generalmente assenti. Gli insegnanti stessi hanno poche
conoscenze in merito alla covariazione euindi faticano a introdurla nelle loro pratiche
didattiche.

| dati analizzati in questo progetto provengono da tre sperimentazioni didattiche condotte in

alcune classi di un liceo scientifico e aventi come obiettivo la descrizione matematica di alcune
situazioni reali quali, nello specifico, il moto di una pallina lungo un piano inclinato e la relazione

tra temperatura e umidita descritta nel cosiddetto diagramma psicrometrico. Attraverso
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formula matematica che descrivesse tali fenomeni e nel riconoscere il differente ruolo svolto da



variabili e parametri nella scrittura e lettura di diversi registri di rappresentazione matematica.

Sono stati analizzati i proce E AE OACET T Al AT O AACIE OOOAAT O¢
semiotici (parlato, gestualita, rappresentazioni) coinvolti nei processi di insegnamento
APDDPOAT AEI AT OT h EI oO0PDPI 00I AAITT A OAATTI1T CEA
ragionamento covariazionale adottando adeguate strategie didattiche adattive.
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di un terzo ordine di covariazione. Inoltre, alcuni studi di ricerca complementari a quello
principale finora descritto, ci hanno permesso di esplorare il tema della valutazione della
covariazione intesa come forma di apprendimento concettuale e ad elaborare
OT 6ET OAODOAOGAUETT A | AOAI Awandola tehri Helleicht€y@io@0 01 A

Lane, 1978 e i meccanismi cognitivi del blending concettuale (Fauconnier & Turner, 2002).
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1 INTRODUCTION

International studies in Mathematics Education have deeply underlined and supported with
evidence-based research the importance ofovariational reasoningfor a deepunderstanding of
many mathematical conceptslike proportion, rate of change, variable, periodic functions,
exponental growth, and in particular functions of one and two variablesThompson, 1994;
Thompson & Silverman, 2008 Thompson & Carlson, 2017)the conceptualization of dynamic
situations (Carlson et al., 2002Carlson, 1998) and a full comprehension of many plsical
magnitudes, for instance force, work, momentum and energyThompson et al., 2017.
#1 OAOEAOET T Al OAAOITEIC¢C Ai AOCAO xEAT OOOAAT OO
NOAT OEOEAO OAOUET ¢ OEIi Ol OAT A4y hatély injcdsethey &€l T ¢
AAT A O COAOD OOEAO OEAOA EO AT ET OAOEAT O OAI
OEAOh ET OEA PAOOIT860 AT TAADPOEITh AOAOU OAI OA
I O E Arbénpspn & Carlson2017, p. 436). The issue of covariational reasoning has gained an
increasededucationalinterest in the last decadesand its theoretical framework is enlarging and
detailing from many different points of view, but there are still many research gaps and
perspectives that are worthy to be explored andve are going to describe and address all these

issues in the following underlining the scientific relevance of this research.

1. Covariation is essential for modelling activities

There are many reasonsvhy students strugglewith the concept of function, in mathematics as
well as in all the STEMareas One main reason is that studentare often introduced to the
concept of function through a static definition, for instance the one of Bourbaki (1939) a&
relationship between the elements of two setsa definition adopted also in textbooks today
widely used in schoolsuch asManuale.blu di matematica(2020). Consequently,studentsdo not
understand the dynamic nature of functionsconceptualized by covariation, that is how the
independent and the dependent variables change togethet. AO1 OT T 8(€998PHinGIaHE A O
the lack of a covariational approach may be one of the reasons wbkfudents are unable to
interpret dynamic situations and to construct meaningful formulas suitable for representing one
guantity as a function of another.

Covariation is crucial in activities of mathematical modellingbecause Ghe operations that

compose covariational reasoning are the very operations that enable one to see invariant



relationships among quantities in dynamic situation®(Thompson, 2011, p. 46), andoit reveals
essentialfor entering into the so-called modelling cycle (Blum, 199%. Despite the recognized
importance of covariation,most of mathematics curricula do not contain explicit references to

covariation and therefore even teachers do not enhance it in their school practices.
2. The theoretical framework of covariation is worthyotenlarged

The already existing theoretical framework about covariationdeeply addresses how students
reason when trying to cevary two or more variables and this kind of characterization relies on
OEA AiI Ci EOEOCA EAAOOOAO 1T &£ OOOAAT OO6 OAAOITE]
perspectives emergedand they mainly develoged in two directions: the first one refers to the
design principles of activities enhancing covastion and specifically the role of technology, e.g.,
DGS environment, in supporting covariational reasoning processé€s.g., Johnson et al., 2017;
Johnson, 2013) This thread of research mainly provides a wider characterization of the
covariation constructfrom adidactical point of view, investigatinghow supporting covariational
reasoningat atask designlevel and teaching practices levelThe second line of research, a more
recent one, approaches covariation as a larger form of reasoning that considenathematical
objects jointly with their mathematical relations. This enlarged vision of covariation allows to
coherently introduce a more complex form of reasoningsecondorder covariation (Arzarello,
2019), the main object of investigation of this research project, which consists ihe description
of invariant relations in which are involved not only variables but also parameters. The latter
allow to represent families of relations between variablesthat is classes of real phenomena
characterized, from the point of view of the mathematical representation, by peculiar
parameters determining the specificities of the mathematical modeHence, this broadening of
the existing framework about covariation enabls to include an improvement of the theoretical
construct of covariation with the introduction of secondorder covariation, and to widen the
characterization of this construct not only on the cognitive side, but alstbrom didactical and

mathematical standpoints.
3. Teachers also struggle with covariation

Covariation is a complex type ofeasoning,and many students meet difficulties in attaining and
maintaining it (e.g., AduGyamfi & Bossé, 2014; Carlson et al., 2002; Ellis et al., 2016). These same
bodies of literature suggest that since covariational reasoning is uncommon among students,

instruction should emphasize it in students' learning activities and should place an increased



AiT PEAOEO 117 OAAAEAOOS EIT OOOOA Otivé riecdls faripronipng A E
covariational reasoning.The truth is that teachers also struggle with a covariational view of the
concept of function andare usually not soefficient in teaching this concept especiallywhen a
function within the same family of functions varies with respect to varying parameters.

As previouslyhinted, adaptive instruction may be afirst answer to this issue:investigating how
teachers interact with students to adapt their instruction to teach complex mathematical
concepts AT A OPAAEAZEAAI 1T U OEA OAAAEAOGO OI1TT A EI
understanding of a specific mathematical content, covariation in our casearries important
theoretical, methodological, and pedagogical implication8ut the keyto a successful adaptive
instruction is a deep knowledge and mastery dboth first- and second-order covariation which
would equip teachers with a flexible overview of handling adaptive teaching of covariation in

schoolat a theoretical as well asat apractical level.

4. The assessment of covariation

Given the peculiarity and complexity of covariation as a theoretical and cognitive construct, and
its rare presence in school practices, the assessment of this form of reasoniogns out to be
challenging.Even studies on mathematical modelling do not propose a systematic exploration
of the issue of its assessmentwhich should reflect not only the aims of applications and
appropriate modelling (Blum, 2015, A0O Al 01 OOOAAT 608 AAEI EOU
manner. In addition, covariational reasoning deals with a typical conceptual knowledge
construct, which is more complex than a content area or procedure to be assessed because of
the variety and comg A@E OU | f@mO @asdningd Bisson et al. (2016) highlight the
difficulties of using standard assessment practices when conceptual understanding is under the
lens and even in ltaly assessing conceptual understanding and the connections between
different mathematical domains or between different subjects like math and physics is
underrepresented in summative mathematics tests.While already existing method of
assessment of covariation mainly focus on the features of the proposed tasks and its gibke
answers or on the taxonomy of covariational reasoning, we are not aware of studies that explore
its assessment though the adoption of a holistic method thalso supportsteachers that are not

so confident with all the facets of this form of reasonig. As it will be discussed later (Chapter
15), we identified in the comparative judgement a valuable toglwhose features could support

the assessing of a complex construct as covariation, especially when it expresses f®rof

conceptualunderstanding.
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The theoretical characterization of the construct of covariation, botfrom a cognitive,didactical,
and mathematical standpoint, is the main object of investigation of this researcland we are
going to address the issues set out in points-2-3 of this Introduction in the main body of this
work. The state of art about covariationwith reference to existing literature will be exposed in
detail in Chapter2 along with some new perspectives about covariational reasoning arose in the
last decades (Sectio.1) and some historical notes about the relevance of this form of reasoning
in different fields of Mathematics (Section2.2). In Chapter 3, the main conceptions and
approaches to the concept of function in mathematics, including the covariational one, will be
recalled together with the epistemological obstacles that students facevhen dealing with
functions in modelling activities. Moreover, the support of technology is a valuable ally to
introduce covariation in classroom activities and to instrument this kind of reasoning processes
(Chapter4). Chapter5 contains a preliminary formulation of the research questions that led us
in the design d this study both on an experimental, methodological, and epistemological level.
The complexity of the topic of covariation and the numeroustandpoints from which it is
analyzed required various and suitable theoretical lensesto be networked: the four theoretical
perspectives (semiotic bundle, commognition, conceptual blending and adaptive teaching) are
presentedin their main aspects in Chapte6 jointly with their network. A clear definition of the
theoretical framework enabled us to produce a definitive formulation of the research questions
(Chapter7). The methodology of our research is illustrated in Chapter 8hat is structured in the
following four sections: the main features of a qualitative research based on teaching
experiments (8.1), the design principles connoting our experimentations (8.2), the
methodological tool of the Timeline 8.3) and finally some notes concerning the methods for dat
analysis @.4). Moreover, given the relevance of the role of the teacher we collected some
relevant information about her background and the school where the teding experiments
were conducted in Chapter9. Chaptersl0, 11, and12 are devoted to the analysis othe three
teaching experimens and the structure isrecurrent: overview of the tasks and prospective
analysis, data analysis of some selected episodes, discussion of the results according to four
different layers of analysis, and some concluding remarks. Eventually ChaptE3 contains the
answers to the research questions, some didactical implications and limitations of this study and
some further purposes of research.

The last part of the thesis contains somextra chapters related to the topic of covariationwhich

were not part of the original design of the research and respond to specific research purposes.



Indeed, the discussion of the results of the research revealed the need of a further investigation
of the theoretical construct of covariation so to enlighten theharacterization of secondorder
covariation and this interpretation emerged in particular in the lastteaching experiment. These
evidences led us to explore a mathematical interpretation adopting the universal language of
category theory and the cognitive lens of conceptual blendingreliminary results are exposed

in Chapter14.

The issue of the assessment of covariational reasoning in the form of conceptual understanding
is specifically addressed in Chapted5 adopting the technique of comparative judgement as
method of assessmentChapter 16 is a deeper expbration of the features of the notion of
instrumented covariation and contains an analogy for variables and parameters based on C

programming language.






2 THE SATE OF ART ABGQLOVARIATION

Covariational reasoningstarted being considered and studie@s a theoretical construconly
in the late 1980s and early 1990sCovariational reasoning entails thinking about how two
NOAT OEOEAOCS OAI BdweverAtkeltelis@dsingle iupidrstaading 8f what ways of
thinking constitute covariational reasoningand in the following we are going to recall the main
conceptions that contributed to a full conceptualization and definition of this construct.
Confrey (191) and Confrey andSmith (1994) described apreliminary notion of covariation,
where students coordinate a completed change in the valuesxivith a completed change in the
values ofy. Hence, theyA EAOAAOAOEUAA AT OAOEAOQGEIT ET OAOI O
asthey change.
Thompson and Thompson(1992) and Thompson (1994; 1993), in the theory of quantitative
reasoning, described a notion of covariation where students simultaneously track two
NOAT OEOEAOG:ACO N@®AE 10E OWA IE@A @ A /£E 1 alzAtiondoOan abjedt duéhi A 6 O
that it has an attribute that could be measureda person reasons covariationally when she
AT OEOEI T O Ox1 NOAT OEOEAOG OAI OAO OAOUEIT ¢ AT A
Saldanha and Thompsor(1998) further AT AAT OAOAA 4ET I POT 160 11 OEIT
explained that their notion of covariatonE O O £ OT I AT T A ET 1 AET C ET I
Oxi NOAT OEOEAO OAI OAO | i 29) TROiidikidud Gen@lly fofns ® AT Al
multiplicative object, a new conceptual objecformed merging the attributes of the two initial
quantiess ! AAT OAET ¢ O1 OEA AOOET OOh OEEO aidbs®ET 1
multiplicative operator (1950), an operation that Piaget described as underlying agrative
Al AOGOEEEAAOQEIT 1 AT A OA OETAD&iihdrs chrify thatEtkelr AdesAdf 6 O  (
i Ol OEPI EAAOEOA 1 AEAAO AEEAZEAOO &EOI I OEA TTA A
because it should not be intended as a mathematical concept thea person can operate upon
mentally, but as a specific cognitive achence, the focus is not on the resulting object, but on the
cognitive process itself To provide an exampleof multiplicative object, the conceptualization of
01 ONOA OANOGEOAOG O1 Ai 1T AAEOA OEA OAITO1T O 1T A& 0>
AEOOAT AA mOT i A &£O01 AOOI Oi(Thdripshn &ASaldahifa52003)Bri ET O
again adered pairs represented by points in he Cartesian plane are multiplicative objects when
understood as values of two quantities that vary simultaneously.
Thompson et al. (2016) deeply investigated the relevance of creating a multiplicative object from

two magnitudes to mastering a covariationdh | AAT ET ¢ &£ O COAPEO8 4EAU
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difficulties with graphs could be partially attributed to not having conceived points on a graph

as multiplicative objects that condense two measures simultaneously.

Carlson and colleagues (2002)escribed a developmental notion of covariation, where students

begin by coordinating directional changes in the values of two quantities and eventually
coordinate continuous change in one quantity with the instantaneous rate of change of another
quantity. Moreover, Castillo-Garsow (2012) identified three distinctions T £ O O Ghialdrig © 0 &
AAT 00 Ei x A NOAT OEOUGO OAI OA OAOEAOd AEOAOAOA]
The current view of covariational reasoning as a theoretical construcivhich has been widely
presented in The Compendium for Research in Mathematics Educatidhompson & Carlson,

2017), retains emphass onthree main elements:(i) quantitative reasoning and multiplicative

objects, (i) coordination of changes in quantite® O A&n® @iiDthe ways in which an
individual conceives quantitiesasvarying. It consists ofa hierarchy ofsix different framework

I AROAT O OEAO xA AOA CIiEIC O baddkindhodpsdEAQOET C
Carlson (2017).In the bottle task, given a bottle of a certain shape, students are asked to sketch

a graph of the heighof the water in the bottleas a function of the amount of the pouredvater.

E A student at theno coordination level(LO) would not coordinate the height of the water
with the amount of water contained in the bottle.
E At the pre-coordination of values leve(Ll), a student would observe that when some

water is added to the bottle, the height of the water increases.

E At the gross coordination of valuekevel (L2), the student would describe this covariation,
OAUET ¢ OEAO OOEA EAECEOAEDAOAAOGAOG AO OEA O
72 A student at the coordination of values leve{L3) would coordinate the values of the
x AOAOGO EAECEO ET OEA Al 001 A x&d@eddwater. AAOOAE]
72 A student at thechunky continuous covariation levéL4) would envision the height of the

water changing simultaneously with the amount of water, but these changes would refer

Oi ET OAOOAT O 1T £# A EEQGAA OEUAh xEOE OEA 000.

0011 0i Ao AO PAOOET ¢ OEOI thegrlerv®EA ET OAOI AAEA
E In the end, a student at thesmooth continuous covariation levgéL5) would conceive height

and volume as varying simultaneously through intervals in a smooth and continuous way.

These framework levels can be interpreted as descriptors c class of behaviors or as the

AEAOAAOAOEOOEAO 1T £ A PAOOIT60 AAPAAEOU O OAA

of covariational reasoning means that she is able to reason reliably at lower levels but cannot

8



reason reliably at higher lewels. Covariation necessarily involvestwo or more magnitudes
varying simultaneously; when conceptualimg how a single quantityd O  Ovaily,&h& Quthors

refers to it asvariational reasoning,a framework consisting itself of six different cognitive levels:

Variable understood only assymbol

No variation (LO) of the variable is perceived, it has a fixed value;

Discrete variation(L1), when the variable is conceived as assuming speciftalues;

Goss variation(L2), if the values of a variable are conceived as increasing or decreasing;
Chunky continuous variationL3)h x EAT OEA OAOEAAI A80O OAIlI OAO

intervals of a fixed size;

= =2 =2 =4 A

f  Smooth continuous variation(L4), whenOEA OAOEAAI A6 0O OAl1I OAO A0/

smoothly and continuously within those intervals.

Some otherconcluding remarks concerning the cognitive construct of covariation follow.

Saldanha and Thompsor{1998) speak of global imageof the simultaneous states of two ce
varying quantities and graphs are intended as a modality to represent this imagen short,
covariation is not just finalized to the reading and drawing of mathematical diagrams.
Thompson and colleagues(2017) have never invesigated the problem of covariational
reasoning among quantities whose values are related by a formula, but recent studies have been
elaborated in this area involving students of algebra and analysis courses (Frank, 2016).
Finally, even if the existing liteature until now is limited to a small number of subjects, its
findings suggest that reasoning covariationally is uncommon among students and teachers, at
least in the U.Svhere most research studies about covariation are carried ousMoreover, studies
that investigate covariational reasoning either internationally or with a large, geographically

diverse sample are not known (Thompson et al., 2017).

2.1 NEw PERSPECTIVES ABOUT COVARIATION

In the last years, new perspectives about covariation emerged as lineregearch in Mathematics
Education and in this paragraph we are going to present three main contributiathat have

some contact points withour study.

1. Metavariation, Hoffkam2009; 2011)

In the German educational context the termfunctional thinking was introduced for the first time

with the so-called Meraner reformof 1905 initiated by Felix Klein. In its initial and broad sense,



the term functional thinking addressed thinking in variations and functional dependencies and
emphasized the aspectsof dhi CA8 | AAT OAET ¢ Ol 6 functiodahtlinkiagd A A A&
can beintended as the typical way to think when working with functions and in German
mathematics curriculum the idea of functional dependency is one of the five central
competencies, whch form the mathematics education.Recently Hoffkamp (2009; 2011)
analyzed how the use of Interactive Geometry Software (IGS) allows the visualization of the
dynamic aspect of functional depencies simultaneously in different representations and offers
the opportunity to experiment with them. Specifically, she underlined how some activities
designed with IGS allow two levels of variation. The first level is that of covariatipwhen one
can visualize the dynamic aspects varying within the given situation. Tunderstand a dynamic
situation one needs to construct an executable mental model to achieve mental simulation. The
second level, callednetavariation, arises when one changes the situation itself and watches the
effects on the graph. Metavariation allowsthe user to investigate covariation in several
scenarios. It isa variation within the function that maps the situation to the graph of the
underlying functional dependency and changes the functional dependency itself. This leads to a
more global view ofthe dependency. Therefore metavariation refers to the object view of the
function, forces the detachment from concrete valuesaand leads to a qualitative view of the
functional dependency and its local and global characteristics. Metavariation is intended a
step towards the perception of a function as an object.

Moreover, in the case studies analyzetly Hoffkamp in her research, the students were always
asked to verbalize their observationsvhen working with the applets in the IGS environment
Languageacquires a role ofmediator between the representations and the mental images of the

students, sait is of special importance in the conceptualization process (Janvier, 1978).

2. Instrumented covariation and secondder covariation, Arzarello (2012019)

In 2017 Arzarello remarked how covariation is an omnipresent idea within modern
mathematical thinking. Therefore he suggested considering covariation not just as limited to the
introduction of the concept of function but as a form of thinking with a largeepistemological
and cognitivevalue, which considers mathematical objects together with their mutual relations.
Moreover, he observed thatovariation can be approached with a certain success since the first
years of primary school thanks to thesupport of technological toolsand analyzed some case

studies supporting this claim (Arzarello, 20T7; 2019).
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Conceiving suitable didactical situations where students are introduced to covariational
reasoning thanks tothe mediation of appropriated artefacts constitutes a clear example of what
he callsinstrumented covariation a didactical counterpart of the covariation construct hat we
are going to deepen in Chaptet.

Moreover, analyzing thedata from asecondary schooteaching experimentabout the modelling

of a physicalsituation, i.e., a ball rolling along an inclined planérzarello (2019) noticed that
the law of the motion of the ball, a formula linking two variables and a parameter was
interpreted by studentsaccording two levels: the first one is that of the covaaition between the
two variablesinvolved, time anddistance, the second level is that of the covariation between the
distance-time graph and the parameterdepending on the angle of inclination of the planeThis
second level is calledsecondorder covariation and its identification gave rise to newresearch
guestions concerning its rigorous definition ts relationship with the already existing theoretical
framework about covariation and its didactical implications. The denomination secondorder
covariation well fits with the terminology WA AT T A 1 OA A@ed AADBIckdy¥Hrinér O 6
(2001) to address those functions whose argument is a parameter and whose corresponding

outputs are equations or functions.
3. Covariation through eommaognitive lens, Lisarelli (2019)

The PhD. research project conducted by Lisarelli (2019) aimed at investigating and describing

OOOAAT 6086 1T AAOTETC T &£ A£01 AOEITOh xEAT ET 00T AC

approach, which stresses its caariational aspects: specifically, the dynamic aspects of the
concept of variableand thedependencyamong variables.
The theoretical lens of commognition (Sfard, 2008) was adopted in this studyp investigate

covariation and it was anovelty in the research paramount. Commognition waasedto:

- analyze OEA OOOAAT 6008 Al AOCET C: catdgddiAng e Sckedal 1 1
instancesof AT OAOEAOEIT 1T EIT 0Osélhidehtied ehredddifférént 1€0es0O A h

of covariation mirroring the expert discourse on covariation:(i) covariation of time and
distance (the two variables involved in the tasks);(ii) covariation of the dependent

variable with respect to the independent one (iii) covariation of ratios that is O A

AAOAOEDOEIT 1T &£ OEA OPAAA T £ A OAOEAAT A xEO

s N oA s o~ AN

2019, p. 2048 )1 DAOOEAOI AOh OEA AOOET O OOAOAO

using verbs that refer to movement and changing over timand with th e help ofdynamic
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visual mediators such as gestures, dragging and dragsturind A O E Lida@Ib, 2019, p.
205);
- collect the expressions used by students to reaffa)=b and analyze how they use the

word Gunction6in their discourses.The recognized expressions explicitly mentioned the

dependence relation contained some references to motion and the most reified

realizations of correspondence were even without words.
As a didactical implication, the study suggeste OA OPAAEAZAZEA AAOECT 1| A&
employed in order to exploit the use of dynamic realizations of functions within a DIFPynamic
Interactive Environment] 0T O0O0DBDBT OO0 OEA Al AOCAT AA T £ OOOAAT

I £ AT OAOEAOQET 1 Lis#elli(»e19, p.RI5A ThE anéhsid @ the discourse of the
involved students OAOAAT AA 1 01 AOT 660 OOAAEAOAT AAO O1 OEA
functions and graphs of functions and also their frequentuse of nefEl O A1 | AOEAT AOEA

(Lisarelli, 2019, p. 226). As stated by the author, an aspect that is absent in her study is a focus
on the role of the teacher. Irour research, given the relgance of the teacher in enhancing the
transition to higher order covariational reasoning and the importance of teacheled classroom

discussion we are going to deal withthe analysis of emerging adaptive teaching strategies.

2.2 SOME HSTORICAIOTES

Covariation became an explicit form of reasoning in mathematics around 1000 C.E., ot
several centuriesit had beenconsidered only asa way of thinking and notasa mathematical
concept Attention to covariation from a theoretical standpoint was initA OAA AU +1 AET ¢
twentieth century research? (2016) and then was explored in more recent papers (Janvier, 1978;
Swan, 1985; Saldanha & Thompson, 199&)at deeply contributed to its theoretical definition
toward the end of 20" century (Thompson & Carlson, 2017)

The notion of function mainly developed as a search for relationships between concrete,
dynamic and continuous variablesand to express the idea of changéncient scholars lacked a
mathematical description of movementbecausethey saw distance and time as measurable
guantities, but not speedwhich was conceived only in its qualitative nature (Arzarello, 2008).
Indeed, acording to Aristotelian philosophy, qualities (qualia) and quantities (quanta)

represented two distinct categories qualities referred to the kind of subject or evat considered;

1 Dragsturing = action subsuming both dragging and gesturing characteristics
2 |ts original work dates to 1908 but the first complete translation into English from the original German Edition of
the three volumes dates to 2016.
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guantities to something displaying the possibility of beingmeasured and so being attributed
numerical values.ldeas changed from the Middle Ageonwards, and it was in theXIV century
that new revolutionary ideas developed atthe Merton Collegeat Oxford (1280-1340), andin
Paris with Nicole Oresme (13251380). The Medieval philosophers realized that qualities also
have an intensity, qualia began to be considered as quantand started that process of

guantification of qualities, which developed through different approachegSylla 1971).

The term Merton Collegeor Merton School generally denotes four major Mertonians: John
Dumbleton, Richard Swineshead, William Heytesbury, and Thomas Bradwardine. The Mertonian
approach to the quantification of qualitiesthat has been defined by historiansas arithmetical

and algebraic.Strongly influenced by the studies in the field of opticdVertonians initiated an

addition theory regarding only intensities of qualities, and often entirely neglecting extension

moving with a uniformly accelerated moton covers the same distance in a given time as a body
iTOETC &£ O OEA OAIi A AOOAOEIT xEOE A O Et#ey Oi O
proved that Quniformly difform, i.e. linearly increasing or decreasing, qualities correspond to

their mean degree Syla, 1971 p. 9).Nonetheless, Mertonians did not try to support their

claim that their measures were additive with empirical experiments and nevertheless were

aware that the additivity of their measures wasan important issue By the way, thisapproach

I AGAT U AT 1T OOEAOOAA O1 A AAGAITTPIAT O 1T /&£ A NOAI
AdOAT OEOA AT A FABQE®A NOAI EOQUOG j

On the other hand,Oresme initiated an approach to the quantification of qualities that can be
labelled as geometrical: he distinguished between qualitative intensity and extension and
proposed geometrical methods of representing the configurations of qualitiesin his work,
Tractatus de configurationibus qualitatum et motuur(il350), he used the tem configuratio with

two different meanings: the first meaning refers to the use ofjeometrical representations to
COAPE EI OAT OEOEAO ET NOAI EOEAO AT A OAI T AEOEAO
subject when discussing linear qualities b the time when discussing velocities, and the
perpendiculars raised on the base line represent the intensities of the quality from point to point

ET OEA OOAEAAOh 10 OEAU OAPOAOGAT O OEA dQA701 AEOL
p. 226) (Figure 1). Theresulting figure represents the whole distribution of intensities in the

quality i.e.,the quantity of the quality, or in case of motion the totalvelocity or the total space

traversed in the given time.To provide an example, aquality of uniform intensity is thus
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represented by a rectangldghat is its configuration, while a right triangle represents a quality of
uniformly nonuniform intensity starting from zero intensity ( Figure 1). Concerning the law of
falling bodies, Oresme suggested thdhe speed of the fall of bodies is directly proportionato

the time of fall, rather than the distance of fall He did not apply the Merton rule of the measure
of uniform acceleration by its mean speed, as done by Galileo lately, but he knew this rule and

provided the first geometric proof of it in one of hisworks (Clagett,1970).
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Figure 1 z On the left, a page ofractatus de latitudinibus formarum(1505), a reduced version
of the original bookby Nicole Oresme. On the righta rectangle and a right triangle
representing respectively theconfiguratiosof a quality of uniform intensity and aquality of

uniformly nonuniform intensity

Covaridgional reasoning appeared dramatically in mathematics with the birth and development
of modern algebra through the works of Viéte, Descartes, and others. The methods of analysis
and synthesis in algebra, borrowed from the geometry of the Greeks, introdutta revolutionary
way of approaching the problems of mathematics, which Lagrange in the eaflgt century could
summarize as follows:Q\lgebra taken in the most extensive sense, is the art of determining

unknowns by functions of known quantities, or which are regarded as knowa(Lagrange, 1806,
p. Vii).
Not only, the method of covaridional reasoning with physical quantities enabled to express

mathematically the physical laws and sanade possible the birth of modern science with the
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sensate esperienze aecessarie dimostrazioni[sensble experiences and mathematical
demonstrations] of Galileo. With his master work Discorsi e dimostrazioni matematiche intorno
a due nuove scienze attenenti alla meccanica e ai movimenti Idé2iscourses and Mathematical
Demonstrations Relating to Two New Science$1638), Galileo decreed the end of thmedieval
theory of mechanics and of the entire Aristotelian cosmology founded on it. He has the merit of
having shown that natural phenomena are not always trivial, but they can actually be really
complex. After having formulated some hypotheses on the mion of falling bodies and having
foreseen the trend of a ball rolling along an inclined plane, he performed some experiments to
confirm his assumptions After hundreds of replications of his sophisticated experiment, Galileo
could state thatO C1 E  G&ath ésgeEtra DrA come i quadrati de i tempi, e questo in tutte le
inclinazioni del piano, cioe del canale nel quale si faceva scender la palla; dove osservammo
ancora i tempi delle scese per diverse inclinazioni mantener esquisitamente tra loro quella

proporzione3d | ' Al E1 AT h poeoyQs

The conception of quantitiesdvalues varying continuously deeply contributed to the arise of
calculus as a body of thought (Kaput, 1994) and so continuous covariation can be seen as central
to the development of themathematical notion of function (Thompson & Carlson, 2017)lust to
guote a relevant author, Newton in hisThemethod of fluxions and infinite serigd736) explicitly

spoke of quantities flowing from one value to another ando assuming specific values.

According to Boyer (1946), he final stage in the development of the concept of functicstarted

with the definition of function introduced by Dirichlet (1838) basing on a precise law of
numerical value is assigned ta, there is a rule according to which a unique value of is
determined, theny is said to be a function of the independent variablgo [8owadays in schools,

the mathematical deinition of function is that of Dirichlet translated into Cartesian products and

I OAAOAA PAEOO AAAT OAET ¢ O1 EandKoe fwd detk, dviich hdymET E O
may not be distinct. A relation between a variable elementof Eand a variableelementy of Fis

called a functional relation iny if, for all xN E, there exists a uniquey N Fwhich is in the given

relation with x. We give the name of function to the operation which in this way associates with

every elementx N Ethe elementy N Fwhich is in the given relation with x, and the function is

said to be determined by the given functional relation. Two equivalent functional relations

SO$EOOAT ARO OOAOAOOAA AOA DPOI BT OOETT Al OI Otale, ttaioh OA T A
the channel in which the ball rolled down; where we observed again the times of the descents for various
ET Al ETAOETT O O 1 AET OAET AAOxAAT OEAI AgAAOI U OEAO DOI
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in the static language of set theory.
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3 CONCERDNSOFVARIABLES ARDNCTIOS!

In this chapter we are going to explore in synthesithe main conceptions of variables and functions
which are both relevant for a clear theoretical framing and definition of first and second order
covariation. Moreover, some hints about the teaching an@arning of these concep in school practice

are outlined. Finally, the last sectioraddressesthe relevance of covariation inthe mathematics curricula

3.1 VARIABLES AND PARAMETERSEIBRAND IN TEACHING PRACTICE

The concept of variable assumes different roles in algebra (Bernardi, 199{ichemann, 1981)
in Arcavi et al.(2016), in agreement with a larger literature, five facets of meaning are identified

- Avariable can be intended as placeholderof a numericalvalue, a blank space to be filled
with a specific value within the formulation of an algebraic expression describing a
certain situation.

- A second facet is that ounknown, hence a number to be found like in the case of
equations.

- A third meaning is that ofvarying quantity: in this case the literal symbol does not
represent a single value but rather a domain of possible values and hence incorporates
and idea of motion anddynamicity.

- A variable is ageneralized numbemhen it is used to describe general properties like
physical laws or the formulas for the area and volume of geometrical figures.

- Eventually, a parameter can be intended as a higher order variable in the sse that its

value determines a situation as a whole.

The meaning of these terms is therefore related to a specific context, but in the teaching practice
it is not always defined or sometimes it is not because a rigorous definition would require a
certain level of knowledge in the field of mathematical logic.

Moreover, there exiss tacit conventions on the choice of the letters to be used in the different
contexts:x, y, z for unknows or undetermined variables;a, b, c for the coefficient of a curve in its
canonical form;h, k for the parameters within families of lines or conics (Chiarugi et al., 1995).
This fact involves the risk that such choices induce to understand the literal symbols as rigid
designators (Arzarello, Bazzini & Chiappini, 1994, p. 37) and so that studesfacing an equation

in which the unknown is denoted with the letterainstead ofx, may findthemselvesin difficulty.
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Among the various educational problems which students struggle with therare certainly the
mastery of the manipulation of the symbols of algebraic language and particularly the distinction
between variables and parameters (Reggiani, 2002; Furinghetti & Paola, 1994). These
difficulties are related not only to the dependence onhte role assumed by the letters according
to the context, but also on the logical complexity required to explain the difference between their
roles (Bloedy-Vinner, 2001).

One of the first topic in which students face variables and parameters already in tffiest two
years of high secondary school is the discussion of literal equations. An analysis of the textbooks
currently in use revealed that the presence of a definition of the term parameter is of recent
introduction. For instance, inAlgebra.blu(2016), today of wide use in the school practice in its
various reissues, the term parameter is used for the first time when introducing the literal
problems and it is defined aga term that represents a known value and that is not an unknowh

(p. 502). And again in the paragraph devoted to literal equationsGhe lettersd present Gn
addition to the unknowno(p. 506), are called parameters. This attempt of definition recalls those

conventional choices described above and to the possible difficulties linked to tine

3.2 CONCEPTIOMSID REPRESENTATIORBEUNCTIONS

In the literature in Mathematics Educationthree main views of studentconceptions of functions
have been distinguished (Vollrath 1989; Slavit, 1997) that collect various approaches. Now we
are going to presenthem briefly including alsothe covariational approachin this classification:
1. Actionoperationalviews of functionthis is the view initially acquired by students (Sfard,
1989); it consists in computing the numeric values for a given input adopting an
algorithm or a rule of association. In this view, functions are intended as ngpermanent
objects and the focus is on the computational aspects
2. ObjectOriented views of funmingg OEEO OEAx AAT AA ET OAOPOAOA
action-oriented view into an objectoriented notion, i.e., a more permanent onelhree
main approaches fall into this category:
- Correspondencer mapping approach, the one introduced by Confrey and Smith (199)
where quantity 1 is assigned to quantity 2 or equivalently asking for the value off at x1
andx. & OT AOET T Al  OAI1 AOGET 1 OEEDPO AAOGAOEAA Al 11/

without making the quantities explicit.
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Covariation approach deeply explained inChapter12, that consists in the understanding
of the way in whichquantity 1 co-varies with quantity 2, orequivalently asking forhow f
changes withx. Thompson and Carlson (2017) introduced a definition of function that is
based on this approach and according to them it was something missing in the literature.

The meaning they propose is the following:

a function, covariationally, is a conception of two quantities varying simultaneously such that there is

AT ET OAOEAT O OAI AGET 1T OEED AAOxAAT OEAEO OAI OAO OEAC
every value of one quantity determines exactly the Jae of the other. (Thompson & Carlson, 2017, p.
436)

The authors remark that a function is a conception, hence their definition does not use

the terms independent and dependent variable because they entirely depend on the
PDAOOT 160 AilTAABPOETIT 1T £ OEA OEOOAOE

Holistic approach the function is conceived as an abstract object resulting from a
reification of mathematicaloperations andis described by holistic featureq Sfard, 1991)
Propertyoriented view of functionthis view of functions OAAAT O xEOE OEA
awareness of specific functional growth properties of a local and global nature, followed

by the ability to recognize and analyze functions by identifying the presence or absence

I £ OEEO CcOl xOE DOl bA OO echodad propadtiesicdntbd Hasspied w x h
into global such as symmetry and periodicity, orlocal like intercepts or points of
inflections. Some properties such as continuity, transcend this possible classificatioA
student reifies the notion of function as nathematical object possessing or not possessing
certain properties. This property-oriented view differs from the covariational approach
because less emphasis is put on the way in which variables change and more emphasis is

on the properties resulting from these changes.

In addition to this vertical development of the concept of function, in which there is an evolution
from process aspect to the function concept intended as an object, there is laorizontal
development of the same concept that is obtained relay different representations. These two
dimensions are calleddepthand breadth respectively of the function concept, where incresing
depth means higher levels of cognitive abstraction (DeMarois & Tall, 1996). The breadth
dimension consists of various representations such as thaumeric oneusing tables, the
geometricusing graphs, and thesymbolicusing equations: these three facsthave been widely
discussed in the literature (e.g., Thompson, 19%). Other facets are the wtten and verbal

descriptions of function, the function notation the colloquial facet using the notion of function
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machine and the kinesthetic aspect might berepresented by asking students to acbut their
understanding about function. The use of multiple representations strongly supports the
learning of mathematical conceptput they are nontrivial for students to relate and identify
connections (Answorth, 2006). More details concerning this issue will be provided in Section
8.2.1
To conclude, some didactical remarks followln line with the definition of function established
last centuryj OAA "1 OOAAEEGS O AA EERE hidhdol padiees anddkool ET 2
textbooks, the notion of function is mainly intoduced as a generalization of the concept of
relationship. Here, an emblematic example fromManuale.blu di matematica(2020): Qna
OA1 AUET T A AAATIT I 66EmBIeOGBAbINZMdNne se aogni elemento di A associauno ed un
soloelemento diB& (Vol. 1, p. 237)This approach is extremely static and does not leave space
to an underlining idea of motion or dynamicity. The same holds for the possible representations
of relationships that can be consequently applied to the specifiase of functions. In the same
book (p. 229), four different types of representation are reported:
- Enumeration that is writing the set of all ordinate pairs of the elements that are in
relationship e.g.R={(2;1), (4;2), (6;3)}.
- Sagittal representationor arrow diagram using Euler6 AT 1 8 0 OAO AT A | AEE
correspondence between elements of the sets using arrows
- Double entry tablesn which the elements of the first set are disposed in vertical, the
elements of the second horizordlly and the pairs in relations are marked by a cross. In
the specific case of functions, can be translated into the two columns table used to
represent afunction by points.
- Thecartesian graphin which pairs in relation are detected by points.
As already highlighted in Chapte®, paired couples are an example of multiplicative objects but
only when understood as values of two gantities that vary simultaneously,and this approach
is not typically enhanced in school practices but most frequently reduced to the correct

representation of some numerical values in a law of correspondence.

4 A relationship from setAto setBis a function if toeachelement of A associatesone and onlyoneelement of B.
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3.3 RELEVANCE OF COVARIATIONAL REASONINA@ANHEMATICS
QURRICULA

Despite the recognized importance of covariation, school practices and mathematics curricula
rarely focus on covariational reasoningeven in the U.S. where covariation is an extremely
relevant research topic (Thompson et al., 2017). Exceptionsan befound in a few Eastern
countries like South Korea, Russia, and Japan (e.g., see Japanese Ministry of Education, 2008).
Even the curricula for talian secondary schoolsboth for second cycle MIUR2010a, 2010b,
2010c¢) and for first cycle MIUR(2012), do not contain explicit references to covariation.
Concerning thecurricula for scientific -oriented secondary school, an implicit reference can be
found in the following statement, which could be interpreted according to a covariational
OAAOT T ET C mA @obrAparatiedAstudiddsara il concetto di velocita di variazione

AE O1 DOl AAOGOT OADPDPOAOATFOWR,I2010aAp84DA Framithe@drdA  A£OT
years of high school, functions are studied, especially as representations of real phenomena, and
the Italian curricula stress the relevance of mathematical modelling activities in teaching
practices. The wordsmodeland modelling appear nearly 12 times, under the heading&eneral
Guidelines Change and relationshipgand Uncertainty and data In particular, it states that
modeling consists inthe (possibilita di rappresentare la stessa classe di fenomeni mediante
differenti approcci® (MIUR, 2010a, p. 337) and that the study of the language of functions is the
®OEiI T DPAOOT Al 1B8ET 6001 AOQUET 1T A (MAR, 20i0a]pA38ad DHis A E
lack of explicit references is also reflected in the fact that, apart from a minority of textbooks
which in recent years have introduced covariation as a thinking tool (Paola & Impedovo, 2014),
most Italian textbooks currently in use do not foster this approach when dealing with the
modelling of classes of phenomena or conceptualization of dynamic problemSor instance,
when teachersintroduce the concept of function, they mainly adopt a static definitioas the ones
recalled inthe previous section Literature suggeststhat the lack of a covariational approach may

be one reason why students are unable to interpret dynamic situations and to construct
meaningful formulas suitable for representing one quantity as a function of anbér (Carlson,
1998).

5 An important topic of study will be the concept of rate of change of a process represented through a function
6 The possibility to represent the same class gthenomena through different approaches.
7 First step to the introduction to the concept of a mathematical model.
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4 INSTRUMENTED COVARIATION

The terminstrumented covariationhas been introduced by Arzarelld2017) andit refers to
the exploration of certain mathematical problems or situations with the use of appropriate
artefacts supporting the learning of covariational aspects.

The adjective instrumentation is recovered from the instrumental approach by Vérillon and
Rabardel (1995), in which it is underlined the distinction betweenrartefact (material or abstract
object produced by the human activity) and instrument (mixed entity characterizedby an
artefact component and cognitive component consisting of the utilization schemes).

Numerous research studies in the field of Mathematics Education (Trouche, 2005; Drijvers,
2019) are oriented to the exploration of the didactical modalities in whicithe modern digital
technologies can foster the learning of mathematics instrumented covariation may help
teachers in designing suitable activities, which could initiate and support students to
covariational reasoning, for instance within Dynamic GeometryEnvironments (DGE) or

Computer Algebra System (CAS).

Some details concerning the covariational approach applied to the formulation of an open
problem are provided in Arzarello (2017) and Arzarello (2019).In the Theoretical framework
of Euclidean Geometry (TGE), a covariational approach should have the faling requirements:

- ,AAAET ¢ O A OAEEEAOAT 06 CAIT i AOGOEAAI A& Oi

formulation of hypotheses is explicitly required);

- The implication of an epistemological change with respect to TGE;

- Some cognitive consequences;

- Some didactical consequences in the classroom environment.
0)1 DAOOGEAOI Aoh OEA AT OEOI 1 i AfacOwhith/amphfigd thd E A
PDEATTT AT A OEAO AAPAT A 11 OEA & Oi 01 AGETT 1 &
(Arzarello, 2017, p.12). Moreover, as example ofinstrumented covariation is quoted the
teaching experiment conducted in Bari (Italy) and deeply described in Faggiano, Montone, and
Rossi (2017): a duo of amfact, in the sense by Maschietto and Soutyavergne (2013), is
adopted to produce an instrumentedunderstanding of covariation in a situation of geometric
symmetry between two points. The analysis ofhe classroom discussion mainly revealed the
internalization of the covariation of the symmetric figures and the synergic effect of the two

artefacts. These findings reveal that covariation can be approached with a certain successr
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since first years of primary school thanks to the mediation of suitable teafological supports
(Arzarello, 2017). These results are groundbreaking with respect tthe traditional perspective
emergingin the literature. For instance, in the study by Johnsoet al. (2017) we can read that

Or AYT OAOEAOQGET T Al OAKEDEIABIACOSATAOA RAIADIOET OBA T EH 7
critical form of mathematical reasoning for secondary students to use when studying the
CAOARAEAAPET ¢ AT T AADOD AEABAOKHr AivA OEDIOEGE AT &AOE
challenging even fo successful university OOOAAT OO fr 8¥h OAAT T AAOU O¢
AT OAOEAOET T AT OAAOITEI CO6 j P8 wuvcQgs

#1 1T AAOTET ¢ OEA AAOECGT 1T &£ AAOEOEOEAO AEIETC A
researchers have often designed tasks in dynamicomputer environments displaying
animations and graphs (Elliset al., 2016; Johnson, 2013Saldanha & Thompson, 1998)but

literature reveals that students working on such tasks may not show the intended reasoning as

ET AAOECT AOOS EIT,Q002).dnpariic@ar, Méored &.201B) sugestphosiding

students opportunities to interpret and represent quantities using different axes in Cartesian

representation.& ET A1 1 Uh Or EYZA OOOAAT OO 111U OEAx EAAOGC
related tasks as physical features, rather than attributes possible to measure, it can inhibit their
AAGAT TBPIATO T &£ ITOA ATi Pl A £ Oi @aj2m7,ipBéEAI AO

Recently, even more sophisticated technologies than the ones preusly quoted are employed
and studied so b support the conceptualization of the dynamic aspects involved in tasks of
mathematical modelling: one ofthese technologiesis the Augmented Reality an environment
that can help to bring together bothcontinuous dynamic features of a real phenomenon and its
mathematical representations A relevant study in whichAugmented Reality is used t@ngage

students in covariational reasoning is Swidan, Schacht et al. (2019).

Some exampleselated to the instrumentation of the concepts of variables and parameters with

different approaches areproposedin Section16.2.

4.1 ADIFFERENT APPROACH TO THEUIMENTATION OF COVARIATION

Despite the definition of instrumented covariation and all its features presented in broad terms

in the previous paragraph and that we are going to deepen during the development of this

8 We would like to thank Prof Nathalie Sinclair for sharing with us her point of view about this issue and suggesting
us interesting insights.
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research study, a different approach to instrumentation could be grasped from the already
existing literature. Past times mathematical activities relatedo covariational reasoning have
always been performed just adopting the tools available at the time, meaning pencil and paper
or computer. In both cases, students had the chance toteract only through one single input
(the pen or themousepointer) which nowadaysseems really limiting at least in a task involving
covariational reasoning where by definition, it is required to coordinate simultaneously the
values of two different quantities. The remarkable technological developments of the last
decades such as touchscreen tablets, are bringing sensorimotor interaction back into
mathematics learning activitiesand offer today some novelty approaches that long ago we could
not have expected. Research in Mathematics Education offers some interesting examplea of
concrete form of instrumentation of certain mathematical reasoning processes achieved not
only using a technological support but alsousing hands and their movements so to directly
interact with the technology and perceive on a bodilsensorial level the mathematical process
that is instrumented. If we wanted to distinguish this approach to the interpretdion previously
presented, we could speak of arembodied instrumented covariationSome examples are

presented in the following lines.

A first oneis described by Abrahamson and Sanche2arda (2016) and consists inthe use of the
Mathematical Imagery Traner for Proportion (MIT-P). The MIT-P set at a certain ratio, for
instance at a 1:2 ratiodisplaysa green background, meaning a favorable sensory stimulus, when
the student positions the right hand twice as high along the monitor as the left handsee
Figure 2) and a red stimulus when the hands position is incorrect

A second example is provided bgome software applications (apps) that exploit affordances of
multi-touch devices for fostering the learning of certain mathematical concepts: some
emblematic studies in this senseare that by Bairral and Arzarello (2015)A @b1 1T OET ¢ 000
geometrical reasonng using a free online touch Device, the Geometric Constructer (GC)
software, and that by Sinclair and Ferrara (2021) in which primary schooktudents experience
the concepts of numbers and quantities in a Digital Multitouch Environment, i.e., usingraulti -

touch iPad application called TouchCounts (se@gure 3).
Figure 2-3 AEAT AOEA AAOAOEDPOEITT 1T £ A
El:"]‘) interaction with MIT -P: hands are positioned correctly thus
A the screen is green. It becomes red when hands are

positioned incorrectly
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Figure 3 zZ A screen of the TouchCounts applation
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5 RESEARCH QUESTIGNERELIMINARY FORMULATION

Z A A N

4EA 1T AET EOOOA 1T £# OEEO OOOAU EO OEA EIT OAOOEC

among magnitudes involved in themodelling of real phenomena. In 2017 a first teaching
experiment was conducted in an lItalian 9 grade classroom. The main purpose of the
experiment was about the secalled Galileo experimentGalileo, 1638) a ball running along an
inclined plane, in orde to model the law of the motion with the support of technological tools.
The analysis of the classroom discussion revealed some unexpected ways of covariational
reasoning: studentstried not only to covary the main variables, timgt) and distance(s), but also
to understand how the distancetime graph changed according to the inclination of the plane.
These two forms of covariations manifested in a double way of reading the formula of the law of
the motion O € ZtheHirst@rder is the st covariation, the secondorder covariation between
(s,t) graph and the parameterk depending on the angle of inclination of the plandt seemedto

us that this aspect does not completely fit with the framework of covariation developed by
Thompsonand Carlson (2017).The results of ths work, partially illustrated in Arzarello (2019),
specifically guided usto the formulation of a preliminary definition of this more complex form

of covariational reasoning secondorder covariation, and that seems to consist irgrasping a
further relationship in a family of invariant relations among two or more varying quantities, where
this family is characterized by the presencearfe or more parametersThispreliminary definition
will be validated and revised thanks to the resultérom three teaching experiments, one of which
is the one quoted beforewe havereanalyzedit in detail in view of our research questions and

the adoptedtheoretical framework.

This secondorder covariation is not the only contribution that seems to widen the already
existing framework of covariation: in Section2.1 we already introduced metavariation, a
construct that seems to address covariation from the tasks design point efew but has some
points in common with our vision of secondorder covariation. Moreover, in Swidan, Sabena and
Arzarello (2020), the authors speak of covariation of a covariationwhen students consider
functions globally and focus on how the changes in one graph are linked to the changes in the
graph of its slope, and converselyAlso, this way of reasoning covariationally reveals to be more
cognitively demanding than the one presented in thaix levels taxonomy anddiffers from our
secondorder covariation. Hence, this is a contribution worthy to be kept into account in the

perspective of atheoretical enlargementthat aims atcoherently including more complex forms
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of covariational reasoning and opens up to the possibility of existence of other orders of

covariation.

The scientific relevance of covaation as a research topic, the main research gaps we identified
in the literature and the numerous standpoints from which covariation can be addressed have
already been widely discussed irthe Introduction . All these considerations and findings led us
to a preliminary formulation of some research questions that can beondensedas follows:

1. How can the theoretical framework of covariational reasoning be enrichieetter explicit

the relationships among a plurality of variables involved in a physid¢hématical problem?

2. Is it possible to identify some gestural, lingujstid semioticmarkers that connotéhe way

students can enter inteach of the levels dirst- and, possiblysecondorder covariation?

3. Which could be the role of the teacher in enhancing covariational reasoniveg sthool

practice®

These questions will be refined and reformulated in theChapter 7 in light of the theoretical

lenses that we are going to make explicit in the next chapter
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6 THEORETICAL FRAMEWSORK

In order to investigate covariational reasoning from various standpointsywe are going to
adopt various theoretical lensesand as a consequengeaetworking of theories becomes essential
to elaboratea ccherent framework. In this chapter, dter having recalled the mainfeatures of the
networking of theories (6.1), we are going to describe in detail the multiple theoretical lenses
adopted in this study: thesemiotic bundlg6.2), the commognition(6.3), the conceptualblending
(6.4) and the adaptive teaching(6.5). The networking of all these theoretical contributions will
be performed using mainly the strategy of coordinating themto look at the complex
phenomenon of ceariation from different educational points of view. The elements of
commonalities and dissimilarities between the different lenses will be pointed out jointly with

their specific use so to answer to research goals.

6.1 NETWORKING OF THEORIES

The complexity of the teachinglearning processes developing within the mathematics
classroomand the variety of research purposes guiding our studyequire suitable theoretical
frameworks to give justice to the multifaceted phenomenon under the lens of anadys and a

suitable methodologicaltool should be drawn upto respond to researchaims.

Literature in Mathematics Education offers different definitions otheory but in the following we

AOA CciETC Ol ET OAT A EO AARI08AE.JaQwvayOd praived £l O A
understanding and modes of actions based on: a system of principles P characterized by a strong
relationship between many of its elements; a methodology M characterized lmperability and
coherence with respect to the principlesand someresearch questions Q. Hence thems can be
identified as a triplet (P, M, Q)they bring the footprint of the initial research questions they tried

to answer, but then they emerge as response to specific problems.

The diversity of theories characterizingthe educational researchis a source of richness but in

order to allow a comparison between these theoretical frameworks a metalanguaggerequired,

enabling to speak of commonalities and differencdsetween the theoretical lensesAccording to

Radford (2008), this semiotic environmentcan be identifiedin, T O AT 8 O Qq#90E it OP E A
is a multi-cultural space necessary to the existence and functioning of languages; outside of the
semiospherethere can be neither communication nor languagelt is a space where all the

existing theories are embedded and allows them to dialogueith each other. It is within this
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semiotic space that is possible realize metworking of two or more theorie¢Prediger et al.,2008):
OEEO OAOI AAT T Odesarch prakiicés] thatAa®fE] iafl credtid a Gialogue and
establishing relationships between parts of theoretical approaches while respectinte identity
of the different approache® Bikner-Ahsbahs & Prediger, 2014, p. 118). There are many
different ways and degreedo bring theoretical approaches into dialogugPrediger et al, 2008)

but we are going torecall only four main strategies:

z A oz

- Coordinating and combining AOA OEA OOOAOQACHA® netbrkedd O1 U

understanding of an empirical phenomenon or giece of datd | 0 O &t AIE2Q0R, ®.
172). Whereascombining theories can be intended as a juxtaposition of theorieand does
not require a full compatibility of them, coordinatingtheories instead refers to the use of
analytical elements of different theories so to investigatepecific researchproblem;

- Comparing and contrasting are the most widely used strategies and the difference
between them issubtle. While comparing theories means highlighing in a neutral way
both commonalities and dissimilarities between strategies, contrasting them consists in

underlining mainly the differences between them.

6.2 THE SEMIOTIC BURDL

One suitable semiotic lensve are going to adoptin this study is that of the semiotic bundle
Introduced by Arzarello (2006), it is a good tool to grasp the interplay within thesemiotic
activities, productions, and interactions in the mathematics classroonit arisesas
A OQUOOAI 1T &£ OECT O eng st mar&iAdactiigsudedd ahdidafeolvdslin time.
Typically, a semiotic bundle is made of the signs that are produced by a student or by a group of
students while solving a problem and/or discussing a mathematical question. Possibly, the teacheot
participates in this production, and so the semiotic bundle may include also the signs produced by the
teacher. (Arzarello et al., 2009, p. 100)

In particular, the signs can be produced by artefacts that are used during the interactions, from
old ruler and compass to more sophisticated technologicalevices, and these artefacts are
included in the learning environment Typically, the semiotic bundle embraces std AT 006
OAAAEA 086 GmdmAactikike®adddroductions: from language (utterances, written texts,
etc.) and extra-linguistic modes of expression (gesturesand glances) to different types of
inscriptions (drawings, sketches, graphsetc), that is all the semiotic resources produced or
acted on to think and communicate in the classroom environment. The semiotic bundle

constituted by both a collection of semiotic components and their mutuaklations, isa dynamic
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structure which changesin time because of the semiotic activities of the subjects, and allows to
describe these multimodal semiotic activities in a holistic way. ( AT AA  OOEA OAI ET (
AT OEAAOO OEA OAiI EIi OEA OAOI OOAnsahs& al, 2045, @ 16B)EUET
Moreover, the semiotic bundle dynamics can be analyzed in two different and complementary

ways: a synchronic analysis, which considers the relationships among different semiotic
resources simultaneously in a specific moment in time; diachronic analysis, focusing on the
evolution of signsand of their relationships over time. 041 CAOEAOR OdiathoiEOT T E A
analysis allow us to foreground the roles that the different types of signs (gestures, speech,

ET OAOEPOEI T 0q PIAA BOI POOAAD OO, RGO LIOET A0 Al
6.2.1 The importancef gestures

It is well-established in the literature that cognitive processes of students emerging during
mathematical activities manifest not only through oral productions. ldeed, we can adopt
multiple modes to communicate meanings to others (words, sounds, sketches, gestures) and
these modes typicallyare activetogether in an integrated way the term multimodality addresses

exactlythis variety of modalities of communication (Kress, 2004).

Gestures are relevant both from a communicationaland a cognitive perspective (Goldia
Meadow, 2003; McNeill, 1992). Gestures belong to the wide world of nhonvert@mmunication,

AT A OEAU AOA AAEET AA AU -A.AEIT jpwwcqg AO Of i
PAT D1 A ©.Ahekdthog aB@dentifies four dimensions of gestures(1) deictic, used in

concrete or abstract pointing;(2) iconic or representational arm or hand movements with a
perceptual relation with the concrete object that is represented(3) metaphoric, similar to iconic

gestures but referring to abstract objects and4) beats up and down flicks of the hand or tapping
motions. These €1 AT OET 1 O OET OI A AA OAAT AO 1T OAOI APPET «
gestures are multifaceted iconicity is combined with deixis, deixis is combined with

i AOAPET OEAEOUKh AT A O1T &£ OOE8 2A0EAO OEAT AAOQG/
(McNeill, 1992, p. 38). In addition, we consider another overlapping dimension, that afriting

gestures (Shein, 2012; Alibali & Nathan, 2007), generating indelible marks on figural
representations. Gestures may also assumethe following functions (Roth, 2001): narrative

function (especiallyfor iconic and metaphoric gestures)when gestures connect the gestal and

verbal narrative to the pictorial background;interactive function (concerning beats)for those

gestures that serve to regulate the rhythm of the speeclor grounding function (in particular

deictic ones)when gestures allow to relate mentaktructures to external objects(Nathan, 2008;
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Roth, 2001). Moreover, research has shown how gestures and speech work together to express
meanings(Kendon, 2004)and the way in which they express largely notverlapping semantic
information have been referA A O xEOE AEAEAOAT O OAOIETTI T CL
pwwcg T O O EOI AOA EfMeagadv, 1p88)EIDtRIsMErk, Qe drel gbiry Bbffocusi
particular on the detection of non-redundant gestures with respect to speech (Alibalet al,

2000), that is on gestures that communicate additional information with respect to those

expressed orally

Concerning significant ¢gances Kendon (1967) identified three main social functions of gazes
during a conversation and in particular focusing on the gazes of speakdoward their listeners.
Gaze patterns analyzed send signals to another person with a regulatory, monitoring, or
expressive intent butthey are mainly sent without awareness. In this study we are going to focus
on the features and functionsof gazes emerging during faceéo-face interactions where both
subjects involved can perceive and signal informationAccording to the cognitive model of
Interpersonal Gaze ProcessinfGP)developed by Cafigueral and Hamilton (2019nd focusing
specifically on social interactions a gaze may assumenaactive sensingfunction when the
movement of eyesaims to gain useful information from the environment, or a social signaling
function when expressing a clear communicative intento others. In particular the IGP model
distinguishes the behavior of gazes depending on the kind of social stimulg.,when the social
stimulus is an inanimate object(picture or video) or a real person but we will not dwell on this

distinction.

6.2.2 The semiotic gae

The investigation through the semiotic bundle will also allow us to enter into what in the
literature is called semiotic gamé (Arzarello & Paola, 2007; Arzarello et al., 2009)a specific
AOPAAO 1T £ OAAAEAOGO OAOT E A EHe Gemjotic gaimed drd tgpicaD - E
communication strategies among subjects, who share the same semiotic resources in a specific
situation (Arzarello & Paola, 2007).In a semiotic gamethe teacherexploits the potentialities
expressed by semiotic resources addpd by the students to enhance the construction of

mathematical knowledge and scientifically shared meaningd-or instance a semiotic game

9 The expression semiotic game may recall thEanguagegame introduced by Wittgenstein in his Philosophical
Investigations(1953). It is a philosophical concept referring to simple examples of language use and the actions into
which the language is woven. Wittgenstein argued that a word or even a sentence has meaning only as a result of
the "rule" of the "game" being played.
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happens when studens communicate their thoughts through two different semiotic channels:

speech and gestures. Typically, the speech is confused, but the gestures in their iconic
metaphorical dimension suggest to the teacher that studestire near to the right understanding.

Hence the teacher imitateshe O O O A Adstr€dut suitably changesheir utterances dressing

their gesture with appropriate linguistic expressions and explanationgArzarello & Paola, 2007).
ARAAEAOGO ET OAOOAbseEdH O OMOMA ERAIOE ORAI OEEGYRO A énd OE A
accompanies them with certain scientific meanings, in order that in the following, the student

xEl 1 AA AAT A O EIi EOAOA OEA OAAAEAOGO x1 OAOS
Such semiotic games can develop if the students produce something meaningful with respect to

the problem at hard: words, gestures, drawings, inscriptions, etc. It is apt for the teacher to seize

these moments to enacthe semiotic game. Even a vague gesture of the studsrdan really

indicate a certain comprehension level, even when studeshave not yet the wordsto express
themselves at this level. In a Vygotskian frame, the semiotic game iseful for the OO OA AT O ¢
cognitive development if studentteacher interactions are developing in a suitablezone of
proximal developmen{ZPD) for a certain concept (Vygotsky, 1978 As pointed out by Radford

(2010, p. o [ilhe @PD is not a kind of weldelimited and rigid region that belongs to one
DAOOEAOI AO OOOAAT O AOO A O1T AEAT h ATi Pl Ate OUOO
teacher and the students. Hence this complex relationship must be built in the classroom
through the semiotic interactions between the teacher, the students, and the instruments. It is

within the semiotic bundle that semiotic games can arise (Arzarailet al., 2009). Semiotic games

AAT EADPPAT AT A AAOGAI 1B AAAAOGOA T &£ ETET O OAAA
productive interactions. Both are the actors of a semiotic game, which is a typical interactional

construct that could not exist withoud OEA OOO1T AAG A1 1 OOEAOOEI | I

students.

6.2.3 The role of artefacts

The semiotic bundle will also allow to properlyanalyzethe relationships with the artefactsused
in our teaching experimens and contributing to the development of teachingearning
processes.

In particular, we will underline two different modalities of student-artefact interactionsthat can
be observed:an ascendng modality, when students use the tool with an explorative approach,
looking for relationships and mathematical properties; alescenthg modality emerges when the

students already have a conjecture in mind and use the tool to verify it, searching for data
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supporting their hypothesis. These two different cognitive approaches were identified by Saada
Robert (1989) regarding the control schemes activated by the subject when facing a given
problematic situation. Moreover, the O O O A Antefadidéns with different art efacts posibly
contribute to produce a synergy or a conflict between them. The notion aynergybetween
artefacts has been introduced and studied by Faggiano, Montone, and Mariotti (2018): there is
Oul Aocu xEAT OEA OOA 1| £ AEAAAaibni @& difleror® AnEAA OO
complementary meanings providing a rich support to the development of the expected

i AGEAT ACEAAT 1T AATETcoh TAI AT U OOEA Al i1 AET AAh
artefacts may develop a synergy, so that each activity enhande€ A BT OAT OEAIp.T £ O
1). We speak otonflict between artefacts, when the use of different artefacts to face the same
situation fosters different, not converging, or even apparently contradictory meanings for the
situation. The term conflict has here an intuitive meaning and has no epistemic connaiat: in

a sense, it is the opposite of synergy.

What we call instrumented covariation will be the result of an evolution, where althe
componentsof OEA OAT ET OEA AOT AT A 11T AAT DPOT OA AOOAT OFE

6.3 THE THEORY OF COMMOGNITION

Gven the importance of multimodal aspects for our analysis, including the communicational
features of the teachinglearning process and thepurpose to explore the evolution from first -
order of covariation towards secondorder of reasoning, we retain suitablethat the lens of
commognition, which perfectly fits with the Vygotskian basis of the semiotic bund|ecould
contribute to a deeper analysis of some discursive elements highlighting the progress of the
mathematical mocelling activity in relation to covariational reasoning

According to the commognitiveperspective,which refusesa dualist vision of learningin favor of

a communicative approach mathematics is conceived as a historically established discourse and
learning mathematics means becoming a participant in this specific discursive activity (Sfard,
2008). One of the peculiar aspestof the mathematical discourse lies in its autopoietic nature:
mathematics creates all the elements of its discourse and the process of construction of new
mathematical objects is calledobjectification (Sfard, 2020). Four features are relevant to
consideradiscourseasO i A O E A i6 Acvitodvisual mediatorsthat are visible objects that
are operated upon as a part othe process of communicationsuch as symbolic artefacts,

narratives, i.e.any sequence of utterancethat is G description ofobjects,of relations between
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objects, or of processes with or bybjectsd j 3 FAOAh ¢ nmy hrep@itve matteh AT A
characteristic of the given discoursecalled routines.

Considering knowledge as a multimodal form of communication means, from thesearch
perspective, studying the processes of development and evolution of mathematical discourses
(Sfard, 2020). The learnings intended as a social and collective process more than an individual

one and it happens through three differentlegreesof discursive involvement:explorations tasks

requiring a reformulation of a specific kind of mathematical narrativeroutines, action patterns

with mathematical objects reflecting human tendency to repetitions andituals, recapitulation

of actions of previows performers process takng place thanks to the interactions with others
Moreover, learning can happen on two distinct levels: o an objectlevel it consists in the
enlargement of already existing narratives about familiar mathematical objects; onraeta-level,

learning means subsuming an old discourse into a new one changing the metdes of the
discourse. If objectlevel learning canbeledsi®i U AU OEA 1 AAOT A08 O ET OA
meta-level learning requires the intervention of a participant, recognized as an expert by all
participants in the discourse, who has the fundamental role to foster the overcoming of the
encounter with an incommensurable discourse, what is calledcommognitive conflict It
originates from apparently incompatible narratives: for instance, on a semantic level, that
incommensurability can be generated by a same word intended and used in different ways. The
commognitive conflict is resolved by a rational argumentation and the gradual acceptance of

I OEAOOGS6 AEOAT OOOAOS

Many studies adopting a commognitive approach are focused on the detection of the
developmental levels, whether ontogenetic or historical, of matheatical discourses. Caspi and

Sfard (2012) worked on the kvels of elementary algebra, conceived as a methiscourse of
arithmetic; Kim et al.(2012) investigated the learning about infinity and limits comparing data

by Korean and American students.These studies are conductedn the perspective that
mathematical discourse annexes its own successive metliscourses, and the process of growth
OAOOI 66 ET A OEEAOAOAEU 1T &£ ET AOAAGEHY rguually AT | B
ETATI T AT OOOAAT A AEOAT OOOAO 1 iKimktaDPAAEEKR | AO
accordance withthose studies we will direct our efforts to the identification of a hierarchy of

levels of the mathematical discourse concerning theonceptualization and modelling ofreal
phenomera.

Finally, Sfard and Kieran (2001)developed a powerful toolthat reveals helpful to evaluate the

real interest of the interlocutors in creating a dialogue with their partners It is the interactivity
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flowchart: it represents as arrows the interactions between the different subjects involved in a
communication. The analysis of the arrows, which can represent reactive or proactive
interactions, allows to understand if the subjects are reafl aiming at creating a communicative
channel with their partners or their communicative efforts are more directed to a private

channel, that is a communication with themsefes.

It is important to underline that the two used theoretical lenses presented until now, semiotic

bundle and commognition,are coherent each other, since botlare based on similar founding
principles, AT A AT 1T OEAAO AT i1 O1TEAAQGET 1T AAG | AGBHA OAIOONDI]
(Sfard, 2008, p. 8L The coordination of these two frameworks is effective because on the one

hand the semiotic bundle is a coherent extension of the commognitive approach that allows to
highlight some components, which are only hithk A ET 3 /EA O Jh @ €ensé, IhB €2midtid E 8
bundle model is a concrete instantiation of what Sfard callOECT EAZAEAOOM OAA
mathematical discourseAl TT ¢ xEAO OEA AAI 1 O OEOOAI 11 AAIEO
in contraposition to spoken and written words, wealso find the gestural component, as well as

what we called inscriptions.But let us sketcha subtle difference between the two models. One

of the basic assumptions for the semiotic bundle model is the unity between ithree main
components (speech, gestures, inscriptions); in this sense it broads- A. AET | @%2) Al AE |
OEAO OCAOOOOA AT A OEA ObPT EAT OOOAOAT AA + AOAY
POl ABOah T AI AT U OEAO OCAKLKAIA Albiddhéqiiay OAIC AL
nature of processes within the semiotic bundle shows that under mental processes, there is a
OEAEAO AT A 11 OA AlipPiAg OUOOAI & j! OUAOATITT AO
In the commognitive approach, even if the different modalies of signifiersd OA A1 &dJ AOE |
acknowledged, a form of differentiation remains between symbolic, basically verbal and

sequential means of representationand the visual onese.g. gestures:

The symbolic means, on the other hand, adeasically verbal and thus sequential and as such exert
COAAOAO AAIT ATAO 11 1T1TA80 1 AiTous 'TA UAOhRh xEAO EO 1
applicability. The processobject duality of symbolic mediators is a basis for compression and the
subsequent extension of mathematical discourse, and it renders this discourse independent of
external, situation-specific visual means. All this ensures a very wide applicability of the discourse

(Sfard, 2008, p162)

On the other hand, the added value focommognition to the semiotic bundle, at least
according to our point of view, can be identified in the relevance attributed to interactions

between subjects involved that further remarks the social aspects of the process of learning
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and makes them visibé thanks to the interaction flowchart. Moreover, the commognitive
framework puts the spotlights on the mathematical discourse and suggests which elements

should be pinpointed for both a punctual and holistic analysis.

6.4 CONCEPTUARLENDING

During the last d the three teaching experimentations that we are going to present in this
research, the need for a new theoretical lens emerged. This necessity was motivated by the
inability to fully describe from a cognitive standpointO O O A Aotm® 6fBeasoning, especially
when dealing with more than one representation of the same phenomenon. These findings led
us to consider introducing ®nceptual integration. Called also conceptual blendingit is a mental
operation which is essential for the constrution of meaning. It isGn invisible and unconscious
activity involved in every aspect of human lifé (Fauconnier & Turner, 2002, p. 18) The
functioning of the conceptual integration can be described through network of relationships
(seeFigure 4), meaning a schematicliagram representing four mental spacesand their related
interconnections. The mental spacegepresented by circles,are small conceptual packets that
we construct while thinking and talking so to understand and act in relation to what is said;
elements in the mental spaces are represented by points or icorend their connections are
representedby lines.0) T A 1 dhré&idniof tede Golynitive processegmental spaces are
sets of activated neuronal assembliesand the lines between elements correspondto
coactivatonrAET AET CO 1 £ (Kaudvrnior@ATHrher, F0B pido). The four mental
spaces characterizing the conceptual integration network are:

- Input spacesat least two of them, containing the input elements of the two spaces which

are going to be blended;
- Crossspace mappinggconnecting counterparts in the input mertal spaces;

- Generic spacenapping onto each of the inputs and containing what the inputs have in

commons O! GCEOAT Al AT AT O ET OEA CATAOEA ODAAR

ET DPOOO (FadxdnAid & durner, 2002 p.47);

- Blended spacealsocalled the blend, containing the projection ofthe structure from the
two input mental spaces. A phenomenon of selective projeon verifies because not all
the elements contained in the inputs are projecte@nto the blend. The blended space is
related to the generic space since it containthe generic structure of the generic space,

but also a more complex and specific one.
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The emergent stricture of the blend is notcopied from the inputs but is obtained through

three different mental operations:

- Compositionof projections from the inputs so to create relations that do not exisin the
separate inputs;

- Completionthat brings additional structure to the blend. It is the most basic kind of
recruitment of background knowledge and structure that are brought into the blend
unconsciously. It is based on frames and scenarios recruited independently

- Elaboration of the blend is obtaired by treating it as a simulation and running it

imaginatively according to the principles established for the blend.

Generic space

Input space 1 ™ N s //, Input space 2

7/

Blended space

Figure 4 z Diagram showing the functioning of conceptual network integration

The conceptual integration network presented until now is a minimal diagram: blending

T AOxT OEO AAOOGAIT T U OAAT EAOA OAOAOAI ET POO C
(Fauconnier & Turner, 2002 p. 47).According to thistheoretical lens, blending knowledge in
different mental spaces is the way in which students make sense of new informatidive would

like to quote a few interesting studies valuing this framework: dr instance, Apkarian and
Ai11AACOAO jcmpwq OOAA AiT AADOOAI Al AT AET C Oi
reasoning when dealing with the Sierpinski triangle. During their analysis, they leveraged on the

three constituent elements of blending, and EEO AT AAT AA OEAI O COAObD
unusualideas when reasoning about complex mathematical concep#sless recent contribution

applied to physics is the one byHu and Rebello (2013)who made a significant study analyzing

in detail a physics problem on resistance: adopting the tool of conceptual blending, they

investigated how students bringtogether specificinformation to set up mathematical integrals
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in physics and so how they blend knowledge from the domains of calculus and physics.sTkind

I £/ AT AT UOEO 1 AA OEA AOOEI OO Olonthisdt@ioAO O1 AAOOO.
The presence oblends s typically revealed by the linguistic forms employedand in this sense,
conceptual blendingseems to be a suitable lens to shed light on the inputs provided by the
variousrepresentationsAAT DPOAA AT A O COAOD EIT x OEAUMhAOA A
framework, with respect to the semiotic bundle and commognition, works as a magnifyingrie

on the verbal component that enables to see the input spaces of knowledge and the new
emerging blends revealing some forms of covariational reasoning. Indeets main contribution

from an analytical point of view mainly resides on the instrumentationével: it will help us to

evaluate the influence and specifically the benefits or disadvantages coming from the
employment of severalrepresentations. This kind of analysis will emerge predominantly in all

those aspects of classroom discussions related tbe mathematical discourse.

6.5 ADAPTIVEEACHING

In order to reach individual students' cognitive neessities for prompting covariational
reasoning,teachers should resort to adaptive instruction that isspecifically geared to meet the
needsof the individually different students (Gallagheret al,, 2020). Adaptive instruction is an
ongoing process in which teachers continuously respond to interactions observed in the
classroom, ratherthan following a predetermined lesson plan with standardizd materials.
Helping students meet their individual learning needs requires adaptive teachers to be
proficient in a range of practices (e.g., asking useful questions, requesting clarifications,
facilitating class discussions). The adaptive instruction fured in this study is oriented to a
specific, and particularly challenging content, which adds an additional layer to the complexity

of the instruction process.

The idea of adaptive instruction is long standing in the literature. Dewey, in his 1902 ess&hild

and Curriculum expressed his concerns about the current emphasis on a single kind of
curriculum development that produced a uniform, inflexible sequence of instruction that
ECIiTOAA 1T O I ETEIi EUAA OEA AEEI Ab O richded\ EofoiAgO AT |
Dewey, Wang and Lindvall (1984) defindAAADOEOA ET OOOOAOEI T AO OAI
incorporates alternative procedures and strategies for instruction and resource utilization and

has the builtin flexibility to permit students to take various routes to, and amounts of time for,

learnET C6 j BCBrno papdpSHi@v (1986) defined adaptive instruction as instructional
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approaches and techniques that are geared to meet the needs of individually different students.

Yyl A OEIEI AO xAUh O0AOE AT A ,AA j¢nmnatGa AAOA
interventions aimed at effectively accommodating individual differences in students while

EAI PET ¢ AAAE OOOAAT O AAOGAIT i D OEA ETT xI AACA A
Although several definitions of adaptive instruction exist in the lierature, the commonthread of

these theoretical considerations is that the instruction inside the classroom should be flexible

AT 1T Oce O 1T AAO OEA OOOAAT 060 OPAAEAEA 1 AAOT ET
Researchers of adaptive instruction mainly distinguish between two typesf adaptiveness:
macro-adaptations and micrecadaptations (Corno, 2008Randi, & Corno, 2005)Macro-
adaptationsrefer to the teacher's efforts outside the educational setting to redesign instructional

and curricular plans in light of new information about students learning.Micro-
adaptationsoccur when teachers flexibly respond to studentdemands in the moment of
teaching. More recently, other scholas (e.g.,Maskiewicz & Winters, 2012 Vaughn & Parsons,

2013) have proposed that adaptive teaching is alstemonstrated throughresponsive guidance
xEAOA A OAAAEAO OxI1 OEO ZA£EOOO O1 AT CACA OOOAAT ¢
then to support them in their pursuit in ways that afford progress toward canonical practices

AT A E@®&nmérét al, 2012, p. 55). In this formteachers seek out the queries oftheir

students, and then adaptively constructs learning activities that address these student interests

and curiosities, eventually tying them back to broader scientific concepts.

For teachers to develop adaptive instruction, literature suggests that they need a strong
pedagogical and content knowledge, a vision of ideal teaching, and a deep understanding of and
familiarity with their students (Fairbanks et al., 2010). This means hat teachers need to
constantly learn about who their students are momento-moment, what their students can and

want to do with guidance from their teacher, and how and what their students think about the
content. Thus, adaptive instruction requires teacérs to learn continually about students and to

develop ways and strategies to teach them. Not only, adaptive instruction is crucial in the
OAAAEET ¢ DBOT AAOGO O1 A1 OOAO 000 A-AdsddQdarning AsA OT E |
implemented in the classroom,where learning is both an individual and a social process,
including work by individual students, work by small groups of students, and teachded whole

classroom discussions.

Gallagherand colleagueg2020), in a review of the literature, found that mathematics educations

researchers have focused mainly otihese aspects related to adaptive teachinga) how curricula
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can serve as stimuli aiding adaptive teaching practices (e.g., Choppin, 2011; van2B§p)); (b)
the primary factors to which adaptive teachers respond namely stimuli from students, the
learning trajectory, or their own actions(e.g., Scherrer & Stein, 2013; Wager, 2014; Weilaet

al, 2014); and (c) additional teacher responses, inctling orchestrating classroom discourse,

modifying curricular materials, or selecting teaching aids (Huang & Li, 2012; van Es & Conroy,

2009). Adaptive instruction on the micro level of teacherstudent interaction has rarely been
investigated with respecti O OO A AT &pesific Fearding path@ays or with respect to the
utterances, gestures, and observations of the students (Jacobs & Empson, 201L6é%s attention
has been paido the adaptive teaching oriented to a specific mathematical contérEvenscanter
attention has been paid to adaptive instruction of a specific conteim a teaching situation based
onAECEOAI OAAETTI1Tcuh AT A O OEA OAAAEAO0GO
understanding of a specific mathematical content.

In this research we try to address this gap in knowledge by examining teacher adaptive
instruction while using severalartefacts and focusing on the development of a specific content,
meaning covariational reasoningadding an additional layer to the complexity of the instruction
process.We do believe that mderstanding how teachers interact with students to adapt their
instruction to teach complex mathematical concepts carries important theoretical,

methodological, and pedagogical implications.

In Section9.2 we are going to show the reasons why the teacher involved itis research
represents a good exampldo speakof adaptive teaching and latelyover the three teaching
experiments,some adaptive teaching strategies suitable to foster covariational reasorgrwithin

a digitally rich environment will be described and discussed.
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/ RESEARCH QUESTI@NEFINITIVE FORMULATION

In the Introduction (Chapter 1) we highlighted the recognized relevanceof covariational
reasoning for a deep understanding of many mathematical concepts and specifically its
importance in modelling tasks we underlined difficulties met by both students and teacheran
secondary schoolwhen dealing with the teaching and learningof the complex concept of
function, in particular when tasks enhance dynamic spectsrequiring a covariational approach
that goes beyond the static definition of functionMoreover, a strong revision of the already
existing literature brought to light some contributions remarking that the framework of
covariation finalized by Thompson andCarlsonseemsnot enough to fully address the variety of
OA A Olsl displagdnl by students when working with functions. Starting from these
observations and findings,we elaborated three teaching experiments involving modelling
activities concerning classes of real phenomenao introduce students to families of functions
characterized by the presence of parameters. This approach was supported by the use of suitable
technological tools which can enhance covariational reasoning processes and help in
appreciating thedynamic nature of functions
The theoretical framework elaborated and presented in the previous chapteconsists of four
different theoretical lenses: the semiotic bundle, the theory of commognition, conceptual
blending, and adaptive teachingWe suitably network ed those theories coordinating them and
this clarified framework allows us to introduce a secondand definitive formulation of the
research questions of this studyWe aim at deepening® O O A Aidé€siadding of covariation
not only between variables, but also between variables and parameters, in the context of
mathematical modelling of classes of real phenomertarough the use of technologyenhancing
a dynamic approach;we are going tofocus esfR AEAT 1 U [ discuGiAdAlihglidié
productions and on the teaching strategies that can foster covariational reasoning.

In the following we give a specific formulation of the four research questionguiding our study,

now addressingthem through the theoreticallenseswe havealready introduced.

7.1 RESEARCH QUESTION

126 OFy GKS ¢K2YLAZ2Y YR [/ NI &azy e enlaigefizdNB (A O

encompass secorarder covariation in a unique and coherent construct?

43



This first question reflects the main purpose of our research: it has a theoretical value that will
be addressed throughout the entire study and will find an answeonly at the end, considering
from a global standpoint all the findings of this researchAs outlined before, we aim at enlarging
the already existing framework about covariation including not only the still under construction
construct of secondorder covariation, but also all the other hints coming from a revision of the
literature and that do not fit completely the Thompson and Carlson hierarchyVe would like to
extend a theorization based predominantly on a cognitive characterization, also toother

standpoints, specifically the mathematical and didactical ones.

7.2 RESEARCH QUESTRON
Is it possible to identify some levetsnnoting secondrder covariation?

As donein Thompson andCarlson (2017),we aim at identifying some levelonnoting second
order covariation: since we will mainly analyze classroom discussions and brief working group
activities, and not individual interviews, we hypothesize that wewill not be able to elaborae a
rigorous taxonomy of cognitive levels but we an at least at identifying some mathematical
connotations, obviously determined by the mathematical context of our teaching experiments,

in which secondorder covariation manifests

7.3 RESEARCH QUESTBON
Which linguistic markexsonnote specifically each of the levelsiofi dzR &yaiiadiddal reasoning?

From alinguistic standpoint, we aim at conducting a strict analysis ahe recurrent syntactical
structures or lexical markers that can be associated to the different levels of covariational
reasoning. Despite the limitations of anerely qualitative analysis restricted to a limited sample
of students in a weltdefined contest, this investigation could provide interesting insights on tl

way in which students express when reasoning covariationally.

7.4 RESEARCH QUEST4ON

Which levels characterizing the discourse about modelling of real phenomena can be distinguished

and how do they relate to covariati®n
We are nterestedET  ET OAOOECAOEI ¢ Ei x OEA OOOAAT 006 Al A

phenomena manifests: we aim at classifying the different levels that can be recognized according
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to a commognitive perpective and grasp how the use of various technological tools influences
and manifests in these various levels dhe mathematicaldiscourse.Moreover, we would like to
ET OAOOECAOA Ei x OEAOA 1 AOGAT O OAI AGA & OEA AO

7.5 RESEARCH QUESTHON

Which adaptive teaching strategidses the teacher use t@sponsively guidihe students to engage

in covariational reasoningithin classroom activities?

Finally, with this last question, we would like to clarify which is the role of the teachewhen

dealing with classroom activities that involve covariational reasoningadopting the definition

by Maskiewicz and Winters (2012) who consider that adaptive teehing is demonstrated

through responsive guidancewe aim at identifying some relevant adaptive teaching strategies

that our expert teacher uses in her school practices and from which students benefit because

these strategieshelp them in better explicating covariational reasoning. Thedentification of

these strategies could behelpful also for other teachers because theiadoption in their school

practices couldO OB BT OO0 OOOAAT 6068 Ai OAOEAOEIT T AT DOT AAOC
All these questionswill be addressed in Chapterd 0, 11 and 12 and will have a well formulated

answer in Chapter 13. Moreover, Chapter14 will contain some additional and preliminary

results helpful to enrich the answer to research question 1.
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8 METHODOLOGY

8.1 TEACHING EXPERIMERTBJALITATIVESEARCH

The research presented in this dissertation has all the features of a qualitative studlythe sense

that its main goal is the discover and analysis of the meanings and interpretations elaborated by
students (Gall et al, 1996) when cealing with tasks requiring covariational reasoning and
specifically related to mathematical modelling situationsAt the beginning of each teaching
experiment (T.E), we made a hypothetical planning of our experimentations and we
implemented it in the classroom setting over a period of few weekduring the implementation,

we made careful observations about the efficacy of the originplan, and weused them torefine

our planning along the wayAAAT OAET ¢ O1T OO0 @&dé prdpis@itactividsAGUOE T 1
I AGAOOGAOGET T O AT A OEA AT AT UOEO 1T &£ OEA AiTl11AAOGA
mathematical conceptualization of theadministered tasks and OT OA &l AAO 11 EI
choicecO ET &£ OAT AAA OO0 /Dkdpite dé quéitatiednatr® & buk iedeagch it

displays many of the characteristics of a scientific researc (Groth, 2010) and in particular:

The adoption of a conceptual frameworkoriginated by the networking of several

theoretical lenses deeply presented in Chapte® and specifically: the semiotic bundle,

commognition, conceptual blendingand adaptive instruction;

- The direct and empirical observation of some specific and relevant research questions
their formulation and motivation have been illustrated in Chapter7;

- Arrich description of the setting in which the stug was carried out(see Sectior8.3, and
Chapters 10, 11, and12);

- A variety of qualitative data collected through classroom observations (video and audio

recordings) and some interviews as described in theData collection paragraphs and

Section8.4.

Moreover, since we as researchersare] 1 O T T 1 U ET OAOOECAOET ¢ OAA
OEAT OEUET ¢ (hdsé @ &udén® Bnll in@dme sense also of the teach@ggnitions
related to covariation, we are contributing to the phenomenon we areanalyzing: reflexivity,
AAAT OAET ¢ O1 3196E AéndsGirst/offalEtd beEa@v@rd thaour involvement as
researchers helps to create the behavior we wish to study. While we struggle with serseking
I £ 1 OEAOOS | ACEAT AOGRBER BI ABAODATCALIdihachohsA ET (¢
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appear explicitly infourf] ET ACA 1T £ AT 1 OE A énfil ve] Gitedph © @akeAthodeE T Ch
AOPAAOO 1T £ 1T OEAOOG Awrpl@E AGTA AGD AEA GO O AATAAA | GH ACE QA «
1995, p. 124).Reflexive research as is our researchalso implies that we can never capture our

current understanding; at bedO xA AAT AADPOOOA xEAOA xA EAOA
OAOOI OPAAOGEOGAT U i1 100 Ai1 OOEAOOEIT O O OEA b
This explains why we felt the need to reformulate in a finer way our research questions during

the study and why the preliminary definition of secondorder covariation was partially revised

and enriched during each of the teaching experiments but only at the end of thwole study we

will be able to provide a coherent characterizationFurthermore, as d&ready mentioned, it isonly

during the analysis of data from the third T.E. that we felt the need to introduce an additional

theoretical lens.

In addition to this point, we have to clearly state that the introduction of our enlarged framework
about covariational reasoning presents many constraints related to the design and context of
our research:

- The context in which we investigate covariational reasoning is that of mathematical
modelling intended as mathematical representation of classes of real phenomena;

- We investigate the problem of covariational reasoning among quantities whose values
are related by a formula which is something that Thompson and colleagues actually never
dealt with, but recent studies have been elaborated in this area involving students of
algebra and analysis courses (Frank, 2016);

- The specific kind of instrumentation we promse in our teaching experiments deeply

influences the path leading students to a full grasping of secoratder covariation.

8.2 DESIGN PRINCIPLES

The three teaching experiments we designed as research group have as main topic the modelling
of real phenomena describable through amathematical formula and interpretable through
various representations. The phenomena we choseo investigate locate in a perspective of
multidisciplinariety, but the focus of the proposed tasks is always that of mathematita
interpretation. Hence, the most suitable perspective to read these activities is that of
mathematical modelling in the sense intended by Blum and Niss (1991)The design of the
activities proposed in our teaching experiments makes explicit use of variousrtefacts and

technological supports which allow an instrumentation of covariational processesand that
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constitute multiple external representationgMER$ of the same phenomenon of interestThe
teacher has always been involved in designing all the tasks and in structuring the three
experiments in their entirety: her wise experience in teaching has been a precious element in
determining the time required for ead of the activities proposed and in remodulating on the

spot the requests of the students according to the trend of achievements and difficulties.

8.2.1 Modelling

Mathematical modelling has not a unique definition in Mathematic&ducation literature.
According to the PISA mathematics framework, the mathematical modelling competence is
intended as a lens onto the real world (Niss & Hgjgaard, 2019): mathematical models
represent an ideal conceptualization of a redife or scientific phenomenon; they are
formulated in mathematical language and use a wide variety of mathematical tools and
results. Moreover, summarizing Blum and Ferri (2009), mathematical modelling is a tool
that: (a) helps students to better understand the world; (b) supports mathematics learning,
understanding and motivation; (c) contributes to developing various mathematical
competencies; and (d) contributes to an adequate picture of mathematic&rom the
didactical standpoint, many scholars and researchers have underlined the usefulness of
modeling tasks for developing mathematical competencies in studentZlpiek & Conner,
2006; Watson & Ohtani, 2015; Arcavi & Friedlander, 2018 Specifically, modeling physical
phenomena canproduce a useful joint pedagogical fulfillmentof the inquiry-based
epistemologies of science and mathematics: an interesting concrete didactical example of
this approach is given by thd=ibonacci Projec{Harlen, 2012). Commenting this experience,
Artigue and Blomhgj (2013) focus some features of this kind of approach toathematics
teachinglearning. Among them: the epistemological relevance of the questions from a
mathematical perspective; the modelling dimension of the inquiry process; the experimental
dimension of mathematics; the autonomy and responsibility given tstudents, from the
formulation of questions to the production and validation of answers; the guiding role of the
teacher and teachegstudents dialogic interactions; the collaborative dimension of the
inquiry process. Starting from this background, which okarly reveals the validity of
introducing modelling in mathematics classroom, we share the vision of mathematical
modelling emerging from Italian Indicazioni Nazionali (2010a), meaning as representation

of the same class of real phenomena.
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To describe the steps of mathematical modelling process, we need to refer tioet modelling cycle
(Figure 5). Inspired by Blum (1996), it consists of two parallel chambers,reality and
mathematics which comprise four other building blocks:real situation, which is the starting
stage of the procesg,eal world mode| mathematical mode] andresultswhich are the numerical
solution to a given problem. Other modelling cycles can be found in the literature (Sokolowski,
2015), but they all begin with a real situation and conclude with an attained uniqusolution. The
process of modelling is generally characterized by removing noise, meaning removing all those
disturbing elements that could make challenging pass from the real situation to a mathematical
model: a first cleaning phase happens when passingofn the real situation to the scientific
simulation or real world model; the secondround happens during the transition toward the
mathematical model which necessarily requires some simplifications so thahumerical
mathematical results are obtainable and @mputable. Therefore, a mathematical model may
present a conceptualization that is understood to be an approximation or an intentional
simplification of the object phenomenon. The passages previously described are underlying the

arrows of the modelling cyde.

r

Mathematical model

Real world model

3

Real situation Mathematical results

Reality Mathematics

Figure 5z Mathematical modelling cycle inspired by Blum (1996)
From the description of the tasks proposed in our teaching experiments, it will clearly emerge
that we are not so rigorous in the application of the steps of the modelling cycle: in 2020 teaching

experiment, students start with an experiment conducted in lassroom under the guidance of

OEAEO OAAAEAO AT A OEA OAOOI OO xEI1T OAOGAAI OEA

2017 and 2019 teaching experiments instead do not start from a real situation but rather from

a simulation orareproduction of the same through a video or a GeoGebra applet. In these cases,
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the reproduction of the experiment in the physics laboratory was the last step of their modelling

activities which allowed to verify the validity of their mathematical model.

As we mentional before, we locate these activities in a perspective of multidisciplinarity, but the
disciplines other than mathematics, i.e., physics or science, just constitute the background where
the modelling situations under investigation arose: the specific methodf investigation of those
subjects does not interfere in the experimentation. Students are guided to look at the contest
and inputs always with the eyes of the mathematician. If we waatlto condense the aim of our

teaching experiments in a few words, thee of Dirac (1939) reveal highly appropriate:

The mathematician plays a game in which he himself invents the rules while the physicist plays a game
in which the rules are provided by Nature, but as time goes on it becomes increasingly evident that the
rules which the mathematician finds interesting are the same as those which Nature has chosen. (P. A.
M. Dirac, From Lecture delivered on presentation of the James Scott prize, (6 Feb 1939), 'The Relation
Between Mathematics and Physics', printed in Proceedjs of the Royal Society of Edinburgh (1938
1939), 59, Part 2, 124)

8.2.2 Multiple External Representatio(MERS)

The acronym MERs stands for Multiple External Representations, meaning different modalities
of representations so to enhance the learning of the characterizing aspects of the analyzed
phenomenon (Ainsworth, 1999). Multi-representational systems employ at dast two
representations, but commonly many more are available and typical muitnedia system can
display pictures, text, animations, sound, equations, and graphsCombinations of
representations can play at least three different functions in supporting Erning (Ainsworth,
2006):

- Complementary functionwhen MERs complement each other, they do so because they
differ either in the processes each supports or in the information each contains. By
combining representations that differ in these ways, it is hopethat learners will benefit
from the advantages of each of the individual representations

- Constrain interpretatiorn certain combinations of representations can help learning when
one representation constrainsthe interpretation of a second representation

- Construct deeper understandingmultiple representations support the construction of
deeper understanding when learners integrate information from MERs to achieve

insights that would be difficult to achieve with only a single representation.
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Literature shows that the use of multiple representations strongly supports the learning of
mathematical conceptsbut, although multiple representations are beneficial to the learners,
they are nonttrivial for students to relate and identify connections (Ainsworth, 2008).In our
T.E.s ourteacher will play acrucial role in mediaing between the involved representationsThe
theoretical lens of conceptual blendingwill enable us to analge how MERs affect cognitively
OOOAAT 006: tERRADT AEUQGEO 1T £ OOOAAT 00686 Ai AOCET ¢
classroom discussions or working group activities will help us to focus on the level of
instrumentation and to observe how the blending of the inputs from the several MERs adopted
will reveal and shapegd OO A AT 008 AT OAOEAOQET T Al OAAOITETC
The representations adopted in designing the proposed tasks have mainly a
complementary/construct deeper understanding role, butall the details will be provided in the

following sections while describing the specific tasks for each case study.

8.2.3 Overview of the whole experimentation anehgral sequence of tasks

The data presented and discussed in this study come from three teachiexperiments. Now we
are going to provide briefly some details concerningpgistic information, the topic and goals of
the tasks proposed:

1) Teaching experiment 201{fChapter10): it was conducted in a 9 gradeclassroom,and it was
about leading students to construct the mathematical meaning of the quadratic function
starting from the simulation of a real phenomenornthat is a ball rolling along an inclined
plane, the secalled Galileo experimentDr Osama Swidan, from the Befsurion University of
the Negev, while he was visiting fellow in Turin, deeply contributed to the experimentation,
both with the design of the GeoGebra applet and with the logistic organization of video
recordings. In this T.E. covariational reasoning processesvere instrumented thanks to the
use of two main artefacts: a video reproducing the experiment and a GeoGebra applet
simulating it (Figure 6). The two artefacts provided complementary information that will be

presented in detail in Sectionl0.1.
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Video Museo Galilei. ' GeoGebra Applet 1.

Figure 6 Z The two main artefacts used in the 2017 (E. instrumentation process

2) Teaching experiment 2019Chapter 11): it took place in a 10 grade classroom,and it was a
replication of the 2017 teaching experiment with some other additional tasks. The aim of the
activities was to obtain the law of the motion of the ball running along an inclined plane and
in particular: (a) obtain the formula describing the motion of the balld  €2; (B) exXplor&the
relationship between the angle of inclination of the plane and thés, t)graph.

The instrumentation ofthe modelling cycle in this case was made possible throudgbur main

artefacts: a video and a GeoGebra applet, @sne in 2017 T.E.,, a second applet containing
additional information (both numerical and analytical), and finally the reproduction of the
experiment in the physics laboratory so to validate the mathematidanodel (Figure 7). The
experiment constituted the point of arrival in this cycle and so, itwas not so influent in
OOOAAT 6O6 OAAOGITET Ch AOO (sthdersitd verifynE Glidity x E OF

of the mathematical resultsobtained from the video or the applets.
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GeoGebra Applet 1. Complementary GeoGebra Applet 2.
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Video Museo Galilei. Laboratory experiment.

Figure 7 z Instrumentation of 2019 T.E. modelling process
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Globally, we can claim that the MERs adopted havecamplementary role when providing
additional information, also on a different semioticregister, and helpto construct a deeper
understanding when enabling to get in touch with different aspects of the @momenon under

investigation.

3) Teaching experiment 202(Chapter12): it was conducted in a 1T grade classroom the same
of the previous teaching experiment and had three main goals: (a) investigatg the
relationship between humidity and temperature; (b) being able to read and interpret the
psychrometric char® in order to explain real phenomenaconcerning temperature and
humidity ; (c) distinguishing the role of variables and parameters in reading drts. Evenin
this case, the instrumenation of the modelling process and covariational reasoning is
supported by four main artefacts: a classroom experiment, a real psychrometric chart and
two GeoGebra applet (Figure 8). In this case the classroom experiment constitutethe
starting point of the whole modelling activity and, as the data analysis will reveal, itasa
solid reference point throughout the whok T.E., both in reading the psychrometric chart and
the graphs showed in the GeoGebra environment: it constitutithe element which enablel
students to interpret the mathematical representationsfrom a physical point of view Even
in this TE, the MERs adpted have mainly a complementary or construct deeper

understanding function.
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Psychrometric chart. | Complementary GeoGebra Applet 1. |
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I Construct deeper l
understanding

Classroom experiment. | GeoGebra Applet 2.

Figure 8 z Instrumentation of 2020 T.E. modelling process

10 A psychrometric chart or Carrier diagram, is a graph of the thermodynamic parameters of moist air at a constant
pressure, often equated to an elevation relative to sea level. Although the principles of psychrometry apply to any
physical system consistilg of gasvapor mixtures, the most common system of interest is the mixture of water vapor
and air, because of its application ileating, ventilation, airconditioning, and meteorology.
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All the three projects have seen the involvement of the samgassroomteacher, Silvia,both
during the design phaseand during the classroom implementation. Some details concerning her
background formation and her teaching method will be presented in Chagr 9.

From a methodological point of view, the teaching experimestconsisted in analternating of
working group activities to teacherled discussions. During the working group phasestudents

I AETT U &£ AOOGAA 11 A OEITCiI A OADPOA @afdjthénksdsbne j OE
instruction provided by a worksheet, students were giided through an exploratory phase
consisting of the formulation of some hypotheses about the phenomenon under investigation
During the explorational phases the role of the teacher was primarily that of supervising
OOOAAT OOG g @& groips A caBelof foblems with the technology involved. Her
role became determinantduring classroom discussios, which always followed the working
group activities and during which the teacher typically started the debate from the written
answers of the differentgroups. Since the teacher had the chance to read the works before
starting the discussionthe order in which answers were reacatnd commented orwas not casual
but somehow planned in order to encourage the discussiostarting from the answers less rich

of information to the ones more deepened and somehow near to the correct answer. We expect
the teacher to start from reading the conjectures elabated by the different groups and inviting
the members of the group inexplaining them. During the following phases, thanks to the
complementary or additional information provided by the newly introduced artefact, students
were asked to validateor falsify their previous assumptions and reformulate them in a more

correct and complete form.

8.3 THETIMELINEA TOOL TDESCRIBEHAT HAPPENS WITHIN THE
MATHEMATICS CLASSROOM

The theoretical lensespresented in Section6.2 allow to properly explore the didactical
phenomena that happen in the classroorbut given their numerosity and complexity,a specific
tool which can condense all the sought information andhelp the researchers in a proficient
analysis is required Starting from the theoretical perspective of the semiotic bundle a suitable
tool of analysis called Timeline, has already been msented inArzarello et al.(2010), in the
Italian book Matematica: Non é solo questione di teg®2011),and in Sabena et a(2012): it arises
from the need to describe in detail the didactic situations and the dense intertwining of
relationships betweenthe variables present in the classroom. It is supposed to be used as a

microanalysis tool which provides a global view on the differentsemiotic registers of the
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semiotic bundle: speech, body, and inscription$n line with the characterization of the semiotic

bundle construct, wo kinds of analysis may be carried outvith the Timeline: adiachronicone,

focusing on the evolution of the various components over timeand asynchronicone, allowing

to grasp the relations of the components in a specific moment in time. The Timeline, a table with

many rows and columns, ioth a powerful and complex tool of analysis and deservesome

words to be spent in a detailed desption of its various rows dedicated to the analysis of the
OPAAEZEA AOPAAOO 1T &£ OEA OAI ET O&plodudiond, indudidyA OO OF
their interactions with tools. Given the density of details, the Timeline is suitable for an accueat
analysis of short episodes. However, one of the advantages of this tool is that it can be easily
adapted and integrated to respond to different research purposes, for example aldor a

macroanalysis of longer episodes (Javorski & Potari, 2009).

In this study, in order to satisfy our purposes of research, we propose a new version of the
Timeline aiming at integrating the semiotic bundle with the other theoretical lenses we
introduced. The improved version of the Timeline we are going to present in this séon allows

to represent the dynamic flow of the various episodes in a condensed form anduaderline the
specific main componentsaccording to the different theoretical standpointsin each of themlIn
these rich cognitive processes, all the different components of the semiotic bundkenriched by

a moresubtle analysis made possible bthe networking with other theoretical frameworks, are
active in a unitary way and in the end the secondrder covariation is conquered by many
students within this unitary process itself.

This enhancedTimeline allows to point out with great detail:

- how the complex interactions between the teacher and the studentsuitably represented
in the interaction flowchart, intertwine and enhance the exploration and learning of
mathematical concepts;

- how artefact interactions can instrument the steps through which the students approach
secondorder covariation within the communicational environment of the classroom
discussionand their evolution in time. Sometimes the studentause instrumentsto get
AT OxA0OO OI OEAEO EIT NOEOU bDpOi ARAOOAOHh O1T1 AO
productions to settle contrasting conjectures in discussions with their matesrawith the
teacher. Other times it is the teacher herself that suitably echoes and develops such
DOl AOCGAGETT O AO OEA Al AAEAT AOA O OOECCAON
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- the deep structure of what happens in the classroom and shows likeinafd& A OOOA AT
growing understanding of the seconebrder covariation thanks to the adaptive
instruction method used by the teacher

- the evolution of classroom discourse about modelling of real phenomena, the way in
which the various external representations of the situations proposed emerge in
OOOAAT OO AEOAT OOOA OAOGAAT ET C A AITATAETC 1
features connote their claims involving covariation

- atentative classification of the orders and levels of covartgonal reasoning.

All the details concerning the information collected in the Timeline in order to respond to our

research goals are presented in the followinghe interface of the Timeline is also shown in
Figure 9 with a brief description of the function of each of its rows.

() Interaction flowchart - The first row of the Timeline is the flowchart of interactions between
the teacher and the students during classroom discussions or among students during working
group sessions. The interactivity flowchart, already introduced in6.3, arises within a
commognitive perspective and was firstly elaborated by Sfard and Kieran (2001) with the aim
to collect all the oral interactions and reveal the real interest of the ierlocutors in
communicating with their partners. The interactions, represented by arrows, can be of three
kinds: reactive (diagonally back arrow), proactive (diagonally forward arrow) and both reactive
and proactive (both diagonally back and forward arrow). Lately, Lilledahl and Andra (2014)
have further developed the interactivity flowchart including gazes produced in social
interactions, specifically their direction and intensity (denoted by the diffeent thickness of the
arrows). Our innovative contribution consists of including nonverbal interactions that is the
main gestures produced by the subjects involved in the discussion. In particular, the following
symbology, reported also inTable 1, is adopted: blue arrows for gesturesdotted blue arrows
for gazesand dasheddotted blue arrows to refer to writing gestures; black arrows for oral
interactions, dashed arrows to denote questionsand double arrows to underline the semiotic

games.

(i) Utterancesz This section collects the orabtterances,and it is divided into two rows devoted

to the teacher and the students. Revoiced sentences amported in italics. In addition, we
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indicate with T 11 when the teacher asks the studentsomething anduse the notation T when
the teacher repeats (revoices) a sentence pronounced by a student to underline the importance
or the correctness possibly een using gestures.

(iii) Linguistic analysisz This row re-D OT BT OAO OOOAAT 0068 OOOAOAT AA
reasoning. The translation into English is preceded by the original statements in Italian. The
main goal of this Timelinerow is to highlight some linguistic markers, meaning recurrent
linguistic structures and features, connoting the various forms of covariational reasoning
Moreover, when neededa finer grain attention was paid to the identification of terms affeent

to different mental input spaces Linguistic markers, jointly with the other components of the
semiotic bundle, e.g., gesturesscriptions, and interactions with arefacts, can be indicators of
subsequent moments in the development of the seconarder covariation as will be explained

below in the microanalysis and, with greater detail, in the analysis @ome episodes.

(iv) Discourse levelsBasing on the commognition framework, a row of the Timeline is reserved
to the analysis of the discours®n mathematical modelling and the identification of some levels
connoting its evolution. Some benchmark studies are those developed by Caspi and Sfard (2012)
about the levels of algebraic discourses and those by Kehal.(2012) on the levels of discourse

on infinity. While these studies adopt distorical or ontogenetic approach, we are instead going

to focus onthe narratives connotingthe mathematical discourse.

(v) Gestures- Gestures are analyed according to the four dimensions (deictic,iconic,
metaphoric, and beats) identified by McNeill (1992knd adapted to the analysis of mathematics
teachinglearning processesas in Arzarello et al. (2015). In addition, we consider another
overlapping dimension, that of writing gestures (Shein, 20124Alibali & Nathan, 2007). The main
function of gestures, narrative, interactive or grounding, is reported in red boxes. In particular,
non-redundant gestures with respect to speech (Alibalet al, 2000) are marked with a red
triangle in the Timeline. Conerning significant gazes, their features andunction, sensing or
signaling, according to the Interpersonal Gaze Processing Mod€lafigueral& Hamilton, 2019),

are reported in blue boxes.

(vi) Inscriptions- The row dedicated to inscriptions shows the writings produced by the teacher

or students on the blackboard the interactive whiteboardor on their worksheets.

1 1n this dissertation we are going to use this arrow, instead of a daed one as done in the Timelines, to denote
OAAAEAO8O NOAOOEITETIGCS8
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(vii) Artefacts interactions- In this row we record how the students and the teacher referrad
interact with the different artefacts, denoted with a capital letter, along the time. Basing on the
SaadaRobert microgenesis model of the representation of problem (1989), further elaborated

by Arzarello and colleagues (2002), we distinguish two mainmodalities which feature the

interactions with artefacts, already presented in6.2.3 ascendng control (X ) or descendng

control ( X).

(viii) Covariation (order and levely Eventually, this row is devoted toa tentative analysis of the
orders and levels ottovariational reasoning. Specifically, we consider an extension of the already
existing taxonomy of Thompson and Carlson (2017) consisting of: firgirder covariation (COV
1) and its six levels hierarchy (LO: No coordination, L1: Preoordination of values L2: Gross
coordination of values, L3: Coordination of values, L4: Chunky continuous covariation, L5:
Smooth continuous covariation)and the new construct of seconebrder covariation (COV 2)
Thoserare examples ofreasoning revealing variational reasonimg will be denoted with letter V.

Its sublevels are recalled in Chapte?.
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TIMING z The timings reported correspond to
the relevant interventions or actions performed
by the teacher and students, hence they arg
functional to analysis purposes. There is no fixed

interval of time.

INTERVENTIONSZ The name of the person whads intervening is
recalled in this row.

N

00:00:XX

00:00:TY

Teacher

Smdent

c-u:wé
y 4

INTERACTION
FLOWCHART
2]
=]

Teacher

INTERACTION FLOWCHART, This flowchart collects all the verbal
and non-verbal interactions between the teacher and the students and
reveals the interest of the interlocutors in creating a real dialogue with
their partners. The interactions are represented as arrows and can be g
three kinds: reactive (diagonally back), proactive (diagonally forward) or
both reactive and proactive (both diagonally back and forward). To
describe each type of interaction we used idemtal corresponding

arrows (see Table 1). Each line of the flowchart is devoted to a singlg
person speaking.

UTTERANCES

UTTERANCES This section is divided into two rows devoted to the
teacher and the students. Utterances, originally in Italian, are reported
and translated into English. Revoiced sentences are reported in italics.

ANALYSIS

LINGUISTIC ANALYSISz The sentences displaying covariational
reasoning are reported both in ltalian and in English, aiming at
identifying recurrent linguistic structures or markers.

LEVEL

DISCOURSE | LINGUISTIC

Teacher

DISCOURSE LEVELThe various levels of the mathematical discourse|
regarding the modelling of real phenomea we could identify are
outlined in this row.

GESTURES

GESTURES This section is divided into two rows devoted to the
teacher and the students. We report a picture of the performed gesture
and a brief description. Moreover, the nature and function of the gestures
and significant gazesare reported.

INSCRIPTIONSZz In this section we report some pictures, or we
g describe verbally the main inscriptions made by the teacher on theg
£ / blackboard, the sketches, symbols, and formulas used by the teacher a
x] the students.
2
=z
g fz, ARTEFACTS INTERACTIONS This row concerns the various
= — artefacts we obseved and recognized in the scrutinized episodes
£ denoted with a capital letter. In the row we record how the students and
z E the teacher refer and interact with the artefacts along the time.
2
3 COVARIATION z In agreement with the extended framework of
32 covariation presented in the paper, in the first row we report the order
= of variational/ covariational reasoning and their sublevels.

Figure 9 - Timeline interface
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Section of the Symbol Meaning Comments
timeline
— Sentences Short arrows denote utterances
-> Questions addressed to the whole classroom and
—> Revoiced utterances not to a specific student.
INTERACTION |~ Gestures
FLOWCHART | = Imitated gestures in | In case of semiotic gam® the imitated
the context of a gesture isgenerdly synchronous with a
semiotic game specific utterance.
- > Writing gestures
ep Gazes
Tl Semiotic game
played by the
UTTERANCES teacher
4AAAEAOBO
T--»
Redundant gestures | Gestures which are redundant with
’} respect to the information conveyed in the
O related utterance.
Non-redundant Gestures which are norredundant with
A~:| gestures respect to the accompanying speech.
|:] Nature and function | Gestures are analyzed according to th
of gestures classification of McNeill (1992). He
identifies four types of gestures: deictic
iconic or representational, metaphoric
GESTURES and beats. Moreover, we considered
writing gestures (Shein, 2012). Gesturg
may assume three different functions:
narrative, interactive or grounding.
|:] Nature and function |We considered some significant gaze
of gazes underlining their features and functions
(sensing or signaling) according to the
Interpersonal Gaze Processing Mod¢
developed by Cafhigueral and Hamilto
(2019).
X Ascendng control on | The student uses the tool with ar
the artefact explorative  approach, looking for
relationships and mathematical
properties.
0O X Descendng control | The student already has a conjecture i
ARTEFACTS on the artefact mind and uses the tool to verify it

INTERACTIONS

searching for data supporting hig
hypothesis.
XN OV Conflict between
artefacts
X8Y Synergy between
artefacts

Table 1 - Symbologyadopted for the encoding and analysis in the Timeline
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8.4 METHOBFOR BTA ANALYSIS

Before starting to analyzedata, we produced a prospective analysis of the possible results of the
teaching experiments based on: the background of the students in mathematics, some
retrospective interviews to the teacher asking her what her aim from a specific intervention was
and also, in the case of 201@nd 2020 teaching experimens, the results emerged from the
previous experimentations.

Then, we analyzed the data in two phaseand using two complementary lensesin the first
phase,we performed amacroanalysis the video was gone over repeatedlgo to identfy those
crucial episodes clearly revealing covariational reasoning processesnd then transcribed
verbatim. At this macro-level, we be@n to develop some hypotheses that might explain relations
among the observed aspects in the classroom environment, but this process is ongoing and
interactive as we continue to add data and analyze them in a wider and more global perspective.
In the secord phase, thanicroanalysis we appled a range of qualitative data analysis techniques
in tune with the theoretical lensesto address ourresearch questiors. One of the most important
aspects of interactions in the classroom are the mutual relationships between its different
components in different snapshots of their evolution (synchronic analysis) and in their evolution
in time (diachronic analysis). The Timeline tool enabled usto capture the complex structure of
interactions in the classroom and how the goal of the teachirgxperiment is achieved.The
microanalysis provided us access to the joint point of view of the teacher amtoe students within
our analysis, rather than only those of the teacher or of the students (Vygotsky, 1978; van der

Veer & Valsiner, 1991), and a focus on the semiotic resources involved.

After a detailed analysis of the single episodesbased on the components collected in the
Timeline, we producedamore transversal analysisof the episodesspread overfour main layers:

- Layer(a) Covariational reasonirzgThis layer of analysis is focused on the identification of
the AE EAAOAT O 1 AGAT O T &£ #/16 p AAAT OAET ¢ OI
manifestation of higher orders of covariational reasoning and the semiotic forms in which
they emerge. Particular attention is given to thelements denoting aransition from COV
1 toward COV 2This analysis is the result of both a synchronic and a diachronic use of
the Timeline and of a process of descriptive coding (Saldana, 201%hat enabled s to
describe and label the emerging covariational reasoningThis process went through

several cycles until we obtained a definitive coding
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Layer(b): Linguisticanalysisz In this layer we analyzed OO OA AT 0086 OOOAOAT A

covariational aspectswith the purpose of identifying somelinguistic markers connoting
the different levels of covariational reasoningAfter having classified the levels of COV
and thanks toa synchronic use of the Timelinethese markers were identified mainly
paying attention to the syntacticand lexicaldimension. The former biought the focus on

the useof comparative structures the presence of coordinated or subordinated clauses,

all OAT AGAT O EAAOOOAO 1T £ OuUi OGAAOCEA Al i pl AGEO

2006; Prediger & SahinGur, 2019), and the predominance of unary, binary, or ternary
relations when covarying two magnitudes, as done in the study of Chesnais (2018) about
OAAAEAOOG AOOEAOI AOET 1 Cohcdining thé MitfeE thd ©xical A
dimension, the attentionwas directed towards the identification of recurring adverbsor
other terms denoting aspd OO0 T £ 11 AAT EOU 1T O CI JtheAdeBiOU
gualitative or quantitative terms with respect to the evolution ofthe levels of COV and
the presence okubjective versus objective sentences (e.g., the use of personal pronouns)
Moreover,when needed we conducted a more punctual analysis of the terminology used
so to identify the input mental spaces referring to the multiple representations involved
Layer(c). Discourse leveldreeing us from any attempt to adopt a historical oontogenetic
approach, in the identification of some possible levels ofthe discourse about
mathematical modelling of real phenomena we focused on a main distinctive
characteristic of the discourseaccording to the commognition theoretical frameworkthat

is the narratives interlacing during the discussions, i.e. descriptions of objects, or of
relations between objects,and the purpose connoting these narrativee.g, reporting,
explaining meanings or interpreting, in relation to the various steps of the modelling
process.We also focused on the emergence of possible blendsd onthose words that
denote an informaland intuitive language with respect to a more formahand scientific
one. This analysiswas the result of a mainly diachronic use of the Timeline;

Layer(d): Adaptive teaching strategigsThis analysisis the result of a disentangling work
of all the teaching strategies adopted by the teacheo to identify those that really help

in fostering covariation, i.e.,those that enable students to better grasp, and therefore
express, their covariational reasoningTo identify thesestrategies we used a descriptive
coding (Saldana, 2015) to code each intervention of the teacher according to its gaat

to the presence of elements of responsive guidancBor each intervention, we composed

a description of the particular goals that had prompted the teacher to intervene and to
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enhance the trustworthiness of our analysis, we interviewed the teacher retrospectively,
watching the episodes with her and askingher to explain her motives from the
intervention. For example, if the teacheE i EOAOAO OOOAAT OO8 CAOODC
OEEO ET OAOOAT OEI T h AEOAO OEA OAAARADISO ATl
the codes focusing on strategies that wereecurrent, i.e., happened more than one time

during the discussion and that displayed elements of similarityWe observel that
strategies rarely manifest singularly, butthroughout all the episodes they manifest

interlaced with other strategies.

All theseresults and their analysiswill be compared to the initial working hypotheses and the
prospective analysis so to produce aetrospective analysis and elaborate some preliminary
concluding remarks that in the endof the study will be revised and combined in a global and

coherentframework.
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9 THE TEACHER AND THE SCHOOL

Silvia is the mathematics and physics teachavho deeply contributed to the planning and
design of all the teaching experimentsinalyzedin this study and involved her students in these
activities. She widely uses an adaptive teaching approach during her lessotsbetter support
this claim, in this chapter we are going to provide more details concerning her background
formation and her school practices and didactic methodologyoreover, a few details about the
environment of the secondary school \Were the teaching experimens were carried out are

given.

9.1 THE TEACHERACKGROUND FORMATION

After the four-year degree in Mathematics, in 2000 Silvia began her career as teacher. At the
beginning she made some substitutions and worked in a private school; since 2007 she got
tenure and worked for five yeas in a professional school and then moved to a scientifariented
school in province of Turin and she is still teaching in this school where all our teaching
experiments took place. Throughout all her teaching career, she always remained in contact with
Professor Arzarello, her thesis advisorand the research groups on Mathematics Education at
Turin University Department of Mathematics. Her thesis had an experimental footprintoughly
speaking she proposed to analyze data from a test (PM5) administereth the 5 grade of a
primary school. Concluded the thesis, she continued working with an association of teachers
mainly from primary school dealing with formation and assessment, which collaborated with
the design and administration of thePM5 test. Nowadays, Silvia is a founding member of that
association. Since 2010, Silvidas joined the group of INVALSI, Istituto nazionale per la
valutazione del sistema educativo di istruzione e di formazioné. Within this group, Silvia
contributes to the writng of tEA OA OO0 AiI I T UAA ET OEA AOOAOQOI
competencies on a national scale. Lately Silvia joined the subgroup of INVALSI which specifically
focuseson tests for grade 13. In addition to the huge amount of work required for the desigrf o
the tests and the development of a reliable assessment method, a long period of formation and
training is required to all those who are involved in the INVALSI group, and this formation
typically translates into annual meeting addressed to the creatiomeading and use of those tests.

Her professional career is also connoted by a constant content and pedagogical formation: this

12 National Institute for the Evaluation of the Education and Training System.
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opportunity is offered by the University of Turin that starting from 2015 initiated a group of
teacher-researcherswhose professional development is taken care by the research group in
Mathematics Education of the University itself. The group of teachers regularly meets on Monday
afternoon every two weeks and works on specific thematic issues. In the meanwhilgilvia
becanme tutor of m@t.abel, a national project addressed tdeachers and that, with the
collaboration of disciplinary experts and employing an dearning and blended modality,
provides teacherswith sometools to bring students closer to Mathematics in an engaginand
practical way, proposing activities that facilitate the understanding of the close relationship
between theoretical abstraction and daily life eventgrinally, Silvia collaborated with the Unione
Matematica Italiandas associationto design a didacti@al path on the new Indicazioni Nazionali,

Italian National Curricula for high schooj she was actively engaged in several courses for the
Piano Lauree Scientifich# and attended atwsgUAA O | AOOAO AAAOAOOGAA Ol
- AOEAT AGEAO wAOAAOCEIT8 11 OEAOA Al AI AT 6O AIil
reveal her strong pedagogical and content knowledge which are essential to develop suitable
adaptive teaching strategiesHer wise approach to education will also emerge from her school

practices better described in the following section.

9.2 TEACHING PRINCIPLES AND METHODS

The approach of Silvia to teaching well reflects not only her wide background but also her vision
of the mathematics classroom. The information presented in this paragraph comes frosome

informal interviews to Silvia and an attentive observation of her Issons.

Mathematics classroomin 3ET OEA8 O EAAAI isOffebded &s amathen@tkdA AE E |
laboratory according to the definition presented inMatematica 2003.La matematica per il
cittadino (MIUR, UMI& SIS, 2003)where we can read:

Il laboratorio di matematica non €& un luogo fisico diverso dalla classe, € piuttosto un insieme

strutturato di attivita volte alla costruzione di significati degli oggetti matematici. Il laboratorio, quindi,

coinvolge persone (studentie insegnanti), strutture (aule, strumenti, organizzazione degli spazi e dei

OAi PEqh EAAA | POI CAOOEh DEATE AE AOOEOEOU AEAAOOEA
matematica & in qualche modo assimilabile a quello della bottega rinascimergalnella quale gli

apprendisti imparavano facendo e vedendo fare, comunicando fra loro e con gli esperti. La costruzione

AE OECT EAEAAOER 1T A1 1 AAT OAOI OET AE [ AOAI AGEAAR 1 00

13 Jtalian Mathematical Union.
14 Scientific Degree Program.
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utilizzati nelle varie attiOEOUh AA1 1 8 A1 OOAh AI1 A ET OAOAUEITE OOA
Thereby, all the proposed activities have the common goal to construct shared meanings of
mathematical objects and tlis goal is reached through different didactical practiceskirst, a
method deeply used by Silvia in her lessons is that of Varied Inquiry (MVI), a muléiyered spiral
approach that guides students to become engaged in inquityased learning. Starting fronthe
observation of a certain situation, students are asked to formulate questions and give them
answers; then modifying the situation and as a consequencef what is observed, new
observations, questions and answers arise. MVI thus allows tle®nstruction of mathematical
Al i pAOAT AEAOh ET xEEAE ETTxI AACA EO EIT OAOOxEI
situations where they are involved as mathematician investigators to solve and pose themselves
some problems. It is the teachds @sponsibility to foster the transition from one layer of the
MVI spiral to the other and to advance the learning within each layer through inquirpased
learning. These activitiesmainly consist of an alternation between small working group phases
and collective discussions with the whole classrooml'he mathematics discussions orchestrated
AU OEA OAdnA Bofifania AiGrdci afdicolae su un oggetto matematico (concetto,
poOil Al Al Ah  pOT AAAOGOAh AAA8sqh AEA Al OOEOOEOAA
apprendimentod6 (Bartolini Bussi et al, 1995, p. 7). The role of the teacher within a mathematics
discussion is that of a guide that inserts a specific discussion in the flow of classroom activities
and influences in a determinant way the development of # discussion through her
interventions. Not only, throughout all the classroom activities her role is that of a formalizer of
theil AOEAT AOEAAT AT 1T OAT OO0 ATA T &£ A 1 AREAOT O xEI
the teacher cannot inject knowlede into students, but she can guide them in the process of
domestication of the eye (Radford, 2010) through an intense recourse to semiotic resources like
gestures, words, and rhythm. The semiotic game is one of the main strategies naturally used by
SiviaOT OODPDPT OO OOOAAT OO6 EIT OAOT Al EUAOEIT bDHOT AA«

15 The mathematics laboratory is not hysical place different from the class, it is rather a structured set of activities
aimed at constructing the meanings of mathematical object$he laboratory, therefore, involves people (students
and teachers), structures (classrooms, tools, organizationf spaces and tinngs), ideas (projects, educational
activity plans, experiments).The environment of the mathematics laboratory is somigow similar to that of the
Renaissance workshop, in which the apprentices learned by doing and seeitpers do, communicating with each
other and with the experts.The construction of meanings, in the mathematics laboratory, is closely linked, on the
one hard, to the use of the tools used in the various activities, on the other, to the interactions between people
developing during the exercise of such activities.

16 A polyphony of voices articulated on a mathematical object (concept, problem, procedure, etghich constitutes

a reason of the teachingearning activity.
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strategy is used when the norverbal resources used by the students reveal that they are &
ZPD.

Pulling the string, we can conclude that knowledge is intended asacial construction according

to a Vygostkjan perspective and the students construct this knowledge not only in the
interactions with others, both the teacher and other students, but also thanks to a varied inquiry
approach in which students have the pasbility to explore and investigate on their own what
doing mathematic means. The teacher does not pour her knowledge into studentsut she
creates the conditions of possibility for students to gain consciousness about mathematical
objects.

, TTEET ¢ AO 3EI OEAGO 1AOOITO OEOIOCE A Aiiiilc
knowledge is generated by discursive actions of the individuals and the teacher enters as a
facilitator, but her leadership is recognized by the whole classroom and th&s to her
knowledge, she can guide students through the resolution of commognitive conflicts arising

during the mathematical activity.

Among all the artefacts adopted in a mathematics classroom, all the technological supports
introduced in the various adivities help in making the classroom a digitalrich environment, but

a nontechnological artefact widely used by Silvia assumes a central role: the blackboard. Silvia
writes on it all the relevant information emerging during the collective discussions andtudents
are conscious that what is written on the blackboard is worthy to be remembered.

| OEAO Oxi AOPAAOO AiTi11TOA ET Al 1T OECET Al xAU 3
of vertical curriculum, concepts are introducel gradually and metimes anticipated with
respect to what is reported in Indicazioni Nazionali. One powerful tool not listed irthe
Indicazioni Nazionalibut O O A A  E $ clagsrBdm@sEhAtdf finite differences” (f.d.) that have
the double advantage of initiating stidents to differential calculusever since the first years of
secondary school anaf beingeasily implementable through didactic software. A second aspect
is awide meshapriori analysis of the activities while designing the activities Silvia identifies a
wide field of possible contents to work on, but the goals of the task are ndtistly defined ; they

becomeclearer during the retrospective analysisthat constitutes an goportunity of learning for

17 Considering a certain variablez, the first finite differences of z are all the differences between two consecutives
values of that variablez2 -z1,zz-z2h  z8&73.1. Second finite differences are the first differences of the first differences
and so the definition can be extended to-th finite differences.
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the teacher herself. Hence the design of didactic activities is conceived as a dynamic process that

can bereshapedafter the retrospective analysis.

9.3 THE ENVIRONMENT OF THE SECONDARY$CHOOL

At a geographicatterritorial level, the high school where we held the teaching experiments
locates in province of Turin and has a wide catchment areathe enrolled students come from
about 20different municipalities, distributed on a geographic area that is particularly lively fom

the cultural point of view. The school building dates back to 1989 and is located in an
environment free of disturbing elements. The school has laboratories (science, physics,
computer science, languages), drawing rooms, an equipped auditorium, a library, gym, sports
fields and outdoor green spacesinteractive whiteboards (IW) and PC in each classroom. T
upper secondary school offers many branches and among this there is also the scientific one,
where our three teaching experiments were conducted. In general, the soci@¢conomic, and
cultural level of the students' families is mediumhigh, such to guaranteeto at least 95% of
students the continuation of studies at the University. There are no particular sociaconomic,
and cultural disadvantages. In the last years there hagbn an increase in students with special
educational needs (SEN). School students acquire satisfactory levels of social and civic skills,
learning to learn, digital skills, and a spirit of initiative and entrepreneurship. The school adopts
common indicators and evaluation criteria for conduct and certifies the key competences and
citizenship acquired in the twoyear period. The Disciplinary Departments draw up a vertical
programming in which the skills and abilities that students should achieve are specifigor each

school year.

18 The information reported in this paragraph comes from theRapporto di Auto Valutazion¢RAV)[Selfassessmenh
report] of the secondary school in question.
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10 GALILEO TEACHING EXPERI(@O\MT7}°

This first teaching experimenttook placein 2017 in Turin (Italy), where Prof. Arzarello
(University of Turin - Italy) and Dr Swidan (visiting fellow from Ben-Gurion University - Israel)
developed and designed a teaching session based on simulations of a-#eatld phenomenon,
namely, a ball rolling on an inclined planethe sacalled Galileo experimentThey observed the
teacher, Silvig as she led two 1.Ehour lessons. At the beginning of eadesson students were
required to work in small groups, shamg within each groupa worksheet (containing the tasls)
and a computer. While the students worked in small groups, the teacher walkedoand the
classroom and periodically interacted with those students who had questions or needed help.
After the small working group session the teacher held a discussion with all the students. She
initiated the discussion by asking the students to share ih the whole classroom the

mathematical ideas thatemergedduring their participation in the group work.

Concerning my involvement in this teaching experiment, $tarted to deal with this research
problem only in 2019, nearly at the end of the first year of my PB. program. Hence, | did not
contribute to the design phase of this teaching experiment, but | was deeply engaged in the phase
of data analysis. Th@rospective analysis presented in the followingwas made by me basing on
the description of the tasks and the considerations of the researchers and the teacher involved.

Some details about this experimentation and a first analysis can be found in Arzarello (2019).

Participants

The participants in this casestudy comprised an entire9th grade classoom of 20 students At
the time the study took place, the participants had already learned the concepts associated with
linear functions, which had been taught to them based on their high school textbook, but not yet
those of the quadratic function. The students were familiawith the concept of finite differences
and its representation: in particular they had previously studied in their math course that a
function with n-th differences constant and the previous fL not constant, is a Ah-degree
polynomial function. They already had reasoned on properties of functions starting from

numerical data, specifically values of finite differences for functions represented in tables.

19 Some of the findings presented in this chapter are the result afcollaborationwith Dr O. SwidanProf.F. Arzarello

and the teacher S. Beltramino. The findings here described will be partially presentédi A D A b Ar@apthd OE O1 A
)T OOOOAOETIT 300AOACEAO O1 &1 OOAO #1 OAOEAOQEIT AT 2AAO0I T EI
Special Issue on the Journal of Mathematical Behavior.
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Nonetheless, theyhad no formal physicsbackground on quantities like time, space, velocity,
acceleraion, and their mutual relationships; the students were already familiar with the concept

of parabola just from the lower secondary school. In addition, the students were also familiar

with conventional function graph software (e.g., GeoGebra), which théyad already used in the

AOAI AxT OE T £ OEAEO OAETT160 & Oi Al 1 AOGEAI AGEA
Data collection

During the original teaching experiment,the sessionswere video recorded in their entirety,
including the general discussion led by the teacher. During thgroup work, all the student
groups (and their computer screens)were filmed as they worked together to solve the task,
ET Al OAET ¢ OA A A with @ deOicated careta@lithie QvEtieri worksheets adopted
during lessons were in Italian and here they are integrally reported translated into Englisfi.he
data analyzed in the following come from the first of the two teacheled discussiors, the only
research material in my posession The video recording was watched multiple times anthose
episodes revealing the emergence of covariational reasoning were transcribed and then deeply

analyzedaccording to the methods presented in Sectio.4.

The parents of the studentsand the schoolconsented to the use of theoroduced multimedia
material for research purposes:the original version of the used consent form is contained in

Appendix A.

10.1 OVERVIEW OF THE TASKSPRNISPECTINEALYSIS

A sequence of two tasks was designed based on the assumption that the exploration of different
characteristics of the same phenomenoadopting multiple representations may lead students
to construct the mathematical meaning of the quadratic function in its different aspects. Below

we describe the tasks and the adfacts related to them.

10.1.1Task 1

In the first task students watcheda shortvideo reproducing the welkknown Galileo experiment
a ball rolling on an inclined plang and then students were asked tshare their observations
about the motion ofthe ball. The video(Figure 10, availablehere) shows a pendulum always
marking the same unitof time, the distance traversed by the ball in that intervaland the total
amount of distance covered until that momentwhile the inclination angle ofthe plane is kept

fixed. Insofar as it demonstrates the rolling of a ball on an inclined plane, the video is effectively
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anarteEAAO xEOE Al EIi bi OOAT O Oi1T A ET OEA bPOT AAOO
meaning. Indeed, itworkO A O A [ AAEAQOT O AgkreralAiddbrstadding of DO OA A1
physical phenomenon of a rolling ball on an inclined plane and its mathematical model, which is

described by a quadratic function.

First Worksheet (Task 1)
Task 1
Your task is to watchGalileo Inclined Plane Experiment clip and to answer the following
questions.
A) What caughtyour attention while watching the clip? Write as many observations as
you can.
B) Can you make a conjecturen which one of the observations will change if the plane
inclination changes? Wh¢
Corresponding computer screen

TEMPO

Figure 10 - Galileo experiment video (Galileo Museum, Florence)

10.1.2Task 2

The second task entailed the interactive exploration of the same situation analyzed in the first

task. In this case theartefact was a dynamic digital environment made using the GeoGebra
software, that allowed students to simulate the rolling ofa ball while simultaneously observing

the values of the distancestraversed by the ball while it is in motion via a numerical
representation of the distancetime relationship. The applet interface consisted ofwo parts

(Figure 11).OnthelefEO AEODPI AUAA AT ET AT ET AA Pl AT A OEI O
shown in the video and studentscould vary the inclination of the plane by dragging the blue

point at the end of the inclined plane; on the righthere was a table with two columns containing

data related to time anddistancetraversed. In this task, the students were requested tthink of

an equation describingthe motion of theball on the inclined plane

Second Worksheet (Task 2)
Task 2
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YowOAOE EO Oi Aw@bi |l OA Ei x OEA AEAT CA 1 &
of the ball. Please, pen Galileo 2 applet and change the plane inclination by dragginghe
blue point in the applet.

A) Can you make a conjecturen how the change of the inclination may affect the ball
movement?

B) Change the plane inclination by dragginthe blue point in the applet to verify or
refute the conjecturesyou raised in (A). Do your conjectures change? If yeshy? If
not, prove your conjectures.

C) Can you findan equation that describes the ball movement? Why or why not? Justify
your answer.

Corresponding computer screen

Figure 11 - The GeoGebra applet interface

Given the description above, it is clear that the two representations of the Galilexperiment,
the video and the GeoGebra appleaissumea complementaryfunction (Ainsworth, 2006): while

the former provides values oftime and distance for a fixed angle and shows all the physical
details of the experiment, the latter enables student to grasp the dependence of distance
traversed on the angle of inclination of the plane. We can consider how much the interaction
between the two artefactsoccurs in a consonant or dissonant wagpeaking ofsynergy or conflict
respectively between the effects of such interactions. A similar approach will be used with
respect to the other arefacts present in our story: the blackboard used byhe teacher to
O1T AAOT ETA OiT i A AOOGAEAIT 111 AT 00 ET OOGnadeibp 08
students to compute first finite differences of time and distancegnd the mathematical formulas
(on the screen or on the blackboard) supporting stuents in their processesin addition to these
artefacts, the students were free to use other agfacts, such as GeoGebra, Excel sheets,

calculators, sheets of paper, etc.

10.1.3Prospective analysis

In the following chapter we are going to analyze some relevant episodes from a teactied

discussion which was conducted after the working group sessions on Task 1 and&ven the
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complementary function of the two main representations of the physical pheomenon, the video
and the applet, we expect students to use the information provided by the two artefacts in a
synergic way. We assume that theumerical information contained in the video and the table of
numerical values will lead students to reason and communicate in a mainly quantitative
perspective.Studentsmay not be able to guess the trend aft graph given their little background
andwe do not expect them to elaborate any physical interpretation of the phenomenon. Second
order covariation will probably emerge gradually. Moreover, the teachemwill deeply contribute

to enhance higher ordercovariational reasoning. Indeed,when interviewing the teache, it
resulted that she had very cleain her mind which was the goal of the teaching experiment,
namely that students could fully grasp the motion law of the ball, particularly its dependence on
the inclination angle of the plane, and that theyould represent it with a suitable algebraic

expression,involving distance, time, and the inclination angle.

10.2 DATA ANALYSIS

Below we illustrate in detail five episodes of the discussiomxamined using the double lens of
the macro and micro analysis. The reader can see all the details concerning the analysis of the
episodes in the Timelines reported at the end of each episodBuring the tasks, the students
worked divided in five groups that we are going to denote with the letters AB-C-D-E. The letter
accompanying the name of the student in the transcript denotes the grpuo which the student
belonged.Throughout the whole analysis, four different artefacts will make their appearance:
the video (V), the GeoGebra appletd, the formulas (F) and the blackboard (B).

10.2.1Episode IDiscussior23:4023:56
In this short episode (23:4023:56),! T AOAA AT OxAOO OEA OAAAEAO0B8O
I AOGAOOA xEEI A x AlDdescibingthe@iBtdnced&wiednithe metal bells that are

on the inclined plane.

Timing Who Utterances Gestures

620 | 00:23:40 | Andreas | The distance between the doors
was always two.
00:23:44 | Teacher | Itwas always?

00:23:45 | Andreas | Two
00:23:46 | Virginias | Increased by two

20 ines from 1 to 5 are only present in the Timeline.
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10 | 00:23:48 | Teacher | It was always two, oritis
increased by two?

11 | 00:23:50 | Andreas | Increased always by two Gesture with his left hand
between a door and the other. | (Figure 12, left side)

12 | 00:23:56 | Teacher | The distance between theloors | The teacher moves her
always increased by two right hand rightward as
she utters(Figure 12, right
side)

At [6], Andrea describes the distance between two consecutive metal bells that are on the
inclined plane shown in the video. The teacher, who is listening to hicarefully, uses his words

01 &I Oi 61 AGA A NOAOOEI T h O) O, cenadbusAhbtrhid ahéverdss ) 1
incorrect, decides touse the samesemiotic register as the students do to clarify what the
students mean [/] and encourage him tobetter reflect on his statement Right after, Virginia

ET 601 ACAAO OEA x1 OA OET AOAAOGA6h OOUET C O1 Al
confusion between the value of a quantity and the value of its increment. At this moment, it
seems that the teaher is not sure what the students mean. Do they mean the distance increased

AU Ox1T 10 OEA AEOOATAA EO A Ai 1 OOAT O AT A ANO/
plays the semiotic game again, but this time she integrates the two utterances adiated by

Andrea and Virginia [LO] and adds also a notverbal component The teacher also reproduces

' T AOAAGO | AOABEIInaelk openh@®tOumd And forefinger, that simulates the
distance between the doors. The teacher grasps that Andrea is t&ag on the gestural
component to better express his thought and so she includes it into the semiotic ganmereby
generating common semiotic resources that can be shared within the classroom discussion
(Figure 12).

Figure 12 - On the left, the fingers gesture made by Andrea; on the right the same gesture
reproduced by the teacher
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The interaction flowchart (Figure 13) referred to this episode presents aback-and-forth
structure revealing the ability of the teacher to foster the dialogue. This goal is achieved through
the questioning (dashedA OOT x O0qQ AT A OEA OAOIT EA Ebl€arrdwgs OE A

[6] 00:23:40 | [7] 00:23:44 | [8] 00:23:45 |[9] 00:23:46 | [10] 00:23:48 [11] 00:23:50 [12] 00:23:56
Andrea (B) Teacher Andrea (B) | Virginia (B) Teacher Andrea (B) Teacher

N 7 \ 1= RN O/
‘\O‘ \O:.‘__ NS

Figure 13 z The interaction flowchart from Episode 1

In this episode thestudents are trying to describe what they observed in the video and the
languagethey adopt is the everyday one, not yet scientific, according to Vygotgks (1986)
distinction: we are going tolabel this level of the discourse aslescriptive indeed, the gestures
adopted by both the teacher and the students have mainly a narrative functidrecause they help
to better describe the experiment shown in the video simulating door distancingThe videoe
artefact is what most influences this episode: the references to it are numerous and clehr.
terms of covariational reasoning, in the first part of the discussion many variables are
highlighted by the terms used bythe students: speed, door spacing, time, inclination. They
continue to constitute an indistinct jumble, in which we begin to capture traces of concealment
in a not so clear way. Even if a first sketch of covariation appears, the languagduces it to the
variations of the valuesof the same quantities(L2) (Figure 14 - GOV row). In response to this
confusion, the teacher plays asemiotic gamewhich seens to help Andrea to describe the

distance between two coneautive metal bells correctly.
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Figure 14 z Timeline 1 (Galileo 2017)
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10.2.2Episode ZDiscussior27:0028:45)
In the following excerpt (27:00-28:45), after the students have recognized the variables that are
involved in the phenomenon the motion of a ball alongan inclined plane, the teacher requests

them to find an equation that describes the movement of the ball.

Timing

Who

Utterances

Gestures

13

00:27:00

Teacher

 AG660 Ci O OE/
"Can you find an equation, a
formula which describes the
movement of the ball?"

14

00:27:27

Caterinaa

We have to find thexand they;
for the x-axis, something that
increases and for they-axis
something that decreases...
because actually, the line in the
applet was a decreasing line.

15

00:27:46

Teacher

Which is the decreasing line?

The teacher comes closer {
group A to see their screen

16

00:27:55

Caterinaa

Imagining this is a Cartesian
plane, the pink line which
denotes the movement of the
ball [on the applet it has the
same color of the trajectory of
OEA AAIlY EO Al
y-axis, there must necessarily be
something that is decreasing.

Caterinamakes a pinting
gesture following with her
finger the trend of the pink
line on the screeffsee
Figure 15).

17

00:28:17

Teacher

Did you hear what Caterina
said? Caterina saywe have to
find an x that is increasing and a
y, which is decreasing because
the pink line represents the
movement of the ball... but they
[group A] are not able to
understand what put on the
axes.

18

00:28:42

Teacher

WhatAOA OEA OOI i
variables essentially, that help
us describing the motion?

19

00:28:45

Different
voices

Time and space[someone say
the inclination.

To foster the discussion in the classroom the teacharsks questionsz addressing one to the

whole class and one to a specific studeiEigure 17 - interaction flowchart row). In [ 13] the

teacher addresses a question to the whole classroonhat is to find the equation that
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represents the ball movement. Caterina argusthat to find the equation, they should consider
x and y, and that x should be somethng increasing and y something decreasing.
Simultaneously with her utterance, sheperforms a pointing gesture and thena metaphoric
one. The former, which has a grouridg function, is used to point at the inclined planein the
applet. The latter, which has narrative function,is used to reproduce the decreasing line.
Caterina ®mes to these insightsbecause othe shape of the simulated apparatus in the app,

where the inclined plane is displayed as a decreasing linear functiofigure 15).

Start

Reset

24

Figure 15 - The screen of the GeoGebra aplplet in which the ball trajectory is marked by a pink

ine
The teacher desT T O EOACA # A O AJOGhithé Gobtrar, ith® tedcer approaches
#AOAOET AGO 1 APOT b Aibuke 1648 E4OE A OO AARNDR AGSaCEBNAMA U A h
function, suggests that she does nainderstand Caterina'sclaim andthat by gazingat her screen
she wants to understandt better. In [16] Caterina elaborates hedetermination keeping on the
same level of discoursethat we are going to refer to asanalytical: students try to express in
mathematical terms and to generalize the specific physical situation proposekh a similar way
as in [L4], Caterinasimultaneously performs a pointing gesture as she articulates her utterance.
This time the pointing gesture functions as narrative and grounding. By addressing a question
to the whole classroom, the teacher shifts the discussion from ofte-one to a general discussion
involving the whole classroom [I7]. In doing so, the teacher again plays the semiotic game as she
repeats Caterina's words and redundantlyperforms a metaphoric gesture, which its function is
grounding (Figure 17 -CAOOOOA 0O1 xq8 ' 1 OET OCE OEA EAAA 1
analogy between a physical trail and the graph representingraotion on the trail, a well-known
misconception in the literature (Clement, 1985), the teacher values th@ O 1 GvBr& add moves
forward with the discussion by addressing a new question to the whole classroom §L The
covariational reasoning in the excerpt above is characterizeds L2of first-order covariational
reasoning (Figure 17 - GOV row), in which the students and the teacher describe qualitatively

the relationship betweenx andy using the verbs decrease/increase.
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Figure 16 - The teacher comes closer to group A to see the screen of their laptop
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10.2.3Episode 3 Discussior30:5831:49)
In this episode(30:58-31:49) ! | AOOAT AOT A O Edndwér End dghes#hatddinatie] A6 O
variables z time and distancez should increase. The teacher asks Alessandro to explain why the

two variables are increasing.

Timing Who Utterances Gestures

20 | 00:30:58 | Teacher Why dothey [time and space]
both increase?

21 | 00:31:05 | Alessandra | In my opinion, when you
increase the length, the ball
takes longer to do it, hence, if
you tilt the plane, the ball is
AAOOAOS

22 | 00:31:11 | Teacher )y AT 1860 &1 AROO

23 | 00:31:21 | Alessandrce | According to the inclination of
the plane, the time increases
AT A8 EO OAEAO
ball takes less time to travel
OEAO AEOOAT AAS
24 | 00:31:29 | Teacher The ball takes less time to
travel that distance.

25 | 00:31:35 | Alessandrae | The same distance, but since
the plane is moreinclined, the
ball has a higher speed, it is
faster.

26 | 00:31:41 | Teacher /| Eh AO OEA OAI
27 | 00:31:45 | Alessandrae | Less time

28 | 00:31:48 | Teacher And at the same time?

29 00:31:49 | Alessandrce | Greater distance.

When the teacher ask Alessandro R0], she uss a metaphoric gesture the function of which is
interactive, and looks at Alessandro as she invédshim to explain why both the variables should
increase. Redundantly withrespect tohis utterances, he makes metaphoric and iconic gestures
which have narrative function to describe why the two variables increaseSjgure 20 z gestures
row). In effect, Alessandro introduces two new variables into the discourse with the teacher, the
length of the plane and the speed of the ball. It seems that he associdteslength of the plane
with its inclination. To encourage Alessandro to provide more description, the teachandicates
that she does not understand his description ing1]. Using simultaneous gestures and utterances

(Figure 18), Alessandro describes his ideagain by referring this time explicitly to the

82



inclination of plane [23]. It seems that, based on the experinmés he did with the applet andon

the values in the table, heoncludes that as the inclination ncreasesthe ball goesfaster.

- ..: | 4 ‘
Figure 18 - The metaphoric gestures performed by Alessandro while describing the
relationship between the motion of the ball and the length of the plane

This type of reasoning is corresponding ta.2 of the first-order covariational reasoning, in that
Alessandrodraws aqualitatively connectionbetween the two variablesz inclination of the plane
and the velocity Figure 20 z GOV row). In [24] the teacher plays the semiotic game by revoicing
with an approval tone to support his idea. In [B] the teacher plays again the semiotic game, this
time focusing her question only on one term used by Alessandrg the distance or the time. The
teacher asls him what would happen to the time if the distance is kept fixed [@], and what
would happen to the distance if the time fixed [8]. In both cases the teachesupports her

utterances with simultaneous metaphoric gestureswhich have narrative function (Figure 19).

Figure 19 - On the left, the gesture performed by the teacher and on the right, the same
gesture reproduced by Alessandro
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Figure 20 z Timeline 3 (Galileo 2017)
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10.2.4Episode # (Discussior87:0041:19

To help the students construct the meaning of the quadratic functiodescribing the law of the
motion, the teacherturns to the various artefacts that are available in the environmentThrough
her play of the semiotic gamethe teacherA OAx O OEA OOOAAT 008 &LhiOAT OE
each time focusing on onef them. The following episodg(37:00-41:19) illustrates the influence
of three main artefacts,the video, the GeoGebrapplet and theblackboard: the teacher resorts

first to the video, then, thanks to Alessandro's response, she introduces the GeoGebrafat.

Timing Who Utterances Gestures
30 | 00:37:00 | Chiarec IfitisA DAOAAT T Ah
there something to the second
power? ( F)

31 | 00:37:05 | Teacher If it is a parabola, there will be
something to the second
power. Is there something to
the second power? T )

32 | 00:37:10 | Adaa In the top of the video it is
written idp (V )

33 00:37:15 | Teacher The teacher writes the
formula from the video on
the blackboard.

34 | 00:37:20 | Teacher The teacherooks around
waiting for a reaction.

35| 00:37:34 | Teacher Then? T )
36 [noise]

37 | 00:38:10 | Virginias In the video there were the
sums of all the routes, for
example, when the space was
16, time was 4. (V)

38 | 00:38:15 | Teacher The teacher draws a
sketch of the inclined
plane on the blackboard

(B)

39 | 00:38:26 | Virginias If we count the time, we can
see thatsis o ; 42=16. (V)

[ é]

21 |n this section we also introduce the notations with arrows to highlight the different dynamics of artefacts and
the role of the teacherLines 40-41-42 are present only in the Timeline.
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43 | 00:40:11 | Alessandrc | It is correct, but here it is
different: if we make 22 it

AT AOT 60 fkOOA 1
44 | 00:40:40 | Teacher The teacher rephrases

1T AOOAT AOT 80 x
45 | 00:40:52 | Teache The teacher rephrase¥irginiad

words.

46 | 00:41:15 | Teacher Alessandro says E06 O |
though ...

A7 | 00:41:16 |Alessandra=|" OO EO AT AOT 6 O| He checks the values on
examples that we made on the sheet of paper.
GeoGebra

48 | 00:41:19 | Teacher It is correct, although, not so

correct according to
Alessandro,because in the
AgAi p1 A0 EO AE
this way.

This episode can be translated into the following narrative: previously the students had
discussedwhether the graph describing the motion could be a straight lineand discarded it
basing on what they had seen in the GeoGebra spreadsheet: the parabola appears first evoked
by them as "something to the second power” 0], F). The evocation is further reinfored by

the teacher ([31] Tp and ), by the reference to V @2], V ) and by the further actions of the
teacher ([33-34] Tp; [35] T© ): seeFigure 21.

Figure 21 - Ada, on the left, writes the formularom the video in the air using her pen. The
teacher, performing a writing gesture, notes that formula (s?) on the blackboard

Still referring to the video, Virginia evokes the numbers and formulas that appear there [30] and

OEA OAAAEAO OA eobefzitiond by draning @ GhE bldekbd@ad ([38], B° ; Figure

23 z inscription srow). Finally, Virginia explains the formula of the video @9], \°).

From [43] to [48] a conflict appears, created by the interventions of Alessandro, who disagrees

with Virginia. While Virginia bases her computations on what is in the video, Alessandro
supports his claim with the computations his group made in GeoGebra: we indicate this conflict

with VN 0G. The conflict isapparent,and the teacher revoices both AlE@ AT A OT & OO QH 1AE A &
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utterances [44-45] thus pushing the conflictforward to the class. The implicit meaning of her
repeated interventions makes clear to the students that the differences between the two
computations are not the effect of a trivial misake, but that the conflict is more subtle and
worthy of consideration

We can make three observations about this issue: thdyghlight the relevance of this point in

the development of teachinglearning processes in the classroomFirst, this conflict can be

ET OAOPOAOGAA AO A AiiiTclEOEOA Ail1 £ EAOYg OEA O
and only apparently incompatible. As Sfard (2008) points out, the only way to overcome a
conflict is to make apparent that there are two incommensutale discourses, while no factual
ETATI DPAOEAEI EOU EO Al 1T AAOI AA8 4EEO OAOGOI O EO
with her implicit claim that there is no calculation error she avoids the incompatibility issue and
makes possible the emergece of incommensurability in the classroomSecond, the conflict

concerns a turning point in the way students grasp the covariation among the different

NOAT OEOEAO ET 011 6AA ET OEA AAI1T 1TTOEITT PEATTI.
I T A OO A talkulatiods is the starting point for entering into seconebrder covariation. It is
ACAET OEA OAAAEAO xEI 1 AEAO APPAOAT O OEEO xE

utterances (Figure 22).

Figure 22 - The inscriptions made by the teacher on the blackboard while revoicing
11T AOOAT AOT 60 AT A 6EOGCET EAGO x1 OA

Third, the conflict emerges through the apparenthycontradictory results produced by the two
artefacts, the video and the GeoGebra applet: it is an instrumented conflict. The teacher does not
mediate at all but supports only the emergence of the conflict avoiding the trivial incompatibility
interpretation, as pointed above. This way of acting by the teacher shows one of the main
features of herapproach tomanaging the classAs a further general comment, we can say that
in this part of the videothe artefacts are present at different times and are used, sw@times
spontaneously by students, sometimes at the teacher's request, to carry out inquiries, and to
formulate or validate hypotheses. Thereforea thread of relations between V, &nd B that goes
from one to the other and that are generally discontinuos, is created through the actions and
comments of the students. Howeverthe actions that students performwith such artefacts are

often inconsistent, so showinga conflict between the different uses[continue on p. 90]
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Figure 23 z Timeline 4z Part | (Galileo 2017)
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[42] 0D:39:13 [43] 00:40:11 [[44] 00:40:40| [45) 00:-30:52 | [46] 00-41:15 | [47]00:41:16 [4E] D0:41:19
ia (B]) Alessandro (E)]| Teacher Teacher Teacher Alessandro (E) Teacher
=0 ] Q\ .J-’DH..__‘_
= I Fﬁ
= SR AW Z
P — ﬁ \m - .dif
— e
[T rephrases  |[T rephrases Vs | Alessanidro It is correct, although,
AleTwords] |wonds] says "it's ok” not 5o correct according
even though ... to Alessandro, becawse
T | | Tl in the examples it didn't
g g come gut in this way.
So if one looks at that division and if we| It is correct, but But it doesn't T J ]
denote the space as the y and time as  |hereitis come in our
the x ... ime in that case was 2 and the |different: if we examples that
space was 4 .. Therefore, as it says make 27 it we maile on
hers, ime to second power giv are | doesn’t come Geolbebra
because 2 to the second is equalto 4 .. |out forus ..
|hence v =x°
I termpo alla seconda dd lo SpEZit.
quingi y=x*
Time to 5econd power gives space...
hence y=x°
Analytical and objectified
Twriteson | T draws on the Ale checks the
the blackboard, values on the
blackboard. sheet of paper.
Pointing pestura addressed to the Ale looks at T. EdzE, .
formula on the blackboard SEnsing
functicn
gaze
signaling Twritesy= |T drawsthe
f':'__lkt'-‘:'f ~ | |= onthe doors on the
. 'c" ﬂ'l blackbeard.  |inclined plane
=y e like in the videa.
— [E!, F] —+B
(VE)— Ve=0G Ve=0G
Cov1i-15

[tme - distance)

Figure 24 z Timeline 4z Part Il (Galileo 2017)
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These culminate with the final conflict discussed above. In this part, according to the hierarchy
of the first order covariation, we have (until [39]) a smooth continuouscovariation (L5) with
detail (Figure 24 z GOV row).

10.2.5Episode §Discussior47:1048:49

In the last part of the discussion (47:1048:45), the role of the artefacts changes dramatically:

from the initial conflict between themtoaZ&£ET A1  OUT AOCcU E1T OEAEO ET1 00
AAOEOEOU AT EAT AAO OEA bi OAT OEAIT |1 £ OEA. TheODEAOC
teacher makes possible the positive evolution of the WOG conflict, which concluded the
previous episode into the synergy of three artefacts 8 G8B[49].4 EA OAAAEAO08 O OA
ET OAOOAT OET 1 60 AEOAAO OOOAAT OO donthantadbobréEdnd theOi Ol
OOOAAT 6O8 A A Ofitie byfengic DtBrivehving ii2fvdenv&B G8 B and these data, lead

to the construction of a general formula F describing mathematically the physical phenomenon.
Moreover, the elaboration of this general formula, including a parameter which depends on the

plane inclination angle, reveals not only a deeper understanding of tteet covariation, but also

the grasping of a newand more complex order of covariation.

Timing Who Utterances Gestures

49 | 00:47:10 | Giorgiae In this case it might bew

¢hp d o, in this case with 25°,
because it is in this case that a
constant value of 2.13 is
reached... The values can vary.
50 | 00:47:24 | Teacher The  teacher rephrases
'ET OCEAG O x1I OA
51 | 00:47:45 | Teacher And if theangle varies?

52 | 00:47:48 | Giorgiae The constant value can vary.

53 The teacher suggests trying
different values of the
inclination and students try
using GeoGebra.

54 | 00:48:20 | Andreas [incomprehensible] The
constant number depends on
the angle.

55 | 00:48:28 | Teacher Y6l 1l OAPAAO AA
a low voice. He said: if we
change the angle of 28°, the
constant changes and becomesg
2.36, but it is always 2.36.

90



56 | 00:48:45 | Giorgiae It might bed X, wherek | The teacher writes the
IS a constantvarying with the formula on the
inclination. blackboard

In the episode reported above (47:1048:45), the teacher allows the transition from the first to

the secondorder AT OAOEAOQEI T h [ AAA A gdteréhéeE éGnd Gdbdded MCE O
Timeline 5 (Figure 25) asintermediate order, and the full achievement of the OV 2[56] . Giorgia

is the student who first better succeeds in the formalization through an explicit formula
describing the motion of he ball. She elaborates a formula (F) for a specific value of the angle

([49], & c¢lp d®): this achievement is reached starting from the support of the numerical data

in the table, provided by the applet in GeoGebraand the computations shown on thélackboard

that the ratios between distance and time to the second power always provides the same
constant (specifically 2.13; see inscriptions row- Figure 25)8 4 EAT EO O OEA
guestioning and directions, shown also in the interaction flowchart inFigure 25, the
dependence of the constant orthe inclination angle hasbecome explicit and the property is
experimented in GeoGebrawith different values of the angle (' G): several students find that the
constant depends on the value of thplane inclination angle. The transition from the first to the
secondorder covariation (intermediate order) deserves particular attention in this analysis: it
EAPPAT O COAAOAIT T Uh AT A A Al AAO AT Ccl EOEOA PDPEOI
utterance Ghe constant value can varg[52]: this apparently contradictory statement makes

explicit the epistemic conflict between the parameter and the variables in the formula. The
student refers to the unknown concept of parameter in an intuitive and naitral way, adopting

an expression thatis already documented in the literature (BloedyVinner, 2001). The use of
antithetical expressions is also typical of some common locutions of the algebraic languagi,.,
arbitrary constant (Bernardi, 1994). Moreover, this idea of varying quantity represents one of

the main facets of the concept of variabl¢hat we recalled in Section3.1. When a variable is
conceived as a varying quantity, it does not stand for a single unknown value but for a domain

of possible values. Despite the focusemaining on the covariation of the degndent and
independent variable, the presence of the variablkeintroduces an underlying idea of motion and
dynamicity. Just in a second moment the students understand that the value of that quantity
determines the situation as a whole. Referring to our emple, like the students well say,
changing the value of the angle of inclination of the plane, not only determines a change in the

value of the constank but also of the traversed space. In this perspective, the parameter can be
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Figure 25 z Timeline 5 (Galileo 2017)
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intended as ahigher order variablein the sense of Arcavet al. (2016)and this idea wellfits with
our notion of secondorder covariation. According to a commognitive perspective, the
interpretation of the word OAT T O@AWwoldifferent semantic levels (Sfard, 2008). The
transitional order of covariational reasoning represents the coming to the surface of the
incommensurability between the mathematical narratives and it culminates when the process
of evolution to secondorder covariation is completed, and students grasp the role of the
parameter within the formula of the motion of the ball. Eventually, Giorgias able todevelop a
generalized formula ([56], y=k-x3, in which the dependence on the inclination angle is
encapsulated within the parameterk8 4 EA | AOOAO OOOAAT 066 ET OAOO,
read the formulas = k-#on a "doubleorder": at a first-order the covariations-t; at a seconeorder
the covariation between the §,!) function and the parameterk.

The artefactsinteractions row in the Timeline (Figure 25) collects all the different modalities in
which the artefacts intervene in the discussionhighlighting the synergy between their purpose
of use. The teacher constantly uses the blackboard in order to take notes of the emerging
formulas ( B) and these writing gestures have a grounding function: the blackboard B
represents the arefact which allows the creation of common resources shared by the whole
classroomfor use in the discussion Moreover, the writing gestures of the teacher implicitly
reveal to the students the relevance of what is written on the blackboardContrary to our
expectations, he analysis of the gestures produced by the student®dsnot reveal many non
redundant gestures with respect to speech. We expextto find them especially during cognitive
transitional phases, but they are not so evident: one possible explanation for ghcould be the
previous working group session during which students already reasoned on the tasks proposed
and elaborated their own reasoning.The level of the mathematical discourse isnitially
analytical and then flows into a higher level that we are going to refer to asbjectified ([49],

[56]) when amathematicalformula is clearly elaborated (Figure 25 z discourse levelrow).

10.3 DISCUSSION

In this section we are going taanalyze the fiveepisodespreviously described according to the
four layers of analysis presented in Sectio8.4.
10.3.1Layen(a) Covariational reasoning
The episodesanalyzed in the five Timelines reveal the existence aftransitional phase between

the two orders of covariation in which the focus of reasoningemains on the covariation of the
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dependent and independent variable, but the presence afparameter introducesan underlying
idea of motion and dynamicity. As describeth Arcavi et al. (2016) the parameteris conceived
as a varying quantity: it does not stand for a single unknown value but for a domain of possible
values.This intermediate order requires a further investigation: data from other T.Es will help
us to better understand whether it is a standalne order or rather a low level ofCOV2 that
contributes to a cognitive theorization of this seconebrder construct. COV 2 is fully reachedct
the end of thediscussionwhen Giorgia conceptualizes that usingis possible to condense in one
formula an entire family of relationship.

The tasks performed during the teaching experiment shouhat the technological supports allow
an instrumentation not only of the first-order of covariation but also of the second one:
specifically, in the GeoGebrapplet, dragging the blue point located at the end of the plane,
students @an modify the angle of inclination, observe the related values of time and distance
traversed contained in the table and deduce the properties of thet function. This kind of
instrumentation of COV 2 is a clear example aietavariation (Hoffkamp, 2009). Indeed, varying

the inclination of the planeenables toinvestigate covariation in several scenarios

10.3.2Layer(b): Linguisticanalysis

This layer of analysis is the result of aynchronic use of the Timeline: after having identified the
levels of covariational reasoning emerging in studer® Gtterances, we analyzed thdinguistic
structure of their statements.We are going to refer tothe magnitudes involveddenoting them
withA AADEOAIT dndnot@Anbonipg tHem éxplicitly: this approach helped us® focus
specifically on the structure of the sentences and not on thepecificmagnitudes Here we collect

in a table the emergingexamplesand the related observatons.

COV 1| Description of theével | Examples from Galile¢ Syntactical and lexical aalysis
2017T.E.
L1 | The studentperceive | [5] A & sempre la stessal From the syntactical point of
a change in both the | B cambia. view, we can recognize thig

magnitudes, but the
way in which this
change happens is not
described and in
particular they do not
explain how a change
in a quantity affects
the other.

A is always the same, B
changes.

structure:

Sentence about Asentence about H
where the two sentences are nof
correlated.

From thelexical point of view, we
canobserve the use of the adverl]
always, sign of a qualitative
description.
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L2

Students observe that
an increase/decrease
in one variable
produces an
increase/decrease in
the other variable
involved.

[2] A aumenta
gradualmente mentre
[la palla] scende.

A increases gradually as
[the ball] goes down.

FoypyY O0OAO 16
gualcosa che cresce e
PAO 1 68A00A
decresce.

For the x-axis
something increasing
and for they-axis
something decreasing.

[16] Quando aumenti A,
la palla ci mette di piu a
farlo [=percorrere il
piano].

When youincrease A, B
is greater.

[21] Quando inclini il
piano, la palla & piu
veloce.

When you increase A,
the ball is faster.

[23] Quando inclini il
piano, la palla ci mette
meno B per percorrere
la stessa C.

When you increase A,
the ball takes less B to
do the same C.

[25] Essendo il piano piy
inclinato, la pallina ha
una B maggiore.

Since more A, greater B

[27] [Se il piano € piu
inclinato], nella stessa B
meno C.

[Since more A,] same B,
less C.

[29] [Se il piano €& piu
inclinato], nello stesso C

meno B.

The syntactical structures that

can be identified are the
following:
Sentence about A as/while

sentence about B
Sincemore/less A,more/less B to
do thesame C.[3 magnitude$
When you increase AB is greater.
Sincemore A,greater B.

The relations are mainly binary or
ternary and clauses aremainly
subordinate. It also emergesthe
use of comparatives.

From the Ilexical standpoint,
students use temporal linking words:
as, while , when (often followed by a
subjective sentence in which@oudis
the subject: whenyouincrease A).In
all these examples we can obsery
a qualitative description of the
variation of the two or three
magnitudes involved, and it is
clear that a change in one quantity
produces a change in the others.
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[Since more A,] sam&,
lessB.

L5 | Atthis level of [37] Quando A era 16, B From the syntactical standpoint,
covariational era 4. the relation between A and B ig
reasoning, students When Ais n?2, Bisn. | condensed adopting the verbto
overcome the simpler . be or the equal sign.
coordination of the [39] Ae (=) B? From thelexical point of view, the
numerical values of Als (=) B continuous covariation between
thg guantities and [43] Il tempo alla magnitudes A anq B IS expresse
arrive at a moreglobal seconda da lo spazio... through the des_crlptlon in forr_nal
vision of the quindi y= x2 term_s of their mathematical
relationship bgtween Time to second power relatlonshllp or .the use of a
the two magnitudes. =22 A A ivk f| formula with an independent (x)

CEOAO OPAAA .

2 and a dependent variable ¥).

Sentences are objective an(
relations expressed are true
globally. The verbto be is used
with the same meaning of the
equal sign.
Sentence [37] distinguishes for
the presence of a subordinate
clause in which the relation is
expressed in a local form adopting
numerical values.

Higher COV | Description of thel Examples from Galile¢ Syntactical and lexical aalysis

level 2017T.E.

Intermediate | Transitional FYPUY U € ¢|From the syntactical
cov cognitive order guesto caso con 25° | standpoint, we do not observe
toward a full yE ¢ h&inothisD | recurring structures.
achievement of COV | case with 25° From the lexical standpoint,
2. Students try to we can notice a quantitative
describe in an [52] Il valore della approach [49] with the
intuitive way the costante potrebbe elaboration of a mathematical
concept of cambiare. formula for a fixed value of the
parameter. The constantvalue | gngle or the use of some

Can vary. antithetic expressions[52-54]
[54] Il numero della in which students state that
costante dipende the value of the secalled
AAT 1 6AT ci i constant can vary
The constant number
depends on the angle.

Cov 2 Students succeedin | ¥ wi ¥ U € E|From the syntactical

the elaboration of a
general formula
containing the
parameter: k

una costante che varia
Al | Il OEI Al

standpoint, we do not observe
relevant structures.

The lexical analysis reveals
that this order of covariation
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encapsulates the U € her&kis@d | manifests in a quantitative
dependence on a constant varying with | way, with a  formula

specific magnitude | the inclination. containing the two variables
and allows to and a parameter.

describe an entire The paraneter is still
class d phenomena. identified with an antithetic

expression i.e., a constant
varying with the inclination,
probably due to the absence o
a more specific mathematical
background.

Finally, a few examples of variational reasoning can be recognized: at [6], referring to door
spacing, Andrea AUO OEAO EO [ %LA Q dishretex Valiatbn);coaly in a second

iTi AT Oh OEATEO O OAAAEAO8O AT A G6EOCET EA8O EI
[10] (L2 z gross variation).

10.3.3Layer(c) Discourse levels

A diachronic use of theTimelines enabled us to appreciatehe evolution of the mathematical

discussion developing throughout the five episodedn particular, we identified three main levels

of the mathematical discourse:

Descripive OOOAAT 0086 Odénipk adsdrigtidn®of thedidputs from different

external representations There are explicit references to the agfacts and to the specific

physical context presented.The language adopted is the everyday one, not ystientific,
according to Vygotsky 's (1986) distinction.

For instance, in [2] Lorenzowhile AAOAOEAET ¢ xEAO EA T AOGAOOGAA
Ef AOAAOARAO COAABOAI 1 U AO @)ie @p ohtde vilido k b Grigen E1
i®é AT A ET roxY G6EOCETEA OOAOAOG O)1 OEA O
Utterances are objetive. Something slightly different can be observedn [21] where
Alessandro, starting from the inputs provided by the videpclaimsthat OE £ UT & OEI
bl AT Anh OEA AAI linesthadifydihtie(hySidalsitugtidn piederted in the
videoandA 2D OAOOAO EO ET A OOAEAAOEOA xAug EA C
Au OEA OAOA OOEI 06068

Analytical: at this level,the use of an analytical languagstarts making its appearancen

the mathematical discourse Studentsconceptualize the magnitudes involved with a
mathematical symbol, a variable, andeason in terms of numerical relationshipsor in

terms of xandy ET OEA #AOOAOEAT bl AT A8 4EA OAT OAI
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specific physical contest and describe some possible variations of the physical
phenomenon.

Some clear examples dhis level can be recognized in Timeline 2 (

Figure 16 - The teacher comes closer to group A to see the screen of their laptop

Figure 17) when Caterina starts thinking of thest COADPE AT A Odai®©® O &l

something that increase and for theg- A@EO O i AOEET ¢ OEAO AAAOA

OAET £ OAAOG AO r pagi&rthefd AnudE heCessélrily be orReking that is

A A A OA AaD &t 142 6\V@rginia reflecting on the data presented in the videobserves

that OOE A /EE O Otok DG ®EIABR AN A OEAU xAOA x1 O0OE 1
- Objectified the process of modelling lead to the elaboration of a mathematical

relationship, a function or a formula that has a general validity and does not fit only with

the specific physical contest presented at the beginninghe mathematical discourse is

objectiveandformal! O f cwYh 6 EQWETAAA GOAEAIO A f1CYq

power CEOAO ODPAAARBESY TEANEMA | AOO ADPEOT W8 u xO EE

X0 | r 1T oYEE2AE A @TOe fErdBa allows to describe mathematically the real

situation with a global approach

10.3.4Layer(d). Adaptive teachingtrategies

Theprocess of descriptive codindnelped us to identify four main strategies that the teacher used

to adapt her instruction to the students in the classroom. It is worthy to note that the teacher did

not follow the strategies separately; on thecontrary, we observed several strategies interlaced

in the same episodeThe strategies were named based on the teacher aim from performing the
strategy. We retrospectively interviewed the teacher asking her what her aim from a specific
intervention was. The strategieswere recurring but the episodes we chose exemplified them at

best. Strategiesare listed below in order of appearance in time and not in order of relevance:

1 - Semiotic gamg, OEOI OCE OEEO CAi Ah OEA OAAAEdhws OAODI
OOOAAT OO CAOOOOAO O1 AOAOE Ankhedrkt Apisode E02H), theA OE A
semiotic game played by the teacher helps Andrea to describe the distance between two

constitutive metal bells correctly.
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2 - Fostering the discussion in the classroom afattilitating itsflow: the teacher encourages the
discussion in the classroom and makes it run through questioning. The teacher never judges
OOOAAT OO6 AOCOIi AT O AO EO EO AT OOAAO 1T O ETAI OO
by formulating a new question with the aim of pushing them to deepen the problem at stake.

This strategy is evident in Episode 210.2.2).

3-E@PI 1 OET ¢ OOOAAT O Gadopthdad bvestigativA approabnEilieiteBEchdr tges

to better understand what the students are really thinking and referring toln Episode 3 (0.2.3),

we have observed that the teacher addresses many questions, sometimes to a specific student,

I OEAO OEIi A0 Oi OEA xEITA Al AOGOGOITiI AT A OEA b
statement, so to help him dig into his thoughts.

4-$ OAxET ¢ OOOAAT 6O6 AOOAT OEI T O1T OEA ugellimihei AOE
learning process: the teacher brings the students' attention to the mathematical relationships
displayed by the digtal artefacts and uses the blackboard to create shared semiotic resources

with the whole classroom; the aim is to look at a situation from a fresh standpointhis strategy

is predominant in the last two episodes: in Episode 410.2.4), the role of the teacher is essential

in bringing to the surface the conflict emerging in the classroom and to better analyze the
apparently contradictory information provided by the artefacts involved; then in Episode 5

(10.2.5 she successfullyguides students toward the resolution of the conflict helping them in

using artefacts in a synergiovay.

10.4 CONCLUDING REMARKS
4EA AT AT UGEO 1T &£ OEA AOI 1 O60EIT 1T &£ OOOAAT OO8 OA
ball motion shows two important features concerning how they can learn functions. From the
one side, their learning processes are fostered by teaching situatisnwhere they are asked to
model real phenomena through an inquiry methodologyAs we have seen, many of the features
of modelling tasks we recalled in Sectioi8.2.1 are observable in our teaching experiment, so
confirming that this inquiry -based approach to a modelling task reveals useful for triggering
OOOAAT OO6 O1 AAOOGOAT AET ¢ T &£ A Al i-&ddecavariatibrOdE AT A O
magnitudes From the other side, continuous covariational reasoningooth of first- and second
order, reveals important for their conceptual understanding of functions. We will now shortly
discuss thetwo items. For this issue, it is interesting to recall the explanation igen by Bloedy

Vinner (2001) about the difficulties that students meet when facing situations where they must
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i ATACA OOAATT A 1T OAAO &£O1 AGET 1 O8 hpardméterfndiheireOT A O
corresponding values are equations or functionsThis mathematical definition explains why
students run into a cognitive conflict when working with parameters and they could perceive

them as constants that vary. Embracing a commognitive perspective, this conflict could be
interpreted as something more than jst psychological: on a semantic level it reflects in the use

of an oxymoronic expression; on a discourse level it reveals the encounter between incompatible
narratives and the necessity to make evolve the mathematical discourse so to resolve the
incommensuability of the previous discourse accepting the possibility of introducing new
mathematical notions, e.g. the parameter in our caséy order to solve that emerging conflict.

The data analysis also revealed the emergence of a transitional phase in betw#estwo orders

of covariation in which the parameter k makes its appearance andntroduces dynamicity.

Finally, the analysisof Episode 4(10.2.4) underlines the important role played by the teacher in
non-trivializing the emergence of the commognitive conflict and in contributing to its resolution

AAT DbOET ¢ OOEOAAT A OAAAEETI ¢ OOOAOACEAOh 1 EEA |

information, questioning,and enhancing unexplored ways of reasoning.
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11 GALILEO TEACHING EXPERI(ZND)

This second teachingexperiment took place in Septembef October 2019, and it was
substantially a replication of theone conducted in 2017 with some slightly modifications The
design of the tasks was revised by the teache®ilvia, and me under the supervision ofProf.
Arzarello. The activity proposedtook at least 3 weeksof work for a total amount ofnearly 16
hours including a few hours of homework.Students worked divided in 5 small group-works
(specifically 3 groups of 4 students and 2 groups of 5 students). Groups remained always the
same throughout all the activities.

During the group-work, students conducted mainly exploratory activities andthe teacher
supervised the work, OAOT | OET ¢ BT OOEAI A AEAZEAQOI OEAO xEO
guestions with suggestions on how to face the activity. All the groupwork sessions were

followed by classroom discussion mediated by the teacher. She always started from the different
answers of the groups, underlining similarities and differencesand enhancing an argumentative
approach in order to justify their assumptions.

As a researcher| was present in class duringnost of the activities proposedand | personally

took care of he video-recordings.
Participants

The 10" grade classroom involved was made of 22 studentShanks to their previous studies in
mathematics, students kew the meaning of finite differences and that a function with constant
first differences is a line, a function with constant second differences (and first differences not
constant) is a seconellegree polynomial function and in general a function with #th differences
constant and the previous R1 not constant, is a rh-degree polynomial function. Studentsvere
used to work with technology and in particular with GeoGebra applets. They already ¢ha
reasoned on properties of functions starting from numerical d& that is with values of finite
differences for functions represented in tables.

According to the physics school program, studentsvere also familiar with the notions of
distance, velocity,and the decomposition of forces alongninclined plane. Studens had not yet
studied the scientific concept of acceleration and usdfiat term from their everyday experiences

of situations related to motion (e.g., cars).
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Data collection

The entire teaching experiment was videaecorded adopting various disposas$ to film the
working groups and a dedicated camera to film the teachem some cases, thanks to the use of
the software Camtasia, the computer screens were also recorded. All theitten worksheets
used during the lessons were in ltalian and here they are integrally reported translated into
English.The written protocols of the students were collected and analyzedhe salient parts of
the lessons revealing the emergence of covatianal reasoning were transcribed and then
deeply analyzed.

The parents of the studentsand the schoolconsented to the use of the multimedia material

produced; the original version of theusedconsent form is contained inAppendix A.

11.1 OVERVIEW OF THE TASKPRUSPECTINEALYSIS

The main purpose of this activity was that of exploring the physical phenomenon of the motion

of a ball running along an inclined plane. This was done through differentepresentations
provided by the vision of a video, some applets in the GeoGebra enviment, the reading of
"ATEIAT80O0 1T OECET Al OA@O 11 EAI1TETC AT AEAO AT A
The final goal was to obtain and deeply understand the law of the motion of the ball.

All the tasksare reported below in eight different worksheets with the corresponding computer

screen when presentWe are going to present all the details and thgrospective analysis, based

mainly on the teaching experiment of 2017merely of thosetasks that we are going to analyze

in the following. The tasks which are not object of analysis will be presented briefly, jusd

provide an overall view of theexperimentation.

11.1.1Taskl

In Task 1, the students hd first to watch on the computer shared by the whole group the video
from the website of Galileo Museum (Florence) describing the motion @ ball along an inclined
plane (the same of 2017 TE.). After the vision of the video, studentsvere asked toformulate

some observatiors about the motion of the ball.

First Worksheet (Task 1)

Task 1

Look at the video about the experiment of the Inclined Plane of Galileo (Galileo Museum,
Florence).
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What caught your attention in the video concerning the movement of the ball? Write down
all the observations that come up to your mind.
Corresponding computer screen ( seeFigure 10)

This request can be classified as formulation task since students are asked to write some

observations arising from the vision of the video.

11.1.2Task2

In Task 2, students hd to explore a GeoGebra applet showing on the left the ball running along
an inclined plane in which the angle of inclination of the plane is highlighted in green coland
on the right a tabledisplaysin two different columnsvaluesof time anddistance @vered by the
ball at each time. In particular, time intervals are equal to 1 second. Moving the blue point at the
end of the inclined plane, it is possible to change its inclination. Resetting the simulation and
making it run again, different values of tine and space are obtained. Hence students chéhe

possibility to explore how those valueschange when the inclination of the plane varies.

Second Worksheet (Task 2)
Task 2
Explore the GeoGebra file Galileol.ggb.
You can move the blue point in order tanodify the inclination of the plane.
a) What happens varying the inclination of the plane? Why?
b) According to you,are the conjectures you have made after the vision of the video
verified? How can you prove them?
If otherwise they are not verified, howwould you change them?
c) Can you find an equation describing the motion of the ball? Which one? Justify you
answer.
Corresponding GeoGebra screen (seeFigure 11)

Task 2 initially consistsin an explorational phasewithin the GeoGebranvironment: changing
the inclination of the plane, the table provides the values of time andistance traversed. Point
(b) of the taskis more a situation of validation. Students are asked to combine both the
information provided by the initial video and the applet,validate their previous assumptions,
and supportthem with an argumentative approach. The last questiofc) requests toprovide a
reasonable equation describing the motion of the ballThe video of Galileo Museum shows the
AZDPOA OGP ET k Es@rdAare recognized by the students since they are familiar with the

standard notations adopted in physics to denotelistance and time. Even if the video does not
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give information on the meanng of the formula, it could direct the students to consider the right

variables to formulate the equation of the motion law.

Before moving to the following tasks, the teacher introducel a mathematical discussion
(Discussion 1)focusedon Task 1 and Task 2The main goalwas that of sharing the possible
conjectures and equations formulated by the groups and commenton them with an

argumentative approach.

11.1.3Task3

Task 3was a sort of complement to the previous activities. Studentaere involved in justifying
their previous conjectures comparing them with the extra information provided by a new
GeoGebra file. The table on theght of the applet presentd two extra columns cataining the
numerical values of the firstfinite differences of distance and in the middle of the screen there
was a cartesian plane showing discrete graph of the distancdime relationship. Changing the
inclination of the plane shown on the left students could observe how the shape of the graph

and the finite differences are related to the angle of inclination of the plane.

Third Worksheet (Task 3)

Task 3

In this activity you are askedto explain and justify your answers using the graphs and their|
numerical representations.

Open the file Galileo2.ggb and observe how tlikistancetraversed varies with the angle of
inclination of the plane.

a) Observe the shapes of the curves related to tvariation of the inclination of the
plane. How can you justify them?

b) How do the finite differences of the values of the and they of the points of the
graph change with the variation of the inclination of the plane? Motivate your
statements.

c) Do you haveother observations? Which ones?
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Corresponding GeoGebra screen (Galileo2.ggb)

Time Distance | 4 Distance

[ show steps on Graph

Glear Graph

18
72.01 22
98.02 26

2
=

t‘ H - 8 8 0 12
Figure 26 z The GeoGebra applet interface (Galileo2.ggb)

This activity was followed by a teachetled discussion(Discussion 2)aiming atdeeply investing
the relationship between the distancetime graph and the angle of inclination of the plane, so

enhancing seconedorder covariational reasoning processes.

11.1.4Task4

A new concept is introduced in Task 4. Firstly, students fadeghe concept of relativedistance
with its definition and an example referring to a car andlistancetraversed. Studentsvere asked
to make assumptiorson how relative distances change in time and thenysinga GeoGebra applet
similar to the one of Task 3with in addition a column reporting relative increments indistance,
students were invited to verify their assumptions. The same approachwas proposed to
investigate the relationship between relativedistances and the inclination of the plane. At the
end of the groupwork session a mathematical discussiomwas introduced by the teacher with
the aim of reasoning on the conjectures elaborated by the different groupshis task will not be
object of analysis.

Fourth Worksheet (Task 4)

Task 4

A relative distance is defined as the ratio between thedistance traversed by a body in &
specific unit of time and the distance covered by the same body until that moment.

For example, if you look at the figure
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we canobserveacar left from point P,that in the unit of time ¥ (astravelled the distance

0 ofrom point Ato point B. Therelative distance (RC)is the ratio betweenthe distance

6 6andthe distanced écoveredby the caruntil that moment:'Yé — z

a) Make someassumptionson how the relative distancechangesin time. Justifyyour
hypotheses.

b) Openthe applet Galileo3.ggbrun the simulation and observehow the relative spaces
of the ball change.Are your observationsin accordancewith the conjectures
previously formulated? If not, how would you changeyour conjectures?

c) Varythe inclination of the plane.How do the relative distances of the ball change?

d) Verify your hypothesiswith the applet: what canyou observe?Motivate your
answers.Looking at the applet, do other conjecturescometo your mind? How do
you justify them?Which of them canyou prove?

e) Provide someexamplesinspired by real life in which talking about relative
increments makessense.

Corresponding GeoGebra screen

ce i

Figure 27 - The GeoGebra applet interface (Galileo3.ggb)

11.1.5Task5

Task Swasan activity of re-elaboration. Neither exploration wasrequired, nor extra information

was introduced. Studentswere involved in making the point on all the knowledge acquired in

the previous activities andwere invited to communicate it in a written and mathematical form.

A few hourswere devoted to this writing activity. These elaborates were assessed through the

method of comparative judgement: all the details entailingthis research study will be provided

in Chapter15.

Fifth Worksheet (Task 5)
Task 5

Thinking back to thework carried out on the inclined plane, write to schoolmates of anothe
class to outline the work itself and, specifically, the relationship that describes and explair
mathematically the motion of the ball along the inclined plane. This report should be
theoretical support for you and your schoolmates.
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11.1.6Task6

Task 6 entaikd the reading of the original text of Galileo describing the experimentrothe

inclined plane. Students readhe text in their groups and then, with the help of the teacher, they

made sure to have caught the meaning of all the words used by the author and how Galileo made

the experiment with the tools available at his time. Moreover, a brief video, from Galde
Museum, provided some information on the cultural context of that historical period. Then
students were involved in reproducing themselves the experiment of Galileo. In thphysics

laboratory they had the chance to verify directly the assumptions made by Galilecet&ctingwith

a stopwatchthe time taken by the ball to cover the whole plane and having the possibility to

change the inclination of the planeThis task will not be object of analysis.

Sixth Worksheet

Galileo and the Falling Bodies.

Taken from"Discorsi e dimostrazioni matematiche intorno a due nuove scienze attinenti
alla meccanica e ai movimenti locali".

[The text here reportedis in Italian, its original language]

O )uh regolo,o vogliamdir corrente,di legno,lungo circa 12 braccia,e largo per un versomezzo
braccioeperl & A3 d@aslerain questaminor larghezzaincavato un canaletto,pocopitl largo di un
dito; tiratilo drittissimo, e,per averlo benpulito e liscio,incollatovi dentro unacarta pecorazannatae
lustrata al possibile sifacevain essoscenderauna palla di bronzodurissimo,benrotondata epullta
costituito chesierail detto regolopendente, /
elevandosoprail piano orizzontale unadellesue
estremitaun braccioo duead arbitrio, silasciava
(comedico) scendereper il detto canalela palla,
notando,nel modocheappressadird, il tempoche
consumavanello scorrerlotutto, replicandoil
medesimaatto molte volte per assicurarsibene B
dellaquantita deltempo,nel quale non sitrovava mai differenzané ancodelladecimaparte A 6 O1 A
battuta di polso.Fatta e stabilita precisamenteale operazione facemmoscenderla medesimapalla
solamenteper la quarta parte dellalunghezzadi essocanale,e misurato il tempodella suadiscesasi
trovava semprepuntualissimamenteessela metaA A1 1 &@fade@apdind A O b Aialtefhhrty) A
esaminandoora il tempodi tutta la lunghezzacoltempodellameta,o conquellodelli dueterzi o dei
3/4, oin conclusioneconqualunquealtra divisione per esperienzébencentovolte replicate sempre
08 ET Al dii paxifpéssaliessertra loro comei quadrati dei tempi, e questoin tutte le inclinazioni
del piano,cioédel canalenel quale sifacevascendeia palla; doveosservammancorai tempi delle
scesger diverseinclinazioni manteneresquisitamentetra loro quellaproporzionechepiu troveremo
essergliassegnatee dimostrataA A1 1 8 AQua@dp@adiamisuradeltempo,sitenevaunagran
secchigpienaA 8 A Aditgddatain alto, la quale per un sottil cannellino,saldatogli nel fondo,versava
un sottil filo A 8 A AdN&€DS M 1 dcdvénloconun piccol bicchieroper tutto Otempocheguisa
raccolte, 08 AT A (}I)JéaTin'I'volta con esattissimabilancia pesandodandocile differenzee la palla
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differenzee proporzioni dei tempi; e questocontal giustezzache,comeho detto, tali operazioni,
molte e molte volte replicate, gia mai non differivano A 8 @okabilil T I AT OT 806

Seventh Worksheet (Task 6)
Task 6
a) To reflect

- Galileo hypothesizes that when twdodies fall from the same height and are no
subjected to friction forces (but only to weight force) then they will reach the soi
in equal times even if they have very different masses.

- How to verify this assumption? Galileo studied the motion of bodies with differen
masses making them roll along an inclined plane. He eliminated the friction forg
as much as he could and so he succeeded in studying the motion of free falling
bodies ewen without having at disposal sophisticated instruments to measure timg
and distance. The inclination of the plane makes the motion slower, hence mo
easily observable.

- Watch the videohttps://catalogo.museogalileo.it/multimedia/CadutaGravi.html

b) Let usreconstruct the plane of Galileo in the laboratory.
Corresponding screenshot of the video by Galileo Museum

y 22 W=
LuneTTA DELLA TRIBUNA DI GALILEG

Testo b1 V. ANTINORI, GUIDA PER LA JRIBUNA/DI GALILEO,
Firenze, 1843

Figure 28 - Screenshot of the video by Galileo Museum

11.1.7Task7
Last task consiséd in a questionnaire conceived for investigating the general perception of the
students about the activity. Question was formulated in order to obtain feedbackabout the
structure of the activity and the use of multipleartefacts aimed at investigating tre same

problem from different perspectives; question 2aimed at collecting some insights onthe
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potentiality of GeoGebra applets according to studendpoint of view and in the end question 3

left carte blanche for comments and suggestions to improve thedching experiment.

Eight Worksheet (Questionnaire)
Questionnaire

1. The law of the inclined planewas obtained adopting different tools (video, GeoGebrg
AT ETAT 80 OA@Oh A@PAOEI Abxpiaisg th fproblein @ith (
these different tools? Why?

2. According to you, which are the advantages in the use of GeoGebra applets? Whig
their functionalities did you take advantage of in order to verify the conjectures mads
during the vision of the video and the formulation of the equation relating time ang
distance?

3. If this experience was proposed to your 10 grade schoolmates next year, whicl
modifications would you suggest making? Do you have any othenputs to give or
comments to share?

11.1.8Prospective analysis

The expected results of this 'E. are in line with the prospective analysis already outlined in
10.1.3 so what we are going to expound in the following are the substantial differences and
improvements with respect to the 2017 TE. Firstly, a comment about the representations
involved: the video and the first GeoGebra applet have a complementary function has already
outlined in 10.1.2 The second GeoGebra applet has instead a construct deeper understanding
role becauseit provides not only numerical additional information, first finite differences of
distance, but alsoa discrete representation of the valuesof time and distance thatwas
completely absent in the previous artefacts and that constitutes a mediator between the
simulation of the inclined plane on the left andhe table of values on the right. Hencé this T.E,,

the graphical representationcomponentis much more advancedSincein Task 3 students could
envision a discrete version of thest graph and work on it during an entire working group
session we expect students to better succeed in the elaboration of a mathematical formula
thanks also to the support of the second GeoGebra applet, to explore more in detail the relation
between the shape of the graph and the angle of inclination of the plane atml constantly
establish a connection between the mathematical model and its physical interpretation given
their wider knowledge. Given the findings emerged fronthe 2017 T.E., we expect students to
express in a descriptive way when referring to the videartefacts reasoning both in qualitative
and quantitative terms andto succeed in envisioning some possible variations of the situation
proposed when changing the angle. We also expect some references to velocity to emerge given

their more extensive prepardion in physics.When referring to the GeoGebra applet, we expect
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students to move their discourse oran analytical or even objectified level and toachieve more

easily the elaboration of a general mathematical formula, maybe also adopting their knowledge

about the decomposition of forces along the inclined plane. Finally, after having worked withe

second GeoGebra appletve hypothesizestudents would describe with a holistic approach the
distance-time graph highlighting some properties of its trend andrelating them to finite
differences. The experiment and the text of Galileo constitute the final sten this T.E. hence

their influence instudAT 006 OAAOTTET C xEIl 110 Ai AOCA ET C
Concerning the teacher, we assume she will manage the whol&with great ability since itis a
replication of the previous one and we expect to recognize the same adaptive teaxhstrategies

identified in the 2017 T.E. analysis.

11.2 DATA ANALYSIS

In this section we illustrate in detail seven episodes examined adopting the Timeline tool and
using the double lens of the macro and micro analysis. In particular:

- Episode 1 (1.2.1) and Episode 2 {1.2.2) are excerps from the first classroom
discussion(Discussion 1)which was introduced after the first two tasks. Students had
worked in small groups on the video and the first GeoGebra applefhese episodes
correspond to the episodes analyzed during 2017 .EE. and so they constitute a fertile
ground for a strict comparison of the results of the discussion, reflecting on how the
different background of the students influenced their approach to secondrder
covariation;

- Episode 3 (1.2.3 and Episode 4 {1.2.4) come from the working group session
during which students worked on the second GeoGebra applatisplaying the
distance-time graph and the first finite differences of distance. These are thealy two
episodes referring to work-group activity and in particular they refer to two different
COil 6p0O8 4EAU xEIl EAI P OO0 O AEC EITOI 00
with the covariation of the parameter (the angle of inclination of the plangand the
shape of the distanceime graph. In Section11.2.5we will comment briefly on the
results emerging from the other three groups, focusing exclusively on their written
productions;

- Episode5 (11.2.5), Episode6 (11.2.7), and Episode 711.2.8) are excerpts from the
second teachefled discussion(Discussion 2)which took place after the groupwork

session involving the second GeoGebra applet
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During the tasks, the students worked divided in five groups that we are going to denote with
the letters A-B-C-D-E. The letter accompanying the name of the student in the transcript denotes
the group to which the student belonged. Throughout the whole atgsis, seven different
artefacts will make their appearance: the video (V), the GeoGebra appl€)(the formulas (F)
the table of numerical values (T), the finite differences computed by the students (FOhe
interactive whiteboard (IW) and the blackboad (B).

11.2.1Episode 1@iscussion 1, 09:11K2:32)

This episodeis an excerpt from the first teachefled discussion: the teacher is asking her
students about the observation they wrote watching the video and then working with the
GeoGebra applet. Group A staxsharing with the whole classroom some considerations abau

the video and then Silviaurns to group Bfor other claims.

Timing Who Utterances Gestures
64 | 00:09:15 | Teacher Then?
65 | 00:09:20 | Fabios The more the angle of

inclination of the plane comes
closer to 90°, the more the
speed and sdhe descent time
increases because the ball
reaches before its maximum
velocity and its maximum
AAAAT AOAOGETT 8
F 8Y

66 | 00:10:25 | Teacher According to you, in which
situation will we reach the
maximum velocity?

67 | 00:10:30 | Fabios During the lastOAAOET T §

68 | 00:10:50 | Teacher Ok, hence if we have the
inclined plane, the maximum
velocity is in the last section
Fabios The last section
[simultaneously with the
teacher]

Teacher A0 AAAI OA Ui 6
the angle of inclination of the
plane comes closer to 90°, the
more the speed increases until
it reaches its maximum

~ s oA N =

69 | 00:11:03 | Fabios -AgEI O & O OE
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70 | 00:11:05 | Teacher -A@EI Oi A& O OE
the maximum speed by far?

71 | 00:11:12 | Fabios It depends on the force you
apply. In this case | apply only
the weight force but if | push it
OEA &1 OAA AEAI
72 | 00:11:36 | Teacher No no, we just have the weight
force. Will we have a maximum
speed by far? And a minimum
speed by far or not?

73 | 00:11:50 | Fabios The minimum speed [is
reached] with an angle of
nhonnnnnnp8 ) O
I OEAOxEOA OEAO
iTOETT8 AT A Of
would be 0.

74 | 00:12:10 | Teacher If we take an angle 00,00001
we have a certain velocity and
OEAT EO ET AOAA
75 | 00:12:25 | Fabios 51 OEI OEA AT CI
76 | 00:12:32 | Teacher [The teacher writes on the
W]

With the aim of making the conversation flow, the teacher clearly addresses group [B4]

(Figure 29 zinteraction flowchart): Fabio takes the word and shares some considerations trying

to relate the angle of inclination of the plango the speed of theball. The student states thai®he

more the angle comes to 90°, the more the descent speed of the ball incre@§éS]: while Fabio

speaks, he makes some iconic and metaphoric gestures simulating the angle of inclinatiod an

the ball descending the plane. Fadalking, Fabio claims, incorrectly, that also the descent time
increases, but itseemsOEAO EA ET OAT AAA OAAAOAAOGAOGSG AAAAQD
support his statement attributing it to the fact that the ball reaches first its maximum velocity

and acceleration. The claim about acceleration is incorrect too but wecall that students had

not studied it yet during their physics course, so they usthis term in an intuitive way and as
something related to velocity7 EAO EO Al AOCET ¢ ET &AAET 60 OAAOQI
angle and he speed(Figure 29 z L2, GV row); the teacherwisely grasps what is emergingand

values itwritingil T OEA )7 A OAT OAT AA OEAO AT 1T AAT OGAO EO«
OEA 11T OA OEA Oikd2® ziBscriptodsfo@)A @ this claim is under the eyes

of the whole classroomAt [66], the teacher tries to enhance covariation between the angle and

speed asking Fabio in which situation the ball will reach the maximum velocity. The student
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Figure 29 z Timeline 1 (Galileo 2019)
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answers that the ball reaches its maximum speed in the last section [of the inclined plane; he
refers to the sections shown in the video] so he reduces his reasoning into a covariation between
speed and distanceraversed (Figure 29 z GOV row). The teacher does not abandon her purpose
to consolidate covariational reasoning with the angle oinclination: playing the semiotic game,
she recalls what Fabio said with an approval tone and simulates the situation described by the
student with a pen; then she asks again clarificatigtout Fabio still crushes his reasoningnto a
covariation between eed and distance; Silvia tries to explicitly ask for a situation in which an
Gubsolute speed by fab[70] is reached accompanying her words with a metaphoric arm gesture
(Figure 29 z gesture row). Initially Fabio responds that it depends on the force applied [71], but
the teacher precises that only the weight force is acting and again reformulates her question
[72]. Finally, Fabio introduces a covariational reasoning between the angle and the speed: the
student statesthat the minimum speed is reached with an angle of 0,0000001 (very small, but
different than 0). Silvia rephrases his words with an approval and supportivéone and then
relaunches the word to Fabio who says that the velocity increases until an angle of 90° is reached
[75]. In both cases, [73] and [76], the teacher writes on the I\Whe values of the limit angles and
the associated velocitiesigure 30). The level of covariational reasoning is low (L2) in this first
part of the discussion:the student does not seem ready yet to covary the angle of inclination
with the speed it is essentialthe role of the teacherET EECEI ECEOET ¢ OET OA
reasoning that are relevant for the mathematical discussion and her wise questioning in
transition ing toward covariational reasoning between the angle and the speedhe level of the

discourse can be identified as descriptivgéFigure 29 z discourse level row).

— / 0
S N / I~ ;
| e vy S el T, . ) A
A e N L W ey T
S [ Wl VY Tt

— - el

Figure 30 z Inscriptions of the teacher on the IW

11.2.2Episode 2[@iscussion 1, 28:331:32§2

The teacher is concluding the roundup duringwhich she asked to the five groups their
observations. Now it is the time of the last group, group E, and Valerés a representative of the
group, takes the word. We will notice that during this first discussion the students do not succeed
so easily in he elaboration of a mathematical formulabut given their more extensive
background, they correctly intuit the shape of the distancéime graph and are able to explain

the dependence on the inclination angle from a representational point of view.

22 The analysisof this episode has been partially presented in Bagossi (2021a).
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Timing

Who

Utterances

Gestures

77

00:28:34

Valerias

Hence, we noticed that first
finite differences of time were
always of 1 second, except for
the last one, while in one
second the first finite
differences of distance
increased more and more so
we noticed that there was an
acceleration.

78

00:28:54

Teacher

Ok, in one second it covered
more distanceand so there was
acceleration. And then you
noticed that the second finite
AEAEEAOAT AAO T A

79

00:29:06

Valeriae

They were constant andhe
third were equal to O.

80

00:29:13

Teacher

The second were constant and
the third, always of distance,
were null.

81

00:29:24

Valerias

Then, we thought that the
graph could be ofsecond
degree since second finite
differences are constant and
also because we knew that the
formula of the acceleration is
g t2.

F 8Y

82

00:30:25

Teacher

And you assumed that the
COAPE Ai OI A AA

83

00:30:29

Valeriae

A curve that before had an
inclination almost horizontal
and then became always more
vertical.

84

00:30:37

Teacher

Could you draw it?

85

00:30:49

Valeriae

We divided the horizontal axis
that was the one of time in
various sections representing
one second and then we
noticed that in the time of one
second the inclination was
always more vertical.

Shedrawsthe graph on
the interactive
whiteboard.

86

00:31:17

Teacher

Ok, because in one second it

covered always more distance.
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And if the angle changes, what
happens accoding to you?

87 | 00:31:20 | Valeriae If the angle changes, the uphill
is faster.

88 | 00:31:28 | Teacher And if you should make
another graph changing the
angle?

89 00:31:32 | Valeriae Shedraws another curve,
more inclined

Valeria takes the word andbegins describing what they did during they workgroup session.She
immediately starts to expose how they worked with finite differences: they noticed that first

finite differences (f.d.) of time were always of one second whilérst f.d. of distance increased

more and more and they, incorrectly, relatd this increase to acceleration [77]. Silvia does not

focus anymore on the misconceptions emerging during the mathematical discussion, but instead
starts taking notes on the IW abat f.d.. While pointing with the pen to the IW (Figure 33 7
CAOOOOA 01T xgqh OEA OAAAEAO OAOT EAAO 6AI AOEAGSO
claims that the second f.d. of distancare constant and the thirdare null [79]. While writing on

OEA )7h OEA OAAAEAe[BDddiAch héstueht icohtidiiea éxidsing hrd A
says that®he graph could be obeconddegreebecausesecondf.d. are constant and also because

we knew the formula of acceleration iss/t 25 (they make thisassumption about the formula as a
generalization of the formula about velocity) [81]. Silvia continues taking notes on the IW
revealing to students the relevance of those conjecturef. until this moment the level of the
discourse could be identified asanalytical given the strong rely on finite differences, ow
something different is revealingf.d. are related to the degree of the graph, and as a consequence

to its shape, and the argumentation is also supported by the presumed formula of acceleration
containing time to the second power. The language adoptedems to reveal a blend of elements
coming from the various representations (algebraic, numerical, and graphical) that now are
connected in a coherent sentence: we are going to denote this level of the discourse as
interpretative (Figure 33 z discourselevelrow). At [82], Silvia asks more details about the graph

soto facilitate the flow of the discussior Valeria replies describing not only with her words but

also adopting sone metaphoric gestures Figure 31q OA AOOOA OEAO tidrA £ OA
Al 1T 1T00 ETOEUTTOAT AT A OEAB3.AAAAT A Al xAUO 11 OA
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Figure 31 z Hand gestures performed by Valeria whil@escribing the graph of the function

The teacher invites Valeria to draw the curve on the IW [84]: the student comes closer to the IW

and starts narrating how they reasored to elaborate the shape of the graplsee Figure 32, left

side). They did not use a global approach but instead reasoned in terms of fixed intervals of time

[85]. The teacher revoices her words with an approval tone and then asks athappens when

the angle changes [86]. This question represents the opportunity to enhance higher order
covariational reasoning modifying the angle, that is the parameter, and obsenvg how it affects

OEA OEOOAOQGEIT AO A xEI 1 A8 !lifthe anglgchamges the uprdifoA Al
OEA COADPDEand thed, urBAr @eQuiesd 6f the teacher, draws on the IW a second curve,

more inclined (seeFigure 32, right side).

3 | | A Vol
| i |
i
Vo i [ 4
| | ' | |
! i

A | || ‘ |/

Figure 32 z On the left, the first curve drawn on the IW after having divided the horizontal axis
in intervals of 1 second. On the right, a second curve, more inclined, is added by the student

In the last part of this episode the level of the discourse turns to @dxtified: the student is able
to envision the distancetime relationship in a smooth continuous way Figure 33 z GOV row)
and to represent it in a graphical formOnce again, it is the clever questioning of the teacher that
gives the right direction to the discussion and allows the transition toward seond-order
covariational reasoning. Specifically, in this episodeCOV 2 manifests in aqualitative and
representational form: even if the students do not elaborate a mathematical formula, they grasp
the distance-time relationship and express it in a grapkcal form [85; 89]. The dependence on
the inclination angle manifests in the properties of the graph function and specifically in a chamg
of the graph slope

Finite differences of time and distance constitute the algebraic tool which mainly leads the

students tothe inference of the properties of thest relationship [77; 79], not only algebraically
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but also graphically. Actually, it is the possibility of changing thénclination of the plane, a

metavariation (Hoffkamp, 2009; 2011), that better allows to explore the dependence on the

inclination angle, so changing the situation as a whole and enhancing COV'f2e two following

episodes are excerp from the working-group sessionwhich follow edimmediately the previous

discussion:the students specifically worked on the second GeoGebra applet and tried to answer

to the questions presented on the third worksheet (sed1.1.3). The two episodes refer to two

different groups, B andE.In 11.2.5we are going to comment brieflyon the data from worksheets

of groups A, C and D.

11.2.3Episode 3 (Grouprork B, 01:02:1501:03:00)

This episode refers to group B: they are at the beginning of their working group session. Matilde

reads out loud question a) on their worksheet and thestudentsstart sharing their observations.

Timing

Who

Utterances

Gestures

90

01:02:15

Matildes

Matilde reads out loud question
(a) on the worksheet.

91

01:02:22

Matteos

Practically, the more the angle
increases, the more the
inclination [of the graph]
increases; thesmaller isthe
angle, the more comes like
OEEOS

Matteo describes with his
pen the trend of the graph

on the screen.

92

01:02:28

Fabios

But why? She [theeacher]
xAT 00 OEAO xA

93

01:02:36

Matteos

Wait, this is a table withx,y

and the differences. It [the
graph] is ofseconddegree
hence this [pointing secondf.d.
IT OEAEO OEAAO
OEA AT OAT A 1T E
seem to remember from the

1 AOO UAAOS

94

01:02:55

Fabios

Yes, yes.

95

01:03:00

Matteos

So0,3.51 is the coefficient.

y I TAAEAOAT U A&EOAO

COAPEY ET AOAAOGAOGS

- AOEI AA6O OAAAET ¢h

- AOOGAT O
at [91] he correctlyT T O E A Atle morE theandle increases, the more the inclination [of the

AT A EA AAAT i PATEAO EEO

x 1 OA

through which using his pen he follows the trend of the discrete curve displayed on the GeoGebra
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applet (Figure 34 zgesturerow)8 $AOPEOA OEA AT OOAAOT AOGO 1T £ - A
insists that the teacher is not requesting only qualitativeobservations but more than thatO A

AOT AOET T 6 rwgyY8 4EAT - AOOAT 1T AOAOOAO xEOE AAA
by the GeoGebra appldB3] : the table of finite differences and the graph that is (feconddegree;

hence remembering from the past year, Matteoecalls that second f.d. (he points at their
computations on their sheet,Figure 34 z inscription s row) are the double of the coefficient of

the function. So, they divideby two the number they obtained as value odecondf.d. (7.02) and

Matteo writes 3.51 as coefficient of theiffunction [95] (U € x 8 pinscrifitiond row, Figure

34). The level of the discourse is initially descriptive when Matteo limits himself to elaborate in

a qualitative way the inputs provided by the GeoGebra applets, but then turns to objectified

when the distancetime graph is related to its mathematical properties and in particular to a
mathematical formula. Matteo succeeds in elaborating that generally tlomefficient of asecond
degreefunction is the half ofsecondf.d. and then translates it imo a numerical value for the

specific angle thg have chosen on their applet which returns a coefficient of 3.5Mhat is
AAOOAT T U I EOOET ¢ ET OOOAAT OO6 OAAOITEIGC EO A ¢
their remarks are based on a propertyoriented view of function thanks to which they relate

finite differences to the shape and degree of the polynonlidunction. The level of covariational
reasoning is clearly of an order higher thanthe first AOOAT 8O0 OOAOQAIT AT O -fr wp ¥
variation level because the student is able to envision how a changing in the parameter affects

the situation as a wiole. At [93] Matteo still reasons at seconarder covariation (Figure 34 7

QOV row), but this time he mainly focuses on a general mathematical formula describing the
distance-time curve globally and inthis formula the dependence on the parameters affecting the

real phenomenon is enclosed in the specific value sécondf.d. At [95], reasoning crushesonto

an intermediate order since Matteo tries to find the coefficient for a specific situation, i.e., the

angle shown in the applet.

Finally, the interaction flowchart reveals the strong role of Matteo in moving forward the
discussionandinAT T OOEAOOET ¢ xEOE DO AOOAI AT A OAlI AOAT

provocative question (Figure 34 z interaction flowchart).
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11.2.4Episoded (Groupwork E,47:1248:00

This episode refers to group E, the same group thitstly succeeded in relating numerical values

of time and distance to the shape of the graphl{.2.2). In the following excerpt, they try to

answer to question(a) on worksheet 3 (L1.1.3).

Timing

Who

Utterances

Gestures

96

00:47:12

Valeriae

Thedistancetraversed in one
second increases while
increasing the inclination of the
plane.

97

00:47:21

Ariannae

In this way it seems you speak
I £/ OEA OET CI A

98

00:47:55

Ariannae

) 6A OAU8 4EA C
AT cl Ah )B8A OAU
x A A fhaleG®blems of
definition, the greater is the
angle, the faster the parable
xEIl1 COI x8

99

00:48:06

Valeriae

The greater is the angle, the
greater is the distance
traversed in one second and
the fasterthe parablewill
grow.

Looking at the GeoGebra applet on their computer screefsensing gaze, gesture rowy Figure

35) Valeria tries to answer to question(a)d, OE A

second increases while increasing the inclination of the plame

. &he Mlates thenclination

I A O AciStBnte trdverdedin

of the plane with both distance and time, condensg them in the distance traversed in one

second (i.e., firstf.d 3

| OEATTA Eii AAEAGAT U OAAAOO Oi

EAO

of her utterance: firstly, Arianna states that in ttat way theutteranceOA AT O OAAZAOOAA

bl ET 06

parable will growd

f wx Yh

OEAT

O A b E O A Odgtraté /s ithd anBld hfasted tiekE |

¥ ldegrEf@mulation suggests that instead of focusing on what happens on

a fixed interval of time, one second, she favorstescription that relates the variation of the angle

to the function, the parable, as a unicum and while speaking Arianna follows with her finger the

trend of the curve displayed on the screenKigure 35 z gesture row). Finally, Valeria welcomes

| OEATT A0 OOGCGCAOOEII

~

AT A OOEAO Oi

and that keeps into account both pints of view: Ol@ geater is the angle, the greater is the

distance traversed in one second and the faster will grow the paralide ¢. I thi¥ excerpt, even
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if the order of covariational reasoning is ©V 2, two different approaches emergelnitially
Valeria focuses ora covariation between finite differences and the angle implicitly interpreted
as a parameter her discourse is objectified and mainly insists not only on a quantitative aspect,
but also on a local point of view rather than a glmal one. Then Arianna moves the attention on
the distancetime graph conceived as a whole ando-varies, or more precisely metavaries, it
with the angle of inclination. The mathematical discourse, already objectified in its initial stage,
becomesinterpre tative when the inputs from the table of valuesand the graph, are coordinated

in a unique sentence in which the physical phenomenon, i.e., the inclined plane, is related to its
mathematical representation, i.e., the parableFinally, the modality in which the students of
group E use the GeoGebra applet is asceng because their approach isnainly explorative

(artefacts interaction row z Figure 35).

[96] 00:47:12 [97] 00:47:21 [98] 00:47:55 [99] 00:48:06
Valeria (E) Arianna (E) Arianna (E) Valeria (E)
g =
== v
™ e
SZ T i
E = C/
2 /
E = A 0
- The distance traversed |In this way it seems you speak of the  |I'd say... The greater is the angle, | The greater is the angle, the greater is the distance
= in one second single point... I'd say the angle so that we don't |traversed in one second and the faster the parable will
= increases while have problems of definition, the |grow.
§ increasing the greater is the angle, the faster the )
E inclination of the plane. parable will grow...
= [
= @ A" aumenta Piti grande é A, piti velocemente Maggiore é A, maggiore é B' e la parabola crescera pit
E @ aumentando B. crescerd la parabola. velocemente.
a é A" increases while The greater is A, the faster the The greateris A, the greater is B' and the faster the
= E increasing B. parable will grow. parable will grow.
=
]
w
=3
Sa Objectified Interpretative Interpretative
2=
[
Valeria looks at the Arianna points at the paraple Valeria points the applet shown on the screen.
applet shown on the shown on the screen and fpllows
- 3]
B SCreel. E with her finger the curve
= displayed.
; -
g gaze, e
sensing { J
function
pointing gesture, ]f°i]"_ﬁ]:‘_3 53_51'” e
@ - narrative fnction | narrative function
= ==
3 —
=4 = ==
=] = = =
7] —— ==
z == = =
GeolGebra applet GeolGebra applet
B g G- G- G—
]
-
L
= -
=] 9 covz covz covz
~ o
E
(=}

Figure 35 z Timeline 4 (Galileo 2019)
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11.2.5Data fromTask 3 of goup-work AGD

In this paragraph we briefly report also the relevant considerations produced by the other three

groups on their worksheets. Group A answered to questiofAq OAUET ¢ OEAO O!
increases, the curve comes @aiys closer toy-axis, because thanks to acceleration it covers the

OAI A AEOOAT AW (Add® 36EAOOA 06

w 2 ) R : . - g . c _— ~ Y &
LN L Qe aroxse delh an X0 do. ool =t QUWANOOL. TemQE Ol B0
" _ . r ¥ A\ e c 1\'.4_7 o - - " | - ! o
ol asge delle o, Perdns Qxowe all’ O CuRERRIRT peccooen WO StEsn

i—"{.,\,_ "-!t_;\.\«":_k_"'-'\f\iiﬁ\.w .

Figure 36 7' OT OB 160 AT d@AO O NOAOOEI

= “\_)J-\ O MMa

Group C instead accompanied their answer also with a graphical representation to support their
statement.Answer to question(Aq OADI 000qg O! O OEA sAHe QurvdoftheE OE /
parable is more accentuated because the bdthvels the same distance faster respect to when
OEA AT CiI A EO Oi AlTAO j COAPE 11 OEA 1TAOOU OEAA

4
IED k
AW ACHENTARES  Dau! ARGOLO  BRL DIARo (v Qoeea SE0a PREEROG, oo L
C 0N ACLEWTORTA A CAGRA  DRU TANDO CUT (y PAWNA PERORRE G eEe -
D STEERD SPALW DO VEOGEMENTT, M quAlbe U ARGOLe € eol :: .‘a. =
: ‘ 25 %
MINCRE | oo gt .
- | ®® e® oo ® -
(er\w TOLTOG DU BRUTRY | it . -
| S A\\'j_ - ,i:ﬁ, e ;JQ '“)Q

Figure 37-' O1T OP #6860 Al O®AO OiF NOAOOETI
Figure 37 shows on the leftthe answerof group Cand on the right their graphical representation
in which they drew four different curves corresponding to four different values of the angle of
inclination of the plane. Moreover, their answer to questiorfb), the one about finite differences,
OAUO OEAO OxEAT OEA AT CIiA EO COAAOAOR FEEOOO
proportionaltotheal C1 A T £ ET Al ET AOEiglire 38 OEA DI AT Ad ¢ pi

QuUNRDO U ANGOO = WAGALCRE  (\& BATTLRC RS ORIt

{.‘i{! WK TS N M AGGUORS Peoly . A A
\ = =N Ly e e '.;_ LS Jh».__ oy, Y - 5 " -
! . HONE AVORCRAOEATE Al ARC.OLS

Dl INCLINAZWIONE S0 DMV

Figure 38-' OT OP #6860 AT OwAO O1T NOAOOEI 1
Finally, group D stated that OET AOAAOET ¢ OEA AT Ci A OEA AOQOOOA

decreasng it the curves will be less inclined. This because the curve of the graph represents the
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acceleration of the ballas ET A OA A O AFQure 39 phoves Br8the left their written answer

and on the righta drawing in which they showed two different possible curves for two different

angles ofinclination where in particular _ is supposed smaller than .

Figure 39-' O1T OB $60 AT O@AO Ol

/

|/
I‘Z—_/,’f

™~
S LJ
— . an o
- B
%.

A

Ch
= {Mempo)

NOAOOET 1

The following episodes are excerpts from the discussion following the working group session

about Task 3(Discussion 2) This discussion was conducted at the beginning of a ndesson,

and ittook nearlyone hourandahat EA OAAAEAO EAA OEA BT OOEAEI EC

before starting the classroom discussion.

11.2.6Episodes (Discussion 2)7:3508:50)

This episode locates at the beginning of the classroom discussiothe teacher opens the

discussionasking clarifications about the answersthey wrote on worksheets Her aim seems to

relate the increase indistance traversed to the numerical representation, meaning first f.d.

provided in the table. Students initially refer to the graphical representation but then Silvia

directs their attention elsewhere.

velocity, increase its velocity.
In some way it has to
accelerate.

How do we know from here
that our ball in equal times
does not traverse equal
distances?

Timing Who Utterances Gestures
104 | 00:07:35 | Teacher What does it mean that in
equal times thedistances that
we have increase?
105 | 00:07:41 | Chiaras The ball to cover a larger
distancemust accelerate.
106 | 00:07:50 | Teacher The ball must change its
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107 | 00:08:11 | Giuliac The curve starts slower and
then goes higher and higher.

108 | 00:08:22 | Teacher Ok, for sure it stars slow and
then it goes up and up.

109 | 00:08:28 | Fabios From the first finite differences
ANOAI 8ET OEA O
110 | 00:08:32 | Teacher There would be equal first
AET EOA AEZEEAOA
111 | 00:08:38 | Fabios If it always goes at the same
speed.

112 | 00:08:45 | Teacher Ok, if we had first finite
differences equal, it would
have always the same speed,
but she[Giulia] says that at a
AAOOAET bBI ET O
what does it mean?

113 | 00:08:48 | Giuliac It goes faster.

114 | 00:08:50 | Teacher It goes faster.

At [104] the teacher asks the whole classroom what meansOEA O OET A Wifdhdes OE T A
OEAO xA EAOA ET AOAAOGAG8 #EEAOAh ££EOI I cCcpospp $h
and Silvia playing the semiotic game, rephrases her words withn approval tone[106] and
introduces somemetaphoric gestures indicating a variation in speed (gesture rog Figure 40).
Immediately after she poses a new question in order to deeply investigate that issue and asks
where they candeductfrom the GeoGebra applet (she points at the IW displaying it; inscripti@n

row - Figure 40) that information [106]. Giulia answers referringtothe COABDEJd O4EA AQDO
6171 xAd AT A OEAT CiAO EECEAO AT A EECEAOd rpmyxY
0011 xAO6 OEAO AI O A AA OOAA Oi AEAOAAOAOEUA O
used also tadescribe the trend ofthe curve; in this sense the ball rolling down the inclined plane

and the distancetime curve are blended in one sentenceevealing a physical interpretation of

the graph itself (interpretative level z Figure 40). 3E1 OEA OADPAAOO ' EOI EA8O
its correctness, but the tone of her voice reveals that she expected a different answeiddad,
&AAET COAOPO OEAO AT A TAAEGRAND AFGO @1 /ERNANGDR DA B
OAAT A6 rpmwyY8 &AAET 60 OAT OAT AA EdBcussiorChutsikin I Al
catches that Fabio is on the right way and helgsm to better explain himself.Posing herself as

a springboard, Silvia initiates a sentence and invites Fabio to complete it. Thanks to the joint

labor of the teacher and Fabio, they arrive at theonclusionthatOOEAOA x1 &1 A AA [EE
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¥ -plp]rPlaying the semiotic

Figure 40 z Timeline 5 (Galileo 2019)
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game, Silvia revoices the whole sentence and themeconnects to the utterance initially

differences equal if it[the ball] goes always at the same speéd



elaborated by Giulia [LO7JAOEET ¢ xEAO EO I AAT O OEAO A AAOOA
FppgY8 4EEO OEIi A '"EOIEA OAPIEAO xEOE A DPEUOEA
Ci A0 EAOOAOG rppoy¥Y8 4EA OAAAEAO [DAPAJANOdINgE A O
(gesture row z Figure 40).!' T T OAOOEAx 1T &£# OEA APEOT AA ET EC
reasoning evolves from the distancdime graph [107] to the motion of the ball [113Y N & AAET ¢
approach instead evolves from the table of numerical values [109] tan interpretation of the

physical phenomenon [L11]; Silvia suggests to use a certain interpretative key of the
phenomenon not only the interaction flowchart again reveals the deternmant role of the

teacher in giving the right direction to the discussion but Silvia also enhances &lended
approach in which the graphical/numerical and kinematics aspects interlaceThe level of the
discourse s mainly analytical and becomesnterpretative when students are able to connect the
distance-time graph to the motion of the ball [107, 113]. The artefact specifically appearing in

this episodeis the GeoGebra applet and in particular the table of values contained it which are

used by the students with a desceridg AT T OOT I OEAO EO O AlaksdO Ol

in continuity of purpose (artefacts interactions row z Figure 40).

11.2.7Episodes (Discussion 2, 16:268:38)

During this short episode (16:26-18:38), the teacher is asking her students about the formula
describing the motion ofthe ball and in particular she is enhancing secondrder covariation
inviting students to better explicate the dependence of the function on the angle of inclination.
A student from group B, Matteo, tries to answer. During the discussion, the applet is shroon
the interactive whiteboard (IW) and the teacher writes on the blackboard (B) the relevant

considerations emerging from the students.

Timing Who Utterances Gestures

115 | 00:16:26 | Teacher And how did the equation
result?

116 | 00:16:30 | Matteos Practically it varies

according to the angle.

117 | 00:16:33 | Teacher The function varies according
to the angle.

118 | 00:16:35 | Matteos The coefficient varies.

119 | 00:16:38 | Teacher The coefficient of the function
in which sense?

120 Teacher T suggests choosing on the
applet another value for the
angle, hence now the applet
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shows two different graphs for
two different values of the
angle, 20° and 90°.

121 | 00:17:16 | Teacher What do you tell me about this
function?

122 | 00:17:20 | Matteos Theinclination [of the graph] The teacher writes the
changes according to the anglg function on the
because with a minor angle thel blackboard.

inclination is minor, with a
greater angle the function goes
up first. ¥ 8 ¥is the distancex
is the time and the coefficient,
to find the coefficient you have
to divide by two the second
finite differences

123 | 00:18:00 | Teacher So, you say that according to
you the equation is this:
UEAT AxEZEAEAT O
124 | 00:18:10 | Matteos yis the distance, the coefficient]
can be founddividing by 2 the
second finite differences and?
Is the time.

125 | 00:18:18 | Fabios xandy must be greater or
equal than zero otherwise it
AT AOT 60 AgEOOS

After the working-group session, the teacher asks her students about the equation describing
the motion of ball [115]. She clearly looks at Matteo inviting him to take the wordgesture row

z Figure 41). Matteo answers that®he function varies according to the anglé[116] and with

his left hand performs a metaphoric gesturaeproducing the angle of inclination of the plane
(gesture rowz Figure 4108 4 EA OAAAEAO OA di7)playh@a seridicghrmed O
and immediately after Matteo clarifies that in particular is the coefficient of the function that
varies [118]. The level of the mathematical discourse is objectified (discourse level ragpFigure

41) because the student already shows to possess mastery of the function describing the law of
the motion and he is explicating a further dependence of the coefficient of the function on the
angle of inclination [118]. The covariational reasonirgy is not fully second-order but in a
transitional phase (QV row z Figure 41) because the coefficient is treated as a varying quantity
but not yet as a parameter within a family of function. The focugmains on the single distance
time function. The teacher asks clafication about that dependence 119] and suggests working

with the GeoGebra applet shown on thBV so to visualizesimultaneously two different
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Figure 41 z Timeline 6 (Galileo 2019)
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graphs for two different values of theangle of inclination [120]. Through this proactive request
(see interaction flowchart z Figure 41), the teacher triggers and supports secondrder
covariational reasoning, encouraging to investigate the relationship between the graph of the
function and the angle. The teacher asksain for some considerations121] and finally Matteo,
while performing a metaphoric gesture (gesture rowg Figure 41), makes explicit how the trend

of the function changes according to the angle and formulates the expression of the function
[122]. In the meanwhile, the teacher writes on the blackboard the formulacgm ¢ CXe®™Q
inscription s row z Figure 41): this gesture is for sure nonredundant with respect to speech
since the teacher is not speaking and it has a grounding function (gesture rayFigure 41)
because clearly reveals to her students the importance of that formula and in fact it deserves to
be written on the blackboard, visible to the whole!A1T AOQOOT 11 8 - AOOAT 80 OOAC
a secondorder covariational reasoning: starting from a description of what was displayed on
the applet (discourse level rowz Figure 41), the discourse turns into objectified when he
elaborates a formula condensing that dependence. The artefacts appearing in this episode,
meaning the GeoGebra applet, the sought formula, the blackboard, and the interactive
whiteboard, are all used in contnuity of purpose (artefacts interactions rowz Figure 41) that is
deeply investigate the anglegraph relationship; both the modalities of control (ascendhg and

descendng) can be observed.

11.2.8Episoder (Discussion 2, 57:689:56)

This episode locates towards the end of the discussion: the relevant mathematical elements to
describe the phenomenon proposed have already emerged during the discussion but not all the
groups have fully grasped it. In the following three minutes (57:0669:56), Silvia tries to pull the

strings of the discussion clarifyinghe role of the parameterand its mathematical interpretation.

Timing Who Utterances Gestures

126 | 00:57:00 | Teacher We said that 0.88 is a constant
and then we tried to
understand what it represents.
Will it still be 0.88the constant
if we change the angle?

127 | 00:57:30 | Many No.
voices
Matteos It changes according to the
angle.

128 | 00:57:33 | Teacher It changes according to the
Al CIADRA xA OOOA
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Oif AEAT CA OEA
could be the coefficient with an
angle of 26°?

129 | 00:58:05 | Matteos 2.21

130 | 00:58:07 | Teacher Why did you find it
immediately without using the
calculator?

131 | 00:58:10 | Matteos Because dividing by %is like
dividing by 1.

132 | 00:58:16 | Teacher Ok, so you say | can just take
ITTA OAlI OA AARAAA

constant.
F 8Y

133 | 00:58:44 | Teacher Hence what does this number
represent?

134 | 00:58:55 | Adelec The half of first finite

AEEEAOAT AROS
135 | 00:58:58 | Teacher [T starts making the

computation outloud, but they
are incorrecf

136 | 00:59:07 | Adelec Of second finiteA E £/&A O A
yes, the half of second finite
differences.

137 | 00:59:16 | Teacher [T makes the computation out
loud and this timeit is correct]

138 | 00:59:56 | Teacher So, this could be the half of
OAAT T A £ET EOA

Reacting to someOOOAAT 660 Al AEih OEA OAAAEAO OAAAI T O
AT 1T O Qad] @nd simultaneously points at theblackboardwhereit is written the formula —

@ YFigure 42 zinscription srow). Immediately after she asks if 0.88 wuld still be the constant

EAZ OEAU OAEAT CA OBAOATRI AD ApE Y EAT MMPEOT AA ¢
accordingtotheAT CI1 A6 frpcxy¥Y8 $AOPEOA GikidwaAts tod@dépandtisA OO
point and asks tothe students if they are sure. She suggests changing the angle, in particular to
choose randomly an angle of 26AT A AvQtatcou@ be theAT A EZAEAEAT 06 .ET O]
While formulating her request, the teacher addresses to group &ith a handgesture (gesture

row Z Figure 42) because their computer screen is connected to the IW and so visible by the

whole classroom(inscription srow z Figure 42).- AOOAT Ei I AAEAOAT U OADI E

Silvia, surprised by the rapidity of his answer, asks hinhow he could find that value
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OEi i AAEAOGAT U xEOEI OO OOET ¢ OEA AAI AOl sbihd 06
metaphoric gestures, Matteo replies that he simply divided by 1, that is equal 18 [131]. Silvia

tries to better explain that claim so concise implying that the computatio is possible just
because the coefficient is assumed to be constgiB2] and so the ratio provides the same value

of the time and distance traversed chosem\fter having clarified how to compute the value of the
coefficient she moves tonvestigate the meaning of that coefficient, what that number represents

[133] and looks around waiting for a rection from her students (gestures roy Figure 42).Adele

OAPI EAO OOEA EAI £ T £ EEOOO A8A86 fpot¥Y AT A D
conscious of the incorrectness of her answer and so starts making thengputation out loud

[135]. Adele realizes that she expressed wrongly and so cor@OO EAOOAT £ OAUET
OAATT A EET EOA AEEAEAOAT AAOOG rpooeY8 3EI OEA OAOO.
table of f.d. on the IW (gesture rowz Figure 42) and this time they are correct [137]. Finally,

with an approval tone, Silvia states that the coefficient could be the half of second f.d. [138]. The

class is not much talkative, and the answs provided by students are often synthetic: the
interaction flowchart reveals the ability of the teacher in enhancing the discussion and valuing

AT A Al bl EEZUETI ¢ OEA AiTOAT O T &£ OOOAAT OO6 Al AEI
analytical and dbjectified: it is analytical when students refer to a specific angle of inclination

and the related numerical coefficient [128129-131] and becomes objectified when the
coefficient is interpreted in terms of ageneral expression, the halbf second finitedifferences
[136-138]. Artefacts are mainly used with a descendg control (artefacts interactions z Figure

42).

11.3 DISCUSSION

This section contains a transversal analysis of the seven Episodes presented previously

according to the four different layers of analysis.

11.3.1Layern(a) Covariational reasoning

The intermediate order of covariational reasoning identified during the 2017 T.E. emerges
naturally also in this T.E.: it consists in the conceptualizatiothat the coefficient of the function
depends on a certain magnitude, that in this case is the angi€inclination of the plane [118].
4EA OAOI OPAOAI AOALudentE they teferGo itGrOak mMore Antuitivé® wak, a
constant value that changes depending on the angle [12&dopting an antithetic expressionin

this case finite differences caostitute the pre-analytic tool that mainly enhances the

134



instrumentation of secondorder covariation: they allow students to use a more mathematical
language and to deduce the analytical and graphical property of the distantieme graph which
is of second degree and depending on second finite differences of distan&econdorder
covariation is achieved from two different mathematic standpoints: the elaboration of a general
mathematical formula in which the coefficient explicitly dependson second f.d.and a level
supported by metavariation in which students, exploiting the representations provided by the
various technological tools envision how the distancetime graph is affected by a change in the

angle of inclination. Therefore, two different levels can be distinguished: a quantitative one

(formula) and a qualitative one (metavariation).

11.3.2Layer(b): Linguisti@analyss

In continuity with the analysis presented in10.3.2, we analye the various levels and orders of

O 0 O A Bdvabadidnal reasoningaccording totheir syntactical and lexical features

Covil

Description of theével

Examples from Galileg
2019T.E.

Syntactical and lexical aalysis

L2

In these examples we
can observe a
qualitative description
of the covariation, also
referring to some
benchmark numerical
values, of two or more
magnitudes: the level
of reasoning is not yet
fully guantitative
because students are
not able to express
clearly what happens
between the limit
values.

Students are able to
co-vary the two
magnitudes
underlining the values
reached in limit
situations.

[65] Piu A si awvicina a
90°, piu B aumenta.
The more A comes
closer to 90°, the more
B increases.

[66-67] [Raggiunge la
massima A] nell'ultima
B.

[It reaches the
maximum A] in the last
B.

[68-69] [Piu A si
avvicina a 90°, piu B
aumenta] finché B non €
massima per quell'A.
[The more A comes
closer to 90°, the more
B increases,] until B is
maximum for that A.

[73] A € minimo con B=
0,0000001.

A is minimum with B =
0,0000001.

From the syntactical standpoint,
the linguistic structures that can
be identified are the following:
The more A,the more B

A is maximum/minimum
B=n.

We can observe some binary
relations and the use of
comparatives. Both coordinated
and subordinated clauses are
used.

for

From the lexical standpoint,
language adopted is mainly
gualitative and objective. The
adjectives maximum and
minimum are employed to refer
to the limit values assumed by the
magnitudes.
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[74-75] A aumenta
finché B=90°.
A increases until B=90°.

L4 | The use of f.d. [77] A" erano sempredi | TEA A8 A8 1 Aand " ¢
AEODBPI AUAA |1, mentre B' respectively) make their
reasoning denotes a | aumentavano sempre dii appearance as magnitudes: i
higher level of piu. [77] there is a covariation
covariation since f.d. | A’ were always of 1 AAOx AAT ) Al
reveal not only how a | while B' increased more| condenses the rate of change ¢
magnitude varies in and more. the two magnitudes; in [79] both
time but also itsrate secondand third f.d. (A" and A")
of variation. [79] A" erano costanti e | are considered and in [1160111]

A™ erano nulle. first f.d. are related to a physica
A" were constant and | interpretation.
A" were null.
From the syntactical standpoint,
[110-111] Ci sarebbero | we can identify the following
A' uguali se va sempre | structures:
alla stessa B. A" were always the samavhile B’
There would be A’ increased
equal if it always goes | A" equalif Bis always the same.
at the same B. A" were constant and A" were
null.
Relations are mainly binary, no
comparatives, and both
coordinated and subordinated
clauses can be detected.
From the lexical standpoint, we
can observe a recurrent use of thé
adverb always, objective and
guantitative sentences.
L5 |Inthis T.E.the level of | [81] Il grafico potrebbe | From the lexical standpoint, a

smooth continuous
covariation manifests
in the full
conceptualization of
the distancetime
graph that is
conceived as a
multiplicative object:
students do not refer
anymore explicitly to
the starting
magnitudes but
mainly focus on the
description of the
trend of the graph.

essere dsecondagyrado
visto che le A" sono
costanti.

The graph could be of
seconddegree since A"
are constant.

[83] La curva prima
aveva un'inclinazione
quasi orizzontale e poi
diventava sempre piu
verticale.

The curve before had an
inclination almost
horizontal and then

recurrent use of the adverb
always [83-85-107] can be
interpreted as an indicator of
globality. The description of the
trend of the greph is expressedin
qualitative terms: in [83] and [85]
by reasoning in terms of fixed
intervals of time; in [107] and
[112-113] a more global
approach emeges, related also tg
a physical interpretation of the
AOOOASO AAEAOEI
the degree of the curve, and so it
shape, is explained by a referenc
to secondf.d., i.e., a pranalytical

property.
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became always more
vertical.

[85] In ogni A,
l'inclinazione [del
grafico] era sempre piu
verticale.

In each A, the
inclination [of the
graph] was always
more vertical.

[107] La curva parte piu
lenta e poi va sempre
piu in alto.

The curve starts slower
and then goes higher
and higher.

[112-113] [ll grafico]
Ei PATTA8DPAO
veloce.

[The graph] drives
OP8AAAAOOA
faster.

Horizontal and vertical are
recurrent adjectives used to
connote the behavior of the curve
In [107] we can observe the use o
the adjective slower, a kinematic
term attributable to the motion of
the ball and instead used to refel
to the graph.

No recurring syntactical
structures were detected

Higher Description of the] Examples from Galile( Syntactical and lexical malysis
QQV level 2019T.E.
Intermediate | This transitional [118] Il coefficiente From the syntactical
order order mainly [della funzione] varia | standpoint, we do not observe

manifests in the
elaboration that
the coefficient of

the function

depends on the

angle of

inclination of the

[a seconda
dell'angolo].

function] varies
[according to the
angle].

The coefficient [of the

plane. Even in this
case, students do
not refer to it as a
parameter but
more intuitively

as a constant
value that changes
according to the

angle.

[127] [Il valore
costante] cambia a
seconda
dell'angolo.

[The constant value]

changes according to

the angle.

relevant structures.

From the lexical standpoint,
we can notice a quhtative
approach  through  which
students express the
dependence of the coefficient
on the angle of inclination
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COV 2
(i)

3 OO A AontS Gf G
reasoning
revealing a full
achievement of
COV 2in this T.E.
can be actually
divided in two
sublevels: the first
one isa
covariation
between the angle
of inclination and
the distancetime
graphi.e.,
changing the
angle which
effects produces
on the trend of the
graph: this way of
reasoning is an
example of meta
variation
supported by the
GeoGebra applet
enabling to
explore it.

[87] Se I'angolo
cambia, la salita [del
grafico] e piu rapida.

If Achanges, the uphill
[of the graph] is faster.

[91] Piu I'angolo
aumenta, piu
I'inclinazione [del
grafico] aumenta.

The more A increases,
the more the
inclination [of the
graph] increases.

[93] Il grafico e di
secondogrado quindi

le A" sono il doppio del
coefficiente.

The graph is ofsecond
degree hence A" are
the double of the
coefficient.

[96] A" aumenta
aumentando B.
A' increases
increasing B.

[98] Piu grande € A,
piu velocemente
crescera la parabola.
The greater is A, the
faster the parablewill
grow.

[99] Maggiore € A,
maggiore € B' e la
parabola crescera piu
velocemente.

The greater is A, the
greater is B' and the
faster the parablewill
grow.

ruottyY #11

AAT T 8AT CT 1
avvicina sempre di piu
Al 1 8A0O0OA A

From the syntactical
standpoint, we can identify the
following recurring structures:
If A changes,the more the
inclination increases.

The more A increases, the
more the inclination [of the
graph] increases.

A' increases, increasing B

The greater is A,the greater

is B' andthe faster will grow
the parable.

AsAincreases, the curve come
always closer to yaxis.

As A of the plane increases, the
curve of the parable ismore
accentuated

Increasing A the curves are
more inclined.

Relations are mainly binary,
and the second magnitude is
typically the inclination of the
graph or the graph itself.
Comparative structures are
recurrent, and clauses are both
coordinated or subordinated.

From the lexical standpoint,
the adverb more is exXremely
used,and the linking word asis
also recurrent. The sentences
are objective and show 38
gualitative approach to
describe globally how the trend
of the graph evolves.
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grazie

Al 1 8AAAAT A
percorre lo stesso
spazio ma piu
velocemente.
AsAincreases, the
curve comes always
closer toy-axis,
because thanks to
acceleration it covers
the same distance but
faster.

FotTuyY !'118
AAT 1 8AT Cil
curva della parabola é
piu accentuata a causg
del fatto che la pallina
percorre lo stesso
spazio piu
velocemente, di
NOAT AT 1 6AT1
minore.

AsA of the plane
increases, the curve of
the parable is more
accentuated because
the ball the same
distance faster respect
to when the angle is
smaller.

[103] Aumentando A,
le curve sono piu
inclinate.
Diminuerdolo, le curve
sono meno inclinate.
Questo perché la curve
del grafico
rappresenta
1 6 AAAA
PAI Il EI
di _
Increasing A, the
curves are more
inclined. Hence,
decreasing it, the
curves are less

1 AOA
A Al

inclined. This because
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the curve of the graph
represents the
acceleration of the ball

as__ increases

COV 2
(i)

The second level
seems to consist
in the elaboration
of a general
formula
containing a
coefficient which
sometimes is
clearly
interpreted in
terms of second
f.d. The way in
which the
coefficient affects
the graph is made
explicit.

[122] L'inclinazione
[del grafico] cambia a
seconda dell'angolo
perché con un angolo
minore l'inclinazione é
minore, con un angolo
maggiore la funzione
OA1 A DPOEI A
The inclination [of the
graph] changes
according to the angle
because with a minor
angle the inclination is
minor, with a greater
angle the function
goes up first U € 4
X2

[124]U E 1 12067
[136] [II coefficiente]
1A T AOU AA]
[The coefficient] is the
EAIL £ 1 £ '3

From the syntactical
standpoint, we do not observe
relevant or recurring
structures.

The lexical analysis reveals
that this secondlevel of COV 2
mainly lies on a quantitative
and analytical approach rather
than on a graphical
interpretation, but still reveals
a sense of globality.

11.3.3Layer(c). Discourse levsl

This layer of analysis isonducted thanks to a diachronic analysis of the Timelinend is focused

on the evolution of the mathematical disourse throughout all the episodes previously

described. We recognized thesamethree main levels ofthe mathematical discourseidentified
during the Galileo 2017 T.E. and a fourth additionagVel:

- Descriptive Episode 1(11.2.1), at the beginning of the first classroom discussion, is the
one in which students adopt a descriptive approach reporting and interpreting the inputs
provided specifically by the GeoGebra appt and the video and relating them. For
instance, Fabiodescribes hav the angle of inclination of the plane, shown in the applet,
affects the descent speed of the ball, deducible from the video [&&].

- Analytical: the level of the discourse isnalytical when students mainly refer to f.d. as in
FXXY xEAOA 6Al AOEA T AGAOOGAO OEAO OEEOOO £EE
i1 OAd xEEI A Orfr OAAT T Ay xAOA A1 O06AT O AT A OE

140



Galileo T.E.this level manifests when they refer to the numerical value of the coefficient
of the function for a specific angle (@.,2.21 for an angle of 26° [129]). Tis second level

of discourse lasts less in this teaching experiment with respect tthe 2017 one: the
students possess more mathematical instruments to movigom an analytical approach

to the objectification and so to amathematical model describing globally the
phenomenon

Objectified this level already manifestsat the end of thefirst discussion (11.2.2), arising
from the contribution of group E who succeeded during the workinggroup session in
envisioning and representing the distancetime graph and then reproduced it on the IW
during the classroom discussion. Valeria, as group E spokesman, described the trend of
the curve [83] and was also able to envision how that trend could change with a variation
of the angle of inclination [87]. The level of the discourse is clearly objectified also dng

the second working group session X1.2.3 11.2.4, 11.2.5 where thanks to the
functionality of the GeoGebra appletenabling to change the inclination of the plane
students oould observe which changes it globally producg on the distancetime graph.
This level manifests also in Episodes 6 and 74.1.2.7, 11.2.8) when Silvialed students
towards the elaboration of a general mathematical formula describing globally the
situation.

Interpretative: this additional fourth level of discourse does not differmuch from the
objectified one concerning the globality othe approachand the mathematical objects
involved, but the language adopted reveals something deeper thahe mathematical
conceptualization. The emerging narratives reveal a blend of elementgelated to the
various representations (algebraic, numerical, and graphical) connected in a coherent
OAT OAT AA |} OOE Becondidgé&bednlis®dcohdf.d dre don&ant and also
because we knew the formula of accefation is &/ t26[81] h theCyreater is the angle, the
EAOOAD OEA DAGADUEAxEBDORODOBOOO OI 1 xAd Al
EECHAODD Or 4EA COA DA ADDAO AD [1ABHBRY. ThHEAGB A 0
used by students also are detectors o& physical interpretation blended with the
mathematical description: in [81] Valeria refers to the formula of accelerationin [112-
113] the trend of the graph is explained by referring to the speed of the bailh [107] the
OAOiI 001 T xA0Od OOAA O AEAOAAOAOEUA OEA OO/
could also be used to describe the motion of the ball at the beginning of its descent on the

inclined plane. The graphic and kinematic aspects arblended as i the graph and the

141



phenomenon were the same thingLooking at the mathematical discourse with the lens
of the modelling cycle, this step could be interpreted as a return to the real phenomenon

after having mastered the mathematical interpretation.

11.3.4Layer(d): Adaptive teaching strategies

The four strategies identified in the 2017 Galileo T.E. are clearly recognizable also in this

teaching experiment. Some examples follow:

1 - Semiotic gamethis strategy often manifests only in its oral components with tk revoicing or
OAAAEOOOI AT O 1T £ shfthe t€ahé FA 300D enbexampleAdE semiotic game
involving also the gestural component can be recognizeat [70], where Silvianot only repeats

&AAET 80 x1 OAhem odovmulaté anevOddidstion, but also imitates the gesture

previously performed by Fabio with her arm.

2 - Fostering the discussion in the classroom afatilitating its flow: in this T.E. this second
strategy emerges even more predominantly becaudée class is not much talkative and making
guestions is astrategy widely used by the teacher to enhance the conversation and to dig deeply

ET O OOOAAT 086110 . Mbreokek, Gt [185pwge have a typical example of the
non-judging behavior of Silviawho instead of underliningthe OO OA AT 68O | EOOAEAR
attention of the whole classroomO1 A OT OOET ¢ OOOAAT 0066 OBIT 1T OAT Al
shows that the coefficient of the function is not the half of first finite dferences making the
computations out loud and so leading students to realize that they are not correct; at [136] Adele
corrects herself spontaneouslyAnother feature emerging from the analysis of this T.E. is the
springboard roleassumed by the teacherher questions are often the starting point of a wider
discussion,or she starts an open sentence leaving to students the possibility to complete it:
@GEAOA x1T O A AA ANOAI AEEOOO £EIT EOA AEEAZEAOAT AAG
3-%@DI 1T OET ¢ OO0 A thihkd@ GuesfiochOHaveloffen thd doal to promote an

the answer provided by the studenty, O7EU AEA UI O ZEZET A EO Eii AZ
AAlT AOI AON B4 At paearre AEAT O T &£ OEA EOT AOEITT ET xE
4-$ OAxET ¢ OOOAAT 6O8 AOOAT OET T O OEA uset irhedi AOE
learning process:an example of this strategy can be observed in Episode BL(2.6); at this point

of the discussion,the teacherwould like students to relate the increase in speed of the bdth the

numerical values of f.d. At [106] the teacher directs the attention of thstudents to the applet
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OET x1 11 OEA ) 7d Olefex 8 ¥absadusira pbihthggesm®./Glulidnitially
refersOT OEA COAPEN 111U ET A OAATTA 111 AT O OEATE
a different answer, Fabiomoves his attention to the table of f.d. and then Silvia insists on this

point and on its physical interpretation.

11.4 (CONCLUDING REMARKS

Oneof the main conjectures formulated during theprospective analysisand confirmed by the
data analysis is the numerous referenceto a physical interpretation of the real phenomenon
CEOAT OEA OOOAAT 608 11 OA A pwAWwhénkeiehingAdkifekigeol OT A
reproducing the Galileo experiment, they refer to the speed of descent of the ball [65] and are
able to envision a variationof the angle of inclination of the pane [65]. It is just the clever
coaching of the discussion managed by the teacher that determines the direction of the
discussion andestablishes some parameters as fixed'he speed of the ballis intended as a
magnitude itself and covaried with the angleof inclination [73-75]. The discussion does not
reveal much insistence on the covariation between the numerical values of the magnitudes
involved: the analytical phase ofmathematical discourselasts less and already at the end of the
first discussion somegroups reach an objectified level, that is a global view of the distantene
graph. They do not succeed immediately in the elaboration of a mathematical formula, but they
conceptualizethe graph as a seconddegreefunction, deducing it from thenumerical values of
finite differences [81], and manage to represent it in agraphical form [85]. Secondorder
covariation does not emerge spontaneously, but theeacher enhances it thanks to hewise
questioning.

What does not emerge is the misconceptiobetween the trajectory and the law of the motion of
the ball. Students instead refer to acceleration, a notion that they have not explored yet during
their physics lessors and so they call it into question in an intuitive way, adopting an everyday
language and as a generalization of the concept of velocity. Silvia does not insist much on the
incorrect way in which students refer to it but many times during the discussion underlines that
the formula of acceleration is their deduction and not something expditly provided by the video

or the applet.

During the working group sessionon the second applet the groups succeed in elaborating a
general formula describing the situation [95] in which the coefficient depends on the second

finite differences and the description of the graph is often related to a physical interpretation of
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the motion of the ball [99-100]. Students describe ira qualitative way how the angle affects the
trend of the graph [101-103] and graspthe dependence of finite differences o the angle of

inclination [102].

The presence of a constant reference to the real phenomenon is also made manifest in the use of
a blended language, e.,an interpretative level of the discoursethat was absent in the 2017 T.E.
and that denotes a wisermastery of the steps ofthe modelling cycle. During the second
discussion the teacher leads the students in sharing with the whole classroom the different
considerations that they have elaborated during the workinggroup session even if the class is
not very talkative and Silvia must stimulate a lothe discussion to makestudentsintervene, the
objectified and interpretative levels of the mathematical discourse that emerge are a clear
symptom of the greater advance in the conceptualization of the phenomenon both from

mathematical and physical standpoint.

11.4.1Toward secondrder covariation: comparing the tweaching experiments

Comparing the two T.Es (2017 and 2019), the following considerations can beelaborated:

- QOV 2 emerges less during the 2017 T.E. because students possessarrower
mathematical background: theyfavour an everyday language, while 10 grade
students possess the mathematical knowledge to succeed faster in a mathematical
formalization. Thanks to this wider background, during 2019 T.E. thanalytical phase
lasts less,and students can move faster to the ieel of objectification anda higher
order of covariation;

- In 2019 T.E., finite differences are theartefact that mainly support the
instrumentation of covariation and allow the use of a preanalytic language that will
foster during schooling the introduction to the concept ofincremental ratio and then
of derivative. Finite differences are considered a magnitudehemselves even if
encapsulatingthe rate of change of a magnitude in time, and they are covaried with
both the graph [107] and thespeed of the ball [111];

- The intermediate order of covariation manifests in both the T.Es and it can be
interpreted as a progression toward seconebrder covariation: it mainly manifests as
a conceptualization of the dependence dhe coefficient of the function on something,
in this case the angle of inclination from the physical point of view [11827] and

lately on second finite differences on themathematical point of view [93-136]. A
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provisional interpretation , requiring deeper knowledge, leads us tattribute to this
intermediate order a cognitiveconnotation rather than a mathematical oneit can be
intended as first levelof QOV 2 in which the studentmentally envisions that one of the
magnitude changes in a ifferent way with respect to the others involved and
influencing the whole mathematical scenario: at this level student€an use an
AT OEOEAOEA A@POAOGOEITT 11 OA OBdAdescribethis OECI
covariation;

- In the two classroom discussios, secondorder covariation is reached with two
different approaches:in the 9 grade classroom, OV 2 emerges from the initial
magma of the magnitudes at stakein the 10" grade classroom, OV 2 is often
flattened into OV 1 between distance andime: this kind of GOV 1 absorbs what &
COAAA OOOCAAT OO Ai Ol AT6O0 AGPOAOO AAAAOOA ¢
OAOiI OAAAAI AOAGET 16 EO OOAA ET AT ET AT OOA
they perceive as necessary to describe the s#tion, i.e. a change in velocity. Hence, in
this case physical notions support the reasoning process and allow a more compact
way of reasoning Using a metaphoridmage,we could say that the main difference
lays in the different initial approach to the discussion: in 2017 it is from below,
ascending fromthe magma of magnitudes; in 2019 it is from abovyedescending from
0O 0 O A Aided daihematical background.

11.4.2Student®? FSSRolF Ol OFNBY ¢l ail 10

In this paragraph, we are going to report andbriefly comment on some of the answers provided
by students toTask7 (11.1.7). We arenot going to provide amethodologically rigorous analysis,

but reading their inputs represented for us the chance to verifyif the goals of the
experimentation and methodology proposed were achieved antb make some reflections before

starting planning the following T.E. Indeed, we are going to report some of their answers.

To question 1), the totality of students agreed that obtaining the lawf the inclined plane using
AEZEZEAOAT O O1T 11 0O0h OAT AAT AA OF OOO6AU OEA OAI A
OO0AT ADIT ES5|@againO DA OET OO0 AODPAAOO 61 A48 Bdnestudentd OEA
motivated in synthesis the peculiarities of eaclhof the adopted tools. The video provided a

OCAT AOAT ZEOAIT AxT OEh EO OET xAA xEAO iechAspectOWeA DE/
EAA O DAU AGCAA e Biarddpoid®i o< A®4 XOEAO 1T &£ O1T 1T A OF A
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experiment was conducted by another person, without mad OEAT OEAAIT ApA.T AAO
The GeoGebra appleAT AAT AA O1T OOAA Al1l OEA BORARODXIEME
OETl xET ¢ OEA 1 EISEX) Dhetéxubf Galle® IEIGU0A & 4&E AT O OO1 AR
AT A OAAT EAAAO T &£ xET AOAAOAA E&22RdndifinalyittizA O
experimenfi O A ibrdsultedSmprecise, was useful to show that what [they] had hypothesised

and OOOAEAA £OT I OEA OEAT OAOE-S1R) Othiei dfubedts ihsad,O E A x
O1 AAOI ET AA OEAO OEA AgPAOEI AT O OxAO 1106 1 OAE
proving the law of the inclined plane, but doing it,they] realized the complexity and difficulties

OEAO OOOAIT U " AT EIAT ESH ET DPOIT OEIC EEO OEAT OU.

Question 2) specifically invited to focusn the potentialities of the GeoGebra applet anstudents
OOAOAA OEAO EO xAO OOA £OI eoGEhrddapdleA Wad like doivgdani O d,
AGPAOEI ATO AT A OAA PEUOEAAI T U3 OER BAI OAOIT @il
i AEET C 1T AT U AA3pAtOM M OFEG 1A00A A14K0 O1 OOAA A1l OE/
problem all on the same plane A O AT I PAOA OE A3 ODIAYOE | DOE A A 1OAC
changing easily the inclination of the planavas very beneficiab #34uxYh AT A OOE Ol OC
I AOGAET AA ET OEA APPI AO ¥ OEAUY Al Ol A CGAIOEAU EE

Fil ATTunh T ATU OOOAAT OO £Z£EITEIC ET Oy theOA OOE
motion of the ball on the inclined plane was efficient because interactive and satisfying (for the

AT 1T Al OOET 1 GS1EOOE A q d nipfedtjnilated inthA OAAOAE &I O- A Ol
sish ET ZAAOh O&ZET AET ¢ A £ O0i 61 A AU AT Al UOGET C
EAET AET ¢ A £ Of O01-Ax 8 CANANAQEBDIAC 60EA xOOA T £ AE,

made the activity more engaging adto some extentEOT 6-S2t. 4 x
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12 DEWPOINT TEACHING EXPERINER20)

This third and last teaching experiment took place in September/October 2020: the design
of the tasks and planning of the T.E. was conducted in summer 2020 by the teacher, Silvia, and
me under the supervision of Prof. Arzarello. The T.E. took nearly 3 weekf work for a total
amount of nearly 12 hours including somehours of homework. The methodology of work was
nearly the same of the previous T.Egroup-work sessions followed by classroom discussion
mediated by the teacher. She always started from the different answers of the groups,
underlining similarities and differences, and enhancing an argumentative approado justify

their assumptions.

Participants

The 11th grade classroom involved was the same of the 2019 T.E.: it was still made of 22 students
and during the working group sessions, they worked divided in the same 5 small growporks
of the previous experimentation. The mathematical backgraud of these students has been
already described in Chapterl0O; moreover, students added to their background an entire
experimentation devoted to covariation (even if this term was never explicitly used by Silvia
with her students) and they increased thi mastery in working with functions. Students had not
studied yet the exponential finctional: this teaching experimentwas the pretext to introduce
this function to her students at the end oft, but these lessons are not part of our study

During this T.E. concerning the investigation of the relation between temperature and humidity,
many notions of sciencewere required; students hal already studied them in their science
lessons inthe previous years, but a general review of these conceptgas planned as integral

part of the activities during the designphase of the T.E.

Data collection

This teaching experiment was conducted during the period dhe Coronavirus pandemic, hence
it was held in a mixed modality: partially in presence and partially online througtGoogleMeet
platform. All the lessons were recorded through the recating function offered by the Meet
platform and, the teacher, on her own, also positioned some devices within the classroom to
record the lessons. All the materials produced were collected and shared oGaogleClassroom
platform. As aresearcher, | participated to most of the lessons but connecting on the Meet

platform, becausd was not allowed to be present in the classroom.
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The parents of the studentsand the schoolconsented to the use of the multimedia material

produced and the original version of thausedconsent form is contained inAppendix A.

12.1 OVERVIEW OF THE TASKPRISPECTINEALYSIS

As presented in8.2.3, this T.E. had three maimims:. (a) investigatng the relationship between
humidity and temperature; (b) reading and interpreting the psychrometric chartin order to
explain real phenomena; (c) distinguising the role of variables and parameters in reading
charts. These goals were achieved through the eloitation of different representations of the
same phenomenon a classroom experiment, a real psychrometric charand two GeoGebra
applets. This time, the classroom experiment constitutel the starting point of the whole
modelling activity and, as the da& analysis reveatd, it wasa solid reference point throughout
the whole TE.: it represented the element which enablel students to interpret from a physical
point of view the mathematical representationsIn this T.E.a different competence of second
order covariation is required. In the 2017 and 2019 T.E.s, being able to reason covariationally
was intended agthe ability to construct andinterpret graphs of the typey=f(m,x)representing a
real phenomenon. Thistime it is more complicated because, in a nutshell, secondrder
covariation lays in the ability to interpret a situation that mathematically is described bythe
same formulaf(x,y,z)=0in which once the parameter isy and once isz. Inour specific casey and

z are connected to each other by the wortiumidity (absolute/relative).

All the tasksof the T.E.are reported below in different worksheets we are going to present all
the details and theprospective analysis,merely of those tasks that we are going to analyze in the
following. The tasks which are not object of analysis will be presented briefly, just to provide an

overall view of the experimertation.

12.1.1Task 1

As homework, students were assigned the reading @& newspaper article 23 published on la
Repubblicawhich dealt with the topic of hot temperature in summer and in its titlecontained
1) Have youever heard of relative humidity? When? On with occasions?

2) Have youever heard of perceived temperature? On wich occasions?

23 The newspaper article (in Italian) is available online at thigage

148


https://www.repubblica.it/cronaca/2019/06/27/news/meteo-229750255/

Students wrote their answers directly onthe Classroomplatform. The following lesson the
teacherintroduced a classroom discussioron the answers provided and then they searched on
Internet the definitions of perceived temperature, absolute humidity, reldave humidity, their
units of measure and thedefinition of dew point. During the lessonsome concrete examples
accompanying theintroduced notions were quoted (condensation on the can, the steam on the
mirror after the showerh Ox AAOQOET C OU OO\ Inthé Ikt pardof thellessAn, Filias
displayed on the IW a GeoGebra applet (Sole.ggeeFigure 43) in which a table contained the
values of temperature and relative humidity collected during a sunny day antdvo graphs
represented those same sets of dataith respect to time. The teacher explained how the data
were collected and represented; in particular, since the magnitudes represented @nand y-axis
have different units of measure,some suitable translations and dilatations were introduced to

make them more readableand comparable

jlio di calcolo = v Grafici
GIC [ = [E-
A B | ¢ b | E| F
Tempo T°C Umrel% T°CMod URMod
o 18.5 74 L5 1
T 025 174 82 0.4 8
w3 172 82 0.2 8
0.75 17.2 85 0.2 8.75
1 17.3 B3 0.3 8.25
© 125 176 82 06 8
C L7 179 83 09 825
2 18 84 185
2.25 18.7 34 1.7 85
1 2.75 19.3 81 2.3 7.75
3 198 81 28 775
315 203 79 33 725
3.75 206 74 36 6
4 21.2 74 4.2 1
© 425 217 71 47 525
43 223 64 53 35
4.75 23.3 &4 6.3 3.5
5 238 63 6.8 3.25
6 239 59 69 225
615 251 50 8.1 0
63 259 52 8.9 0.5

Figure 43 z Screenshot of the GeoGebra applet, Sole.ggb
12.1.2Task 2

After the previouslesson students were assigned as homework taead atheoretical worksheet
containing all the principal notions related totemperature and humidity, which had already
been recalled,and to watch a videcd? containing the same explaation provided during the
previous lessort after that, studentswere asked to answer the following question3) Is there a
relation between temperature and relative humidity?

Students uploaded their answers orthe Classroomplatform. The following lesson, the teacher
started a classroom discussion commentingn their answers.At the end ofthe discussion Silvia

made the following experimentwith her students: given ametal pot full of water at room

24 The video (in Italian) made by the teacher is availableere.
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temperature, they gradually added some cubes of icevery time they registered time passed
and the lowertemperature in the pot. When they saw the outside surface of the pot fogging, that
temperature corresponded to the dew point. All the dta were collected on the blackboard
(Figure 44).

Figure 44 z Data of the experiment reported on the blackboard

As homework, students were assigned to watch a vid&omade by me reproducing the dew point
experiment, anexpedient that we adopted to allow students to workin a subsequent moment
on acommon dataset. The language used in the video to present the experiment, which is
reported in the First Worksheetabout Task 3 (2.1.3), is deliberately of Galilean memory, both
to create a link with the experimentation in which the studentswere involved during the
previous year and to underline the importance of sensible experiences for the experimental

scientific method. After viewing the video, students had taeplicate the experimenton their own.

12.1.3Task 3

Students faced a working group sessioaf 1-hour on Google Meet divided in the same 5 groups
(A-B-CG-D-E) of the 2019 T.Eand worked on the worksheet reported below translated into
English. During the session, students started from the data of the experiment presented in the
video, and they wee asked for a possible relation between the starting temperature and the dew
point temperature. Then they were guided through the readingf areal psychrometric chart
reported in their worksheet, and subsequentlyusing a GeoGebra applet simulating it, stlents
were asked to find the coordinates of the point of intersections between the green curves
(indicating a different percentage of relative humidity) and the horizontal liney=ybew poinT
Finally, students were asked again for a possible relationship between temperature and
humidity. The sessions were recorder through Meetbut they will not be analyzed in the

following. The approach to this task was mainly explorative but given the comgikity of the

25 The video is availablenere.
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psychrometric chart and the huge amount of information contained in it, it took times to the
students to answer the questions on the worksheet.

This task was followed by thour discussionin presence(Discussion 1)led by the teacher during

WEEAE OOOAAT O Gliareddnddisduss@ Morebv@rdguided by the teacher, students
tried to retrace the steps ofthe pot experiment on the psychrometric diagramOneepisode from

this discussion will be analyzed in the following section.

First Worksheet (Task 3)
Rinsein classwith your classmates and thetake a bucket with water and icea pot full for 3/4
of water, athermometer,and a syringe with which you will gradually inject the frozen wate
into the pot, which you will mix with care. You will measure and record the temperature av
You will diligently observe the outside of the pot: when you see the air fogging on it, detber
measured temperature. Thawill be the dew point.
Which is the temperature of the water at the beginningof the experiment?
Does it correspond to thetemperature of the air in the roonf?
Which temperature doesthe dew point correspond to (see theoreticalwork sheet)?
Time passed (hh:mm:ss) Temperature (°C)

0:00:00 21,6

0:01:51 21

0:02:25 20,5

0:03:10 20

0:04:33 19,5

0:05:36 19

0:07:04 18,5

0:08:51 18

0:10:18 17,5

0:12:00 17

0:14:56 16,5

0:17:33 16

0:20:03 15,5

0:23:35 15

0:27:11 14,5

0:28:24 14,3
According to you, doeshe pressure changealuring the experiment? Why?
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Thinking about the dataof the videoand of your homemade experiment, do you think there
Is a relationship between theinitial temperature and the dew point?

We will learn to read the psychrometricchart or Carrier diagram, usdul to determine the
properties of a water-to-air mixture at constant pressure. On the-axis the temperatures of
the dry air are reported, while on they-axis theabsolute humidity is indicated. The graph is
OEA TTA AAI T x AOCdGhlendim tobbérddd. RoAthis réadoAvie wilt faze@d
step by step.

Open thefile psicrometrica.ggb(Figure 45); the green curves indicate the relative humidity
of the mixture. The 100% relative humidity curve is the saturation curve, which is the dev
temperature curve.Move therh (relative humidity) and temperature sliders and locate the
point P on the saturation curve (the one with 100% relative humidity) which corresponds tc
the dew temperature obtained in the experiment.

Write here its coordinates P=( , )

Draw the horizontal line y=y» and look for the curve of relative humidity that passes
through the point Q that has ordhate equal toyp and asabscissa theaoom temperature, the
initial one of the water.What is the relative humidity at this point?

Mark points P and Q on thaliagram below.

AERMEC

PSYCHROMETRIC CHART . i 3
DIAGRAMME PSYCHROMETRIQUE 3 bh i ; =l
PSYCHROMETRISCHES DIAGRAM iy w0 o 8 *
DIAGRAMMA PSICROMETRIC o %5 oA o [ 4
(Pas = 1,013 bar) R Ah, - N # é s

Yo

% % % % %
% % % 3 %
e : ¢ w 5o ) e w B s

Using the psicrometrica.ggb file again, move the temperature anth (relative humidity)
sliders and find the coordinates of the points of intersection between the horizontal ling=yp
and the green curves of the relative humidity. Complete the following table.

Temperatur e | Absolute humidity | Relative hu midit y
P 1 10%
P2 20%
P 3 30%
P 4 40%
P5 50%
P_6 60%
P 7 70%
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P8 80%

P_9 90%

P 100%

Read the values in the table. What do yawtice?

How dotemperature and humidity vary? Can you find a relationship that describes thie
variation?

Corresponding computer screen

ur=§
-

temperatura = 14.3

- elal

ua = Umidit assoluta

= massa di vapor acquea (g) in 1 kg di aia secca

Figure 45 z Screenshot of the psicrometrica.ggb applet interface

12.1.4Task 4

At the end of the previous lessonthe following homework was assigned to students:

SecondWorksheet (Task 4)

What do you think will be the trend of the graph that represents the valueof relative
humidity as a function of temperature? Try to trace (freehand or with Geéebra, you choose)
alikely chart justifying your choicesadequately.

Students uploaded their works on Classroom the day before the lessdkt. the beginning ofthe
following lesson, the teacher devoted half an hour to a classroom discussi(iscussion 2)in
which she commentedon OOOAAT 008 AT OxA0OOd OEA OET xAA
provided by the studentsunderlining in particular the different approaches indrawing the graph

and asking them to motivate their choices.

12.1.5Task 5

During the second part of the previous lesson, students divided in small groupgaor 3 people so
to respect social distancingworked on the worksheet reported below translated intoEnglish.
The worksheet invited students to open a new GeoGebpplet, Nuovo_psicro(Figure 46),

showing this time the relationship between relative humidity, on they-axis, and temperaturepn
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the x-axis. A few questions guided students in observing which magnitudes were represented in
the new reference system with respect to the old one. Then a table recalled each step of the pot
experiment, which magnitudes varied and how, and howachstep of theexperiment could be
represented on the Carrier diagram. The result was a cycle on the chart. Finally, a question asked
to reproduce the same cycle in the new reference systemt the end of the lesson the groups

gave their worksheets to the teacher.

Third Worksheet (Task 5)

Open the GeGebra file Nuovo_psicro.ggb.

Which are the magnitudes represented on thg-axis andy-axis of the new reference system
Which were the ones in the oldsystem?

When switching from one reference system to another, what i%0 longer represented by the
coordinates? Can you identify the magnitude in question in the new reference system? Ho

Search and mark on the new graph the points P and Q, where:

- In the old reference system, the coordinates gfoint P are (14.3; 12.067@). It represents
the point on the saturation curve whee the temperature coincides with the dew
temperature;

- In the old reference system, the coordinates of point Q are (22.1355; 12.06708).
represents the point with room temperature and initial spedfic humidity: in other words, it

represents the initial situation regarding the specific humidity (no additional water vapor is
inserted or removed) and initial room temperature.

Is it correct to say that if the temperature increases by 8°C, then the ative humidity
increases by 8%?
Thinking back to the experiment of the pot, it is possible to describe it in this way:

What happens ety g e e How to move on the graph

change
Starting from a Absolute humidity =
certain initial constant R
temperature and Specific humidity =
with a given specific constant
humidity the pot gets | Relative humidity =
cooler. increase ,

Temperature = r—— i
decrease '
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While continuing to Absolute humidity = | sz
lower the decrease
temperature Specific humidity =
in the pot, some decrease
drops of water form Relative humidity =
on the wall: water constant _
vapor content in the Temperature = e
air condenses. decrease |
Let ustake off the Absolute humidity =
pot with the fogging constant
from the classroom Specific humidity =
and leave that the constant
ambient Relative humidity =
temperature returns decrease
to the initial value. Temperature =
increase

Can you repeathe same cycle on the new graph?
Corresponding computer screen

Figure 46 z Screenshot of theNuovo_psicraggb applet interface

This task was followed by two hours of classroom discussion, both of 1 hour and about a week
apart. During the first of the two discussion(Discussion 3h OEA OAAAEAO AEOA
attention towards the idea thatthe two graphs, contained in the two GeoGebra appledescribe

the same physical situation from two different mathematical pointsf view. In particular, the
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