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ABSTRACT 

This research project aims to investigate covariation understood not only as the ability to 

visualize two or more magnitudes while co-varying simultaneously (Thompson & Carlson, 

2017), but in a broader epistemological sense, as the ability to grasp relationships of invariance 

between two quantities. The need to better characterize more complex forms of reasoning 

performed by students in mathematical modelling activities, led us to introduce second-order 

covariation, a form of covariation that consists in describing relations in which not only variables 

are involved but also parameters (Arzarello, 2019). These enable to represent families of 

relationships between variables that is classes of real phenomena characterized, from a 

mathematical standpoint, through parameters, which determine the specificities of the 

mathematical model.   

The discussion of this theme arises not only from research needs in the field of Mathematics 

Education, i.e., the existence of a theoretical framework only partially useful to describe the 

covariational reasoning of students, but above all by its relevance in terms of teaching 

practices. There is a wide literature showing that in mathematical modelling situations the 

ability to reason covariationally is essential because it allows to visualize the invariant 

relationships that exist between quantities involved in dynamic situations (Thompson, 

2011). The indications for teaching mathematics in high schools (MIUR, 2010) underline the 

relevance of introducing mathematical modelling as a representation of classes of real 

phenomena. However, despite the acknowledged relevance of covariation for the learning of 

numerous mathematical concepts, in the National Indications, as well as in most textbooks, 

references to this approach are generally absent. The teachers themselves have little specific 

knowledge of covariation and therefore struggle to introduce it into their teaching practices. 

The data analyzed in this project come from three didactical experiments developed in some 

classes of a scientific high school and whose aim is the mathematical description of some real 

situations: specifically, the motion of a ball along an inclined plane and the relationship between 

temperature and humidity described in the so-called psychrometric diagram. Using appropriate 

technological tools, the students were guided in deriving a mathematical formula that described 

such phenomena and in recognizing the different role played by variables and parameters in the 

writing and reading of different registers of mathematical representations. Students' reasoning 

processes and the evolution of the different semiotic aspects (spoken, gestural, 
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representational) involved in the teaching-learning processes were analyzed; as well the 

support of technology and the role of the teacher in enhancing covariational reasoning through 

appropriate adaptive teaching strategies, were considered. 

This study led us not only to the elaboration of a broader theoretical framework, which 

consistently includes second-order covariation, but also to hypothesize the existence of a third-

order covariation. In addition, some research studies complementary to the main one described 

above, allowed us to explore the theme of assessment of covariation as a form of conceptual 

understanding and to elaborate a mathematical interpretation of the covariation construct using 

category theory (Mac Lane, 1978) and the cognitive mechanisms of conceptual blending 

(Fauconnier & Turner, 2002). 
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BREVE DESCRIZIONE 

Questo progetto di ricerca si propone di indagare la covariazione intesa non solo come 

capacità di visualizzare due o più grandezze mentre co-variano simultaneamente (Thompson & 

Carlson, 2017), ma in un più ampio senso epistemologico, come capacità di cogliere relazioni di 

ÉÎÖÁÒÉÁÎÚÁ ÔÒÁ ÄÕÅ ÇÒÁÎÄÅÚÚÅȢ ,ȭÅÓÉÇÅÎÚÁ ÄÉ ÃÁÒÁÔÔÅÒÉÚÚÁÒÅ ÍÅÇÌÉÏ ÆÏÒÍÅ ÄÉ ÒÁÇÉÏÎÁÍÅÎÔÏ ÐÉĬ 

complesse messe in atto da studenti in attività di modellizzazione matematica, ci ha portato a 

introdurre la covariazione al secondo ordine, una forma di covariazione che consiste nel 

descrivere le relazioni in cui sono coinvolte non solo variabili ma anche parametri (Arzarello, 

2019). Questi ultimi consentono di rappresentare famiglie di relazioni tra variabili cioè classi di 

fenomeni reali caratterizzati, da un punto di vista matematico, da parametri che determinano le 

specificità del modello matematico. 

La trattazione di questo tema nasce non solo da esigenze a livello di ricerca nel settore della 

$ÉÄÁÔÔÉÃÁ ÄÅÌÌÁ -ÁÔÅÍÁÔÉÃÁȟ ÏÖÖÅÒÏ ÌȭÅÓÉÓÔÅnza di un quadro teorico solo parzialmente utile a 

descrivere i ragionamenti covariazionali degli studenti, ma soprattutto da una sua rilevanza a 

ÌÉÖÅÌÌÏ ÄÉ ÐÒÁÔÉÃÈÅ ÄÉÄÁÔÔÉÃÈÅȢ )ÎÆÁÔÔÉȟ ÅÓÉÓÔÅ ÕÎȭÁÍÐÉÁ ÌÅÔÔÅÒÁÔÕÒÁ ÃÈÅ ÍÏÓÔÒÁ ÃÏÍÅ ÉÎ ÓÉÔÕÁÚÉÏÎÉ ÄÉ 

modellizzazione matematica sia essenziale la capacità di ragionare in modo covariazionale 

poiché essa consente di visualizzare le relazioni invarianti che sussistono tra grandezze fisiche 

ÃÏÉÎÖÏÌÔÅ ÉÎ ÓÉÔÕÁÚÉÏÎÉ ÄÉÎÁÍÉÃÈÅ ɉ4ÈÏÍÐÓÏÎȟ ςπρρɊȢ ,Å ÉÎÄÉÃÁÚÉÏÎÉ ÐÅÒ ÌȭÉÎÓegnamento della 

ÍÁÔÅÍÁÔÉÃÁ ÎÅÉ ÌÉÃÅÉ ɉ-)52ȟ ςπρπɊ ÓÏÔÔÏÌÉÎÅÁÎÏ ÌȭÉÍÐÏÒÔÁÎÚÁ ÄÅÌÌȭÉÎÔÒÏÄÕÚÉÏÎÅ ÁÌÌÁ 

modellizzazione matematica intesa come rappresentazione di classi di fenomeni reali eppure, 

ÎÏÎÏÓÔÁÎÔÅ ÌÁ ÒÉÃÏÎÏÓÃÉÕÔÁ ÉÍÐÏÒÔÁÎÚÁ ÄÅÌÌÁ ÃÏÖÁÒÉÁÚÉÏÎÅ ÐÅÒ ÌȭÁÐprendimento di numerosi 

concetti matematici, nelle Indicazioni Nazionali così come nella maggior parte dei libri di testo i 

riferimenti a questo approccio sono generalmente assenti. Gli insegnanti stessi hanno poche 

conoscenze in merito alla covariazione e quindi faticano a introdurla nelle loro pratiche 

didattiche. 

I dati analizzati in questo progetto provengono da tre sperimentazioni didattiche condotte in 

alcune classi di un liceo scientifico e aventi come obiettivo la descrizione matematica di alcune 

situazioni reali quali, nello specifico, il moto di una pallina lungo un piano inclinato e la relazione 

tra temperatura e umidità descritta nel cosiddetto diagramma psicrometrico. Attraverso 

ÌȭÕÔÉÌÉÚÚÏ ÄÉ ÏÐÐÏÒÔÕÎÉ ÓÔÒÕÍÅÎÔÉ ÔÅÃÎÏÌÏÇÉÃÉȟ ÇÌÉ ÓÔÕÄÅÎÔÉ ÓÏÎÏ ÓÔati guidati nel ricavare una 

formula matematica che descrivesse tali fenomeni e nel riconoscere il differente ruolo svolto da 
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variabili e parametri nella scrittura e lettura di diversi registri di rappresentazione matematica. 

Sono stati analizzati i procesÓÉ ÄÉ ÒÁÇÉÏÎÁÍÅÎÔÏ ÄÅÇÌÉ ÓÔÕÄÅÎÔÉȟ ÌȭÅÖÏÌÕÚÉÏÎÅ ÄÅÉ ÄÉÖÅÒÓÉ ÁÓÐÅÔÔÉ 

semiotici (parlato, gestualità, rappresentazioni) coinvolti nei processi di insegnamento-

ÁÐÐÒÅÎÄÉÍÅÎÔÏȟ ÉÌ ÓÕÐÐÏÒÔÏ ÄÅÌÌÁ ÔÅÃÎÏÌÏÇÉÁ Å ÉÌ ÒÕÏÌÏ ÄÅÌÌȭÉÎÓÅÇÎÁÎÔÅ ÎÅÌ ÆÁÖÏÒÉÒÅ ÉÌ 

ragionamento covariazionale adottando adeguate strategie didattiche adattive.  

1ÕÅÓÔÏ ÓÔÕÄÉÏ ÃÉ ÈÁ ÐÏÒÔÁÔÏ ÎÏÎ ÓÏÌÏ ÁÌÌȭÅÌÁÂÏÒÁÚÉÏÎÅ ÄÉ ÕÎ ÐÉĬ ÁÍÐÉÏ ÑÕÁÄÒÏ ÔÅÏÒÉÃÏ ÃÈÅ 

ÉÎÃÌÕÄÅÓÓÅ ÉÎ ÍÏÄÏ ÃÏÅÒÅÎÔÅ ÌÁ ÃÏÖÁÒÉÁÚÉÏÎÅ ÁÌ ÓÅÃÏÎÄÏ ÏÒÄÉÎÅȟ ÍÁ ÁÎÃÈÅ Á ÉÐÏÔÉÚÚÁÒÅ ÌȭÅÓÉÓÔÅÎÚÁ 

di un terzo ordine di covariazione. Inoltre, alcuni studi di ricerca complementari a quello 

principale finora descritto, ci hanno permesso di esplorare il tema della valutazione della 

covariazione intesa come forma di apprendimento concettuale e ad elaborare 

ÕÎȭÉÎÔÅÒÐÒÅÔÁÚÉÏÎÅ ÍÁÔÅÍÁÔÉÃÁ ÄÅÌ ÃÏÓÔÒÕÔÔÏ ÃÏÖÁÒÉÁÚÉÏÎÅ usando la teoria delle categorie (Mac 

Lane, 1978) e i meccanismi cognitivi del blending concettuale (Fauconnier & Turner, 2002). 
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1 INTRODUCTION 

International studies in Mathematics Education have deeply underlined and supported with 

evidence-based research the importance of covariational reasoning for a deep understanding of 

many mathematical concepts like proportion, rate of change, variable, periodic functions, 

exponential growth, and in particular functions of one and two variables (Thompson, 1994a; 

Thompson & Silverman, 2008; Thompson & Carlson, 2017), the conceptualization of dynamic 

situations (Carlson et al., 2002; Carlson, 1998), and a full comprehension of many physical 

magnitudes, for instance force, work, momentum and energy (Thompson et al., 2017). 

#ÏÖÁÒÉÁÔÉÏÎÁÌ ÒÅÁÓÏÎÉÎÇ ÅÍÅÒÇÅÓ ×ÈÅÎ ÓÔÕÄÅÎÔÓ ÁÒÅ ÁÂÌÅ ÔÏ ÒÅÁÓÏÎ ȰÁÂÏÕÔ ÖÁÌÕÅÓ ÏÆ Ô×Ï ÏÒ ÍÏÒÅ 

ÑÕÁÎÔÉÔÉÅÓ ÖÁÒÙÉÎÇ ÓÉÍÕÌÔÁÎÅÏÕÓÌÙȱ ɉ4ÈÏÍÐÓÏÎ Ǫ #ÁÒÌÓÏÎȟ ςπρχȟ ÐȢ 422), namely in case they are 

ÁÂÌÅ ÔÏ ÇÒÁÓÐ ȰÔÈÁÔ ÔÈÅÒÅ ÉÓ ÁÎ ÉÎÖÁÒÉÁÎÔ ÒÅÌÁÔÉÏÎÓÈÉÐ ÂÅÔ×ÅÅÎ ÔÈÅÉÒ ÖÁÌÕÅÓ ÔÈÁÔ ÈÁÓ ÔÈÅ ÐÒÏÐÅÒÔÙ 

ÔÈÁÔȟ ÉÎ ÔÈÅ ÐÅÒÓÏÎȭÓ ÃÏÎÃÅÐÔÉÏÎȟ ÅÖÅÒÙ ÖÁÌÕÅ ÏÆ ÏÎÅ ÑÕÁÎÔÉÔÙ ÄÅÔÅÒÍÉÎÅÓ ÅØÁÃÔÌÙ ÏÎÅ ÖÁÌÕÅ ÏÆ ÔÈÅ 

ÏÔÈÅÒȱ ɉThompson & Carlson, 2017, p. 436). The issue of covariational reasoning has gained an 

increased educational interest in the last decades, and its theoretical framework is enlarging and 

detailing from many different points of view, but there are still many research gaps and 

perspectives that are worthy to be explored and we are going to describe and address all these 

issues in the following, underlining the scientific relevance of this research.  

1. Covariation is essential for modelling activities  

There are many reasons why students struggle with the concept of function, in mathematics as 

well as in all the STEM-areas. One main reason is that students are often introduced to the 

concept of function through a static definition, for instance the one of Bourbaki (1939) as a 

relationship between the elements of two sets, a definition adopted also in textbooks today 

widely used in school such as Manuale.blu di matematica (2020). Consequently, students do not 

understand the dynamic nature of functions conceptualized by covariation, that is how the 

independent and the dependent variables change together. #ÁÒÌÓÏÎȭÓ ÓÔÕÄÉÅÓ (1998) highlight 

the lack of a covariational approach may be one of the reasons why students are unable to 

interpret dynamic situations and to construct meaningful formulas suitable for representing one 

quantity as a function of another. 

Covariation is crucial in activities of mathematical modelling because Ȱthe operations that 

compose covariational reasoning are the very operations that enable one to see invariant 
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relationships among quantities in dynamic situationsȱ (Thompson, 2011, p. 46), and so it reveals 

essential for entering into the so-called modelling cycle (Blum, 1996). Despite the recognized 

importance of covariation, most of mathematics curricula do not contain explicit references to 

covariation and therefore even teachers do not enhance it in their school practices.  

2. The theoretical framework of covariation is worthy to be enlarged 

The already existing theoretical framework about covariation deeply addresses how students 

reason when trying to co-vary two or more variables, and this kind of characterization relies on 

ÔÈÅ ÃÏÇÎÉÔÉÖÅ ÆÅÁÔÕÒÅÓ ÏÆ ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇȢ )Î ÔÈÅ ÌÁÓÔ Ô×Ï ÄÅÃÁÄÅÓ ÎÅ× ÔÈÅÏÒÅÔÉÃÁÌ 

perspectives emerged and they mainly developed in two directions: the first one refers to the 

design principles of activities enhancing covariation and specifically the role of technology, e.g., 

DGS environment, in supporting covariational reasoning processes (e.g., Johnson et al., 2017; 

Johnson, 2013). This thread of research mainly provides a wider characterization of the 

covariation construct from a didactical point of view, investigating how supporting covariational 

reasoning at a task design level and teaching practices level. The second line of research, a more 

recent one, approaches covariation as a larger form of reasoning that considers mathematical 

objects jointly with their mathematical relations. This enlarged vision of covariation allows to 

coherently introduce a more complex form of reasoning, second-order covariation (Arzarello, 

2019), the main object of investigation of this research project, which consists in the description 

of invariant relations in which are involved not only variables but also parameters. The latter 

allow to represent families of relations between variables, that is classes of real phenomena 

characterized, from the point of view of the mathematical representation, by peculiar 

parameters determining the specificities of the mathematical model. Hence, this broadening of 

the existing framework about covariation enables to include an improvement of the theoretical 

construct of covariation with the introduction of second-order covariation, and to widen the 

characterization of this construct not only on the cognitive side, but also from didactical and 

mathematical standpoints.  

3. Teachers also struggle with covariation  

Covariation is a complex type of reasoning, and many students meet difficulties in attaining and 

maintaining it (e.g., Adu-Gyamfi & Bossé, 2014; Carlson et al., 2002; Ellis et al., 2016). These same 

bodies of literature suggest that since covariational reasoning is uncommon among students, 

instruction should emphasize it in students' learning activities and should place an increased 
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ÅÍÐÈÁÓÉÓ ÏÎ ÔÅÁÃÈÅÒÓȭ ÉÎÓÔÒÕÃÔÉÏÎÓ ÔÏ ÒÅÁÃÈ ÉÎÄÉÖÉÄÕÁÌ ÓÔÕÄÅÎÔÓͻ ÃÏÇÎÉtive needs for prompting 

covariational reasoning. The truth is that teachers also struggle with a covariational view of the 

concept of function and are usually not so efficient in teaching this concept, especially when a 

function within the same family of functions varies with respect to varying parameters.  

As previously hinted, adaptive instruction may be a first answer to this issue: investigating how 

teachers interact with students to adapt their instruction to teach complex mathematical 

concepts ÁÎÄ ÓÐÅÃÉÆÉÃÁÌÌÙ ÔÈÅ ÔÅÁÃÈÅÒȭÓ ÒÏÌÅ ÉÎ ÆÁÃÉÌÉÔÁÔÉÎÇ ÓÔÕÄÅÎÔÓȭ ÅÖÏÌÕÔÉÏÎ ÔÏ×ÁÒÄÓ ÔÈÅ 

understanding of a specific mathematical content, covariation in our case, carries important 

theoretical, methodological, and pedagogical implications. But the key to a successful adaptive 

instruction is a deep knowledge and mastery of both first - and second-order covariation which 

would equip teachers with a flexible overview of handling adaptive teaching of covariation in 

school at a theoretical as well as at a practical level. 

4. The assessment of covariation 

Given the peculiarity and complexity of covariation as a theoretical and cognitive construct, and 

its rare presence in school practices, the assessment of this form of reasoning turns out to be 

challenging. Even studies on mathematical modelling do not propose a systematic exploration 

of the issue of its assessment, which should reflect not only the aims of applications and 

appropriate modelling (Blum, 2015), ÂÕÔ ÁÌÓÏ ÓÔÕÄÅÎÔÓȭ ÁÂÉÌÉÔÙ ÔÏ ÒÅÁÓÏÎ ÉÎ Á ÃÏÖÁÒÉÁÔÉÏÎÁÌ 

manner. In addition, covariational reasoning deals with a typical conceptual knowledge 

construct, which is more complex than a content area or procedure to be assessed because of 

the variety and compÌÅØÉÔÙ ÏÆ ÓÔÕÄÅÎÔÓȭ forms of reasoning. Bisson et al. (2016) highlight the 

difficulties of using standard assessment practices when conceptual understanding is under the 

lens and even in Italy assessing conceptual understanding and the connections between 

different mathematical domains or between different subjects like math and physics is 

underrepresented in summative mathematics tests. While already existing method of 

assessment of covariation mainly focus on the features of the proposed tasks and its possible 

answers or on the taxonomy of covariational reasoning, we are not aware of studies that explore 

its assessment though the adoption of a holistic method that also supports teachers that are not 

so confident with all the facets of this form of reasoning. As it will be discussed later (Chapter 

15), we identified in the comparative judgement a valuable tool, whose features could support 

the assessing of a complex construct as covariation, especially when it expresses forms of 

conceptual understanding. 
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The theoretical characterization of the construct of covariation, both from a cognitive, didactical, 

and mathematical standpoint, is the main object of investigation of this research and we are 

going to address the issues set out in points 1-2-3 of this Introduction in the main body of this 

work. The state of art about covariation with reference to existing literature will be exposed in 

detail in Chapter 2 along with some new perspectives about covariational reasoning arose in the 

last decades (Section 2.1) and some historical notes about the relevance of this form of reasoning 

in different fields of Mathematics (Section 2.2). In Chapter 3, the main conceptions and 

approaches to the concept of function in mathematics, including the covariational one, will be 

recalled together with the epistemological obstacles that students face when dealing with 

functions in modelling activities. Moreover, the support of technology is a valuable ally to 

introduce covariation in classroom activities and to instrument this kind of reasoning processes 

(Chapter 4). Chapter 5 contains a preliminary formulation of the research questions that led us 

in the design of this study both on an experimental, methodological, and epistemological level.  

The complexity of the topic of covariation and the numerous standpoints from which it is 

analyzed required various and suitable theoretical lenses to be networked: the four theoretical 

perspectives (semiotic bundle, commognition, conceptual blending and adaptive teaching) are 

presented in their main aspects in Chapter 6 jointly with their network. A clear definition of the 

theoretical framework enabled us to produce a definitive formulation of the research questions 

(Chapter 7). The methodology of our research is illustrated in Chapter 8 that is structured in the 

following four sections: the main features of a qualitative research based on teaching 

experiments (8.1), the design principles connoting our experimentations (8.2), the 

methodological tool of the Timeline (8.3) and finally some notes concerning the methods for data 

analysis (8.4). Moreover, given the relevance of the role of the teacher we collected some 

relevant information about her background and the school where the teaching experiments 

were conducted in Chapter 9. Chapters 10, 11, and 12 are devoted to the analysis of the three 

teaching experiments and the structure is recurrent : overview of the tasks and prospective 

analysis, data analysis of some selected episodes, discussion of the results according to four 

different layers of analysis, and some concluding remarks. Eventually Chapter 13 contains the 

answers to the research questions, some didactical implications and limitations of this study and 

some further purposes of research.  

The last part of the thesis contains some extra chapters related to the topic of covariation which 

were not part of the original design of the research and respond to specific research purposes.  
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Indeed, the discussion of the results of the research revealed the need of a further investigation 

of the theoretical construct of covariation so to enlighten the characterization of second-order 

covariation and this interpretation emerged in particular in the last teaching experiment. These 

evidences led us to explore a mathematical interpretation adopting the universal language of 

category theory and the cognitive lens of conceptual blending. Preliminary results are exposed 

in Chapter 14.  

The issue of the assessment of covariational reasoning in the form of conceptual understanding 

is specifically addressed in Chapter 15 adopting the technique of comparative judgement as 

method of assessment. Chapter 16 is a deeper exploration of the features of the notion of 

instrumented covariation and contains an analogy for variables and parameters based on C 

programming language.  
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2 THE STATE OF ART ABOUT COVARIATION 

Covariational reasoning started being considered and studied as a theoretical construct only 

in the late 1980s and early 1990s. Covariational reasoning entails thinking about how two 

ÑÕÁÎÔÉÔÉÅÓȭ ÖÁÌÕÅÓ ÃÈÁÎÇÅ ÔÏÇÅÔÈÅÒȢ However, there is no single understanding of what ways of 

thinking constitute covariational reasoning and in the following we are going to recall the main 

conceptions that contributed to a full conceptualization and definition of this construct. 

Confrey (1991) and Confrey and Smith (1994) described a preliminary notion of covariation, 

where students coordinate a completed change in the values of x with a completed change in the 

values of y. Hence, they ÃÈÁÒÁÃÔÅÒÉÚÅÄ ÃÏÖÁÒÉÁÔÉÏÎ ÉÎ ÔÅÒÍÓ ÏÆ ÃÏÏÒÄÉÎÁÔÉÎÇ Ô×Ï ÖÁÒÉÁÂÌÅÓȭ ÖÁÌÕÅÓ 

as they change. 

Thompson and Thompson (1992) and Thompson (1994a; 1993), in the theory of quantitative 

reasoning, described a notion of covariation where students simultaneously track two 

ÑÕÁÎÔÉÔÉÅÓȭ ÖÁÒÙÉÎÇ ÖÁÌÕÅÓ: Á ÑÕÁÎÔÉÔÙ ÉÓ ÄÅÆÉÎÅÄ ÁÓ ÓÏÍÅÏÎÅȭÓ ÃÏÎÃÅÐÔÕalization of an object such 

that it has an attribute that could be measured; a person reasons covariationally when she 

ÅÎÖÉÓÉÏÎÓ Ô×Ï ÑÕÁÎÔÉÔÉÅÓȭ ÖÁÌÕÅÓ ÖÁÒÙÉÎÇ ÁÎÄ ÔÈÅÎ ÅÎÖÉÓÉÏÎÓ ÔÈÅÍ ÖÁÒÙÉÎÇ ÓÉÍÕÌÔÁÎÅÏÕÓÌÙ. 

Saldanha and Thompson (1998) further ÅÌÁÂÏÒÁÔÅÄ 4ÈÏÍÐÓÏÎȭÓ ÎÏÔÉÏÎ ÏÆ ÃÏÖÁÒÉÁÔÉÏÎȢ 4ÈÅÙ 

explained that their notion of covariation ÉÓ ȰÏÆ ÓÏÍÅÏÎÅ ÈÏÌÄÉÎÇ ÉÎ ÍÉÎÄ Á ÓÕÓÔÁÉÎÅÄ ÉÍÁÇÅ ÏÆ 

Ô×Ï ÑÕÁÎÔÉÔÉÅÓ ÖÁÌÕÅÓ ɉÍÁÇÎÉÔÕÄÅÓɊ ÓÉÍÕÌÔÁÎÅÏÕÓÌÙȱ ɉÐȢ 299). The individual mentally forms a 

multiplicative object, a new conceptual object formed merging the attributes of the two initial 

quantitiesȢ !ÃÃÏÒÄÉÎÇ ÔÏ ÔÈÅ ÁÕÔÈÏÒÓȟ ÔÈÉÓ ÎÏÔÉÏÎ ×ÁÓ ÄÅÒÉÖÅÄ ÆÒÏÍ 0ÉÁÇÅÔȭÓ ÎÏÔÉÏÎ ÏÆ and as a 

multiplicative operator  (1950), an operation that Piaget described as underlying operative 

ÃÌÁÓÓÉÆÉÃÁÔÉÏÎ ÁÎÄ ÓÅÒÉÁÔÉÏÎ ÉÎ ÃÈÉÌÄÒÅÎȭÓ ÔÈÉÎËÉÎÇ. The authors clarify that their idea of 

ÍÕÌÔÉÐÌÉÃÁÔÉÖÅ ÏÂÊÅÃÔ ÄÉÆÆÅÒÓ ÆÒÏÍ ÔÈÅ ÏÎÅ ÃÏÎÔÁÉÎÅÄ ÉÎ 3ÆÁÒÄȭÓ ÔÈÅÏÒÙ ÏÆ ÒÅÉÆÉÃÁÔÉÏÎ ɉρωωρɊ 

because it should not be intended as a mathematical concept that a person can operate upon 

mentally, but as a specific cognitive act: hence, the focus is not on the resulting object, but on the 

cognitive process itself. To provide an example of multiplicative object, the conceptualization of 

ÔÏÒÑÕÅ ÒÅÑÕÉÒÅÓ ÔÏ ÃÏÎÃÅÉÖÅ ÔÈÅ ȰÁÍÏÕÎÔ ÏÆ Ô×ÉÓÔȱ ÔÈÉÎËÉÎÇ ÓÉÍÕÌÔÁÎÅÏÕÓÌÙ ÔÏ Á ÆÏÒÃÅ ÁÎÄ ÔÈÅ 

ÄÉÓÔÁÎÃÅ ÆÒÏÍ Á ÆÕÌÃÒÕÍ ÔÏ ÔÈÅ ÆÏÒÃÅȭÓ ÐÏÉÎÔ ÏÆ ÁÐÐÌÉÃÁÔÉÏÎ (Thompson & Saldanha, 2003), or 

again ordered pairs represented by points in the Cartesian plane are multiplicative objects when 

understood as values of two quantities that vary simultaneously. 

Thompson et al. (2016) deeply investigated the relevance of creating a multiplicative object from 

two magnitudes to mastering a covariationaÌ ÍÅÁÎÉÎÇ ÆÏÒ ÇÒÁÐÈÓȢ 4ÈÅÙ ÓÕÇÇÅÓÔÅÄ ÔÈÁÔ ÓÔÕÄÅÎÔÓȭ 
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difficulties with graphs could be partially attributed to not having conceived points on a graph 

as multiplicative objects that condense two measures simultaneously. 

Carlson and colleagues (2002) described a developmental notion of covariation, where students 

begin by coordinating directional changes in the values of two quantities and eventually 

coordinate continuous change in one quantity with the instantaneous rate of change of another 

quantity. Moreover, Castillo-Garsow (2012) identified three distinctions ÏÆ ÓÔÕÄÅÎÔÓȭ thinking 

ÁÂÏÕÔ ÈÏ× Á ÑÕÁÎÔÉÔÙȭÓ ÖÁÌÕÅ ÖÁÒÉÅÓȡ ÄÉÓÃÒÅÔÅȟ ÃÈÕÎËÙ ÃÏÎÔÉÎÕÏÕÓȟ ÁÎÄ ÓÍÏÏÔÈ ÃÏÎÔÉÎÕÏÕÓ.  

The current view of covariational reasoning as a theoretical construct, which has been widely 

presented in The Compendium for Research in Mathematics Education (Thompson & Carlson, 

2017), retains emphasis on three main elements: (i) quantitative reasoning and multiplicative 

objects, (ii) coordination of changes in quantitiesȭ ÖÁÌÕÅÓ, and (iii) the  ways in which an 

individual conceives quantities as varying. It consists of a hierarchy of six different framework 

ÌÅÖÅÌÓ ÔÈÁÔ ×Å ÁÒÅ ÇÏÉÎÇ ÔÏ ÐÒÅÓÅÎÔ ÒÅÆÅÒÒÉÎÇ ÔÏ ȰÔÈÅ ÂÏÔÔÌÅ ÐÒÏÂÌÅÍȱ as done in Thompson and 

Carlson (2017). In the bottle task, given a bottle of a certain shape, students are asked to sketch 

a graph of the height of the water in the bottle as a function of the amount of the poured water.  

Ɇ A student at the no coordination level (L0) would not coordinate the height of the water 

with the amount of water contained in the bottle.  

Ɇ At the pre-coordination of values level (L1), a student would observe that when some 

water is added to the bottle, the height of the water increases. 

Ɇ At the gross coordination of values level (L2), the student would describe this covariation, 

ÓÁÙÉÎÇ ÔÈÁÔ ȰÔÈÅ ÈÅÉÇÈÔ ÉÎÃÒÅÁÓÅÓ ÁÓ ÔÈÅ ÖÏÌÕÍÅ ÉÎÃÒÅÁÓÅÓȱ.  

Ɇ A student at the coordination of values level (L3) would coordinate the values of the 

×ÁÔÅÒȭÓ ÈÅÉÇÈÔ ÉÎ ÔÈÅ ÂÏÔÔÌÅ ×ÉÔÈ Á ÃÅÒÔÁÉÎ ÉÎÃÒÅÍÅÎÔ ÏÆ ÔÈÅ ÑÕÁÎÔÉÔÙ ÏÆ added water.  

Ɇ A student at the chunky continuous covariation level (L4) would envision the height of the 

water changing simultaneously with the amount of water, but these changes would refer 

ÔÏ ÉÎÔÅÒÖÁÌÓ ÏÆ Á ÆÉØÅÄ ÓÉÚÅȟ ×ÉÔÈ ÔÈÅ ÓÔÕÄÅÎÔ ÕÎÁÂÌÅ ÔÏ ÐÅÒÃÅÉÖÅ ÔÈÅ ÖÁÒÉÁÂÌÅÓ ȰÈÅÉÇÈÔȱ ÁÎÄ 

ȰÖÏÌÕÍÅȱ ÁÓ ÐÁÓÓÉÎÇ ÔÈÒÏÕÇÈ ÔÈÅ ÉÎÔÅÒÍÅÄÉÁÔÅ ÖÁÌÕÅÓ ÏÆ the interval.  

Ɇ In the end, a student at the smooth continuous covariation level (L5) would conceive height 

and volume as varying simultaneously through intervals in a smooth and continuous way. 

These framework levels can be interpreted as descriptors of a class of behaviors or as the 

ÃÈÁÒÁÃÔÅÒÉÓÔÉÃÓ ÏÆ Á ÐÅÒÓÏÎȭÓ ÃÁÐÁÃÉÔÙ ÔÏ ÒÅÁÓÏÎ ÃÏÖÁÒÉÁÔÉÏÎÁÌÌÙȢ ! ÐÅÒÓÏÎ ÓÈÏ×ÉÎÇ Á ÃÅÒÔÁÉÎ ÌÅÖÅÌ 

of covariational reasoning means that she is able to reason reliably at lower levels but cannot 
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reason reliably at higher levels. Co-variation necessarily involves two or more magnitudes 

varying simultaneously; when conceptualizing how a single quantityȭÓ ÖÁÌÕÅÓ vary, the authors 

refers to it as variational reasoning, a framework consisting itself of six different cognitive levels:  

¶ Variable understood only as symbol; 

¶ No variation (L0) of the variable is perceived, it has a fixed value; 

¶ Discrete variation (L1), when the variable is conceived as assuming specific values; 

¶ Gross variation (L2), if the values of a variable are conceived as increasing or decreasing; 

¶ Chunky continuous variation (L3)ȟ ×ÈÅÎ ÔÈÅ ÖÁÒÉÁÂÌÅȭÓ ÖÁÌÕÅÓ ÁÒÅ ÉÎÔÅÎÄÅÄ ÁÓ ÃÈÁÎÇÉÎÇ ÂÙ 

intervals of a fixed size; 

¶ Smooth continuous variation (L4), when ÔÈÅ ÖÁÒÉÁÂÌÅȭÓ ÖÁÌÕÅÓ ÁÒÅ ÉÎÔÅÎÄÅÄ ÁÓ ÃÈÁÎÇÉÎÇ 

smoothly and continuously within those intervals.  

Some other concluding remarks concerning the cognitive construct of covariation follow. 

Saldanha and Thompson (1998) speak of global image of the simultaneous states of two co-

varying quantities and graphs are intended as a modality to represent this image: in short, 

covariation is not just finalized to the reading and drawing of mathematical diagrams. 

Thompson and colleagues (2017) have never investigated the problem of covariational 

reasoning among quantities whose values are related by a formula, but recent studies have been 

elaborated in this area involving students of algebra and analysis courses (Frank, 2016). 

Finally, even if the existing literature until now is limited to a small number of subjects, its 

findings suggest that reasoning covariationally is uncommon among students and teachers, at 

least in the U.S where most research studies about covariation are carried out. Moreover, studies 

that investigate covariational reasoning either internationally or with a large, geographically 

diverse sample are not known (Thompson et al., 2017). 

2.1 NEW PERSPECTIVES ABOUT COVARIATION 

In the last years, new perspectives about covariation emerged as line of research in Mathematics 

Education and in this paragraph we are going to present three main contributions that have 

some contact points with our study. 

1. Metavariation, Hoffkamp (2009; 2011) 

In the German educational context the term functional thinking was introduced for the first time 

with the so-called Meraner reform of 1905 initiated by Felix Klein. In its initial and broad sense, 
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the term functional thinking addressed thinking in variations and functional dependencies and 

emphasized the aspects of chÁÎÇÅȢ !ÃÃÏÒÄÉÎÇ ÔÏ 6ÏÌÌÒÁÔÈȭÓ ÄÅÆÉÎÉÔÉÏÎ ɉρωψωɊ, functional thinking 

can be intended as the typical way to think when working with functions and in German 

mathematics curriculum the idea of functional dependency is one of the five central 

competencies, which form the mathematics education. Recently Hoffkamp (2009; 2011) 

analyzed how the use of Interactive Geometry Software (IGS) allows the visualization of the 

dynamic aspect of functional depencies simultaneously in different representations and offers 

the opportunity to experiment with them. Specifically, she underlined how some activities 

designed with IGS allow two levels of variation. The first level is that of covariation, when one 

can visualize the dynamic aspects varying within the given situation. To understand a dynamic 

situation one needs to construct an executable mental model to achieve mental simulation. The 

second level, called metavariation, arises when one changes the situation itself and watches the 

effects on the graph. Metavariation allows the user to investigate covariation in several 

scenarios. It is a variation within the function that maps the situation to the graph of the 

underlying functional dependency and changes the functional dependency itself. This leads to a 

more global view of the dependency. Therefore metavariation refers to the object view of the 

function, forces the detachment from concrete values, and leads to a qualitative view of the 

functional dependency and its local and global characteristics. Metavariation is intended as a 

step towards the perception of a function as an object.  

Moreover, in the case studies analyzed by Hoffkamp in her research, the students were always 

asked to verbalize their observations when working with the applets in the IGS environment. 

Language acquires a role of mediator between the representations and the mental images of the 

students, so it  is of special importance in the conceptualization process (Janvier, 1978). 

2. Instrumented covariation and second-order covariation, Arzarello (2017; 2019)  

In 2017 Arzarello remarked how covariation is an omnipresent idea within modern 

mathematical thinking. Therefore he suggested considering covariation not just as limited to the 

introduction of the concept of function but as a form of thinking with a larger epistemological 

and cognitive value, which considers mathematical objects together with their mutual relations. 

Moreover, he observed that covariation can be approached with a certain success since the first 

years of primary school thanks to the support of technological tools and analyzed some case 

studies supporting this claim (Arzarello, 2017; 2019).  
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Conceiving suitable didactical situations where students are introduced to covariational 

reasoning thanks to the mediation of appropriated artefacts constitutes a clear example of what 

he calls instrumented covariation, a didactical counterpart of the covariation construct that we 

are going to deepen in Chapter 4.  

Moreover, analyzing the data from a secondary school teaching experiment about the modelling 

of a physical situation, i.e., a ball rolling along an inclined plane, Arzarello (2019) noticed that 

the law of the motion of the ball, a formula linking two variables and a parameter, was 

interpreted by students according two levels: the first one is that of the covariation between the 

two variables involved, time and distance, the second level is that of the covariation between the 

distance-time graph and the parameter depending on the angle of inclination of the plane. This 

second level is called second-order covariation and its identification gave rise to new research 

questions concerning its rigorous definition, its relationship with the already existing theoretical 

framework about covariation and its didactical implications. The denomination second-order 

covariation well fits with the terminology ȰÓÅÃÏÎÄ ÏÒÄÅÒ ÆÕÎÃÔÉÏÎÓȱ used by Bloedy-Vinner 

(2001) to address those functions whose argument is a parameter and whose corresponding 

outputs are equations or functions. 

3. Covariation through a commognitive lens, Lisarelli (2019) 

The Ph.D. research project conducted by Lisarelli (2019) aimed at investigating and describing 

ÓÔÕÄÅÎÔÓȭ ÌÅÁÒÎÉÎÇ ÏÆ ÆÕÎÃÔÉÏÎÓȟ ×ÈÅÎ ÉÎÔÒÏÄÕÃÅÄ ÔÏ ÔÈÉÓ ÎÏÔÉÏÎ ÔÈÒÏÕÇÈ Á ÐÁÒÔÉÃÕÌÁÒ ÄÙÎÁÍÉÃ 

approach, which stresses its covariational aspects: specifically, the dynamic aspects of the 

concept of variable and the dependency among variables. 

The theoretical lens of commognition (Sfard, 2008) was adopted in this study to investigate 

covariation and it was a novelty in the research paramount. Commognition was used to:  

- analyze ÔÈÅ ÓÔÕÄÅÎÔÓȭ ÅÍÅÒÇÉÎÇ ÄÉÓÃÏÕÒÓÅÓ ÏÎ ÃÏÖÁÒÉÁÔÉÏÎ: categorizing the several 

instances of ÃÏÖÁÒÉÁÔÉÏÎ ÉÎ ÓÔÕÄÅÎÔÓȭ ÄÉÓÃÏÕÒÓÅȟ Lisarelli identified three different levels 

of covariation mirroring the expert discourse on covariation: (i) covariation of time and 

distance (the two variables involved in the tasks); (ii) covariation of the dependent 

variable with respect to the independent one; (iii) covariation of ratios that is ȰÁ 

ÄÅÓÃÒÉÐÔÉÏÎ ÏÆ ÔÈÅ ÓÐÅÅÄ ÏÆ Á ÖÁÒÉÁÂÌÅ ×ÉÔÈ ÒÅÓÐÅÃÔ ÔÏ ÔÈÅ ÓÐÅÅÄ ÏÆ ÔÈÅ ÏÔÈÅÒ ÏÎÅȱ ɉ,ÉÓÁÒÅÌÌÉȟ 

2019, p. 204)Ȣ )Î ÐÁÒÔÉÃÕÌÁÒȟ ÔÈÅ ÁÕÔÈÏÒ ÓÔÁÔÅÓ ÔÈÁÔ ȰÓÔÕÄÅÎÔÓ ÅØÐÒÅÓÓÅÄ ÃÏÖÁÒÉÁÔÉÏÎ ÂÙ 

using verbs that refer to movement and changing over time, and with th e help of dynamic 
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visual mediators such as gestures, dragging and dragsturing1 ÁÃÔÉÏÎÓȱ ɉLisarelli, 2019, p. 

205); 

- collect the expressions used by students to read f(a)=b and analyze how they use the 

word Ȱfunctionȱ in their discourses. The recognized expressions explicitly mentioned the 

dependence relation, contained some references to motion and the most reified 

realizations of correspondence were even without words.  

As a didactical implication, the study suggesteÄ ȰÁ ÓÐÅÃÉÆÉÃ ÄÅÓÉÇÎ ÏÆ ÁÃÔÉÖÉÔÉÅÓ ÔÈÁÔ ÃÁÎ ÂÅ 

employed in order to exploit the use of dynamic realizations of functions within a DIE [Dynamic 

Interactive Environment] ÔÏ ÓÕÐÐÏÒÔ ÔÈÅ ÅÍÅÒÇÅÎÃÅ ÏÆ ÓÔÕÄÅÎÔÓȭ ÄÉÓÃÏÕÒÓÅ ÏÎ ÆÕÎÃÔÉÏÎÓ ÉÎ ÔÅÒÍÓ 

ÏÆ ÃÏÖÁÒÉÁÔÉÏÎ ÏÆ Ô×Ï ÑÕÁÎÔÉÔÉÅÓȱ ɉLisarelli, 2019, p. 225). The analysis of the discourse of the 

involved students ÒÅÖÅÁÌÅÄ ÎÕÍÅÒÏÕÓ ȰÒÅÆÅÒÅÎÃÅÓ ÔÏ ÔÈÅ ÄÙÎÁÍÉÃ ÁÎÄ ÔÅÍÐÏÒÁÌ ÁÓÐÅÃÔÓ ÏÆ 

functions and graphs of functions and also their frequent use of non-ÆÏÒÍÁÌ ÍÁÔÈÅÍÁÔÉÃÁÌ ×ÏÒÄÓȱ 

(Lisarelli, 2019, p. 226). As stated by the author, an aspect that is absent in her study is a focus 

on the role of the teacher. In our research, given the relevance of the teacher in enhancing the 

transition to higher order covariational reasoning and the importance of teacher-led classroom 

discussion, we are going to deal with the analysis of emerging adaptive teaching strategies. 

2.2 SOME HISTORICAL NOTES 

Covariation became an explicit form of reasoning in mathematics around 1000 C.E., but for 

several centuries it had been considered only as a way of thinking and not as a mathematical 

concept. Attention to covariation from a theoretical standpoint was initiÁÔÅÄ ÂÙ +ÌÅÉÎȭÓ ÅÁÒÌÙ 

twentieth century research2 (2016) and then was explored in more recent papers (Janvier, 1978; 

Swan, 1985; Saldanha & Thompson, 1998) that deeply contributed to its theoretical definition 

toward the end of 20th century (Thompson & Carlson, 2017).  

The notion of function mainly developed as a search for relationships between concrete, 

dynamic and continuous variables and to express the idea of change. Ancient scholars lacked a 

mathematical description of movement because they saw distance and time as measurable 

quantities, but not speed which was conceived only in its qualitative nature (Arzarello, 2008). 

Indeed, according to Aristotelian philosophy, qualities (qualia) and quantities (quanta) 

represented two distinct categories: qualities referred to the kind of subject or event considered; 

 
1 Dragsturing = action subsuming both dragging and gesturing characteristics. 
2 Its original work dates to 1908 but the first complete translation into English from the original German Edition of 
the three volumes dates to 2016.  
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quantities to something displaying the possibility of being measured and so being attributed 

numerical values. Ideas changed from the Middle Ages onwards, and it was in the XIV century 

that new revolutionary ideas developed at the Merton College at Oxford (1280-1340), and in 

Paris with Nicole Oresme (1325-1380). The Medieval philosophers realized that qualities also 

have an intensity, qualia began to be considered as quanta, and started that process of 

quantification of qualities, which developed through different approaches (Sylla, 1971). 

The term Merton College or Merton School generally denotes four major Mertonians: John 

Dumbleton, Richard Swineshead, William Heytesbury, and Thomas Bradwardine. The Mertonian 

approach to the quantification of qualities that has been defined by historians as arithmetical 

and algebraic. Strongly influenced by the studies in the field of optics, Mertonians initiated an 

addition theory regarding only intensities of qualities, and often entirely neglecting extension. 

Thanks to the so-called Merton mean degree theorem or mean speed theorem, ÓÔÁÔÉÎÇ ÔÈÁÔ ȰÁ ÂÏÄÙ 

moving with a uniformly accelerated motion covers the same distance in a given time as a body 

ÍÏÖÉÎÇ ÆÏÒ ÔÈÅ ÓÁÍÅ ÄÕÒÁÔÉÏÎ ×ÉÔÈ Á ÕÎÉÆÏÒÍ ÓÐÅÅÄ ÅÑÕÁÌ ÔÏ ÉÔÓ ÍÅÁÎ ɉÏÒ ÁÖÅÒÁÇÅɊ ÓÐÅÅÄȱȟ they 

proved that Ȱuniformly difform, i.e. linearly increasing or decreasing, qualities correspond to 

their mean degreesȱ ɉSylla, 1971, p. 9). Nonetheless, Mertonians did not try to support their 

claim that their measures were additive with empirical experiments and nevertheless were 

aware that the additivity of their measures was an important issue. By the way, this approach 

ÌÁÔÅÌÙ ÃÏÎÔÒÉÂÕÔÅÄ ÔÏ Á ÄÅÖÅÌÏÐÍÅÎÔ ÏÆ Á ÑÕÁÎÔÉÆÉÃÁÔÉÏÎ ÏÆ ÑÕÁÌÉÔÉÅÓ ȰÂÁÓÅÄ ÏÎ ÉÎÔÅÎÓÉÔÙ ÁÓ ÁÎ 

ÅØÔÅÎÓÉÖÅ ÁÎÄ ÁÄÄÉÔÉÖÅ ÑÕÁÌÉÔÙȱ ɉSylla, 1971, p. 15). 

On the other hand, Oresme initiated an approach to the quantification of qualities that can be 

labelled as geometrical: he distinguished between qualitative intensity and extension and 

proposed geometrical methods of representing the configurations of qualities. In his work, 

Tractatus de configurationibus qualitatum et motuum (1350), he used the term configuratio with 

two different meanings: the first meaning refers to the use of geometrical representations to 

ÇÒÁÐÈ ÉÎÔÅÎÓÉÔÉÅÓ ÉÎ ÑÕÁÌÉÔÉÅÓ ÁÎÄ ÖÅÌÏÃÉÔÉÅÓ ÉÎ ÍÏÔÉÏÎȢ Ȱ4ÈÕÓ ÔÈÅ ÂÁÓÅ ÌÉÎÅ ÏÆ ÓÕÃÈ ÆÉÇÕÒÅÓ ÉÓ ÔÈÅ 

subject when discussing linear qualities or the time when discussing velocities, and the 

perpendiculars raised on the base line represent the intensities of the quality from point to point 

ÉÎ ÔÈÅ ÓÕÂÊÅÃÔȟ ÏÒ ÔÈÅÙ ÒÅÐÒÅÓÅÎÔ ÔÈÅ ÖÅÌÏÃÉÔÙ ÆÒÏÍ ÉÎÓÔÁÎÔ ÔÏ ÉÎÓÔÁÎÔ ÉÎ ÔÈÅ ÍÏÔÉÏÎȱ ɉ#ÌÁÇÅÔÔȟ 1970, 

p. 226) (Figure 1). The resulting figure represents the whole distribution of intensities in the 

quality i.e., the quantity of the quality, or in case of motion the total velocity or the total space 

traversed in the given time. To provide an example, a quality of uniform intensity is thus 
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represented by a rectangle that is its configuration, while a right triangle represents a quality of 

uniformly nonuniform intensity starting from zero intensity ( Figure 1). Concerning the law of 

falling bodies, Oresme suggested that the speed of the fall of bodies is directly proportional to 

the time of fall, rather than the distance of fall. He did not apply the Merton rule of the measure 

of uniform acceleration by its mean speed, as done by Galileo lately, but he knew this rule and 

provided the first geometric proof of it in one of his works (Clagett, 1970).  

 

Figure 1 ɀ On the left, a page of Tractatus de latitudinibus formarum (1505), a reduced version 
of the original book by Nicole Oresme. On the right, a rectangle and a right triangle 

representing respectively the configuratios of a quality of uniform intensity and a quality of 
uniformly nonuniform intensity  

Covariational reasoning appeared dramatically in mathematics with the birth and development 

of modern algebra through the works of Viète, Descartes, and others. The methods of analysis 

and synthesis in algebra, borrowed from the geometry of the Greeks, introduced a revolutionary 

way of approaching the problems of mathematics, which Lagrange in the early 19th century could 

summarize as follows: ȰAlgebra taken in the most extensive sense, is the art of determining 

unknowns by functions of known quantities, or which are regarded as knownȱ (Lagrange, 1806, 

p. vii).  

Not only, the method of covariational reasoning with physical quantities enabled to express 

mathematically the physical laws and so made possible the birth of modern science with the 
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sensate esperienze e necessarie dimostrazioni [sensible experiences and mathematical 

demonstrations] of Galileo. With his master work Discorsi e dimostrazioni matematiche intorno 

a due nuove scienze attenenti alla meccanica e ai movimenti locali [Discourses and Mathematical 

Demonstrations Relating to Two New Sciences] (1638), Galileo decreed the end of the medieval 

theory of mechanics and of the entire Aristotelian cosmology founded on it. He has the merit of 

having shown that natural phenomena are not always trivial, but they can actually be really 

complex. After having formulated some hypotheses on the motion of falling bodies and having 

foreseen the trend of a ball rolling along an inclined plane, he performed some experiments to 

confirm his assumptions. After hundreds of replications of his sophisticated experiment, Galileo 

could state that ȰÇÌÉ ÓÐÁÚÉÉ ÐÁssati esser tra loro come i quadrati de i tempi, e questo in tutte le 

inclinazioni del piano, cioè del canale nel quale si faceva scender la palla; dove osservammo 

ancora i tempi delle scese per diverse inclinazioni mantener esquisitamente tra loro quella 

proporzione3ȱ ɉ'ÁÌÉÌÅÏȟ ρφσψɊȢ   

The conception of quantitiesȭ values varying continuously deeply contributed to the arise of 

calculus as a body of thought (Kaput, 1994) and so continuous covariation can be seen as central 

to the development of the mathematical notion of function (Thompson & Carlson, 2017). Just to 

quote a relevant author, Newton in his The method of fluxions and infinite series (1736) explicitly 

spoke of quantities flowing from one value to another and so assuming specific values.  

According to Boyer (1946), the final stage in the development of the concept of function started 

with the definition of function introduced by Dirichlet (1838) basing on a precise law of 

ÃÏÒÒÅÓÐÏÎÄÅÎÃÅ ÂÅÔ×ÅÅÎ ÖÁÒÉÁÂÌÅÓȡ Ȱ)Æ Á ÖÁÒÉÁÂÌÅ y is so related to a variable x that whenever a 

numerical value is assigned to x, there is a rule according to which a unique value of y is 

determined, then y is said to be a function of the independent variable xȱȢ Nowadays in schools, 

the mathematical definition of function is that of Dirichlet translated into Cartesian products and 

ÏÒÄÅÒÅÄ ÐÁÉÒÓ ÁÃÃÏÒÄÉÎÇ ÔÏ "ÏÕÒÂÁËÉȭÓ ÄÅÆÉÎÉÔÉÏÎ ɉρωσωɊȡ Ȱ,ÅÔ E and F be two sets, which may or 

may not be distinct. A relation between a variable element x of E and a variable element y of F is 

called a functional relation in y if, for all x  ɴE, there exists a unique y  ɴF which is in the given 

relation with  x. We give the name of function to the operation which in this way associates with 

every element x  ɴE the element y  ɴF which is in the given relation with x, and the function is 

said to be determined by the given functional relation. Two equivalent functional relations 

 
3 Ȱ$ÉÓÔÁÎÃÅÓ ÔÒÁÖÅÒÓÅÄ ÁÒÅ ÐÒÏÐÏÒÔÉÏÎÁÌ ÔÏ ÔÈÅ ÓÑÕÁÒÅ ÏÆ ÆÁÌÌ ÔÉÍÅÓȟ ÁÎÄ ÔÈÉÓ ÉÎ ÁÌÌ ÉÎÃÌÉÎÁÔÉÏÎÓ ÏÆ ÔÈÅ Ðlane, that is of 
the channel in which the ball rolled down; where we observed again the times of the descents for various 
ÉÎÃÌÉÎÁÔÉÏÎÓ ÔÏ ÍÁÉÎÔÁÉÎ ÂÅÔ×ÅÅÎ ÔÈÅÍ ÅØÁÃÔÌÙ ÔÈÁÔ ÐÒÏÐÏÒÔÉÏÎȱȢ 
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ÄÅÔÅÒÍÉÎÅ ÔÈÅ ÓÁÍÅ ÆÕÎÃÔÉÏÎȱȢ "ÏÔÈ ÔÈÅÓÅ ÄÅÆÉÎÉÔÉÏÎÓ ÄÏ ÎÏÔ ÌÅÁÖÅ ÓÐÁÃÅ ÔÏ ÔÈÅ ÉÄÅÁ ÃÏÖÁÒÉÁÔÉÏÎ 

between ÖÁÒÉÁÂÌÅÓȭ ÖÁÌÕÅÓȡ ÔÈÅÙ ÁÒÅ ÓÔÁÔÉÃ ÁÐÐÒÏÁÃÈÅÓ ÔÈÁÔ freeze the dynamic nature of functions 

in the static language of set theory. 
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3 CONCEPTIONS OF VARIABLES AND FUNCTIONS 

In this chapter we are going to explore in synthesis the main conceptions of variables and functions 

which are both relevant for a clear theoretical framing and definition of first- and second- order 

covariation. Moreover, some hints about the teaching and learning of these concepts in school practice 

are outlined. Finally, the last section addresses the relevance of covariation in the mathematics curricula.  

3.1 VARIABLES AND PARAMETERS IN THEORY AND IN TEACHING PRACTICE 

The concept of variable assumes different roles in algebra (Bernardi, 1994; Küchemann, 1981); 

in Arcavi et al. (2016), in agreement with a larger literature, five facets of meaning are identified:  

- A variable can be intended as a placeholder of a numerical value, a blank space to be filled 

with a specific value within the formulation of an algebraic expression describing a 

certain situation. 

- A second facet is that of unknown, hence a number to be found like in the case of 

equations.  

- A third meaning is that of varying quantity: in this case the literal symbol does not 

represent a single value but rather a domain of possible values and hence incorporates 

and idea of motion and dynamicity.  

- A variable is a generalized number when it is used to describe general properties like 

physical laws or the formulas for the area and volume of geometrical figures.  

- Eventually, a parameter can be intended as a higher order variable in the sense that its 

value determines a situation as a whole.  

The meaning of these terms is therefore related to a specific context, but in the teaching practice 

it is not always defined or sometimes it is not because a rigorous definition would require a 

certain level of knowledge in the field of mathematical logic.  

Moreover, there exists tacit conventions on the choice of the letters to be used in the different 

contexts: x, y, z for unknows or undetermined variables; a, b, c for the coefficient of a curve in its 

canonical form; h, k for the parameters within families of lines or conics (Chiarugi et al., 1995). 

This fact involves the risk that such choices induce to understand the literal symbols as rigid 

designators (Arzarello, Bazzini & Chiappini, 1994, p. 37) and so that students facing an equation 

in which the unknown is denoted with the letter a instead of x, may find themselves in difficulty.  
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Among the various educational problems which students struggle with there are certainly the 

mastery of the manipulation of the symbols of algebraic language and particularly the distinction 

between variables and parameters (Reggiani, 2002; Furinghetti & Paola, 1994). These 

difficulties are related not only to the dependence on the role assumed by the letters according 

to the context, but also on the logical complexity required to explain the difference between their 

roles (Bloedy-Vinner, 2001). 

One of the first topic in which students face variables and parameters already in the first two 

years of high secondary school is the discussion of literal equations. An analysis of the textbooks 

currently in use revealed that the presence of a definition of the term parameter is of recent 

introduction. For instance, in Algebra.blu (2016), today of wide use in the school practice in its 

various reissues, the term parameter is used for the first time when introducing the literal 

problems and it is defined as Ȱa term that represents a known value and that is not an unknownȱ 

(p. 502). And again, in the paragraph devoted to literal equations Ȱthe lettersȱ present Ȱin 

addition to the unknownȱ (p. 506), are called parameters. This attempt of definition recalls those 

conventional choices described above and to the possible difficulties linked to them. 

3.2 CONCEPTIONS AND REPRESENTATIONS OF FUNCTIONS 

In the literature in Mathematics Education three main views of student conceptions of functions 

have been distinguished (Vollrath, 1989; Slavit, 1997) that collect various approaches. Now we 

are going to present them briefly including also the covariational approach in this classification:  

1. Action/operational views of function: this is the view initially acquired by students (Sfard, 

1989); it consists in computing the numeric values for a given input adopting an 

algorithm or a rule of association. In this view, functions are intended as non-permanent 

objects and the focus is on the computational aspects. 

2. Object-Oriented views of functionȡ ÔÈÉÓ ÖÉÅ× ÃÁÎ ÂÅ ÉÎÔÅÒÐÒÅÔÅÄ ÁÓ ÁÎ ÅÖÏÌÕÔÉÏÎ ÏÆ ÓÔÕÄÅÎÔÓȭ 

action-oriented view into an object-oriented notion, i.e., a more permanent one. Three 

main approaches fall into this category:  

- Correspondence or mapping approach, the one introduced by Confrey and Smith (1994) 

where quantity 1 is assigned to quantity 2, or equivalently asking for the value of f at x1 

and x2. &ÕÎÃÔÉÏÎÁÌ ÒÅÌÁÔÉÏÎÓÈÉÐÓ ÄÅÓÃÒÉÂÅ ÃÏÎÎÅÃÔÉÏÎÓ ÂÅÔ×ÅÅÎ Ô×Ï ÑÕÁÎÔÉÔÉÅÓȭ ÖÁÌÕÅÓȟ 

without making the quantities explicit. 
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- Covariation approach, deeply explained in Chapter 12,  that consists in the understanding 

of the way in which quantity 1 co-varies with quantity 2, or equivalently asking for how f 

changes with x. Thompson and Carlson (2017) introduced a definition of function that is 

based on this approach and according to them it was something missing in the literature. 

The meaning they propose is the following:  

a function, covariationally, is a conception of two quantities varying simultaneously such that there is 

ÁÎ ÉÎÖÁÒÉÁÎÔ ÒÅÌÁÔÉÏÎÓÈÉÐ ÂÅÔ×ÅÅÎ ÔÈÅÉÒ ÖÁÌÕÅÓ ÔÈÁÔ ÈÁÓ ÔÈÅ ÐÒÏÐÅÒÔÙ ÔÈÁÔȟ ÉÎ ÔÈÅ ÐÅÒÓÏÎȭÓ ÃÏÎÃÅÐÔÉÏÎȟ 

every value of one quantity determines exactly the value of the other. (Thompson & Carlson, 2017, p. 

436) 

The authors remark that a function is a conception, hence their definition does not use 

the terms independent and dependent variable because they entirely depend on the 

ÐÅÒÓÏÎȭÓ ÃÏÎÃÅÐÔÉÏÎ ÏÆ ÔÈÅ ÓÉÔÕÁÔÉon. 

- Holistic approach: the function is conceived as an abstract object resulting from a 

reification of mathematical operations and is described by holistic features (Sfard, 1991). 

3. Property-oriented view of function: this view of functions ȰÄÅÁÌÓ ×ÉÔÈ ÔÈÅ ÇÒÁÄÕÁÌ 

awareness of specific functional growth properties of a local and global nature, followed 

by the ability to recognize and analyze functions by identifying the presence or absence 

ÏÆ ÔÈÉÓ ÇÒÏ×ÔÈ ÐÒÏÐÅÒÔÉÅÓȱ ɉ3ÌÁÖÉÔȟ ρωωχȟ ÐȢ ςφφɊȢ &Õnctional properties can be classified 

into global such as symmetry and periodicity, or local like intercepts or points of 

inflections. Some properties such as continuity, transcend this possible classification. A 

student reifies the notion of function as mathematical object possessing or not possessing 

certain properties. This property-oriented view differs from the covariational approach 

because less emphasis is put on the way in which variables change and more emphasis is 

on the properties resulting from these changes.  

In addition to this vertical development of the concept of function, in which there is an evolution 

from process aspects to the function concept intended as an object, there is a horizontal 

development of the same concept that is obtained relating different representations. These two 

dimensions are called depth and breadth respectively of the function concept, where increasing 

depth means higher levels of cognitive abstraction (DeMarois & Tall, 1996). The breadth 

dimension consists of various representations such as the numeric one using tables, the 

geometric using graphs, and the symbolic using equations: these three facets have been widely 

discussed in the literature (e.g., Thompson, 1994b). Other facets are the written and verbal 

descriptions of function, the function notation, the colloquial facet using the notion of function 
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machine and the kinesthetic aspect might be represented by asking students to act out their 

understanding about function. The use of multiple representations strongly supports the 

learning of mathematical concept, but they are non-trivial for students to relate and identify 

connections (Ainsworth , 2006). More details concerning this issue will be provided in Section 

8.2.1.  

To conclude, some didactical remarks follow. In line with the definition of function established 

last century ɉÓÅÅ "ÏÕÒÂÁËÉȭÓ ÄÅÆÉÎÉÔÉÏÎ ÒÅÐÏÒÔÅÄ ÉÎ 3ÅÃÔÉÏÎ 2.2), in school practices and school 

textbooks, the notion of function is mainly introduced as a generalization of the concept of 

relationship. Here, an emblematic example from Manuale.blu di matematica (2020): ȰUna 

ÒÅÌÁÚÉÏÎÅ ÄÁÌÌȭÉÎÓÉÅÍÅ A ÁÌÌȭÉÎÓÉÅÍÅ B è una funzione se a ogni elemento di A associa uno ed un 

solo elemento di Bȱ4 (Vol. 1, p. 237). This approach is extremely static and does not leave space 

to an underlining idea of motion or dynamicity. The same holds for the possible representations 

of relationships that can be consequently applied to the specific case of functions.  In the same 

book (p. 229), four different types of representation are reported:  

- Enumeration, that is writing the set of all ordinate pairs of the elements that are in 

relationship e.g., R= {(2;1), (4;2), (6;3)}. 

- Sagittal representation or arrow diagram using Euler-6ÅÎÎȭÓ ÓÅÔ ÁÎÄ ÍÁËÉÎÇ ÖÉÓÉÂÌÅ ÔÈÅ 

correspondence between elements of the sets using arrows. 

- Double entry tables in which the elements of the first set are disposed in vertical, the 

elements of the second horizontally and the pairs in relations are marked by a cross. In 

the specific case of functions, can be translated into the two columns table used to 

represent a function by points.  

- The cartesian graph in which pairs in relation are detected by points. 

As already highlighted in Chapter 2, paired couples are an example of multiplicative objects but 

only when understood as values of two quantities that vary simultaneously, and this approach 

is not typically enhanced in school practices but most frequently reduced to the correct 

representation of some numerical values in a law of correspondence. 

 
4 A relationship from set A to set B is a function if to each element of A associates one and only one element of B. 
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3.3 RELEVANCE OF COVARIATIONAL REASONING IN THE MATHEMATICS 

CURRICULA 

Despite the recognized importance of covariation, school practices and mathematics curricula 

rarely focus on covariational reasoning, even in the U.S. where covariation is an extremely 

relevant research topic (Thompson et al., 2017). Exceptions can be found in a few Eastern 

countries like South Korea, Russia, and Japan (e.g., see Japanese Ministry of Education, 2008). 

Even the curricula for Italian secondary schools, both for second cycle MIUR (2010a, 2010b, 

2010c) and for first cycle MIUR (2012), do not contain explicit references to covariation. 

Concerning the curricula for scientific -oriented secondary school, an implicit reference can be 

found in the following statement, which could be interpreted according to a covariational 

ÒÅÁÓÏÎÉÎÇ ÐÅÒÓÐÅÃÔÉÖÅȡ ȰUn tema importante di studio sarà il concetto di velocità di variazione 

ÄÉ ÕÎ ÐÒÏÃÅÓÓÏ ÒÁÐÐÒÅÓÅÎÔÁÔÏ ÍÅÄÉÁÎÔÅ ÕÎÁ ÆÕÎÚÉÏÎÅȱ5 (MIUR, 2010a, p. 340). From the early 

years of high school, functions are studied, especially as representations of real phenomena, and 

the Italian curricula stress the relevance of mathematical modelling activities in teaching 

practices. The words model and modelling appear nearly 12 times, under the headings General 

Guidelines, Change and relationships and Uncertainty and data. In particular, it states that 

modeling consists in the Ȱpossibilità di rappresentare la stessa classe di fenomeni mediante 

differenti approcciȱ6 (MIUR, 2010a, p. 337) and that the study of the language of functions is the 

ȰÐÒÉÍÏ ÐÁÓÓÏ ÁÌÌȭÉÎÔÒÏÄÕÚÉÏÎÅ ÄÅÌ ÃÏÎÃÅÔÔÏ ÄÉ ÍÏÄÅÌÌÏ ÍÁÔÅÍÁÔÉÃÏȱ7 (MIUR, 2010a, p. 339). This 

lack of explicit references is also reflected in the fact that, apart from a minority of textbooks 

which in recent years have introduced covariation as a thinking tool (Paola & Impedovo, 2014), 

most Italian textbooks currently in use do not foster this approach when dealing with the 

modelling of classes of phenomena or conceptualization of dynamic problems. For instance, 

when teachers introduce the concept of function, they mainly adopt a static definition as the ones 

recalled in the previous section. Literature suggests that the lack of a covariational approach may 

be one reason why students are unable to interpret dynamic situations and to construct 

meaningful formulas suitable for representing one quantity as a function of another (Carlson, 

1998). 

 
5 An important topic of study will be the concept of rate of change of a process represented through a function.  
6 The possibility to represent the same class of phenomena through different approaches. 
7 First step to the introduction to the concept of a mathematical model. 
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4 INSTRUMENTED COVARIATION 

The term instrumented covariation has been introduced by Arzarello (2017) and it  refers to 

the exploration of certain mathematical problems or situations with the use of appropriate 

artefacts supporting the learning of covariational aspects.  

The adjective instrumentation is recovered from the instrumental approach by Vérillon and 

Rabardel (1995), in which it is underlined the distinction between artefact (material or abstract 

object produced by the human activity) and instrument (mixed entity characterized by an 

artefact component and cognitive component consisting of the utilization schemes).  

Numerous research studies in the field of Mathematics Education (Trouche, 2005; Drijvers, 

2019) are oriented to the exploration of the didactical modalities in which the modern digital 

technologies can foster the learning of mathematics: instrumented covariation may help 

teachers in designing suitable activities, which could initiate and support students to 

covariational reasoning, for instance within Dynamic Geometry Environments (DGE) or 

Computer Algebra System (CAS).  

Some details concerning the covariational approach applied to the formulation of an open 

problem are provided in Arzarello (2017) and Arzarello (2019). In the Theoretical framework 

of Euclidean Geometry (TGE), a covariational approach should have the following requirements:  

- ,ÅÁÄÉÎÇ ÔÏ Á ȰÄÉÆÆÅÒÅÎÔȱ ÇÅÏÍÅÔÒÉÃÁÌ ÆÏÒÍ ɉÅȢÇȢȟ ÔÈÁÔ ÔÙÐÉÃÁÌ ÏÆ ÏÐÅÎ ÐÒÏÂÌÅÍÓ ×ÈÅÒÅ ÔÈÅ 

formulation of hypotheses is explicitly required); 

- The implication of an epistemological change with respect to TGE; 

- Some cognitive consequences;  

- Some didactical consequences in the classroom environment. 

Ȱ)Î ÐÁÒÔÉÃÕÌÁÒȟ ÔÈÅ ÅÎÖÉÒÏÎÍÅÎÔ ÏÆ ÄÙÎÁÍÉÃ ÇÅÏÍÅÔÒÙ ÉÓ ÁÎ ÁÒÔefact which amplifies the 

ÐÈÅÎÏÍÅÎÁ ÔÈÁÔ ÄÅÐÅÎÄ ÏÎ ÔÈÅ ÆÏÒÍÕÌÁÔÉÏÎ ÏÆ ÔÈÅ ÐÒÏÂÌÅÍ ÁÎÄ ÁÌÌÏ× ÔÈÅÉÒ ÉÎÓÔÒÕÍÅÎÔÁÔÉÏÎȱ 

(Arzarello, 2017, p. 12). Moreover, as example of instrumented covariation is quoted the 

teaching experiment conducted in Bari (Italy) and deeply described in Faggiano, Montone, and 

Rossi (2017): a duo of artefact, in the sense by Maschietto and Soury-Lavergne (2013), is 

adopted to produce an instrumented understanding of covariation in a situation of geometric 

symmetry between two points. The analysis of the classroom discussion mainly revealed the 

internalization of the covariation of the symmetric figures and the synergic effect of the two 

artefacts. These findings reveal that covariation can be approached with a certain success ever 
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since first years of primary school thanks to the mediation of suitable technological supports 

(Arzarello, 2017). These results are groundbreaking with respect to the traditional perspective 

emerging in the literature. For instance, in the study by Johnson et al. (2017) we can read that 

ȰɍÃɎÏÖÁÒÉÁÔÉÏÎÁÌ ÒÅÁÓÏÎÉÎÇȟ ÅÎÔÁÉÌÉÎÇ ÔÈÅ ÉÎÄÉÖÉÄÕÁÌÓȭ ÃÏÎÃÅÐÔÉÏÎÓ ÏÆ ÃÈÁÎÇÅ ÁÎÄ ÖÁÒÉÁÔÉÏÎȟ ÉÓ Á 

critical form of mathematical reasoning for secondary students to use when studying the 

ÇÁÔÅËÅÅÐÉÎÇ ÃÏÎÃÅÐÔÓ ÏÆ ÒÁÔÅ ÁÎÄ ÆÕÎÃÔÉÏÎȱ, oÒ ÁÇÁÉÎ ȰɍÁɎÌÔÈÏÕÇÈ ÃÏÖÁÒÉÁÔÉÏÎÁÌ ÒÅÁÓÏÎÉÎÇ ÃÁÎ ÂÅ 

challenging even for successful university ÓÔÕÄÅÎÔÓ ɍȣɎȟ ÓÅÃÏÎÄÁÒÙ ÓÔÕÄÅÎÔÓ ÃÁÎ ÅÎÇÁÇÅ ÉÎ 

ÃÏÖÁÒÉÁÔÉÏÎÁÌ ÒÅÁÓÏÎÉÎÇȱ ɉÐȢ ψυςɊȢ 

#ÏÎÃÅÒÎÉÎÇ ÔÈÅ ÄÅÓÉÇÎ ÏÆ ÁÃÔÉÖÉÔÉÅÓ ÁÉÍÉÎÇ ÁÔ ÐÒÏÍÏÔÉÎÇ ÓÔÕÄÅÎÔÓȭ ÃÏÖÁÒÉÁÔÉÏÎÁÌ ÒÅÁÓÏÎÉÎÇȟ 

researchers have often designed tasks in dynamic computer environments displaying 

animations and graphs (Ellis et al., 2016; Johnson, 2013; Saldanha & Thompson, 1998), but 

literature reveals that students working on such tasks may not show the intended reasoning as 

ÉÎ ÄÅÓÉÇÎÅÒÓȭ ÉÎÔÅÎÔÉÏÎÓ ɉ#ÁÒÌÓÏÎ ÅÔ ÁȢ, 2002). In particular, Moore et al. (2013) suggest providing 

students opportunities to interpret and represent quantities using different axes in Cartesian 

representation. &ÉÎÁÌÌÙȟ ȰɍÉɎÆ ÓÔÕÄÅÎÔÓ ÏÎÌÙ ÖÉÅ× ÆÅÁÔÕÒÅÓ ÏÆ ÄÙÎÁÍÉÃ ÃÏÍÐÕÔÅÒ ÅÎÖÉÒÏÎÍÅÎÔÓ ÁÎÄ 

related tasks as physical features, rather than attributes possible to measure, it can inhibit their 

ÄÅÖÅÌÏÐÍÅÎÔ ÏÆ ÍÏÒÅ ÃÏÍÐÌÅØ ÆÏÒÍÓ ÏÆ ÍÁÔÈÅÍÁÔÉÃÁÌ ÒÅÁÓÏÎÉÎÇȱ ɉ*ÏÈÎÓÏÎ et al., 2017, p. 862). 

Recently, even more sophisticated technologies than the ones previously quoted are employed 

and studied so to support the conceptualization of the dynamic aspects involved in tasks of 

mathematical modelling: one of these technologies is the Augmented Reality, an environment 

that can help to bring together both continuous dynamic features of a real phenomenon and its 

mathematical representations.  A relevant study in which Augmented Reality is used to engage 

students in covariational reasoning is Swidan, Schacht et al. (2019).  

Some examples related to the instrumentation of the concepts of variables and parameters with 

different approaches are proposed in Section 16.2.   

4.1 A DIFFERENT APPROACH TO THE INSTRUMENTATION OF COVARIATION8  

Despite the definition of instrumented covariation and all its features presented in broad terms 

in the previous paragraph and that we are going to deepen during the development of this 

 
8 We would like to thank Prof. Nathalie Sinclair for sharing with us her point of view about this issue and suggesting 
us interesting insights.  
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research study, a different approach to instrumentation could be grasped from the already 

existing literature. Past times mathematical activities related to covariational reasoning have 

always been performed just adopting the tools available at the time, meaning pencil and paper 

or computer. In both cases, students had the chance to interact only through one single input 

(the pen or the mouse pointer) which nowadays seems really limiting at least in a task involving 

covariational reasoning where, by definition, it is required to coordinate simultaneously the 

values of two different quantities. The remarkable technological developments of the last 

decades, such as touchscreen tablets, are bringing sensorimotor interaction back into 

mathematics learning activities and offer today some novelty approaches that long ago we could 

not have expected. Research in Mathematics Education offers some interesting examples of a 

concrete form of instrumentation of certain mathematical reasoning processes achieved not 

only using a technological support but also using hands and their movements so to directly 

interact with the technology and perceive on a bodily-sensorial level the mathematical process 

that is instrumented. If we wanted to distinguish this approach to the interpretation previously 

presented, we could speak of an embodied instrumented covariation. Some examples are 

presented in the following lines.  

A first one is described by Abrahamson and Sánchez-García (2016) and consists in the use of the 

Mathematical Imagery Trainer for Proportion (MIT -P). The MIT-P set at a certain ratio, for 

instance at a 1:2 ratio, displays a green background, meaning a favorable sensory stimulus, when 

the student positions the right hand twice as high along the monitor as the left hand (see                                          

Figure 2) and a red stimulus when the hands position is incorrect.  

A second example is provided by some software applications (apps) that exploit affordances of 

multi -touch devices for fostering the learning of certain mathematical concepts: some 

emblematic studies in this sense are that by Bairral and Arzarello (2015) ÅØÐÌÏÒÉÎÇ ÓÔÕÄÅÎÔÓȭ 

geometrical reasoning using a free online touch Device, the Geometric Constructer (GC) 

software, and that by Sinclair and Ferrara (2021) in which primary school students experience 

the concepts of numbers and quantities in a Digital Multitouch Environment, i.e., using a multi -

touch iPad application called TouchCounts (see Figure 3). 

Figure 2 - 3ÃÈÅÍÁÔÉÃ ÄÅÓÃÒÉÐÔÉÏÎ ÏÆ Á ÐÏÓÓÉÂÌÅ ÓÔÕÄÅÎÔȭÓ 
interaction with MIT -P: hands are positioned correctly thus 
the screen is green. It becomes red when hands are 
positioned incorrectly 
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Figure 3 ɀ A screen of the TouchCounts application 
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5 RESEARCH QUESTIONS: A PRELIMINARY FORMULATION 

4ÈÅ ÍÁÉÎ ÉÓÓÕÅ ÏÆ ÔÈÉÓ ÓÔÕÄÙ ÉÓ ÔÈÅ ÉÎÖÅÓÔÉÇÁÔÉÏÎ ÏÆ ÓÔÕÄÅÎÔÓȭ ÕÎÄÅÒÓÔÁÎÄÉÎÇ ÏÆ ÔÈÅ ÃÏÖÁÒÉÁÔÉÏÎ 

among magnitudes involved in the modelling of real phenomena. In 2017 a first teaching 

experiment was conducted in an Italian 9th grade classroom. The main purpose of the 

experiment was about the so-called Galileo experiment (Galileo, 1638), a ball running along an 

inclined plane, in order to model the law of the motion with the support of technological tools. 

The analysis of the classroom discussion revealed some unexpected ways of covariational 

reasoning: students tried not only to covary the main variables, time (t) and distance (s), but also 

to understand how the distance-time graph changed according to the inclination of the plane. 

These two forms of covariations manifested in a double way of reading the formula of the law of 

the motion ÓЄ Ë Ё Ô2: the first order is the s-t covariation, the second-order covariation between 

(s,t) graph and the parameter k depending on the angle of inclination of the plane. It seemed to 

us that this aspect does not completely fit with the framework of covariation developed by 

Thompson and Carlson (2017). The results of this work, partially illustrated in Arzarello (2019), 

specifically guided us to the formulation of a preliminary definition of this more complex form 

of covariational reasoning, second-order covariation, and that seems to consist in grasping a 

further relationship in a family of invariant relations among two or more varying quantities, where 

this family is characterized by the presence of one or more parameters. This preliminary  definition 

will be validated and revised thanks to the results from three teaching experiments, one of which 

is the one quoted before: we have reanalyzed it in detail in view of our research questions and 

the adopted theoretical framework.   

This second-order covariation is not the only contribution that seems to widen the already 

existing framework of covariation: in Section 2.1 we already introduced metavariation, a 

construct that seems to address covariation from the tasks design point of view but has some 

points in common with our vision of second-order covariation. Moreover, in Swidan, Sabena and 

Arzarello (2020), the authors speak of covariation of a covariation when students consider 

functions globally and focus on how the changes in one graph are linked to the changes in the 

graph of its slope, and conversely. Also, this way of reasoning covariationally reveals to be more 

cognitively demanding than the one presented in the six levels taxonomy and differs from our 

second-order covariation. Hence, this is a contribution worthy to be kept into account in the 

perspective of a theoretical enlargement that aims at coherently including more complex forms 
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of covariational reasoning and opens up to the possibility of existence of other orders of 

covariation. 

The scientific relevance of covariation as a research topic, the main research gaps we identified 

in the literature and the numerous standpoints from which covariation can be addressed have 

already been widely discussed in the Introduction . All these considerations and findings led us 

to a preliminary formulation of some research questions that can be condensed as follows:  

1. How can the theoretical framework of covariational reasoning be enriched to better explicit 

the relationships among a plurality of variables involved in a physical-mathematical problem? 

2. Is it possible to identify some gestural, linguistic, and semiotic markers that connote the way 

students can enter into each of the levels of first- and, possibly, second-order covariation?  

3. Which could be the role of the teacher in enhancing covariational reasoning in her school 

practices? 

These questions will be refined and reformulated in the Chapter 7 in light of the theoretical 

lenses that we are going to make explicit in the next chapter.  
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6 THEORETICAL FRAMEWORKS 
In order to investigate covariational reasoning from various standpoints, we are going to 

adopt various theoretical lenses and as a consequence, networking of theories becomes essential 

to elaborate a coherent framework. In this chapter, after having recalled the main features of the 

networking of theories (6.1), we are going to describe in detail the multiple theoretical lenses 

adopted in this study: the semiotic bundle (6.2), the commognition (6.3), the conceptual blending 

(6.4) and the adaptive teaching (6.5). The networking of all these theoretical contributions will 

be performed using mainly the strategy of coordinating them to look at the complex 

phenomenon of covariation from different educational points of view. The elements of 

commonalities and dissimilarities between the different lenses will be pointed out jointly with 

their specific use so to answer to research goals.   

6.1 NETWORKING OF THEORIES 

The complexity of the teaching-learning processes developing within the mathematics 

classroom and the variety of research purposes guiding our study require suitable theoretical 

frameworks to give justice to the multi-faceted phenomenon under the lens of analysis and a 

suitable methodological tool should be drawn up to respond to research aims. 

Literature in Mathematics Education offers different definitions of theory but in the following we 

ÁÒÅ ÇÏÉÎÇ ÔÏ ÉÎÔÅÎÄ ÉÔ ÁÃÃÏÒÄÉÎÇ ÔÏ 2ÁÄÆÏÒÄȭÓ ÁÐÐÒÏÁÃÈ ɉ2008), i.e., a way to produce 

understanding and modes of actions based on: a system of principles P characterized by a strong 

relationship between many of its elements; a methodology M characterized by operability  and 

coherence with respect to the principles, and some research questions Q. Hence theories can be 

identified as a triplet (P, M, Q): they bring the footprint of the initial research questions they tried 

to answer, but then they emerge as response to specific problems.  

The diversity of theories characterizing the educational research is a source of richness but in 

order to allow a comparison between these theoretical frameworks a metalanguage is required, 

enabling to speak of commonalities and differences between the theoretical lenses. According to 

Radford (2008), this semiotic environment can be identified in ,ÏÔÍÁÎȭÓ ÓÅÍÉÏÓÐÈÅÒÅ (1990): it 

is a multi-cultural space necessary to the existence and functioning of languages; outside of the 

semiosphere there can be neither communication nor language. It is a space where all the 

existing theories are embedded and allows them to dialogue with each other. It is within this 
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semiotic space that is possible realize a networking of two or more theories (Prediger et al., 2008): 

ÔÈÉÓ ÔÅÒÍ ÄÅÎÏÔÅÓ Á ÃÏÌÌÅÃÔÉÏÎ ÏÆ Ȱresearch practices that aim[s] at creating a dialogue and 

establishing relationships between parts of theoretical approaches while respecting the identity 

of the different approachesȱ ɉBikner-Ahsbahs & Prediger, 2014, p. 118). There are many 

different ways and degrees to bring theoretical approaches into dialogue (Prediger et al., 2008) 

but we are going to recall only four main strategies:  

- Coordinating and combining ÁÒÅ ÔÈÅ ÓÔÒÁÔÅÇÉÅÓ ȰÍÏÓÔÌÙ ÕÓÅÄ for a networked 

understanding of an empirical phenomenon or a piece of dataȱ ɉ0ÒÅÄÉÇÅÒ et al., 2008, p. 

172). Whereas combining theories can be intended as a juxtaposition of theories and does 

not require a full compatibility of them, coordinating theories instead refers to the use of 

analytical elements of different theories so to investigate specific research problem; 

- Comparing and contrasting are the most widely used strategies and the difference 

between them is subtle. While comparing theories means highlighting in a neutral way 

both commonalities and dissimilarities between strategies, contrasting them consists in 

underlining mainly the differences between them.  

6.2 THE SEMIOTIC BUNDLE 

One suitable semiotic lens we are going to adopt in this study is that of the semiotic bundle. 

Introduced by Arzarello (2006), it  is a good tool to grasp the interplay within the semiotic 

activities, productions, and interactions in the mathematics classroom. It arises as  

Á ÓÙÓÔÅÍ ÏÆ ÓÉÇÎÓ ɍȣɎ ÔÈÁÔ ÉÓ ÐÒÏÄÕÃÅÄ ÂÙ one or more interacting subjects and that evolves in time. 

Typically, a semiotic bundle is made of the signs that are produced by a student or by a group of 

students while solving a problem and/or discussing a mathematical question. Possibly, the teacher too 

participates in this production, and so the semiotic bundle may include also the signs produced by the 

teacher. (Arzarello et al., 2009, p. 100) 

In particular , the signs can be produced by artefacts that are used during the interactions, from 

old ruler and compass to more sophisticated technological devices, and these artefacts are 

included in the learning environment. Typically, the semiotic bundle embraces stuÄÅÎÔÓȭ ÁÎÄ 

ÔÅÁÃÈÅÒȭÓ ÐÅÒÃÅÐÔÕÏ-motor activities and productions: from language (utterances, written texts, 

etc.) and extra-linguistic modes of expression (gestures and glances) to different types of 

inscriptions (drawings, sketches, graphs, etc.), that is all the semiotic resources produced or 

acted on to think and communicate in the classroom environment. The semiotic bundle, 

constituted by both a collection of semiotic components and their mutual relations, is a dynamic 
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structure which changes in time because of the semiotic activities of the subjects, and allows to 

describe these multimodal semiotic activities in a holistic way. (ÅÎÃÅ ȰÔÈÅ ÓÅÍÉÏÔÉÃ ÂÕÎÄÌÅ 

ÃÏÎÓÉÄÅÒÓ ÔÈÅ ÓÅÍÉÏÔÉÃ ÒÅÓÏÕÒÃÅÓ ÉÎ Á ÕÎÉÆÙÉÎÇ ÁÎÁÌÙÓÉÓ ÔÏÏÌȱ ɉ"ÉËÎÅÒ-Ahsbahs et al., 2015, p. 168). 

Moreover, the semiotic bundle dynamics can be analyzed in two different and complementary 

ways: a synchronic analysis, which considers the relationships among different semiotic 

resources simultaneously in a specific moment in time; a diachronic analysis, focusing on the 

evolution of signs and of their relationships over time. Ȱ4ÏÇÅÔÈÅÒȟ ÓÙÎÃÈÒÏÎÉÃ ÁÎÄ diachronic 

analysis allow us to foreground the roles that the different types of signs (gestures, speech, 

ÉÎÓÃÒÉÐÔÉÏÎÓɊ ÐÌÁÙ ÉÎ ÓÔÕÄÅÎÔÓȭ ÃÏÇÎÉÔÉÖÅ ÐÒÏÃÅÓÓÅÓȱ ɉ!ÒÚÁÒÅÌÌÏ ÅÔ ÁÌȢȟ 2009, p. 101).  

6.2.1 The importance of gestures 

It is well-established in the literature that cognitive processes of students emerging during 

mathematical activities manifest not only through oral productions. Indeed, we can adopt 

multiple modes to communicate meanings to others (words, sounds, sketches, gestures) and 

these modes typically are active together in an integrated way: the term multimodality  addresses 

exactly this variety of modalities of communication (Kress, 2004).  

Gestures are relevant both from a communicational and a cognitive perspective (Goldin-

Meadow, 2003; McNeill, 1992). Gestures belong to the wide world of nonverbal communication, 

ÁÎÄ ÔÈÅÙ ÁÒÅ ÄÅÆÉÎÅÄ ÂÙ -Ã.ÅÉÌÌ ɉρωωςɊ ÁÓ ȰÍÏÖÅÍÅÎÔÓ ÏÆ ÔÈÅ ÈÁÎÄÓ ÁÎÄ ÁÒÍÓ ÔÈÁÔ ×Å ÓÅÅ ×ÈÅÎ 

ÐÅÏÐÌÅ ÔÁÌËȱ ɉÐȢ 1). The author also identifies four dimensions of gestures: (1) deictic, used in 

concrete or abstract pointing; (2) iconic or representational, arm or hand movements with a 

perceptual relation with the concrete object that is represented; (3) metaphoric, similar to iconic 

gestures but referring to abstract objects and (4) beats, up and down flicks of the hand or tapping 

motions. These dÉÍÅÎÓÉÏÎÓ ÓÈÏÕÌÄ ÂÅ ÓÅÅÎ ÁÓ ÏÖÅÒÌÁÐÐÉÎÇȟ ÒÁÔÈÅÒ ÔÈÁÎ ÄÉÓÃÒÅÔÅ ÃÁÔÅÇÏÒÉÅÓȡ Ȱ-ÏÓÔ 

gestures are multifaceted: iconicity is combined with deixis, deixis is combined with 

ÍÅÔÁÐÈÏÒÉÃÉÔÙȟ ÁÎÄ ÓÏ ÆÏÒÔÈȢ 2ÁÔÈÅÒ ÔÈÁÎ ÃÁÔÅÇÏÒÉÅÓ ×Å ÓÈÏÕÌÄ ÔÈÉÎË ÉÎ ÔÅÒÍÓ ÏÆ ÄÉÍÅÎÓÉÏÎÓȱ 

(McNeill, 1992, p. 38). In addition, we consider another overlapping dimension, that of writing  

gestures (Shein, 2012; Alibali & Nathan, 2007), generating indelible marks on figural 

representations. Gestures may also assume the following functions (Roth, 2001): narrative 

function (especially for iconic and metaphoric gestures), when gestures connect the gestural and 

verbal narrative to the pictorial background; interactive function (concerning beats) for those 

gestures that serve to regulate the rhythm of the speech or grounding function (in particular 

deictic ones) when gestures allow to relate mental structures to external objects (Nathan, 2008; 
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Roth, 2001). Moreover, research has shown how gestures and speech work together to express 

meanings (Kendon, 2004) and the way in which they express largely non-overlapping semantic 

information have been referrÅÄ ÔÏ ×ÉÔÈ ÄÉÆÆÅÒÅÎÔ ÔÅÒÍÉÎÏÌÏÇÙ ÁÓ ȰÃÏÍÐÌÅÍÅÎÔÁÒÙȱ ɉ-Ã.ÅÉÌÌȟ 

ρωωςɊ ÏÒ ȰÍÉÓÍÁÔÃÈÉÎÇȱ ɉ#ÈÕÒÃÈ Ǫ 'ÏÌÄÉÎ-Meadow, 1986). In this work, we are going to focus in 

particular  on the detection of non-redundant gestures with respect to speech (Alibali et al., 

2000), that is on gestures that communicate additional information with respect to those 

expressed orally. 

Concerning significant glances, Kendon (1967) identified three main social functions of gazes 

during a conversation and in particular focusing on the gazes of speakers toward their  listeners. 

Gaze patterns analyzed send signals to another person with a regulatory, monitoring, or 

expressive intent but they are mainly sent without awareness. In this study we are going to focus 

on the features and functions of gazes emerging during face-to-face interactions where both 

subjects involved can perceive and signal information. According to the cognitive model of 

Interpersonal Gaze Processing (IGP) developed by Cañigueral and Hamilton (2019) and focusing 

specifically on social interactions, a gaze may assume an active sensing function when the 

movement of eyes aims to gain useful information from the environment, or a social signaling 

function when expressing a clear communicative intent to others. In particular the IGP model 

distinguishes the behavior of gazes depending on the kind of social stimuli, i.e., when the social 

stimulus is an inanimate object (picture or video) or a real person, but we will not dwell on this 

distinction .  

6.2.2 The semiotic game  

The investigation through the semiotic bundle will also allow us to enter into what in the 

literature is called semiotic game9 (Arzarello & Paola, 2007; Arzarello et al., 2009), a specific 

ÁÓÐÅÃÔ ÏÆ ÔÅÁÃÈÅÒȭÓ ÒÅÖÏÉÃÉÎÇ ɉ/ͻ#ÏÎÎÏÒ Ǫ -ÉÃÈÁÅÌÓȟ ρωωφɊ. The semiotic games are typical 

communication strategies among subjects, who share the same semiotic resources in a specific 

situation (Arzarello & Paola, 2007). In a semiotic game the teacher exploits the potentialities 

expressed by semiotic resources adopted by the students to enhance the construction of 

mathematical knowledge and scientifically shared meanings. For instance, a semiotic game 

 
9 The expression semiotic game may recall the language-game introduced by Wittgenstein in his Philosophical 
Investigations (1953). It is a philosophical concept referring to simple examples of language use and the actions into 
which the language is woven. Wittgenstein argued that a word or even a sentence has meaning only as a result of 
the "rule" of the "game" being played. 
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happens when students communicate their  thoughts through two different semiotic channels: 

speech and gestures. Typically, the speech is confused, but the gestures in their iconic-

metaphorical dimension suggest to the teacher that students are near to the right understanding. 

Hence the teacher imitates the ÓÔÕÄÅÎÔÓȭ gestures but suitably changes their  utterances dressing 

their  gesture with appropriate linguistic expressions and explanations (Arzarello & Paola, 2007). 

4ÅÁÃÈÅÒȭÓ ÉÎÔÅÒÖÅÎÔÉÏÎÓ ÁÒÅ ÉÍÉÔÁÔÉÖÅ-based: ÔÈÅ ÔÅÁÃÈÅÒ ÉÍÉÔÁÔÅÓ ÔÈÅ ÓÔÕÄÅÎÔȭÓ ÇÅÓÔÕÒÅÓ and 

accompanies them with certain scientific meanings, in order that in the following, the student 

×ÉÌÌ ÂÅ ÁÂÌÅ ÔÏ ÉÍÉÔÁÔÅ ÔÈÅ ÔÅÁÃÈÅÒȭÓ ×ÏÒÄÓȢ  

Such semiotic games can develop if the students produce something meaningful with respect to 

the problem at hand: words, gestures, drawings, inscriptions, etc. It is apt for the teacher to seize 

these moments to enact the semiotic game. Even a vague gesture of the students can really 

indicate a certain comprehension level, even when students have not yet the words to express 

themselves at this level. In a Vygotskian frame, the semiotic game is useful for the ÓÔÕÄÅÎÔȭÓ 

cognitive development, if student-teacher interactions are developing in a suitable zone of 

proximal development (ZPD) for a certain concept (Vygotsky, 1978). As pointed out by Radford 

(2010, p. σɊȟ Ȱ[t]he  ZPD is not a kind of well-delimited and rigid region that belongs to one 

ÐÁÒÔÉÃÕÌÁÒ ÓÔÕÄÅÎÔ ÂÕÔ Á ÓÏÃÉÁÌȟ ÃÏÍÐÌÅØ ÓÙÓÔÅÍ ÉÎ ÍÏÔÉÏÎ ×ÉÔÈ ÅÖÏÌÖÉÎÇ ÔÅÎÓÉÏÎÓȱ ÂÅÔ×ÅÅÎ the 

teacher and the students. Hence this complex relationship must be built in the classroom 

through the semiotic interactions between the teacher, the students, and the instruments. It is 

within the semiotic bundle that semiotic games can arise (Arzarello et al., 2009). Semiotic games 

ÃÁÎ ÈÁÐÐÅÎ ÁÎÄ ÄÅÖÅÌÏÐ ÂÅÃÁÕÓÅ ÏÆ ÊÏÉÎÔ ÔÅÁÃÈÅÒȭÓ ÁÎÄ ÓÔÕÄÅÎÔÓȭ ÓÅÍÉÏÔÉÃ ÐÒÏÄÕÃÔÉÏÎÓ ÁÎÄ 

productive interactions. Both are the actors of a semiotic game, which is a typical interactional 

construct that could not exist withouÔ ÔÈÅ ȬÔÕÎÅÄȭ ÃÏÎÔÒÉÂÕÔÉÏÎ ÏÆ ÁÌÌ ÉÔÓ ÁÃÔÏÒÓȟ ÔÅÁÃÈÅÒ ÁÎÄ 

students. 

6.2.3 The role of artefacts 

The semiotic bundle will also allow to properly analyze the relationships with  the artefacts used 

in our teaching experiments and contributing to the development of teaching-learning 

processes. 

In particular, we will underline two different modalities of student-artefact interactions that can 

be observed: an ascending modality, when students use the tool with an explorative approach, 

looking for relationships and mathematical properties; a descending modality emerges when the 

students already have a conjecture in mind and use the tool to verify it, searching for data 
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supporting their  hypothesis. These two different cognitive approaches were identified by Saada-

Robert (1989) regarding the control schemes activated by the subject when facing a given 

problematic situation. Moreover, the ÓÔÕÄÅÎÔÓȭ interactions with different art efacts possibly 

contribute to produce a synergy or a conflict between them. The notion of synergy between 

artefacts has been introduced and studied by Faggiano, Montone, and Mariotti (2018): there is 

ÓÙÎÅÒÇÙ ×ÈÅÎ ÔÈÅ ÕÓÅ ÏÆ ÄÉÆÆÅÒÅÎÔ ÁÒÔÅÆÁÃÔÓ ȰÃÁÎ ÆÏÓÔÅÒ ÔÈÅ ÉÎÔÅÇÒation of different and 

complementary meanings providing a rich support to the development of the expected 

ÍÁÔÈÅÍÁÔÉÃÁÌ ÍÅÁÎÉÎÇȱȟ ÎÁÍÅÌÙ ȰÔÈÅ ÃÏÍÂÉÎÅÄȟ ÉÎÔÅÎÔÉÏÎÁÌ ÁÎÄ ÃÏÎÔÒÏÌÌÅÄ ÕÓÅ ÏÆ ÔÈÅ ɍȣɎ 

artefacts may develop a synergy, so that each activity enhances ÔÈÅ ÐÏÔÅÎÔÉÁÌ ÏÆ ÔÈÅ ÏÔÈÅÒɍÓɎȱ ɉp. 

1).  We speak of conflict between artefacts, when the use of different artefacts to face the same 

situation fosters different, not converging, or even apparently contradictory meanings for the 

situation. The term conflict has here an intuitive meaning and has no epistemic connotation: in 

a sense, it is the opposite of synergy.  

What we call instrumented covariation will be the result of an evolution, where all the 

components of ÔÈÅ ÓÅÍÉÏÔÉÃ ÂÕÎÄÌÅ ÍÏÄÅÌ ÐÒÏÖÅ ÅÓÓÅÎÔÉÁÌ ÆÏÒ ÓÔÕÄÅÎÔÓȭ ËÎÏ×ÌÅÄÇÅ ÆÏÒÍÁÔÉÏÎȢ 

6.3 THE THEORY OF COMMOGNITION 

Given the importance of multimodal aspects for our analysis, including the communicational 

features of the teaching-learning process and the purpose to explore the evolution from first -

order of covariation towards second-order of reasoning, we retain suitable that the lens of 

commognition, which perfectly fits with the Vygotskian basis of the semiotic bundle, could 

contribute to a deeper analysis of some discursive elements highlighting the progress of the 

mathematical modelling activity  in relation to covariational reasoning.  

According to the commognitive perspective, which refuses a dualist vision of learning in favor of 

a communicative approach, mathematics is conceived as a historically established discourse and 

learning mathematics means becoming a participant in this specific discursive activity (Sfard, 

2008). One of the peculiar aspects of the mathematical discourse lies in its autopoietic nature: 

mathematics creates all the elements of its discourse and the process of construction of new 

mathematical objects is called objectification (Sfard, 2020). Four features are relevant to 

consider a discourse as ȰÍÁÔÈÅÍÁÔÉÃÁÌȱȡ keywords, visual mediators that are visible objects that 

are operated upon as a part of the process of communication such as symbolic artefacts, 

narratives, i.e., any sequence of utterances that is Ȱa description of objects, of relations between 
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objects, or of processes with or by objectsȱ ɉ3ÆÁÒÄȟ ςππψȟ ÐȢρστɊȟ ÁÎÄ ÆÉÎÁÌÌÙ repetitive patterns 

characteristic of the given discourse called routines. 

Considering knowledge as a multimodal form of communication means, from the research 

perspective, studying the processes of development and evolution of mathematical discourses 

(Sfard, 2020). The learning is intended as a social and collective process more than an individual 

one and it happens through three different degrees of discursive involvement: explorations, tasks 

requiring a reformulation of a specific kind of mathematical narrative; routines, action patterns 

with mathematical objects reflecting human tendency to repetitions and rituals, recapitulation 

of actions of previous performers process taking place thanks to the interactions with others. 

Moreover, learning can happen on two distinct levels: on an object-level, it consists in the 

enlargement of already existing narratives about familiar mathematical objects; on a meta-level, 

learning means subsuming an old discourse into a new one changing the meta-rules of the 

discourse. If object-level learning can be led simÐÌÙ ÂÙ ÔÈÅ ÌÅÁÒÎÅÒȭÓ ÉÎÔÅÒÅÓÔ ÉÎ ÔÈÅ ÏÕÔÃÏÍÅȟ ÔÈÅ 

meta-level learning requires the intervention of a participant, recognized as an expert by all 

participants in the discourse, who has the fundamental role to foster the overcoming of the 

encounter with an incommensurable discourse, what is called commognitive conflict. It 

originates from apparently incompatible narratives: for instance, on a semantic level, that 

incommensurability can be generated by a same word intended and used in different ways. The 

commognitive conflict is resolved by a rational argumentation and the gradual acceptance of 

ÏÔÈÅÒÓȭ ÄÉÓÃÏÕÒÓÅÓȢ  

Many studies adopting a commognitive approach are focused on the detection of the 

developmental levels, whether ontogenetic or historical, of mathematical discourses. Caspi and 

Sfard (2012) worked on the levels of elementary algebra, conceived as a meta-discourse of 

arithmetic; Kim et al. (2012) investigated the learning about infinity and limits comparing data 

by Korean and American students. These studies are conducted in the perspective that 

mathematical discourse annexes its own successive meta-discourses, and the process of growth 

ÒÅÓÕÌÔÓ ÉÎ Á ȰÈÉÅÒÁÒÃÈÙ ÏÆ ÉÎÃÒÅÁÓÉÎÇÌÙ ÃÏÍÐÌÅØȟ ÉÎÃÒÅÁÓÉÎÇÌÙ ÒÅÉÆÉÅÄȟ ÁÎÄ ÐÏÓsibly mutually 

ÉÎÃÏÍÍÅÎÓÕÒÁÂÌÅ ÄÉÓÃÏÕÒÓÅÓ ÏÎ Á ÓÐÅÃÉÆÉÃ ÍÁÔÈÅÍÁÔÉÃÁÌ ÔÏÐÉÃȱ ɉKim et al., 2012, p. 89). In 

accordance with those studies, we will direct our efforts to the identification of a hierarchy of 

levels of the mathematical discourse concerning the conceptualization and modelling of real 

phenomena.  

Finally, Sfard and Kieran (2001) developed a powerful tool that reveals helpful to evaluate the 

real interest of the interlocutors in creating a dialogue with their partners. It is the interactivity 
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flowchart: it represents as arrows the interactions between the different subjects involved in a 

communication. The analysis of the arrows, which can represent reactive or proactive 

interactions, allows to understand if the subjects are really aiming at creating a communicative 

channel with their partners or their communicative efforts are more directed to a private 

channel, that is a communication with themselves. 

It is important to underline that the two used theoretical lenses presented until now, semiotic 

bundle and commognition, are coherent each other, since both are based on similar founding 

principles, ÁÎÄ ÃÏÎÓÉÄÅÒ ÃÏÍÍÕÎÉÃÁÔÉÏÎ ÁÓ ȰÔÈÅ ÇÌÕÅ ÔÈÁÔ ÈÏÌÄÓ ÈÕÍÁÎ ÃÏÌÌÅÃÔÉÖÅÓ ÔÏÇÅÔÈÅÒȱ 

(Sfard, 2008, p. 81). The coordination of these two frameworks is effective because on the one 

hand the semiotic bundle is a coherent extension of the commognitive approach that allows to 

highlight some components, which are only hintÅÄ ÉÎ 3ÆÁÒÄȭÓ ÁÐÐÒÏÁÃÈȢ In a sense, the semiotic 

bundle model is a concrete instantiation of what Sfard calls ÓÉÇÎÉÆÉÅÒÓȭ ÒÅÁÌÉÚÁÔÉÏÎÓ in 

mathematical discourse. AÍÏÎÇ ×ÈÁÔ ÓÈÅ ÃÁÌÌÓ ÖÉÓÕÁÌ ÍÏÄÁÌÉÔÉÅÓ ÏÆ ÔÈÅÓÅ ÓÉÇÎÉÆÉÅÒÓȭ ÒÅÁÌÉÚÁÔÉÏÎÓȟ 

in contraposition to spoken and written words, we also find the gestural component, as well as 

what we called inscriptions. But let us sketch a subtle difference between the two models. One 

of the basic assumptions for the semiotic bundle model is the unity between its three main 

components (speech, gestures, inscriptions); in this sense it broadens -Ã.ÅÉÌÌȭÓ ÃÌÁÉÍ (1992) 

ÔÈÁÔ ȰÇÅÓÔÕÒÅ ÁÎÄ ÔÈÅ ÓÐÏËÅÎ ÕÔÔÅÒÁÎÃÅ ɍÁÒÅɎ ÄÉÆÆÅÒÅÎÔ ÓÉÄÅÓ ÏÆ Á ÓÉÎÇÌÅ ÕÎÄÅÒÌÙÉÎÇ ÍÅÎÔÁÌ 

ÐÒÏÃÅÓÓȱ (ÐȢ ρɊȟ ÎÁÍÅÌÙ ÔÈÁÔ ȰÇÅÓÔÕÒÅ ÁÎÄ ÌÁÎÇÕÁÇÅ ÁÒÅ ÏÎÅ ÓÙÓÔÅÍȱ ɉÐȢ ςɊȢ )Î ÆÁÃÔȟ Ȱthe unitary 

nature of processes within the semiotic bundle shows that under mental processes, there is a 

ÒÉÃÈÅÒ ÁÎÄ ÍÏÒÅ ÃÏÍÐÌÅØ ÓÙÓÔÅÍȱ ɉ!ÒÚÁÒÅÌÌÏ ÅÔ ÁÌȢȟ ςππωȟ ÐȢ ρπψɊȢ  

In the commognitive approach, even if the different modalities of signifiersȭ ÒÅÁÌÉÚÁÔÉÏÎÓ are 

acknowledged, a form of differentiation remains between symbolic, basically verbal and 

sequential means of representation, and the visual ones, e.g., gestures:   

The symbolic means, on the other hand, are basically verbal and thus sequential and as such exert 

ÇÒÅÁÔÅÒ ÄÅÍÁÎÄÓ ÏÎ ÏÎÅȭÓ ÍÅÍÏÒÙȢ !ÎÄ ÙÅÔȟ ×ÈÁÔ ÉÓ ÌÏÓÔ ÉÎ ÓÉÍÐÌÉÃÉÔÙ ÉÓ ÇÁÉÎÅÄ ÉÎ ÇÅÎÅÒÁÌÉÚÁÂÉÌÉÔÙ ÁÎÄ 

applicability. The process-object duality of symbolic mediators is a basis for compression and the 

subsequent extension of mathematical discourse, and it renders this discourse independent of 

external, situation-specific visual means. All this ensures a very wide applicability of the discourse. 

(Sfard, 2008, p. 162) 

On the other hand, the added value of commognition to the semiotic bundle, at least 

according to our point of view, can be identified in the relevance attributed to interactions 

between subjects involved that further remarks the social aspects of the process of learning 
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and makes them visible thanks to the interaction flowchart. Moreover, the commognitive 

framework puts the spotlights on the mathematical discourse and suggests which elements 

should be pinpointed for both a punctual and holistic analysis.  

6.4 CONCEPTUAL BLENDING 

During the last of the three teaching experimentations that we are going to present in this 

research, the need for a new theoretical lens emerged. This necessity was motivated by the 

inability to fully describe from a cognitive standpoint ÓÔÕÄÅÎÔÓȭ forms of reasoning, especially 

when dealing with more than one representation of the same phenomenon. These findings led 

us to consider introducing conceptual integration. Called also conceptual blending, it is a mental 

operation which is essential for the construction of meaning. It is Ȱan invisible and unconscious 

activity involved in every aspect of human lifeȱ (Fauconnier & Turner, 2002, p. 18). The 

functioning of the conceptual integration can be described through a network of relationships 

(see Figure 4), meaning a schematic diagram representing four mental spaces and their related 

interconnections. The mental spaces, represented by circles, are small conceptual packets that 

we construct while thinking and talking so to understand and act in relation to what is said; 

elements in the mental spaces are represented by points or icons, and their connections are 

represented by lines. Ȱ)Î Á ÎÅÕÒÁÌ ÉÎÔÅrpretation of these cognitive processes, mental spaces are 

sets of activated neuronal assemblies, and the lines between elements correspond to 

coactivation-ÂÉÎÄÉÎÇÓ ÏÆ Á ÃÅÒÔÁÉÎ ËÉÎÄȱ (Fauconnier & Turner, 2002, p. 40). The four mental 

spaces characterizing the conceptual integration network are:  

- Input spaces, at least two of them, containing the input elements of the two spaces which 

are going to be blended;  

- Cross-space mapping, connecting counterparts in the input mental spaces; 

- Generic space, mapping onto each of the inputs and containing what the inputs have in 

commonȢ Ȱ! ÇÉÖÅÎ ÅÌÅÍÅÎÔ ÉÎ ÔÈÅ ÇÅÎÅÒÉÃ ÓÐÁÃÅ ÍÁÐÓ ÏÎÔÏ ÐÁÉÒÅÄ ÃÏÕÎÔÅÒÐÁÒÔÓ ÉÎ ÔÈÅ Ô×Ï 

ÉÎÐÕÔÓ ÓÐÁÃÅÓȱ (Fauconnier & Turner, 2002, p. 47); 

- Blended space, also called the blend, containing the projection of the structure from the 

two input mental spaces. A phenomenon of selective projection verifies because not all 

the elements contained in the inputs are projected onto the blend. The blended space is 

related to the generic space since it contains the generic structure of the generic space, 

but also a more complex and specific one.  
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The emergent structure of the blend is not copied from the inputs but is obtained through 

three different mental operations:  

- Composition of projections from the inputs so to create relations that do not exist in the 

separate inputs;  

- Completion that brings additional structure to the blend. It is the most basic kind of 

recruitment of background knowledge and structure that are brought into the blend 

unconsciously. It is based on frames and scenarios recruited independently; 

- Elaboration of the blend is obtained by treating it as a simulation and running it 

imaginatively according to the principles established for the blend.  

 

Figure 4 ɀ Diagram showing the functioning of conceptual network integration 

The conceptual integration network presented until now is a minimal diagram: blending 

ÎÅÔ×ÏÒËÓ ÁÃÔÕÁÌÌÙ ȰÃÁÎ ÈÁÖÅ ÓÅÖÅÒÁÌ ÉÎÐÕÔ ÓÐÁÃÅÓ ÁÎÄ ÅÖÅÎ ÍÕÌÔÉÐÌÅ ÂÌÅÎÄÅÄ ÓÐÁÃÅÓȱ 

(Fauconnier & Turner, 2002, p. 47). According to this theoretical lens, blending knowledge in 

different mental spaces is the way in which students make sense of new information. We would 

like to quote a few interesting studies valuing this framework: for instance, Apkarian and 

ÃÏÌÌÅÁÇÕÅÓ ɉςπρωɊ ÕÓÅÄ ÃÏÎÃÅÐÔÕÁÌ ÂÌÅÎÄÉÎÇ ÔÏ ÒÅÖÅÁÌ ÔÈÅ ÐÒÏÃÅÓÓÅÓ ÁÎÄ ÓÔÒÕÃÔÕÒÅ ÏÆ ÓÔÕÄÅÎÔÓȭ 

reasoning when dealing with the Sierpinski triangle. During their analysis, they leveraged on the 

three constituent elements of blending, and ÔÈÉÓ ÅÎÁÂÌÅÄ ÔÈÅÍ ÔÏ ÇÒÁÓÐ ÁÎÄ ÅÍÐÈÁÓÉÚÅ ÓÔÕÄÅÎÔÓȭ 

unusual ideas when reasoning about complex mathematical concepts. A less recent contribution 

applied to physics is the one by Hu and Rebello (2013) who made a significant study analyzing 

in detail a physics problem on resistance: adopting the tool of conceptual blending, they 

investigated how students bring together specific information to set up mathematical integrals 
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in physics and so how they blend knowledge from the domains of calculus and physics. This kind 

ÏÆ ÁÎÁÌÙÓÉÓ ÌÅÄ ÔÈÅ ÁÕÔÈÏÒÓ ÔÏ ÂÅÔÔÅÒ ÕÎÄÅÒÓÔÁÎÄ ÓÔÕÄÅÎÔÓȭ ÄÉÆÆÉÃÕÌÔÉÅÓ on this topic.  

The presence of blends is typically revealed by the linguistic forms employed and in this sense, 

conceptual blending seems to be a suitable lens to shed light on the inputs provided by the 

various representations ÁÄÏÐÔÅÄ ÁÎÄ ÔÏ ÇÒÁÓÐ ÈÏ× ÔÈÅÙ ÁÒÅ ÂÌÅÎÄÅÄ ÉÎ ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇȢ This 

framework, with respect to the semiotic bundle and commognition, works as a magnifying lens 

on the verbal component that enables to see the input spaces of knowledge and the new 

emerging blends revealing some forms of covariational reasoning. Indeed, its main contribution 

from an analytical point of view mainly resides on the instrumentation level: it will help us to 

evaluate the influence and specifically the benefits or disadvantages coming from the 

employment of several representations. This kind of analysis will emerge predominantly in all 

those aspects of classroom discussions related to the mathematical discourse.  

6.5 ADAPTIVE TEACHING 

In order to reach individual students' cognitive necessities for prompting covariational 

reasoning, teachers should resort to adaptive instruction that is specifically geared to meet the 

needs of the individually different students (Gallagher et al., 2020). Adaptive instruction is an 

ongoing process in which teachers continuously respond to interactions observed in the 

classroom, rather than following a predetermined lesson plan with standardized materials.  

Helping students meet their individual learning needs requires adaptive teachers to be 

proficient in a range of practices (e.g., asking useful questions, requesting clarifications, 

facilitating class discussions). The adaptive instruction featured in this study is oriented to a 

specific, and particularly challenging content, which adds an additional layer to the complexity 

of the instruction process. 

The idea of adaptive instruction is long standing in the literature. Dewey, in his 1902 essay, Child 

and Curriculum, expressed his concerns about the current emphasis on a single kind of 

curriculum development that produced a uniform, inflexible sequence of instruction that 

ÉÇÎÏÒÅÄ ÏÒ ÍÉÎÉÍÉÚÅÄ ÔÈÅ ÃÈÉÌÄȭÓ ÉÎÄÉÖÉÄÕÁÌ ÐÅÃÕÌÉÁÒÉÔÉÅÓȟ ×ÈÉÍÓȟ ÁÎÄ ÅØÐÅriences. Following 

Dewey, Wang and Lindvall (1984) defined ÁÄÁÐÔÉÖÅ ÉÎÓÔÒÕÃÔÉÏÎ ÁÓ ȰÁÎ ÅÄÕÃÁÔÉÏÎÁÌ ÁÐÐÒÏÁÃÈ ÔÈÁÔ 

incorporates alternative procedures and strategies for instruction and resource utilization and 

has the built-in flexibility to permit students to take various routes to, and amounts of time for, 

learnÉÎÇȱ ɉÐȢ ρφρɊȢ Corno and Snow (1986) defined adaptive instruction as instructional 
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approaches and techniques that are geared to meet the needs of individually different students. 

)Î Á ÓÉÍÉÌÁÒ ×ÁÙȟ 0ÁÒË ÁÎÄ ,ÅÅ ɉςππσɊ ÄÅÓÃÒÉÂÅÄ ÁÄÁÐÔÉÖÅ ÉÎÓÔÒÕÃÔÉÏÎ ÁÓ ȰÅÄÕÃational 

interventions aimed at effectively accommodating individual differences in students while 

ÈÅÌÐÉÎÇ ÅÁÃÈ ÓÔÕÄÅÎÔ ÄÅÖÅÌÏÐ ÔÈÅ ËÎÏ×ÌÅÄÇÅ ÁÎÄ ÓËÉÌÌÓ ÒÅÑÕÉÒÅÄ ÔÏ ÌÅÁÒÎ Á ÔÁÓËȱ ɉÐȢ φυρɊȢ 

Although several definitions of adaptive instruction exist in the literature, the common thread of 

these theoretical considerations is that the instruction inside the classroom should be flexible 

ÅÎÏÕÇÈ ÔÏ ÍÅÅÔ ÔÈÅ ÓÔÕÄÅÎÔȭÓ ÓÐÅÃÉÆÉÃ ÌÅÁÒÎÉÎÇ ÎÅÅÄÓȢ  

Researchers of adaptive instruction mainly distinguish between two types of adaptiveness: 

macro-adaptations and micro-adaptations (Corno, 2008; Randi, & Corno, 2005). Macro-

adaptations refer to the teacher's efforts outside the educational setting to redesign instructional 

and curricular plans in light of new information about students learning. Micro-

adaptations occur when teachers flexibly respond to studentsȭ demands in the moment of 

teaching. More recently, other scholars (e.g., Maskiewicz & Winters, 2012, Vaughn & Parsons, 

2013) have proposed that adaptive teaching is also demonstrated through responsive guidance, 

×ÈÅÒÅ Á ÔÅÁÃÈÅÒ Ȱ×ÏÒËÓ ÆÉÒÓÔ ÔÏ ÅÎÇÁÇÅ ÓÔÕÄÅÎÔÓ ÉÎ ÔÈÅ ÐÕÒÓÕÉÔ ÏÆ ɍÔÈÅÉÒ ÁÕÔÈÅÎÔÉÃ ÑÕÅÓÔÉÏÎÓɎȟ ÁÎÄ 

then to support them in their pursuit in ways that afford progress toward canonical practices 

ÁÎÄ ÉÄÅÁÓȱ (Hammer et al., 2012, p. 55). In this form, teachers seek out the queries of their  

students, and then adaptively constructs learning activities that address these student interests 

and curiosities, eventually tying them back to broader scientific concepts. 

For teachers to develop adaptive instruction, literature suggests that they need a strong 

pedagogical and content knowledge, a vision of ideal teaching, and a deep understanding of and 

familiarity with their students (Fairbanks et al., 2010). This means that teachers need to 

constantly learn about who their students are moment-to-moment, what their students can and 

want to do with guidance from their teacher, and how and what their students think about the 

content. Thus, adaptive instruction requires teachers to learn continually about students and to 

develop ways and strategies to teach them. Not only, adaptive instruction is crucial in the 

ÔÅÁÃÈÉÎÇ ÐÒÏÃÅÓÓ ÔÏ ÆÏÓÔÅÒ ÓÔÕÄÅÎÔÓȭ ÌÅÁÒÎÉÎÇ ÅÓÐÅÃÉÁÌÌÙ ×ÈÅÎ ÉÎÑÕÉÒÙ-based learning is 

implemented in the classroom, where learning is both an individual and a social process, 

including work by individual students, work by small groups of students, and teacher-led whole 

classroom discussions.  

Gallagher and colleagues (2020), in a review of the literature, found that mathematics educations 

researchers have focused mainly on these aspects related to adaptive teaching: (a) how curricula 
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can serve as stimuli aiding adaptive teaching practices (e.g., Choppin, 2011; van Es, 2012)); (b) 

the primary factors to which adaptive teachers respond - namely stimuli from students, the 

learning trajectory, or their own actions (e.g., Scherrer & Stein, 2013; Wager, 2014; Weiland et 

al., 2014); and (c) additional teacher responses, including orchestrating classroom discourse, 

modifying curricular materials, or selecting teaching aids (Huang & Li, 2012; van Es & Conroy, 

2009). Adaptive instruction on the micro level of teacher-student interaction has rarely been 

investigated with respect tÏ ÓÔÕÄÅÎÔÓȭ ÃÏÎÔÅÎÔ-specific learning pathways or with respect to the 

utterances, gestures, and observations of the students (Jacobs & Empson, 2016). Less attention 

has been paid to the adaptive teaching oriented to a specific mathematical content. Even scanter 

attention has been paid to adaptive instruction of a specific content in a teaching situation based 

on ÄÉÇÉÔÁÌ ÔÅÃÈÎÏÌÏÇÙȟ ÁÎÄ ÔÏ ÔÈÅ ÔÅÁÃÈÅÒȭÓ ÒÏÌÅ ÉÎ ÆÁÃÉÌÉÔÁÔÉÎÇ ÓÔÕÄÅÎÔÓȭ ÅÖÏÌÕÔÉÏÎ ÔÏ×ÁÒÄÓ ÔÈÅ 

understanding of a specific mathematical content.  

In this research, we try to address this gap in knowledge by examining a teacher adaptive 

instruction while using several artefacts and focusing on the development of a specific content, 

meaning covariational reasoning, adding an additional layer to the complexity of the instruction 

process. We do believe that understanding how teachers interact with students to adapt their 

instruction  to teach complex mathematical concepts carries important theoretical, 

methodological, and pedagogical implications.  

In Section 9.2 we are going to show the reasons why the teacher involved in this research 

represents a good example to speak of adaptive teaching and lately, over the three teaching 

experiments, some adaptive teaching strategies suitable to foster covariational reasoning within 

a digitally rich environment will be described and discussed. 
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7 RESEARCH QUESTIONS: DEFINITIVE FORMULATION 

In the Introduction (Chapter 1) we highlighted the recognized relevance of covariational 

reasoning for a deep understanding of many mathematical concepts and specifically its 

importance in modelling tasks; we underlined difficulties met by both students and teachers in 

secondary school when dealing with the teaching and learning of the complex concept of 

function, in particular when tasks enhance dynamic aspects requiring a covariational approach 

that goes beyond the static definition of function. Moreover, a strong revision of the already 

existing literature brought to light some contributions remarking that the framework of 

covariation finalized by Thompson and Carlson seems not enough to fully address the variety of 

ÒÅÁÓÏÎÉÎÇȭs displayed by students when working with functions. Starting from these 

observations and findings, we elaborated three teaching experiments involving modelling 

activities concerning classes of real phenomena to introduce students to families of functions 

characterized by the presence of parameters. This approach was supported by the use of suitable 

technological tools which can enhance covariational reasoning processes and help in 

appreciating the dynamic nature of functions.   

The theoretical framework elaborated and presented in the previous chapter consists of four 

different theoretical lenses: the semiotic bundle, the theory of commognition, conceptual 

blending, and adaptive teaching. We suitably networked those theories coordinating them and 

this clarified framework allows us to introduce a second and definitive formulation of the 

research questions of this study. We aim at deepening ÓÔÕÄÅÎÔÓȭ understanding of covariation 

not only between variables, but also between variables and parameters, in the context of 

mathematical modelling of classes of real phenomena through the use of technology enhancing 

a dynamic approach; we are going to focus espÅÃÉÁÌÌÙ ÏÎ ÓÔÕÄÅÎÔÓȭ discursive and linguistic 

productions and on the teaching strategies that can foster covariational reasoning.   

In the following we give a specific formulation of the four research questions guiding our study, 

now addressing them through the theoretical lenses we have already introduced. 

7.1 RESEARCH QUESTION 1  

Iƻǿ Ŏŀƴ ǘƘŜ ¢ƘƻƳǇǎƻƴ ŀƴŘ /ŀǊƭǎƻƴΩǎ ǘƘŜƻǊŜǘƛŎŀƭ ŦǊŀƳŜǿƻǊƪ ŀōƻǳǘ ŎƻǾŀǊƛŀǘƛƻƴ be enlarged so to 

encompass second-order covariation in a unique and coherent construct?  
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This first question reflects the main purpose of our research: it has a theoretical value that will 

be addressed throughout the entire study and will find an answer only at the end, considering 

from a global standpoint all the findings of this research. As outlined before, we aim at enlarging 

the already existing framework about covariation including not only the still under construction 

construct of second-order covariation, but also all the other hints coming from a revision of the 

literature and that do not fit completely the Thompson and Carlson hierarchy. We would like to 

extend a theorization based predominantly on a cognitive characterization, also to other 

standpoints, specifically the mathematical and didactical ones.  

7.2 RESEARCH QUESTION 2 

Is it possible to identify some levels connoting second-order covariation?  

As done in Thompson and Carlson (2017), we aim at identifying some levels connoting second-

order covariation: since we will mainly analyze classroom discussions and brief working group 

activities, and not individual interviews, we hypothesize that we will not be able to elaborate a 

rigorous taxonomy of cognitive levels but we aim at least at identifying some mathematical 

connotations, obviously determined by the mathematical context of our teaching experiments, 

in which second-order covariation manifests.  

7.3 RESEARCH QUESTION 3 

Which linguistic markers connote specifically each of the levels of ǎǘǳŘŜƴǘǎΩ covariational reasoning? 

From a linguistic standpoint, we aim at conducting a strict analysis of the recurrent syntactical 

structures or lexical markers that can be associated to the different levels of covariational 

reasoning. Despite the limitations of a merely qualitative analysis restricted to a limited sample 

of students in a well-defined contest, this investigation could provide interesting insights on the 

way in which students express when reasoning covariationally.   

7.4 RESEARCH QUESTION 4 

Which levels characterizing the discourse about modelling of real phenomena can be distinguished 

and how do they relate to covariation?  

We are interested ÉÎ ÉÎÖÅÓÔÉÇÁÔÉÎÇ ÈÏ× ÔÈÅ ÓÔÕÄÅÎÔÓȭ ÅÍÅÒÇÉÎÇ ÄÉÓÃÏÕÒÓÅ ÁÂÏÕÔ ÍÏÄÅÌÌÉÎÇ ÏÆ ÒÅÁÌ 

phenomena manifests: we aim at classifying the different levels that can be recognized according 
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to a commognitive perspective and grasp how the use of various technological tools influences 

and manifests in these various levels of the mathematical discourse. Moreover, we would like to 

ÉÎÖÅÓÔÉÇÁÔÅ ÈÏ× ÔÈÅÓÅ ÌÅÖÅÌÓ ÒÅÌÁÔÅ ÔÏ ÔÈÅ ÅÖÏÌÕÔÉÏÎ ÏÆ ÓÔÕÄÅÎÔÓȭ ÃÏÖÁÒÉÁÔÉÏÎÁÌ ÒÅÁÓÏÎÉÎg. 

7.5 RESEARCH QUESTION 5 

Which adaptive teaching strategies does the teacher use to responsively guide the students to engage 

in covariational reasoning within classroom activities?  

Finally, with this last question, we would like to clarify which is the role of the teacher when 

dealing with classroom activities that involve covariational reasoning: adopting the definition 

by Maskiewicz and Winters (2012) who consider that adaptive teaching is demonstrated 

through responsive guidance, we aim at identifying some relevant adaptive teaching strategies 

that our expert teacher uses in her school practices and from which students benefit because 

these strategies help them in better explicating covariational reasoning. The identification of 

these strategies could be helpful also for other teachers because their adoption in their school 

practices could ÓÕÐÐÏÒÔ ÓÔÕÄÅÎÔÓȭ ÃÏÖÁÒÉÁÔÉÏÎÁÌ ÐÒÏÃÅÓÓÅÓȢ  

All these questions will be addressed in Chapters 10, 11 and 12 and will have a well formulated 

answer in Chapter 13. Moreover, Chapter 14 will contain some additional and preliminary 

results helpful to enrich the answer to research question 1.   
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8 METHODOLOGY  

8.1 TEACHING EXPERIMENTS: A QUALITATIVE RESEARCH 

The research presented in this dissertation has all the features of a qualitative study in the sense 

that its main goal is the discover and analysis of the meanings and interpretations elaborated by 

students (Gall et al., 1996) when dealing with tasks requiring covariational reasoning and 

specifically related to mathematical modelling situations. At the beginning of each teaching 

experiment (T.E.), we made a hypothetical planning of our experimentations and we 

implemented it in the classroom setting over a period of few weeks. During the implementation, 

we made careful observations about the efficacy of the original plan, and we used them to refine 

our planning along the way ÁÃÃÏÒÄÉÎÇ ÔÏ ÓÔÕÄÅÎÔÓȭ ÒÅÁÃÔÉÏÎ ÔÏ the proposed activities. Our 

ÏÂÓÅÒÖÁÔÉÏÎÓ ÁÎÄ ÔÈÅ ÁÎÁÌÙÓÉÓ ÏÆ ÔÈÅ ÃÏÌÌÅÃÔÅÄ ÄÁÔÁ ÅÎÁÂÌÅÄ ÕÓ ÔÏ ÇÁÉÎ ÉÎÓÉÇÈÔÓ ÏÎ ÔÈÅ ÓÔÕÄÅÎÔÓȭ 

mathematical conceptualization of the administered tasks and ÔÏ ÒÅÆÌÅÃÔ ÏÎ ÈÏ× ÔÅÁÃÈÅÒȭÓ 

choiceÓ ÉÎÆÌÕÅÎÃÅÄ ÓÔÕÄÅÎÔÓȭ ÕÎÄÅÒÓÔÁÎÄÉÎÇ. Despite the qualitative nature of our research, it 

displays many of the characteristics of a scientific research (Groth, 2010) and in particular:  

- The adoption of a conceptual framework originated by the networking of several 

theoretical lenses deeply presented in Chapter 6 and specifically: the semiotic bundle, 

commognition, conceptual blending, and adaptive instruction;  

- The direct and empirical observation of some specific and relevant research questions: 

their formulation and motivation have been illustrated in Chapter 7;  

- A rich description of the setting in which the study was carried out (see Section 9.3, and 

Chapters 10, 11, and 12);  

- A variety of qualitative data collected through classroom observations (video and audio 

recordings) and some interviews as described in the Data collection paragraphs and 

Section 8.4. 

Moreover, since we, as researchers, are ÎÏÔ ÏÎÌÙ ÉÎÖÅÓÔÉÇÁÔÉÎÇ ÔÅÁÃÈÅÒÓȭ ÁÔÔÉÔÕÄÅȟ ÂÕÔ ÁÌÓÏ 

ÔÈÅÏÒÉÚÉÎÇ ÁÂÏÕÔ ÏÔÈÅÒÓȭ (those of students and in some sense also of the teacher) cognitions 

related to covariation, we are contributing to the phenomenon we are analyzing: reflexivity, 

ÁÃÃÏÒÄÉÎÇ ÔÏ 3ÔÅÉÅÒȭÓ ÄÅÆÉÎÉÔÉÏÎ (1995), means first of all to be aware that our involvement as 

researchers helps to create the behavior we wish to study. While we struggle with sense-making 

ÏÆ ÏÔÈÅÒÓȭ ÍÁÔÈÅÍÁÔÉÃÁÌ ÕÎÄÅÒÓÔÁÎÄÉÎÇȟ ȰɍÔɎÈÅ ÉÍÁÇÅÓȟ ÇÏÁÌÓȟ ÁÎÄ ÉÎÔÅÎÓÉÏÎÓ ÇÕÉÄÉÎÇ [our]  actions 
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appear explicitly in [our]  ÉÍÁÇÅ ÏÆ ÁÎÏÔÈÅÒȭÓ ÕÎÄÅÒÓÔÁÎÄÉÎÇȟ and [we]  attempt to take those 

ÁÓÐÅÃÔÓ ÏÆ ÏÔÈÅÒÓȭ ÅØÐÅÒÉÅÎÃÅÓ ÉÎÔÏ ÁÃÃÏÕÎÔ ÁÓ [we]  ÔÒÙ ÔÏ ÕÎÄÅÒÓÔÁÎÄ ÔÈÅÉÒ ÒÅÁÌÉÔÉÅÓȱ ɉ4ÈÏÍÐÓÏÎȟ 

1995, p. 124). Reflexive research, as is our research, also implies that we can never capture our 

current understanding; at beÓÔ ×Å ÃÁÎ ÃÁÐÔÕÒÅ ×ÈÅÒÅ ×Å ÈÁÖÅ ÂÅÅÎȟ ÓÏ Ȱ×Å ÁÌ×ÁÙÓ ÒÅÆÌÅÃÔ 

ÒÅÔÒÏÓÐÅÃÔÉÖÅÌÙ ÏÎ ÏÕÒ ÃÏÎÔÒÉÂÕÔÉÏÎÓ ÔÏ ÔÈÅ ÐÈÅÎÏÍÅÎÁ ÏÆ ÉÎÔÅÒÅÓÔȱ ɉ4ÈÏÍÐÓÏÎȟ ρωωυȟ ÐȢ ρςυɊȢ 

This explains why we felt the need to reformulate in a finer way our research questions during 

the study and why the preliminary definition of second-order covariation was partially revised 

and enriched during each of the teaching experiments but only at the end of the whole study we 

will be able to provide a coherent characterization. Furthermore, as already mentioned, it is only 

during the analysis of data from the third T.E. that we felt the need to introduce an additional 

theoretical lens. 

In addition to this point, we have to clearly state that the introduction of our enlarged framework 

about covariational reasoning presents many constraints related to the design and context of 

our research:  

- The context in which we investigate covariational reasoning is that of mathematical 

modelling intended as mathematical representation of classes of real phenomena;  

- We investigate the problem of covariational reasoning among quantities whose values 

are related by a formula which is something that Thompson and colleagues actually never 

dealt with, but recent studies have been elaborated in this area involving students of 

algebra and analysis courses (Frank, 2016); 

- The specific kind of instrumentation we propose in our teaching experiments deeply 

influences the path leading students to a full grasping of second-order covariation. 

8.2 DESIGN PRINCIPLES 

The three teaching experiments we designed as research group have as main topic the modelling 

of real phenomena describable through a mathematical formula and interpretable through 

various representations. The phenomena we chose to investigate locate in a perspective of 

multidisciplinariety, but the focus of the proposed tasks is always that of mathematical 

interpretation. Hence, the most suitable perspective to read these activities is that of 

mathematical modelling in the sense intended by Blum and Niss (1991).  The design of the 

activities proposed in our teaching experiments makes explicit use of various artefacts and 

technological supports which allow an instrumentation of covariational processes and that 
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constitute multiple external representations (MERs) of the same phenomenon of interest. The 

teacher has always been involved in designing all the tasks and in structuring the three 

experiments in their entirety: her wise experience in teaching has been a precious element in 

determining the time required for each of the activities proposed and in remodulating on the 

spot the requests of the students according to the trend of achievements and difficulties. 

8.2.1 Modelling 

Mathematical modelling has not a unique definition in Mathematics Education literature. 

According to the PISA mathematics framework, the mathematical modelling competence is 

intended as a lens onto the real world (Niss & Højgaard, 2019): mathematical models 

represent an ideal conceptualization of a real-life or scientific phenomenon; they are 

formulated in mathematical language and use a wide variety of mathematical tools and 

results. Moreover, summarizing Blum and Ferri (2009), mathematical modelling is a tool 

that: (a) helps students to better understand the world; (b) supports mathematics learning, 

understanding and motivation; (c) contributes to developing various mathematical 

competencies; and (d) contributes to an adequate picture of mathematics. From the 

didactical standpoint, many scholars and researchers have underlined the usefulness of 

modeling tasks for developing mathematical competencies in students (Zbiek & Conner, 

2006; Watson & Ohtani, 2015; Arcavi & Friedlander, 2018). Specifically, modeling physical 

phenomena can produce a useful joint pedagogical fulfillment of the inquiry -based 

epistemologies of science and mathematics: an interesting concrete didactical example of 

this approach is given by the Fibonacci Project (Harlen, 2012). Commenting this experience, 

Artigue and Blomhøj (2013) focus some features of this kind of approach to mathematics 

teaching-learning. Among them: the epistemological relevance of the questions from a 

mathematical perspective; the modelling dimension of the inquiry process; the experimental 

dimension of mathematics; the autonomy and responsibility given to students, from the 

formulation of questions to the production and validation of answers; the guiding role of the 

teacher and teacherɀstudents dialogic interactions; the collaborative dimension of the 

inquiry process. Starting from this background, which clearly reveals the validity of 

introducing modelling in mathematics classroom, we share the vision of mathematical 

modelling emerging from Italian Indicazioni Nazionali (2010a), meaning as representation 

of the same class of real phenomena.  
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To describe the steps of mathematical modelling process, we need to refer to the modelling cycle 

(Figure 5). Inspired by Blum (1996), it consists of two parallel chambers, reality and 

mathematics, which comprise four other building blocks: real situation, which is the starting 

stage of the process, real world model, mathematical model, and results which are the numerical 

solution to a given problem. Other modelling cycles can be found in the literature (Sokolowski, 

2015), but they all begin with a real situation and conclude with an attained unique solution. The 

process of modelling is generally characterized by removing noise, meaning removing all those 

disturbing elements that could make challenging pass from the real situation to a mathematical 

model: a first cleaning phase happens when passing from the real situation to the scientific 

simulation or real world model; the second round happens during the transition toward the 

mathematical model which necessarily requires some simplifications so that numerical 

mathematical results are obtainable and computable. Therefore, a mathematical model may 

present a conceptualization that is understood to be an approximation or an intentional 

simplification of the object phenomenon. The passages previously described are underlying the 

arrows of the modelling cycle.  

Figure 5 ɀ Mathematical modelling cycle inspired by Blum (1996) 

From the description of the tasks proposed in our teaching experiments, it will clearly emerge 

that we are not so rigorous in the application of the steps of the modelling cycle: in 2020 teaching 

experiment, students start with an experiment conducted in classroom under the guidance of 

ÔÈÅÉÒ ÔÅÁÃÈÅÒ ÁÎÄ ÔÈÅ ÒÅÓÕÌÔÓ ×ÉÌÌ ÒÅÖÅÁÌ ÔÈÁÔ ÉÔ ÈÁÓ Á ÓÔÒÏÎÇ ÉÎÆÌÕÅÎÃÅ ÏÎ ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇȠ ÉÎ 

2017 and 2019 teaching experiments instead do not start from a real situation but rather from 

a simulation or a reproduction of the same through a video or a GeoGebra applet. In these cases, 



 

51 
 

the reproduction of the experiment in the physics laboratory was the last step of their modelling 

activities which allowed to verify the validity of their mathematical model.  

As we mentioned before, we locate these activities in a perspective of multidisciplinarity, but the 

disciplines other than mathematics, i.e., physics or science, just constitute the background where 

the modelling situations under investigation arose: the specific method of investigation of those 

subjects does not interfere in the experimentation. Students are guided to look at the contest 

and inputs always with the eyes of the mathematician. If we wanted to condense the aim of our 

teaching experiments in a few words, those of Dirac (1939) reveal highly appropriate:  

The mathematician plays a game in which he himself invents the rules while the physicist plays a game 

in which the rules are provided by Nature, but as time goes on it becomes increasingly evident that the 

rules which the mathematician finds interesting are the same as those which Nature has chosen. (P. A. 

M. Dirac, From Lecture delivered on presentation of the James Scott prize, (6 Feb 1939), 'The Relation 

Between Mathematics and Physics', printed in Proceedings of the Royal Society of Edinburgh (1938-

1939), 59, Part 2, 124) 

8.2.2 Multiple External Representations (MERs) 

The acronym MERs stands for Multiple External Representations, meaning different modalities 

of representations so to enhance the learning of the characterizing aspects of the analyzed 

phenomenon (Ainsworth, 1999). Multi -representational systems employ at least two 

representations, but commonly many more are available and typical multi-media system can 

display pictures, text, animations, sound, equations, and graphs. Combinations of 

representations can play at least three different functions in supporting learning (Ainsworth, 

2006): 

- Complementary function: when MERs complement each other, they do so because they 

differ either in the processes each supports or in the information each contains. By 

combining representations that differ in these ways, it is hoped that learners will benefit 

from the advantages of each of the individual representations;  

- Constrain interpretation: certain combinations of representations can help learning when 

one representation constrains the interpretation of a second representation; 

- Construct deeper understanding: multiple representations support the construction of 

deeper understanding when learners integrate information from MERs to achieve 

insights that would be difficult to achieve with only a single representation. 
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Literature shows that the use of multiple representations strongly supports the learning of 

mathematical concepts but, although multiple representations are beneficial to the learners, 

they are non-trivial for students to relate and identify connections (Ainsworth, 2008). In our 

T.E.s our teacher will play a crucial role in mediating between the involved representations. The 

theoretical lens of conceptual blending will enable us to analyze how MERs affect cognitively 

ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇ: tÈÅ ÁÎÁÌÙÓÉÓ ÏÆ ÓÔÕÄÅÎÔÓȭ ÅÍÅÒÇÉÎÇ ÍÁÔÈÅÍÁÔÉÃÁÌ ÄÉÓÃÏÕÒÓÅÓ ÄÕÒÉÎÇ 

classroom discussions or working group activities will help us to focus on the level of 

instrumentation and to observe how the blending of the inputs from the several MERs adopted 

will rev eal and shape ÓÔÕÄÅÎÔÓȭ ÃÏÖÁÒÉÁÔÉÏÎÁÌ ÒÅÁÓÏÎÉÎÇ.  

The representations adopted in designing the proposed tasks have mainly a 

complementary/construct deeper understanding role, but all the details will be provided in the 

following sections while describing the specific tasks for each case study.  

8.2.3 Overview of the whole experimentation and general sequence of tasks 

The data presented and discussed in this study come from three teaching experiments. Now we 

are going to provide briefly some details concerning logistic information, the topic and goals of 

the tasks proposed:  

1) Teaching experiment 2017 (Chapter 10): it was conducted in a 9th grade classroom, and it was 

about leading students to construct the mathematical meaning of the quadratic function 

starting from the simulation of a real phenomenon that is a ball rolling along an inclined 

plane, the so-called Galileo experiment. Dr Osama Swidan, from the Ben-Gurion University of 

the Negev, while he was visiting fellow in Turin, deeply contributed to the experimentation, 

both with the design of the GeoGebra applet and with the logistic organization of video 

recordings. In this T.E., covariational reasoning processes were instrumented thanks to the 

use of two main artefacts: a video reproducing the experiment and a GeoGebra applet 

simulating it (Figure 6). The two artefacts provided complementary information that will be 

presented in detail in Section 10.1. 
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Figure 6 ɀ The two main artefacts used in the 2017 T.E. instrumentation process 

2) Teaching experiment 2019 (Chapter 11): it took place in a 10th grade classroom, and it was a 

replication of the 2017 teaching experiment with some other additional tasks. The aim of the 

activities was to obtain the law of the motion of the ball running along an inclined plane and 

in particular: (a) obtain the formula describing the motion of the ball Ó Є Ë Ё Ô²; (b) explore the 

relationship between the angle of inclination of the plane and the (s, t) graph.  

The instrumentation of the modelling cycle in this case was made possible through four main 

artefacts: a video and a GeoGebra applet, as done in 2017 T.E., a second applet containing 

additional information (both numerical and analytical), and finally the reproduction of the 

experiment in the physics laboratory so to validate the mathematical model (Figure 7). The 

experiment constituted the point of arrival in this cycle and so, it was not so influent in 

ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇȟ ÂÕÔ ÔÈÅ ÃÏÍÐÁÒÉÓÏÎ ×ÉÔÈ ÒÅÁÌÉÔÙ ÅÎÁÂÌÅd students to verify the validity 

of the mathematical results obtained from the video or the applets.  

 

Figure 7 ɀ Instrumentation of 2019 T.E. modelling process 
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Globally, we can claim that the MERs adopted have a complementary role when providing 

additional information, also on a different semiotic register, and help to construct a deeper 

understanding when enabling to get in touch with different aspects of the phenomenon under 

investigation. 

3) Teaching experiment 2020 (Chapter 12): it was conducted in a 11th grade classroom,  the same 

of the previous teaching experiment, and had three main goals: (a) investigating the 

relationship between humidity and temperature; (b) being able to read and interpret the 

psychrometric chart10  in order to explain real phenomena concerning temperature and 

humidity ; (c) distinguishing the role of variables and parameters in reading charts. Even in 

this case, the instrumentation of the modelling process and covariational reasoning is 

supported by four main artefacts: a classroom experiment, a real psychrometric chart and 

two GeoGebra applets (Figure 8). In this case the classroom experiment constituted the 

starting point of the whole modelling activity and, as the data analysis will reveal, it was a 

solid reference point throughout the whole T.E., both in reading the psychrometric chart and 

the graphs showed in the GeoGebra environment: it constituted the element which enabled 

students to interpret the mathematical representations from a physical point of view. Even 

in this T.E., the MERs adopted have mainly a complementary or construct deeper 

understanding function. 

Figure 8 ɀ Instrumentation of 2020 T.E. modelling process 

 
10 A psychrometric chart, or Carrier diagram, is a graph of the thermodynamic parameters of moist air at a constant 
pressure, often equated to an elevation relative to sea level. Although the principles of psychrometry apply to any 
physical system consisting of gas-vapor mixtures, the most common system of interest is the mixture of water vapor 
and air, because of its application in heating, ventilation, air-conditioning, and meteorology. 
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All the three projects have seen the involvement of the same classroom teacher, Silvia, both 

during the design phase and during the classroom implementation. Some details concerning her 

background formation and her teaching method will be presented in Chapter 9.  

From a methodological point of view, the teaching experiments consisted in an alternating of 

working group activities to teacher-led discussions. During the working group phase, students 

ÍÁÉÎÌÙ ÆÏÃÕÓÅÄ ÏÎ Á ÓÉÎÇÌÅ ÒÅÐÒÅÓÅÎÔÁÔÉÏÎ ɉÖÉÄÅÏȟ 'ÅÏ'ÅÂÒÁ ÁÐÐÌÅÔȟ ÃÈÁÒÔȣɊ and, thanks to some 

instruction provided by a worksheet, students were guided through an exploratory phase 

consisting of the formulation of some hypotheses about the phenomenon under investigation. 

During the explorational phases the role of the teacher was primarily that of supervising 

ÓÔÕÄÅÎÔÓȭ ×ÏÒË ÁÎÄ ÈÅÌÐing the groups in case of problems with the technology involved. Her 

role became determinant during classroom discussions, which always followed the working 

group activities and during which the teacher typically started the debate from the written 

answers of the different groups. Since the teacher had the chance to read the works before 

starting the discussion, the order in which answers were read and commented on was not casual 

but somehow planned in order to encourage the discussion, starting from the answers less rich 

of information to the ones more deepened and somehow near to the correct answer. We expect 

the teacher to start from reading the conjectures elaborated by the different groups and inviting 

the members of the group in explaining them. During the following phases, thanks to the 

complementary or additional information provided by the newly introduced artefact, students 

were asked to validate or falsify their previous assumptions and reformulate them in a more 

correct and complete form. 

8.3 THE TIMELINE: A TOOL TO DESCRIBE WHAT HAPPENS WITHIN THE 

MATHEMATICS CLASSROOM  

The theoretical lenses presented in Section 6.2 allow to properly explore the didactical 

phenomena that happen in the classroom but given their numerosity and complexity, a specific 

tool which can condense all the sought information and help the researchers in a proficient 

analysis is required. Starting from the theoretical perspective of the semiotic bundle, a suitable 

tool of analysis, called Timeline, has already been presented in Arzarello et al. (2010), in the 

Italian book Matematica: Non è solo questione di testa (2011), and in Sabena et al. (2012): it arises 

from the need to describe in detail the didactic situations and the dense intertwining of 

relationships between the variables present in the classroom. It is supposed to be used as a 

microanalysis tool which provides a global view on the different semiotic registers of the 
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semiotic bundle: speech, body, and inscriptions. In line with the characterization of the semiotic 

bundle construct, two kinds of analysis may be carried out with the Timeline: a diachronic one, 

focusing on the evolution of the various components over time; and a synchronic one, allowing 

to grasp the relations of the components in a specific moment in time. The Timeline, a table with 

many rows and columns, is both a powerful and complex tool of analysis and deserves some 

words to be spent in a detailed description of its various rows dedicated to the analysis of the 

ÓÐÅÃÉÆÉÃ ÁÓÐÅÃÔÓ ÏÆ ÔÈÅ ÓÅÍÉÏÔÉÃ ÁÎÄ ÄÉÓÃÕÒÓÉÖÅ ÓÔÕÄÅÎÔÓȭ ÁÎÄ ÔÅÁÃÈÅÒÓȭ productions, including 

their interactions with tools. Given the density of details, the Timeline is suitable for an accurate 

analysis of short episodes. However, one of the advantages of this tool is that it can be easily 

adapted and integrated to respond to different research purposes, for example also for a 

macroanalysis of longer episodes (Javorski & Potari, 2009). 

In this study, in order to satisfy our purposes of research, we propose a new version of the 

Timeline aiming at integrating the semiotic bundle with the other theoretical lenses we 

introduced. The improved version of the Timeline we are going to present in this section allows 

to represent the dynamic flow of the various episodes in a condensed form and to underline the 

specific main components according to the different theoretical standpoints in each of them. In 

these rich cognitive processes, all the different components of the semiotic bundle, enriched by 

a more subtle analysis made possible by the networking with other theoretical frameworks , are 

active in a unitary way and in the end the second-order covariation is conquered by many 

students within this unitary process itself.  

This enhanced Timeline allows to point out with great detail:  

- how the complex interactions between the teacher and the students, suitably represented 

in the interaction flowchart, intertwine  and enhance the exploration and learning of 

mathematical concepts;  

- how artefact interactions can instrument the steps through which the students approach 

second-order covariation within the communicational environment of the classroom 

discussion and their evolution in time. Sometimes the students use instruments to get 

ÁÎÓ×ÅÒÓ ÔÏ ÔÈÅÉÒ ÉÎÑÕÉÒÙ ÐÒÏÃÅÓÓÅÓȟ ÓÏÍÅÔÉÍÅÓ ÔÈÅÙ ÂÁÓÅ ÏÎ ÉÎÓÔÒÕÍÅÎÔÓȭ ÓÅÍÉÏÔÉÃ 

productions to settle contrasting conjectures in discussions with their mates or with the 

teacher. Other times it is the teacher herself that suitably echoes and develops such 

ÐÒÏÄÕÃÔÉÏÎÓ ÁÔ ÔÈÅ ÂÌÁÃËÂÏÁÒÄ ÔÏ ÔÒÉÇÇÅÒȟ ÓÕÐÐÏÒÔȟ ÏÒ ÐÒÏÖÏËÅ ÓÔÕÄÅÎÔÓȭ ÃÏÎÊÅÃÔÕÒÅÓ; 
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- the deep structure of what happens in the classroom and shows like in a moÖÉÅ ÓÔÕÄÅÎÔÓȭ 

growing understanding of the second-order covariation thanks to the adaptive 

instruction method used by the teacher;  

- the evolution of classroom discourse about modelling of real phenomena, the way in 

which the various external representations of the situations proposed emerge in 

ÓÔÕÄÅÎÔÓȭ ÄÉÓÃÏÕÒÓÅ ÒÅÖÅÁÌÉÎÇ Á ÂÌÅÎÄÉÎÇ ÏÆ ÔÈÅÉÒ ËÎÏ×ÌÅÄÇÅ ÏÆ ÉÔ ÁÎÄ ×ÈÉÃÈ ÌÉÎÇÕÉÓÔÉÃ 

features connote their claims involving covariation;  

- a tentative classification of the orders and levels of covariational reasoning. 

All the details concerning the information collected in the Timeline in order to respond to our 

research goals are presented in the following: the interface of the Timeline is also shown in  

Figure 9 with a brief description of the function of each of its rows.  

(i) Interaction flowchart - The first row of the Timeline is the flowchart of interactions between 

the teacher and the students during classroom discussions or among students during working-

group sessions. The interactivity flowchart, already introduced in 6.3, arises within a 

commognitive perspective and was firstly elaborated by Sfard and Kieran (2001) with the aim 

to collect all the oral interactions and reveal the real interest of the interlocutors in 

communicating with their partners. The interactions, represented by arrows, can be of three 

kinds: reactive (diagonally back arrow), proactive (diagonally forward arrow) and both reactive 

and proactive (both diagonally back and forward arrow). Lately, Liljedahl and Andrà (2014) 

have further developed the interactivity flowchart including gazes produced in social 

interactions, specifically their direction and intensity (denoted by the different thickness of the 

arrows). Our innovative contribution consists of including non-verbal interactions that is the 

main gestures produced by the subjects involved in the discussion. In particular, the following 

symbology, reported also in Table 1, is adopted: blue arrows for gestures, dotted blue arrows 

for gazes and dashed-dotted blue arrows to refer to writing gestures; black arrows for oral 

interactions, dashed arrows to denote questions, and double arrows to underline the semiotic 

games.  

(ii) Utterances ɀ This section collects the oral utterances, and it is divided into two rows devoted 

to the teacher and the students. Revoiced sentences are reported in italics. In addition, we 
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indicate with T 11  when the teacher asks the students something and use the notation Tᵽ when 

the teacher repeats (revoices) a sentence pronounced by a student to underline the importance 

or the correctness, possibly even using gestures.  

(i ii ) Linguistic analysis ɀ This row re-ÐÒÏÐÏÓÅÓ ÓÔÕÄÅÎÔÓȭ ÕÔÔÅÒÁÎÃÅÓ ÒÅÖÅÁÌÉÎÇ ÃÏÖÁÒÉÁÔÉÏÎÁÌ 

reasoning. The translation into English is preceded by the original statements in Italian. The 

main goal of this Timeline row is to highlight some linguistic markers, meaning recurrent 

linguistic structures and features, connoting the various forms of covariational reasoning. 

Moreover, when needed, a finer grain attention was paid to the identification of terms afferent 

to different mental input spaces. Linguistic markers, jointly with the other components of the 

semiotic bundle, e.g., gestures, inscription s, and interactions with artefacts, can be indicators of 

subsequent moments in the development of the second-order covariation as will be explained 

below in the microanalysis and, with greater detail, in the analysis of some episodes.  

(iv) Discourse levels - Basing on the commognition framework, a row of the Timeline is reserved 

to the analysis of the discourse on mathematical modelling and the identification of some levels 

connoting its evolution. Some benchmark studies are those developed by Caspi and Sfard (2012) 

about the levels of algebraic discourses and those by Kim et al. (2012) on the levels of discourse 

on infinity. While these studies adopt a historical or ontogenetic approach, we are instead going 

to focus on the narratives connoting the mathematical discourse. 

(v) Gestures - Gestures are analyzed according to the four dimensions (deictic, iconic, 

metaphoric, and beats) identified by McNeill (1992) and adapted to the analysis of mathematics 

teaching-learning processes as in Arzarello et al. (2015). In addition, we consider another 

overlapping dimension, that of writing gestures (Shein, 2012; Alibali & Nathan, 2007). The main 

function of gestures, narrative, interactive or grounding, is reported in red boxes. In particular, 

non-redundant gestures with respect to speech (Alibali et al., 2000) are marked with a red 

triangle in the Timeline. Concerning significant gazes, their features and function, sensing or 

signaling, according to the Interpersonal Gaze Processing Model (Cañigueral & Hamilton, 2019), 

are reported in blue boxes.   

(vi) Inscriptions - The row dedicated to inscriptions shows the writings produced by the teacher 

or students on the blackboard, the interactive whiteboard or on their worksheets.  

 
11 In this dissertation we are going to use this arrow, instead of a dashed one as done in the Timelines, to denote 
ÔÅÁÃÈÅÒȭÓ ÑÕÅÓÔÉÏÎÉÎÇȢ 
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(vii) Artefacts interactions - In this row we record how the students and the teacher refer and 

interact with the different artefacts, denoted with a capital letter, along the time. Basing on the 

Saada-Robert microgenesis model of the representation of a problem (1989), further elaborated 

by Arzarello and colleagues (2002), we distinguish two main modalities which feature the 

interactions with artefacts, already presented in 6.2.3: ascending control (X ) or descending 

control ( X).  

(viii ) Covariation (order and level) ɀ Eventually, this row is devoted to a tentative analysis of the 

orders and levels of covariational reasoning. Specifically, we consider an extension of the already 

existing taxonomy of Thompson and Carlson (2017) consisting of: first-order covariation (COV 

1) and its six levels hierarchy (L0: No coordination, L1: Pre-coordination of values, L2: Gross 

coordination of values, L3: Coordination of values, L4: Chunky continuous covariation, L5: 

Smooth continuous covariation) and the new construct of second-order covariation (COV 2). 

Those rare examples of reasoning revealing variational reasoning will be denoted with letter V. 

Its sublevels are recalled in Chapter 2. 
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Figure 9 - Timeline interface 

TIMING ɀ The timings reported correspond to 

the relevant interventions or actions performed 

by the teacher and students, hence they are 

functional to analysis purposes. There is no fixed 

interval of time.  

 

INTERVENTIONS ɀ The name of the person who is intervening is 

recalled in this row. 

INTERACTION FLOWCHART ɀ This flowchart collects all the verbal 

and non-verbal interactions between the teacher and the students and 

reveals the interest of the interlocutors in creating a real dialogue with 

their partners. The interactions are represented as arrows and can be of 

three kinds: reactive (diagonally back), proactive (diagonally forward) or 

both reactive and proactive (both diagonally back and forward). To 

describe each type of interaction we used identical corresponding 

arrows (see Table 1). Each line of the flowchart is devoted to a single 

person speaking. 

UTTERANCES ɀ This section is divided into two rows devoted to the 

teacher and the students. Utterances, originally in Italian, are reported  

and translated into English. Revoiced sentences are reported in italics.  

LINGUISTIC ANALYSIS ɀ The sentences displaying covariational 
reasoning are reported both in Italian and in English, aiming at 
identifying recurrent linguistic structures or markers. 
 

DISCOURSE LEVEL ɀ The various levels of the mathematical discourse 
regarding the modelling of real phenomena we could identify are 
outlined in this row. 
 

GESTURES ɀ This section is divided into two rows devoted to the 
teacher and the students. We report a picture of the performed gestures 
and a brief description. Moreover, the nature and function of the gestures 
and significant gazes are reported. 
 Gaze 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

INSCRIPTIONS ɀ In this section we report some pictures, or we 

describe verbally the main inscriptions made by the teacher on the 
blackboard, the sketches, symbols, and formulas used by the teacher and 
the students. 
 

ARTEFACTS INTERACTIONS ɀ This row concerns the various 
artefacts we observed and recognized in the scrutinized episodes 
denoted with a capital letter. In the row we record how the students and 
the teacher refer and interact with the artefacts along the time. 
 

COVARIATION ɀ In agreement with the extended framework of 
covariation presented in the paper, in the first row we report the order 
of variational/ covariational reasoning and their sub-levels. 
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Section of the 
timeline  

Symbol Meaning  Comments 

INTERACTION 
FLOWCHART 

 Sentences Short arrows denote utterances 
addressed to the whole classroom and 
not to a specific student.  

 Questions 

 Revoiced utterances 

 Gestures  

 Imitated gestures in 
the context of a 
semiotic game 

In case of semiotic games, the imitated 
gesture is generally synchronous with a 
specific utterance. 

 Writing gestures  

 Gazes  

UTTERANCES 
 

Semiotic game 
played by the 
teacher 

 

 4ÅÁÃÈÅÒȭÓ ÑÕÅÓÔÉÏÎÓ  

GESTURES 

   Redundant gestures Gestures which are redundant with 
respect to the information conveyed in the 
related utterance. 

 Non-redundant 
gestures 

Gestures which are non-redundant with 
respect to the accompanying speech.  

 Nature and function 
of gestures 

Gestures are analyzed according to the 
classification of McNeill (1992). He 
identifies four types of gestures: deictic, 
iconic or representational, metaphoric 
and beats. Moreover, we considered 
writing  gestures (Shein, 2012). Gestures 
may assume three different functions: 
narrative, interactive or grounding. 

 Nature and function 
of gazes 

We considered some significant gazes, 
underlining their features and functions 
(sensing or signaling) according to the 
Interpersonal Gaze Processing Model 
developed by Cañigueral and Hamilton 
(2019).  

ARTEFACTS 
INTERACTIONS 

 X  Ascending control on 
the artefact 

The student uses the tool with an 
explorative approach, looking for 
relationships and mathematical 
properties. 

 OX Descending control 
on the artefact 

The student already has a conjecture in 
mind and uses the tool to verify it, 
searching for data supporting his 
hypothesis. 

Xᴺ  OY Conflict between 
artefacts 

 

X § Y Synergy between 
artefacts 

 

Table 1 - Symbology adopted for the encoding and analysis in the Timeline 
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8.4 METHODS FOR DATA ANALYSIS 

Before starting to analyze data, we produced a prospective analysis of the possible results of the 

teaching experiments based on: the background of the students in mathematics, some 

retrospective interviews to the teacher asking her what her aim from a specific intervention was 

and also, in the case of 2019 and 2020 teaching experiments, the results emerged from the 

previous experimentations.  

Then, we analyzed the data in two phases and using two complementary lenses. In the first 

phase, we performed a macroanalysis: the video was gone over repeatedly so to identify those 

crucial episodes clearly revealing covariational reasoning processes and then transcribed 

verbatim. At this macro-level, we began to develop some hypotheses that might explain relations 

among the observed aspects in the classroom environment, but this process is ongoing and 

interactive as we continue to add data and analyze them in a wider and more global perspective.  

In the second phase, the microanalysis, we applied a range of qualitative data analysis techniques 

in tune with the theoretical lenses to address our research questions. One of the most important 

aspects of interactions in the classroom are the mutual relationships between its different 

components in different snapshots of their evolution (synchronic analysis) and in their evolution 

in time (diachronic analysis). The Timeline tool enabled us to capture the complex structure of 

interactions in the classroom and how the goal of the teaching-experiment is achieved. The 

microanalysis provided us access to the joint point of view of the teacher and the students within 

our analysis, rather than only those of the teacher or of the students (Vygotsky, 1978; van der 

Veer & Valsiner, 1991), and a focus on the semiotic resources involved. 

After a detailed analysis of the single episodes based on the components collected in the 

Timeline, we produced a more transversal analysis of the episodes spread over four main layers:  

- Layer (a): Covariational reasoning ɀ This layer of analysis is focused on the identification of 

the ÄÉÆÆÅÒÅÎÔ ÌÅÖÅÌÓ ÏÆ #/6 ρ ÁÃÃÏÒÄÉÎÇ ÔÏ 4ÈÏÍÐÓÏÎ ÁÎÄ #ÁÒÌÓÏÎȭÓ ÔÁØÏÎÏÍÙ ÁÎÄ ÏÎ ÔÈÅ 

manifestation of higher orders of covariational reasoning and the semiotic forms in which 

they emerge. Particular attention is given to the elements denoting a transition from COV 

1 toward COV 2. This analysis is the result of both a synchronic and a diachronic use of 

the Timeline and of a process of descriptive coding (Saldana, 2015) that enabled us to 

describe and label the emerging covariational reasoning. This process went through 

several cycles until we obtained a definitive coding; 
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- Layer (b): Linguistic analysis ɀ In this layer we analyzed ÓÔÕÄÅÎÔÓȭ ÕÔÔÅÒÁÎÃÅÓ ÒÅÖÅÁÌÉÎÇ 

covariational aspects with the purpose of identifying some linguistic markers connoting 

the different levels of covariational reasoning. After having classified the levels of COV 

and thanks to a synchronic use of the Timeline, these markers were identified mainly 

paying attention to the syntactic and lexical dimension. The former brought the focus on 

the use of comparative structures, the presence of coordinated or subordinated clauses, 

all ÒÅÌÅÖÁÎÔ ÆÅÁÔÕÒÅÓ ÏÆ ÓÙÎÔÁÃÔÉÃ ÃÏÍÐÌÅØÉÔÙ ÉÎ ÓÔÕÄÅÎÔÓȭ ÌÁÎÇÕÁÇÅ ÐÒÏÄÕÃÔÉÏÎ ɉ!ÂÅÄÉȟ 

2006; Prediger & Sahin-Gür, 2019), and the predominance of unary, binary, or ternary 

relations when co-varying two magnitudes, as done in the study of Chesnais (2018) about 

ÔÅÁÃÈÅÒÓȭ ÁÒÔÉÃÕÌÁÔÉÏÎ ÏÆ ÒÅÌÁÔÉÏÎÓ ÏÆ ÓÙÍÍÅÔÒÙ. Concerning the latter, the lexical 

dimension, the attention was directed towards the identification of recurring adverbs or 

other terms denoting aspeÃÔÓ ÏÆ ÌÏÃÁÌÉÔÙ ÏÒ ÇÌÏÂÁÌÉÔÙ ÉÎ ÓÔÕÄÅÎÔÓȭ ÕÔÔÅÒÁÎÃÅÓ, the use of 

qualitative or quantitative terms with respect to the evolution of the levels of COV, and 

the presence of subjective versus objective sentences (e.g., the use of personal pronouns). 

Moreover, when needed we conducted a more punctual analysis of the terminology used 

so to identify the input mental spaces referring to the multiple representations involved;  

- Layer (c): Discourse levels - Freeing us from any attempt to adopt a historical or ontogenetic 

approach, in the identification of some possible levels of the discourse about 

mathematical modelling of real phenomena we focused on a main distinctive 

characteristic of the discourse according to the commognition theoretical framework that 

is the narratives interlacing during the discussions, i.e. descriptions of objects, or of 

relations between objects, and the purpose connoting these narrative e.g., reporting, 

explaining meanings, or interpreting , in relation to the various steps of the modelling 

process. We also focused on the emergence of possible blends, and on those words that 

denote an informal and intuitive language with respect to a more formal and scientific 

one. This analysis was the result of a mainly diachronic use of the Timeline;  

- Layer (d): Adaptive teaching strategies ɀ This analysis is the result of a disentangling work 

of all the teaching strategies adopted by the teacher so to identify those that really help 

in fostering covariation, i.e., those that enable students to better grasp, and therefore 

express, their covariational reasoning. To identify these strategies, we used a descriptive 

coding (Saldana, 2015) to code each intervention of the teacher according to its goal and 

to the presence of elements of responsive guidance. For each intervention, we composed 

a description of the particular goals that had prompted the teacher to intervene and to 
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enhance the trustworthiness of our analysis, we interviewed the teacher retrospectively, 

watching the episodes with her and asking her to explain her motives from the 

intervention. For example, if the teacher ÉÍÉÔÁÔÅÓ ÓÔÕÄÅÎÔÓȭ ÇÅÓÔÕÒÅ ÏÒ ×ÏÒÄÓȟ ×Å ÃÏÄÅÄ 

ÔÈÉÓ ÉÎÔÅÒÖÅÎÔÉÏÎȟ ÁÆÔÅÒ ÔÈÅ ÔÅÁÃÈÅÒȭÓ ÃÏÎÆÉÒÍÁÔÉÏÎȟ ÁÓ Á ÓÅÍÉÏÔÉÃ ÇÁÍÅȢ 4ÈÅÎȟ we revised 

the codes focusing on strategies that were recurrent, i.e., happened more than one time 

during the discussion and that displayed elements of similarity. We observed that 

strategies rarely manifest singularly, but throughout all the episodes they manifest 

interlaced with other strategies. 

All these results and their analysis will be compared to the initial working hypotheses and the 

prospective analysis so to produce a retrospective analysis and elaborate some preliminary 

concluding remarks that in the end of the study will be revised and combined in a global and 

coherent framework. 
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9 THE TEACHER AND THE SCHOOL  

Silvia is the mathematics and physics teacher who deeply contributed to the planning and 

design of all the teaching experiments analyzed in this study and involved her students in these 

activities. She widely uses an adaptive teaching approach during her lessons: to better support 

this claim, in this chapter we are going to provide more details concerning her background 

formation and her school practices and didactic methodology. Moreover, a few details about the 

environment of the secondary school where the teaching experiments were carried out are 

given. 

9.1 THE TEACHER: BACKGROUND FORMATION 

After the four-year degree in Mathematics, in 2000 Silvia began her career as teacher. At the 

beginning she made some substitutions and worked in a private school; since 2007 she got 

tenure and worked for five years in a professional school and then moved to a scientific-oriented 

school in province of Turin and she is still teaching in this school where all our teaching 

experiments took place. Throughout all her teaching career, she always remained in contact with 

Professor Arzarello, her thesis advisor, and the research groups on Mathematics Education at 

Turin University Department of Mathematics. Her thesis had an experimental footprint: roughly 

speaking, she proposed to analyze data from a test (PM5) administered in the 5th grade of a 

primary school. Concluded the thesis, she continued working with an association of teachers 

mainly from primary school dealing with formation and assessment, which collaborated with 

the design and administration of the PM5 test. Nowadays, Silvia is a founding member of that 

association. Since 2010, Silvia has joined the group of INVALSI, Istituto nazionale per la 

valutazione del sistema educativo di istruzione e di formazione12 . Within this group, Silvia 

contributes to the writing of tÈÅ ÔÅÓÔÓ ÅÍÐÌÏÙÅÄ ÉÎ ÔÈÅ ÁÓÓÅÓÓÍÅÎÔ ÏÆ ÓÔÕÄÅÎÔÓȭ ËÎÏ×ÌÅÄÇÅ ÁÎÄ 

competencies on a national scale. Lately Silvia joined the subgroup of INVALSI which specifically 

focuses on tests for grade 13. In addition to the huge amount of work required for the design of 

the tests and the development of a reliable assessment method, a long period of formation and 

training is required to all those who are involved in the INVALSI group, and this formation 

typically translates into annual meeting addressed to the creation, reading and use of those tests. 

Her professional career is also connoted by a constant content and pedagogical formation: this 

 
12 National Institute for the Evaluation of the Education and Training System. 
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opportunity is offered by the University of Turin that starting from 2015 initiated a group of 

teacher-researchers whose professional development is taken care by the research group in 

Mathematics Education of the University itself. The group of teachers regularly meets on Monday 

afternoon every two weeks and works on specific thematic issues.  In the meanwhile, Silvia 

became tutor of m@t.abel, a national project addressed to teachers and that, with the 

collaboration of disciplinary experts and employing an e-learning and blended modality, 

provides teachers with  some tools to bring students closer to Mathematics in an engaging and 

practical way, proposing activities that facilitate the understanding of the close relationship 

between theoretical abstraction and daily life events. Finally, Silvia collaborated with the Unione 

Matematica Italiana13 association to design a didactical path on the new Indicazioni Nazionali, 

Italian National Curricula for high school; she was actively engaged in several courses for the 

Piano Lauree Scientifiche14 and attended a two-ÙÅÁÒ ÍÁÓÔÅÒ ÁÄÄÒÅÓÓÅÄ ÔÏ ÔÅÁÃÈÅÒÓȭ ÔÒÁÉÎÅÒÓ ÉÎ 

-ÁÔÈÅÍÁÔÉÃÓ %ÄÕÃÁÔÉÏÎȢ !ÌÌ ÔÈÅÓÅ ÅÌÅÍÅÎÔÓ ÁÎÄ ÅØÐÅÒÉÅÎÃÅÓ ÃÏÎÎÏÔÉÎÇ 3ÉÌÖÉÁȭÓ ÂÁÃËÇÒÏÕÎÄ 

reveal her strong pedagogical and content knowledge which are essential to develop suitable 

adaptive teaching strategies. Her wise approach to education will also emerge from her school 

practices better described in the following section.  

9.2 TEACHING PRINCIPLES AND METHODS  

The approach of Silvia to teaching well reflects not only her wide background but also her vision 

of the mathematics classroom. The information presented in this paragraph comes from some 

informal interviews to Silvia and an attentive observation of her lessons.  

Mathematics classroom, in 3ÉÌÖÉÁȭÓ ÉÄÅÁÌ ÖÉÓÉÏÎ ÏÆ ÔÅÁÃÈÉÎÇȟ is intended as a mathematics 

laboratory according to the definition presented in Matematica 2003. La matematica per il 

cittadino (MIUR, UMI & SIS, 2003), where we can read:  

Il laboratorio di matematica non è un luogo fisico diverso dalla classe, è piuttosto un insieme 

strutturato di attività volte alla costruzione di significati degli oggetti matematici. Il laboratorio, quindi, 

coinvolge persone (studenti e insegnanti), strutture (aule, strumenti, organizzazione degli spazi e dei 

ÔÅÍÐÉɊȟ ÉÄÅÅ ɉÐÒÏÇÅÔÔÉȟ ÐÉÁÎÉ ÄÉ ÁÔÔÉÖÉÔÛ ÄÉÄÁÔÔÉÃÈÅȟ ÓÐÅÒÉÍÅÎÔÁÚÉÏÎÉɊȢ ,ȭÁÍÂÉÅÎÔÅ ÄÅÌ ÌÁÂÏÒÁÔÏÒÉÏ ÄÉ 

matematica è in qualche modo assimilabile a quello della bottega rinascimentale, nella quale gli 

apprendisti imparavano facendo e vedendo fare, comunicando fra loro e con gli esperti. La costruzione 

ÄÉ ÓÉÇÎÉÆÉÃÁÔÉȟ ÎÅÌ ÌÁÂÏÒÁÔÏÒÉÏ ÄÉ ÍÁÔÅÍÁÔÉÃÁȟ î ÓÔÒÅÔÔÁÍÅÎÔÅ ÌÅÇÁÔÁȟ ÄÁ ÕÎÁ ÐÁÒÔÅȟ ÁÌÌȭÕÓÏ ÄÅÇÌÉ ÓÔÒÕÍÅÎÔÉ 

 
13 Italian Mathematical Union. 
14 Scientific Degree Program. 
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utilizzati nelle varie attiÖÉÔÛȟ ÄÁÌÌȭÁÌÔÒÁȟ ÁÌÌÅ ÉÎÔÅÒÁÚÉÏÎÉ ÔÒÁ ÌÅ ÐÅÒÓÏÎÅ ÃÈÅ ÓÉ ÓÖÉÌÕÐÐÁÎÏ ÄÕÒÁÎÔÅ 

ÌȭÅÓÅÒÃÉÚÉÏ ÄÉ ÔÁÌÉ ÁÔÔÉÖÉÔÛ15. (MIUR, UMI & SIS, 2003, p. 26) 

Thereby, all the proposed activities have the common goal to construct shared meanings of 

mathematical objects and this goal is reached through different didactical practices. First, a 

method deeply used by Silvia in her lessons is that of Varied Inquiry (MVI), a multi-layered spiral 

approach that guides students to become engaged in inquiry-based learning. Starting from the 

observation of a certain situation, students are asked to formulate questions and give them 

answers; then modifying the situation, and as a consequence of what is observed, new 

observations, questions and answers arise. MVI thus allows the construction of mathematical 

ÃÏÍÐÅÔÅÎÃÉÅÓȟ ÉÎ ×ÈÉÃÈ ËÎÏ×ÌÅÄÇÅ ÉÓ ÉÎÔÅÒÔ×ÉÎÅÄ ×ÉÔÈ ÔÈÅ ÓÔÕÄÅÎÔÓȭ ÁÒÇÕÍÅÎÔÁÔÉÖÅ ÓËÉÌÌÓ ÉÎ 

situations where they are involved as mathematician investigators to solve and pose themselves 

some problems. It is the teacherȭÓ responsibility to foster the transition from one layer of the 

MVI spiral to the other and to advance the learning within each layer through inquiry-based 

learning. These activities mainly consist of an alternation between small working group phases 

and collective discussions with the whole classroom. The mathematics discussions orchestrated 

ÂÙ ÔÈÅ ÔÅÁÃÈÅÒ ÁÒÅ Ȱuna polifonia di voci articolate su un oggetto matematico (concetto, 

ÐÒÏÂÌÅÍÁȟ ÐÒÏÃÅÄÕÒÁȟ ÅÃÃȢɊȟ ÃÈÅ ÃÏÓÔÉÔÕÉÓÃÅ ÕÎ ÍÏÔÉÖÏ ÄÅÌÌȭÁÔÔÉÖÉÔÛ ÄÉ ÉÎÓÅÇÎÁÍÅÎÔÏ 

apprendimentoȱ16 (Bartolini Bussi et al., 1995, p. 7). The role of the teacher within a mathematics 

discussion is that of a guide that inserts a specific discussion in the flow of classroom activities 

and influences in a determinant way the development of the discussion through her 

interventions. Not only, throughout all the classroom activities her role is that of a formalizer of 

the ÍÁÔÈÅÍÁÔÉÃÁÌ ÃÏÎÔÅÎÔÓ ÁÎÄ ÏÆ Á ÍÅÄÉÁÔÏÒ ×ÈÏ ÄÉÒÅÃÔÓ ÓÔÕÄÅÎÔÓȭ ÁÔÔÅÎÔÉÏÎ ÔÏ ×ÈÁÔ ÉÓ ÒÅÌÅÖÁÎÔȡ 

the teacher cannot inject knowledge into students, but she can guide them in the process of 

domestication of the eye (Radford, 2010) through an intense recourse to semiotic resources like 

gestures, words, and rhythm. The semiotic game is one of the main strategies naturally used by 

Silvia ÔÏ ÓÕÐÐÏÒÔ ÓÔÕÄÅÎÔÓȭ ÉÎÔÅÒÎÁÌÉÚÁÔÉÏÎ ÐÒÏÃÅÓÓÅÓ ÁÎÄ ÉÍÐÒÏÖÅ ÔÈÅÉÒ ÁÃÈÉÅÖÅÍÅÎÔÓ ÁÎÄ ÔÈÉÓ 

 
15 The mathematics laboratory is not a physical place different from the class, it is rather a structured set of activities 
aimed at constructing the meanings of mathematical objects. The laboratory, therefore, involves people (students 
and teachers), structures (classrooms, tools, organization of spaces and timings), ideas (projects, educational 
activity plans, experiments). The environment of the mathematics laboratory is somehow similar to that of the 
Renaissance workshop, in which the apprentices learned by doing and seeing others do, communicating with each 
other and with the experts. The construction of meanings, in the mathematics laboratory, is closely linked, on the 
one hand, to the use of the tools used in the various activities, on the other, to the interactions between people 
developing during the exercise of such activities.  
16 A polyphony of voices articulated on a mathematical object (concept, problem, procedure, etc.) which constitutes 
a reason of the teaching-learning activity. 
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strategy is used when the non-verbal resources used by the students reveal that they are in a 

ZPD.   

Pulling the string, we can conclude that knowledge is intended as a social construction according 

to a Vygostkijan perspective and the students construct this knowledge not only in the 

interactions with others, both the teacher and other students, but also thanks to a varied inquiry 

approach in which students have the possibility to explore and investigate on their own what 

doing mathematic means. The teacher does not pour her knowledge into students, but she 

creates the conditions of possibility for students to gain consciousness about mathematical 

objects.  

,ÏÏËÉÎÇ ÁÔ 3ÉÌÖÉÁȭÓ ÌÅÓÓÏÎÓ ÔÈÒÏÕÇÈ Á ÃÏÍÍÏÇÎÉÔÉÖÅ ÌÅÎÓȟ ×Å ÃÁÎ ÎÏÔÉÃÅ ÈÏ× ÍÁÔÈÅÍÁÔÉÃÁÌ 

knowledge is generated by discursive actions of the individuals and the teacher enters as a 

facilitator,  but her leadership is recognized by the whole classroom and thanks to her 

knowledge, she can guide students through the resolution of commognitive conflicts arising 

during the mathematical activity.  

Among all the artefacts adopted in a mathematics classroom, all the technological supports 

introduced in the various activities help in making the classroom a digital-rich environment, but 

a non-technological artefact widely used by Silvia assumes a central role: the blackboard. Silvia 

writes on it all the relevant information emerging during the collective discussions and students 

are conscious that what is written on the blackboard is worthy to be remembered.   

/ÔÈÅÒ Ô×Ï ÁÓÐÅÃÔÓ ÃÏÎÎÏÔÅ ÉÎ ÁÎ ÏÒÉÇÉÎÁÌ ×ÁÙ 3ÉÌÖÉÁȭÓ ÁÐÐÒÏÁÃÈ ÔÏ ÔÅÁÃÈÉÎÇȢ &ÉÒÓÔȟ ÉÎ Á ÐÅÒÓÐÅÃÔÉÖÅ 

of vertical curriculum, concepts are introduced gradually and sometimes anticipated with 

respect to what is reported in Indicazioni Nazionali. One powerful tool not listed in the 

Indicazioni Nazionali but ÕÓÅÄ ÉÎ 3ÉÌÖÉÁȭs classroom, is that of finite differences17 (f.d.) that have 

the double advantage of initiating students to differential calculus ever since the first years of 

secondary school and of being easily implementable through didactic softwares. A second aspect 

is a wide mesh a priori analysis of the activities: while designing the activities Silvia identifies a 

wide field of possible contents to work on, but the goals of the task are not strictly defined ; they 

become clearer during the retrospective analysis that constitutes an opportunity  of learning for 

 
17 Considering a certain variable z, the first finite differences of z are all the differences between two consecutives 
values of that variable: z2 -z1, z3-z2ȟ ȣȟ zn-zn-1. Second finite differences are the first differences of the first differences 
and so the definition can be extended to n-th finite differences.  
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the teacher herself. Hence the design of didactic activities is conceived as a dynamic process that 

can be reshaped after the retrospective analysis.  

9.3 THE ENVIRONMENT OF THE SECONDARY SCHOOL 18 

At a geographical-territorial level, the high school where we held the teaching experiments  

locates in province of Turin and has a wide catchment area: the enrolled students come from 

about 20 different  municipalities, distributed on a geographic area that is particularly lively from 

the cultural point of view. The school building dates back to 1989 and is located in an 

environment free of disturbing elements. The school has laboratories (science, physics, 

computer science, languages), drawing rooms, an equipped auditorium, a library, gym, sports 

fields and outdoor green spaces, interactive whiteboards (IW) and PC in each classroom. This 

upper secondary school offers many branches and among this there is also the scientific one, 

where our three teaching experiments were conducted. In general, the social, economic, and 

cultural level of the students' families is medium-high, such to guarantee to at least 95% of 

students the continuation of studies at the University. There are no particular social, economic, 

and cultural disadvantages. In the last years there has been an increase in students with special 

educational needs (SEN). School students acquire satisfactory levels of social and civic skills, 

learning to learn, digital skills, and a spirit of initiative and entrepreneurship. The school adopts 

common indicators and evaluation criteria for conduct and certifies the key competences and 

citizenship acquired in the two-year period. The Disciplinary Departments draw up a vertical 

programming in which the skills and abilities that students should achieve are specified for each 

school year.  

 
18 The information reported in this paragraph comes from the Rapporto di Auto Valutazione (RAV) [Self-assessment 
report] of the secondary school in question.  





 

71 
 

10 GALILEO TEACHING EXPERIMENT (2017)19  

This first teaching experiment took place in 2017 in Turin (Italy), where Prof. Arzarello 

(University of Turin - Italy) and Dr Swidan (visiting fellow from Ben-Gurion University - Israel) 

developed and designed a teaching session based on simulations of a real-world phenomenon, 

namely, a ball rolling on an inclined plane, the so-called Galileo experiment. They observed the 

teacher, Silvia, as she led two 1.5-hour lessons. At the beginning of each lesson, students were 

required to work in small groups, sharing within each group a worksheet (containing the tasks) 

and a computer. While the students worked in small groups, the teacher walked around the 

classroom and periodically interacted with those students who had questions or needed help. 

After the small working group session, the teacher held a discussion with all the students. She 

initiated the discussion by asking the students to share with the whole classroom the 

mathematical ideas that emerged during their participation in the group work.  

Concerning my involvement in this teaching experiment, I started to deal with this research 

problem only in 2019, nearly at the end of the first year of my Ph.D. program. Hence, I did not 

contribute to the design phase of this teaching experiment, but I was deeply engaged in the phase 

of data analysis. The prospective analysis presented in the following was made by me basing on 

the description of the tasks and the considerations of the researchers and the teacher involved. 

Some details about this experimentation and a first analysis can be found in Arzarello (2019). 

Participants 

The participants in this case study comprised an entire 9th grade classroom of 20 students. At 

the time the study took place, the participants had already learned the concepts associated with 

linear functions, which had been taught to them based on their high school textbook, but not yet 

those of the quadratic function. The students were familiar with the concept of finite differences 

and its representation: in particular they had previously studied in their math course that a 

function with n-th differences constant and the previous n-1 not constant, is a n-th-degree 

polynomial function. They already had reasoned on properties of functions starting from 

numerical data, specifically values of finite differences for functions represented in tables. 

 
19 Some of the findings presented in this chapter are the result of a collaboration with Dr O. Swidan, Prof. F. Arzarello 
and the teacher S. Beltramino. The findings here described will be partially presented ÉÎ Á ÐÁÐÅÒ ÅÎÔÉÔÌÅÄ ȰAdaptive 
)ÎÓÔÒÕÃÔÉÏÎ 3ÔÒÁÔÅÇÉÅÓ ÔÏ &ÏÓÔÅÒ #ÏÖÁÒÉÁÔÉÏÎÁÌ 2ÅÁÓÏÎÉÎÇ ÉÎ Á $ÉÇÉÔÁÌ 2ÉÃÈ %ÎÖÉÒÏÎÍÅÎÔȱ ÔÈÁÔ ×ÉÌÌ ÂÅ ÐÕÂÌÉÓÈÅÄ ÏÎ Á 
Special Issue on the Journal of Mathematical Behavior.  
 



 

72 
 

Nonetheless, they had no formal physics background on quantities like time, space, velocity, 

acceleration, and their mutual relationships; the students were already familiar with the concept 

of parabola just from the lower secondary school. In addition, the students were also familiar 

with conventional function graph software (e.g., GeoGebra), which they had already used in the 

ÆÒÁÍÅ×ÏÒË ÏÆ ÔÈÅÉÒ ÓÃÈÏÏÌȭÓ ÆÏÒÍÁÌ ÍÁÔÈÅÍÁÔÉÃÓ ÃÕÒÒÉÃÕÌÕÍȢ 

Data collection 

During the original teaching experiment, the sessions were video recorded in their entirety, 

including the general discussion led by the teacher. During the group work, all the student 

groups (and their computer screens) were filmed as they worked together to solve the task, 

ÉÎÃÌÕÄÉÎÇ ÔÅÁÃÈÅÒȭÓ ÉÎÔÅÒÖÅÎÔÉÏÎ with a dedicated camera. All the written worksheets adopted 

during lessons were in Italian and here they are integrally reported translated into English. The 

data analyzed in the following come from the first of the two teacher-led discussions, the only 

research material in my possession. The video recording was watched multiple times and those 

episodes revealing the emergence of covariational reasoning were transcribed and then deeply 

analyzed according to the methods presented in Section 8.4. 

The parents of the students and the school consented to the use of the produced multimedia 

material for research purposes: the original version of the used consent form is contained in 

Appendix A . 

10.1 OVERVIEW OF THE TASKS AND PROSPECTIVE ANALYSIS 

A sequence of two tasks was designed based on the assumption that the exploration of different 

characteristics of the same phenomenon adopting multiple representations may lead students 

to construct the mathematical meaning of the quadratic function in its different aspects. Below 

we describe the tasks and the artefacts related to them.  

10.1.1  Task 1 

In the first task students watched a short video reproducing the well-known Galileo experiment, 

a ball rolling on an inclined plane, and then students were asked to share their  observations 

about the motion of the ball. The video (Figure 10, available here) shows a pendulum always 

marking the same unit of time, the distance traversed by the ball in that interval, and the total 

amount of distance covered until that moment, while the inclination angle of the plane is kept 

fixed. Insofar as it demonstrates the rolling of a ball on an inclined plane, the video is effectively 

https://catalogo.museogalileo.it/multimedia/PianoInclinato.html
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an arteÆÁÃÔ ×ÉÔÈ ÁÎ ÉÍÐÏÒÔÁÎÔ ÒÏÌÅ ÉÎ ÔÈÅ ÐÒÏÃÅÓÓ ÏÆ ÔÈÅ ÓÔÕÄÅÎÔÓȭ ÃÏÎÓÔÒÕÃÔÉÏÎ ÏÆ ÍÁÔÈÅÍÁÔÉÃÁÌ 

meaning. Indeed, it workÓ ÁÓ Á ÍÅÄÉÁÔÏÒ ÂÅÔ×ÅÅÎ ÔÈÅ ÓÔÕÄÅÎÔÓȭ general understanding of the 

physical phenomenon of a rolling ball on an inclined plane and its mathematical model, which is 

described by a quadratic function. 

First Worksheet (Task 1)  

Task 1 

Your task is to watch Galileo Inclined Plane Experiment  clip and to answer the following 

questions.  

A) What caught your attention while watching the clip? Write as many observations as 

you can.  

B) Can you make a conjecture on which one of the observations will change if the plane 

inclination changes? Why? 

Corresponding computer screen  

 
Figure 10 - Galileo experiment video (Galileo Museum, Florence) 

10.1.2  Task 2 

The second task entailed the interactive exploration of the same situation analyzed in the first 

task. In this case the artefact was a dynamic digital environment, made using the GeoGebra 

software, that allowed students to simulate the rolling of a ball while simultaneously observing 

the values of the distances traversed by the ball while it is in motion via a numerical 

representation of the distance-time relationship. The applet interface consisted of two parts 

(Figure 11). On the left, ÉÔ ÄÉÓÐÌÁÙÅÄ ÁÎ ÉÎÃÌÉÎÅÄ ÐÌÁÎÅ ÓÉÍÕÌÁÔÉÎÇ ÔÈÅ ÏÎÅ ÏÆ 'ÁÌÉÌÅÏȭÓ ÅØÐÅÒÉÍÅÎÔ 

shown in the video and students could vary the inclination of the plane by dragging the blue 

point at the end of the inclined plane; on the right, there was a table with two columns containing 

data related to time and distance traversed. In this task, the students were requested to think of 

an equation describing the motion of the ball on the inclined plane. 

Second Worksheet (Task 2)  

Task 2 
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Your ÔÁÓË ÉÓ ÔÏ ÅØÐÌÏÒÅ ÈÏ× ÔÈÅ ÃÈÁÎÇÅ ÏÆ ÔÈÅ ÐÌÁÎÅȭÓ ÉÎÃÌÉÎÁÔÉÏÎ ÍÁÙ ÁÆÆÅÃÔ ÔÈÅ ÍÏÖÅÍÅÎÔ 

of the ball. Please, open Galileo 2 applet  and change the plane inclination by dragging the 

blue point in the applet. 

A) Can you make a conjecture on how the change of the inclination may affect the ball 

movement?  

B) Change the plane inclination by dragging the blue point in the applet to verify or 

refute the conjectures you raised in (A). Do your conjectures change? If yes, why? If 

not, prove your conjectures.  

C) Can you find an equation that describes the ball movement? Why or why not? Justify 

your answer.  

Corresponding computer  screen  

 

 
 
 

 

 

Figure 11 - The GeoGebra applet interface 

Given the description above, it is clear that the two representations of the Galileo experiment, 

the video and the GeoGebra applet, assume a complementary function (Ainsworth, 2006): while 

the former provides values of time and distance for a fixed angle and shows all the physical 

details of the experiment, the latter enables student to grasp the dependence of distance 

traversed on the angle of inclination of the plane. We can consider how much the interaction 

between the two artefacts occurs in a consonant or dissonant way speaking of synergy or conflict 

respectively between the effects of such interactions. A similar approach will be used with 

respect to the other artefacts present in our story: the blackboard used by the teacher to 

ÕÎÄÅÒÌÉÎÅ ÓÏÍÅ ÃÒÕÃÉÁÌ ÍÏÍÅÎÔÓ ÉÎ ÓÔÕÄÅÎÔÓȭ ÃÏÎÃÅÐÔÕÁÌÉÚÁÔÉÏÎȟ ÔÈÅ ÔÁÂÌÅÓ ÏÆ ÖÁÌÕÅÓ made by 

students to compute first finite differences of time and distance, and the mathematical formulas 

(on the screen or on the blackboard) supporting students in their processes. In addition to these 

artefacts, the students were free to use other artefacts, such as GeoGebra, Excel sheets, 

calculators, sheets of paper, etc. 

10.1.3  Prospective analysis  

In the following chapter we are going to analyze some relevant episodes from a teacher-led 

discussion which was conducted after the working group sessions on Task 1 and 2. Given the 
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complementary function of the two main representations of the physical phenomenon, the video 

and the applet, we expect students to use the information provided by the two artefacts in a 

synergic way. We assume that the numerical information contained in the video and the table of 

numerical values will lead students to reason and communicate in a mainly quantitative 

perspective. Students may not be able to guess the trend of s-t graph given their little background 

and we do not expect them to elaborate any physical interpretation of the phenomenon. Second-

order covariation will probably emerge gradually. Moreover, the teacher will deeply contribute 

to enhance higher order covariational reasoning. Indeed, when interview ing the teacher, it 

resulted that she had very clear in her mind which was the goal of the teaching experiment, 

namely that students could fully grasp the motion law of the ball, particularly its dependence on 

the inclination angle of the plane, and that they could represent it with a suitable algebraic 

expression, involving distance, time, and the inclination angle. 

10.2 DATA ANALYSIS 

Below we illustrate in detail five episodes of the discussion examined using the double lens of 

the macro and micro analysis. The reader can see all the details concerning the analysis of the 

episodes in the Timelines reported at the end of each episode. During the tasks, the students 

worked divided in five groups that we are going to denote with the letters A-B-C-D-E. The letter 

accompanying the name of the student in the transcript denotes the group to which the student 

belonged. Throughout the whole analysis, four different artefacts will make their appearance: 

the video (V), the GeoGebra applet (G), the formulas (F) and the blackboard (B).  

10.2.1  Episode 1 (Discussion, 23:40-23:56) 

In this short episode (23:40-23:56), !ÎÄÒÅÁ ÁÎÓ×ÅÒÓ ÔÈÅ ÔÅÁÃÈÅÒȭÓ ÑÕÅÓÔÉÏÎ Ȱ7ÈÁÔ ÄÉÄ ÙÏÕ 

ÏÂÓÅÒÖÅ ×ÈÉÌÅ ×ÁÔÃÈÉÎÇ ÔÈÅ ÖÉÄÅÏȩȱ [1] describing the distance between the metal bells that are 

on the inclined plane.  

 Timing  Who Utterances  Gestures 

620 00:23:40 AndreaB The distance between the doors 
was always two. 

 

7 00:23:44 Teacher  It was always?  

8 00:23:45 AndreaB Two  

9 00:23:46 VirginiaB  Increased by two  

 
20 Lines from 1 to 5 are only present in the Timeline. 
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10 00:23:48 Teacher It was always two, or it is 
increased by two? 

 

11 00:23:50 AndreaB Increased always by two 
between a door and the other.  

Gesture with his left hand 
(Figure 12, left side) 

12 00:23:56 Teacher The distance between the doors 
always increased by two. 

The teacher moves her 
right hand rightward as 
she utters (Figure 12, right 
side)   

At [6], Andrea describes the distance between two consecutive metal bells that are on the 

inclined plane shown in the video. The teacher, who is listening to him carefully, uses his words 

ÔÏ ÆÏÒÍÕÌÁÔÅ Á ÑÕÅÓÔÉÏÎȟ Ȱ)Ô ×ÁÓ ÁÌ×ÁÙÓȩȱȢ )Î ÔÈÉÓ ÃÁÓÅȟ ÔÈÅ ÔÅÁÃÈÅÒ, conscious that his answer is 

incorrect, decides to use the same semiotic register as the students do to clarify what the 

students mean [7] and encourage him to better reflect on his statement. Right after, Virginia 

ÉÎÔÒÏÄÕÃÅÓ ÔÈÅ ×ÏÒÄ ȰÉÎÃÒÅÁÓÅȱȟ ÔÒÙÉÎÇ ÔÏ ÃÏÒÒÅÃÔ !ÎÄÒÅÁȭÓ ÓÔÁÔÅÍÅÎÔȢ 4ÈÅÒÅ ÉÓ ÁÎ ÅÖÉÄÅÎÔ 

confusion between the value of a quantity and the value of its increment. At this moment, it 

seems that the teacher is not sure what the students mean. Do they mean the distance increased 

ÂÙ Ô×Ï ÏÒ ÔÈÅ ÄÉÓÔÁÎÃÅ ÉÓ Á ÃÏÎÓÔÁÎÔ ÁÎÄ ÅÑÕÁÌ Ô×Ïȩ 4Ï ÃÌÁÒÉÆÙ !ÎÄÒÅÁȭÓ ÉÎÔÅÎÔÉÏÎȟ ÔÈÅ ÔÅÁÃÈÅÒ 

plays the semiotic game again, but this time she integrates the two utterances articulated by 

Andrea and Virginia [10] and adds also a non-verbal component. The teacher also reproduces 

!ÎÄÒÅÁȭÓ ÍÅÔÁÐÈÏÒÉÃ ÇÅÓÔÕÒÅ ɍ12], namely opening thumb and forefinger, that simulates the 

distance between the doors. The teacher grasps that Andrea is leaning on the gestural 

component to better express his thought and so she includes it into the semiotic game thereby 

generating common semiotic resources that can be shared within the classroom discussion 

(Figure 12).  

Figure 12 - On the left, the fingers gesture made by Andrea; on the right the same gesture 
reproduced by the teacher 
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The interaction flowchart (Figure 13) referred to this episode presents a back-and-forth  

structure revealing the ability of the teacher to foster the dialogue. This goal is achieved through 

the questioning (dashed ÁÒÒÏ×ÓɊ ÁÎÄ ÔÈÅ ÒÅÖÏÉÃÉÎÇ ÏÆ ÔÈÅ ÓÔÕÄÅÎÔÓȭ ×ÏÒÄÓ ɉÄÏuble arrows). 

Figure 13 ɀ The interaction flowchart from Episode 1 

In this episode the students are trying to describe what they observed in the video and the 

language they adopt is the everyday one, not yet scientific, according to Vygotsky 's (1986) 

distinction : we are going to label this level of the discourse as descriptive; indeed, the gestures 

adopted by both the teacher and the students have mainly a narrative function because they help 

to better describe the experiment shown in the video simulating door distancing. The video-

artefact is what most influences this episode: the references to it are numerous and clear. In 

terms of covariational reasoning, in the first part of the discussion many variables are 

highlighted by the terms used by the students: speed, door spacing, time, inclination. They 

continue to constitute an indistinct jumble, in which we begin to capture traces of concealment 

in a not so clear way. Even if a first sketch of covariation appears, the language reduces it to the 

variations of the values of the same quantities (L2) (Figure 14 - COV row). In response to this 

confusion, the teacher plays a semiotic game which seems to help Andrea to describe the 

distance between two consecutive metal bells correctly. 
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Figure 14 ɀ Timeline 1 (Galileo 2017) 
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10.2.2  Episode 2 (Discussion, 27:00-28:45) 

In the following excerpt (27:00-28:45), after the students have recognized the variables that are 

involved in the phenomenon, the motion of a ball along an inclined plane, the teacher requests 

them to find an equation that describes the movement of the ball.              

 Timing  Who Utterances  Gestures 

13 00:27:00 Teacher ,ÅÔȭÓ ÇÏ ÔÏ ÔÈÅ ÎÅØÔ ÑÕÅÓÔÉÏÎȡ 
"Can you find an equation, a 
formula which describes the 
movement of the ball?" 

 

14 00:27:27 CaterinaA  We have to find the x and the y; 
for the x-axis, something that 
increases and for the y-axis 
something that decreases... 
because actually, the line in the 
applet was a decreasing line.   

 

15 00:27:46 Teacher Which is the decreasing line? The teacher comes closer to 
group A to see their screen. 

16 00:27:55 CaterinaA Imagining this is a Cartesian 
plane, the pink line which 
denotes the movement of the 
ball [on the applet it has the 
same color of the trajectory of 
ÔÈÅ ÂÁÌÌɎ ÉÓ ÄÅÃÒÅÁÓÉÎÇȣ ÏÎ ÔÈÅ 
y-axis, there must necessarily be 
something that is decreasing.                                     

Caterina makes a pointing 
gesture, following with her 
finger the trend of the pink 
line on the screen (see 
Figure 15). 

17 00:28:17 Teacher Did you hear what Caterina 
said? Caterina says we have to 
find an x that is increasing and a 
y, which is decreasing because 
the pink line represents the 
movement of the ball... but they 
[group A] are not able to 
understand what put on the 
axes. 

 

18 00:28:42 Teacher What ÁÒÅ ÔÈÅ ȰÓÏÍÅÔÈÉÎÇȟȱ ÔÈÅ 
variables essentially, that help 
us describing the motion? 

 

19 00:28:45 Different 
voices 

Time and space; [someone says] 
the inclination. 

 

To foster the discussion in the classroom the teacher asks questions ɀ addressing one to the 

whole class and one to a specific student (Figure 17 - interaction flowchart row). In [ 13] the 

teacher addresses a question to the whole classroom that is to find the equation that 



 

80 
 

represents the ball movement. Caterina argues that to find the equation, they should consider 

x and y, and that x should be something increasing and y something decreasing. 

Simultaneously with her utterance, she performs a pointing gesture and then a metaphoric 

one. The former, which has a grounding function, is used to point at the inclined plane in the 

applet. The latter, which has narrative function, is used to reproduce the decreasing line. 

Caterina comes to these insights because of the shape of the simulated apparatus in the app, 

where the inclined plane is displayed as a decreasing linear function (Figure 15).  

 

Figure 15 - The screen of the GeoGebra applet in which the ball trajectory is marked by a pink 
line 

The teacher does ÎÏÔ ÊÕÄÇÅ #ÁÔÅÒÉÎÁȭÓ ÁÎÓ×ÅÒ ɍρ5]. On the contrary, the teacher approaches 

#ÁÔÅÒÉÎÁȭÓ ÌÁÐÔÏÐ ÁÎÄ ÌÏÏËÓ ÁÔ ÈÅÒ ÓÃÒÅÅÎ ɉFigure 16ɊȢ 4ÈÅ ÔÅÁÃÈÅÒȭÓ ÇÁÚÅȟ ×Èich has a sensing 

function, suggests that she does not understand Caterina's claim and that by gazing at her screen 

she wants to understand it better. In [16] Caterina elaborates her determination keeping on the 

same level of discourse, that we are going to refer to as analytical: students try to express in 

mathematical terms and to generalize the specific physical situation proposed. In a similar way 

as in [14], Caterina simultaneously performs a pointing gesture as she articulates her utterance. 

This time the pointing gesture functions as narrative and grounding. By addressing a question 

to the whole classroom, the teacher shifts the discussion from one-to-one to a general discussion 

involving the whole classroom [17]. In doing so, the teacher again plays the semiotic game as she 

repeats Caterina's words and redundantly performs a metaphoric gesture, which its function is 

grounding (Figure 17 - ÇÅÓÔÕÒÅ ÒÏ×ɊȢ !ÌÔÈÏÕÇÈ ÔÈÅ ÉÄÅÁ ÏÆ #ÁÔÅÒÉÎÁȭÓ ÇÒÏÕÐ ÉÓ ÂÁÓÅÄ ÏÎ ÔÈÅ 

analogy between a physical trail and the graph representing a motion on the trail, a well-known 

misconception in the literature (Clement, 1985), the teacher values the ÇÒÏÕÐȭÓ work and moves 

forward with the discussion by addressing a new question to the whole classroom [18]. The 

covariational reasoning in the excerpt above is characterized as L2 of first-order covariational 

reasoning (Figure 17 - COV row), in which the students and the teacher describe qualitatively 

the relationship between x and y using the verbs decrease/increase. 
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Figure 16 - The teacher comes closer to group A to see the screen of their laptop 

Figure 17 ɀ Timeline 2 (Galileo 2017) 
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10.2.3  Episode 3 (Discussion, 30:58-31:49) 

In this episode (30:58-31:49) !ÌÅÓÓÁÎÄÒÏ ÃÒÉÔÉÃÉÚÅÓ #ÁÔÅÒÉÎÁȭÓ answer and argues that both the 

variables ɀ time and distance ɀ should increase. The teacher asks Alessandro to explain why the 

two variables are increasing. 

 Timing  Who Utterances  Gestures 

20 00:30:58 Teacher Why do they [time and space] 
both increase? 

 

21 00:31:05 AlessandroE In my opinion, when you 
increase the length, the ball 
takes longer to do it, hence, if 
you tilt the plane, the ball is 
ÆÁÓÔÅÒȣ 

 

22 00:31:11 Teacher ) ÄÏÎȭÔ ÕÎÄÅÒÓÔÁÎÄȣ  

23 00:31:21 AlessandroE According to the inclination of 
the plane, the time increases 
ÁÎÄȣ ÉÔ ÔÁËÅÓ ÌÅÓÓ ÔÉÍÅȢȢȢ ÔÈÅ 
ball takes less time to travel 
ÔÈÁÔ ÄÉÓÔÁÎÃÅȣ 

 

24 00:31:29 Teacher The ball takes less time to 
travel that distance. 

 

25 00:31:35 AlessandroE The same distance, but since 
the plane is more inclined, the 
ball has a higher speed, it is 
faster. 

 

26 00:31:41 Teacher /Ëȟ ÁÔ ÔÈÅ ÓÁÍÅ ÄÉÓÔÁÎÃÅȣ  

27 00:31:45 AlessandroE Less time  

28 00:31:48 Teacher And at the same time?  

29 00:31:49 AlessandroE Greater distance.  

When the teacher asks Alessandro [20], she uses a metaphoric gesture, the function of which is 

interactive, and looks at Alessandro as she invites him to explain why both the variables should 

increase. Redundantly with respect to his utterances, he makes metaphoric and iconic gestures 

which have narrative function to describe why the two variables increase (Figure 20 ɀ gestures 

row). In effect, Alessandro introduces two new variables into the discourse with the teacher, the 

length of the plane and the speed of the ball. It seems that he associates the length of the plane 

with its inclination. To encourage Alessandro to provide more description, the teacher indicates 

that she does not understand his description in [21]. Using simultaneous gestures and utterances 

(Figure 18), Alessandro describes his idea again by referring this time explicitly to the 
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inclination of plane [23]. It seems that, based on the experiments he did with the applet and on 

the values in the table, he concludes that as the inclination increases, the ball goes faster.  

Figure 18 - The metaphoric gestures performed by Alessandro while describing the 
relationship between the motion of the ball and the length of the plane 

This type of reasoning is corresponding to L2 of the first-order covariational reasoning, in that 

Alessandro draws a qualitatively connection between the two variables ɀ inclination of the plane 

and the velocity (Figure 20 ɀ COV row). In [24] the teacher plays the semiotic game by revoicing 

with an approval tone to support his idea. In [26] the teacher plays again the semiotic game, this 

time focusing her question only on one term used by Alessandro ɀ the distance or the time. The 

teacher asks him what would happen to the time if the distance is kept fixed [26], and what 

would happen to the distance if the time fixed [28]. In both cases the teacher supports her 

utterances with simultaneous metaphoric gestures, which have narrative function (Figure 19).    

Figure 19 - On the left, the gesture performed by the teacher and on the right, the same 
gesture reproduced by Alessandro 
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Figure 20 ɀ Timeline 3 (Galileo 2017) 
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10.2.4  Episode 421 (Discussion, 37:00-41:19) 

To help the students construct the meaning of the quadratic function describing the law of the 

motion, the teacher turns to the various artefacts that are available in the environment. Through 

her play of the semiotic game, the teacher ÄÒÁ×Ó ÔÈÅ ÓÔÕÄÅÎÔÓȭ ÁÔÔÅÎÔÉÏÎ ÔÏ ÔÈÅ ÓÅÖÅÒÁÌ ÁÒÔefacts, 

each time focusing on one of them. The following episode (37:00-41:19) illustrates the influence 

of three main artefacts, the video, the GeoGebra applet and the blackboard: the teacher resorts 

first to the video, then, thanks to Alessandro's response, she introduces the GeoGebra artefact.        

 Timing  Who Utterances  Gestures 

30 00:37:00 ChiaraC If it is Á ÐÁÒÁÂÏÌÁȟ ÓÈÏÕÌÄÎȭÔ ÂÅ 
there something to the second 
power? ( F) 

 

31 00:37:05 Teacher If it is a parabola, there will be 
something to the second 
power. Is there something to 
the second power? (T ) 

 

32 00:37:10 AdaA In the top of the video it is 
written ίȡὸ(V ) 

 

33 00:37:15 Teacher  The teacher writes the 
formula from the video on 
the blackboard. 

34 00:37:20 Teacher  The teacher looks around 
waiting for a reaction. 

35 00:37:34 Teacher Then? (T )  

36   [noise]  

37 00:38:10 VirginiaB In the video there were the 
sums of all the routes, for 
example, when the space was 
16, time was 4. (V ) 

 

38 00:38:15 Teacher  The teacher draws a 
sketch of the inclined 
plane on the blackboard 
(B ) 

39 00:38:26 VirginiaB If we count the time, we can 
see that s is ὸ; 4² = 16. (V ) 

 

   [é]  

 
21 In this section we also introduce the notations with arrows to highlight the different dynamics of artefacts and 
the role of the teacher. Lines 40-41-42 are present only in the Timeline. 
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43 00:40:11 AlessandroE It is correct, but here it is 
different: if we make 2² it 
ÄÏÅÓÎȭÔ ÃÏÍÅ ÏÕÔ for ÕÓȣ 

 

44 00:40:40 Teacher The teacher rephrases 
!ÌÅÓÓÁÎÄÒÏȭÓ ×ÏÒÄÓȢ 

 

45 00:40:52 Teacher The teacher rephrases VirginiaȭÓ 
words. 

 

46 00:41:15 Teacher Alessandro says ͼÉÔȭÓ ÏËͼ ÅÖÅÎ 
though ... 

 

47 00:41:16 AlessandroE "ÕÔ ÉÔ ÄÏÅÓÎȭÔ ÃÏÍÅ ÉÎ ÏÕÒ 
examples that we made on 
GeoGebra 

He checks the values on 
the sheet of paper. 

48 00:41:19 Teacher It is correct, although, not so 
correct according to 
Alessandro, because in the 
ÅØÁÍÐÌÅÓ ÉÔ ÄÉÄÎȭÔ ÃÏÍÅ ÏÕÔ ÉÎ 
this way. 

 

This episode can be translated into the following narrative: previously the students had 

discussed whether the graph describing the motion could be a straight line, and discarded it 

basing on what they had seen in the GeoGebra spreadsheet: the parabola appears first evoked 

by them as "something to the second power" ([30], F). The evocation is further reinforced by 

the teacher ([31] Tᵽ and TO ), by the reference to V ([32], V ) and by the further actions of the 

teacher ([33-34] Tᵽ; [35] T )O: see Figure 21. 

Figure 21 - Ada, on the left, writes the formula from the video in the air using her pen. The 
teacher, performing a writing gesture, notes that formula (s:t2) on the blackboard 

Still referring to the video, Virginia evokes the numbers and formulas that appear there [30] and 

ÔÈÅ ÔÅÁÃÈÅÒ ÒÅÉÎÆÏÒÃÅÓ 6ÉÒÇÉÎÉÁȭÓ observations by drawing on the blackboard ([38], BO ; Figure 

23 ɀ inscription s row). Finally, Virginia explains the formula of the video ([39], VO ). 

From [43] to [48] a conflict appears, created by the interventions of Alessandro, who disagrees 

with Virginia. While Virginia bases her computations on what is in the video, Alessandro 

supports his claim with the computations his group made in GeoGebra: we indicate this conflict 

with Vᴺ GO. The conflict is apparent, and the teacher revoices both AlesÓÁÎÄÒÏȭÓ ÁÎÄ 6ÉÒÇÉÎÉÁȭÓ 
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utterances [44-45] thus pushing the conflict forward  to the class. The implicit meaning of her 

repeated interventions makes clear to the students that the differences between the two 

computations are not the effect of a trivial mistake, but that the conflict is more subtle and 

worth y of consideration.  

We can make three observations about this issue: they highlight the relevance of this point in 

the development of teaching-learning processes in the classroom. First, this conflict can be 

ÉÎÔÅÒÐÒÅÔÅÄ ÁÓ Á ÃÏÍÍÏÇÎÉÔÉÖÅ ÃÏÎÆÌÉÃÔȡ ÔÈÅ Ô×Ï ÓÔÕÄÅÎÔÓȭ ÃÏÍÐÕÔÁÔÉÏÎÓ ÁÒÅ ÉÎÃÏÍÍÅÎÓÕÒÁÂÌÅ 

and only apparently incompatible. As Sfard (2008) points out, the only way to overcome a 

conflict is to make apparent that there are two incommensurable discourses, while no factual 

ÉÎÃÏÍÐÁÔÉÂÉÌÉÔÙ ÉÓ ÃÏÎÃÅÒÎÅÄȢ 4ÈÉÓ ÒÅÓÕÌÔ ÉÓ ÇÏÔ ÔÈÒÏÕÇÈ ÔÅÁÃÈÅÒȭÓ ÒÅÖÏÉÃÉÎÇȡ ÁÓ ÏÂÓÅÒÖÅÄ ÁÂÏÖÅȟ 

with her implicit claim that there is no calculation error she avoids the incompatibility issue and 

makes possible the emergence of incommensurability in the classroom. Second, the conflict 

concerns a turning point in the way students grasp the covariation among the different 

ÑÕÁÎÔÉÔÉÅÓ ÉÎÖÏÌÖÅÄ ÉÎ ÔÈÅ ÂÁÌÌ ÍÏÔÉÏÎ ÐÈÅÎÏÍÅÎÏÎȡ ÔÈÅ ÄÉÓÃÒÅÐÁÎÃÙ ÂÅÔ×ÅÅÎ ÔÈÅ 6ÉÒÇÉÎÉÁȭÓ ÁÎÄ 

!ÌÅÓÓÁÎÄÒÏȭs calculations is the starting point for entering into second-order covariation. It is 

ÁÇÁÉÎ ÔÈÅ ÔÅÁÃÈÅÒ ×ÈÏ ÍÁËÅÓ ÁÐÐÁÒÅÎÔ ÔÈÉÓ ×ÉÔÈ ÈÅÒ ×ÒÉÔÔÅÎ ÒÅÖÏÉÃÉÎÇ ÏÆ ÔÈÅ Ô×Ï ÓÔÕÄÅÎÔÓȭ 

utterances (Figure 22). 

Figure 22 - The inscriptions made by the teacher on the blackboard while revoicing 
!ÌÅÓÓÁÎÄÒÏȭÓ ÁÎÄ 6ÉÒÇÉÎÉÁȭÓ ×ÏÒÄÓ 

Third, the conflict emerges through the apparently contradictory results produced by the two 

artefacts, the video and the GeoGebra applet: it is an instrumented conflict. The teacher does not 

mediate at all but supports only the emergence of the conflict avoiding the trivial incompatibility 

interpretation,  as pointed above. This way of acting by the teacher shows one of the main 

features of her approach to managing the class. As a further general comment, we can say that 

in this part of the video the artefacts are present at different times and are used, sometimes 

spontaneously by students, sometimes at the teacher's request, to carry out inquiries, and to 

formulate or validate hypotheses. Therefore, a thread of relations between V, G, and B, that goes 

from one to the other and that are generally discontinuous, is created through the actions and 

comments of the students. However, the actions that students perform with such artefacts are 

often inconsistent, so showing a conflict between the different uses. [continue on p. 90] 
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Figure 23 ɀ Timeline 4 ɀ Part I (Galileo 2017) 
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Figure 24 ɀ Timeline 4 ɀ Part II (Galileo 2017)  
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These culminate with the final conflict discussed above. In this part, according to the hierarchy 

of the first order covariation, we have (until [39]) a smooth continuous covariation (L5) with 

detail (Figure 24 ɀ COV row).  

10.2.5  Episode 5 (Discussion, 47:10-48:45) 

In the last part of the discussion (47:10-48:45), the role of the artefacts changes dramatically: 

from the initial conflict between them to a ÆÉÎÁÌ ÓÙÎÅÒÇÙ ÉÎ ÔÈÅÉÒ ÉÎÓÔÒÕÍÅÎÔÅÄ ÕÓÅȟ Ȱ×ÈÅÒÅ ÅÁÃÈ 

ÁÃÔÉÖÉÔÙ ÅÎÈÁÎÃÅÓ ÔÈÅ ÐÏÔÅÎÔÉÁÌ ÏÆ ÔÈÅ ÏÔÈÅÒÓȱ ɉ&ÁÇÇÉÁÎÏȟ -ÏÎÔÏÎÅ Ǫ -ÁÒÉÏÔÔÉȟ ςπρψȟ ÐȢρ). The 

teacher makes possible the positive evolution of the VN GO conflict, which concluded the 

previous episode, into the synergy of three artefacts V § G § B [49] . 4ÈÅ ÔÅÁÃÈÅÒȭÓ ÒÅÑÕÅÓÔÓ ÁÎÄ 

ÉÎÔÅÒÖÅÎÔÉÏÎÓ ÄÉÒÅÃÔ ÓÔÕÄÅÎÔÓȭ ÁÔÔÅÎÔÉÏÎ ÔÏ ÔÈÅ ÎÕÍÅÒÉÃÁÌ ÄÁÔÁ ×ÒÉÔÔÅÎ on the blackboard and the 

ÓÔÕÄÅÎÔÓȭ ÁÃÔÉÏÎÓȟ ÇÅÎÅÒÁÔÅÄ Ây the synergic interweaving between V § G § B and these data, lead 

to the construction of a general formula F describing mathematically the physical phenomenon. 

Moreover, the elaboration of this general formula, including a parameter which depends on the 

plane inclination angle, reveals not only a deeper understanding of the s-t covariation, but also 

the grasping of a new and more complex order of covariation. 

 Timing  Who Utterances  Gestures 

49 00:47:10 GiorgiaE In this case it might be ώ
ςȟρσẗὼ, in this case with 25°, 
because it is in this case that a 
constant value of 2.13 is 
reached... The values can vary. 

 

50 00:47:24 Teacher The teacher rephrases 
'ÉÏÒÇÉÁȭÓ ×ÏÒÄÓ. 

 

51 00:47:45 Teacher And if the angle varies?  

52 00:47:48 GiorgiaE The constant value can vary.  

53   The teacher suggests trying 
different values of the 
inclination and students try 
using GeoGebra. 

 

54 00:48:20 AndreaB [incomprehensible] The 
constant number depends on 
the angle. 

 

55 00:48:28 Teacher )ȭÌÌ ÒÅÐÅÁÔ ÂÅÃÁÕÓÅ ÈÅ ÓÐÅÁËÓ ÉÎ 
a low voice. He said: if we 
change the angle of 28°, the 
constant changes and becomes 
2.36, but it is always 2.36. 
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56 00:48:45 GiorgiaE It might be ώ Ὧẗὼ, where k 
is a constant varying with the 
inclination. 

The teacher writes the 
formula on the 
blackboard. 

In the episode reported above (47:10-48:45), the teacher allows the transition from the first- to 

the second-order ÃÏÖÁÒÉÁÔÉÏÎȟ ÍÁÄÅ ÅØÐÌÉÃÉÔ ÔÈÒÏÕÇÈ ÓÔÕÄÅÎÔÓȭ utterances and denoted in 

Timeline 5 (Figure 25) as intermediate order, and the full achievement of the COV 2 [56] . Giorgia 

is the student who first better succeeds in the formalization through an explicit formula 

describing the motion of the ball. She elaborates a formula (F) for a specific value of the angle 

([49], ώ ςȟρσẗὼ): this achievement is reached starting from the support of the numerical data 

in the table, provided by the applet in GeoGebra, and the computations shown on the blackboard 

that the ratios between distance and time to the second power always provides the same 

constant (specifically 2.13; see inscriptions row - Figure 25)Ȣ 4ÈÁÎËÓ ÔÏ ÔÈÅ ÔÅÁÃÈÅÒȭÓ 

questioning and directions, shown also in the interaction flowchart in Figure 25, the 

dependence of the constant on the inclination angle has become explicit and the property is 

experimented in GeoGebra with different values of the angle ( G): several students find that the 

constant depends on the value of the plane inclination angle. The transition from the first to the 

second-order covariation (intermediate order) deserves particular attention in this analysis: it 

ÈÁÐÐÅÎÓ ÇÒÁÄÕÁÌÌÙȟ ÁÎÄ Á ÃÌÅÁÒ ÃÏÇÎÉÔÉÖÅ ÐÉÖÏÔ ÏÆ ÔÈÉÓ ÔÒÁÎÓÉÔÉÏÎ ÃÁÎ ÂÅ ÄÅÔÅÃÔÅÄ ÉÎ 'ÉÏÒÇÉÁȭÓ 

utterance Ȱthe constant value can varyȱ [52]: this apparently contradictory statement makes 

explicit the epistemic conflict between the parameter and the variables in the formula. The 

student refers to the unknown concept of parameter in an intuitive and natural way, adopting 

an expression that is already documented in the literature (Bloedy-Vinner, 2001). The use of 

antithetical expressions is also typical of some common locutions of the algebraic language, e.g., 

arbitrary constant (Bernardi, 1994). Moreover, this idea of varying quantity represents one of 

the main facets of the concept of variable that we recalled in Section 3.1. When a variable is 

conceived as a varying quantity, it does not stand for a single unknown value but for a domain 

of possible values. Despite the focus remaining on the covariation of the dependent and 

independent variable, the presence of the variable k introduces an underlying idea of motion and 

dynamicity. Just in a second moment the students understand that the value of that quantity 

determines the situation as a whole. Referring to our example, like the students well say, 

changing the value of the angle of inclination of the plane, not only determines a change in the 

value of the constant k but also of the traversed space. In this perspective, the parameter can be  
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Figure 25 ɀ Timeline 5 (Galileo 2017) 
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intended as a higher order variable in the sense of Arcavi et al. (2016) and this idea well fits with 

our notion of second-order covariation. According to a commognitive perspective, the 

expression ȰÔÈÅ ÃÏÎÓÔÁÎÔ ÖÁÌÕÅ ÃÁÎ ÖÁÒÙȱ is a clear sign of a commognitive conflict due to a double 

interpretation of the word ȰÃÏÎÓÔÁÎÔȱ on two different semantic levels (Sfard, 2008). The 

transitional order of covariational reasoning represents the coming to the surface of the 

incommensurability between the mathematical narratives and it culminates when the process 

of evolution to second-order covariation is completed, and students grasp the role of the 

parameter within the formula of the motion of the ball. Eventually, Giorgia is able to develop a 

generalized formula ([56], y=k·x²), in which the dependence on the inclination angle is 

encapsulated within the parameter kȢ 4ÈÅ ÌÁÔÔÅÒ ÓÔÕÄÅÎÔÓȭ ÉÎÔÅÒÖÅÎÔÉÏÎÓ ÅØÐÒÅÓÓ ÔÈÅÉÒ ÁÂÉÌÉÔÙ ÔÏ 

read the formula s = k·t2 on a "double order": at a first-order the covariation s-t; at a second-order 

the covariation between the (s,t) function and the parameter k.  

The artefacts interactions row in the Timeline (Figure 25) collects all the different modalities in 

which the artefacts intervene in the discussion, highlighting the synergy between their purpose 

of use. The teacher constantly uses the blackboard in order to take notes of the emerging 

formulas ( B) and these writing gestures have a grounding function: the blackboard B 

represents the artefact which allows the creation of common resources shared by the whole 

classroom for use in the discussion. Moreover, the writing gestures of the teacher implicitly 

reveal to the students the relevance of what is written on the blackboard. Contrary to our 

expectations, the analysis of the gestures produced by the students does not reveal many non-

redundant gestures with respect to speech. We expected to find them especially during cognitive 

transitional phases, but they are not so evident: one possible explanation for this could be the 

previous working group session during which students already reasoned on the tasks proposed 

and elaborated their own reasoning. The level of the mathematical discourse is initially 

analytical and then flows into a higher level that we are going to refer to as objectified ([49], 

[56]) when a mathematical formula is clearly elaborated (Figure 25 ɀ discourse level row). 

10.3 DISCUSSION  

In this section we are going to analyze the five episodes previously described according to the 

four layers of analysis presented in Section 8.4. 

10.3.1  Layer (a): Covariational reasoning 

The episodes analyzed in the five Timelines reveal the existence of a transitional phase between 

the two orders of covariation in which the focus of reasoning remains on the covariation of the 
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dependent and independent variable, but the presence of a parameter introduces an underlying 

idea of motion and dynamicity. As described in Arcavi et al. (2016), the parameter is conceived 

as a varying quantity: it does not stand for a single unknown value but for a domain of possible 

values. This intermediate order requires a further investigation: data from other T.E.s will help 

us to better understand whether it is a standalone order or rather a low level of COV 2 that 

contributes to a cognitive theorization of this second-order construct. COV 2 is fully reached at 

the end of the discussion when Giorgia conceptualizes that using k is possible to condense in one 

formula an entire family of relationship.  

The tasks performed during the teaching experiment show that the technological supports allow 

an instrumentation not only of the first-order of covariation but also of the second one: 

specifically, in the GeoGebra applet, dragging the blue point located at the end of the plane, 

students can modify the angle of inclination, observe the related values of time and distance 

traversed contained in the table and deduce the properties of the s-t function. This kind of 

instrumentation of COV 2 is a clear example of metavariation (Hoffkamp, 2009). Indeed, varying 

the inclination of the plane enables to investigate covariation in several scenarios.  

10.3.2  Layer (b): Linguistic analysis 

This layer of analysis is the result of a synchronic use of the Timeline: after having identified the 

levels of covariational reasoning emerging in studentÓȭ utterances, we analyzed the linguistic 

structure of their statements. We are going to refer to the magnitudes involved denoting them 

with  Á ÃÁÐÉÔÁÌ ÌÅÔÔÅÒ ɉ!ȟ "ȣɊ and not mentioning them explicitly: this approach helped us to focus 

specifically on the structure of the sentences and not on the specific magnitudes. Here we collect 

in a table the emerging examples and the related observations. 

COV 1 Description of the level Examples from Galileo 
2017 T.E. 

Syntactical and lexical analysis 

L1 The students perceive 
a change in both the 
magnitudes, but the 
way in which this 
change happens is not 
described and in 
particular they do not 
explain how a change 
in a quantity affects 
the other. 

[5] A è sempre la stessa, 
B cambia. 
A is always the same, B 
changes. 

From the syntactical point of 
view, we can recognize this 
structure:  
Sentence about A, sentence about B 
where the two sentences are not 
correlated.   
From the lexical  point of view, we 
can observe the use of the adverb 
always , sign of a qualitative 
description. 
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L2 
 

Students observe that 
an increase/decrease 
in one variable 
produces an 
increase/decrease in 
the other variable 
involved. 

[2] A aumenta 
gradualmente mentre 
[la palla] scende. 
A increases gradually as 
[the ball] goes down. 

ɍυψɎ 0ÅÒ ÌȭÁÓÓÅ Ø 
qualcosa che cresce e 
ÐÅÒ ÌȭÁÓÓÅ Ù ÑÕÁÌÃÏÓÁ ÃÈÅ 
decresce. 
For the x-axis 
something increasing 
and for the y-axis 
something decreasing. 

[16] Quando aumenti A, 
la palla ci mette di più a 
farlo [=percorrere il 
piano].  
When you increase A, B 
is greater.                            

[21] Quando inclini il 
piano, la palla è più 
veloce. 
When you increase A, 
the ball is faster. 

[23] Quando inclini il 
piano, la palla ci mette 
meno B per percorrere 
la stessa C.  
When you increase A, 
the ball takes less B to 
do the same C. 

[25] Essendo il piano più 
inclinato, la pallina ha 
una B maggiore. 
Since more A, greater B. 

[27] [Se il piano è più 
inclinato], nella stessa B 
meno C. 
[Since more A,] same B, 
less C. 

[29] [Se il piano è più 
inclinato], nello stesso C, 
meno B. 

The syntactical  structures that 
can be identified are the 
following:  
Sentence about A as/while  
sentence about B. 
Since more/less  A, more/less  B to 
do the same C. [3 magnitudes] 
When you increase A, B is greater. 
Since more  A, greater  B.   
The relations are mainly binary or 
ternary and clauses are mainly 
subordinate. It also emerges the 
use of comparatives. 

From the lexical  standpoint, 
students use temporal linking words: 
as, while , when (often followed by a 
subjective sentence in which Ȭyouȭ is 
the subject: when you increase A). In 
all these examples we can observe 
a qualitative description of the 
variation of the two or three 
magnitudes involved, and it is 
clear that a change in one quantity 
produces a change in the others.  
 



 

96 
 

[Since more A,] same C, 
less B. 

L5 
 

At this level of 
covariational 
reasoning, students 
overcome the simpler 
coordination of the 
numerical values of 
the quantities and 
arrive at a more global 
vision of the 
relationship between 
the two magnitudes. 

[37] Quando A era 16, B 
era 4. 
When A is n^2, B is n. 

[39] A è (=) B² 
A is (=) B² 

[43] Il tempo alla 
seconda dà lo spazio... 
quindi y= x² 
Time to second power 
ÇÉÖÅÓ ÓÐÁÃÅȣ ÈÅÎÃÅ y= 
x² 

From the syntactical  standpoint, 
the relation between A and B is 
condensed adopting the verb to 
be or the equal sign.  
From the lexical  point of view, the 
continuous covariation between 
magnitudes A and B is expressed 
through the description in formal 
terms of their mathematical 
relationship or the use of a 
formula with an independent (x) 
and a dependent variable (y). 
Sentences are objective and 
relations expressed are true 
globally. The verb to be is used 
with the same meaning of the 
equal sign.  
Sentence [37] distinguishes for 
the presence of a subordinate 
clause in which the relation is 
expressed in a local form adopting 
numerical values. 

 

Higher COV Description of the 
level  

Examples from Galileo 
2017 T.E. 

Syntactical and lexical analysis 

Intermediate 
COV 

Transitional 
cognitive order 
toward a full 
achievement of COV 
2. Students try to 
describe in an 
intuitive way the 
concept of 
parameter. 

ɍψύɎ Ù Є φȟυχ Ё Øϑ ÉÎ 
questo caso con 25° 
y Ѐ ςȟρσ Ͻ x² in this 
case with 25° 

[52] Il valore della 
costante potrebbe 
cambiare. 
The constant value 
can vary. 

[54] Il numero della 
costante dipende 
ÄÁÌÌȭÁÎÇÏÌÏȢ 
The constant number 
depends on the angle. 

From the syntactical  
standpoint, we do not observe 
recurring structures. 
From the lexical  standpoint, 
we can notice a quantitative 
approach [49] with the 
elaboration of a mathematical 
formula for a fixed value of the 
angle or the use of some 
antithetic expressions [52-54] 
in which students state that 
the value of the so-called 
constant can vary. 

COV 2 Students succeed in 
the elaboration of a 
general formula 
containing the 
parameter: k 

ɍωϊɎ Ù Є Ë Ё Øϑ ÄÏÖÅ Ë î 
una costante che varia 
ÃÏÎ ÌȭÉÎÃÌÉÎÁÚÉÏÎÅȢ 

From the syntactical  
standpoint, we do not observe 
relevant  structures. 
The lexical  analysis reveals 
that this order of covariation 
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encapsulates the 
dependence on a 
specific magnitude 
and allows to 
describe an entire 
class of phenomena. 

 

Ù Є Ë Ё Øϑ where k is a 
constant varying with 
the inclination. 

manifests in a quantitative 
way, with a formula 
containing the two variables 
and a parameter.  
The parameter is still 
identified with an antithetic 
expression i.e., a constant 
varying with the inclination, 
probably due to the absence of 
a more specific mathematical 
background.   

Finally, a few examples of variational reasoning can be recognized: at [6], referring to door 

spacing, Andrea sÁÙÓ ÔÈÁÔ ÉÔ Ȱ×ÁÓ ÁÌ×ÁÙÓ ςȱ [6] (L1 ɀ discrete variation); only in a second 

ÍÏÍÅÎÔȟ ÔÈÁÎËÓ ÔÏ ÔÅÁÃÈÅÒȭÓ ÁÎÄ 6ÉÒÇÉÎÉÁȭÓ ÉÎÔÅÒÖÅÎÔÉÏÎȟ ÈÅ ÅÌÁÂÏÒÁÔÅÓ ÔÈÁÔ ÉÔ ȰÉÎÃÒÅÁÓÅÄ ÂÙ ςȱ 

[10] (L2 ɀ gross variation). 

10.3.3  Layer (c): Discourse levels 

A diachronic use of the Timelines enabled us to appreciate the evolution of the mathematical 

discussion developing throughout the five episodes. In particular, we identified three main levels 

of the mathematical discourse:  

- Descriptive: ÓÔÕÄÅÎÔÓȭ ÕÔÔÅÒÁÎÃÅÓ ÁÒÅ simple descriptions of the inputs from different 

external representations. There are explicit references to the artefacts and to the specific 

physical context presented. The language adopted is the everyday one, not yet scientific, 

according to Vygotsky 's (1986) distinction. 

For instance, in [2] Lorenzo, while ÄÅÓÃÒÉÂÉÎÇ ×ÈÁÔ ÈÅ ÏÂÓÅÒÖÅÄ ÉÎ ÔÈÅ ÖÉÄÅÏȟ ÓÁÙÓ ȰÓÐÅÅÄ 

ÉÎÃÒÅÁÓÅÓ ÇÒÁÄÕÁÌÌÙ ÁÓ ÉÔ ÇÏÅÓ ÄÏ×ÎȱȠ ÉÎ ɍσςɎ !ÄÁ ÓÁÙÓ Ȱ)Î the top of the video it is written 

ίȡὸȱ ÁÎÄ ÉÎ ɍσχɎ 6ÉÒÇÉÎÉÁ ÓÔÁÔÅÓ Ȱ)Î ÔÈÅ ÖÉÄÅÏ ÔÈÅÒÅ ×ÅÒÅ ÔÈÅ ÓÕÍ ÏÆ ÁÌÌ ÒÏÕÔÅÓ ɍȣɎȱȢ 

Utterances are objective. Something slightly different can be observed in [21]  where 

Alessandro, starting from the inputs provided by the video, claims that ȰÉÆ ÙÏÕ ÔÉÌÔ ÔÈÅ 

ÐÌÁÎÅȟ ÔÈÅ ÂÁÌÌ ÉÓ ÆÁÓÔÅÒȱȢ (Å ÉÍÁÇines modifying the physical situation presented in the 

video and ÅØÐÒÅÓÓÅÓ ÉÔ ÉÎ Á ÓÕÂÊÅÃÔÉÖÅ ×ÁÙȡ ÈÅ ÕÓÅÓ ÔÈÅ ÐÅÒÓÏÎÁÌ ÐÒÏÎÏÕÎ ȰÙÏÕȱ ÆÏÌÌÏ×ÅÄ 

ÂÙ ÔÈÅ ÖÅÒÂ ȰÔÉÌÔȱȢ  

- Analytical: at this level, the use of an analytical language starts making its appearance in 

the mathematical discourse. Students conceptualize the magnitudes involved with a 

mathematical symbol, a variable, and reason in terms of numerical relationships or in 

terms of x and y ÉÎ ÔÈÅ #ÁÒÔÅÓÉÁÎ ÐÌÁÎÅȢ 4ÈÅ ÓÅÎÔÅÎÃÅÓ ÁÒÅ ÍÏÒÅ ȰÉÓÏÌÁÔÅÄȱ ÆÒÏÍ ÔÈÅ 
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specific physical contest and describe some possible variations of the physical 

phenomenon.  

Some clear examples of this level can be recognized in Timeline 2 ( 

 

 

Figure 16 - The teacher comes closer to group A to see the screen of their laptop 

Figure 17) when Caterina starts thinking of the s-t ÇÒÁÐÈ ÁÎÄ ÓÁÙÓ ȰÆÏÒ ÔÈÅ x-axis 

something that increase and for the y-ÁØÉÓ ÓÏÍÅÔÈÉÎÇ ÔÈÁÔ ÄÅÃÒÅÁÓÅÓȣȱ ɍρτɎ ÁÎÄ ÁÇÁÉÎ 

ÒÅÉÎÆÏÒÃÅÓ ÁÔ ɍρφɎ ÓÁÙÉÎÇ Ȱ/Î ÔÈÅ y-axis there must necessarily be something that is 

ÄÅÃÒÅÁÓÉÎÇȱȢ Or at [42], Virginia reflecting on the data presented in the video observes 

that ȰÔÈÅ ÆÉÒÓÔ Ô×Ï ÐÉÅÃÅÓ took 2 ÁÓ ÔÉÍÅ ÁÎÄ ÔÈÅÙ ×ÅÒÅ ×ÏÒÔÈ τ ÔÏÇÅÔÈÅÒȱȢ 

- Objectified: the process of modelling leads to the elaboration of a mathematical 

relationship, a function or a formula that has a general validity and does not fit only with 

the specific physical contest presented at the beginning. The mathematical discourse is 

objective and formal. !Ô ɍσωɎȟ 6ÉÒÇÉÎÉÁ ÓÔÁÔÅÓ Ȱs is t2ȱȟ ÁÎÄ ÁÇÁÉÎ ÁÔ ɍτςɎȡ ȰÔÉÍÅ ÔÏ ÔÈÅ ÓÅÃÏÎÄ 

power ÇÉÖÅÓ ÓÐÁÃÅ ɍȣɎ ÈÅÎÃÅ y=x2ȱȢ )Î ÔÈÅ ÌÁÓÔ ÅÐÉÓÏÄÅȟ ÏÔÈÅÒ ÆÏÒÍÕÌÁÓ ÁÐÐÅÁÒȡ ȰÙЄφȢυχ Ё 

x2ȱ ɉɍτωɎɊ ÁÎÄ ȰÙЄË Ё Ø2ȱ ɉɍυφɎɊȢ The formula allows to describe mathematically the real 

situation with a global approach.  

10.3.4  Layer (d): Adaptive teaching strategies 

The process of descriptive coding helped us to identify four main strategies that the teacher used 

to adapt her instruction to the students in the classroom. It is worthy to note that the teacher did 

not follow the strategies separately; on the contrary, we observed several strategies interlaced 

in the same episode. The strategies were named based on the teacher aim from performing the 

strategy. We retrospectively interviewed the teacher asking her what her aim from a specific 

intervention was. The strategies were recurring but the episodes we chose exemplified them at 

best. Strategies are listed below in order of appearance in time and not in order of relevance: 

1 - Semiotic gameȡ ÔÈÒÏÕÇÈ ÔÈÉÓ ÇÁÍÅȟ ÔÈÅ ÔÅÁÃÈÅÒ ÒÅÖÏÉÃÅÓ ÓÔÕÄÅÎÔÓȭ ×ÏÒÄÓ ÁÎÄ ÒÅÐÒÏduces 

ÓÔÕÄÅÎÔÓȭ ÇÅÓÔÕÒÅÓ ÔÏ ÁÓÃÒÉÂÅ ÔÈÅÍ ×ÉÔÈ ÍÁÔÈÅÍÁÔÉÃÁÌ ÍÅÁÎÉÎÇÓȢ In the first episode (10.2.1), the 

semiotic game played by the teacher helps Andrea to describe the distance between two 

constitutive metal bells correctly. 
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2 - Fostering the discussion in the classroom and facilitating  it s flow: the teacher encourages the 

discussion in the classroom and makes it run through questioning. The teacher never judges 

ÓÔÕÄÅÎÔÓȭ ÁÒÇÕÍÅÎÔ ÁÓ ÉÔ ÉÓ ÃÏÒÒÅÃÔ ÏÒ ÉÎÃÏÒÒÅÃÔȟ ÂÕÔ ÓÈÅ ÁÌ×ÁÙÓ ÌÅÔÓ ÔÈÅ ÓÔÕÄÅÎÔÓ ÔÒÙ ÔÏ ÒÅÓÐÏÎÄ 

by formulating a new question, with the aim of pushing them to deepen the problem at stake. 

This strategy is evident in Episode 2 (10.2.2). 

3 - EØÐÌÏÒÉÎÇ ÓÔÕÄÅÎÔÓȭ ÁÃÔÉÏÎÓ ÁÎÄ ÔÈÉÎËÉÎÇ: adopting an investigative approach, the teacher tries 

to better understand what the students are really thinking and referring to. In Episode 3 (10.2.3), 

we have observed that the teacher addresses many questions, sometimes to a specific student, 

ÏÔÈÅÒ ÔÉÍÅÓ ÔÏ ÔÈÅ ×ÈÏÌÅ ÃÌÁÓÓÒÏÏÍ ÁÎÄ ÓÈÅ ÐÒÅÔÅÎÄÓ ÔÏ ÈÁÖÅ ÎÏÔ ÕÎÄÅÒÓÔÏÏÄ !ÌÅÓÓÁÎÄÒÏȭÓ 

statement, so to help him dig into his thoughts.  

4 - $ÒÁ×ÉÎÇ ÓÔÕÄÅÎÔÓȭ ÁÔÔÅÎÔÉÏÎ ÔÏ ÔÈÅ ÉÎÆÏÒÍÁÔÉÏÎ ÐÒÏÖÉÄÅÄ ÂÙ ÔÈÅ ÄÉÆÆÅÒÅÎÔ ÁÒÔÅÆÁÃÔÓ used in the 

learning process: the teacher brings the students' attention to the mathematical relationships 

displayed by the digital artefacts and uses the blackboard to create shared semiotic resources 

with the whole classroom; the aim is to look at a situation from a fresh standpoint. This strategy 

is predominant in the last two episodes: in Episode 4 (10.2.4), the role of the teacher is essential 

in bringing to the surface the conflict emerging in the classroom and to better analyze the 

apparently contradictory information provided by the artefacts involved; then in Episode 5 

(10.2.5) she successfully guides students toward the resolution of the conflict helping them in 

using artefacts in a synergic way.  

10.4 CONCLUDING REMARKS 

4ÈÅ ÁÎÁÌÙÓÉÓ ÏÆ ÔÈÅ ÅÖÏÌÕÔÉÏÎ ÏÆ ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇ ×ÈÅÎ ÄÅÁÌÉÎÇ ×ÉÔÈ ÔÈÅ ÃÏÎÃÅÐÔÕÁÌÉÚÁÔÉÏÎ ÏÆ 

ball motion shows two important features concerning how they can learn functions. From the 

one side, their learning processes are fostered by teaching situations, where they are asked to 

model real phenomena through an inquiry methodology. As we have seen, many of the features 

of modelling tasks we recalled in Section 8.2.1 are observable in our teaching experiment, so 

confirming that this inquiry -based approach to a modelling task reveals useful for triggering 

ÓÔÕÄÅÎÔÓȭ ÕÎÄÅÒÓÔÁÎÄÉÎÇ ÏÆ Á ÃÏÍÐÌÅØ ÍÁÔÈÅÍÁÔÉÃÁÌ ÃÏÎÓÔÒÕÃÔ ÌÉËÅ ÓÅÃÏÎÄ-order covariation of 

magnitudes. From the other side, continuous covariational reasoning, both of first- and second-

order, reveals important for their conceptual understanding of functions. We will now shortly 

discuss the two items. For this issue, it is interesting to recall the explanation given by Bloedy-

Vinner (2001) about the difficulties that students meet when facing situations where they must 
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ÍÁÎÁÇÅ ȬÓÅÃÏÎÄ ÏÒÄÅÒ ÆÕÎÃÔÉÏÎÓȭȟ ÎÁÍÅÌÙ ÆÕÎÃÔÉÏÎÓ ×ÈÏÓÅ ÁÒÇÕÍÅÎÔ ÉÓ Á parameter, and their 

corresponding values are equations or functions. This mathematical definition explains why 

students run into a cognitive conflict when working with parameters and they could perceive 

them as constants that vary. Embracing a commognitive perspective, this conflict could be 

interpreted as something more than just psychological: on a semantic level it reflects in the use 

of an oxymoronic expression; on a discourse level it reveals the encounter between incompatible 

narratives and the necessity to make evolve the mathematical discourse so to resolve the 

incommensurability of the previous discourse accepting the possibility of introducing new 

mathematical notions, e.g. the parameter in our case, in order to solve that emerging conflict. 

The data analysis also revealed the emergence of a transitional phase in between the two orders 

of covariation in which the parameter k makes its appearance and introduces dynamicity. 

Finally, the analysis of Episode 4 (10.2.4) underlines the important role played by the teacher in 

non-trivializing the emergence of the commognitive conflict and in contributing to its resolution 

ÁÄÏÐÔÉÎÇ ÓÕÉÔÁÂÌÅ ÔÅÁÃÈÉÎÇ ÓÔÒÁÔÅÇÉÅÓȟ ÌÉËÅ ÄÉÒÅÃÔÉÎÇ ÓÔÕÄÅÎÔÓȭ ÁÔÔÅÎÔÉÏÎ ÔÏ ÔÈÅ ÍÏÓÔ ÓÕÉÔÁÂÌÅ 

informat ion, questioning, and enhancing unexplored ways of reasoning.  
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11 GALILEO TEACHING EXPERIMENT (2019)  

This second teaching experiment took place in September/ October 2019, and it was 

substantially a replication of the one conducted in 2017 with some slightly modifications. The 

design of the tasks was revised by the teacher, Silvia, and me under the supervision of Prof. 

Arzarello. The activity proposed took at least 3 weeks of work for a total amount of nearly 16 

hours including a few hours of homework. Students worked divided in 5 small group-works 

(specifically 3 groups of 4 students and 2 groups of 5 students). Groups remained always the 

same throughout all the activities.  

During the group-work, students conducted mainly exploratory activities and the teacher 

supervised the work, ÒÅÓÏÌÖÉÎÇ ÐÏÓÓÉÂÌÅ ÄÉÆÆÉÃÕÌÔÉÅÓ ×ÉÔÈ ÔÈÅ ÔÏÏÌÓ ÁÎÄ ÁÎÓ×ÅÒÉÎÇ ÓÔÕÄÅÎÔÓȭ 

questions with suggestions on how to face the activity. All the group-work sessions were 

followed by classroom discussion mediated by the teacher. She always started from the different 

answers of the groups, underlining similarities and differences, and enhancing an argumentative 

approach in order to justify their assumptions.  

As a researcher, I was present in class during most of the activities proposed and I personally 

took care of the video-recordings.  

Participants 

The 10th grade classroom involved was made of 22 students. Thanks to their previous studies in 

mathematics, students knew the meaning of finite differences and that a function with constant 

first differences is a line, a function with constant second differences (and first differences not 

constant) is a second-degree polynomial function and in general a function with n-th differences 

constant and the previous n-1 not constant, is a n-th-degree polynomial function. Students were 

used to work with technology and in particular with GeoGebra applets. They already had 

reasoned on properties of functions starting from numerical data that is with values of finite 

differences for functions represented in tables.  

According to the physics school program, students were also familiar with the notions of 

distance, velocity, and the decomposition of forces along an inclined plane. Students had not yet 

studied the scientific concept of acceleration and used that term from their everyday experiences 

of situations related to motion (e.g., cars).  
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Data collection 

The entire teaching experiment was video-recorded adopting various disposals to film  the 

working groups and a dedicated camera to film the teacher. In some cases, thanks to the use of 

the software Camtasia, the computer screens were also recorded. All the written worksheets 

used during the lessons were in Italian and here they are integrally reported translated into 

English. The written protocols of the students were collected and analyzed. The salient parts of 

the lessons revealing the emergence of covariational reasoning were transcribed and then 

deeply analyzed.  

The parents of the students and the school consented to the use of the multimedia material 

produced; the original version of the used consent form is contained in Appendix A . 

11.1 OVERVIEW OF THE TASKS AND PROSPECTIVE ANALYSIS 

The main purpose of this activity was that of exploring the physical phenomenon of the motion 

of a ball running along an inclined plane. This was done through different representations 

provided by the vision of a video, some applets in the GeoGebra environment, the reading of 

'ÁÌÉÌÅÏȭÓ ÏÒÉÇÉÎÁÌ ÔÅØÔ ÏÎ ÆÁÌÌÉÎÇ ÂÏÄÉÅÓ ÁÎÄ ÔÈÅ ÒÅÐÒÏÄÕÃÔÉÏÎ ÏÆ ÔÈÅ ÅØÐÅÒÉÍÅÎÔ ÉÎ ÔÈÅ ÌÁÂÏÒÁÔÏÒÙȢ 

The final goal was to obtain and deeply understand the law of the motion of the ball.  

All the tasks are reported below in eight different worksheets with the corresponding computer 

screen when present. We are going to present all the details and the prospective analysis, based 

mainly on the teaching experiment of 2017, merely of those tasks that we are going to analyze 

in the following. The tasks which are not object of analysis will be presented briefly, just to 

provide an overall view of the experimentation.  

11.1.1  Task 1 

In Task 1, the students had first to watch on the computer shared by the whole group the video 

from the website of Galileo Museum (Florence) describing the motion of a ball along an inclined 

plane (the same of 2017 T.E.). After the vision of the video, students were asked to formulate 

some observations about the motion of the ball.  

First Worksheet (Task 1)  

Task 1 

Look at the video about the experiment of the Inclined Plane of Galileo (Galileo Museum, 

Florence). 
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What caught your attention in the video concerning the movement of the ball? Write down 

all the observations that come up to your mind.  

Corresponding computer screen ( see Figure 10)   

This request can be classified as a formulation  task since students are asked to write some 

observations arising from the vision of the video. 

11.1.2  Task 2 

In Task 2, students had to explore a GeoGebra applet showing on the left the ball running along 

an inclined plane in which the angle of inclination of the plane is highlighted in green color and 

on the right a table displays in two different columns values of time and distance covered by the 

ball at each time. In particular, time intervals are equal to 1 second. Moving the blue point at the 

end of the inclined plane, it is possible to change its inclination. Resetting the simulation and 

making it run again, different values of time and space are obtained. Hence students had the 

possibility to explore how those values change when the inclination of the plane varies.  

Second Worksheet (Task 2)  

Task 2 

Explore the GeoGebra file Galileo1.ggb. 

You can move the blue point in order to modify the inclination of the plane. 

a) What happens varying the inclination of the plane? Why? 

b) According to you, are the conjectures you have made after the vision of the video 

verified? How can you prove them? 

If otherwise they are not verified, how would you change them? 

c) Can you find an equation describing the motion of the ball? Which one? Justify your 

answer. 

Corresponding GeoGebra screen (see Figure 11) 

Task 2 initially consists in an explorational phase within the GeoGebra environment: changing 

the inclination of the plane, the table provides the values of time and distance traversed. Point 

(b) of the task is more a situation of validation. Students are asked to combine both the 

information provided by the initial video and the applet, validate their previous assumptions, 

and support them with an argumentative approach. The last question (c) requests to provide a 

reasonable equation describing the motion of the ball. The video of Galileo Museum shows the 

ÅØÐÒÅÓÓÉÏÎ Ȱίȡὸȱ ×ÈÅÒÅ s and t are recognized by the students since they are familiar with the 

standard notations adopted in physics to denote distance and time. Even if the video does not 
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give information on the meaning of the formula, it could direct the students to consider the right 

variables to formulate the equation of the motion law.  

Before moving to the following tasks, the teacher introduced a mathematical discussion 

(Discussion 1) focused on Task 1 and Task 2. The main goal was that of sharing the possible 

conjectures and equations formulated by the groups and comment on them with an 

argumentative approach.  

11.1.3  Task 3 

Task 3 was a sort of complement to the previous activities. Students were involved in justifying 

their previous conjectures comparing them with the extra information provided by a new 

GeoGebra file. The table on the right of the applet presented two extra columns containing the 

numerical values of the first finite differences of distance and in the middle of the screen there 

was a cartesian plane showing a discrete graph of the distance-time relationship. Changing the 

inclination of the plane shown on the left, students could observe how the shape of the graph 

and the finite differences are related to the angle of inclination of the plane.  

Third Worksheet (Task 3)  

Task 3 

In this activity you are asked to explain and justify your answers using the graphs and their 

numerical representations.  

Open the file Galileo2.ggb and observe how the distance traversed varies with the angle of 

inclination of the plane.  

a) Observe the shapes of the curves related to the variation of the inclination of the 

plane. How can you justify them? 

b) How do the finite differences of the values of the x and the y of the points of the 

graph change with the variation of the inclination of the plane? Motivate your 

statements. 

c) Do you have other observations? Which ones? 
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Corresponding GeoGebra screen (Galileo2.ggb)  

 
 

 

 

 

 

 

 

Figure 26 ɀ The GeoGebra applet interface (Galileo2.ggb) 

This activity was followed by a teacher-led discussion (Discussion 2) aiming at deeply investing 

the relationship between the distance-time graph and the angle of inclination of the plane, so 

enhancing second-order covariational reasoning processes.  

11.1.4  Task 4 

A new concept is introduced in Task 4. Firstly, students faced the concept of relative distance 

with its definition and an example referring to a car and distance traversed. Students were asked 

to make assumptions on how relative distances change in time and then, using a GeoGebra applet 

similar to the one of Task 3 with in addition a column reporting relative increments in distance, 

students were invited to verify their assumptions. The same approach was proposed to 

investigate the relationship between relative distances and the inclination of the plane. At the 

end of the group-work  session, a mathematical discussion was introduced by the teacher with 

the aim of reasoning on the conjectures elaborated by the different groups. This task will not be 

object of analysis.  

Fourth Worksheet (Task 4)  

Task 4 

A relative distance is defined as the ratio between the distance traversed by a body in a 

specific unit of time and the distance covered by the same body until that moment.  

For example, if you look at the figure 
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we can observe a car left from point P, that in the unit  of time ЎÔȟ has travelled the distance 

ὃὄ from point  A to point  B. The relative distance (RC) is the ratio  between the distance 

ὃὄ and the distance ὖὄ covered by the car until  that moment: Ὑὅ  
Ў

. 

a) Make some assumptions on how the relative distance changes in time. Justify your 

hypotheses.  

b) Open the applet Galileo3.ggb, run the simulation and observe how the relative spaces 

of the ball change. Are your observations in accordance with  the conjectures 

previously formulated? If not, how would you change your conjectures? 

c) Vary the inclination  of the plane. How do the relative distances of the ball change? 

d) Verify your hypothesis with  the applet: what can you observe? Motivate your 

answers. Looking at the applet, do other conjectures come to your mind? How do 

you justify  them? Which of them can you prove?  

e) Provide some examples inspired by real life in which talking about relative 

increments makes sense.  

Corresponding GeoGebra screen 

Figure 27 - The GeoGebra applet interface (Galileo3.ggb) 

11.1.5  Task 5 

Task 5 was an activity of re-elaboration. Neither exploration was required, nor extra information 

was introduced. Students were involved in making the point on all the knowledge acquired in 

the previous activities and were invited to communicate it in a written and mathematical form. 

A few hours were devoted to this writing activity. These elaborates were assessed through the 

method of comparative judgement: all the details entailing this research study will be provided 

in Chapter 15.  

Fifth Worksheet (Task 5)  

Task 5 

Thinking back to the work carried out on the inclined plane, write to schoolmates of another 

class to outline the work itself and, specifically, the relationship that describes and explains 

mathematically the motion of the ball along the inclined plane. This report should be a 

theoretical support for you and your schoolmates. 
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11.1.6  Task 6 

Task 6 entailed the reading of the original text of Galileo describing the experiment on the 

inclined plane. Students read the text in their groups and then, with the help of the teacher, they 

made sure to have caught the meaning of all the words used by the author and how Galileo made 

the experiment with the tools available at his time. Moreover, a brief video, from Galileo 

Museum, provided some information on the cultural context of that historical period. Then 

students were involved in reproducing themselves the experiment of Galileo. In the physics 

laboratory they had the chance to verify directly the assumptions made by Galileo, detecting with 

a stopwatch the time taken by the ball to cover the whole plane and having the possibility to 

change the inclination of the plane. This task will not be object of analysis.  

Sixth Worksheet  

Galileo and the Falling Bodies. 

Taken from "Discorsi e dimostrazioni matematiche intorno a due nuove scienze attinenti 

alla meccanica e ai movimenti locali".  

[The text here reported is in Italian, its original language] 

Ȱ)Î un regolo, o vogliam dir  corrente, di legno, lungo circa 12 braccia, e largo per un verso mezzo 

braccio e per ÌȭÁÌÔÒÏ 3 dita, si era in questa minor larghezza incavato un canaletto, poco più largo di un 

dito; tiratilo  drittissimo, e, per averlo ben pulito e liscio, incollatovi dentro una carta pecora zannata e 

lustrata al possibile, si faceva in esso scendere una palla di bronzo durissimo, ben rotondata e pulita; 

costituito che si era il  detto regolo pendente, 

elevando sopra il  piano orizzontale una delle sue 

estremità un braccio o due ad arbitrio,  si lasciava 

(come dico) scendere per il  detto canale la palla, 

notando, nel modo che appresso dirò, il  tempo che 

consumava nello scorrerlo tutto, replicando il  

medesimo atto molte volte per assicurarsi bene 

della quantità del tempo, nel quale non si trovava mai differenza né anco della decima parte ÄȭÕÎÁ 

battuta di polso. Fatta e stabilita precisamente tale operazione, facemmo scender la medesima palla 

solamente per la quarta parte della lunghezza di esso canale, e misurato il  tempo della sua discesa, si 

trovava sempre puntualissimamente esser la metà ÄÅÌÌȭÁÌÔÒÏȠ e facendo poi ÌȭÅÓÐÅÒÉÅÎÚÁ di altre parti, 

esaminando ora il  tempo di tutta  la lunghezza col tempo della metà, o con quello delli due terzi o dei 

3/4, o in conclusione con qualunque altra  divisione, per esperienze ben cento volte replicate sempre 

ÓȭÉÎÃÏÎÔÒÁÖÁȟ gli spazii passati esser tra  loro come i quadrati de i tempi, e questo in tutte le inclinazioni 

del piano, cioè del canale nel quale si faceva scender la palla; dove osservammo ancora i tempi delle 

scese per diverse inclinazioni mantener esquisitamente tra  loro quella proporzione che più troveremo 

essergli assegnata e dimostrata ÄÁÌÌȭÁÕÔÏÒÅȢ Quanto poi alla misura del tempo, si teneva una gran 

secchia piena ÄȭÁÃÑÕÁȟ attaccata in alto, la quale per un sottil cannellino, saldatogli nel fondo, versava 

un sottil filo ÄȭÁÃÑÕÁȟ che ÓȭÁÎÄÁÖÁ ricevendo con un piccol bicchiero per tutto  ȬÌ tempo che guisa 

raccolte, ÓȭÁÎÄÁÖÁÎÏ di volta in volta con esattissima bilancia pesando, dandoci le differenze e la palla 

scendeva nel canale e nelle sue parti:  le particelle poi ÄÅÌÌȭÁÃÑÕÁȟ in tal proporzioni de i pesi loro le 
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differenze e proporzioni de i tempi; e questo con tal giustezza, che, come ho detto, tali  operazioni, 

molte e molte volte replicate, già mai non differivano ÄȭÕÎ notabil ÍÏÍÅÎÔÏȢȱ 

  

Seventh Worksheet (Task 6)  

Task 6 

a) To reflect:  

- Galileo hypothesizes that when two bodies fall from the same height and are not 

subjected to friction forces (but only to weight force) then they will reach the soil 

in equal times even if they have very different masses. 

- How to verify this assumption? Galileo studied the motion of bodies with different 

masses making them roll along an inclined plane. He eliminated the friction force 

as much as he could and so he succeeded in studying the motion of free falling of 

bodies even without having at disposal sophisticated instruments to measure time 

and distance. The inclination of the plane makes the motion slower, hence more 

easily observable.  

- Watch the video https://catalogo.museogalileo.it/multimedia/CadutaGravi.html  

b) Let us reconstruct the plane of Galileo in the laboratory. 

Corresponding screenshot of the video by Galileo Museum  

 

 
Figure 28 - Screenshot of the video by Galileo Museum 

11.1.7  Task 7 

Last task consisted in a questionnaire conceived for investigating the general perception of the 

students about the activity. Question 1 was formulated in order to obtain feedback about the 

structure of the activity and the use of multiple artefacts aimed at investigating the same 

problem from different perspectives; question 2 aimed at collecting some insights on the 

https://catalogo.museogalileo.it/multimedia/CadutaGravi.html
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potentiality of GeoGebra applets according to studentsȭ point of view and in the end question 3 

left carte blanche for comments and suggestions to improve the teaching experiment.  

Eight Worksheet (Questionnaire)  

Questionnaire 

1. The law of the inclined plane was obtained adopting different tools (video, GeoGebra, 

'ÁÌÉÌÅÏȭÓ ÔÅØÔȟ ÅØÐÅÒÉÍÅÎÔɊȢ $Ï ÙÏÕ ÔÈÉÎË ÉÔ ×ÁÓ ×ÏÒÔÈy exploring the problem with 

these different tools? Why? 

2. According to you, which are the advantages in the use of GeoGebra applets? Which of 

their functionalities did you take advantage of in order to verify the conjectures made 

during the vision of the video and the formulation of the equation relating time and 

distance? 

3. If this experience was proposed to your 10th grade schoolmates next year, which 

modifications would you suggest making? Do you have any other inputs to give or 

comments to share? 

11.1.8  Prospective analysis 

The expected results of this T.E. are in line with the prospective analysis already outlined in 

10.1.3 so what we are going to expound in the following are the substantial differences and 

improvements with respect to the 2017 T.E.. Firstly, a comment about the representations 

involved: the video and the first GeoGebra applet have a complementary function has already 

outlined in 10.1.2. The second GeoGebra applet has instead a construct deeper understanding 

role because it  provides not only numerical additional information, first finite differences of 

distance, but also a discrete representation of the values of time and distance that was 

completely absent in the previous artefacts and that constitutes a mediator between the 

simulation of the inclined plane on the left and the table of values on the right. Hence, in this T.E., 

the graphical representation component is much more advanced. Since in Task 3 students could 

envision a discrete version of the s-t graph and work on it during an entire working group 

session, we expect students to better succeed in the elaboration of a mathematical formula 

thanks also to the support of the second GeoGebra applet, to explore more in detail the relation 

between the shape of the graph and the angle of inclination of the plane and to constantly 

establish a connection between the mathematical model and its physical interpretation given 

their wider knowledge. Given the findings emerged from the 2017 T.E., we expect students to 

express in a descriptive way when referring to the video artefacts reasoning both in qualitative 

and quantitative terms and to succeed in envisioning some possible variations of the situation 

proposed when changing the angle. We also expect some references to velocity to emerge given 

their more extensive preparation in physics. When referring to the GeoGebra applet, we expect 
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students to move their discourse on an analytical or even objectified level and to achieve more 

easily the elaboration of a general mathematical formula, maybe also adopting their knowledge 

about the decomposition of forces along the inclined plane. Finally, after having worked with the 

second GeoGebra applet, we hypothesize students would describe with a holistic approach the 

distance-time graph highlighting some properties of its trend and relating them to finite 

differences. The experiment and the text of Galileo constitute the final steps in this T.E. hence 

their influence in studÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇ ×ÉÌÌ ÎÏÔ ÅÍÅÒÇÅ ÉÎ ÔÈÅ ÅÐÉÓÏÄÅÓ ÁÎÁÌÙÚÅÄ ÉÎ ÔÈÅ ÆÏÌÌÏ×ÉÎÇȢ 

Concerning the teacher, we assume she will manage the whole T.E. with great ability since it is a 

replication of the previous one and we expect to recognize the same adaptive teaching strategies 

identified in the 2017 T.E. analysis. 

11.2 DATA ANALYSIS 

In this section we illustrate in detail seven episodes examined adopting the Timeline tool and 

using the double lens of the macro and micro analysis. In particular:  

- Episode 1 (11.2.1) and Episode 2 (11.2.2) are excerpts from the first classroom 

discussion (Discussion 1) which was introduced after the first two tasks. Students had 

worked in small groups on the video and the first GeoGebra applet. These episodes 

correspond to the episodes analyzed during 2017 T.E. and so they constitute a fertile 

ground for a strict comparison of the results of the discussion, reflecting on how the 

different background of the students influenced their approach to second-order 

covariation;  

- Episode 3 (11.2.3) and Episode 4 (11.2.4) come from the working group session 

during which students worked on the second GeoGebra applet displaying the 

distance-time graph and the first finite differences of distance. These are the only two 

episodes referring to work-group activity and in particular they refer to two different 

ÇÒÏÕÐÓȢ 4ÈÅÙ ×ÉÌÌ ÈÅÌÐ ÕÓ ÔÏ ÄÉÇ ÉÎÔÏ ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇ ×ÈÅÎ ÓÐÅÃÉÆÉÃÁÌÌÙ ÄÅÁÌÉÎÇ 

with the covariation of the parameter (the angle of inclination of the plane) and the 

shape of the distance-time graph. In Section 11.2.5 we will comment briefly on the 

results emerging from the other three groups, focusing exclusively on their written 

productions;  

- Episode 5 (11.2.5), Episode 6 (11.2.7), and Episode 7 (11.2.8) are excerpts from the 

second teacher-led discussion (Discussion 2) which took place after the group-work  

session involving the second GeoGebra applet.  
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During the tasks, the students worked divided in five groups that we are going to denote with 

the letters A-B-C-D-E. The letter accompanying the name of the student in the transcript denotes 

the group to which the student belonged. Throughout the whole analysis, seven different 

artefacts will make their appearance: the video (V), the GeoGebra applet (G), the formulas (F), 

the table of numerical values (T), the finite differences computed by the students (FD), the 

interactive whiteboard (IW) and the blackboard (B).  

11.2.1  Episode 1 (Discussion 1, 09:15-12:32) 

This episode is an excerpt from the first teacher-led discussion: the teacher is asking her 

students about the observation they wrote watching the video and then working with the 

GeoGebra applet. Group A starts sharing with the whole classroom some considerations about 

the video and then Silvia turns to group B for other claims.  

 Timing  Who Utterances  Gestures 

64 00:09:15 Teacher Then?  

65 00:09:20 FabioB The more the angle of 
inclination of the plane comes 
closer to 90°, the more the 
speed and so the descent time 
increases because the ball 
reaches before its maximum 
velocity and its maximum 
ÁÃÃÅÌÅÒÁÔÉÏÎȣ 

 

   ɍȣɎ  

66 00:10:25 Teacher According to you, in which 
situation will we reach the 
maximum velocity? 

 

67 00:10:30 FabioB During the last ÓÅÃÔÉÏÎȣ ɍȣɎ  

68 00:10:50 Teacher  

 

FabioB 

 

Teacher 

Ok, hence if we have the 
inclined plane, the maximum 
velocity is in the last section, 
The last section 
[simultaneously with the 
teacher] 
ÂÕÔ ÂÅÆÏÒÅ ÙÏÕ ÓÁÉÄ ȰÔÈÅ ÍÏÒÅ 
the angle of inclination of the 
plane comes closer to 90°, the 
more the speed increases until 
it reaches its maximum 
ÖÅÌÏÃÉÔÙȱȣ  

 

69 00:11:03 FabioB -ÁØÉÍÕÍ ÆÏÒ ÔÈÁÔ ÁÎÇÌÅȣ  
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70 00:11:05 Teacher -ÁØÉÍÕÍ ÆÏÒ ÔÈÁÔ ÁÎÇÌÅȣ !ÎÄ 
the maximum speed by far? 

 

71 00:11:12 FabioB It depends on the force you 
apply. In this case I apply only 
the weight force but if I push it 
ÔÈÅ ÆÏÒÃÅ ÃÈÁÎÇÅÓ ɍȣɎ 

 

72 00:11:36 Teacher No no, we just have the weight 
force. Will we have a maximum 
speed by far? And a minimum 
speed by far or not? 

 

73 00:11:50 FabioB The minimum speed [is 
reached] with an angle of 
πȟππππππρȢ )Ô ÃÁÎȭÔ ÂÅ πЈ 
ÏÔÈÅÒ×ÉÓÅ ÔÈÅÒÅ ×ÏÎȭÔ ÂÅ ÔÈÅ 
ÍÏÔÉÏÎȣ ÁÎÄ ÓÏ ÔÈÅ ÓÐÅÅÄ 
would be 0. 

 

74 00:12:10 Teacher If we take an angle of 0,00001 
we have a certain velocity and 
ÔÈÅÎ ÉÔ ÉÎÃÒÅÁÓÅÓ ÕÎÔÉÌȣ 

 

75 00:12:25 FabioB 5ÎÔÉÌ ÔÈÅ ÁÎÇÌÅ ÉÓ ÏÆ ωπЈ ɍȣɎ  

76 00:12:32 Teacher  [The teacher writes on the 
IW] 

With the aim of making the conversation flow, the teacher clearly addresses group B [64] 

(Figure 29 ɀ interaction flowchart): Fabio takes the word and shares some considerations trying 

to relate the angle of inclination of the plane to the speed of the ball. The student states that Ȱthe 

more the angle comes to 90°, the more the descent speed of the ball increasesȱ [65]: while Fabio 

speaks, he makes some iconic and metaphoric gestures simulating the angle of inclination and 

the ball descending the plane. Fast-talking, Fabio claims, incorrectly, that also the descent time 

increases, but it seems ÔÈÁÔ ÈÅ ÉÎÔÅÎÄÅÄ ȰÄÅÃÒÅÁÓÅÓȱ ÂÅÃÁÕÓÅ ÉÍÍÅÄÉÁÔÅÌÙ ÁÆÔÅÒ ÈÅ ÔÒÉÅÓ ÔÏ 

support his statement attributing it to the fact that the ball reaches first its maximum velocity 

and acceleration. The claim about acceleration is incorrect too but we recall that students had 

not studied it yet during their physics course, so they use this term in an intuitive way and as 

something related to velocity. 7ÈÁÔ ÉÓ ÅÍÅÒÇÉÎÇ ÉÎ &ÁÂÉÏȭÓ ÒÅÁÓÏÎÉÎÇ ÉÓ ÃÏÖÁÒÉÁÔÉÏÎ ÂÅÔ×ÅÅÎ ÔÈÅ 

angle and the speed (Figure 29 ɀ L2, COV row); the teacher wisely grasps what is emerging and 

values it writ ing ÏÎ ÔÈÅ )7 Á ÓÅÎÔÅÎÃÅ ÔÈÁÔ ÃÏÎÄÅÎÓÅÓ ÉÔȡ ȰÔÈÅ ÍÏÒÅ ÔÈÅ ÁÎÇÌÅ ÃÏÍÅÓ ÃÌÏÓÅÒ ÔÏ ωπЈȟ 

ÔÈÅ ÍÏÒÅ ÔÈÅ ÓÐÅÅÄ ÉÎÃÒÅÁÓÅÓȱ ɉFigure 29 ɀ inscription s row) ; now this claim is under the eyes 

of the whole classroom. At [66], the teacher tries to enhance covariation between the angle and 

speed asking Fabio in which situation the ball will reach the maximum velocity. The student  
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Figure 29 ɀ Timeline 1 (Galileo 2019) 
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answers that the ball reaches its maximum speed in the last section [of the inclined plane; he 

refers to the sections shown in the video] so he reduces his reasoning into a covariation between 

speed and distance traversed (Figure 29 ɀ COV row). The teacher does not abandon her purpose 

to consolidate covariational reasoning with the angle of inclination: playing the semiotic game, 

she recalls what Fabio said with an approval tone and simulates the situation described by the 

student with a pen; then she asks again clarification, but Fabio still crushes his reasoning onto a 

covariation between speed and distance; Silvia tries to explicitly ask for a situation in which an 

Ȱabsolute speed by farȱ [70]  is reached accompanying her words with a metaphoric arm gesture 

(Figure 29 ɀ gesture row). Initially Fabio responds that it depends on the force applied [71], but 

the teacher precises that only the weight force is acting and again reformulates her question 

[72]. Finally, Fabio introduces a covariational reasoning between the angle and the speed: the 

student states that the minimum speed is reached with an angle of 0,0000001 (very small, but 

different than 0). Silvia rephrases his words with an approval and supportive tone and then 

relaunches the word to Fabio who says that the velocity increases until an angle of 90° is reached 

[75]. In both cases, [73] and [76], the teacher writes on the IW the values of the limit angles and 

the associated velocities (Figure 30). The level of covariational reasoning is low (L2) in this first 

part of the discussion: the student does not seem ready yet to covary the angle of inclination 

with the speed; it is essential the role of the teacher ÉÎ ÈÉÇÈÌÉÇÈÔÉÎÇ ÔÈÏÓÅ ÅÌÅÍÅÎÔÓ ÏÆ &ÁÂÉÏȭÓ 

reasoning that are relevant for the mathematical discussion and her wise questioning in 

transition ing toward covariational reasoning between the angle and the speed. The level of the 

discourse can be identified as descriptive (Figure 29 ɀ discourse level row).  

Figure 30 ɀ Inscriptions of the teacher on the IW 

11.2.2  Episode 2 (Discussion 1, 28:34-31:32)22 

The teacher is concluding the roundup during which she asked to the five groups their 

observations. Now it is the time of the last group, group E, and Valeria, as a representative of the 

group, takes the word. We will notice that during this first discussion the students do not succeed 

so easily in the elaboration of a mathematical formula but given their more extensive 

background, they correctly intuit the shape of the distance-time graph and are able to explain 

the dependence on the inclination angle from a representational point of view. 

 
22 The analysis of this episode has been partially presented in Bagossi (2021a). 
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 Timing  Who Utterances  Gestures 

77 00:28:34 ValeriaE Hence, we noticed that first 
finite differences of time were 
always of 1 second, except for 
the last one, while in one 
second the first finite 
differences of distance 
increased more and more so 
we noticed that there was an 
acceleration. 

 

78 00:28:54 Teacher Ok, in one second it covered 
more distance and so there was 
acceleration. And then you 
noticed that the second finite 
ÄÉÆÆÅÒÅÎÃÅÓ ÏÆ ÄÉÓÔÁÎÃÅȣȢ 

 

79 00:29:06 ValeriaE They were constant and the 
third were equal to 0. 

 

80 00:29:13 Teacher The second were constant and 
the third, always of distance, 
were null. 

 

81 00:29:24 ValeriaE Then, we thought that the 
graph could be of second 
degree since second finite 
differences are constant and 
also because we knew that the 
formula of the acceleration is 
s/ t2. 

 

   ɍȣɎ  

82 00:30:25 Teacher And you assumed that the 
ÇÒÁÐÈ ÃÏÕÌÄ ÂÅȣ 

 

83 00:30:29 ValeriaE A curve that before had an 
inclination almost horizontal 
and then became always more 
vertical. 

 

84 00:30:37 Teacher Could you draw it?  

85 00:30:49 ValeriaE We divided the horizontal axis 
that was the one of time in 
various sections representing 
one second and then we 
noticed that in the time of one 
second the inclination was 
always more vertical. 

She draws the graph on 
the interactive 
whiteboard. 

86 00:31:17 Teacher Ok, because in one second it 
covered always more distance. 
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And if the angle changes, what 
happens according to you? 

87 00:31:20 ValeriaE If the angle changes, the uphill 
is faster. 

 

88 00:31:28 Teacher And if you should make 
another graph changing the 
angle? 

 

89 00:31:32 ValeriaE  She draws another curve, 
more inclined. 

Valeria takes the word and begins describing what they did during they work-group session.  She 

immediately starts to expose how they worked with finite differences: they noticed that first 

finite differences (f.d.) of time were always of one second while first f.d. of distance increased 

more and more and they, incorrectly, related this increase to acceleration [77]. Silvia does not 

focus anymore on the misconceptions emerging during the mathematical discussion, but instead 

starts taking notes on the IW about f.d.. While pointing with the pen to the IW (Figure 33 ɀ 

ÇÅÓÔÕÒÅ ÒÏ×Ɋȟ ÔÈÅ ÔÅÁÃÈÅÒ ÒÅÖÏÉÃÅÓ 6ÁÌÅÒÉÁȭÓ ×ÏÒÄ ÁÎÄ ÁÓËÓ ÆÏÒ ÔÈÅ ÏÒÄÅÒ ÏÆ ÆȢÄȢȢ 4ÈÅ ÓÔÕÄÅÎÔ 

claims that the second f.d. of distance are constant and the third are null [79].  While writing on 

ÔÈÅ )7ȟ ÔÈÅ ÔÅÁÃÈÅÒ ÒÅÐÅÁÔÓ 6ÁÌÅÒÉÁȭÓ ×ÏÒÄs [80] and then the student continues exposing and 

says that Ȱthe graph could be of second degree because second f.d. are constant and also because 

we knew the formula of acceleration is s/t 2ȱ (they make this assumption about the formula as a 

generalization of the formula about velocity) [81] . Silvia continues taking notes on the IW 

revealing to students the relevance of those conjectures. If until this moment the level of the 

discourse could be identified as analytical given the strong rely on finite differences, now 

something different is revealing: f.d. are related to the degree of the graph, and as a consequence 

to its shape, and the argumentation is also supported by the presumed formula of acceleration 

containing time to the second power. The language adopted seems to reveal a blend of elements 

coming from the various representations (algebraic, numerical, and graphical) that now are 

connected in a coherent sentence: we are going to denote this level of the discourse as 

interpretative (Figure 33 ɀ discourse level row) .  At [82], Silvia asks more details about the graph 

so to facilitate the flow of the discussion; Valeria replies describing not only with her words but 

also adopting some metaphoric gestures (Figure 31Ɋ ȰÁ ÃÕÒÖÅ ÔÈÁÔ ÂÅÆÏÒÅ ÈÁÄ ÁÎ ÉÎÃÌÉÎÁtion 

ÁÌÍÏÓÔ ÈÏÒÉÚÏÎÔÁÌ ÁÎÄ ÔÈÅÎ ÂÅÃÁÍÅ ÁÌ×ÁÙÓ ÍÏÒÅ ÖÅÒÔÉÃÁÌȱ [83] . 
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Figure 31 ɀ Hand gestures performed by Valeria while describing the graph of the function 

The teacher invites Valeria to draw the curve on the IW [84]: the student comes closer to the IW 

and starts narrating how they reasoned to elaborate the shape of the graph (see Figure 32, left 

side). They did not use a global approach but instead reasoned in terms of fixed intervals of time 

[85] . The teacher revoices her words with an approval tone and then asks what happens when 

the angle changes [86]. This question represents the opportunity to enhance higher order 

covariational reasoning, modifying the angle, that is the parameter, and observing how it affects 

ÔÈÅ ÓÉÔÕÁÔÉÏÎ ÁÓ Á ×ÈÏÌÅȢ !Ô ɍψχɎȟ 6ÁÌÅÒÉÁ ÃÌÅÁÒÌÙ ÁÎÓ×ÅÒÓ ÔÈÁÔ ȰIf the angle changes, the uphill [of 

ÔÈÅ ÇÒÁÐÈɎ ÉÓ ÆÁÓÔÅÒȱ and then, under request of the teacher, draws on the IW a second curve, 

more inclined (see Figure 32, right side).  

Figure 32 ɀ On the left, the first curve drawn on the IW after having divided the horizontal axis 
in intervals of 1 second. On the right, a second curve, more inclined, is added by the student  

In the last part of this episode the level of the discourse turns to objectified: the student is able 

to envision the distance-time relationship in a smooth continuous way (Figure 33 ɀ COV row) 

and to represent it in a graphical form. Once again, it is the clever questioning of the teacher that 

gives the right direction to the discussion and allows the transition toward second-order 

covariational reasoning. Specifically, in this episode, COV 2 manifests in a qualitative and 

representational form: even if the students do not elaborate a mathematical formula, they grasp 

the distance-time relationship and express it in a graphical form [85; 89]. The dependence on 

the inclination angle manifests in the properties of the graph function and specifically in a change 

of the graph slope.  

Finite differences of time and distance constitute the algebraic tool which mainly leads the 

students to the inference of the properties of the s-t relationship [77; 79], not only algebraically  
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Figure 33 ɀ Timeline 2 (Galileo 2019) 
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but also graphically. Actually, it is the possibility of changing the inclination of the plane, a 

metavariation (Hoffkamp, 2009; 2011), that better allows to explore the dependence on the 

inclination angle, so changing the situation as a whole and enhancing COV 2. The two following 

episodes are excerpts from the working-group session which followed immediately the previous 

discussion: the students specifically worked on the second GeoGebra applet and tried to answer 

to the questions presented on the third worksheet (see 11.1.3). The two episodes refer to two 

different groups, B and E. In 11.2.5 we are going to comment briefly on the data from worksheets 

of groups A, C and D. 

11.2.3  Episode 3 (Group-work B, 01:02:15-01:03:00) 

This episode refers to group B: they are at the beginning of their working group session. Matilde 

reads out loud question a) on their worksheet and then students start sharing their observations.  

 Timing  Who Utterances  Gestures 

90 01:02:15 MatildeB Matilde reads out loud question 
(a) on the worksheet. 

 

91 01:02:22 MatteoB Practically, the more the angle 
increases, the more the 
inclination [of the graph] 
increases; the smaller is the 
angle, the more comes like 
ÔÈÉÓȣ 

Matteo describes with his 
pen the trend of the graph 
on the screen. 

92 01:02:28 FabioB But why? She [the teacher] 
×ÁÎÔÓ ÔÈÁÔ ×Å ÆÉÎÄ Á ÆÕÎÃÔÉÏÎȣ 

 

93 01:02:36 MatteoB Wait, this is a table with x, y 
and the differences. It [the 
graph] is of second degree 
hence this [pointing second f.d. 
ÏÎ ÔÈÅÉÒ ÓÈÅÅÔɎ ÉÓ ÔÈÅ ÈÁÌÆȣÎÏȟ 
ÔÈÅ ÄÏÕÂÌÅ ÏÆ ÔÈÅ ÃÏÅÆÆÉÃÉÅÎÔȣ ) 
seem to remember from the 
ÌÁÓÔ ÙÅÁÒȣ 

 

94 01:02:55 FabioB Yes, yes.  

95 01:03:00 MatteoB So, 3.51 is the coefficient.   

)ÍÍÅÄÉÁÔÅÌÙ ÁÆÔÅÒ -ÁÔÉÌÄÅȭÓ ÒÅÁÄÉÎÇȟ -ÁÔÔÅÏ ÔÁËÅÓ ÔÈÅ ×ÏÒÄ ÁÎÄ ÔÒÉÅÓ ÔÏ ÓÈÁÒÅ ÈÉÓ ÏÂÓÅÒÖÁÔÉÏÎÓȡ 

at [91] he correctly ÎÏÔÉÃÅÓ ÔÈÁÔ Ȱthe more the angle increases, the more the inclination [of the 

ÇÒÁÐÈɎ ÉÎÃÒÅÁÓÅÓȱ ÁÎÄ ÈÅ ÁÃÃÏÍÐÁÎÉÅÓ ÈÉÓ ×ÏÒÄÓ ×ÉÔÈ ÓÏÍÅ ÇÅÓÔÕÒÅÓ ×ÉÔÈ Á ÎÁÒÒÁÔÉÖÅ ÆÕÎÃÔÉÏÎ 

through which using his pen he follows the trend of the discrete curve displayed on the GeoGebra 
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applet (Figure 34 ɀ gesture row)Ȣ $ÅÓÐÉÔÅ ÔÈÅ ÃÏÒÒÅÃÔÎÅÓÓ ÏÆ -ÁÔÔÅÏȭÓ ÓÔÁÔÅÍÅÎÔȟ ÈÉÓ ÍÁÔÅ &ÁÂÉÏ 

insists that the teacher is not requesting only qualitative observations but more than that ȰÁ 

ÆÕÎÃÔÉÏÎȱ ɍωςɎȢ 4ÈÅÎ -ÁÔÔÅÏ ÏÂÓÅÒÖÅÓ ×ÉÔÈ ÄÅÅÐÅÒ ÁÔÔÅÎÔÉÏÎ ÔÈÅ ÖÁÒÉÏÕÓ ÉÎÆÏÒÍÁÔÉÏÎ ÐÒÏÖÉÄÅÄ 

by the GeoGebra applet [93] : the table of finite differences and the graph that is of second degree; 

hence remembering from the past year, Matteo recalls that second f.d. (he points at their 

computations on their sheet, Figure 34 ɀ inscription s row) are the double of the coefficient of 

the function. So, they divide by two the number they obtained as value of second f.d. (7.02) and 

Matteo writes 3.51 as coefficient of their function [95]  (ÙЄ χȢωυ Ё Ø2 ɀ inscription s row, Figure 

34). The level of the discourse is initially descriptive when Matteo limits himself to elaborate in 

a qualitative way the inputs provided by the GeoGebra applets, but then turns to objectified 

when the distance-time graph is related to its mathematical properties and in particular to a 

mathematical formula. Matteo succeeds in elaborating that generally the coefficient of a second-

degree function is the half of second f.d. and then translates it into a numerical value for the 

specific angle they have chosen on their applet which returns a coefficient of 3.51. What is 

ÁÃÔÕÁÌÌÙ ÍÉÓÓÉÎÇ ÉÎ ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇ ÉÓ Á ÐÈÙÓÉÃÁÌ ÉÎÔÅÒÐÒÅÔÁÔÉÏÎ ÏÆ ÔÈÅ ÐÈÅÎÏÍÅÎÏÎ ÅØÐÌÏÒÅÄȡ 

their remarks are based on a property-oriented view of function thanks to which they relate 

finite differences to the shape and degree of the polynomial function. The level of covariational 

reasoning is clearly of an order higher than the first: -ÁÔÔÅÏȭÓ ÓÔÁÔÅÍÅÎÔ ɍωρɎ ÌÏÃÁÔÅÓ ÏÎ ÔÈÅ ÍÅÔÁ-

variation level because the student is able to envision how a changing in the parameter affects 

the situation as a whole. At [93] Matteo still reasons at second-order covariation (Figure 34 ɀ 

COV row), but this time he mainly focuses on a general mathematical formula describing the 

distance-time curve globally and in this formula the dependence on the parameters affecting the 

real phenomenon is enclosed in the specific value of second f.d. At [95], reasoning crushes onto 

an intermediate order since Matteo tries to find the coefficient for a specific situation, i.e., the 

angle shown in the applet.  

Finally, the interaction flowchart reveals the strong role of Matteo in moving forward the 

discussion and in ÃÏÎÔÒÉÂÕÔÉÎÇ ×ÉÔÈ ÐÕÎÃÔÕÁÌ ÁÎÄ ÒÅÌÅÖÁÎÔ ÏÂÓÅÒÖÁÔÉÏÎÓȟ ÔÈÁÎËÓ ÁÌÓÏ ÔÏ &ÁÂÉÏȭÓ 

provocative question (Figure 34 ɀ interaction flowchart).   
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Figure 34 ɀ Timeline 3 (Galileo 2019) 
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11.2.4  Episode 4 (Group-work E, 47:12-48:06) 

This episode refers to group E, the same group that firstly succeeded in relating numerical values 

of time and distance to the shape of the graph (11.2.2). In the following excerpt, they try to 

answer to question (a) on worksheet 3 (11.1.3). 

 Timing  Who Utterances  Gestures 

96 00:47:12 ValeriaE The distance traversed in one 
second increases while 
increasing the inclination of the 
plane. 

 

97 00:47:21 AriannaE In this way it seems you speak 
ÏÆ ÔÈÅ ÓÉÎÇÌÅ ÐÏÉÎÔȣ 

 

98 00:47:55 AriannaE )ȭÄ ÓÁÙȣ 4ÈÅ ÇÒÅÁÔÅÒ ÉÓ ÔÈÅ 
ÁÎÇÌÅȟ )ȭÄ ÓÁÙ ÔÈÅ ÁÎÇÌÅ ÓÏ ÔÈÁÔ 
×Å ÄÏÎȭÔ have problems of 
definition, the greater is the 
angle, the faster the parable 
×ÉÌÌ ÇÒÏ×ȣ 

 

99 00:48:06 ValeriaE The greater is the angle, the 
greater is the distance 
traversed in one second and 
the faster the parable will 
grow. 

 

Looking at the GeoGebra applet on their computer screen (sensing gaze, gesture row ɀ Figure 

35) Valeria tries to answer to question (a)ȡ ÓÈÅ ÏÂÓÅÒÖÅÓ ÔÈÁÔ ȰÔhe distance traversed in one 

second increases while increasing the inclination of the planeȱ ɍωφɎ. She relates the inclination 

of the plane with both distance and time, condensing them in the distance traversed in one 

second (i.e., first f.d.)Ȣ !ÒÉÁÎÎÁ ÉÍÍÅÄÉÁÔÅÌÙ ÒÅÁÃÔÓ ÔÏ ÈÅÒ ÍÁÔÅȭÓ ÃÌÁÉÍ ÃÏÎÔÅÓÔÉÎÇ ÔÈÅ ÆÏÒÍÕÌÁÔÉÏÎ 

of her utterance: firstly, Arianna states that in that way the utterance ÓÅÅÍÓ ÒÅÆÅÒÒÅÄ ÔÏ Á ȰÓÉÎÇÌÅ 

ÐÏÉÎÔȱ ɍωχɎȟ ÔÈÅÎ ÒÅÐÈÒÁÓÅÓ 6ÁÌÅÒÉÁȭÓ ÃÌÁÉÍ ÓÁÙÉÎÇ ÔÈÁÔ Ȱthe greater is the angle, the faster the 

parable will growȱ ɍωψɎȢ Her reformulation suggests that instead of focusing on what happens on 

a fixed interval of time, one second, she favors a description that relates the variation of the angle 

to the function, the parable, as a unicum and while speaking Arianna follows with her finger the 

trend of the curve displayed on the screen (Figure 35 ɀ gesture row). Finally, Valeria welcomes 

!ÒÉÁÎÎÁȭÓ ÓÕÇÇÅÓÔÉÏÎ ÁÎÄ ÔÒÉÅÓ ÔÏ ÆÏÒÍÕÌÁÔÅ ÁÎ ÁÎÓ×ÅÒ ÔÈÁÔ ÃÏÕÌÄ ÂÅ ×ÒÉÔÔÅÎ ÏÎ ÔÈÅÉÒ ×ÏÒËÓÈÅÅÔ 

and that keeps into account both points of view: ȰÔhe greater is the angle, the greater is the 

distance traversed in one second and the faster will grow the parableȱ ɍωωɎ. In this excerpt, even 
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if the order of covariational reasoning is COV 2, two different approaches emerge. Initially 

Valeria focuses on a covariation between finite differences and the angle implicitly interpreted 

as a parameter: her discourse is objectified and mainly insists not only on a quantitative aspect, 

but also on a local point of view rather than a global one. Then Arianna moves the attention on 

the distance-time graph conceived as a whole and co-varies, or more precisely meta-varies, it 

with the angle of inclination. The mathematical discourse, already objectified in its initial stage, 

becomes interpre tative when the inputs from the table of values and the graph, are coordinated 

in a unique sentence in which the physical phenomenon, i.e., the inclined plane, is related to its 

mathematical representation, i.e., the parable. Finally, the modality in which the students of 

group E use the GeoGebra applet is ascending because their approach is mainly explorative 

(artefacts interaction row ɀ Figure 35).  

 

Figure 35 ɀ Timeline 4 (Galileo 2019) 
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11.2.5  Data from Task 3 of group-work A-C-D 

In this paragraph we briefly report also the relevant considerations produced by the other three 

groups on their worksheets. Group A answered to question (ÁɊ ÓÁÙÉÎÇ ÔÈÁÔ Ȱ!Ó ÔÈÅ ÁÎÇÌÅ 

increases, the curve comes always closer to y-axis, because thanks to acceleration it covers the 

ÓÁÍÅ ÄÉÓÔÁÎÃÅ ÂÕÔ ÆÁÓÔÅÒȱ [100]  (Figure  36). 

Figure 36 ɀ 'ÒÏÕÐ !ȭÓ ÁÎÓ×ÅÒ ÔÏ ÑÕÅÓÔÉÏn (a) 

Group C instead accompanied their answer also with a graphical representation to support their 

statement. Answer to question (ÁɊ ÒÅÐÏÒÔÓȡ Ȱ!Ó ÔÈÅ ÁÎÇÌÅ ÏÆ ÔÈÅ ÐÌÁÎÅ ÉÎÃÒÅÁÓÅs, the curve of the 

parable is more accentuated because the ball travels the same distance faster respect to when 

ÔÈÅ ÁÎÇÌÅ ÉÓ ÓÍÁÌÌÅÒ ɉÇÒÁÐÈ ÏÎ ÔÈÅ ÎÁÓÔÙ ÓÈÅÅÔɊȱ ɍρπρɎȢ 

 Figure 37 - 'ÒÏÕÐ #ȭÓ ÁÎÓ×ÅÒ ÔÏ ÑÕÅÓÔÉÏÎ (a) 

Figure 37 shows on the left the answer of group C and on the right their graphical representation 

in which they drew four different curves corresponding to four different values of the angle of 

inclination of the plane. Moreover, their answer to question (b), the one about finite differences, 

ÓÁÙÓ ÔÈÁÔ Ȱ×ÈÅÎ ÔÈÅ ÁÎÇÌÅ ÉÓ ÇÒÅÁÔÅÒȟ ÆÉÒÓÔ ÆÉÎÉÔÅ ÄÉÆÆÅÒÅÎÃÅÓ ÁÒÅ ÇÒÅÁÔÅÒȟ ÂÅÃÁÕÓÅ ÔÈÅÙ ÁÒÅ 

proportional to the aÎÇÌÅ ÏÆ ÉÎÃÌÉÎÁÔÉÏÎ ÏÆ ÔÈÅ ÐÌÁÎÅȱ ɍρπςɎ (Figure 38).  

 

Figure 38 - 'ÒÏÕÐ #ȭÓ ÁÎÓ×ÅÒ ÔÏ ÑÕÅÓÔÉÏÎ (b) 

Finally, group D stated that ȰÉÎÃÒÅÁÓÉÎÇ ÔÈÅ ÁÎÇÌÅ ÔÈÅ ÃÕÒÖÅÓ ÁÒÅ ÍÏÒÅ ÉÎÃÌÉÎÅÄȢ !ÎÄ ÓÏȟ 

decreasing it the curves will be less inclined. This because the curve of the graph represents the 
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acceleration of the ball as _ ÉÎÃÒÅÁÓÅÓȱ ɍρπσɎȢ Figure  39 shows on the left their written answer 

and on the right a drawing in which they showed two different possible curves for two different 

angles of inclination where in particular _ is supposed smaller than ̀. 

Figure 39 - 'ÒÏÕÐ $ȭÓ ÁÎÓ×ÅÒ ÔÏ ÑÕÅÓÔÉÏÎ (a) 

The following episodes are excerpts from the discussion following the working group session 

about Task 3 (Discussion 2). This discussion was conducted at the beginning of a new lesson, 

and it took nearly one hour and a half. 4ÈÅ ÔÅÁÃÈÅÒ ÈÁÄ ÔÈÅ ÐÏÓÓÉÂÉÌÉÔÙ ÔÏ ÒÅÁÄ ÔÈÅ ÇÒÏÕÐÓȭ ÁÎÓ×ÅÒÓ 

before starting the classroom discussion.  

11.2.6  Episode 5 (Discussion 2, 07:35-08:50) 

This episode locates at the beginning of the classroom discussion: the teacher opens the 

discussion asking clarifications about the answers they wrote on worksheets. Her aim seems to 

relate the increase in distance traversed to the numerical representation, meaning first f.d. 

provided in the table. Students initially refer to the graphical representation, but then Silvia 

directs their attention  elsewhere.  

 Timing  Who Utterances  Gestures 

104 00:07:35 Teacher What does it mean that in 
equal times the distances that 
we have increase? 

 

105 00:07:41 ChiaraB The ball to cover a larger 
distance must accelerate. 

 

106 00:07:50 Teacher The ball must change its 
velocity, increase its velocity. 
In some way it has to 
accelerate.                                                               
How do we know from here 
that our ball in equal times 
does not traverse equal 
distances? 
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107 00:08:11 GiuliaC The curve starts slower and 
then goes higher and higher. 

 

108 00:08:22 Teacher Ok, for sure it stars slow and 
then it goes up and up. 

 

109 00:08:28 FabioB From the first finite differences 
ÅÑÕÁÌȣÉÎ ÔÈÅ ÔÁÂÌÅȢ 

 

110 00:08:32 Teacher There would be equal first 
ÆÉÎÉÔÅ ÄÉÆÆÅÒÅÎÃÅÓ ÉÆȣ 

 

111 00:08:38 FabioB If it always goes at the same 
speed. 

 

112 00:08:45 Teacher Ok, if we had first finite 
differences equal, it would 
have always the same speed, 
but she [Giulia] says that at a 
ÃÅÒÔÁÉÎ ÐÏÉÎÔ ÉÔ ÄÒÉÖÅÓ ÕÐ ÓÏȣ 
what does it mean? 

 

113 00:08:48 GiuliaC It goes faster.  

114 00:08:50 Teacher It goes faster.  

At [104] the teacher asks the whole classroom what it means ÔÈÁÔ ȰÉÎ ÅÑÕÁÌ ÔÉÍÅÓ ÔÈÅ distances 

ÔÈÁÔ ×Å ÈÁÖÅ ÉÎÃÒÅÁÓÅȱȢ #ÈÉÁÒÁȟ ÆÒÏÍ ÇÒÏÕÐ $ȟ ÒÅÐÌÉÅÓ ÓÁÙÉÎÇ ÔÈÁÔ ÉÔ ÉÓ ÄÕÅ ÔÏ ÁÃÃÅÌÅÒÁÔÉÏÎ [105]  

and Silvia, playing the semiotic game, rephrases her words with an approval tone [106] and 

introduces some metaphoric gestures indicating a variation in speed (gesture row ɀ Figure 40). 

Immediately after she poses a new question in order to deeply investigate that issue and asks 

where they can deduct from the GeoGebra applet (she points at the IW displaying it; inscriptions 

row - Figure 40) that information [106]. Giulia answers referring to the ÇÒÁÐÈȡ Ȱ4ÈÅ ÃÕÒÖÅ ÓÔÁÒÔÓ 

ÓÌÏ×ÅÒ ÁÎÄ ÔÈÅÎ ÇÏÅÓ ÈÉÇÈÅÒ ÁÎÄ ÈÉÇÈÅÒȱ ɍρπχɎȢ (ÅÒ ÃÌÁÉÍ ÕÎÖÅÉÌÓ Á ÂÌÅÎÄÅÄ ÌÁÎÇÕÁÇÅȡ ÔÈÅ ÔÅÒÍ 

ȰÓÌÏ×ÅÒȱ ÔÈÁÔ ÃÏÕÌÄ ÂÅ ÕÓÅÄ ÔÏ ÃÈÁÒÁÃÔÅÒÉÚÅ ÔÈÅ ÓÐÅÅÄ ÏÆ ÔÈÅ ÂÁÌÌ ÁÔ ÔÈÅ ÉÎÉÔÉÁÌ ÓÔÁÇÅ ÏÆ ÍÏÔÉÏÎȟ ÉÓ 

used also to describe the trend of the curve; in this sense the ball rolling down the inclined plane 

and the distance-time curve are blended in one sentence revealing a physical interpretation of 

the graph itself (interpretative  level ɀ Figure 40).  3ÉÌÖÉÁ ÒÅÐÅÁÔÓ 'ÉÕÌÉÁȭÓ ÓÅÎÔÅÎÃÅ ÕÎÄÅÒÌÉÎÉÎÇ 

its correctness, but the tone of her voice reveals that she expected a different answer. Indeed, 

&ÁÂÉÏ ÇÒÁÓÐÓ ÔÈÁÔ ÁÎÄ ÒÁÉÓÅÓ ÈÉÓ ÖÏÉÃÅ ÒÅÐÌÙÉÎÇ Ȱ&ÒÏÍ ÔÈÅ ÆÉÒÓÔ ÆÉÎÉÔÅ ÄÉÆÆÅÒÅÎÃÅÓȣ equal in the 

ÔÁÂÌÅȱ ɍρπωɎȢ &ÁÂÉÏȭÓ ÓÅÎÔÅÎÃÅ ÉÓ ÎÏÔ ×ÅÌÌ ÆÏÒÍÕÌÁÔÅÄ ÉÎ ÔÈÅ ÃÏÎÔÅÓÔ ÏÆ ÔÈÁÔ discussion, but Silvia 

catches that Fabio is on the right way and helps him to better explain himself. Posing herself as 

a springboard, Silvia initiates a sentence and invites Fabio to complete it. Thanks to the joint 

labor of the teacher and Fabio, they arrive at the conclusion that ȰÔÈÅÒÅ ×ÏÕÌÄ ÂÅ ÆÉÒÓÔ ÆÉÎÉÔÅ 
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Figure 40 ɀ Timeline 5 (Galileo 2019) 

differences equal if it [the ball]  goes always at the same speedȱ ɍρρπ-111]. Playing the semiotic 

game, Silvia revoices the whole sentence and then reconnects to the utterance initially 
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elaborated by Giulia [107] ÁÓËÉÎÇ ×ÈÁÔ ÉÔ ÍÅÁÎÓ ÔÈÁÔ Á ÃÅÒÔÁÉÎ ÐÏÉÎÔ ȰÉÔ ɍÔÈÅ ÃÕÒÖÅɎ ÄÒÉÖÅÓ ÕÐȱ 

ɍρρςɎȢ 4ÈÉÓ ÔÉÍÅ 'ÉÕÌÉÁ ÒÅÐÌÉÅÓ ×ÉÔÈ Á ÐÈÙÓÉÃÁÌ ÉÎÔÅÒÐÒÅÔÁÔÉÏÎ ÔÈÁÔ ÉÓ ÁÎ ÉÎÃÒÅÁÓÅ ÉÎ ÖÅÌÏÃÉÔÙȟ ȰÉÔ 

ÇÏÅÓ ÆÁÓÔÅÒȱ ɍρρσɎȢ 4ÈÅ ÔÅÁÃÈÅÒ ÒÅÐÅÁÔÓ ÈÅÒ ×ÏÒÄÓ ×ÉÔÈ ÁÎ ÁÐÐÒÏÖÁÌ ÔÏÎÅ [114] and nodding 

(gesture row ɀ Figure 40). !Î ÏÖÅÒÖÉÅ× ÏÆ ÔÈÅ ÅÐÉÓÏÄÅ ÉÎ ÉÔÓ ÅÎÔÉÒÅÔÙ ÒÅÖÅÁÌÓ ÔÈÁÔȡ 'ÉÕÌÉÁȭÓ 

reasoning evolves from the distance-time graph [107] to the motion of the ball [113ɎȠ &ÁÂÉÏȭÓ 

approach instead evolves from the table of numerical values [109] to an interpretation of the 

physical phenomenon [111]; Silvia suggests to use a certain interpretative key of the 

phenomenon: not only the interaction flowchart again reveals the determinant role of the 

teacher in giving the right direction to the discussion, but Silvia also enhances a blended 

approach in which the graphical/numerical and kinematics aspects interlace. The level of the 

discourse is mainly analytical and becomes interpretative  when students are able to connect the 

distance-time graph to the motion of the ball [107, 113]. The artefact specifically appearing in 

this episode is the GeoGebra applet and in particular the table of values contained it which are 

used by the students with a descending ÃÏÎÔÒÏÌ ÔÈÁÔ ÉÓ ÔÏ ÁÎÓ×ÅÒ ÔÏ ÔÅÁÃÈÅÒȭÓ ÑÕÅÓÔÉÏÎÓ, and so 

in continuity of purpose (artefacts interactions row ɀ Figure 40).  

11.2.7  Episode 6 (Discussion 2, 16:26 -18:38) 

During this short episode (16:26-18:38), the teacher is asking her students about the formula 

describing the motion of the ball and in particular she is enhancing second-order covariation 

inviting students to better explicate the dependence of the function on the angle of inclination. 

A student from group B, Matteo, tries to answer. During the discussion, the applet is shown on 

the interactive whiteboard (IW) and the teacher writes on the blackboard (B) the relevant 

considerations emerging from the students. 

 Timing  Who Utterances  Gestures 

115 00:16:26 Teacher And how did the equation 
result? 

 

116 00:16:30 MatteoB Practically it varies 
according to the angle. 

 

117 00:16:33 Teacher The function varies according 
to the angle. 

 

118 00:16:35 MatteoB The coefficient varies.  

119 00:16:38 Teacher The coefficient of the function 
in which sense? 

 

120  Teacher T suggests choosing on the 
applet another value for the 
angle, hence now the applet 
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shows two different graphs for 
two different values of the 
angle, 20° and 90°. 

121 00:17:16 Teacher What do you tell me about this 
function? 

 

122 00:17:20 MatteoB The inclination [of the graph] 
changes according to the angle 
because with a minor angle the 
inclination is minor, with a 
greater angle the function goes 
up first. ɍȣɎ  y is the distance, x 
is the time and the coefficient, 
to find the coefficient you have 
to divide by two the second 
finite differences 

The teacher writes the 
function on the 
blackboard. 

123 00:18:00 Teacher So, you say that according to 
you the equation is this: 
ÙЄÃÏÅÆÆÉÃÉÅÎÔ Ё Ø2 

 

124 00:18:10 MatteoB y is the distance, the coefficient 
can be found dividing by 2 the 
second finite differences and x2 
is the time.  

 

125 00:18:18 FabioB x and y must be greater or 
equal than zero otherwise it 
ÄÏÅÓÎȭÔ ÅØÉÓÔȢ 

 

After the working-group session, the teacher asks her students about the equation describing 

the motion of ball [115]. She clearly looks at Matteo inviting him to take the word (gesture row 

ɀ Figure 41). Matteo answers that Ȱthe function varies according to the angleȱ [116] and with 

his left hand performs a metaphoric gesture reproducing the angle of inclination of the plane 

(gesture row ɀ Figure 41ɊȢ 4ÈÅ ÔÅÁÃÈÅÒ ÒÅÖÏÉÃÅÓ -ÁÔÔÅÏȭÓ ×ÏÒÄÓ ɍ117] playing a semiotic game 

and immediately after Matteo clarifies that in particular is the coefficient of the function that 

varies [118]. The level of the mathematical discourse is objectified (discourse level row ɀ Figure 

41) because the student already shows to possess mastery of the function describing the law of 

the motion and he is explicating a further dependence of the coefficient of the function on the 

angle of inclination [118]. The covariational reasoning is not fully second-order but in a 

transitional phase (COV row ɀ Figure 41) because the coefficient is treated as a varying quantity 

but not yet as a parameter within a family of function. The focus remains on the single distance-

time function. The teacher asks clarification about that dependence [119] and suggests working 

with the GeoGebra applet shown on the IW so to visualize simultaneously two different   
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Figure 41 ɀ Timeline 6 (Galileo 2019) 
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graphs for two different values of the angle of inclination [120]. Through this proactive request 

(see interaction flowchart ɀ Figure 41), the teacher triggers and supports second-order 

covariational reasoning, encouraging to investigate the relationship between the graph of the 

function and the angle. The teacher asks again for some considerations [121] and finally Matteo, 

while performing a metaphoric gesture (gesture row ɀ Figure 41), makes explicit how the trend 

of the function changes according to the angle and formulates the expression of the function 

[122]. In the meanwhile, the teacher writes on the blackboard the formula (ώ=ὧέὩὪὪẗὼ2 - 

inscription s row ɀ Figure 41): this gesture is for sure non-redundant with respect to speech 

since the teacher is not speaking and it has a grounding function (gesture row ɀ Figure 41) 

because clearly reveals to her students the importance of that formula and in fact it deserves to 

be written on the blackboard, visible to the whole ÃÌÁÓÓÒÏÏÍȢ -ÁÔÔÅÏȭÓ ÓÔÁÔÅÍÅÎÔ ɍρςςɎ ÒÅÖÅÁÌÓ 

a second-order covariational reasoning: starting from a description of what was displayed on 

the applet (discourse level row ɀ Figure 41), the discourse turns into objectified when he 

elaborates a formula condensing that dependence. The artefacts appearing in this episode, 

meaning the GeoGebra applet, the sought formula, the blackboard, and the interactive 

whiteboard, are all used in continuity of purpose (artefacts interactions row ɀ Figure 41) that is 

deeply investigate the angle-graph relationship; both the modalities of control (ascending and 

descending) can be observed. 

11.2.8  Episode 7 (Discussion 2, 57:00-59:56) 

This episode locates towards the end of the discussion: the relevant mathematical elements to 

describe the phenomenon proposed have already emerged during the discussion but not all the 

groups have fully grasped it. In the following three minutes (57:00-59:56), Silvia tries to pull the 

strings of the discussion clarifying the role of the parameter and its mathematical interpretation. 

 Timing  Who Utterances  Gestures 

126 00:57:00 Teacher We said that 0.88 is a constant 
and then we tried to 
understand what it represents. 
Will it still be 0.88 the constant 
if we change the angle?   

 

127 00:57:30 Many 
voices 

No.  

  MatteoB It changes according to the 
angle. 

 

128 00:57:33 Teacher It changes according to the 
ÁÎÇÌÅȣ ÁÒÅ ×Å ÓÕÒÅȩ ,ÅÔȭÓ ÔÒÙ 
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ÔÏ ÃÈÁÎÇÅ ÔÈÅ ÁÎÇÌÅȣ 7ÈÁÔ 
could be the coefficient with an 
angle of 26°? 

129 00:58:05 MatteoB 2.21  

130 00:58:07 Teacher Why did you find it 
immediately without using the 
calculator?   

 

131 00:58:10 MatteoB Because dividing by 12 is like 
dividing by 1. 

 

132 00:58:16 Teacher Ok, so you say I can just take 
ÏÎÅ ÖÁÌÕÅ ÂÅÃÁÕÓÅ )ȭÍ ÓÕÒÅ ÉÔ ÉÓ 
constant. 

 

   ɍȣɎ  

133 00:58:44 Teacher Hence what does this number 
represent? 

 

134 00:58:55 AdeleC The half of first finite 
ÄÉÆÆÅÒÅÎÃÅÓȣ 

 

135 00:58:58 Teacher [T starts making the 
computation out loud, but they 
are incorrect] 

 

136 00:59:07 AdeleC Of second finite ÄÉÆÆÅÒÅÎÃÅÓȣ 
yes, the half of second finite 
differences. 

 

137 00:59:16 Teacher [T makes the computation out 
loud and this time it is correct] 

 

138 00:59:56 Teacher So, this could be the half of 
ÓÅÃÏÎÄ ÆÉÎÉÔÅ ÄÉÆÆÅÒÅÎÃÅÓȣ 

 

Reacting to some ÓÔÕÄÅÎÔȭÓ ÃÌÁÉÍȟ ÔÈÅ ÔÅÁÃÈÅÒ ÒÅÃÁÌÌÓ ÔÈÁÔ ÔÈÅÙ ÈÁÖÅ ÃÏÎÃÌÕÄÅÄ ÔÈÁÔ ȰπȢψψ ÉÓ 

ÃÏÎÓÔÁÎÔȱ [126]  and simultaneously points at the blackboard where it is written the formula 

πȢψψ (Figure 42 ɀ inscription s row). Immediately after she asks if 0.88 would still be the constant 

ÉÆ ÔÈÅÙ ȰÃÈÁÎÇÅ ÔÈÅ ÁÎÇÌÅȱ ɍρςφɎ ÁÎÄ -ÁÔÔÅÏȟ ÁÓ ÄÏÎÅ ÉÎ %ÐÉÓÏÄÅ φȟ ÒÅÐÌÉÅÓ ÔÈÁÔ ȰÉÔ ÃÈÁÎÇÅÓ 

according to the ÁÎÇÌÅȱ ɍρςχɎȢ $ÅÓÐÉÔÅ ÔÈÅ ÃÏÒÒÅÃÔÎÅÓÓ ÏÆ ÔÈÅ ÁÎÓ×ÅÒȟ Silvia wants to deepen this 

point and asks to the students if they are sure. She suggests changing the angle, in particular to 

choose randomly an angle of 26°, ÁÎÄ ÁÓËÓ Ȱ[w]hat could be the ÃÏÅÆÆÉÃÉÅÎÔȱ ÉÎ ÔÈÉÓ ÃÁÓÅ ɍρςψɎ. 

While formulati ng her request, the teacher addresses to group E with a hand gesture (gesture 

row ɀ Figure 42) because their computer screen is connected to the IW and so visible by the 

whole classroom (inscription s row ɀ Figure 42). -ÁÔÔÅÏ ÉÍÍÅÄÉÁÔÅÌÙ ÒÅÐÌÉÅÓ ȰςȢςρȱ ɍρςωɎ ÁÎÄ 

Silvia, surprised by the rapidity of his answer, asks him how he could find that value  
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Figure 42 ɀ Timeline 7 (Galileo 2019) 
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ȰÉÍÍÅÄÉÁÔÅÌÙ ×ÉÔÈÏÕÔ ÕÓÉÎÇ ÔÈÅ ÃÁÌÃÕÌÁÔÏÒȱ ɍρσπɎȢ !ÃÃÏÍÐÁÎÙÉÎÇ ÈÉÓ ×ÏÒÄÓ ×ÉÔÈ some 

metaphoric gestures, Matteo replies that he simply divided by 1, that is equal to 12 [131]. Silvia 

tries to better explain that claim so concise implying that the computation is possible just 

because the coefficient is assumed to be constant [132] and so the ratio provides the same value 

of the time and distance traversed chosen. After having clarified how to compute the value of the 

coefficient she moves to investigate the meaning of that coefficient, what that number represents 

[133]  and looks around waiting for a rection from her students (gestures row ɀ Figure 42). Adele 

ÒÅÐÌÉÅÓ ȰÔÈÅ ÈÁÌÆ ÏÆ ÆÉÒÓÔ ÆȢÄȢȱ ɍρστɎ ÁÎÄ ÐÏÉÎÔÓ ÁÔ ÔÈÅ ÔÁÂÌÅ ÏÆ ÆȢÄȢ ÓÈÏ×Î ÏÎ ÔÈÅ )7Ƞ 3ÉÌÖÉÁ ÉÓ 

conscious of the incorrectness of her answer and so starts making the computation out loud 

[135]. Adele realizes that she expressed wrongly and so correÃÔÓ ÈÅÒÓÅÌÆ ÓÁÙÉÎÇ ȰÔÈÅ ÈÁÌÆ ÏÆ 

ÓÅÃÏÎÄ ÆÉÎÉÔÅ ÄÉÆÆÅÒÅÎÃÅÓȱ ɍρσφɎȢ 3ÉÌÖÉÁ ÒÅÓÔÁÒÔÓ ÍÁËÉÎÇ ÔÈÅ ÃÏÍÐÕÔÁÔÉÏÎ ÏÕÔ ÌÏÕÄȟ ÐÏÉÎÔÉÎÇ ÁÔ ÔÈÅ 

table of f.d. on the IW (gesture row ɀ Figure 42) and this time they are correct [137]. Finally, 

with an approval tone, Silvia states that the coefficient could be the half of second f.d. [138]. The 

class is not much talkative, and the answers provided by students are often synthetic: the 

interaction flowchart reveals the ability of the teacher in enhancing the discussion and valuing 

ÁÎÄ ÁÍÐÌÉÆÙÉÎÇ ÔÈÅ ÃÏÎÔÅÎÔ ÏÆ ÓÔÕÄÅÎÔÓȭ ÃÌÁÉÍÓȢ 4ÈÅ ÌÅÖÅÌ ÏÆ ÔÈÅ ÄÉÓÃÏÕÒÓÅ ÁÌÔÅÒÎÁÔÅÓ ÂÅÔ×ÅÅÎ 

analytical and objectified: it is analytical when students refer to a specific angle of inclination 

and the related numerical coefficient [128-129-131] and becomes objectified when the 

coefficient is interpreted in terms of a general expression, the half of second finite differences 

[136-138].  Artefacts are mainly used with a descending control (artefacts interactions ɀ Figure 

42). 

11.3 DISCUSSION 

This section contains a transversal analysis of the seven Episodes presented previously 

according to the four different layers of analysis.  

11.3.1  Layer (a): Covariational reasoning 

The intermediate order of covariational reasoning identified during the 2017 T.E. emerges 

naturally also in this T.E.: it consists in the conceptualization that the coefficient of the function 

depends on a certain magnitude, that in this case is the angle of inclination of the plane [118]. 

4ÈÅ ÔÅÒÍ ȬÐÁÒÁÍÅÔÅÒȭ ÉÓ ÎÏÔ ÕÓÅÄ ÂÙ ÔÈÅ students; they refer to it in a more intuitive way, a 

constant value that changes depending on the angle [127], adopting an antithetic expression. In 

this case finite differences constitute the pre-analytic tool that mainly enhances the 
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instrumentation of second-order covariation: they allow students to use a more mathematical 

language and to deduce the analytical and graphical property of the distance-time graph which 

is of second degree and depending on second finite differences of distance. Second-order 

covariation is achieved from two different mathematic standpoints: the elaboration of a general 

mathematical formula in which the coefficient explicitly depends on second f.d., and a level 

supported by metavariation in which students, exploiting the representations provided by the 

various technological tools, envision how the distance-time graph is affected by a change in the 

angle of inclination. Therefore, two different levels can be distinguished: a quantitative one 

(formula) and a qualitative one (metavariation).   

11.3.2  Layer (b): Linguistic analysis 

In continuity with the analysis presented in 10.3.2, we analyze the various levels and orders of 

ÓÔÕÄÅÎÔÓȭ covariational reasoning according to their  syntactical and lexical features.  

COV 1 Description of the level  Examples from Galileo 
2019 T.E. 

Syntactical and lexical analysis 

L2 In these examples we 
can observe a 
qualitative description 
of the covariation, also 
referring to some 
benchmark numerical 
values, of two or more 
magnitudes: the level 
of reasoning is not yet 
fully quantitative 
because students are 
not able to express 
clearly what happens 
between the limit 
values. 
Students are able to 
co-vary the two 
magnitudes 
underlin ing the values 
reached in limit 
situations. 

[65] Più A si avvicina a 
90°, più B aumenta.                                       
The more A comes 
closer to 90°, the more 
B increases.  

[66-67] [Raggiunge la 
massima A] nell'ultima 
B.                                            
[It reaches the 
maximum A] in the last 
B.  

[68-69] [Più A si 
avvicina a 90°, più B 
aumenta] finché B non è 
massima per quell'A.                                                                                             
[The more A comes 
closer to 90°, the more 
B increases,] until B is 
maximum for that A.  

[73] A è minimo con B= 
0,0000001.                                    
A is minimum with B = 
0,0000001. 

From the syntactical  standpoint, 
the linguistic structures that can 
be identified are the following:  
The more  A, the more B  
A is maximum/minimum  for 
B=n.           
We can observe some binary 
relations and the use of 
comparatives. Both coordinated 
and subordinated clauses are 
used. 

From the lexical  standpoint, 
language adopted is mainly 
qualitative and objective. The 
adjectives maximum  and 
minimum  are employed to refer 
to the limit values assumed by the 
magnitudes.  
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[74-75] A aumenta 
finché B=90°.                                              
A increases until B=90°. 

L4 
 

The use of f.d. 
ÄÉÓÐÌÁÙÅÄ ÉÎ ÓÔÕÄÅÎÔÓȭ 
reasoning denotes a 
higher level of 
covariation since f.d. 
reveal not only how a 
magnitude varies in 
time but also its rate 
of variation. 

[77] A' erano sempre di 
1, mentre B' 
aumentavano sempre di 
più.                                                                                             
A' were always of 1 
while B' increased more 
and more. 

[79] A'' erano costanti e 
A''' erano nulle.                                 
A'' were constant and 
A''' were null. 

[110-111] Ci sarebbero 
A' uguali se va sempre 
alla stessa B.                                             
There would be A' 
equal if it always goes 
at the same B. 

TÈÅ ÆȢÄȢ ÏÆ ! ÁÎÄ " ɉ!ȭ and "ȭ 
respectively) make their 
appearance as magnitudes: in 
[77] ther e is a covariation 
ÂÅÔ×ÅÅÎ !ȭ ÁÎÄ "ȭ ×ÈÉÃÈ 
condenses the rate of change of 
the two magnitudes; in [79] both 
second and third  f.d. (A''  and A''' ) 
are considered and in [110-111] 
first  f.d. are related to a physical 
interpretation.  

From the syntactical standpoint, 
we can identify the following 
structures:  
A' were always the same while  B' 
increased. 
A' equal if  B is always the same. 
A'' were constant and A''' were 
null . 
Relations are mainly binary, no 
comparatives, and both 
coordinated and subordinated 
clauses can be detected.  

From the lexical standpoint, we 
can observe a recurrent use of the 
adverb always, objective and 
quantitative sentences. 

L5 
 

In this T.E. the level of 
smooth continuous 
covariation manifests 
in the full 
conceptualization of 
the distance-time 
graph that is 
conceived as a 
multiplicative object: 
students do not refer 
anymore explicitly to 
the starting 
magnitudes but 
mainly focus on the 
description of the 
trend of the graph. 

[81] Il grafico potrebbe 
essere di secondo grado 
visto che le A'' sono 
costanti.                                     
The graph could be of 
second degree since A'' 
are constant. 

[83] La curva prima 
aveva un'inclinazione 
quasi orizzontale e poi 
diventava sempre più 
verticale.                                                                   
The curve before had an 
inclination almost 
horizontal and then 

From the lexical  standpoint, a 
recurrent use of the adverb 
always  [83-85-107] can be 
interpreted as an indicator of 
globality. The description of the 
trend of the graph is expressed in 
qualitative terms: in [83] and [85] 
by reasoning in terms of fixed 
intervals of time; in [107] and 
[112-113] a more global 
approach emerges, related also to 
a physical interpretation of the 
ÃÕÒÖÅȭÓ ÂÅÈÁÖÉÏÒȢ )Î ɍψρɎ ÉÎÓÔÅÁÄȟ 
the degree of the curve, and so its 
shape, is explained by a reference 
to second f.d., i.e., a pre-analytical 
property. 
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became always more 
vertical. 

[85] In ogni A, 
l'inclinazione [del 
grafico] era sempre più 
verticale.                                       
In each A, the 
inclination [of the 
graph] was always 
more vertical. 

[107] La curva parte più 
lenta e poi va sempre 
più in alto.                                                               
The curve starts slower 
and then goes higher 
and higher. 

[112-113] [Il grafico] 
ÉÍÐÅÎÎÁȣÐÅÒÃÈï ÖÁ ÐÉĬ 
veloce.                                                                                                                       
[The graph] drives 
ÕÐȣÂÅÃÁÕÓÅ ÉÔ ÇÏÅÓ 
faster. 

Horizontal  and vertical  are 
recurrent adjectives used to 
connote the behavior of the curve. 
In [107] we can observe the use of 
the adjective slower , a kinematic 
term attributable to the motion of 
the ball and instead used to refer 
to the graph.  

No recurring syntactical  
structures were detected.  

 

Higher 
COV 

Description of the 
level 

Examples from Galileo 
2019 T.E. 

Syntactical and lexical analysis 

Intermediate 
order 

This transitional 
order mainly 
manifests in the 
elaboration that 
the coefficient of 
the function 
depends on the 
angle of 
inclination of the 
plane. Even in this 
case, students do 
not refer to it as a 
parameter but 
more intuitively 
as a constant 
value that changes 
according to the 
angle. 

[118] Il coefficiente 
[della funzione] varia 
[a seconda 
dell'angolo].                     
The coefficient [of the 
function] varies 
[according to the 
angle].  

[127] [Il valore 
costante] cambia a 
seconda 
dell'angolo.                    
[The constant value] 
changes according to 
the angle. 

From the syntactical  
standpoint, we do not observe 
relevant structures. 
From the lexical  standpoint, 
we can notice a qualitative 
approach through which 
students express the 
dependence of the coefficient 
on the angle of inclination. 
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COV 2 
(i)  

3ÔÕÄÅÎÔÓȭ forms of 
reasoning 
revealing a full 
achievement of 
COV 2 in this T.E. 
can be actually 
divided in two 
sublevels: the first 
one is a 
covariation 
between the angle 
of inclination and 
the distance-time 
graph i.e., 
changing the 
angle which 
effects produces 
on the trend of the 
graph: this way of 
reasoning is an 
example of meta-
variation 
supported by the 
GeoGebra applet 
enabling to 
explore it. 

[87] Se l'angolo 
cambia, la salita [del 
grafico] è più rapida.                                                                
If A changes, the uphill 
[of the graph] is faster. 

[91] Più l'angolo 
aumenta, più 
l'inclinazione [del 
grafico] aumenta.                                                                                             
The more A increases, 
the more the 
inclination [of the 
graph] increases. 

[93] Il grafico è di 
secondo grado quindi 
le A'' sono il doppio del 
coefficiente.                                                                         
The graph is of second 
degree hence A'' are 
the double of the 
coefficient. 

[96] A' aumenta 
aumentando B.                                       
A' increases, 
increasing B.  

[98] Più grande è A, 
più velocemente 
crescerà la parabola.                                              
The greater is A, the 
faster the parable will 
grow. 

[99] Maggiore è A, 
maggiore è B' e la 
parabola crescerà più 
velocemente.                                                                         
The greater is A, the 
greater is B' and the 
faster the parable will 
grow.  

ɍυττɎ #ÏÎ ÌȭÁÕÍÅÎÔÁÒÅ 
ÄÅÌÌȭÁÎÇÏÌÏ ÌÁ ÃÕÒÖÁ ÓÉ 
avvicina sempre di più 
ÁÌÌȭÁÓÓÅ ÄÅÌÌÅ Ùȟ ÐÅÒÃÈï 

From the syntactical  
standpoint, we can identify the 
following recurring structures:  
If A changes, the more the 
inclination increases.  
The more A increases, the 
more  the inclination [of the 
graph] increases. 
A' increases, increasing B. 
The greater  is A, the greater  
is B' and the faster will grow 
the parable. 
As A increases, the curve comes 
always closer to y-axis. 
As A of the plane increases, the 
curve of the parable is more 
accentuated. 
Increasing A, the curves are 
more inclined. 
Relations are mainly binary, 
and the second magnitude is 
typically the inclination of the 
graph or the graph itself. 
Comparative structures are 
recurrent, and clauses are both 
coordinated or subordinated.  

From the lexical  standpoint, 
the adverb more  is extremely 
used, and the linking word as is 
also recurrent. The sentences 
are objective and show a 
qualitative approach to 
describe globally how the trend 
of the graph evolves. 
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grazie 
ÁÌÌȭÁÃÃÅÌÅÒÁÚÉÏÎÅ 
percorre lo stesso 
spazio ma più 
velocemente.                                
As A increases, the 
curve comes always 
closer to y-axis, 
because thanks to 
acceleration it covers 
the same distance but 
faster. 

ɍυτυɎ !ÌÌȭÁÕÍÅÎÔÁÒÅ 
ÄÅÌÌȭÁÎÇÏÌÏ ÄÅÌ ÐÉÁÎÏ ÌÁ 
curva della parabola è 
più accentuata a causa 
del fatto che la pallina 
percorre lo stesso 
spazio più 
velocemente, di 
ÑÕÁÎÄÏ ÌȭÁÎÇÏÌÏ î 
minore.                                              
As A of the plane 
increases, the curve of 
the parable is more 
accentuated because 
the ball the same 
distance faster respect 
to when the angle is 
smaller. 

[103] Aumentando A, 
le curve sono più 
inclinate. 
Diminuendolo, le curve 
sono meno inclinate. 
Questo perché la curva 
del grafico 
rappresenta 
ÌȭÁÃÃÅÌÅÒÁÚÉÏÎÅ ÄÅÌÌÁ 
ÐÁÌÌÉÎÁ ÁÌÌȭÁÕÍÅÎÔÁÒÅ 

di _.                                                       

Increasing A, the 
curves are more 
inclined. Hence, 
decreasing it, the 
curves are less 
inclined. This because 
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the curve of the graph 
represents the 
acceleration of the ball 

as _ increases. 

COV 2 
(ii)  

The second level 
seems to consist 
in the elaboration 
of a general 
formula 
containing a 
coefficient which 
sometimes is 
clearly 
interpreted in 
terms of second 
f.d.. The way in 
which the 
coefficient affects 
the graph is made 
explicit. 

[122] L'inclinazione 
[del grafico] cambia a 
seconda dell'angolo 
perché con un angolo 
minore l'inclinazione è 
minore, con un angolo 
maggiore la funzione 
ÓÁÌÅ ÐÒÉÍÁȢ Ù Є ÃÏÅÆÆЁ Ø2                                                                                                                            
The inclination [of the 
graph] changes 
according to the angle 
because with a minor 
angle the inclination is 
minor, with a greater 
angle the function 
goes up first.  Ù Є ÃÏÅÆÆЁ 
x2 

[124] Ù Ѐ ɉ!ȱȾςɊ Ͻ Ø2 

[136] [Il coefficiente] è 
ÌÁ ÍÅÔÛ ÄÅÌÌÅ !ȭȭȢ                                     
[The coefficient] is the 
ÈÁÌÆ ÏÆ !ȭȭȢ 

From the syntactical  
standpoint, we do not observe 
relevant or recurring 
structures. 

The lexical  analysis reveals 
that this second level of COV 2 
mainly lies on a quantitative 
and analytical approach rather 
than on a graphical 
interpretation, but still  reveals 
a sense of globality.  

11.3.3  Layer (c): Discourse levels 

This layer of analysis is conducted thanks to a diachronic analysis of the Timeline and is focused 

on the evolution of the mathematical discourse throughout all the episodes previously 

described. We recognized the same three main levels of the mathematical discourse identified 

duri ng the Galileo 2017 T.E. and a fourth additional level: 

- Descriptive: Episode 1 (11.2.1), at the beginning of the first classroom discussion, is the 

one in which students adopt a descriptive approach reporting and interpreting the inputs 

provided specifically by the GeoGebra applet and the video and relating them. For 

instance, Fabio describes how the angle of inclination of the plane, shown in the applet, 

affects the descent speed of the ball, deducible from the video [65-68]. 

- Analytical: the level of the discourse is analytical when students mainly refer to f.d. as in 

ɍχχɎ ×ÈÅÒÅ 6ÁÌÅÒÉÁ ÏÂÓÅÒÖÅÓ ÔÈÁÔ ȰÆÉÒÓÔ ÆÉÎÉÔÅ ÄÉÆÆÅÒÅÎÃÅÓ ÏÆ ÄÉÓÔÁÎÃÅ ÉÎÃÒÅÁÓÅÄ ÍÏÒÅ ÁÎÄ 

ÍÏÒÅȱ ×ÈÉÌÅ ȰɍÓÅÃÏÎÄɎ ×ÅÒÅ ÃÏÎÓÔÁÎÔ ÁÎÄ ÔÈÅ ÔÈÉÒÄ ×ÅÒÅ ÅÑÕÁÌ ÔÏ πȱ ɍχωɎȠ ÏÒ ÁÓ ÉÎ ςπρχ 
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Galileo T.E., this level manifests when they refer to the numerical value of the coefficient 

of the function for a specific angle (e.g., 2.21 for an angle of 26° [129]). This second level 

of discourse lasts less in this teaching experiment with respect to the 2017 one: the 

students possess more mathematical instruments to move from an analytical approach 

to the objectification and so to a mathematical model describing globally the 

phenomenon. 

- Objectified: this level already manifests at the end of the first discussion (11.2.2), arising 

from the contribution of group E who succeeded during the working-group session in 

envisioning and representing the distance-time graph and then reproduced it on the IW 

during the classroom discussion. Valeria, as group E spokesman, described the trend of 

the curve [83] and was also able to envision how that trend could change with a variation 

of the angle of inclination [87]. The level of the discourse is clearly objectified also during 

the second working group session (11.2.3, 11.2.4, 11.2.5) where thanks to the 

functionality of the GeoGebra applet, enabling to change the inclination of the plane, 

students could observe which changes it globally produced on the distance-time graph. 

This level manifests also in Episodes 6 and 7 (11.2.7, 11.2.8) when Silvia led students 

towards the elaboration of a general mathematical formula describing globally the 

situation. 

- Interpretative: this additional fourth level of discourse does not differ much from the 

objectified one concerning the globality of the approach and the mathematical objects 

involved, but the language adopted reveals something deeper than the mathematical 

conceptualization. The emerging narratives reveal a blend of elements related to the 

various representations (algebraic, numerical, and graphical) connected in a coherent 

ÓÅÎÔÅÎÃÅ ɉ ȰÔÈÅ ÇÒÁÐÈ ÃÏÕÌÄ ÂÅ ÏÆ second degree because second f.d. are constant and also 

because we knew the formula of acceleration is s/ t2ȱ [81]ȟ Ȱthe greater is the angle, the 

ÆÁÓÔÅÒ ÔÈÅ ÐÁÒÁÂÌÅ ×ÉÌÌ ÇÒÏ×ȱ [98] , Ȱ4ÈÅ ÃÕÒÖÅ ÓÔÁÒÔÓ ÓÌÏ×ÅÒ ÁÎÄ ÔÈÅÎ ÇÏÅÓ ÈÉÇÈÅÒ ÁÎÄ 

ÈÉÇÈÅÒȱ [107]ȟ Ȱɍ4ÈÅ ÇÒÁÐÈɎ ÄÒÉÖÅÓ ÕÐȣ ÂÅÃÁÕÓÅ ÉÔ ÇÏÅÓ ÆÁÓÔÅÒȱ [112-113]). The words 

used by students also are detectors of a physical interpretation blended with the 

mathematical description: in [81] Valeria refers to the formula of acceleration, in [112-

113] the trend of the graph is explained by referring to the speed of the ball; in [107] the 

ÔÅÒÍ ȰÓÌÏ×ÅÒȱ ÕÓÅÄ ÔÏ ÃÈÁÒÁÃÔÅÒÉÚÅ ÔÈÅ ÔÒÅÎÄ ÏÆ ÔÈÅ ÃÕÒÖÅ ÉÓ ÁÃÔÕÁÌÌÙ ÁÎ ÁÄÊÅÃÔÉÖÅ ÔÈÁÔ 

could also be used to describe the motion of the ball at the beginning of its descent on the 

inclined plane. The graphic and kinematic aspects are blended as if the graph and the 
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phenomenon were the same thing. Looking at the mathematical discourse with the lens 

of the modelling cycle, this step could be interpreted as a return to the real phenomenon 

after having mastered the mathematical interpretation. 

11.3.4  Layer (d): Adaptive teaching strategies 

The four strategies identified in the 2017 Galileo T.E. are clearly recognizable also in this 

teaching experiment. Some examples follow:  

1 - Semiotic game: this strategy often manifests only in its oral components with the revoicing or 

ÒÅÁÄÊÕÓÔÍÅÎÔ ÏÆ ÔÈÅ ÓÔÕÄÅÎÔÓȭ ÃÌÁÉÍs by the teacher [78-80]; an example of semiotic game 

involving also the gestural component can be recognized at [70], where Silvia not only repeats 

&ÁÂÉÏȭÓ ×ÏÒÄÓ ɍφωɎ ÁÎÄ ÕÓÅs them to formulate a new question, but also imitates the gesture 

previously performed by Fabio with her arm. 

2 - Fostering the discussion in the classroom and facilitating  it s flow: in this T.E. this second 

strategy emerges even more predominantly because the class is not much talkative and making 

questions is a strategy widely used by the teacher to enhance the conversation and to dig deeply 

ÉÎÔÏ ÓÔÕÄÅÎÔÓȭ ÒÅÁÓÏÎÉÎÇ ɍφφ-70-115-119]. Moreover, at [135] we have a typical example of the 

non-judging behavior of Silvia who instead of underlining the ÓÔÕÄÅÎÔȭÓ ÍÉÓÔÁËÅȟ ÂÒÉÎÇÓ ÉÔ ÔÏ ÔÈÅ 

attention of the whole classroom ÓÏ ÁÒÏÕÓÉÎÇ ÓÔÕÄÅÎÔÓȭ ÓÐÏÎÔÁÎÅÏÕÓ ÒÅÁÃÔÉÏÎÓȡ ÁÔ ɍρσυɎ 3ÉÌÖÉÁ 

shows that the coefficient of the function is not the half of first finite differences making the 

computations out loud and so leading students to realize that they are not correct; at [136] Adele 

corrects herself spontaneously. Another feature emerging from the analysis of this T.E. is the 

springboard role assumed by the teacher: her questions are often the starting point of a wider 

discussion, or she starts an open sentence leaving to students the possibility to complete it: 

Ȱ4ÈÅÒÅ ×ÏÕÌÄ ÂÅ ÅÑÕÁÌ ÆÉÒÓÔ ÆÉÎÉÔÅ ÄÉÆÆÅÒÅÎÃÅÓ ÉÆȣȱ ɍρρπɎȢ 

3 - %ØÐÌÏÒÉÎÇ ÓÔÕÄÅÎÔÓȭ ÁÃÔÉÏÎÓ ÁÎÄ thinking: questions have often the goal to promote an 

ÁÒÇÕÍÅÎÔÁÔÉÖÅ ÁÐÐÒÏÁÃÈȡ ȰɍȣɎ ×ÈÁÔ ÄÏÅÓ ÉÔ ÍÅÁÎȩȱ ɍρρςɎ, or to obtain a deeper explanation of 

the answer provided by the studentȡ Ȱ7ÈÙ ÄÉÄ ÙÏÕ ÆÉÎÄ ÉÔ ÉÍÍÅÄÉÁÔÅÌÙ ×ÉÔÈÏÕÔ ÕÓÉÎÇ ÔÈÅ 

ÃÁÌÃÕÌÁÔÏÒȩȱ ɍρσπɎȟ Ȱ4ÈÅ ÃÏÅÆÆÉÃÉÅÎÔ ÏÆ ÔÈÅ ÆÕÎÃÔÉÏÎ ÉÎ ×ÈÉÃÈ ÓÅÎÓÅȩȱ ɍρσυɎ.  

4 - $ÒÁ×ÉÎÇ ÓÔÕÄÅÎÔÓȭ ÁÔÔÅÎÔÉÏÎ ÔÏ ÔÈÅ ÉÎÆÏÒÍÁÔÉÏÎ ÐÒÏÖÉÄÅÄ ÂÙ ÔÈÅ ÄÉÆÆÅÒÅÎÔ ÁÒÔÅÆÁÃÔÓ used in the 

learning process: an example of this strategy can be observed in Episode 5 (11.2.6); at this point 

of the discussion, the teacher would like students to relate the increase in speed of the ball to the 

numerical values of f.d. At [106] the teacher directs the attention of the students to the applet 
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ÓÈÏ×Î ÏÎ ÔÈÅ )7ȡ Ȱ(Ï× ÄÏ ×Å ËÎÏ× ÆÒÏÍ here ɍȣɎȩȱ also using a pointing gesture. Giulia initially 

refers ÔÏ ÔÈÅ ÇÒÁÐÈȠ ÏÎÌÙ ÉÎ Á ÓÅÃÏÎÄ ÍÏÍÅÎÔ ÔÈÁÎËÓ ÔÏ 3ÉÌÖÉÁȭÓ ÒÅÖÏÉÃÉÎÇ ÌÅÁËÉÎÇ ÏÕÔ ÓÈÅ ÅØÐÅÃÔÅÄ 

a different answer, Fabio moves his attention to the table of f.d. and then Silvia insists on this 

point and on its physical interpretation. 

11.4 CONCLUDING REMARKS 

One of the main conjectures formulated during the prospective analysis and confirmed by the 

data analysis is the numerous references to a physical interpretation of the real phenomenon 

ÇÉÖÅÎ ÔÈÅ ÓÔÕÄÅÎÔÓȭ ÍÏÒÅ ÅØÔÅÎÓÉÖÅ ÂÁÃËÇÒÏÕÎÄ ÉÎ ÔÈÁÔ ÆÉÅÌÄȢ Even when referring to the video 

reproducing the Galileo experiment, they refer to the speed of descent of the ball [65] and are 

able to envision a variation of the angle of inclination of the plane [65]. It  is just the clever 

coaching of the discussion managed by the teacher that determines the direction of the 

discussion and establishes some parameters as fixed. The speed of the ball is intended as a 

magnitude itself and covaried with the angle of inclination [73-75]. The discussion does not 

reveal much insistence on the covariation between the numerical values of the magnitudes 

involved: the analytical phase of mathematical discourse lasts less and already at the end of the 

first discussion some groups reach an objectified level, that is a global view of the distance-time 

graph. They do not succeed immediately in the elaboration of a mathematical formula, but they 

conceptualize the graph as a second-degree function, deducing it from the numerical values of 

finite differences [81], and manage to represent it in a graphical form [85]. Second-order 

covariation does not emerge spontaneously, but the teacher enhances it thanks to her wise 

questioning.  

What does not emerge is the misconception between the trajectory and the law of the motion of 

the ball. Students instead refer to acceleration, a notion that they have not explored yet during 

their physics lessons and so they call it into question in an intuitive way, adopting an everyday 

language and as a generalization of the concept of velocity. Silvia does not insist much on the 

incorrect way in which students refer to it but many times during the discussion underlines that 

the formula of acceleration is their deduction and not something explicitly provided by the video 

or the applet. 

During the working group session on the second applet, the groups succeed in elaborating a 

general formula describing the situation [95] in which the coefficient depends on the second 

finite differences and the description of the graph is often related to a physical interpretation of 
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the motion of the ball [99-100]. Students describe in a qualitative way how the angle affects the 

trend of the graph [101-103] and grasp the dependence of finite differences on the angle of 

inclination [102].  

The presence of a constant reference to the real phenomenon is also made manifest in the use of 

a blended language, i.e., an interpretative  level of the discourse that was absent in the 2017 T.E. 

and that denotes a wiser mastery of the steps of the modelling cycle. During the second 

discussion, the teacher leads the students in sharing with the whole classroom the different 

considerations that they have elaborated during the working-group session: even if the class is 

not very talkative and Silvia must stimulate a lot the discussion to make students intervene, the 

objectified and interpretative  levels of the mathematical discourse that emerge are a clear 

symptom of the greater advance in the conceptualization of the phenomenon both from a 

mathematical and physical standpoint. 

11.4.1  Toward second-order covariation: comparing the two teaching experiments 

Comparing the two T.E.s (2017 and 2019), the following considerations can be elaborated:  

- COV 2 emerges less during the 2017 T.E. because students possess a narrower 

mathematical background: they favour an everyday language, while 10th grade 

students possess the mathematical knowledge to succeed faster in a mathematical 

formalization. Thanks to this wider background, during 2019 T.E. the analytical phase 

lasts less, and students can move faster to the level of objectification and a higher 

order of covariation;  

- In 2019 T.E., finite differences are the artefact that mainly support the 

instrumentation of covariation and allow the use of a pre-analytic language that will 

foster during schooling the introduction to the concept of incremental ratio and then 

of derivative. Finite differences are considered a magnitude themselves, even if 

encapsulating the rate of change of a magnitude in time, and they are covaried with 

both the graph [107] and the speed of the ball [111];  

- The intermediate order of covariation manifests in both the T.E.s and it can be 

interpreted as a progression toward second-order covariation: it mainly manifests as 

a conceptualization of the dependence of the coefficient of the function on something, 

in this case the angle of inclination from the physical point of view [118-127] and 

lately on second finite differences on the mathematical point of view [93-136]. A 



 

145 
 

provisional interpretation , requiring deeper knowledge, leads us to attribute to  this 

intermediate order a cognitive connotation rather than a mathematical one: it can be 

intended as first level of COV 2 in which the student mentally envisions that one of the 

magnitude changes in a different way with respect to the others involved and 

influencing the whole mathematical scenario: at this level students can use an 

ÁÎÔÉÔÈÅÔÉÃ ÅØÐÒÅÓÓÉÏÎ ÍÏÒÅ ÔÈÁÎ ÔÈÅ ÒÉÇÏÒÏÕÓ ÔÅÒÍ ȰÐÁÒÁÍÅÔÅÒȱ to describe this 

covariation;  

- In the two classroom discussions, second-order covariation is reached with two 

different approaches: in the 9th grade classroom, COV 2 emerges from the initial 

magma of the magnitudes at stake; in the 10th grade classroom, COV 2 is often 

flattened into COV 1 between distance and time: this kind of COV 1 absorbs what 9th 

ÇÒÁÄÅ ÓÔÕÄÅÎÔÓ ÃÏÕÌÄÎȭÔ ÅØÐÒÅÓÓ ÂÅÃÁÕÓÅ ÔÈÅÙ ÈÁÄ ÎÏ ÎÏÔÉÏÎ ÏÆ ÓÐÅÅÄȠ ÍÏÒÅÏÖÅÒ ÔÈÅ 

ÔÅÒÍ ȰÁÃÃÅÌÅÒÁÔÉÏÎȱ ÉÓ ÕÓÅÄ ÉÎ ÁÎ ÉÎÃÏÒÒÅÃÔ ×ÁÙ ÔÏ ÄÅÎÏÔÅ ÓÏÍÅÔÈÉÎÇ ÕÎËÎÏ×Î ÂÕÔ ÔÈÁÔ 

they perceive as necessary to describe the situation, i.e. a change in velocity. Hence, in 

this case physical notions support the reasoning process and allow a more compact 

way of reasoning. Using a metaphoric image, we could say that the main difference 

lays in the different initial approach to the discussion: in 2017 it is from below, 

ascending from the magma of magnitudes; in 2019 it is from above, descending from 

ÓÔÕÄÅÎÔÓȭ wider mathematical background.  

11.4.2  StudentsΩ ŦŜŜŘōŀŎƪ όŦǊƻƳ ¢ŀǎƪ тύ 

In this paragraph, we are going to report and briefly comment on some of the answers provided 

by students to Task 7 (11.1.7). We are not going to provide a methodologically rigorous analysis, 

but reading their inputs represented for us the chance to verify if the goals of the 

experimentation and methodology proposed were achieved and to make some reflections before 

starting planning the following T.E.. Indeed, we are going to report some of their answers.  

To question 1), the totality of students agreed that obtaining the law of the inclined plane using 

ÄÉÆÆÅÒÅÎÔ ÔÏÏÌÓȟ ȰÅÎÁÂÌÅÄ ÔÏ ÓÔÕÄÙ ÔÈÅ ÓÁÍÅ ÔÏÐÉÃȟ ÐÈÅÎÏÍÅÎÏÎ ÉÎ ÄÉÆÆÅÒÅÎÔ ÍÏÄÁÌÉÔÉÅÓ ÁÎÄ 

ÓÔÁÎÄÐÏÉÎÔÓȱ ɍ4χ-S5] or again ȰÖÁÒÉÏÕÓ ÁÓÐÅÃÔÓ ÏÆ ÔÈÅ ÓÁÍÅ ÔÈÅÍÁÔÉÃȱ ɍ4χ-S12]. Some students 

motivated in synthesis the peculiarities of each of the adopted tools. The video provided a 

ȰÇÅÎÅÒÁÌ ÆÒÁÍÅ×ÏÒËȟ ÉÔ ÓÈÏ×ÅÄ ×ÈÁÔ ×ÁÓ ÔÈÅ ÐÈÅÎÏÍÅÎÏÎ ÔÏ ÂÅ ÏÂÓÅÒÖÅÄ ÁÎÄ ×Èich aspects we 

ÈÁÄ ÔÏ ÐÁÙ ÁÔÔÅÎÔÉÏÎ ÔÏȱ ɍ4χ-S12]; the standpoinÔ ×ÁÓ ÔÈÁÔ ÏÆ ÓÏÍÅ ȰÏÂÓÅÒÖÅÒÓȟ ÓÉÎÃÅ ÔÈÅ 
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experiment was conducted by another person, without manÙ ÔÈÅÏÒÉÃÁÌ ÃÏÎÎÅÃÔÉÏÎÓȱ ɍ4χ-S22]. 

The GeoGebra applet ÅÎÁÂÌÅÄ ÔÏ ȰÓÅÅ ÁÌÌ ÔÈÅ ÁÓÐÅÃÔÓ ÏÆ ÔÈÅ ÐÈÅÎÏÍÅÎÏÎȱ ɍ4χ-3ρςɎȟ Ȱ×ÉÔÈÏÕÔ 

ÓÈÏ×ÉÎÇ ÔÈÅ ÌÉÍÉÔÓ ÏÆ ÒÅÁÌÉÔÙȱ ɍ4χ-S22]. The text of Galileo ÁÌÌÏ×ÅÄ ÔÈÅÍ ÔÏ ȰÕÎÄÅÒÓÔÁÎÄ ÔÈÅ ÇÏÁÌ 

ÁÎÄ ÒÅÁÌ ÉÄÅÁÓ ÏÆ ×ÈÏ ÃÒÅÁÔÅÄ ÉÔ ÁÎÄ ÇÁÖÅ ÓÏÌÕÔÉÏÎÓ ÔÏ ÔÈÅ ÐÒÏÂÌÅÍȱ ɍ4χ-S22] and finally the 

experimentȟ ȰÅÖÅÎ ÉÆ it resulted imprecise, was useful to show that what [they] had hypothesised 

and ÓÔÕÄÉÅÄ ÆÒÏÍ ÔÈÅ ÔÈÅÏÒÅÔÉÃÁÌ ÐÏÉÎÔ ÏÆ ÖÉÅ× ×ÁÓ ÒÅÁÌȱ ɍ4χ-S12]. Other students instead, 

ÕÎÄÅÒÌÉÎÅÄ ÔÈÁÔ ÔÈÅ ÅØÐÅÒÉÍÅÎÔ Ȱ×ÁÓ ÎÏÔ ÍÕÃÈ ÈÅÌÐÆÕÌ ÂÅÃÁÕÓÅ ɍÔÈÅÙɎ ÄÉÄ ÎÏÔ ÓÕÃÃÅÅÄ ÉÎ ÆÕÌÌÙ 

proving the law of the inclined plane, but doing it, [they] realized the complexity and difficulties 

ÔÈÁÔ ÓÕÒÅÌÙ 'ÁÌÉÌÅÏ ÈÁÄ ÉÎ ÐÒÏÖÉÎÇ ÈÉÓ ÔÈÅÏÒÙȱ ɍ4χ-S9].  

Question 2) specifically invited to focus on the potentialities of the GeoGebra applet and students 

ÓÔÁÔÅÄ ÔÈÁÔ ÉÔ ×ÁÓ ÕÓÅÆÕÌ ÆÏÒ ÍÁÎÙ ÒÅÁÓÏÎÓȡ ȰÕÓÉÎÇ ÔÈÅ 'eoGebra applet was like doing an 

ÅØÐÅÒÉÍÅÎÔ ÁÎÄ ÓÅÅ ÐÈÙÓÉÃÁÌÌÙ ÔÈÅ ÂÁÌÌ ÒÏÌÌÉÎÇ ÄÏ×Î ÔÈÅ ÐÌÁÎÅȱ ɍ4χ-3υɎȠ ÉÔ ȰÁÌÌÏ×Ó ÙÏÕ ÔÏ ÁÖÏÉÄ 

ÍÁËÉÎÇ ÍÁÎÙ ÃÁÌÃÕÌÁÔÉÏÎÓȱ ɍ4χ-3ρτɎȠ ÉÔ ÅÎÁÂÌÅÓ ÔÏ ȰÓÅÅ ÁÌÌ ÔÈÅ ÄÉÖÅÒÓÅ ÏÐÔÉÏÎÓ ÄÅÒÉÖÅÄ ÆÒÏÍ ÔÈÅ 

problem all on the same plane aÎÄ ÔÏ ÃÏÍÐÁÒÅ ÔÈÅ ÖÁÒÉÏÕÓ ÖÁÌÕÅÓȱ ɍ4χ-3ρτɎȠ ȰÔÈÅ ÐÏÓÓÉÂÉÌÉÔÙ ÏÆ 

changing easily the inclination of the plane was very beneficialȱ ɍ4χ-3υɎȟ ÁÎÄ ȰÔÈÒÏÕÇÈ ÔÈÅ ÄÁÔÁ 

ÏÂÔÁÉÎÅÄ ÉÎ ÔÈÅ ÁÐÐÌÅÔ ɍÔÈÅÙɎ ÃÏÕÌÄ ÖÅÒÉÆÙ ÉÆ ÔÈÅ ÆÏÒÍÕÌÁÓ ÆÏÕÎÄ ×ÅÒÅ ÖÁÌÉÄ ÏÒ ÎÏÔȱ ɍ4χ-S1]. 

FiÎÁÌÌÙȟ ÍÁÎÙ ÓÔÕÄÅÎÔÓ ÆÉÌÌÉÎÇ ÉÎ ÔÈÅÉÒ ÑÕÅÓÔÉÏÎÎÁÉÒÅȟ ÓÔÁÔÅÄ ÔÈÁÔ ȰÔÈÅ ÍÅÔÈÏÄ of study of the 

motion of the ball on the inclined plane was efficient because interactive and satisfying (for the 

ÃÏÎÃÌÕÓÉÏÎÓ ÆÏÕÎÄɊȱ ɍ4χ-S13], ȰÔÈÅ ÍÉÎÄ ÉÓ more stimulated in thÅ ÓÅÁÒÃÈ ÆÏÒ Á ÓÏÌÕÔÉÏÎȱ ɍ4χ-

S15]ȟ ÉÎ ÆÁÃÔȟ ȰÆÉÎÄÉÎÇ Á ÆÏÒÍÕÌÁ ÂÙ ÁÎÁÌÙÓÉÎÇ ÏÎÌÙ ÖÉÄÅÏÓ ÁÎÄ ÇÒÁÐÈÓ ÉÓ ÍÏÒÅ ÓÁÔÉÓÆÙÉÎÇ ÔÈÁÎ 

ÆÉÎÄÉÎÇ Á ÆÏÒÍÕÌÁ ÁÌÒÅÁÄÙ ÇÉÖÅÎȱ ɍ4χ-3χɎȢ #ÏÎÃÅÒÎÉÎÇ ÔÈÅ ÕÓÅ ÏÆ ÄÉÆÆÅÒÅÎÔ ÔÅÃÈÎÏÌÏÇÉÃÁÌ ÔÏÏÌÓȟ ȰÉÔ 

made the activity more engaging and to some extent ÆÕÎȱ ɍ4χ-S2].  
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12 DEW POINT TEACHING EXPERIMENT (2020) 

This third and last teaching experiment took place in September/October 2020: the design 

of the tasks and planning of the T.E. was conducted in summer 2020 by the teacher, Silvia, and 

me under the supervision of Prof. Arzarello. The T.E. took nearly 3 weeks of work for a total 

amount of nearly 12 hours including some hours of homework. The methodology of work was 

nearly the same of the previous T.E.: group-work sessions followed by classroom discussion 

mediated by the teacher. She always started from the different answers of the groups, 

underlining similarities and differences, and enhancing an argumentative approach to justify 

their assumptions.  

Participants 

The 11th grade classroom involved was the same of the 2019 T.E.: it was still made of 22 students 

and during the working group sessions, they worked divided in the same 5 small group-works 

of the previous experimentation. The mathematical background of these students has been 

already described in Chapter 10; moreover, students added to their background an entire 

experimentation devoted to covariation (even if this term was never explicitly used by Silvia 

with her students) and they increased their  mastery in working with functions. Students had not 

studied yet the exponential functional: this teaching experiment was the pretext to introduce 

this function to her students at the end of it, but these lessons are not part of our study.  

During this T.E. concerning the investigation of the relation between temperature and humidity, 

many notions of science were required; students had already studied them in their science 

lessons in the previous years, but a general review of these concepts was planned as integral 

part of the activities during the design phase of the T.E.  

Data collection 

This teaching experiment was conducted during the period of the Coronavirus pandemic, hence 

it was held in a mixed modality: partially in presence and partially online through Google Meet 

platform. All the lessons were recorded through the recording function offered by the Meet 

platform and, the teacher, on her own, also positioned some devices within the classroom to 

record the lessons. All the materials produced were collected and shared on a Google Classroom 

platform. As a researcher, I participated to most of the lessons but connecting on the Meet 

platform, because I was not allowed to be present in the classroom.  
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The parents of the students and the school consented to the use of the multimedia material 

produced and the original version of the used consent form is contained in Appendix A . 

12.1 OVERVIEW OF THE TASKS AND PROSPECTIVE ANALYSIS 

As presented in 8.2.3, this T.E. had three main aims: (a) investigating the relationship between 

humidity and temperature; (b) reading and interpreting the psychrometric chart in order to 

explain real phenomena; (c) distinguishing the role of variables and parameters in reading 

charts. These goals were achieved through the exploitation of different representations of the 

same phenomenon: a classroom experiment, a real psychrometric chart, and two GeoGebra 

applets. This time, the classroom experiment constituted the starting point of the whole 

modelling activity and, as the data analysis revealed, it was a solid reference point throughout 

the whole T.E.: it represented the element which enabled students to interpret from a physical 

point of view the mathematical representations. In this T.E. a different competence of second-

order covariation is required. In the 2017 and 2019 T.E.s, being able to reason covariationally 

was intended as the ability  to construct and interpret graphs of the type y=f(m,x) representing a 

real phenomenon. This time it is more complicated because, in a nutshell, second-order 

covariation lays in the ability to interpret a situation that mathematically is described by the 

same formula f(x,y,z)=0 in which once the parameter is y and once is z. In our specific case, y and 

z are connected to each other by the word humidity  (absolute/relative).  

All the tasks of the T.E. are reported below in different worksheets: we are going to present all 

the details and the prospective analysis, merely of those tasks that we are going to analyze in the 

following. The tasks which are not object of analysis will be presented briefly, just to provide an 

overall view of the experimentation.  

12.1.1  Task 1 

As homework, students were assigned the reading of a newspaper article 23 published on la 

Repubblica which dealt with the topic of hot temperature in summer and in its title contained 

the term ȰÐÅÒÃÅÉÖÅÄ ÔÅÍÐÅÒÁÔÕÒÅȱ. Then students had to answer the two following questions:  

1) Have you ever heard of relative humidity? When? On which occasions? 

2) Have you ever heard of perceived temperature? On which occasions? 

 
23 The newspaper article (in Italian) is available online at this page. 

https://www.repubblica.it/cronaca/2019/06/27/news/meteo-229750255/
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Students wrote their answers directly on the Classroom platform. The following lesson the 

teacher introduced a classroom discussion on the answers provided and then they searched on 

Internet the definitions of perceived temperature, absolute humidity, relative humidity, their 

units of measure and the definition of  dew point. During the lesson, some concrete examples 

accompanying the introduced notions were quoted (condensation on the can, the steam on the 

mirror after the showerȟ Ó×ÅÁÔÉÎÇ ÓÙÓÔÅÍ ÏÆ ÈÕÍÁÎ ÂÏÄÙȣ). In the last part of the lesson, Silvia 

displayed on the IW a GeoGebra applet (Sole.ggb, see Figure 43) in which a table contained the 

values of temperature and relative humidity collected during a sunny day and two graphs 

represented those same sets of data with respect to time. The teacher explained how the data 

were collected and represented; in particular, since the magnitudes represented on x- and y-axis 

have different units of measure, some suitable translations and dilatations were introduced to 

make them more readable and comparable.  

 

Figure 43 ɀ Screenshot of the GeoGebra applet, Sole.ggb 

12.1.2  Task 2 

After the previous lesson, students were assigned as homework to read a theoretical worksheet 

containing all the principal notions related to temperature and humidity, which had already 

been recalled, and to watch a video24 containing the same explanation provided during the 

previous lesson; after that, students were asked to answer the following question: 3) Is there a 

relation between temperature and relative humidity? 

Students uploaded their answers on the Classroom platform. The following lesson, the teacher 

started a classroom discussion commenting on their answers. At the end of the discussion, Silvia 

made the following experiment with  her students: given a metal pot full of water at room 

 
24 The video (in Italian) made by the teacher is available here. 

https://www.youtube.com/watch?v=QFYLBkScWsk
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temperature, they gradually added some cubes of ice; every time they registered time passed 

and the lower temperature in the pot. When they saw the outside surface of the pot fogging, that 

temperature corresponded to the dew point. All the data were collected on the blackboard 

(Figure 44). 

Figure 44 ɀ Data of the experiment reported on the blackboard 

As homework, students were assigned to watch a video25 made by me reproducing the dew point 

experiment, an expedient that we adopted to allow students to work in a subsequent moment 

on a common data set. The language used in the video to present the experiment, which is 

reported in the First Worksheet about Task 3 (12.1.3), is deliberately of Galilean memory, both 

to create a link with the experimentation in which the students were involved during the 

previous year and to underline the importance of sensible experiences for the experimental 

scientific method. After viewing the video, students had to replicate the experiment on their own.  

12.1.3  Task 3 

Students faced a working group session of 1-hour on Google Meet divided in the same 5 groups 

(A-B-C-D-E) of the 2019 T.E. and worked on the worksheet reported below translated into 

English. During the session, students started from the data of the experiment presented in the 

video, and they were asked for a possible relation between the starting temperature and the dew 

point temperature. Then they were guided through the reading of a real psychrometric chart 

reported in their worksheet, and subsequently using a GeoGebra applet simulating it, students 

were asked to find the coordinates of the point of intersections between the green curves 

(indicating a different percentage of relative humidity) and the horizontal line y=yDEW POINT. 

Finally, students were asked again for a possible relationship between temperature and 

humidity. The sessions were recorder through Meet, but they will not be analyzed in the 

following. The approach to this task was mainly explorative but given the complexity of the 

 
25 The video is available here. 

https://www.youtube.com/watch?v=GW541mOddnk
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psychrometric chart and the huge amount of information contained in it, it took times to the 

students to answer the questions on the worksheet.  

This task was followed by 1-hour discussion in presence (Discussion 1) led by the teacher during 

wÈÉÃÈ ÓÔÕÄÅÎÔÓȭ ÁÎÓ×ÅÒÓ ×ÅÒÅ shared and discussed. Moreover, guided by the teacher, students 

tr ied to retrace the steps of the pot experiment on the psychrometric diagram. One episode from 

this discussion will be analyzed in the following section. 

First Worksheet (Task 3)  

Rinse in class with your classmates and then take a bucket with water and ice, a pot full  for 3/4 

of water, a thermometer, and a syringe with which you will gradually inject the frozen water 

into the pot, which you will mix with care. You will measure and record the temperature away. 

You will diligently observe the outside of the pot: when you see the air fogging on it, record the 

measured temperature. That will be the dew point.

 
Which is the temperature of the water at the beginning of the experiment? __________________  
Does it correspond to the temperature of the air in the room? ________________________ 

Which temperature does the dew point correspond to (see theoretical worksheet)? _________ 

Time passed (hh:mm:ss)  Temperature  (°C) 

0:00:00 21,6 

0:01:51 21 

0:02:25 20,5 

0:03:10 20 

0:04:33 19,5 

0:05:36 19 

0:07:04 18,5 

0:08:51 18 

0:10:18 17,5 

0:12:00 17 

0:14:56 16,5 

0:17:33 16 

0:20:03 15,5 

0:23:35 15 

0:27:11 14,5 

0:28:24 14,3 

According to you, does the pressure change during the experiment? Why? 
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Thinking about the data of the video and of your homemade experiment, do you think there 
is a relationship between the initial  temperature and the dew point? 
 

We will learn to read the psychrometric chart or Carrier diagram, useful to determine the 
properties of a water-to-air mixture at constant pressure. On the x-axis the temperatures of 
the dry air are reported, while on the y-axis the absolute humidity is indicated. The graph is 
ÔÈÅ ÏÎÅ ÂÅÌÏ× ÂÕÔȟ ÁÓ ÙÏÕ ÃÁÎ ÓÅÅȟ ÉÔȭÓ challenging to be read. For this reason, we will proceed 
step by step.  
 

Open the file psicrometrica.ggb (Figure 45); the green curves indicate the relative humidity 
of the mixture. The 100% relative humidity curve is the saturation curve, which is the dew 
temperature curve. Move the rh (relative humidity) and temperature sliders and locate the 
point P on the saturation curve (the one with 100% relative humidity) which corresponds to 
the dew temperature obtained in the experiment. 
Write here its coordinates: P=(      ,     ) 
Draw the horizontal line y=yp and look for the curve of relative humidity that passes 
through the point Q that has ordinate equal to yp and as abscissa the room temperature, the 
initial one of the water. What is the relative humidity at this point? 

Mark points P and Q on the diagram below. 

Using the psicrometrica.ggb file again, move the temperature and rh (relative humidity) 
sliders and find the coordinates of the points of intersection between the horizontal line y=yp 
and the green curves of the relative humidity. Complete the following table. 
 

 
Temperatur e Absolute humidity  Relative hu midit y 

P_1   10% 

P_2   20% 

P_3   30% 

P_4   40% 

P_5   50% 

P_6   60% 

P_7   70% 
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P_8   80% 

P_9   90% 

P   100% 

 
Read the values in the table. What do you notice?  
How do temperature and humidity vary? Can you find a relationship that describes their  
variation? 
Corresponding computer screen  

 

Figure 45 ɀ Screenshot of the psicrometrica.ggb applet interface 

12.1.4  Task 4 

At the end of the previous lesson, the following homework was assigned to students:  

Second Worksheet (Task 4)  

What do you think will be the trend of the graph that represents the values of relative 
humidity as a function of temperature? Try to trace (freehand or with GeoGebra, you choose) 
a likely chart justifying  your choices adequately.  

Students uploaded their works on Classroom the day before the lesson. At the beginning of the 

following  lesson, the teacher devoted half an hour to a classroom discussion (Discussion 2) in 

which she commented on ÓÔÕÄÅÎÔÓȭ ÁÎÓ×ÅÒÓȡ ÓÈÅ ÓÈÏ×ÅÄ ÏÎ ÔÈÅ )7 ÔÈÅ ÖÁÒÉÏÕÓ ÁÎÓ×ÅÒÓ 

provided by the students underlining in particular the different approaches in drawing the graph 

and asking them to motivate their choices. 

12.1.5  Task 5 

During the second part of the previous lesson, students divided in small groups, 2 or 3 people so 

to respect social distancing, worked on the worksheet reported below translated into English. 

The worksheet invited students to open a new GeoGebra applet, Nuovo_psicro (Figure 46), 

showing this time the relationship between relative humidity, on the y-axis, and temperature, on 
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the x-axis. A few questions guided students in observing which magnitudes were represented in 

the new reference system with respect to the old one. Then a table recalled each step of the pot 

experiment, which magnitudes varied and how, and how each step of the experiment could be 

represented on the Carrier diagram. The result was a cycle on the chart. Finally, a question asked 

to reproduce the same cycle in the new reference system. At the end of the lesson the groups 

gave their worksheets to the teacher. 

Third Worksheet (Task 5) 

Open the GeoGebra file Nuovo_psicro.ggb.  
Which are the magnitudes represented on the x-axis and y-axis of the new reference system? 
Which were the ones in the old system?  
When switching from one reference system to another, what is no longer represented by the 
coordinates? Can you identify the magnitude in question in the new reference system? How? 

Search and mark on the new graph the points P and Q, where:  
- In the old reference system, the coordinates of point P are (14.3; 12.06708). It represents 
the point on the saturation curve where the temperature coincides with the dew 
temperature;  
- In the old reference system, the coordinates of point Q are (22.1355; 12.06708). It 
represents the point with room temperature and initial specific humidity: in other words, it 
represents the initial situation regarding the specific humidity (no additional water vapor is 
inserted or removed) and initial room temperature.  

Is it correct to say that if the temperature increases by 8°C, then the relative humidity 
increases by 8%?  
Thinking back to the experiment of the pot, it is possible to describe it in this way: 
 

What happens 
How magnitudes 

change 
How to move on the graph 

Starting from a 
certain initial 
temperature and 
with a given specific 
humidity the pot gets 
cooler. 

Absolute humidit y = 
constant 

Specific humidity = 
constant 

Relative humidity = 
increase  

Temperature = 
decrease 
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While continuing to 
lower the 
temperature  
in the pot, some 
drops of water form 
on the wall: water 
vapor content in the 
air condenses. 

Absolute humidity = 
decrease 

Specific humidity = 
decrease  

Relative humidity = 
constant 

Temperature = 
decrease 

 

Let us take off the 
pot with the fogging 
from the classroom 
and leave that the 
ambient 
temperature returns 
to the initial value. 

Absolute humidity = 
constant 

Specific humidity = 
constant 

Relative humidity = 
decrease 

Temperature = 
increase 

 
Can you repeat the same cycle on the new graph? 
Corresponding computer screen  

 

Figure 46 ɀ Screenshot of the Nuovo_psicro.ggb applet interface 

This task was followed by two hours of classroom discussion, both of 1 hour and about a week 

apart. During the first of the two discussion (Discussion 3)ȟ ÔÈÅ ÔÅÁÃÈÅÒ ÄÉÒÅÃÔÅÄ ÓÔÕÄÅÎÔÓȭ 

attention towards the idea that the two graphs, contained in the two GeoGebra applets, describe 

the same physical situation from two different mathematical points of view. In particular, the 






















































































































































































































































