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Abstract

This PhD dissertation focuses on some particular problems in classical finite geom-
etry and combinatorics. Two intertwined topics have been considered. The first
one is the construction of hemysistems of the Hermitian surface and blocking sets
arising from conics. The techniques used to obtain our contribution are based on
the Natural Embedding Theorem (NET) of maximal algebraic curves on the Her-
mitian surface and the Weil theorem for the number of rational points of a cubic
surface over a finite field. The second topic is the investigation of polynomials which
permute a finite field. Again, the techniques will be of algebraic nature, involving

the theory of plane curves over finite fields and Hasse-Weil type theorems.



Sommario

Questa tesi di dottorato si concentra su alcuni problemi di geometria finita classica
e di combinatoria. Sono stati considerati due argomenti intrecciati. Il primo e la
costruzione di hemisystems della superficie Hermitiana e di blocking sets su coniche
irriducibili. Le tecniche utilizzate per ottenere il nostro contributo si basano sul
Teorema di Immersione Naturale (NET) delle curve algebriche massimali sulla su-
perficie Hermitiana e sul teorema di Weil per il numero di punti razionali di una
superficie cubica su un campo finito. Il secondo argomento e lo studio dei polinomi
che permutano un campo finito. Anche in questo caso, le tecniche saranno di natura
algebrica, e coinvolgeranno la teoria delle curve piane su campi finiti e teoremi di

tipo Hasse-Weil.
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Introduction

The investigation of finite projective spaces has received increasing attention both
for their links with such applied topics as coding theory and cryptography (which
are becoming more and more relevant within ICT) and for their connections to other
mathematical theories, say for example graph theory and group theory. In this thesis
we focus our attention on notions and problems of geometry over finite fields. At the
same time we constantly keep in mind possible applications (e.g. strongly regular

graphs and permutation polynomials).

In the first chapter we present the preliminaries one needs to understand most of
the original part. References are given for the proofs of the theorems, whenever
necessary. To begin with, the basic concepts of algebraic curves defined over a finite
field are explored. The original results of Chapters 4] and [5|strongly rely on this part.
Algebraic curves over finite fields have been much studied in recent years because
of their natural application to several areas of coding theory and cryptography. We
then state the Natural Embedding Theorem (NET) for maximal curves. The NET
provides a powerful method to understand the properties of a maximal curve when
embedded in a Hermitian variety. We will use those ideas in Chapter 2 to construct
new families of hemisystems of the Hermitian surface.

Showing the connections between plane algebraic curves and permutation polyno-
mials (PPs) is the last objective of this part of the chapter. This relation has been
proven useful to find conditions for a polynomial to be a PP, we will investigate
those aspects in Chapters [4 and [5}

After that, we will set the backgrounds for finite classical polar spaces. This second
part of Chapter [I] aims to introduce Chapters 2] and [3] The geometry of finite pro-
jective spaces and classical polar spaces is the main topic and it is divided into three
subsections, each of them focusing on a precise aspect: collineations of projective

spaces, classical polar spaces and geometrical point-line configurations.

Chapter [2] is about hemisystems of the Hermitian surface Hj 2. Hemisystems are

v



interesting configurations which are connected with important combinatorial objects
such as strongly regular graphs, partial quadrangles and 4-class imprimitive comet-
ric Q-antipodal association schemes that are not metric; see [15, [6, [13]. Finding
hemisystems is a challenging problem. The first infinite family was constructed in
2005 by Cossidente and Penttila [I5] who also found a new sporadic example in
Hs.25. Later on, Bamberg, Giudici and Royle [4, Section 4.1] constructed more spo-
radic examples for ¢ = 11,17,19,23,27. Recently several new infinite families of
hemisystems appeared in the literature. Bamberg, Lee, Momihara and Xiang [0]
constructed a new infinite family of hemisystems on Hj 2 for every ¢ = —1 (mod 4)
that generalize the previously known sporadic examples. Cossidente and Pavese
[14] constructed, for every odd ¢, a hemisystem of Hj ,2 invariant under a subgroup
of PGU(4,q) of order (¢ + 1)¢®. Our original contribution is the investigation of
the possibility of constructing hemisystems of the Hermitian surface Hs ,2 by using
the Natural Embedding Theorem previously mentioned. More precisely our goal is
to extend the construction of Korchmdros et al. [34] to the case p = 1 (mod 4).

Methods are of algebraic nature, involving number theory and group theory.

In Chapter [3, we focus on a combinatorial problem, related to point-line configura-
tions with respect to an irreducible conic, viewed as a symmetric polar space. In a
projective plane II of odd order n = m?, let C' be an oval, and 7 a Baer-subplane,
that is, a projective subplane of order m. We ask to compute, or estimate, the num-
ber E,,(C) = E,,,(C,7) of points in 7 which are external to C. The trivial bound is
E,.(C) <|n| = n+ m+ 1 but the largest known example is for E,,(C) = n. The
desarguesian case IT = PG(2,¢?) is worked out. Another statement of the prob-
lem can be given in terms of blocking sets. Given an irreducible conic defined over
PG(2,¢?), consider the set of points which are either on the conic or external to the
conic. The intersection between a Baer subplane and that set is a blocking set with
respect to the tangent lines to the conic. Our goal is to characterize the order of
this set.

The application of the theory of algebraic plane curves to PPs is the objective of the
last two chapters. In particular, in Chapter [4, we use results also known as Hasse-
Weil type theorems for PPs to give a non-existence result for permutation binomials.
Moreover, we state an equivalence relation for binomials. The reason behind that
is to give a contribution towards the systematic classification of permutation bi-
nomials. More precisely, there are in the literature numerous results concerning
permutation binomials, which use neither the same approach to the problem nor

the same notations.
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The last chapter is devoted to the proof of a recent conjecture on permutation
quadrinomials from Niho exponents in characteristic 2.

Recently Zheng et al. [50] characterized the coefficients of f(X) = X+a;X51(2m=1+1 4
apXs2Cm=D+1 4 gaxs3C2m=U+1 gyer Fyom that lead f(X) to be a permutation of Fyem for
(81, 82,83) = (%, 1, %) They left open the question whether their sufficient conditions

were also necessary. We will give a positive answer to that question for most cases.
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Chapter 1

Preliminaries

1.1 Curves and permutation polynomials

1.1.1 Basic properties of finite fields

Given a finite field |F| < oo of characteristic p # 0 we we will write p = charF. We

recall the following results.

Theorem 1.1. Let p = charF. Then p is a prime number and Z, is a subfield of F,
where Z,, = Z/pZ is the field of integers modulo p.

Proof. Define a ring homomorphism

f:Z —F,

n+—— nlg

By the first isomorphism theorem we have the field embedding Z/ ker f < F. Thus
ker f is a prime ideal of Z, namely pZ, where p is the characteristic of the field.
Therefore we have p prime and Z, < F. O]

Given two finite fields E, F such that E < F we denote with [F : E] the dimension of
F as a vector space over E, that is dimg F, and we say that F/E is a field extension.
Since the field F is finite and Z, < F, we have that [F : Z,] < co. Let n = [F : Z,],

then there is a group isomorphism F ~ Z7.

Theorem 1.2 ([30, Theorem 1.2]). Let F be a finite field and p = charF. Then

|F| = p™, for some integer n € Z.
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We now investigate whether or not, given a prime number p and an integer n > 0,
there exists a field F with |F| = p™. Given a field extension K/F, we say that an
element a € K is algebraic over F if it is a root of a polynomial f(X) € F[X]. An
element o € K which is not algebraic over F is said to be transcendental over F. A

finite set A C K is algebraically independent over F' if the map v, is injective, where

va: FlXq,..., %] — Flay,...,qa.], fr— flar,...,a,).

Definition 1.3. Let K/F be a field extension. We say that K has a finite transcen-
dence degree n > 0 over F, and we write trdeg, K = n, if n is the maximum number
of algebraically independent elements of K over F'. Furthermore, we say that K is

finitely generated over F'.

Definition 1.4. Let F be a field; a field K containing F is said to be an algebraic clo-
sure of F if and only if every elements in K is algebraic over F and every polynomial

with coefficients in K splits completely over K.

There is only one algebraic closure up to isomorphism. We denote by F the algebraic
closure of F and we say that F is algebraically closed if F = F. The splitting field of
a polynomial f with coefficients in F is the field generated by the roots of f in the

algebraic closure of F.

Theorem 1.5 ([30, Theorem 1.2]). Let p be a prime and n a positive integer. The
splitting field of XP" — X € Z,[X] has precisely p™ elements.

Theorem 1.6 (|30, Theorem 1.2]). Given a prime p and an integer n > 0, all finite

fields of order p™ are isomorphic.

We will denote the finite field with ¢ = p" elements by F,. Consequently, we have a

Zy-vector space isomorphism F, ~ F}. Note that F, = Z,.

Let ¢ = p", for p prime and n a positive integer. We will denote with F; the

multiplicative group of F,.
Theorem 1.7 ([30, Theorem 1.3)). The multiplicative group (I}, -) is cyclic.

A generator of F} is called a primitive element of F,. For every positive integer d,

define the map :
@/)di ]F; — F;,

a—s a®

The next three results are straightforward consequences of Theorem [1.7]
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Proposition 1.8. The map 14 is a group homomorphism, with ker,; = <04q§1>,

where o is a primitive element of Fy and e := ged(q — 1,d).
The last proposition leads to the following.

Theorem 1.9 ([I8, Teorema 1.11]). Let d be a positive integer, such that d < q and
let e = ged(q — 1,d). The following hold:

o The set of d-th roots of unity in F, is a cyclic group of order e.
e The number of non zero d-th powers in F, is %.

o [fa €T, has a d-th root in IF,, then o has exactly e different d-th roots in IF,.

Corollary 1.10. When q s odd, there are exactly half of the non-zero elements of

F, that are squares, whereas if q is even, every element in I, is a square.

Theorem 1.11 ([30, Theorem 1.6)). Let p be a prime. For each integer n > 0, F,

has a unique subfield of order p™.

Let K/F be a field extension. The Galois group of the extension K/F is
Aut(K/F) = {¢ € Aut(K) : ¢(a) = a for all a € F}.
Furthermore, the extension K/F is Galois if

{a € K: ¢(a) =a for all ¢p € Aut(K/F)} =F.

Theorem 1.12 ([30, Theorem 1.8]). The extension Fyn /F, is Galois and Aut(Fyn /F)) =

(p), where
@: Fpn — Fpn,

a+— ab.
More generally, if m | n, the extension Fpn /Fpm is Galois and Aut(Fpn /Fym) = (©™).
We say that the automorphism ¢™ € Aut(F,n/F,m) is the Frobenius map of Fyn
over F,=. Note that the map
@:FQHFW x+— xf

is the Frobenius homomorphism ", if ¢ = p".

When ¢ is a prime power and n is a positive integer we define the trace and the

norm of a € Fyn from Fyn to F, by
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—_

n—

Tr%(a) = Z ¢(a) = Zaqz,

peAut(Fyn /Fy) i
and
-1
N n pr— pr— - .
cl@= ] é@=d=
peAut(Fyn /Fq)

1.1.2 Affine and projective varieties

Let K be an algebraically closed field and let A"(K) = {(a,...,a,)|a; € K} denote

the affine n-dimensional space over K.

Definition 1.13. Let [ be an ideal of K[X7,..., X,]. We say that
V(I) = {P € AK)|F(P) =0 for all F € I}

is the affine (algebraic) set associated to I. Furthermore if V' = V([) is an affine
set, the ideal

I(V):={F € K[Xy,...,X]|F(P) =0 for all P € V}

is said to be the ideal of V.

Definition 1.14. An affine set V is said to be reducible if V = V; U V5, with V7,
V5 affine sets different from V. V is irreducible if it is not reducible. An irreducible

affine set is an affine variety.

Definition 1.15. Let PG(n, K) be the n-dimensional projective space defined over
the field K, that is the set of (zg,...,z,) € A" (K) such that at least one z; is
non-zero, modulo the following equivalence relation: (zg,...,2,) ~ (Yo, ..., Yn) if
there exists A € K* such that x; = A\y; for all e =0,... n.

We will denote the set {(Aao, ..., a,)|A € K*} by (ag : --+ : ay), the elements of

this set are the homogeneous coordinates in PG(n, K).
Definition 1.16. Let F' € K[Xo,...,X,] and let I be an ideal of K[Xy,...,X,].

(a) F is said to be homogeneous of degree d if (XX, ..., \X,) = MF(Xo,...,X,),
for all A € K.

(b) I is said to be homogeneous if it is generated by homogeneous polynomials.
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Definition 1.17. Let I C K[Xy,...,X,] be an homogeneous ideal. Then
V() :={P € PG(n,K)|F(P) =0 for all F € I}

is the projective (algebraic) set associated to I. Furthermore, if V' = V() is a

projective set, the homogeneous ideal
I(V) :={F € K[Xo, ..., X,]|F homogeneous, F'(P) =0 for all P € V'}
is said the ideal of V.

Definition 1.18. A projective set V' is said to be reducible if V = Vi U Vy with
Vi, Vo € PG(n, K) projective sets different from V. Otherwise V' is irreducible. An

irreducible projective set is a projective variety.

Proposition 1.19. V is a projective variety if and only if I(V') is a prime ideal.

Definition 1.20. Let V' C PG(n, K) be a projective variety, the quotient ring
K[V] := K[Xo, ..., X,]/I(V)

is the ring of homogeneous coordinates on V. The quotient field of K[V] is denoted
by

F+1I(V) .
K(V) = | R G b 1 Is, deg F = I
(V) {G 1| GG homogeneous polynomials, deg degG, G ¢ (V)}

and it is said to be the field of rational functions on V.

Definition 1.21. A rational function o € K(V) is said to be regular at P € V if

there are F, G € K[Xo, ... X,] homogeneous such that oo = gﬁ%g with G(P) # 0.

Assume without loss of generality that Xy, ¢ I(V) and denote z; := ))gi—i((“i)), for

i €{1,...,n}. This means that, any a € K(V') can be written

for f,g € K[X1,...,X,).

Next we define the dimension of a variety which will lead to the notion of projective

curve.
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Definition 1.22. Let V be a projective variety. The dimension of V is
dim V' := degtrg K(V),

that is the transcendence degree of the field extension K(V')/K.

Sometimes is more convenient to use the non-homogeneous coordinates. For the sake
of simplicity, we will explain how to move from an affine equation to a projective
equation (and vice-versa) only for projective varieties of dimension 1 in the projective

plane. However, one can easily generalize to higher dimensions.

Definition 1.23. Let C : F'(Xy, X1, X3) = 0 be a projective variety of dimension 1,
different from the line Xy = 0. The equation

F(X,Y):=F(1,X,Y) =0 (1.1.1)

is the affine equation of C. Moreover, F, is called the dehomogenization of F' with
respect to Xy. Vice-versa, when F(X,Y) is a polynomial of degree d, the homoge-
nization of F' is

X1 X2>. (1.1.2)

F*(Xo, X1, Xp) == X{F | =, =
( 0, 1, 2) 0 (X()’ X()
Theorem 1.24 ([I8, Teorema 3.5]). The homogenization induces a bijection be-
tween the polynomials in K[X,Y] of degree d and the homogeneous polynomials in
K[Xo, X1, Xs] of degree d not divided by Xo. Equivalently, it induces a bijection be-
tween plane projective varieties of dimension 1 (different from Xy = 0) and their

affine part.
Definition 1.25. Let V be an affine variety. The dimension of V' is the dimension

of V' as a projective variety.

Definition 1.26. Let P = (ay,...,a,) be a point of an affine variety V and let
I(V) = (Fi,..., F,). The tangent space to V at P is the affine subspace

r

Tp(V) = ()(dpF; = 0), (1.1.3)

if dp(F) := S5(P) (X1 — a1) + - + S (P) (X — ay).

Proposition 1.27 ([19, Corollario 1.22]). Let s be the dimension of V. The dimen-
sion of the tangent space equals s at each point of V', except for a finite affine proper

subset.
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Definition 1.28. Let P € V, V an affine variety. P is said to be singular if
dim Tp(V) > dim V.

Otherwise, P is simple. Moreover, when V' is a projective variety, P € V is singular
(simple) if and only if it is singular (simple) for the affine part with respect to the

dehomogenization above.

Theorem 1.29. The following bijection holds:

%

{ijectz’ve vam’ety} N {Field extension }
finitely generated over K

over K (1-1-4)

V — K(V)
In this correspondence we have dim V' = trdegiK(V).

Definition 1.30. Let X C PG(n,K) be a projective variety. A rational map from
X to PG(m, K) is an element

We will write ¢: X — PG(m, K).
Definition 1.31. A rational map
¢: X — PGm,K), o= (ap: - :an)
is said to be regular at a point P € X if there exists A € K(X') such that
(1) every Aq is regular at P;
(i1) (Aey)(P) # 0, for some j € {1,...,m}.

Definition 1.32. Let X C PG(n,K) and Y C PG(m, K) be two projective varieties,
a rational map from X to ), in symbol ¢: X — Y, is a rational map of ¢p: X —
PG(m, K) such that for each point P € X at which ¢ is regular we have ¢(P) € ).
Moreover we say that ¢ is birational if there is a rational map ¢ with ¢ o) = Id())
and ¢ o ¢ = [d(X).

From the definition we note that a rational map may not be defined at every point
of X.
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Definition 1.33. A rational map
p: X =Y, o= (ap: )

which is regular at every point P € X is said to be a morphism of X in Y. A

birational morphism is called an isomorphism.

1.1.3 Algebraic curves

Definition 1.34. An (algebraic) projective curve C is a projective variety of dimen-

sion 1.

Definition 1.35. Let C be an algebraic curve and P € C. The local ring of C at P
is
K[C]p := {a € K(C) : a is regular at P}

More generally, a local ring is a commutative ring R satisfying the following equiv-

alent conditions:
1. The set of non-invertible elements of R is an ideal,;
2. There exists one and only one maximal ideal of R.

Furthermore, we say that R is Noetherian if every ideal is finitely generated. Noethe-

rian ring are of great interest in algebraic geometry, see e.g. [2].

Proposition 1.36 ([17, Sec. 3.2, Theorem 1]). K[C]p is a Noetherian local domain,
with maximal ideal

Mp :={a € K[V]p: a(P) = 0}.
Moreover, if P € C is simple, then Mp s principal.

Definition 1.37. We say that an integral domain O (which is not a field) is a
discrete valuation ring (DVR) if O is a Noetherian and local ring and its maximal

ideal is a principal ideal.

Definition 1.38. Let P € C be a simple point of a projective curve C. A local

parameter t of C at P is a generator of Mp.

Our next objective is to associate a valuation map to every simple point of a curve.
Taking this into account, from now on, C will be a non-singular, projective curve C

defined over K. That is, every point P € C is a simple point.
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Proposition 1.39. Let C be a projective curve and t € Mp be a local parameter of
C at P. For every a € K[C]p, a # 0, there exists a unique m € Z and a unique
u € K[C]p \ Mp such that o = ut™. Also, the integer m does not depend on the

choice of t.

Definition 1.40. Let P € C and o € K(C), a # 0. The valuation vp(a) of o at P
is the integer m such that a = ut™ for u € K[C]p \ Mp and t be a local parameter
of C at P.

Note that

K[C]p = {a € K(C) : vp(a) > 0} and Mp = {av € K(C) : vp(ax) > 0}.

The valuation map of a DVR satisfies the properties of linearity and sub-additivity.
Moreover, vp(a) = 0 if and only if o € K\ {0}.

Definition 1.41. A point P € C is said to be a zero of multiplicity m for a € K(C)
if vp(a) = m > 0. A point P € C is said to be a pole of multiplicity —m for
a € K(C) if vp(a) =m < 0.

Given two curves C and D and a non constant rational map ¢: C — D, ¢ induces
an immersion of fields ¢*: K (D) — K(C), which is called the pull-back of ¢.

When dealing with algebraic curves we will write Gal(C/D) for the automorphism
group Gal(K(C)/K(D)) of the automorphisms of K(C) which fix K(D) elementwise,
that is

Gal(C/D) = {o: K(C) — K(C)|o automorphism, o(z) = z if z € K(D)}.

Definition 1.42. Let C and D be two projective curves. A non constant rational
map ¢: C — D is Galois if the field extension K(C)/K(D) is Galois.

Remark 1.43. Note that if C and D are two non-singular curves, there exists a

bijection between the points of D and the orbits of points in C under the action of
Gal(C/D).

Definition 1.44. We say that D is a quotient curve of C, or D is Galois-covered by
C, if there is a Galois map ¢: C — D.

One may ask whether there is a quotient curve for each finite subgroup of Aut(K(C)),

the group of automorphism of K(C) fixing K elementwise. The following theorem
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answers that question.

Theorem 1.45 (|19, Teorema 5.16]). Let G be a finite automorphism group of K(C).
Then the fixed field

Fe={a e K({C)|o(a) =a for all 0 € G}

is such that K(C)/F¢ is Galois and G = Gal(K(C)/Fg). Moreover F¢ is an exten-
sion of K with trdegyFg = 1.

Definition 1.46. The algebraic curve over K which corresponds to Fg, for an
automorphism group G of C (with respect to ([1.1.4)) will be denoted by C/G.

Corollary 1.47. The map G C/G defines a bijection between the finite subgroups
of Aut(K(C)) and the quotient curves of C.

Note that the G acts on the point of C and the point of D := C/G are in bijection
with the orbit of such action. When the base field is finite, we recall that an action
is transitive on C if there is only one G-orbit, that is there exists x € C such that
2% = C. If the action is transitive and |G| = |C|, then the action is sharply transitive.
Furthermore, we say that the G-action on C is faithful if any two distinct elements

of G give two distinct permutations of C.

1.1.4 Plane curves over finite fields

In this section let K = Fq define the algebraic closure of the finite field F, with
q elements. For every integer r the projective space PG(n,Fq) contains the finite
projective space PG(n,¢") :== PG(n,F,) for i > 1.

For the sake of simplicity, we give the definition of genus only for a non-singular

plane curve. We refer the reader to [23] for a deeper approach.

Definition 1.48. Let C : F(Xy, X1, X2) = 0 be a projective and non-singular plane
curve defined over K. The genus of C is defined to be:

(deg FF —1)(deg F' — 2)
5 :

From now on, for a plane curve we mean a projective and non-singular plane curve

defined over Fq.

Definition 1.49. A plane curve C : F((Xy, X1, X2) = 0 is defined over I, if there is
a non-zero constant ¢ € K such that cF(Xo, X1, Xz2) € F,[Xo, X1, Xa]. We say that C is
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[F,-rational, if C is an (irreducible) plane curve defined over F,.
Note that the finite field F» is made by all the elements that are fixed by ®".

Lemma 1.50. A plane curve C is F-rational if and only if for every P = (aq : a; :
az) € C, we have ®(P) := (ad : af : ad) € C.

Lemma holds also for Fy/, in fact, say
O":C—C, (ap:ay:ay)— (P"(ag) : P"(a1) : P"(ag)),

C is defined over Fy if and only if for every P € C we have ®"(P) € C.

The Frobenius homomorphism can be extended to the field of rational functions on

C by using
> aymiE) — > alziz), (1.1.5)
2,7 1,7

and
. f(@1,72) O(f(1,72))
d: K(C) — K(C), o(21, 5) — q)(g(a_vl,:i’z))' (1.1.6)

Definition 1.51. Let C be a curve, P € C and o € K(C) be a rational function.

(a) P is said to be Fyn-rational if ®"(P) = P. The set of F -rational points is
denoted by C(Fyn).

(b) « is said to be Fyn-rational if ®"(a) = . The set of all the F,.-rational
functions is denoted by F(C).

Remark 1.52. Since every projective curve is birationally isomorphic to a plane
curve, what it has been said for plane curves extends to any curves. In particular,
a curve C is F,-rational if and only if it is birationally equivalent to an [ -rational
plane curve, by an F,-rational map, which is a rational map defined by F,-rational

functions, see for example [19, Corollario 1.68].

The Hasse-Weil bound

The purpose of this section is to investigate the number of F,-rational points of a
(non-singular and irreducible) curve defined over F,. The key result is surely the

Hasse-Weil’s bound which provides a lower and upper bound for that number.

Definition 1.53. Let C : I’ = 0 be an irreducible curve over F,. We say that C is

absolutely irreducible over F, if F is irreducible in K = F,.



12 1. PRELIMINARIES

Theorem 1.54 (Hasse-Weil). Let C be a projective absolutely irreducible non-singular

curve of genus g defined over F,. Then

29
CE) =q"+1-) ol (1.1.7)
=1

where a; € C and |o;| = \/q.
As a corollary, one gets the famous Hasse-Weil bound.

Theorem 1.55 (Hasse-Weil bound). Let C be a projective absolutely irreducible

non-singular curve of genus g defined over F,. Then

q+1-29q <|C(Fy)| < q+1+29\/q. (1.1.8)

If C is a non-singular plane curve, then equation (1.1.8)) reads

G+ 1—(d—1)(d-2VG<[CF) Sq+1+(d—1)(d—2)ya  (HW)

Definition 1.56. A curve C is said to be F,-maximal if it attains the upper bound
of the [Hasse-Weil bound; i.e.,

ICE =q+1+ 297,

where ¢ is the genus of the curve.

When the curve C is singular, one can not easily deal with the Hasse-Weil bound.
The reason is that when a point P € C is singular, there may be more than one
generator for the maximal ideal Mp of the local ring K[C]p and one needs to use a
different approach to overcome this problem, namely the function field setting. We

refer the reader to [47] for a very deep and accurate description of this approach.

If a curve C is F2-maximal and N, is the number of his F2n-rational points, then

N, =¢"+ 1+ (-1)"'2g¢", foralln> 1. (1.1.9)

We conclude this section stating an important theorem concerning coverings of max-

imal curves [33].

Theorem 1.57 ([23, Theorem 9.17], Kleiman-Serre). Let D be an I 2-rational curve

covered by an Fp-maximal curve C, by an Fp-rational map. Then, D is an FFp-
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mazimal curve.
We last introduce the notion of a divisor of a (non-singular) curve C.

Definition 1.58. The divisor group Div(C) of a non-singular curve C is defined as
the free abelian group generated by the points of C. An element D € Div(C) is a

divisor on C. Equivalently, a divisor D € Div(C) is a formal sum

D = anP with np € 7Z,
pPeC

and np # 0 for as much as finitely many points P. The support of D is the set

suppD = {P € C| np # 0}.

Addition and subtraction of divisors are defined by summing their coefficients. The
identity is the zero divisor, namely the divisor with np = 0 for all P € C. Given a

divisor D € Div(C), we define the valuation of D at a point P € C as

UP(D) =np.

Definition 1.59. We give a partial ordering to the set Div(C) by the following

relation:

D <Dy — Up(Dl) < UP(DQ) for all P € C.

A divisor D > 0 is said to be effective. The degree of a divisor D is defined as

deg D := Z vp(D),
Pec

which gives rise to a group homomorphism deg: Div(C) — Z.

The next definition shows that an important class of divisors arises from rational
functions. Recall that any non-zero rational function a € K(C) has at most a finite

number of zeros and poles.

Definition 1.60. Let 0 # a € K(C). Then the principal divisor of a is

(o) == Z vp(a)P.

pPeC
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Moreover, if Z is the set of zeros and N the set of poles of a, we define

(@) := Z vp(a) P, the divisor of the zeros of a,
Pez

()00 1= Z — vp(a) P, the divisor of the poles of a.

PeN
The following identity holds: (a) = (a)g — () oo-

Also, recall that we have the following characterization:

re K" <= (z)=0.

Definition 1.61. Two divisors D and D’ € Div(C) are linearly equivalent if they

differs for a principal divisor, that is, there exists an element o € K(C) such that
D =D+ ().

Being linearly equivalent is an equivalence relation, which will be denoted by D =
D'.

Divisors are very useful when we want to describe intersection between projective
curves. In fact, from Bézout theorem, any two plane curves C and D intersect in
exactly degC - deg D points (counted with multiplicity). Thus, we get the following

definition, which is given in a more general background.

Definition 1.62. Given an irreducible variety X and a hyperplane II, the intersec-
tion divisor Z(X,II) on X is defined to be the divisor with support the set of the
intersection points of X and II. More precisely, any point that appears in Z(X, 1)

has degree equal to its intersection multiplicity.

1.1.5 Permutation polynomials

We introduce the notion of polynomial function with respect to the algebra of func-
tions with value over a finite field. This part follows [30, Section 2.3]. For any two
sets A and B, by F(A, B) we denote the set of all functions from A to B.

We aim to investigate the F -algebra F(Fy,F,), for every n > 0. When the field is
finite, every function can be represented by a polynomial function, and vice-versa.

More precisely, let F,[Xy, ..., X,] be the polynomial ring in Xy, ..., X, over F,. Each
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element f(Xy,...,X,) € F,[Xy,...,X,] induces a function
f: F, — F,
(a1, ...,an) — flay, ..., ap).

We want to investigate the map (): f — f. Clearly it is an F,-algebra homomor-

phism. Now define for each element (a1, ..., a,) € Fy the polynomial:

Aarean =[] 11 Z — (1.1.10)

i=1 beFy\{a;}

The set {A(ay,...an) : (a1, .., a,) € Fy} is a basis of F(Fy,F,) (see [30, Section 2.3]).
Consequently, the map () F[Xi,. .., X, — F(IFy,F,) is onto.

Theorem 1.63 ([30, Theorem 2.15]). The homomorphism (): F Xy, ..., X,] —

F(Fy,F,) induces an Fy-algebra isomorphism
FolXu, ... ,xn]/<Xg oy x,) = FELE), (1.1.11)

where (X{—X1,...,X4—X,,) is the ideal of F,[Xy, ..., X,]| generated by X{ —X,,..., X% —
X,..

Note that since we are making the quotient by X! — X;, not only can we represent
each function from Fy to F, by using a polynomial, but also the order of every X; in

the representative polynomial is at most ¢ — 1.

Corollary 1.64. Every function f: F, — I, is uniquely represented by a polynomial
of degree at most ¢ — 1 in F,[X].

Definition 1.65. A polynomial f € F,[X] is called a permutation polynomial of F,

if the function a — f(a) is a permutation of F,.

By Corollary the number of permutation polynomials of F, is ¢!. In princi-
ple, constructing permutation polynomials is simple, and it can be done by using
Lagrange interpolation. However, a main question concerning permutation polyno-
mials over [F; is how to recognize them. Below we will see some useful criteria to
address this problem. For a survey of the most recent advances on permutation

polynomials the reader is invited to see [30] 27, &].

Theorem 1.66 (Hermite’s criterion, [30, Theorem 2.20]). A polynomial f € F,[X]

is a permutation polynomial of ¥, if and only if the following two conditions are both
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satisfied.
(i) f has exactly one root in IF,,.

(ii) For each integer 1 < s < q—2, f* = f,; (mod X? —X) for some f, € F,[X] with
deg fs S q— 2.

The proof of the |[Hermite’s criterion| makes use of the following Lemma, which is of

its own interest.

Lemma 1.67 ([30, Lemma 2.21]). Let ag,...,a,-1 € F,. Then the following two

conditions are equivalent.
(i) ao,...,aq,1 are distinct in F,.
(i) The following holds:

& . [0 fo<s<q-2
aj = :
o -1, ifs=q—1.

j=

An equivalent statement for the [Hermite’s criterion| is the following, which is more

useful in the applications.

Theorem 1.68 ([30, Corollary 2.22]). Let f € F,[X], then f is a permutation poly-
nomaial if and only if the following holds

Zf(X)S={_O’ JasesaT ()

— 1, ifs=q—1

However, computing the summation , that is a power sum for f, may be challeng-
ing. This is the reason why in the next section we will describe a different approach,

connected to the theory of algebraic curves defined over a finite field.

A lot of efforts have been made to find a way to construct permutation polynomials.
The following is referred in [27] as the Akbary-Ghioca-Wang (AGW) criterion.

Theorem 1.69 (The AGW criterion, [27, Theorem 2.1]). Let A, S and S be finite
sets such that |S| = |S|, and let f: A A, f: S+ S, X\: A S and \: A S
be a mapping such that X and X are onto and Ao f = f o X. Then, the following

statements are equivalent.

(1) f is a permutation of A.
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(ii) f is a bijection and f is one-to-one on \~1(s) for all s € S.

The AGW criterion has been thought as a generalization of a result by Zieve [52],
which provides a powerful method to recognize permutation polynomials. This

approach involves the set of (¢ 4 1)-th roots of unity f,41.

Theorem 1.70 ([52, Lemma 2.1]). Let h(X) € Fpe[X]. Then f(X) = X"h(X?') is a

permutation polynomial if and only if the following conditions are satisfied:
(Z> ng(n q— 1) - ]-;.
(i) X"h(X)7! permutes pigy1.

The main advantage of using Theorem [1.70]is that one can simplify by a lot the form
of f, working only out the case X9™! = 1, which may simplify the computations. As
a demonstration of that, a lot of results on permutation polynomials comes from it,

see for example [24] 26, [42].

Connection to algebraic curves

Given a permutation polynomial f € F,[X] we can associate to f the curve Cy defined

by

fX) - fY)
X-Y

Investigating the F -rational points of Cy is certainly a way to recognize whether the

Cfi =0

polynomial f is a permutation polynomial or not. In fact, if a # b are two distinct
elements of IF, such that f(a) = f(b), then the F -rational point (a,b) belongs to
C; and does not lie on the line X —Y = 0. On the other hand, if (a,b) is an F-
rational point of C; not lying on X —Y =0, then f(a) = f(b) and so f(X) is not a

permutation polynomial.

Proposition 1.71 ([8, Proposition 5.1]). Let f(X) € F,[X] and Cs be the associated
plane curve. Then f is a permutation polynomial if and only if there are no (affine)
F,-rational points of Cy off the line X —Y = 0.

Taking this into account, the Hasse-Weil bound gives a strong technique to work
out this problem. Unfortunately, the Hasse-Weil bound works only for irreducible

curves (over F,).

To show that Cy has a suitable F, rational point we do not need to prove that the
curve Cy is absolutely irreducible over F,, but we just need to show that C; has an
absolutely irreducible components defined over F,. More precisely, if f(X) € F,[X]

is such that the numerator of C; contains an absolutely irreducible factor in F,[X]
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(other than X — YY), then, by the Hasse-Weil bound, f(X) is not a PP of F, (when
q is large enough with respect to the degree of f). On the other hand, if we assume
that the numerator of C; does not contain any absolutely irreducible factor in F,[X],
other than possibly X —Y = 0, we get nontrivial conditions on the coefficients
of f(X), which sometimes lead to new PPs (|24 28]). The Hasse-Weil bound is a
powerful tool for PPs when the size of the field (g) is large compared with the degree
of the polynomial function (d); the condition usually takes the form ¢ > Cd* for

some constant C' > 0.

Proposition 1.72 (8, Proposition 5.3]). Let f(X) € F,[X], ¢ > 7, be a permutation
polynomial. Then Cy does not contain any absolutely irreducible component defined
over F, of degree d smaller than /q + 2 and different from X —Y = 0.

1.2 Finite projective and polar spaces

This section aims to introduce basic notions of finite projective spaces and finite
classical polar spaces. Particular regard is given to their automorphism group. We

will follow outline and notation of [44, Chapter 2].

1.2.1 Collineations of finite projective spaces

Let ¢ = p" a prime power and consider the vector space V(n + 1,q) of dimension
n + 1 defined over F,. Any element v € V is represented as a column vector. This
means that vI = [vg,...,v,]. In this section we denote by PG(V) the projective
space defined over V. As common we will call point, line, plane and hyperplane a
0, 1, 2 and n — 1-dimensional subspace of PG(n,q). Moreover, for a vector v € V
and an automorphism o € Aut(F,), we denote by v7 := [v7,...,v7]. Similarly for a

)

point P € PG(V) we denote by P? the image of a map 6 on P.

Definition 1.73. Let V; and V5 be two vector spaces of the same dimension. A
collineation between PG(V}) and PG(V3) is a bijection which sends points to points,

lines to lines and preserves the incidence between lines.

Given a bijection 8: PG(V;) — PG(V4), then 6 is a collineation if IT C II" implies
1 C 11", for any two subspaces II, II' C PG(1}).

Let 0 € Aut(F,) and let A € GL(n+ 1,q) be an invertible (n + 1) X (n + 1) matrix

over F,.
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Definition 1.74. A semilinear isomorphism of V(n + 1,¢q) is a map

Yo,A - V(TL + 1aQ> — V(” + 17Q)7

v — Av?

By I'L(n + 1, q) we denote the group of all semilinear isomorphisms of V(n + 1, q).

Any v € T'L(n + 1,q) defines a bijection on the points of PG(n,q), which is also
a collineation. More precisely we will say that v € T'L(n + 1,q) is a projective

semilinear map. A projective semilinear map with o = Id is a projectivity.

Definition 1.75. The set of all the projective linear (semilinear) maps of PG(n, q)
is a group called projective linear (semilinear) group and denoted by PGL(n + 1, q)
(PT'L(n +1,q)).

Theorem 1.76 (Fundamental Theorem of Projective Geometry, [18, Teorema 1.25]).
Let Vi and Vs, be two vector spaces of the same dimension over F,. Every collineation

between PG(V1) and PG(Va) is induced by a semilinear map v, A.

In line with Chapter 1 we will use homogeneous coordinates P7 = (X : --- : X,,)
to describe a point of PG(n,q). Any hyperplane IT C PG(n,q) can be written as
PTu = 0 for a vector u” = [ug,...,u,11] € V(n + 1,q). Moreover, let 7,4 be a
projective semilinear map, then a point P € PG(n, q) belongs to 1’4 if and only
if (AP°)T(A~Tu?) = PTu = 0, which means that [17>4 is represented by the vector

A Tye

The last part of this section is devoted to the canonical forms of transformation in
the plane. We refer the reader to [40] for more details. The transformations of the
projective plane may be classified (up to projectivities) according to the five types

of invariant figures.

In particular the collineations in case 4 and 5 belong to the class of collineations

fixing an hyperplane.

Case 1: collineations fixing a triangle.
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Case 2: collineation fixing two points and two lines.

Case 3: collineations fixing a lineal element.

case 4 (homology): collineation fixing a line and a point off the line;

Case 5 (elation): collineation fixing a line and a point of the line.
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Definition 1.77. A collineation of PG(2,q) is called a central collineation or per-
spectivity if there exists a line II (called the azis of the collineation) and a point z
(called the center of the collineation) such that each point of II is a fixed point and

each line through z is a fixed line.

We will say that a (z,II)-perspectivity is an elation or a homology according as
z € Il or z ¢ TI. A homology of the plane can be written in canonical form as
(Xo: X1 : Xo) = (aXg: Xy Xy), where « is different from 0 and 1. When oo = —1
we will refer to them as reflection. An elation of the projective plane can be written
in canonical form as (Xo: X7 : X3) — (Xo: X1 + X5 : Xy). Finally, a perspectivity
7 is skew if the points in which intersects sides of a triangle and their images under

7 do not colline.

1.2.2 Finite classical polar spaces
The dual of V(n + 1,q) is the set of linear functionals
Vi(n+1,q):={f: V(n+1,q) — F,| f is linear}.
From a basis B = {ey,...,e,} of V(n+1,¢q) we can construct a basis for V*(n+1, q),
that is B* = {ef, ..., e} }, for €] (e;) := 0; ; (Kronecker’s delta).

Definition 1.78. Let U be a subspace of V(n + 1, q). The annihilator of U is
U ={feV'(n+1,q)|f(u)=0, for all u € U},

and it is a (n + 1 — dim(U))-subspace of V*(n + 1, q).

The correspondence U — U* is a bijection between the subspaces of V(n+ 1, ¢) and
those of V*(n + 1,¢). In particular, U C W if and only if W* C U*. Let PG(V*)
or, equivalently, PG(n, ¢)* denote the dual space of PG(V).

Theorem 1.79 (J44] Proposition 2.5]). PG(n,q) is isomorphic to PG(n,q)*.

Definition 1.80. A collineation between PG(n, ¢) and its dual is called a reciprocity
of PG(n,q).

Recall that any collineation is induced by a semilinear transformation v, 4 : V(n +
l,q) = V*(n+1,q). A reciprocity p induced by 7,4 maps the point P to the

hyperplane AP’ and maps the hyperplane u to the point A~7u’, where A=T =
(A"
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Now applying a reciprocity p twice one has:
PP = (PP)? = (AP?) = AT A" P”
therefore p? is a map induced by A~7A? € GL(n +1,q) and o2 € Aut(F,).

Definition 1.81. A reciprocity p of order 2 is called a polarity of PG(n,q). More-
over, if P is a point e H a hyperplane of PG(n, q), we say that P? is the polar of P
and H? is the pole of H.

Note that for P,Q € PG(n, q) the following holds:
Pe@ < Qe P’

Two such points are called conjugate points.

Definition 1.82. Let p be a polarity of PG(n,q). A point P € PG(n,q) is totally
1sotropic w.r.t. pif P € PP.

The notion of conjugates and totally isotropic points is extended to subspaces of
any dimension. A totally isotropic subspace has dimension at most L"T”J

For every reciprocity p of PG(n, ¢) induced by a semilinear transformation ~, 4 we
define

B:V(n+1,9) xV(n+1,q) — F,,  (u,0) — ulypa(v) =u" A0 (1.2.1)

which is a o-sesquilinear form, that is a map such that
(1) Blu+v,w) = Bu,w) + Bv,w);
(i1) Bu,v+w) = B(u,v) + Bu, w);

(iti) Blau, bv) = ao(b)B(u,v).

A o-sesquilinear form is non-degenerate if 5(u,v) = 0 for all v € V(n + 1, ¢) implies
that v = 0, and S(u,v) = 0 for all uw € V(n + 1,q) implies that v = 0. Moreover,
a o-sesquilinear form is reflexive if f(u,v) = 0 if and only if S(v,u) = 0, for all
u,v € V(n+1,q).

Theorem 1.83 ([44, Lemma 2.6]). Any reciprocity of PG(n,q) arises from a non-
degenerate o-sesquilinear form of V(n+1,q) and vice-versa. In this correspondence,

non-degenerate reflexive sesquilinear forms correspond to polarities.



1.2. FINITE PROJECTIVE AND POLAR SPACES 23

Theorem justifies the following definition.

Definition 1.84. Let 8 be a (non-degenerate) reflexive sesquilinear form on the
vector space V(n + 1,¢q). In PG(n, q), the set of totally isotropic subspaces w.r.t. (3

is called a (non-degenerate) finite classical polar space.

From now on we will consider ¢ odd.
When ¢ is square, given a matrix A = (a;;), by AvV? we denote the matrix Av? =
(a;j/g). There are three types of polarity:

1. Orthogonal polarity : o = Id and MT = M (8 is a symmetric form);
2. Symplectic polarity: o = Id and M = —M;
3. Hermitian polarity: o # Id and MT = MV? (3 is a Hermitian form).

Two sesquilinear forms  and 8" are equivalent if there is v, 4 € I'L(n, ¢) such that
B(Yo.a(1), Vo.4(v)) = ' (u,v), for all u,v € V(n +1,q).

Let 8 be a symmetric form. Upon equivalences, the following are the classes of the

set of the totally isotropic points (w.r.t. 3) and their canonical forms.

1. The elliptic quadric Q= (2m+1,q), m > 1 of PG(2m + 1, q):
XiXo+ o+ Xom—1Xom + [(Xomi1, Xomio) = 0,

where f is a homogeneous irreducible polynomial of degree two over F,.

2. The hyperbolic quadric QT (2m +1,q), m > 1 of PG(2m + 1, q):

X1 Xo 4+ Xop—1 Xom + Xopr1 Xome2 = 05

3. The parabolic quadric Q(2m,q), m > 1 of PG(2m, q):

X1 Xo+ -+ Xop 1 Xopm + X22m+1 =0.

If 8 is a Hermitian form of V(n+ 1, ¢*), up to projectivities, the set of all the totally

isotropic points is the Hermitian variety, that is given by

Hpge : XTH 4+ £ X0 =0
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1.2.3 The Natural Embedding Theorem

In this section we state the Natural Embedding Theorem, a crucial theorem in the
theory of maximal curves [35]. The NET gives an important link between maximal

curves and the Hermitian variety.

Theorem 1.85 (Natural Embedding Theorem, [23, Theorem 10.22]). The follow-
ings hold.

o IfC is F-maximal, then it is F2-isomorphic to a curve D in PG(r,K), such
that D has degree ¢+ 1 and lies on a non-degenerate Hermitian variety defined
over Fg2 of PG(r,K). Furthermore, Autg ,(C) is isomorphic to a subgroup of
the projective unitary group PGU(r + 1, ¢?).

o If C is Fp-birational to a curve D embedded in PG(r,K) such that D has
degree ¢ + 1 and lies on a non-degenerate Hermitian variety defined over F e
of PG(r,K), then C is Fp-mazimal and C is F2-isomorphic to D.

The following is a corollary to the NET, which will be used in the next part of this
thesis to construct new hemisystems arising from maximal curves embedded in the

Hermitian surface Hs 2.

Theorem 1.86 (Corollary to the NET, [34, Result 3.1]). Any algebraic curve C
defined over Fp of degree ¢ + 1 and contained in the non degenerate Hermitian

surface Hs 2 is an Fp-mazimal curve. Furthermore

o The intersection divisor D = I(Hgz2,1lp) cut out on C by the tangent hyper-
plane I1p to Hs 2 at P is

h_ (¢q+1)P, for P € C(Fp)
| gP+®(P), for PeC\C(F,).

o The tangent line to C at a point P € C(Fp) is also a tangent line to Hs 2 at

P, and it has no further common point with Hs 4.

1.2.4 Configurations of point-line sets

This subsection is devoted to introduce some considerable configurations of points

and lines within either a finite projective space or a finite classical polar space.
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m~ovoids and m-regular systems

Definition 1.87. A generator of a polar space P is a maximal dimension totally

isotropic subspace of P.

Any two generators have the same dimension and this common vector space dimen-

sion is called the rank of P.

Definition 1.88. A set of points O of P is an m-ovoid if each generator of P meets

O in m points.

We are interested in m-ovoids of P, when P is the polar space of elliptic quadrics
Q= (5,q). The following theorem is due to Segre [45].

Theorem 1.89. Let O be a non trivial m-ovoid of Q= (5,q). Then q is odd and
m=(qg+1)/2.

The Klein map gives a bijective correspondence between lines of PG(3, ¢*) and points
of QT (5,¢?). In this setting the lines of a Hermitian surface H(3, ¢?) of PG(3, ¢?)
are mapped bijectively to the points of an elliptic quadric @~ (5, ¢) contained in a
subgeometry X ~ PG(5, q) such that ¥ N Q% (5,¢*) = Q (5, q). Moreover the q + 1
generators of H(3, ¢*) through a point are mapped to the points of a line of Q7 (5, q).
Therefore there is a bijective correspondence between points of H(3, ¢?) and lines of
Q~(5,q). Hence it follows that a pointset O of Q(5,¢q) having the property that
every line of Q7 (5,¢) has m points in common with O, i.e., an m-ovoid of Q~ (5, q),
is equivalent to a lineset £ of H(3, ¢*) such that through each point of H(3, ¢*) there

pass m lines of L.

Definition 1.90. A set of lines £ of a polar space P is an m-reqular system if

through each point of P there pass m lines of L.

From Theorem the only possible case for an m-regular system of Hs 2 is m =
(¢g+1)/2. We will call the latter set of lines a hemisystem of the Hermitian surface.

More precisely, a line of PG(3, ¢*) entirely contained in Hj . is a generator of Hs .
The total number of generators of Hz 2 is (¢* + 1)(¢ + 1) and through any point
P € Hs; 4 there exists exactly ¢+ 1 generators and they are the intersection of Hg 4
with its tangent plane at P. Thus a hemisystem of H3 42 consists of £(¢* +1)(¢+1)
generators of Hj .2, exactly %(q + 1) for each point of H3 ..
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Blocking sets

For a given nonempty subset £ of the lineset of PG(2, q), a blocking set w.r.t. L (or
simply, an L-blocking set) is a subset B of the pointset of PG(2, ¢) such that every
line of £ contains at least one point of B. An L-blocking set is said to be minimal

if no proper subset of it blocks all the lines of L.

Blocking sets of PG(2, ¢) with respect to considerable sets of lines have been studied
by several authors. The first step in this regard has been to determine the cardinality

of a blocking set and, if possible, to describe all the blocking sets of that size.

In Chapter [3| we will study a particular blocking set involving an irreducible conic
in PG(2,¢?). More precisely, given an irreducible conic C defined over PG(2, ¢?)
and given a Baer subplane B C PG(2, ¢%), we will investigate the cardinality of the
blocking set BN (£,(C) UC), where E,(C) is the set of external points to C. The set
BN (E,(C)UC) is a blocking set w.r.t. the tangent lines to C.



Chapter 2

Hemisystems from maximal curves

In Chapter 1, we have seen that the Hermitian surface Hs 2 of PG(3,¢?) is the set
of all totally isotropic points of a non-degenerate unitary polarity of PG(3, ¢?).

The approach introduced in [34] relies on the Fuhrmann-Torres curve over PG(3, ¢°)
naturally embedded in Hj 2. Their construction provided a hemisystem of Hs ;2
whenever ¢ = p is a prime of the form p = 1 4 4a? for an even integer a. In this
thesis we investigate the analog construction for p = 1 + 4a? with an odd integer
a, and show that it produces a hemisystem, as well, for every such p. We mention
that a prime number p of the form p = 1 + 4a? with an integer a is called a Landau
number. If Landau’s conjecture is true, that is there exist infinitely many Landau

numbers, then an infinite family of hemisystems is obtained.
Our main result is stated in the following theorem.

Theorem 2.1 ([43, Theorem 1.1]). Let p be a prime number where p = 1 +
4a® for some integer a. Then there exists a hemisystem in the Hermitian surface

Hs 2 of PG(3,p?) which is left invariant by a subgroup of PGU(4,p) isomorphic to
pt

PSL(2,p) x Cpi1, the cyclic group of order Po=.
2

2.1 Hemisystems and maximal curves

In Chapter |1 we have seen that the canonical form of Hj . is

XM+ X+ X X =0

27
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The group of projectivities preserving Hs 42 is isomorphic to the projective unitary
group PGU(4, ¢) and it acts on the points H3 ;2 as a 2-transitive permutation group
[23]. The number of points of Hs 42 is (¢*+1)(¢*+1). A hemisystem of H3 2 consists
of 1(¢* + 1)(g + 1) generators of Hs 2, exactly £(g + 1) of them through each point
of Hsz 2. Up to a change of the projective frame in PG(3, ¢?), the equation of Hj z

may also be written in the form

Hygo: XIT 4+ 2X3 — XIX, — X3 X = 0.

Our aim is to use the [Natural Embedding Theorem| to construct new families of

hemisystems on Hz 4. In PG(2,F,) with homogeneous coordinates (X : Y : Z), the

Fuhrmann-Torres curve is the plane curve F+ of genus }l(q — 1)% with equation

g+1 g—1

Frh:yt-yzrl=X=2>77z2.
The morphism
o: Ft = PGB, F,), (X:Y:2)= (Z>:XZ:YZ:Y?)

defines an embedding (called natural embedding) of F* which is a ¢ + 1 degree
curve Xt whose points (including those defined over F,) are contained in Hsz 4. In
particular, F* is an F-maximal curve. The twin Fuhrmann-Torres curve is defined
by the equation

Foiyl-vzel= X% 2%
and the above claims remain valid with respect to the same morphism. For more
details see [16].

Some useful properties of the Fuhrmann-Torres curve, also valid for any [F .-maximal

curve X naturally embedded in Hj 2, can be found in [34], Sections 2,3,4].

In particular, X" is a ¢ + 1 degree curve lying in the Hermitian surface Hj z.
Furthermore X (FF2) is partitioned in Q and X (F2) \ Q = AT, where Q is the set
cut out on X" by the plane 7: X; = 0. Note that |Q] = ¢+ 1 and |AT] = 1(¢* — q).

Equivalently € is the intersection in 7 of the conic C with equation XoX3 — X3 =
0 and the Hermitian curve H(2,¢?) with equation X{X3 4+ X, XI — 2XI = 0.
Moreover, the above properties hold true for when * is replaced by ~ and X~ is the
natural embedding of the plane curve F~. The curves X and X'~ are isomorphic

over F 2 and Q is the set of common points of X and X'~.
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We use classical terminology regarding maximal curves. In particular, a (real) chord
of X is a line in PG(3, ¢*) which meets X' (F,2) in at least two distinct point, whereas
an imaginary chord of X is a line in PG(3, ¢?) joining a point P € X(F) \ X(F,2)

to its conjugate, that is, its Frobenius image.
The key point of the construction below is the following corollary to the NET.

Lemma 2.2 ([34, Lemma 3.4]). Let C be an F,2-mazimal curve naturally embedded

in the Hermitian surface Hs 2. Then

(1) No two distinct points in C(Fp) are conjugate under the unitary polarity as-

sociated with Hs 4.
(it) Any imaginary chord of C is a generator of Hs 2 which is disjoint from C.

(i) For any point P € Hs,2 in PG(3,¢?), if P ¢ C(Fpz2) and Ilp is the tangent
plane to Hs 2 at P, then IIpNC consists of ¢+ 1 pairwise distinct points which
are in C(F ).

2.2 The Fuhrmann-Torres construction

From now on let ¢ be a prime p = 1 (mod 4) and let X be an F2-maximal curve.

Denote by N2 the number of F .-rational points of &’

Let H denote the set of all imaginary chords of X. Furthermore, for a point P €
PG(3,¢?) lying in Hz 2 \ X (F2), let np(X) denote the number of generators of Hs 2

through P which contain an I 2-rational point of X.

Definition 2.3. A set M of generators of Hjs ;2 is an half-hemisystem on X if the
following properties hold:

(A) Each Fp-rational points of X is incident with exactly 1(q + 1) generators in
M.

(B) For any point P € M3 42\ X (F2) lying in PG(3, ¢*), M has as many as snp(X)

generators through P which contain an F-rational point of X

Note that M consists of 1 (g + 1) N,z generators and H of (¢ + ¢)(¢* — ¢ — 29(X))
generators of H3 . Therefore M U H has exactly 1(¢* + 1)(¢ + 1) generators of
Mo

)

Result 2.4 ([34, Proposition 4.1]). M U®H is a hemisystem of Hs ..
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Let & be a subgroup of Aut(X) and oy, ..., 0, be the &-orbits on X(Fp2). Let G be
the set of all generators meeting X*. Moreover, for 1 < j <r, let G; denote the set

of all generators of Hs 2 meeting o;. Note that & leaves each G, invariant.

Result 2.5 ([34, Proposition 4.2]). With the above notation, assume that the sub-
group & fulfills the hypothesis:

(C) & has a subgroup b of index 2 such that & and b have the same orbits o1, . . ., o,
on X (Fp).

(D) For any 1 < j <r, & acts transitively on G; while b has two orbits on G;.
Let P ¢ X(F ) be a point lying on a generator in G, if

(E) there is an element in Bp not in hp,
then P satisfies (B).

From [34, Lemma 5.1] G is also the set of all generators meeting X'~. In particular,

G splits into two subset

G =G UG, (2.2.1)

where G, is the set of the (¢ + 1)? generators meeting €2, while G, is the set of
the %(q3 — q)(q + 1) generators meeting both A" and A~. Thus, the following

characterization of G is very useful.

Result 2.6 ([34, Lemma 5.3]). The generator set Gy consists of all the lines gy, s+
spanned by the points P,, = (1 :u:v:v*) € AT and Qsp = (1 : s : ¢ : t?) € A™
such that

F:F(v,t) = (v+t) —2(vt + (vt)?) =0
and

w2 =vl—v, —s2 =t1—t uls=(t—v?)>

Result 2.7 ([34, Lemma 5.4]). Aut(F) contains a subgroup ¥ = PGL(2,q) that
acts faithfully on the set F(Fp2) \ F(Fq) as a sharply transitive permutation group.

2.3 Automorphisms preserving G and X"

In this subsection we recall the main results about the group-theoretic properties
involving, X*, X~ and G; see [34, Section 5|. The authors showed that ¥ contains

a subgroup I' which acts sharply transitively on G;. Furthermore, I' has a unique
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index 2 subgroup ® such that
® = PSL(2,q) x O%l.

In particular, ® has two orbits on G;, namely M; and M.
In terms of subgroups of PGU(4, ¢) we have the following characterization.

Result 2.8 ([34, Lemma 5.7)). The group PGU(4,q) has a subgroup & with the

following properties:
(i) & is an automorphism group of Xt and X~
(1) & preserves the point-sets AT, A=, Q and Gy;
(111) & acts faithfully on AT, A~ and Gy;

(iv) the collineation group induced by & on  is &/Z(®) = PGL(2, q) with Z(&) =
CM ;

(v) the permutation representation of & on Gy is I'; in particular = T;

(vi) &/Z(B) acts on Q as PGL(2, q) in its 3-transitive permutation representation.
Furthermore, & has an indezx 2 subgroup by isomorphic to PSL(2, q) X C%l.
With the above notation, in the isomorphism & = I', h and ¢ correspond.

Result 2.9 (|34, Lemma 5.9]). The elements of order 2 in b are skew perspectivities,

while those in & \ b are homologies. Furthermore, the linear collineation v, defined

by

o o o =
|
—
o = o o
_ o o o

interchanges X+ with X~ and the linear group generated by & and v is the direct
product & x (o).

Result 2.10 ([34, Lemma 5.11]). | & acts transitively on G while b has two orbits

on Gs.
From the result of this section, the following theorem follows

Theorem 2.11 ([34, Theorem 5.13]). | Conditions (C) and (D) are fulfilled for
X=X" withl =& and ® = .
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More precisely, G = G; UG,y with G; = M; UM/ and Gy = My UM, where G; and
Gy are the &-orbits on G whereas My, M/, My, M} are the h-orbits on G; and G,
respectively. This notation fits with [34, Section 5].

2.4 Points satisfying Condition (E)

The plane 7: X; = 0 can be seen as the projective plane PG(2, ¢?), with homoge-
neous coordinates (Xy : X5 : X3). Then C is the conic of equation Xy X3 — X2 =0
and 2 is the set of points of C lying in the (canonical Baer) subplane PG(2, q).

The points in PG(2,4¢%) \ PG(2,q) are of three types with respect to the lines of
PG(2,q), i.e.

(I) points of a unique line disjoint from € which meets C in two distinct points
both in PG(2,¢*) \ PG(2, q);

(IT) points of a unique line meeting €2 in two distinct points;
(ITI) points of a unique line which is tangent to C with tangency point of 2.

Points of type (I) - (IT) and points in PG(2, ¢) satisfy condition (B), as can be readily

seen in the next result.

Result 2.12 ([34, Theorem 6.1]). | If the projection of P € Hs 2 on m is a point
P" of type (1) - (IT) or P' € PG(2,q), then condition (E) is fulfilled for X = X7,
=6 and & = 5.

2.5 Condition (B) for case (III) and p =5 (mod 8)

Condition (B) is not always satisfied in Case (III), that is, for points P whose
projection from X, = (0,1,0,0) on 7 is a point P’ lying on a tangent [ to C. Our

goal is to show that [34, Theorem 7.1], proven for p =1 (mod 8), remains true for
p=5 (mod 8),

extending their results to the case p =1 (mod 4).

For this reason, from now on, we assume ¢ be a prime p =5 (mod 8).

Theorem 2.13. Condition (B) for Case (II1) is satisfied if and only if the number
N, of F,-rational points of the elliptic curve with affine equation Y? = X3—X equals
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either ¢ — 1, or g+ 3.

We need few steps before to prove Theorem [2.13] To begin with, we have to prove

the following theorem.

Theorem 2.14. Let n, be the number of & € B, for which f(§) = &' — 488 + 64
is a square in F,. Condition (B) for Case (I11) is satisfied if and only if n, equals
either 3(q+1) or 5(q — 3).

The proof of Theorem [2.14]is carried out by a series of lemmas.

Since ¢ = 5 (mod 8), 2 is not a square in F,. Therefore the proof is carried out

differently.

Let h and —h be the square roots of 2 in F,2. In particular we have that h?4+h =0

and (£h) = —2. Moreover h is a non-square in F .
Moreover h(4=Y/2 = o, with a®> = —1. Thus, a ¢ O, and (1 +a)(1 —a) =2 ¢ O,.

Since & is transitive on €2, the point O = (1 :0: 0 : 0) may be assumed to be the
tangency point of [. Then [ has equation X; =0, X3 =0, and P = (ag : a1 : as : 0)
with a; # 0 and a?™" +2a4™ = 0. If ap = 0 then P = (0:d: 1:0) with d"' +2 =0
and his projection to m: X; = 0is P’ = (0:1:0), which is a point in PG(2,¢). By
Result the case ap = 0 can be dismissed and ay = 1 may be assumed.

Therefore, after the dehomogenization with respect to Xy, consider the affine coor-
dinates (X,Y, Z) for a point in PG(3, ¢*).
We may limit ourselves to a point P = (a,b,0) such that a?™! + 269"t = 0. The

latter equation holds for a = £h? and b = h. Then we may chose
P = (2¢,h,0), wheree € {-1,1}

and we can carry out the case ¢ = 1 and ¢ = —1 simultaneously.

2.5.1 Case of G

We keep up our notation P,, = (u,v,v?) for a point in A*. The following lemmas

are analogous to those in [34] section 7.1].

Lemma 2.15. Letv € F2 \F,. Then there exists u € F2 such that the line joining
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P at P,, is a generator of Hs 4 if and only if
(02 + 2h0)"T = 2:(v? — v). (2.5.1)
If (2.5.1) holds, then u is uniquely determined by v.

Proof. The line | = PP, , is a generator if and only if P, , lies on the tangent plane
to Hs 2 at P. This implies

v? + 2hv
=\ 2.5.2
“ 2¢e ( )
and since P,, € AT then u =7 — v and lis a generator. The converse follows
from the proof of [34, Lemma 7.4]. O

Lemma can be extended to Qs; € A~ provided that u,v are replaced by s,t
and Equations (Z5.1), (253) by

(2 + 2ht)" T = —2e(t1 — 1) (2.5.3)

and t? + 2ht
+
= . 2.5.4
S 5 (2.5.4)

Furthermore P, P, , and (), are collinear if and only if

2e(t? — v?) = t*u — vs,
(2.5.5)

vt —h(v+t)=0.
Thereefore, the following lemma holds.

Lemma 2.16. Let v,t € Fp2 \ F, with F(v,t) = 0. If the line through P,, € A"
and Qs; € A~ is a generator through P, then

vt—h(v+1t)=0 (2.5.6)
holds.

We now count the number of generator in G; which pass through P.

Lemma 2.17. Equation (2.5.1) has ezactly 1(q+ 1) solution in Fp \ F,.
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Proof. Let r = vh™'. We obtain:

1

(r2+2r)'T = ch(r! + 7).
Hence,
-1
(r*+2r)z =-1

and then 72 + 2r is a non-square of F,2. Thus, there exists z € F,2* such that

r?2 + 2r = hz?. Now the system is

h2? = 1?4 2r
(2.5.7)
ahztt = eh(r? +7)
where a = h@=D/2_ Let A = zr~ !, so that
hXr =1+ 2,
(2.5.8)
a(Ar)?t = g(r? 4 ).
Since r = 2/(hA? — 1) we obtain
4o\t — 2e(hA? — 1) — 2e(hA* — 1)7 = 0. (2.5.9)
Now if A = Ay + hAg, with Ay, Ay € F,;, Equation (2.5.9) reads
aA] — 2a\; — deA Ay + de = 0. (2.5.10)

Since the determinant of the matrix of the quadratic form associated to (2.5.10) is
—8e¢, that quadratic form is the equation of an irreducible conic of PG(2,¢q). Thus,
we have exactly ¢+ 1 solutions A of (2.5.9)): if A is a solution, then —\ is too, hence

we have %1 values for both r and wv.

Every solution v of (2.5.1) is in Fp.2 \ F,. In fact, if (hr)? = hr then r? = —r and
Ar = 0, which contradicts the first equation of ([2.5.8]). O

Let o = h*s. Note that « is a non-square of If,.

Lemma 2.18. For every solution v = vy + hvy of (2.5.1)),

«
gV + 5(011)2 + ’Ul) §é Dq.
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Proof. Consider System (12.5.7)) and let z = z; + hze and r = r; + hry. Then

2 2
zy + 225 = 2rire + 2r
{ Phem e e e (2.5.11)

az? — 2022 = 2¢ry.
Summing the two equations we have:
azi = arg(ry + 1) + ery.
Since a? = —1 and ¢ =5 (mod 8), it follows o ¢ [J, and then

ary(ry +1) +er

is a non-square of F,. With v, = r; and v; = 2ry we obtain

a
evy + 5("012)2 +vp) ¢ O,

Our next step is to characterize the generators of G; through P.

To begin with, we need some notions of number theory, which would allow us to
simplify the notation we will use. Note that (2 4 h)%1 = Ah, where,

q+1 . g—1

A=Q2+hn TR = [1+MhTh =1 +h)Th'T. (2.5.12)

Since
A2 = (1+h)™2% = (1+h)(1—h)(~1) =1,
we have A\ = +1. Applying the Frobenius map to (2.5.12)) gives

g+l g—1

A= (1—h)= (=h)'T.

Hence X is independent of the choice of h as a square root of 2.

Proposition 2.19. We have

\ 1, ¢q=13 (mod 16)
-1, ¢=5 (mod 16)

Proof. See Appendix A. m
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Let
—1, if either e =1 and ¢ =13 (mod 16) or e = —1 and ¢ =5 (mod 16)
X =
1, if either e =1 and ¢ =5 (mod 16) or e = —1 and ¢ =13 (mod 16)
Furthermore,
4
vo = —2(h —2x), wug:= E(Z — hx)
and A
to:= =2(h +2x),  s0:= Z(2+hx)
Since h = ¢(2 + Xh)%l,
at1
vl — vy = 4h = u,? (2.5.13)
and
udsy = 16(2 — hx)* = (to — vd)*
Furthermore,

(1}0 + to)q—H =-32= 2(150110 + (tovo)q)
Therefore, F(vg,to) = 0. Thus, from Result [2.6] the line trough Py, ., and Qy, 4, is

a generator gy € G;. Moreover the following hold:

05+ 2hwyg
2

_ ty+ 2Nty

S0
2e

Ug

showing that gy pass through P.

We show how each generator g passing through P can be obtained from gy. If
g = P,,Qs, is aline through P, then, by Lemma [2.16] F(v,¢) = 0 and vt = h(v+t).
Now for o, 8, and § € F,, with ad — 5y # 0, write

_avg + _atg+f
’}/UO—F(;’ ’)/to—i‘(s

From vgty = —8 and vy + tg = —4h, we may write Equation (2.5.6) as

8ay = 2af + 39,

) ) (2.5.14)
p° =8(a® —ad — fv).

Our aim is to show that these equations hold if and only if o, 5,7~ and ¢ depend on
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a unique parameter £ € F, U {oo}. To begin with, let § # 0. Then a # 0. The first

equation in (|2.5.14)) forces
(2a+1)p

8

Together with the other equation, we have

8a® — 3ap* —8a? — 3% = 0.

Let &€ = Ba~!. This implies o?(8a — 3af? — 8 — £2?) = 0. Therefore

2 +8
— o

and the assertion follows for  # 0. For § = 0 we may assume § = 1. If a # 0 then
v = 1/4 and 8a? = —1, which is impossible as —1 is a square in F, while 8 is not.
When 6 = @ =0 and § =1, then v = 2.

Therefore,

(88 + (2 +8)¢ o
vagfg(_guﬂ)vﬁg_g@, vor_%vo— 2(h + 2x). (2.5.15)

Let A¢ and A, be two matrices in GL(2, K) representing the fractional linear maps

ve and voo. Thus,

(€2 + 8)(&* — 48¢% + 64)

det(Ae) = 3 , det(Ay) = (8)7h (2.5.16)
These equations remains true for ¢y, and ¢:
24+ 8)t 2 1
t=te = 5(5 =8l + (& +8) , tee = —1— = —2(h —2X). (2.5.17)
S(—=E2 +24)tg + 8 — 3¢2 —zto

Next, we show that Lemma imposes a condition on & in (2.5.15)).

Lemma 2.20. £+ 8 is a square in F,.

Proof. To use Lemma we rewrite evy + %(vlvg +v1) in terms of £. This requires
a certain amount of straightforward and tedious computations that we omit. From
(2.5.15)), we have
. 462 +8)
x16 — x28% + h(8 — x8§ + &)

(2.5.18)
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and

py = —A0c16 - xk2€2)(8 + 52)7 by = A8 52)(5;— X8¢ + &%) (2.5.19)

where k = 128 + x256& — 2242 4 y32€3 4 2¢4,
Then,

2(1 — xea)(8 + £2)((—16 + 16a) + (8 + 32a)& + (6 + 10a) &€ + £3)?
(64 — 1286 — 11262 — 163 + £4)?

a
5U2+§(U1U2+U1) =

(2.5.20)
Note that (1 + a)(1 —a) = 2 and that 1 + « € 0O, if and only if ¢ = 13 (mod 16).
In fact,

(¢=1)(q+3)
8

l+a=2n"" €0, < h =1
and in this case 1 — « is a non-square in [F.

Since xye = 1 when ¢ = 5 (mod 16) and xe = —1 when ¢ = 13 (mod 16), we get
that 1 — yea is always a square in F,. Hence £* + 8 € [J,,. O

To state a corollary of Lemmas [2.17] [2.18 and [2.20 the partition of F, U {oo} into
two subsets X; U {oo} and ¥ is useful, where x € ¥; U {oo} or z € ¥, according as

z* + 8 € [, or not.

Proposition 2.21. Let P = (2¢,h,0) € Hy 2 with h* = 2. Then the generators in
Gi through the point P which meet X* are as many as np = %(q +1). They are
precisely the lines ge joining P to P,, = (u,v,v?) with u,v as in equation
and (2.5.15)), where & ranges over the set ¥q U {oo}.

2.5.2 Case of G,

This case requires much less effort. The tangent plane 7p at P = (2¢ : h : 0) meets
7 in the line r of equation 2h9Y + Z = 0. Since C has equation Z = Y? in 7, the
only common points of r and C are (0:0:0) and @ = (0: 2h : 8), with Q ¢ Q as
h ¢ F,. Then we have the following result.

Proposition 2.22. Let P = (2¢,h,0) € Hs 2, with h* = 2. Then there is a unique
generator through the point P which meets €2, namely the line | through P and the
origin O = (0:0:0).

From now on, we denote with ¢* and ¢~ the two generators through P when ¢ = 1

and € = —1 respectively.
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2.5.3 Choice of M; and M,

In this last subsection, we are going to choose M; and My such that Condition (B)
is fulfilled.

We have two different generators gg’s, one for € = 1, the other for ¢ = —1:
gy passing through P*(2: h: 0)

and

go passing through P~ (—2: h:0)

Lemma 2.23. The generators gi and g, are in different orbits of ®.

Proof. The linear collineation associated to the matrix W interchanges the two

generators. O

Let r (resp. 7’) be the number of generators in M; (resp. M) through the point
P7T that meet A™. Note that

1
r+r = §(q+ 1). (2.5.21)

Similarly,

Lemma 2.24. The generators {* and (= are in different orbits of ®.

Proof. We use the same arguments of [34, Lemma 7.14]. Indeed, we replace (/—2b,b,0)
and (—+/—2b,b,0) with P™ and P~ and the proof follows. ]

We are ready to choose M; and Ms.
e M, is the ®-orbit containing g; .
e M, is the ®-orbit containing ¢* for r < 7’ and ¢~ for r > r'.

Remark 2.25. As in [34, Proposition 7.15], v’ is obtained counting the squares in
the value set of the polynomial f(£), defined in Theorem More precisely, we
obtain that the number of £ € IF, for which f(§) € O, equals 27" — 1.

Therefore we have the following proposition.
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Proposition 2.26. Condition (B) for case (II1) holds if and only if
Hg—1), and v’ = 1(g+3)
r=-(¢g—1), andr' = -
1 q ) 1 q

or . .
r= Z<Q+3)’ and r' = Z(q —1)

Proof. Note that np = 3(¢ + 3) and that condition (B) holds if and only if half of
them is in M; U M. The choices of r and ' are readily seen. O

Thus, Theorem follows.

Since the properties of the plane curve Cy4

Y2 = X1 - 24wX? + 16w?, with w =2

depend only on ¢ = 1 (mod 4), we also get the proof of Theorem that is
Condition (B) in case (III) is satisfied if and only if the curve Cs

V?=X-X

has ¢ — 1 or ¢ + 3 points. For the details, see [34] at the end of Section 7.

2.6 Proof of Theorem [2.1]

We are in the position to work out the case ¢ = p when p =4 1. We write p = 7,
with 7w € Z[i]. Here, m can be chosen such that 7 = ay +iay and oy = 1. From [40),
Section 2.2.2], N,(C3) = ¢+ 1 —2a;. This implies that condition (B) in case (III) is
satisfied if and only if

p=1+4a> and N,(C3)=q— 1.

Therefore, Theorem is a corollary of Theorem [2.11], Result and Theorem
214
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2.7 Some applications

In the last section of this chapter we will focus on some applications connected to

hemisystems.

Strongly regular graphs

A strongly regular graph with parameters (v, k, A, 1) is a graph with v vertices, each
vertex lies on k edges, any two adjacent vertices have A common neighbors and any
two non-adjacent vertices have p common neighbors. A strongly regular graph I
with parameters ((¢° +1)(¢+1—m),(¢*+1)(¢—m),q—1—m,¢* +1—m(q+1))
may arise from any m-regular system S on the Hermitian surface Hs 2, ¢ odd, where
the vertices of I' are the lines lying on the surface but not contained in S, and two
vertices are adjacent if the lines are incident. Thus, every hemisystem gives rise
to a strongly regular graph with the following parameters: v = $(¢* + 1)(q + 1),
k=3@+1)(q—1), A= 3(¢—3), p = 3(¢ — 1)®. The spectrum of T' can be
hence computed. The first eigenvalue is k, of multiplicity 1, and the other two (the

restricted eigenvalues) are:

br=3[A—w)+VA—p)P+4k—p)]=q-1,

Oy = 5[(A =) = V(A = p)2 + 4k — p)] = 5(—=¢* +q - 2),

of multiplicity

1 1) 2k (-D)QA—p) | 14 3 2
my = 3 [(v 1) (/\—u)2+4(k—u)] 5@ = +2¢° —q+1),

2k+(v—1)(A—
-1+ S| - g -

N |—=

mo —

respectively. See [44], Section 1.4].

The hemisystems on the Hermitian surface Hj,2, for p = 1 + 4a?, constructed
in this chapter produce a strongly regular graph I' with the above parameters for
q = p- We point out that, in the smallest case p = 5, the graph I' has parameters
(378,52, 1,8) and spectrum 52,4%7 —11194 A comparison of I with the Cossidente-
Penttila strongly regular graph ([15]) with the same parameters, shows that they
are cospectral. It is an open question whether these two strongly regular graphs are

isomorphic.
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Two-weight codes from strongly regular graphs

An [n, k]-linear code C' over the finite field F, is a k-dimensional subspace of F,".
Vectors in C' are called codewords, and the weight w(v) of v € C is the number

of non-zero entries in v. A two-weight code is an [n, k|-linear code C' such that
{w: 3w e C\{0} w(v) =w}| =2

For a subset Q of F}, with Q@ = —Q and 0 ¢ Q, define G(Q2) to be the graph whose
vertices are the vectors of ]F’;, and two vertices are adjacent if and only if their
difference is in 2. Moreover, let ¥ denote the set of points in PG(k — 1,q) that
correspond to the vectors in 2, i.e. ¥ = {(v) : v € Q}. An useful result connecting
two-weight linear codes and strongly regular graphs is found in [II] which relies
on projective (n, k, hy, ho)-sets, i.e. a proper, non-empty set ¥ of n points of the
projective space PG(k — 1, q) such that every hyperplane meets 3 in either hy or hs

points.

Result 2.27 ( [I1, Theorems 3.1 and 3.2]). Let Q and ¥ be defined as above. If
Y ={(v;) :i=1,...,n} is a proper subset of PG(k — 1, q) that spans PG(k —1,q),

then the following are equivalent:
(i) G() is a strongly reqular graph;
(11) 3 is a projective (n, k,n —wi,n — wq)-set for some wy and wsy;

(iii) the linear code C' = {(x - v1,X-Va,...,X-Vy) : x € F¥} (here x - v is the
classical scalar product) is an [n, k]-linear two-weight code with weights w, and

wsy.

Since an m-regular system on the Hermitian surface provides an m-ovoid O on the
elliptic quadric @~ (5, ¢), the hemisystems constructed in the previous sections give
rise to a projective set.. Moreover, see [5 Theorem 11], an m-ovoid on the elliptic
quadric @7 (5, q) is a projective (m(q" ™ +1),6,m(q" +1),m(q" + 1) — ¢")-set and it

produces a strongly regular graph with parameters:

(¢°,m(q —1)(¢* +1),m(qg — 1)(3+ m(q — 1)) — ¢*,m(q — 1)(m(q — 1) + 1)).

Since m = %(q + 1) we get a strongly regular graph with parameters (¢°, %(q3 +
1)(¢* — 1), 4(¢* = 5),%(¢* = 1)), and the 1(q + 1)-ovoid O is a projective (3(¢* +
1)(g+1),6, (> +1)(g+1), 2(¢* — ¢* + g+ 1))-set, which gives a [3(¢>+1)(g+1), 6]-
linear two-weight code with weights wy = 1¢*(¢> — 1) and wy = 3¢*(¢*> +1).
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Chapter 3

Blocking sets and conics

Combinatorial problems in finite projective planes often ask to count the number of
points in the intersection of two algebraic subsets. A typical problem of this kind,
posed in [I], is the following. The points of a projective plane PG(2, ¢) fall into three
classes with respect to an (absolutely) irreducible conic, namely the points lying on
two tangent lines (external), on no tangent line (internal) and the point s on the
conic. Let C and D be two distinct irreducible conics. The points of D fall into one
of three subsets, namely those points F¢ (D) of D that are external to C, those points
I¢(D) that are internal, and CN'D. This gives rise to the functions e¢(D) = |Ec(D)|
and tc(D) = |Ic(D)| defined over the set of all conics D distinct from C. The
combinatorial problem is to compute, or estimate the value sets of ¢ = g¢(D) (or
equivalently of ¢ = 1¢(D)). A solution is given in [I]: either e =0,¢ —1,¢,q + 1, or
(g—1)—(/g1—3) <e <3i(¢g—1)—(\/g+3). Let PG(2,q) be the projective plane
defined over a finite field F, of odd order, canonically embedded in the projective
plane PG(2,¢*) over the quadratic extension Fp2 of F,. Let C be an (absolutely)
irreducible conic of PG(2, ¢*) with homogeneous equation F(Xy, X, X5) = 0 where
F € F,p2[Xo,X%1,Xo] is an irreducible quadratic form. Then the number of points
of C lying in PG(2,q) is at most 4 unless C is a conic defined over F,, that is,
F € F,[Xo,X%1,X2], in which case that number equals ¢ + 1. In this chapter we
are interested in the number E,(C) of external points to C which lie in PG(2, ¢).
Since conics defined over F,2 are not equivalent over F, in general, E,(C) viewed
as a function of C is not expected to be constant when C runs over all conics of

PG(2,¢?). Our goal is to determine the relative value set.

The main results are stated in the following theorems.

45
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Theorem 3.1. Let C be a conic in the desarguesian plane PG(2,¢*) with at least
one rational point in PG(2,q) and ¢ > 5. Then

E,(C) = ¢* if and only if C is defined over F,.

Theorem 3.2 ([41, Theorem 1.2]). In the desarguesian plane PG(2,¢*) let C be a

conic not defined over F, with at least one F,-rational point. Then:
e Forq=3, E,(C) €{3,4,5,6,7,8,9};
o for q=1>5, E,(C) € {11,12,14,15,16,17, 19,20, 21,22, 25};

e for g > 5, we have

FA(€) = 5+ (o= 1)g = o),

where ng € {0,1,2,3} and a € {1,2,3,4,5,7}, and a — ng is even.

Remark 3.3. When ¢ = 3 all the values occur, that is 7 possibilities.
When ¢ = 5 the only values missing are {16, 22}, that is 2 out of 11.
When ¢ > 5 we have 13 possibilities.

3.1 External points

Our notation and terminology are standard; see [12, 20, 21, 22]. In particular, for a
point (Xp : X : X5) of PG(2,4¢*) we also use the shorter notation X = (X, : X :
X5). Let

F(Xo, X1, X2) = Y a;X;X;.

0<i,5<2

where a;; € F,2, and det(a;;) # 0. Then C has equation X' AX = 0, for

aol ap2

oo —5 7

— a01 a2

A 2 aiq 2
ap2 ai2

o o G422

For any two distinct points P and @ in PG(2, ¢?), the line PQ meets C in PG(2, ¢°)
or in a quadratic extension PG(2,¢*) of PG(2,¢?), and their common points arise

from the roots (£,7) of the homogeneous Joachimsthal equation

EP'AP + 269 P AQ + 9*Q'AQ = 0.
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More precisely, if (£,v1) and (&,7,) are the (non necessarily distinct) non-F,-
proportional solutions of the Joachimsthal equation, then the common points are
U, = &P+ 9;Q for i = 1,2. Joachimsthal equation is useful to distinguish between

external and internal points of C.

Lemma 3.4 ([12, Theorem 7.51)). If P runs over the set of all external points to C
then the values P' AP are all squares or all non-squares. For an external point P,

if PYAP is a square then Q'AQ is a non-square for every internal point Q) to C.

Therefore, in terms of the equation X! AX = 9% with ¢ € F2 \ {0}, the problem of
determining F,(C) asks to find its homogeneous solutions X = (X : Xj : Xy), with
X; € Fq.

3.2 The maximal case
We start the discussion with a conic C defined over F,. Write the equation of C as
C:aX?’+bXY +cY?+dXZ+eYZ+ fZ72 =0,

with a,b,c,d,e, f € F,.

Lemma 3.5. Let C be a conic defined over ¥, with matrix A. For every point
P € PG(2,q) we have P'AP € 0.

Proof. P*AP is an element of F, and so a square of Fz. O]

Theorem 3.6. Let C be a conic defined over F,. The number E,(C) of external
points to C in PG(2,¢*) which lie in PG(2,q) is ¢*.

Proof. Any irreducible conic defined over F, has ¢ + 1 points over [F,. From Lemma
the remaining points of PG(2, q) are either all external or all internal to the conic
C. Let tp be the [F,-rational tangent to C at an [F-rational point P. Now any other
point of ¢p defined over F, is an external point to C (note that this set is non-empty
as tp is defined over F;). In particular, this means that any point of PG(2,¢) is
either on the conic or is external to the conic. Since |PG(2,q)| = ¢*> + ¢ + 1 points,

this implies that there are other ¢? external points. O
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3.3 Conics with at least one point in PG(2, q).

Up to a change of the reference system, we may assume that C contains the point
(0:1:0). Then C has equation

C:aX?+bXY +cXZ+dYZ+eZ?=0 (3.3.1)

with a,b,c,d, e € Fp where either b # 0 or d # 0. From now on we may assume
b# 0. In case b = 0 we can apply the collineation (X : Y : Z) — (Z : Y : X) which

swaps b and d.

Lemma 3.7. If P runs over the set of all external points to C then the values P' AP
are all squares or all non-squares according as —bed + ad® + b’e is a square or a

non-square 1 F.

Proof. Since the tangent line to C at @@ = (0 : 1 : 0) has equation bX + dZ = 0, the
point P = (—d/b:0: 1) of tg is external to C. We have PT AP = (—bcd+ ad?+b%e).
Now, Lemma [3.7] follows from Lemma [3.4] . O

Remark 3.8. Without loss of generality we can always suppose —bcd+ad*+b%e € Ope.
Indeed, if —bed + ad? + b%e = ay?, with a ¢ 0,2, we only need to multiply by a the

equation of C.

Equation X'AX = ¢? with ¢ € F,2 can be rewritten over F, as F,» is a finite
extension of Iy, that is, the elements of Fp are of the form 2z = 2z, + ez with
21,29 € F, where € € F2 is a root of an irreducible polynomial p(X) = X? — w over
[F,. Since the other root of p(X) is €7, we have € + €7 = 0. Thus, X*AX = ¥? reads

over F:

{%X? +0XY +aXZ+AYZ +aZ? =+t (3.3.2)

s X? + 0o XY + X Z + dyY Z + 227 = 211ty
where a = a1 + €as, b = b1 +€by, c = ¢1 +€co, d = di + €dsy, € = €1 + €eo, ¥ = t1 + €ty
and w = €2. Since we have b # 0 or d # 0, we can assume dy # 0 or by # 0 without

loss of generality. From the second equation then

—6222 + 2t1t2 - CQXZ — a2X2

Y =
daZ + by X

(3.3.3)

Note that we lose the point (0 : 1 : 0). Substituting Y by the expression on the right
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hand side gives
21ty (01 X +dy Z) — (5 +witd) (be X +do Z)+ AX*+BX?*Z+CX Z*+DZ* = 0, (3.3.4)

where A = —agbﬁ—ale, B = bgCl—blCQ—CZle —|—Cl1d2, C= —02d1 +Cld2+bgel—b1€2,
D = dye; — dies and w = €* is a non-square of F,. Note that Equation (3.3.4) is

equivalent to:

(2t1t2—(a2X2+02XZ+62Z2))(b1X+d1Z)+(a1X2+chZ+elZQ—t%—wtg) (b2X+d2Z)

Remark 3.9. The number of solutions (X : Y : Z) of System (3.3.2)) can be ob-
tained (but it is not necessarily equal) by counting the points over F, lying on the
cubic surface S: F(t1,t2, X, Z) = 0 of PG(3, ¢) with homogeneous equation ((3.3.4)).

Here PG(3, ¢) stands for the projective space over I, with homogeneous coordinates

(t17t27X7 Z)

Remark 3.10. Note that the conic C of equation (3.3.1)) is defined over F, if and only
if the following hold:

arby = Clzbh c1by = 0251, diby = dzbh e1by = exb;.

Lemma 3.11. With the notation above, if (A, B,C,D) = (0,0,0,0) then C is a

singular conic.

Proof. The determinant of the matrix associated to the polynomial defining
Cis

;l(—al — age + (by + bae)(c1 + coe — (b1 + bac)(e1 + €2€))),

where we write every element 2z of Fp2 as z = 21 + €z with 21, 2o € F; where € € Fe
is a root of an irreducible polynomial p(X) = X%+ 3 over F,. Sinced =1 and D = 0
we have that e = 0. Furthermore, A =0, C' =0 and B = 0 imply respectively:

azby

a; = b_7 co = boey and ag = bycy — bycs. (3.3.5)
2

Then det(A) = 0. O

Remark 3.12. Since by hypothesis the conic C is non-singular, we cannot have
(A,B,C,D)=1(0,0,0,0).
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Lemma 3.13. The cubic surface S, defined by the equation (3.3.4)), is irreducible if
and only if byds — bady # 0.

Proof. Note that we can write the equation of S as
H(t1,t2, X, Z2)+ G(X,Z) =0,

with F' of degree 1 in X and Z. Hence the only possibility for S to be reducible is

the following one:
(k1 X + ko Z)(Hq(t1,t2) + G1(X, Z)) =0, (3.3.6)

where Hy(t1,t3) + G1(X, Z) may be reducible itself.
Consider now bydy — bad; = 0. Then the plane 7 : b1 X + d;Z = 0 is a component of
the cubic surface S. Indeed, using (3.3.4)), we have

(le—l-dlZ) (bgt%—letltz—i-bgwtg—l—(bl(ZQ—albg)X2+(blCg—bgcl)XZ—i—(bleg—bgel)ZQ) =0.

Hence S is reducible.
On the other hand, if S is reducible, using Equation ({3.3.6|) and the identity principle

of polynomials, we have

k‘1X + kQZ - h(le + dlZ)
k1 X + ks Z = j(byX + doZ)

which implies h(01 X + d1Z) = j(be X + dyZ), for some h,j € F:; and so bjdy =
bod; . O

3.3.1 Irreducible case

For a survey on cubic surfaces see [38]. In this section we suppose S irreducible. In

particular we know that bidy — bad; # 0 or equivalently %l ¢F,

Remark 3.14. In this case we can set d = 1. Indeed, we can divide the equation
(3.3.1)) by d, since we have d # 0 and b # 0. This also implies by # 0.

We want to find a bound for the number of rational points of S. If § is a smooth

surface we have the following theorem, see [38, Theorem 27.1 and Table 1 §31].

Theorem 3.15 (Weil). Let S be a smooth cubic surface defined over a finite field
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F,. Then
IS(Fy)| = ¢* + ag + 1,

with o € {—2,-1,0,1,2,3,4,5,7}.

The missing case is when S is singular. We start our investigation from the possible

singularities of S.

Theorem 3.16. Let S be the cubic surface defined by equation (3.3.4). Then S has
at most one singular point P. In this case P is a double point and is defined over
F

q-

Proof. Let S: F(t1,t3, X, Z) = 0. The condition g—g = g—f; = 0 implies

ti—et3=00or X =7 =0.

This means that t; =t =0, ase € Fp \F,,or X =2 =0. When X =72 =0

together with g—f; = g—; = 0 imply

21taby — bo(t? + wit2) = 0
{ tbaby = ba(ty + wi) (3.3.7)

2t1t2 - O

Hence t; =t = 0. We need to study

F

O 3 AX? 4+ 2BXZ+CZ% =0

gjg (3.3.8)
— =BX*+20XZ+3DZ*=0
0z

If A2 0 then Z = 0 implies X = 0, so we can have only solutions of the form

(0:0:5:1). The system becomes

8—F:3AX2+2BX+C=0
0X (3.3.9)

OF
~— =BX?420X +3D =
57 +20X +3 0

Note that System ([3.3.9)) has either one or two solutions (counted with multiplicity).

The second case is only possible if either the two equations are proportional, namely

3A=kB, B=kC and C = 3kD,
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or

B=C=D=0.

In any cases we have a double root (_Tl and 0). Hence we can just have one singular
point, say P = (0: 0 : 8 : 1). Note that this still remains true when the characteristic
of the field is 3 and B = C = 0. Furthermore, 3 needs to be an element of F,,
otherwise P’ = (0:0: $7: 1) would be another singular point different from P.

Suppose now A = 0. System (3.3.8]) becomes

oF

— =2BXZ 7% =

X +C 0
oF 9 9

If Z =0 and B # 0 then we have no solutions. If Z = 0 and B = 0 we have only
the solution (0:0:1:0). If Z # 0 we can suppose Z = 1:

OF

— =2BX+C =

%X +C=0

F

— =BX?+20X +3D =
57 +20X +3D =0

Note that B needs to be different from 0. Indeed, if B = 0 then we have C' = 0 and

D = 0. Hence we can have at most one solution which is defined over F,.

Finally, observe that P = (0:0: X : Z) cannot be a triple point for S. Since both

dy and by cannot be zero, the condition %275(13) = %275(13) = 0 implies —2(byX) =
1 2

—2w(beX) and then w = 1, which is a contradiction as w is a non-square of F,. [

We are going to study the tangent cone at a singular point P to investigate the
number of points of S. See [9]. Remember that the tangent cone Tp(S) is the set
of all tangent lines at a singular point P of S. When § is a cubic surface we have

four possibilities for the tangent cone Tp(S):

e a quadric cone;

a line (the intersection of two planes defined over F2.);

a couple of distinct planes;

a repeated plane.

Theorem 3.17. With the notation above, the tangent cone Tp(S) at P=(0:0:1:
0) or P=(0:0:p:1) is a quadric cone with the exception of f = —1,0. In these

cases it is a couple of planes either defined over Fp2 \ F, or over F,. In particular
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there are ¢+ 1, 1, 2q + 1 tangent lines through P, respectively.

Proof. The point P = (0:0:1:0) is singular if and only if A, B =0 (and so C # 0
by hypothesis). In this case the associated matrix of Tp(S) is

—bs by 0 0
b —b 0 0
T— 1 oW
0 0 0 0
0 0 0 C

It follows that Tp(S) is a quadric cone.
When P = (0:0:/:1) the tangent cone has the following associated matrix:

—bB bB+1 0 0

| B+ b 0 0 :<7'1 0)
0 0 B+3A3 C+Bp 0 T
0 0 C+BB 3D+C8

Note that 3 satisfies 3D + C8 = —(BfS*+ Cp) and C' + B3 = —(3A3? + Bf3). This
implies that |7| = 0. Indeed,

72| = —(BB +3AB%) (BB +C) + (BB +3AB%) (BB +C) = 0.

Furthermore the rank of 7 is 3 except when
1. B=C =D =0. In this case we have § = 0.

2. B# 0 and § = 32. This case occurs when System (3.3.9) is reduced to the
single equation X? +2X + 1 =0. Thus, 8 = —1.

In both situations the rank of T equals 2. ]

We want to study the maximum number of lines through P = (0:0: 5 : 1) entirely
contained in §. We apply to § the invertible projectivity defined by

(t1:te: X Z) = (ty:te: X — BZ 1 Z),
so that

S Z(2(1+b18)tita—(baB) (t1+wit3)+(3BAB+B) X?)+ X (2b1t, ta—bo (15 +wt3) +AX?) = 0
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and P'=(0:0:0:1). This means that we need to study the system

{¢2(t1,t2,X) = 2(1 4 b1 f)trts — (baf) (17 + wi3) + (3AB + B)X* =0 (3.3.10)

b3ty ta, X) = X (2b1t1ty — bo(t? + wit2) + AX?) =0

In fact, each point satisfying System ((3.3.10]) corresponds to a line through P’ con-

tained in &’.

Theorem 3.18. With the notation above, if o is the number of lines through the
singular point P', then a € {0,2,4}.

Proof. The homogeneous polynomial ¢, cannot be a factor of ¢3. Thus, we have at
most 6 points of intersection. According whether ¢o(t1,12,0) is irreducible or not
over [F, we lose or have two intersections and for every solution (t; : ¢ : 1) we have
also the solution (—t¢; : —t9 : 1). This implies that o # 1. Now note that we have
at most two solutions with X = 1. They are given precisely by ¢; and ¢, satisfying
tity = c1, where ¢; € F, \ {0} depends on A, B and f. O

Remark 3.19. Note that when ¢9 is reducible (5 = 0 or f = —1) we have a = 0
when we deal with two complex planes. In particular for § = 0 this cannot happen

and hence o = 4.
We are ready to state the main theorem.

Theorem 3.20. Let S be the irreducible cubic surface defined by Equation (3.3.4)
with a singular point, say P = (0:0: 3 : 1), and let By = (1 + b;3)? — b25%w. The
following are the only possibilities for S, = |S(F,)|.

C+aqg+1, if B#0,—1

¢ +3¢+1, if =0

CHq+1 iff ¢, B8=—1
\q2+(a—1)q+1, if B €0y, 8= —1

where o € {0,2,4} if f1 ¢ O, and o € {2,4} if p1 € O,.

Proof. This proof relies on the above results. In particular, since P is a double point,
every line passing through P, not in Tp(S), meets S in exactly one point (different
from P). Thus, we need to subtract from ¢? + ¢ + 1 the number of lines contained

in Tp(S) through P and add ¢ whenever one of these lines lie on S. O



3.3. CONICS WITH AT LEAST ONE POINT IN PG(2,q). 55

We will use the following notation.

S, is the number of points defined over PG(3, ¢) of S; moreover we set ngy and

N t0 be the number of the ones with t; = t, = 0 and X = Z = 0 respectively.

Lemma 3.21. With the above notation, let C be a conic defined by Equation (3.3.1).
Then )
E,(C) = 1(8,~n— ns)

Proof. The points of C can be obtained putting ¥ = 0 in the system whereas
E,(C) is obtained counting the points of S(F,) with ¥ # 0. This means that every
point of S(F,) with ¢; = ¢, = 0 is an [F-rational point of C. Furthermore, we need
to subtract the points with X = Z = 0, since they correspond to (0 : 1 :0) which is
on the conic. Note that for fixed X, Y, Z we have either 0 or 2 solution for (t;,%2)
defined over [F,. The discriminant of the quadratic equation in ¢; (or t9) is
actually different from 0. This because w is not a square in [F,. Thus, for every
point (X : Y : Z) of C(F,), we have two points (t; : &5 : X : Z) of S(F,) so, after we

subtracted the values of ng and n.,, we need to divide by two. O
Lemma 3.22. With the above notation, we have no, = q+ 1 and ng € {0,1,2,3}.

Proof. The points of S(F,) with ¢t; = 0 and ¢, = 0 can be obtained as follows:

e A =0. In this case we have at least the point (0:0:1:0) and at most other
two points, (0:0: 5 : 1), with 8 solution of

BX?+CX + D =0.

e A #0. The points are (0:0: A : 1), with A that runs over the solution set of
AX3 4+ BX?*4+CX +D =0,

that are at most three.
The computation of n, follows easily. Indeed, the number of points (1 : ¢ : 0 : 0),

for t1,to € Fy, is ¢ + 1. O

Now we are ready to establish the possible values for E,(C). The values of S, come
from Theorems and , for § non-singular and singular respectively.
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Corollary 3.23. Let S, = |S(F,)|. With the notations above:

E,(C) = 5(8,~no—q 1),

Corollary 3.24. With the notation above, the possible values for E,(C), when S is

non-singular are the following

o £,C)=1%(*+ (a—1)qg—ng), withng = 0,2 and a € {—2,0,2,4}

D=

o £,C)=12%(¢*+ (a—1)qg—mng), withng=1,3 and « € {—1,1,3,5,7}

N =

Proof. We just need to study the parity of ¢*+ (a—1)g —ng to establish the possible

values for ng and «. O

3.3.2 Reducible case

Throughout this section we will suppose b # 0 and % € [, or equivalently bidy =
dy1by. The case d # 0 is analogous.
Thus, from the proof of Lemma [3.13| we know that S splits as

S=1TUQ,

where II is the plane defined by 01X 4+ di1Z = 0 (or by X + dsZ = 0) and Q is ais a
possibly degenerate quadric surface of PG(3, q) in t1,t2, X, Z.
The equation of S is

(le—FdlZ)(bgt% —2b1t1t2+b2wt§+ (b1a2 —&1b2)X2—|— (b102 —bgcl)XZ—l- (b162 —b2€1)Z2>

We study the two factors separately. Remember that C is defined by equation (3.3.1]).

Lemma 3.25. The line of PG(2,q) defined by byX + d,Z = 0 is the tangent line to

C at the point (0:1:0). In particular, it contains exactly q external points to C.

Proof. By a straightforward computation

d - dlbl — (,Udgbg 1 b%dzbl — Wb%dle dlbg d1

b B2 —wb: bbb —wb® bbby by

This means that the lines b.X +dZ = 0 and b; X + d1Z = 0 are actually the same.
In particular this is the tangent line to C at (0: 1 :0). O
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Remark 3.26. Lemma |[3.25 implies that the plane II is contributing with exactly ¢
solutions to System ({3.3.2)), see Remark

From now on we focus on the quadric surface Q, defined by

bgt%—2b1t1t2+b2wt§+(blag—albg)Xz+(blcg—bQCI)XZ+<b1€2—b2€1>ZQ =0 (3311)

First, note that if byas — a1b = 0, byco — bacy = 0 and byes — bye; = 0 then the conic
C is defined over F,, so we can skip it now (see Section [3.2)).

One associate matrix of Q is

b, —b; 0 0
M= —b1 bQ(A) 0 O/ ’

0 0 d §

0 0 £ ¢

where a’ = bias — a1by, ¢ = bica — bacy and €' = bies — boey. As mentioned above,

we can assume that at least one of @/, ¢ and €’ is non-zero.
Lemma 3.27. Let §' := ¢? — 4d’¢’ and 6 = biw — b3.

(0:0:—=c:2d), ifd #0,
(0:0:1:0), ifd =0

e if &' =0 then Q is a quadric cone with vertex v =
e if &' #0 then Q is a non-singular elliptic or hyperbolic quadric;

Proof. The determinant of M is A = —168 = 1(b3w — b?)(4d’e’ — ¢?). Since wis a
non-square of I, and b # 0, we have A = 0 only when ¢’ = 0. The proof follows

from the classification of quadric surfaces. See for example 21 pg. 14]. ]

Lemma 3.28. We have

Ey(C) = (12| = 1Qo] = TIN Q| + Qo N1I[) + ¢,

N | —

where Qp = {(t1,t2, X, Z) € Q|t; =ty = 0}.

Proof. We have already seen that II gives its contribution of ¢ points to E,(C). The
remaining points that contribute to E,(C) are those on Q not in II nor Qq (as the

points of Qg correspond to points of C), so the equation follows easily. n
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From the previous lemma, we need to understand better the mutual position between

II, O, and Q to achieve our goal.

Lemma 3.29. II meets Qq if and only if Kk = 0, where
k:=d'd} — cdb +€'bi,

in which case [ILN Qy| = 1. Furthermore, when ¢’ = 0, IIN Qq is the vertex of the
quadric cone Q, if ' # 0, and the empty set, if a’ = 0.

Proof. The plane IT meets Qg only at one point, that is (0: 0 : —d; : b;). Note that
0’ =0 and o’ = 0 imply ¢ = 0. Thus, k needs to be different from zero otherwise

we have ¢ = 0 too. The claim follows from standard computation. O

Corollary 3.30. We have

0, if Kk #0
|Qo NII| = ,
1, if k=0
Lemma 3.31.
0, if &' ¢ O,
|Qol =<1, if &' =0
2, if o' € O,

Proof. This result follows from standard theory. See [21), Table 15.5] for more details.
O

We are ready to describe the situation for every type of Q.

Theorem 3.32. Let S = 11U Q, with Q quadric cone (6’ =0). Then

(1
§(q2—Q)+q, if K =0,0 €,
1
EC)={ 5@+ +q ifn=006¢0, . § = biw — b2,
1
(3@ =D +a ifx#0

Proof. If § =0,

e 1 = 0. This means that Il is a plane either meeting O only at the vertex

v or through two generators of Q. More precisely, it depends on whether
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§ = b3w — b} is in O, or not (note that § cannot be equal to zero). Thus, we

2¢+1, if 6 el
]HOQ|:{q q

have
1, if 0 ¢ O,

e 1 # 0. This implies that II intersects Q in a non-singular conic with ¢ + 1

points, not containing v and Qy = {v}, where v is the vertex of Q.

Finally, the contribution of II to E,(C) is ¢, as we have already seen. O

Lemma 3.33. Let S=1TU Q. If§ #0,

1, k=0,0¢0,
IINQl=492¢+1, k=0,6€e0,
g+1, K#0

Proof. Note that a point P = (t1 : t5 : X, —% ) € IIN Q if and only if
Fl(tl,tg) + X2Ii = 0,

where Fy(t1,1s) = byt? + bowt3 — 2t1t5b;. Thus, if k # 0 there are the ¢ + 1 points of
a non-singular conic. On the other hand, if kK = 0 the number of solutions depend
on whether § € O, or not. The claim follows by [2I], Par. 15.3]. O

Theorem 3.34. Let S = 11U O, with Q a non-singular quadric surface. Then

o if K #0 and ¢’ € O, then

1
§(q2—q—2)+q, § ¢ 0,

Eq(c) =
1
§(q2+q—2)+q, 5€Dq;

e if K #0 and ¢’ ¢ O, then

(¢—q) +q, d€0,

(¢ +q)+q, &¢0;

Eq(c) =

| =D =

e if k=0 (and &' € O,), then E,(C) = 3(¢* — 1) + ¢.



60 3. BLOCKING SETS AND CONICS

Proof. The claims follows from Lemmas and and from [21, Tables 15.6 and

15.7] for the number of points of quadrics over F,,. O

3.4 Proof of Theorems 1.1 and 1.2

We are now able to prove our main theorems. More precisely Theorem follows
from Theorems [3.15], [3.32] [3.34] and the next result.

Theorem 3.35 ([48]). In Theorem the bounds are best possible, except that

when q = 2,3 or 5 the upper bound can be improved to a < 5.

The proof of Theorem requires one last step. For further details about the next

Theorem, see [3].

Theorem 3.36. Let C be an oval of a projective plane of order ¢*, say Il 2, with q
being odd. Let B denote a blocking set of Il 2 and £ denote the set of points lying

on a tangent to C.

I[fCNB =k, then |ENB| > Tk,

Proof. Each line of the plane, hence also the tangents to C, meets B. If ¢ is a tangent
toCat P eC,thent\{P} C & and hence tNB C (£NB)U{P}. Thus £N B has
a point of each of the tangents to the points of C \ B. Since each point not in C is
incident with either 0 or 2 tangents to C, then |E N B| > "2+—21*k. O

Corollary 3.37. Let C be an irreducible conic of PG(2,¢%), q odd, and let B denote
a Baer subplane. Also, denote by & the set of external points to C.

Then |ENB| > ’122—_3.

Corollary shows that when ¢ > 3 then in Theorem we can exclude the
cases o = —2,—1,0. Taking this into account, the proof of Theorem (3.2 is a direct
consequence of Theorem [3.24] [3.20] 3.32] and |3.34!

3.5 Example

Let C; be a conic of equation

az® + bry + dyz = 0,
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with g ¢ F, and § € F,. This means that we can rewrite the equation as
dz? + by +yz =0,

where o’ € F, and V' € F2 \ {F,}. Thus, we have 2(—bcd + ad® + b*¢) = o’ which is
always a square in F,2. We conclude that the System counts the number of
external points to C;.

Lemma can be refined. Indeed, we have ajb,X? = 0 admits only the root
(0:0:0:1). This implies that no =1 and C, = 2.

From Theorem [3.23] since S is singular with ¢’ = 0, we have just one possibility for
o
Ly
O¢g = 5((1 +2¢—1).

Using the Computational Algebra System Magma [10], we found the following values
for (¢, E,): (3,7), (5,17), (7,31), (9,49).
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Chapter 4
Permutation binomials

In this chapter we are interested in investigating permutation binomials (PBs) over
F,2, where p = charF,. A permutation binomial (PB) of F, is a PP of the form
aX™ + bX", where a,b € F;, m # 0, n # 0 and m # n (mod ¢ — 1). Permutation
binomials are an active topic that has attracted much attention. We refer the
reader to [28] for a survey on PBs and to [27] for a survey on PPs. Permutation
binomials are complex objects; in general, one can not expect a simple criterion on
the parameters ¢, m, n, a, b for aX™ 4 bX" to be a PB of F,. In this chapter, we focus
on PBs of Fge of the form

foemaa(X) =X (x4 4 ) € Fe[x], (4.0.1)

where n,d € Z*, n £0,d(q—1) Z0, n+d(q—1) Z0 (mod ¢° — 1), and a € F;..

Here is an overview of current knowledge on such PBs.

Result 4.1 ([51, Corollary 5.3]). Assume e = 2 and a®™' = 1. Then fionda =
X"(X4=Y 4 a) is a PB of Fpe if and only if ged(n,q — 1) =1, ged(n —d,q+ 1) = 1
and (_a)(q"'l)/ng(Q‘f‘l,d) % 1.

Result 4.2 ([26, Theorem A]). Assume e =2, n=1,d =2 and a?™' # 1. Then
foo120 = XX +a) is a PB of Fpe if and only if q is odd and (—a)@tY/2 = 3.

Result 4.3 ([29, Theorem 1.1]). Assume e =2, n =1, d > 2, a® # 1, and q is
large relative to d. Then f,91.44. = X(X*9™Y + a) is not a PB of Fe.

Result 4.4 ([36, B7]). Assume e = 2, n = 3, d = 2 and a?™' # 1. Then
fo2320 = X3(X2@7Y +a) is a PB of Fye if and only if q is odd, ¢ = —1 (mod 3) and
(—a)@tD/2 = 1/3,

63
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Result 4.5 ([49, Theorem 1]). Assume e =2, ¢ =2*" and d = 3. Then fyon34 =
X"(x34=Y +a) is a PB of Fpe if and only if gcd(n,g — 1) =1, n = 3 (mod ¢ + 1)
and a9t # 1.

(Note: in the original statement of Result in [49], it is assumed that m > 2.
However, the result also holds for m = 1; see Example M)

Result 4.6 ([24] Theorem 4.2]). Assume e = 2 and d = 1. Then fyon1a =
X"(X9"t +a) is a PB of F 2 if and only if ged(n,g—1) =1, n =1 (mod ¢+ 1) and
a?*l #£1.

Result 4.7 ([39]). Assume e > 2, d = 1 and n < ¢¢ — q. For the special cases
(q,e) = (q,2),(q,3),(q,4), (p,5), (p,6), where p is a prime, the following statement
is true: if fyemia = X' (X9 4 a) is a PB of Fye, then frenia = X" + aX”
(mod X9° — X) for some integer h > 0. It is conjectured that the statement is true

for all q.

(Note: in Result , when ¢ = 2, foen1qa = X"(X+ a) is never a PB of Fa, so the

statement is vacuously true.)

Through these results, we begin to understand the roles played by the parameters
in the PBs of the form . At the same time, as more results on PBs gather,
one feels a need for a properly defined notion of equivalence of PBs that allows us
to categorize existing results and channel future efforts to PBs that are new under
equivalence. Section is included for this purpose. We define the equivalence
among all PBs (not just those of the form (4.0.1)). We show that every PB can be
brought to a canonical form which is uniquely determined by a triple of invariants.
In particular, we see that the PB in Result is equivalent to a PB in Result
and the PB in Result [4.5]is equivalent to a PB in Result

Regarding Result if we assume e = 2, ¢ = 22" ¢ = 3 and o' # 1, [49]
conjectured that f,2,3, = X*(X3¢~Y 4+ a) is not a PB of F,» and provided strong
evidence for this conjecture. Note that in this case, d | ¢ + 1. As we will see in
Section , when the PB in is brought to its canonical form, we always have

d| (¢ —=1)/(qg—1).

Let us further focus on the case e = 2, and we assume d | ¢ + 1 by the above
comment. In this case, if a?*' = 1 or d = 1, all PBs are given by Results [4.1
and . Therefore, we assume e = 2, 2 < d | ¢+ 1 and a?™ # 1. Under these
assumptions and up to equivalence, the PBs in Result form the only known class

that contains infinitely many ¢’s. This leads to the following question.
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Question 4.8. Fix integers n > 1 and d > 2. If there are infinitely many pairs
(q,a) such that d | q+1, a € Fl, a™™ # 1, and f(X) = fy2m.4a(X) = X"(X10Y +q)
is a PB of F 2, can we conclude that when q is sufficiently large, f is equivalent to

a PB in Result [4.2]?

In this chapter, we prove two nonexistence results that support an affirmative answer

to the above question.

Theorem 4.9 ([31, Theorem 1.9]). Let ¢ = 2™, n > 1 and a € F}, be such that
q > (2max{n,6 — n})* and a? # 1. Then f(X) = fyomnza(X) = X"(X3@Y 4+ q) is
not a PB of Fg.

Theorem proves the conjecture of [49] when ¢ is large relative to n.

Theorem 4.10 ([31, Theorem 1.10]). Letn > 1, d > 2 and a € IFZQ be such that
d|g+1, ¢ > (2max{n,2d —n})*. Then f(X) = fr2mda(X) = X" (X% + a) is not
a PB of Fp if one of the following conditions is satisfied.

(i) d—n>1 and ged(d,n + 1) is a power of 2.
(11)) d+2 <n < 2d and ged(d,n — 1) is a power of 2.
(111) n > 2d, ged(d,n — 1) is a power of 2, and ged(n —d,q — 1) = 1.

Remark 4.11. In Theorem , one can replace the assumption that d | ¢ + 1
with ged(n,d) = 1. If the f in Theorem is a PB of Fj2, then d | ¢ + 1 implies
ged(n,d) = 1. However, as we will see in Section the proof of Theorem [4.10]
only uses ged(n, d) = 1. Moreover, the assumption that ged(n,d) = 1 causes no loss
of generality. If f, 2,44 1S a PB of F 2 with ged(n, d) = 4, then ged(d,¢* — 1) = 1.
Let &' € Z* be such that §6’ =1 (mod ¢*> — 1). Then

Faznaa®X) = fyonsassa(X)  (mod X&° — X),
where ged(n/d,d/d) = 1.

Result [4.3]is a special case of Theorem [4.10] (i) with n = 1. Although the conditions
in Theorem [4.10] are rather restrictive, they do cover many parameters that were
not investigated previously. For example, (i) is satisfied for all d > n + 1 with
ged(d,n+1) = 1.

Theorems [4.9) and are proved in Sections 4.2 and [4.3] respectively. The method

is similar to that in [29]. Here we recall the basic strategy.
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Let

FX) = fronaaX) = X"x4D 4 q) € Fp[x], (4.0.2)
wheren > 1,2 <d| ¢+ 1and a € F?;. From Theorem we have to study
X"(X% 4+ a)9~1 on the set fg+1. Assume that f(X) in (4.0.2)) is a PB of F,2. Then for

T € g1,
(2% 4+ a?)  z"(al2¢ 4+ 1)

n(,.d q—1 _ — -
(2% + a) “ta (2 a) (x),
where ;
a’X" + X"~
X)=—F—7"— 4.0.3
) X +a ( )
Write ()
G(X) = —=,
%= 0
where
P(X) = a9X" + Xn7d7
x)=a if n > d,
Q(X) =X +a,
P(X) = a9%¢ + 1,
(X) if n <d.
Q(X) — XQd—n + axd—n7
We assume that a9t # 1, which implies that ged(P, Q) = 1. Thus
n ifn>d,
deg G =
2d—n ifn <d.
bet P(X Y P(Y X
V() = P = POCE) ) o

which is the numerator of (G(X) — G(Y))/(X —Y). We have

n+d—1 ifn>d,
3d—n—1 ifn<d.

deg N(G) <

Theorem 4.12. Assume that f(X) in (4.0.2)) is a PB of F 2, where ¢ > (2max{n, 2d—
n})t. Then N(G) in ([£.0.4) is reducible in F,[X,Y], where F, is the algebraic closure
of Fy.

Proof. We only give a sketch of the proof; the omitted details are given in [29, §3].
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There exist [1, 1y € F2(X) of degree one such that H := [; 0 Gol, permutes F,. Since
deg H = deg G < ¢, by [29, Lemma 3.2], H € F,(X). Let A(X,Y) = N(H) € F,[X,Y],
the numerator of (H(X) — H(Y))/(X —Y). Assume to the contrary that N(G) is
irreducible over F,. Then by [29, Lemma 3.1], A(X,Y) is also irreducible over F,.
We have

d:=deg A(X,Y) < 2deg H —2=2deg G — 2.

By the Hasse-Weil bound, the number of zeros of A(X,Y) in the projective plane
PG(2,q) is at least
q¢— (3 —1)(d —2)q"2.

Excluding the zeros at infinity of PG(2, ¢) and on the diagonal {(z,z) : x € F,} of

the affine plane F?, we have
{(z,y) €Fy:a #y, Alw,y) =0} > ¢~ (8- 1)(6 —2)g"* - 24.

The right side is positive since ¢ > §*. Hence there exist (z,y) € IFg with x # y such
that A(z,y) = 0. Then H(x) = H(y), which is a contradiction. O

4.1 Canonical forms of permutation binomials

For our purpose, a binomial over I, is a polynomial of the
f(X) = aX™ + bX" € T, [X],

where a,b € F7, m,n >0, m #0,n# 0and m Z n (mod ¢—1). We treat f(X) as a
function from F, to [, that is, we identify f(X) with its image in the quotient ring
F,[X]/(X? —X). Let B, denote the set of all such binomials. Two members f,g € B,
are considered equivalent, denoted as f ~ g, if one can be obtained from the other

through a combination of the following transformations of B:

ay By — By, f(X) = uf(X), uel,
B:B, = B, f(X)— f(X)!, p=charF,, (4.1.1)
Vo5 1 By = By, f(X) = f(uX?), velF; seZ" ged(s,q—1)=1.

If f,g € B, are equivalent, then f permutes F, if and only if g does. It is clear that
Yv,s commutes with a,, and /3, and o o, = aye o 5. Therefore, for f,g € B,, f ~g¢
if and only if

g(X) = wf(vx®)” (4.1.2)
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for some u,v € F}, i > 0 and s > 0 with ged(s,q — 1) = 1.
For d | ¢ — 1, define
No={1<n<g—1:n=n"}, (4.1.3)

where

n*=min{l <n' <g—1:n"=tn (mod q— 1) for some t € Z) ,
witht =1 (mod (¢ —1)/d) or
n'=tn —d (mod q — 1) for some t € Z;
with t = =1 (mod (¢ —1)/d)}.

(Here Z; ; denotes the multiplicative group of Z, 1.) Let 6 : Z; | — Ziy-1y/a be
the natural homomorphism (which is onto). Then G := 67! ({£1}) acts on Z,_; as
follows: For t € G and n € Z,_1,

tn if 0(t) =1,

= tn—d if0(t) = —1.

Write Z,—1 = {1,2,...,q — 1}. Then for n € Z,_;, n* is the least element in the
G-orbit of n. Therefore Ny is the set of least elements of the G-orbits in Z,_;.

Example 4.13. Let ¢ = 2! and d = 3. We have 6 : Z)5 — ZX, 67'(1) =
{1,11}, 67'(—1) = {—-1,4} and G = {1,11,—1,4}. The G-orbits of Z5 are {1,11},
(2,7,10,5}, {3,9}, {4,14,8,13}, {6}, {15}. Hence N, = {1,2,3,4,6,15}.

Ford|q—1and n € Ng, let

G4, = the subgroup of Z generated by
{p,—1} ifd=-2n (mod (¢—1)/d) and ged(n,q—1) =1, (4.1.4)
{p} otherwise,

Let Ggp act on F}/(F;)¢, where (F})? = {29 : 2 € F}}, as follows:

Gan X F;/(F;)d — IE‘Z/(IF;)“’

(s, a(F;)%) — a*(F), a€eF;.

Let Ay, C F; be such that {a(F;)? : a € Ag,} is a system of representatives of the
G gpn-orbits in F}/ (IFZ)d. Equivalently, let G4, act on Z4 through multiplication and
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let £ be a primitive element of F,. Then Ay, = {{° : e € Ey,}, where Ey,, is a

system of representatives of the G4 ,-orbits in Zg.
We now are ready to state and prove the main result of this section.
Theorem 4.14. Assume that f € B, permutes F,. Then there is a unique triple
(d,n,a), where d| q—1, n € Ng and a € Aq,,, such that
f(X) ~ x"(x? +a). (4.1.5)

We call the right side of (4.1.5) the canonical form of f.

Proof. Ezistence of (d,n,a)

Write f(X) = aoX™ + byX™, where ag, by € F; and mg > ng. Let d = ged(mg —
no,q — 1). Let r € Z" be such that

mop — Ny q—1

=1 (mod ).

Since ged(r, (¢—1)/d) = 1, there exists integer & > 0 such that s :=r+k(qg—1)/d is
relatively prime to ¢—1. (To see this, use Dirichlet’s theorem on primes in arithmetic
progression or the following simple argument: Let pq,...,p; be the prime divisors
of ¢ — 1 that do not divide r and let & = p; ---p;.) Then

F(X) ~ F(X®) = X0 (agX*M07™0) 4 Bg) = X™ (apX? 4 by),

where n; = sng. We now assume f(X) = X" (aoX? + by).

Let n = n] € Ny We claim that
f(X) ~ X"(a, X% + by) (4.1.6)

for some ay,b; € F;. To prove this claim, we consider two cases.

Case 1. Assume that n =tn; (mod ¢—1) for some ¢t € Z; , witht =1 (mod (g —
1)/d). Then
f(X) ~ f(xt) — thl (aoxtd + bO) — Xn<aoxd + bo)

Case 2. Assume that n = tn; —d (mod ¢ — 1) for some t € Z; ; with t = —1
(mod (¢ — 1)/d). Then

FX) ~ f(XT) = X" (aoX" + bo) = aoX™ ' + bpX'™
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= X" + bpX" T = X"(boX? + ay).
Hence (4.1.6]) is proved.
By (4.1.6), we may assume

FX) =X"(x" +0),

where ¢ € F;. To prove that f (X) ~ X"(X?+a) for some a € Ag,,, again, we consider

two cases.

Case 1. Assume that d  —2n (mod (¢ — 1)/d) or ged(n,q — 1) # 1. By (4.1.4),
Gan = (p) < Z}. Then by the definition of Ay, there exist i € N, a € Ay, and

b € [} such that ' = ab?. Write b = bﬁ’i, where b; € F;. Let s € Z" be such that
sp' =1 (mod ¢ — 1). Then

FOX) ~ FOXP = (byX)™ (X% + )
~ XX 4 ) = X+ )
~ XX D) =X (K ).

Case 2. Assume that d = —2n (mod (¢ — 1)/d) and ged(n,q — 1) = 1. Then
Gyn = (p,—1) < Zy. So there exist i € N, a € Ay, and b € F} such that either
c® = ab? or ¢c? = ab?. In the former case, the proof is identical to Case 1. In
the latter case, write b = b’fi, where by € F;. Let k € Z" be such that kn = 1
(mod ¢ — 1), and let s =1 + kd. Then

sn=n+nkd =n+d (modq—1)
=-n (mod (¢—1)/d).

Hence s = —1 (mod (¢ — 1)/d). It follows that ged(s, (¢ —1)/d) = 1. We also have
ged(s,d) = ged(1 + kd, d) = 1. Therefore ged(s,q — 1) = 1. We have

f(X) ~ f(Xs> — Xsn(xsd + C) — Xanrsd + 1D G

In the above,
sn=n+nkd=n+d (modgq—1)

and
sd=(1+kdd=(1+k(-2n))d=—-d (modq—1).
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Hence
FX) ~ X" 4 X~ X (x4 47,

where (¢71)?" = ab?. It follows from Case 1 that

XX+ 7t ~ X" (X4 +a).

Uniqueness of (d,n,a)

Assume that
FR) = X" (X4 +a) ~ X" (XM + ay), (4.1.7)

where d | g—1,n€ Ny, a € Agpn, di | g—1,n1 € Ny, a1 € Agy -

In general, for bX™ + X' € B,, ged(m — l,q — 1) is invariant under equivalence.
Therefore, in (4.1.7), we have d = d;.

By (1),

X (X4 + ay) = uf(0x®)” (4.1.8)

for some u,v € F}, i > 0 and s > 0 with ged(s,q — 1) = 1. Expanding (4.1.8) gives
Xn1+d + alxnl — OéXt(n+d) + ﬁxtn’
where t = sp’ and «, 3 € F;. It follows that

ni+d=tn+d) (modq—1),

(4.1.9)
ni=tn (mod q—1),
or
ni+d=tn (modgq-—1), (4.1.10)
ni =t(n+d) (modgq—1).
Note that (4.1.9) is equivalent to
t=1 (mod (¢—1)/d), (4.1.11)

ny =tn (mod ¢ — 1),
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and (4.1.10)) is equivalent to

t=-1 (mod (¢—1)/d), (4.1.12)
ny=tn—d (modq-—1).

Since n € Ny, it follows from (4.1.11)), (4.1.12)) and the definition of Ny ((4.1.3)))

that n < ny. By symmetry, n; < n, whence n = n;.

Now (4.1.8]) becomes

Xner + alxn — u[<vxs)n+d 4 a<vxs)n:|pi

— P (mtd)xsp'(ntd) o 0" pinysp'n

Let t = sp’. Then there are two possibilities.

Case 1. (4.1.11)) holds with n = n; and

(uo?” Dy Py = (1, ap). (4.1.13)

Case 2. (4.1.12) holds with n = n; and

(ua? """ uo? DY = (1, ay). (4.1.14)
It suffices to show that in both cases, a and a; are in the same Gg,-orbit. Which
implies a = ay.

First, assume Case 1. We have

which is in the Gy ,-orbit of a.

Next, assume Case 2. (4.1.12)) with n = ny gives

t=-1 (mod (¢—1)/d),
n=tn—d (modgq—1).

It follows that n =tn—d = —n—d (mod (¢—1)/d), i.e., d = —2n (mod (¢—1)/d).
Since f(X) permutes F,, we have ged(n,d) = 1. From n = tn —d (mod g — 1), we
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have (t —1)n —d =0 (mod ¢ — 1), whence d | t — 1 and

t—1 —1
Tn—lzo (mod qT)

In particular, ged(n, (¢ — 1)/d) = 1. Combining this with ged(n,d) = 1, we have
ged(n, g — 1) = 1. Therefore Gy, = (p, —1). Now by (4.1.14)),

7
upP () id

i
a; = =a PoP?,

uaP yP'n

which is in the G ,-orbit of a. O

Example 4.15. Assume that n,d € Z* are such that d | ¢ + 1, n < 2d, ged(n, ¢* —
1) =1 and ged(2d —n,q — 1) = 1, and let a € F},. Since ged(dg —n+d,q—1) =
ged(2d —n,qg — 1) = 1 and ged(dg —n + d,q + 1) = ged(n,q + 1) = 1, we have
ged(dg—n+d,q> — 1) = 1. Then in B,

XP(x4a= 4 g) = xdatn—d 4 gxn
~ x(da=ntd)(datn—d) | ,y(dg—n+d)n (X = qu—n+d)
_ xPP-(n-d? | x(dg-n+dn
_ xP-(=d)? | x(dg—ntd)n
_ xn(2d=n) | x(dg—n+d)n
~ X2 4 gxdamntd (X" X)
= X2(1 4 ax¥aY)
N XQdfn(Xd(qfl) + afl).

In particular, when n =1, d = 2, ¢ is odd and ¢ # 1 (mod 3), we have
X(X27D ) ~ x3(x20D 471,

This shows that the PB in Result [£.4] is equivalent to a PB in Result [£.2]
Example 4.16. We show that the PB in Result is equivalent to a PB in Re-

sult . lete=2,¢=2>"neZ",d=3,ac¢c F,, and consider f = fy2,34 =
X" (X300 4 q).
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Let s = (¢+2)/3+ k(q + 1), where

0 ifm=0,1 (mod 3),
1 ifm=-1 (mod 3).

k:

We claim that ged(s, ¢? — 1) = 1. Clearly, ged(s, ¢+ 1) = 1. We have

2
ged(s,g—1) = gcd(% + 2k, q — 1)

1
= —ged(q + 2 + 6k, 3¢ — 3)

3
1

= ggcd(q + 2+ 6k, 3(—2 — 6k) — 3)
1

= ggcd(q + 2+ 6k, 9(2k + 1)).

In the above, 9(2k + 1) equals 3% or 3%, and

q+2+6k =(3—1)*"+2+6k
=1-2m-3+2+6k (mod 3%
=3+6(k—m)
#0 (mod 3%).

So ged(s, g — 1) = 1 and the claim is proved.

Now we have
FX) ~ f(x°) = %X ) = XX+ a).
By Result , X" (X9 + a) permutes F 2 if and only if
ged(sn,g—1)=1, sn=1 (modg+1), anda? #1,

le.,
gcd(n,q — 1) =1, n=3 (mod q+ 1)’ and q?t? £,

which are precisely the conditions in Result [4.5]
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4.2 Proof of Theorem 4.9

Theorem Let g =2",n>1 and a € F}; be such that ¢ > (2max{n,6 —n})*
and a®' £ 1. Then f(X) = fyomn34(X) = X*(X3@~D + a) is not a PB of Fpe.

Assume to the contrary that f is a PB of F2. If m is even, by Result , n > q+4,
which is a contradiction. So m is odd, and 3 | ¢ + 1. By (4.0.3),

a?X" 4 X3
X) = ——— 4.2.1
G = (4.2.1)
bt G(X) + G(Y
N(X,Y) := N(G) be the numerator of %

By Theorem [4.12, N(X,Y) is reducible over F,. However, we will show that N(X,Y)
is irreducible over Fq, hence creating a contradiction. We consider two cases, n > 3

and n < 2, separately.

4.2.1 Casel. n>3

Since ged(n,3(¢ — 1)) = 1 (Theorem [1.70)), we have n > 3. We have

N(X,Y) = ﬁ [(aqX" + X" (Y + a) + (a%Y" 4+ Y") (X + a)]

Xn—3 + Yn—3 b + Vi XTL—6 + Yn—ﬁ
g+ [aq“— + X3Y3—]
X+Y X+Y X+Y
-3 -3
+ aqX3Y3u‘
X+Y
The homogenization of N(X,Y) is
Xn—?) + Y’n—3 Xn + yn Xn—ﬁ + Y'rz—ﬁ
N*(X,Y,2) =a~———— 70 4 |a""' o Py~ |78
X+Y X+Y X+Y
Xn73 Yn73
TG
X+Y
=Q(z%),
where
@) =X T gy [ X e XY
X+Y X+Y X+Y
Xn—3 + Yn—3
NEPLD S8 G R —

X+Y
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It suffices to show that N*(X, Y, Z) is irreducible over F,. We first show that N*(X, Y, Z),
as a polynomial in Z over FQ[X,Y], is primitive, i.e., the ged of its coefficients is 1;
that is,

(4.2.2)

Xn73 + Yn73 Xn +Yn Xn76 + Ynfﬁ
o LS GNP S Y
X+Y X+Y X+Y
Since the polynomials in (4.2.2]) are homogeneous, it suffices to prove (4.2.2) with

Y=1,1ie,

Cd<xn—3+1 Xt +1 3w%6+1)_1
& X+1° X+1 X+1 /7

Let ¢ € F, be aroot of (X" 3 +1)/(X+1). If ( # 1, then ("3 +1 = 0. Thus

(4.2.3)

<ﬂﬂx”+1 X3x""6+1)
X+1 X+1
1

=—— (@ + )+ ¢+ 1)

X=1

=@ C D14
1

= (@ (1) £0,

Iy

(Note: ¢3 # 1 since ("3 =1 and ged(n,3(¢g — 1)) = 1.) If ¢ = 1, then n must be

odd, in which case,

=a™n+n—6=n(at+1)#0.

X=1

(aq+1xn+1 3X"_6+1>
X+1 X+1

This proves (4.2.3) and hence (4.2.2]).

With ([£.2.2), to prove that N*(X,Y, Z) is irreducible in F,[X, Y, Z], it suffices to show
that it is irreducible in F,(X, Y)[Z]. Let w be aroot of N*(X,Y,Z) € F,(X,Y)[Z] and let
z =w®. Then z is a root of Q(Z). It suffices to show that [F (X, Y, z) : F,(X,Y)] = 2

and [F,(X,Y,w) : F,(X,Y,2)] = 3.
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Proof that [F,(X,Y,2) : F,(X,Y)] =2

Assume to the contrary that Q(Z) is reducible over F,(X,Y). Then there exists
A/B € F,(X,Y) (A, B € F,[X,Y], gcd(A, B) = 1) such that

Xn—S + Yn—3 2
q+1X3Y3< >
i X+Y :<é>2+é:w (4.2.4)
<aq+1 X; i i_n x3y3 Xn_; i in_ﬁ ) 2 B B B?

In Equation (4.2.4)), the numerator and the denominator on the left side are relatively

prime (by (4.2.2)), so

b & + yn X3Y3 Xn76 + YTL*G

B =a'"! (4.2.5)
+Y X+Y
and Xn—S + Yn—3 2
A By e (R
(A+B)=a X+Y
Since ged(A, A+ B) = 1, we may assume that
A=X30U2,
(4.2.6)
A+ B=YV?
for some U,V € F [X,Y] with UV = (X*=3 +¥"~3) /(X + Y). Therefore,
B =xU*+ YV~ (4.2.7)

By (4.2.7)), the coefficient of XY"~2 in B is 0. However, by (#.2.5)), the coefficient of

XY" 2 in B is either a9t or a?t! + 1. We have a contradiction.

Proof that [F,(X,Y,w) : F,(X,Y,2)] = 3

Assume the contrary. Then z is a third power in FQ(X,Y, z), that is, there exists
A, B € F,(X,Y) such that
z=(A+ Bz2)?

ie.,

(A+ BzZ)’ —2=0 (mod Q(Z)). (4.2.8)
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Setting Y = 1 in (4.2.8]) gives
(A1 + B2 —2=0 (mod Q:(2)), (4.2.9)
where A;(X) = A(X,1), B;(X) = B(X,1) and

Q1(2) = Q(2)|y=1 =

X" 41, X"+1 Xm0 41 X" 41
7 a+1 3 ]Z ay3
“TxX11 | X+ 1 AT
We find that
X X
(B2 —z=— 00 g 04 0u(2)),

- a2(x3 +Xn) &2(X3 +Xn)2
where
fo(X) =a?A3%% + a'T9A; BIX® + o' T2 BJX° + a'BiXY + a® ATX"
+ al—l—quB%XiH-n + an?X?)-I—n + a1+2qB%X6+n7
f1(X) =a®*X® + a?A2B1X° + a*MA, B?XS + a*T B0 + a A, BX°
+a' M BIXY 4+ B2 + a*X*" + a’ AT B X*" + a A, BiX*" + BixX*"
+ (IAlB%X?H—n + a2+quB%X3+" + (IAlB%XG—i_n + a2+quB%X6+"

+ a2+quB%X3+2n + a1+qBi’>X3+2n + a2+2qBi?X6+2n.

In particular, fo(X) = 0. From (4.2.9)), By # 0. Then fy(X) = 0 implies A; # 0. Let
C' = B1/A;. Then fy(X) = 0 becomes

(a® + a'MIX3CH (1 +X"7?) = a%3(a' T+ X° + X3 + 0TI CP. (4.2.10)

In Equation (4.2.10)),

ged(1 +X"72 M9 4 X% 4 X3 4 oM HIx™)
—ged(1 + X", o' + X3 + 1 + o' tix?)
=ged(1+X"73 (@' +1)(1 +X?))
=1+X.

Let C = D/E, where D, E € F,[X], F is monic and ged(D, E) = 1. Then (4.2.10)
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becomes
1 an?) 14+q XS Xn73 1+an
(a®E® + a1+qX3D2E)+— _arepp A ra . (4.2.11)
1+X 1+X
It follows that P P
“2 " p oand p| 2T (4.2.12)
1+X 1+X
(211) and (&2:12) force D € F, and n = 4. So
a’E? + o' D*PE = D33 (a1 + X)® + X(1 4+ X)).
Then X | E, say E = XF;. Thus
a’E} 4+ o' D*XE;, = a’D*(1 4 X)(a't9%X? + X + '), (4.2.13)

It follows that deg 4y = 1, say B4y =X+ €, € € Fq. Comparing the coefficients of X3
and XY in Equation (4.2.13) gives

a2 _ a1+2qD3,

2.3 _ 423

Hence €2 = 1. Then (a'™9%X? + X + a' ") |y=c = a'T9(1 + €?) + € # 0 since a' 7 # 1.
It follows from (4.2.13)) that F; | 1 + X, that is, F; = X+ 1. Now (4.2.13]) becomes

a>(X + 1) 4+ a'""D*X = a'D?(a' X% + X + a'T9).

Comparing the coefficients of X in the last equation gives a' 79 D? = a4D3, i.e., D = a.
But then (4.2.14]) gives a'*? = 1, which is a contradiction.

4.2.2 Case 2. n <2

When n = 1, the absolute irreducibility of N(X,Y) follows from [29, §3]. So we

assume n = 2. The arguments are similar to those in Case 1. We have

a?%® 4+ 1

N(X,Y) = a’%°Y° + oM XY(X 4+ Y) + (X +Y)® +q, (4.2.15)
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and
Q(2) = aZ’ + ("' XY (X +Y) + (X + Y)*)Z + a’X°Y’. (4.2.16)

When proving [F,(X,Y, 2) : F,(X,Y)] = 2, Equations (4.2.4), (#.2.5) and ([#.2.6) are

replaced by
a?mx3y3 A(A+ B)

(@t IXY(X +Y) +(X+Y)3)2 B2

B=a""XY(X +Y) + (X +Y)%, (4.2.17)

and
A = uX3,

veF.
A+ B = Y3, “r !

Then B = uX3 4 vY?, which contradicts (4.2.17)) since a'*? # 1.

When proving [F,(X,Y,w) : F,(X,Y, 2)] = 3, Equation (4.2.10)) is replaced by

o(X) =a? A3 + a'MA B?X3 + afB3X3 + o' B3X* + o' T B3Rt + a1B3X°
1 1 1 1 1 1
+ a1 BX° + a'BjX°.

Setting E' = A; /By, the equation fy(X) = 0 becomes
*E? + "M E + % (1 + X)(1 + o' T9X 4+ X%) = 0.
It follows that E € F,[X] and X | E. Write £ = XE,;. Then
a*E} 4+ a'TXE; 4+ a?(1 4+ X) (1 + ' 77X + X*) = 0. (4.2.18)

Thus deg By = 1, say £y} = e(X+¢€), e € FZ,
X3 and X° in Equation (4.2.18)) gives

€ E Fq. Comparing the coefficients of

a’e® +a? =0,

a’e?ed +a? = 0.

Hence €3 = 1. Then (1+a'™X+X?)|y= # 0. It follows form (4.2.18) that F; | 1+X,
whence Fy = e(X+1). Then (4.2.18]) becomes

a’e*(X+1)* + a'MeX + a?(1 + a'MIX + X*) = 0.

Comparing the coefficients of X in the last equation gives e = a?. But then (4.2.19))
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gives a'*? = 1, which is a contradiction.

4.3 Proof of Theorem [4.10

Theorem Letn > 1, d > 2 and a € Fy, be such that d | ¢+ 1, ¢ >
(2max{n,2d — n})*. Then f(X) = fyomaa(X) = X*(X4~Y + a) is not a PB of F,

if one of the following conditions is satisfied.
(i) d—n>1 and ged(d,n + 1) is a power of 2.
(11)) d+2 <n < 2d and ged(d,n — 1) is a power of 2.

(111) n > 2d, ged(d,n — 1) is a power of 2, and ged(n —d,q — 1) = 1.

Assume to the contrary that f(X) is a PB of F 2. Recall that

aan _{_and
GX)=——
(X) X+ a
Let 0 _ Oy
N(X,Y) = the numerator of (%) = G(Y)
X—-Y
and

N*(X,Y,Z) = the homogenization of N(X,Y).

Our objective is to show that N*(X, Y, Z) is irreducible over F, under the conditions
in Theorem [£.10, We consider two cases: the case d —n > 1, which corresponds to
(i) in Theorem [4.10] and the case n — d > 1, which corresponds to (ii) and (iii) in
Theorem K101

4.3.1 The Cased—n >1

We have
G(x) = a’%? + 1
XX+ a)’
Xd—n _ Yd—n Xn — yn XQd—n _ Y2d—n
N(X,Y) = — a———— + [a?T'xyd™ - ]
X—Y X—Y X—Y
Xd—n _ Yd—n

— a?x%y? ,

X—-Y
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N*(Xa Y, Z) = Q(Zd)a

where
Xd—n _ Yd—n Xn — yn X2d—n _ Y2d—n
Z)= —a———— 72 4 |qiTIxIyd — yA
Q( ) X—Y X—Y X—Y
d—n d—n
e S
X—Y
We claim that
den - Ydfn

aq—l—lxd—nYd—n .
X—y 7 X—Y X—Y

Xn — yn X2d7n - Y2d7n
) — 1. (4.3.1)

ged (

Since the polynomials in (4.3.1) are homogeneous, it suffices to prove (4.3.1)) with
Y=1,1ie.,

gcd(—, adtixd-—n —
X—1 X—1 X—1

Let ¢ be a root of (X4 —1)/(X — 1). If { # 1, then ¢4~ = 1. Tt follows that

den -1 Xm—1 X2dfn -1
) —1. (4.3.2)

ctivdn X —1 X2 —1
(aHXd X—1  x-1 >x<
- @M=D) = (= 1) = @ = e = 1) £

(Note: ¢" # 1 since (¥ =1 and ged(n,d) =1.) If ( =1, then d —n =0 (mod p),

where p = char F,, whence

( g gd—n B

— @y — —n) = (g9 =
1 1 a™n—(2d—n)=(a I)n # 0.

X=1

Xn—1 X% _ 1>

This proves and hence (4.3.1). By (4.3.1), N*(X,Y,Z2) is a primitive poly-
nomial in Z over F,[X,Y], i.e., the ged of its coefficients in F,[X,Y] is 1. Thus, to
prove that N*(X,Y,Z) is irreducible in F,[X,Y,Z], it suffices to show that it is irre-
ducible in F,(X,Y)[Z]. Let w be a root of N*(X,Y,Z) for Z and let z = w?. Then

z is a root of Q(Z), and it suffices to show that [F,(X,Y,z) : F (X,Y)] = 2 and

F,(X,Y,w) : F (X,Y, 2)] =d.
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33

Proof that [F,(X,Y,2) : F,(X,Y)] = 2

Assume to the contrary that Q(Z) is reducible over F (X, Y).

First assume that q is odd. The discriminant of () is

X" — yn» XQd—n o Y2d—n 2
D = aq—i—lxd—nYd—n o :| . 4aq+1Xde<
X—Y X—Y

X—Y

By assumption, D = A? for some A € F,[X,Y]. Then

d— d—

491 xdyd (ﬂ) ? —

X—Y

Xn — yn X2d—n _ Y2d—n
[aq+1xd—nYd—n . + A:|

X—Y X—Y
2d— 2d—
' [aq“Xd_”Yd‘”Xn RS S S A].
X—Y X—Y

Let 6 be the ged of the two factors on the right side of (4.3.3)). Then

2d— 2d—
5 ‘ (aq—l—lxd—nYd—an -y o S n>

X—-Y X—-Y
and ; .
Xemn —yen
O ——v—
X—-Y
It follows from (4.3.1) that § = 1.
Now from (4.3.3]), we have
Xm — yn X2d—n _ Y2d—n
anrlefnYdfn . 4 A — XdU,

X—Y X—Y

n __yn 2d—n __ y2d—n
X" —y" X LS
X—-Y X—-Y

aq—i—lxd—nYd—n

Xd—n _ Yd—n

).
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for some U,V € F,[X,Y]. It follows that

X" — yn X2d—n _ Y2d—n
20t xImydn T XU + Y. (4.3.3)

The coefficient of X3=1Y¢"" on the left side of (4.3.3) is 2(a?** — 1) # 0, while the
coefficient of the same term on the right side of (4.3.3]) is 0. This is a contradiction.

Next, assume that q is even. Since Q(Z) is assumed to be reducible over F,(X,Y),

we have
a7t x4y (M)Z
X+Y _<A>2+A_A(A+B)
q+1xd7nYd7n Xn + Yn de_n + YQd—n] 2 - B B — BQ ,
a
X+Y X+Y

where A, B € F,[X, Y], ged(A, B) = 1. By (4.3.1)), the numerator and the denomina-

tor on the left side are relatively prime. Therefore we may assume

b & + Ve X2d7n + Y2dfn

B = gftixdnyd 4.3.4
¢ X+Y | X+v (4:3.4)
den Ydfn 2
A(A+B) = a‘”l)(d'\(d(—Jr >
X+Y
Since ged(A, A+ B) = 1, we have
A =xU?,
A+ B =Y4W?2,
where U,V € F [X,Y], UV = (X3 + Y¥") /(X + Y). Then
B =XxU? + V2 (4.3.5)

The coefficient of Xd_le_” in is a9t + 1 # 0. However, the coefficient of
Xd-1yd=n in is 0, which is a contradiction.

Proof that [F,(X,Y,w) : F,(X,Y,2)] = d

To prove this claim, it suffices to show that for each prime divisor t of d, z is not
a t-th power in Fy(X,Y, 2). In - divide Q(Z) by its leading coefficient and set
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Y =1, the result is

-1 Xx%-n_q

Q1(2) =22 — e e AN (4.3.6)

X—-1

aq—l—lxd—n

a

which is irreducible in F,(X)[Z]. Let 21 be a root of Q;(Z). By [29, §3.3, Claim IT'], it

suffices to show that for each prime divisor t of d, z; is not a t-th power in Fq(x, 21).

Let () denote the nonidentity automorphism in Aut(F,(X, z;)/F,(X)). We have

2121 = aq_lxd, (437)

Xm—1 Xx%n_q
X—1 X—1
X —1

X—1

aq+1 den

21+ 21 = (438)

a

Let d — n = p™d', where p = charF,, pt d'. Let ( € F, be a primitive d'th root
of unity. Let p be the place of the rational function field F,(X) which is the zero of
X — ¢, and let B be a place of F,(X, ;) such that 8 | p. Then 9 is unramified over
p ([47, 111 7.3 (b) and 7.8 (b)]). From (4.3.7) and (4.3.8]), we have

v(z1Z1) =0, (4.3.9)

- —p™m ifd >1,
V(21 + 21) = (4.3.10)
pm 1 ifd =1,
where v, is the valuation of Fq(X) at p. Equation (4.3.10)) is derived as follows. First,
note that in (4.3.8)),

xd-n 1 m ifd > 1,
yp(—) 7 (4.3.11)
X-1 pr—1 ifd =1
Next, write
X" —1 X2 _q X" —1 x2(d=n) _ 1
g+lyd-n _ — (gttixdm 1 Xt 7 (4312
“ X— 1 el ) X1 X— 1 ( )



86 4. PERMUTATION BINOMIALS

If d > 1, the value of (4.3.12)) at X = is

¢"—1
(-1

(art — 1)

£ 0.

If d =1, we have m > 0 (since d —n > 1), whence d —n =0 (mod p). Then n # 0
since ged(n, d) = 1. Therefore, the value of (4.3.12) at X =( (= 1) is

(@™ —1)n —2(d — n) = (a?™ — 1)n #£ 0.

Hence we always have

X"—1 X¥n_q
Vp (aq“Xd*" — > = 0.

4.3.1
X—1 X—1 (43.13)

Combining (4.3.8)), (4.3.11]) and (4.3.13)) gives (4.3.10)).

Write (4.3.9) and (4.3.10) as

vp(z1) + vp(21) = 0,

—p™ if d > 1,

l/gp(zl + 21) =
—pm4+1 ifd =1,

where vy is the valuation of F,(X, 21) at 8. It follows that

I R if d' > 1,
{vp(21), vp(21)} = 1)) i d =1 (4.3.14)

Assume to the contrary that z; is a t-th power in F,(X, 2). Then ¢ | vp(z1). If
d' > 1, the by (4.3.14), ¢ | p™, whence t | d — n. This is impossible since ¢ | d and
ged(n,d) = 1. Therefore, d = 1 and d—n = p™. By @.3.14), ¢t |p"—1=d—n—1.
Since t | ged(d,d —n — 1) = ged(d,n+ 1) and ged(d, n+ 1) is a power of 2, we have
t = 2. It follows that p is odd.

Recall that Q1(z1) = 0, where Q1(Z) is given in (4.3.6). Using (4.3.12)) and d —n =

p™, the equation Q1(z1) = 0 can be written as
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where
U=z =",
(aTHixr" — 1)Xn —1 XX+ 1)P" (X — 1)P" !
_ 1 X—1
773 a(X — 1P ’
and

§ =~ —al lxp"

By assumption, there exist a, 3 € F,(X) such that

(qu + B)* = u+ 7,

ie.,
a5+ B2 4 2afu = u + 7.

Since u is of degree 2 over F,(X), we have

a0+ =1,
2a0 = 1.
Letting 7 = o/ 3, we have
1+67% =297 =0 (4.3.15)
and
T =2a’ (4.3.16)

Fortunately, (4.3.15)) has an explicit solution

1 1
S (@=1)/2vy(®™+n)/2\ _
T=5 (v+xa X ) T AR (4.3.17)
In Equation (4.3.17)),
1 +1 m n— m m__1
= (gttixr" XX+ 1P (X — 1)
2a(X — 17" 1 [<a o Y@=

¥ Qa(q+1)/2x(pm+n)/2(x _ 1)pm71 )

Since 7 is square in F,(X) (by (4.3.16)),

X" —1

h:=(1—at™x?"
(1-a e

F XM (XA 1P (X = )P 2ex T2 (x )P
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where € = +a9tY/2 is a square in F,(X), say h = g%, where g € F,[X] is monic of
degree p™ + (n — 1)/2. Note that

X" —1 X" —1 X" — 1
T - gatixpm g xemm)/2  ©
x—1 " x—1  © X—1

o xn—1
X—1
=(1+ -+ x¥"
_ aQ-H(xpm 4+t Xpm+n—1)
+ 2e(XPT /2 g BT /2T

h + (Xn + Xpm+n)

which is self-reciprocal. Hence g* = 4+¢g, where ¢g* is the reciprocal polynomial of g.

(In fact, g* = g, but we do not need to be precise.) Let

H=X-1)h
= (1 —a®™'%XP") (X" — 1) + X"(X 4 1P (X — 1)P" + 2exP"+/2(x — 17",

Then

m

H = (1 —a®™ X" )nx™ 1 4+ nx" (X 4 1P (X — 1)P" 4+ enx®" /271 (x — 17",

(When computing H’, we used the assumption that m > 0.) Let

m

K=H—n"'XH = —(1 — a®%x"") 4 x®"+/2(x — 1)P

— —1 4 q?HxP" — x®@"n)/2 o x0T ) /2™
The reciprocal of K is
K* =€ — eXP" 4 qatix@™+n)/2 _ x@™+n)/2+p™
Since g | K and g is self-reciprocal, we also have g = £¢* | K*. Thus g divides
K+ eK* = —14 € 4 (—e 4 ea?H)xP" /2 — (g0+! _ 1)(1 4 x®"H+0)/2),
This is a contradiction since

p"+n n—1
<p"+ —— =degy.
5 P+ B egyg

4.3.2 The Casen—d >1
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In this case,

aan + Xn—d
G(X) = :
(X) ¥+ a
Xn—d n—d n Xn—?d o Yn—?d
N(X,Y)=a [aq+1 x4y?
(%,Y) X—Y * —v X—Y
dod n—d __ Yn—d
+ a?X%Y ,
X—Y
N*(X,Y,2) = Q(z%),
where
Xn—d n—d n Vi Xn—2d _ Yn—2d
Z)=a Z2 + |attt + xy? ]z
Q( ) X—Y —-Y X—Y
dod n—d __ Ynfd
+ a?X%Y
X—Y

We claim that

Xn—d _ Yn—d Xn — yn Xn—2d _ Yn—2d
d ( , a+l Xde—> =1, 4.3.18
8¢ X—Y “4 X—Y * X—Y ( )
equivalently,
X’n—d -1 X" —1 Xn—?d -1
d(— a+1 x4 ) ~ 1. 4.3.19
ge x—1 " x-ljL X—1 ( )

Let ¢ be a root of (X"~ —1)/(X —1). If ( # 1, then

X" —1 X241 1

g+1 xd > _
<a x—1 PX o e (-1
1

= (@ = (" = 1) £0.

(a7 (¢" = 1) + U~ 1)

s

If (=1, thenn—d=0 (mod p), and

—2d
(aqHX” -1 den — 1)

— gat! —9d = (a8t — 1 '
1 1 a™n+n—2d=n(a )#0

X=1

So ({#.3.19) and (4.3.18)) hold. Therefore Q(Z) is a primitive polynomial over F,[X, Y].
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@ - [(E=="0) o)

X—Y =1
PAED el S S (4.3.20)
X—1 X—1 - =
=7+ T Z+a" x4 € F (X)[2].
a—
X—1

Following the arguments in Section we only have to prove the following two

claims:
Claim 1. Q(Z) is irreducible in F,(X, Y)[Z].

Claim 2. Let z be a root of Q1(Z) and ¢ be a prime divisor of d. Then z is not a
t-th power in F,(X, 2).

Proof of Claim 1

Assume to the contrary that Q(Z) is reducible in F,(X, Y)[Z).

First, assume that q is odd. The discriminant of Q(Z) is

D_ |:CLQ+1(Xn _ Yn) Xde(Xn—Qd _ Yn—2d>:|2 B 4aq+1ded(Xn—d _ Yn—d)2
X—Y X—v (X —Y)2

By assumption, D = A? for some A € F,[X,Y]. Then

4qa+1xdyd (Xn—d o Yn—d)2 B q+1xn _y . ande _ yn—2d
L = (s XY A
' (a/q+lxn —_y" N Xdexn72d _ Yn72d B A)
X—Y X—Y ‘

The two factors on the right side are relatively prime. (This follows from (4.3.18]).)

Therefore, we may assume

—2d —2d
XY g XY g,
K=Y X—Y 1321
X — yn Xn—2d _ Yn—2d ( o )
adtt + x%y? — A = 2qlatD/2ydy2,
X—Y X—Y
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for some U,V € F [X,Y] with

Xn—d _ Yn—d

Then

qdt! (Xn o Yn) Xde (Xn72d _ Ynf2d)
+
X—Y X—-Y

= a2 (xIU? £ Y2, (4.3.23)
Let L denote the left side of (4.3.23)). We have

XA gy Ly lyd i > 2d,
+
—xnodyd=l _ gn—dblyd=2 ... xd-lyn—d if 4 2 <n < 2d.

If d+2 < n < 2d, the coefficient of X¢='y"~¢ in L is a?*' — 1 # 0, while the
coefficient of X¥~1Y"~¢ on the right side of (4.3.23)) is 0, which is a contradiction.
Hence Theorem [4.10] (iii) holds. In particular, ged(n — d, ¢ — 1) = 1.

Since

A(Y,X)? = D(Y,X) = D(X,Y) = A(X, Y)*.
we have A(Y,X) = £A(X,Y). If A(Y,X) = A(X,Y), then by (4.3.21)), XU (X, Y)? =
YU (Y,X)% Then Y | U(X,Y), which is a contradiction to (4.3.22). Hence A(Y,X) =
—A(X,Y), and by (4.3.21)),

U(Y,X)? = V(X,Y)2. (4.3.24)

By (4.3.24) and (4.3.22)), we have

(n—d—1)/2
UXY)? =a [] x-eav) (4.3.25)
=1
—d—
V(X,Y)? = a—l H — € 1y)? (4.3.26)

where o, 5 € Fq and €; € FZ are such that

(n—d—1)/2

S H (X — e¥)(X — 1Y)

X—Y
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We have
a =U(1,0)? (by (4.3.25)
= V(0,1)? (by (4.3.24))
(n—d—1)/2

=a! €2 (by (4.3.26)).
It follows that
o= J[ &> (4.3.27)

On the other hand, comparing the coefficients of X*~! in (4.3.23) gives a?t! =

alt/2 . o je., a = al9"V/2. Since the ¢;’s are roots of X"~¢ — 1, we have

g @D=d) — 2=d) _ 1 (hy ([@3.27)).

This, combined with a(@*)(@=1) =1 and ged(n —d,q—1) = 1, implies that a?*! =1,

which is a contradiction.

Next, assume that q is even. Since Q(Z) is assumed to be reducible over F,(X,Y),
there are A, B € F,[X, Y], relatively prime, such that

and_l_Ynfd 2
q+1ydvyd
() (A A-A4rD)
(q+1xn+Yn dedX”_2d+Y"_2d)2 B B B?
a — —_—
X+Y X+Y

The numerator and the denominator on the left side are relatively prime (by (4.3.18])).
Thus

b Vi Xn—?d Yn_2d
B= anrlX——::—Y + xdvdﬁ (4.3.28)
and ; ;
X"~ YT\ 2
A(A+B) = aqHXde(;>
X+Y
We may assume that
A =xU?,
A+ B =YW?,

for some U,V € F,[X,Y] such that UV = (X"~ + Y"~4) /(X + Y). Then

B = XU* + Y2, (4.3.29)
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By (4.3.28),

B=a (Y Xy 4 XY
xdyn—d—1 4 xd+lyn—d—=2 . 4 xn—d—lyd if n > 2d,

+
xnodyd=l 4 xn—dtlyd=2 4 . 4 yxd=lyn—d f 74 9 < p < 2d.

Since we assume d > 1 and n—d > 1, the coefficient of XY"~2 in (4.3.28)) is a?*! # 0.
(Even if we allowed d = 1 or n — d = 1, the coefficient of XY"~2 in (4.3.28)) would be
a?! + 1, which is still nonzero.) However, the coefficient of XY"~2 in ([4.3.29) is 0,

which is a contradiction.
Proof of Claim 2
Recall that 1(Z) is given in (4.3.20]). Let z be a root of @1(Z) and t be a prime

divisor of d. Assume to the contrary that z is a t-th power in F (X, 2). Let () be
the nonidentity automorphism in Aut(F,(X, z)/F,(X)). Then

22 =a? X%, (4.3.30)

-1 X
- Xl -

q+1
I S UL
) |
X1
1 rd _ 1 (4.3.31)
gtl _ 2 2 gtlyd L 2 T2
:_(a )X_1+(a +1) Y1
x4 —1
a—

X—1
Write n — d = p™d’, where p t d’, and let ¢ be a primitive d'th root of unity. Let p
be the place of the rational function field F,(X) which is the zero of X — ¢, and let
B be a place of F,(X, 2) such that B | p. Then P is unramified over p ([47, I 7.3

(b) and 7.8 (b)]). From (4.3.30)) and (4.3.31)), we have
v(22) =0, (4.3.32)
—p™ ifd >1,

V(24 Z2) = (4.3.33)
a1 ifd =1,
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(The proof of (4.3.33)) is similar to that of (4.3.10|) and uses the assumption n—d > 1
in the case d = 1.) Therefore,

vp(2) + vp(2) = 0,

—p™ ifd >1,
ng(Z + Z) =
—pm+1 ifd =1,
and it follows that
{£p™} ifd > 1,

{V‘B<Z)7Vq3(2)} - {j:(pm _ 1)} if d = 1.

Since z is a t-th power in F,(X, 2), we have ¢ | up(z). If d > 1, then t = p. It
follows from t | d and t | n — d that ged(n,d) # 1, which is a contradiction. So
we must have d = 1 and n—d = p™, m > 0. Thent | p™—1=n—d— 1.
Since t | ged(n — d — 1,d) = ged(n — 1,d), where ged(n — 1,d) is a power of 2 (by
assumption), we have ¢t = 2. Consequently, p is odd. The equation @Q1(z) = 0 can

be written as

u? =6,
where
u=z-7,
(a?t —1) T (X4 1)(X — 1P !
7Ty a(X — 1)1 ’
and

§ =~ —a? x4
By assumption, there exist a, 3 € F,(X) such that
(qu+ B)* = u+7,

ie.,

a?5 + %+ 2apu = u + 7.

a’d +f% =1,
200 = 1.
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Letting 7 = o/ 3, we have
1+07° =297 =0 (4.3.34)

and
T =2a’ (4.3.35)

Equation (4.3.34]) has an explicit solution

B 1 —2a(X — 1)P" 1
(g—1)/2yd/2y _ —
(7 +a X ) - N F a(q—l)/ZXd/Q - h(X) 3

T =

| =

where

X4 —1

h(X) = (a™' — 1)ﬁ

+ (@ xE+ 1)(X = 1P 4 2ex (X — 1P
and € = +a@™/2. By (4.3.35), h(X) is a square in F,[X], say h = ¢° for some
g € F,[X] with degg = (d + p™ — 1)/2. Note that

X4 —1 " —1 " -1 x4-1 X" — 1
—— + X ) ( — )+2exd/2—
X—1 X—1 X—1 X—1 X—1

— AT (L4 X (X XPTTY) o 2e(RY2 X2

h(X) = aqﬂ(

which is self-reciprocal. It follows that ¢* = +¢g, where ¢* is the reciprocal polyno-

mial of g. Let
H=X-1Dh=(a"" —1)x¢=1) + (a?'x¢ + 1)(X — 1)P" + 2ex¥?(x — 1"

Then

m

H' = (a® — 1)dx?=! + a1 dx? 1 (X — 1)P" + edx¥* 1 (x — 1)P".

Let
K= —H+dXH = a9t — xP" 4 x¥? — xp"+d/2,

The reciprocal of K is
K* = —e+ X" — x42 4 qatixp"+d/2,
Since g | K, we have g = +¢* | K*. Hence g divides

€K + K* = (a® — 1)(e + x%?).
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This is a contradiction since

< ——— =degg.

d d+pm-1
2 2

The proof of Theorem [4.10] is now complete.

4.4 Final Remarks

Theorem leaves ample room for improvement, by which we mean nonexistence
results of PB under conditions that are weaker than or not covered by (i) — (iii)
in Theorem [£.10] While some improvements may be obtained by fine tuning the
techniques demonstrated in the present chapter, breakthroughs may require new

methods or substantially new elements in the current approach.

The cases d —n = £1 appear to be special. These are the two cases not covered by
Theorem 410 and there are indeed infinite classes of PBs in these two cases with
e = 2 (Results and. A natural question is this: When d—n = +1 and e > 2,
are there infinite classes of PBs of the form f, ., q4.(X) = X" (X%~ + q) of Fpe?



Chapter 5

Permutation quadrinomials in

characteristic 2

Permutation trinomials with Niho exponents of the form f(X) = X 4 a; X" ~D+1 4
apXs23m=D+1 4 gaxss(@m=D+1 ¢ 5 [X], have attracted much interest in recent years.
See for example [7, 25]. The parameters s, sy should be read modulo ¢ + 1, for
q = 2™, since they are multiplied by ¢ — 1 and the exponent is taken modulo ¢* — 1.
Given (s1, s2), finding conditions on ay, ay that are sufficient and necessary for f to
be a permutation polynomial of F2 is a hard question and some progress has been
done in that direction. See [28 26].

However, the situation for permutation quadrinomials is different. Recently, Tu
et al. investigated the case of (s1,$2,53) = (—1,1,2) under some restrictive con-

ditions [49]. In [50] the authors provided more classes of permutation quadrino-

mials from Niho exponents in characteristic two for (sq, s, s3) = (2k—f1, 1, %),
(81, 82,83) = (ﬁ, 1, 2’3+1)’ where k is a positive integers and (s1, 2, 53) = Gu 1, %)

The fractional number on the exponent, say 1/h should be read as the inverse of h
modulo ¢ — 1, which is well defined since ged(h,q — 1) = 1. In the last case they
suggested that the sufficient conditions of [50, Theorem 1.4] were also necessary (for

m > 5).

In this chapter we aim to answer that question. We will use the connections be-
tween algebraic curves and permutation polynomials (see Subsection to prove
necessary conditions for a polynomial to be a PP. In particular we investigate all
the cases given in [50, Theorem 1.4], showing in most cases that those conditions

are also necessary.

97
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5.1 Setting and known results

Let ¢ = 2™ be a prime power and F 2 be the finite field of ¢* elements. Let ay, as, a3 €
Fp and denote 0, = 1+ af™" + ad™ + af', 0, = af + azad, 05 = az + agal,

0, =al" +ad™ and 0, = 0, + 0, = 1 + a¥"". Note that

03 + 03 = 0,0,

We now summarize the previous results we need in this chapter. See [50, B.] for

more details.
Theorem 5.1 (|50, Theorems 1.1, 1.3 and 1.4]). The following hold.

1. Letn =2m and k < m be two positive integers such that ged(2F —1,2™ +1) = 1.
Let (51, 89,53) = (50, 1, %) Denote d = ordy(ged(m, k)). Let ay,as,a3 € Fp.

o2k _1>

Then f(X) = X + a; X107 DF 4 goxs2(a-DHL 4 gaxssla=D+l g g PP of Fo if

o0, (2) =8 ad mg(P) =0

2. Letn = 2m and k < m be two positive integers such that ged(2¥ +1,2™ +1) = 1.
Let (s1, $2,83) = (ﬁ, 1, %) Denote d = ordy(ged(m, k)). Let ay,as,a3 € Fp.
Then f(X) = X + a; X107+ 4 goxs2(a-HL 4 gaxssla=D+l g g PP of Fo if

92 2" . ng 94

0, # 0, <9—1> =0 and Tm;(e—l)—()

113
113
rERE
Then f(X) = X + a X510~ D+ 4 goxs2(a=DHL 4 quxs3(a-U+L s ¢ PP of F 2 if either

3. Let n = 2m be a positive integer. Let (s1,S2,53) = ( ) and a1, az, a3 € Fpe.

01 #0, 62=0 and a3z€ pg+1, aszé {23z € Hgt1} (5.1.1)

or

92
01 #0,0,#£0,0,=0,03 = ng_l and x® + . + —— = 0 has no solutions over F,.

9‘1+1
(5.1.2)

2

The aim of this chapter is to answer the question left open by the authors in [50),
Theorem 1.4] and prove that Condition (5.1.1) and (5.1.2)) are also necessary. When
m > 9 we managed to show that Condition (5.1.1)) is indeed necessary, whereas
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we found Condition (5.1.2]) harder to invert. However, if we limit ourselves to case

04 = 0, we obtain that Condition (|5.1.2)) is also necessary.
The main result is stated in the following theorem.

Theorem 5.2 ([42, Theorem 2.2]). Let m > 9 be an integer and ¢ = 2™. With the

notation above, if the polynomial
f(X) =X+ alxsl(q—1)+l + Cl2X52(q—1)-‘r1 + agxs;;(q—l)-i-l

is a PP of Fp then
o if 05 =0 then either 6, =0 and m is odd, or 6, # 0 and az € pi441 \ I', where
= {0 € o}
o if6, #0 and 6, =0, then 6, #0, 63 = 65" and

2

0
7?4z + qul =0 (5.1.3)
2

has no solutions in IF.

The only case still open is when 6, # 0 and 6, # 0. However, computer-aided

investigations seem to confirm that the conjecture is still true.

5.2 Algebraic curves and necessary conditions

In this section we use the methods presented in the first chapter to investigate the
necessary conditions for f being a PP. From Theorem we know that f(X) =
Xh(X?™1) permutes F 2 if and only g(z) = xzh(z)?"" permutes the set p,41 of the
(¢ + 1)-roots of unity in F,2. In [50] the authors showed that this is equivalent to

prove that the rational function

X* 4+ alX® + adX + af
a2X4 + CL3X3 + a1X + 1

p(X) =

permutes fi,+1. Let C be the plane curve associated to p(z), with equation:

(alY + CL2Y4 —|— CL3Y3 + 1) (X3a1q —I— agq + aqu —f- X4)
_|_
X+Y
N (a1 X 4+ aeX* + a3 X3+ 1) (Y3a17 + ag? + Yaz? + Y*)
X+Y

F(X,Y) =

=0.
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C is a curve defined over Fp2 and p(x) permutes j,4; if and only if there are no
points (X,Y) € CNpZ,, such that X #Y.

Choose an element e € Fp such that e? = e + 1. Every o € g4 different from 1

X+e
X+e+1?

the rational transformation:

can be written as x = where X runs over F,. Following this idea we consider

X +e Y +e >

XY:<
HX,Y) X+e+1'Y+e+1

Let X be the curve defined by H(X,Y) = (X +e+1)3(Y +e+1)*F(¢(X,Y)), then
the following hold.

Lemma 5.3. The curve X is Fy-rational and Fg-birationally equivalent to C.

Proof. By direct checking, X is F,-rational. Consider the rational transformation

defined by

Xe+1l)+e Y(e+1)+e
xv) = ( ).
vXY) X+1 7 Y+1
We obtain that (1 + X)3(1+Y)?H(¢(X,Y)) = F(X,Y), then the two curves are
[F;2-birationally equivalent. O]

Since C and X are isomorphic, we can study the properties of C to obtain information
on X.

Proposition 5.4. Let ¢ > 512. If f(X) € Fp2[X] is a PP then C is not absolutely

irreducible over F .

Proof. If C is absolutely irreducible over Fg2 then A is absolutely irreducible over
[F,. Since X has degree at most 6, the Hasse-Weil bound implies that X has at least

an affine rational point (a,b) with a # b whenever
g+1—20q—12 >0, (5.2.1)

where 12 is the maximum number of points belonging either to the line x = y or
to the infinity line. Equation (5.2.1)) is satisfied for every integer greatest than 421.
Thus, if ¢ = 2™ > 512, X’ has an F,-rational point (a,b), with a # b. Consequently,

we obtain a point (aijjl, bﬁ_&) = (a',V') € pg,, such that

a'#b and p(a’) =p(t),

which is in contrast with f(X) being a PP of . O
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Proposition allows us to focus on C to obtain necessary conditions on f(X).
However we will see that proving the absolutely irreducibility of C is not always

possible. Thus, in some cases, we will exhibit explicitly points belonging to CN ,ug 1
off the line X +Y = 0.

Understanding when C is either reducible or not may be difficult. For this reason,
one can ask for a transformation that sends C to a lower degree curve easier to study.

Along with this view, the curve C becomes

C: 084+ 0:X°Y? + 0,2V (X +Y) + 0,(X + V) +

(5.2.2)
+02(XY + (X +Y)?) +03(X?Y?* + XY (X +Y)?) =0.

In particular, the group & generated by (X,Y) — (Y, X) is a subgroup of Aut(C),
the automorphism group of C. Furthermore, let u = X +Y, v = XY and G(u,v) =
F(X,Y). Let D be the curve defined by G(u,v) = 0, that is

D: 0% + 04u® + Oyuv + 050° + Oz (u® + v) + O30 (u® +v) =0, (5.2.3)

which is the quotient curve C/G. In the next sections we will study D to find

information about C.

5.3 Case 6, =0

We first consider the case 6; = 0.

Proposition 5.5. Let 0 = 0. If 8; = 0 then the equation of C is
C: X*+Y?=0.
Proof. Since 6, = 65 = 0 and 03" = 7™ the equation of D is
u(u® +v) =0

so C has equation
(X +Y)(X*+Y?+ XY) =0,

which is exactly the claim. O]

Corollary 5.6. If 61 = 65 =0 then f is a PP if and only if m is an odd integer.
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Proof. f is a PP of Fp. if and only if the set C N ug 41 is either empty or it has
solutions lying on X +Y = 0. Since the equation of C is X3+ Y3 =0, f is a PP is
and only if there are no elements z € F2 satisfying z* = 1 and 29! = 1, which is
equivalent to m be odd (and hence 3|q + 1). O

Now we work out the case 6; # 0. In the following remark, we recall some properties
from [50].

Remark 5.7. When 6, = 0 and 6, # 0 the following hold

0, =al™0, 63=uasf, and 6, #0.

Therefore C becomes F(X,Y) = 0 with
F(X,)Y)=al 4+ asX?Y? + "' XY (X +Y) + (X +Y)?
and D becomes G(u,v) = 0 with

1
G(u,v) = al +u® + ad uv + azv®.

Proposition 5.8. The curve D defined by Equation (5.2.3) is absolutely irreducible
if and only if ag ¢ U.

Proof. 1If az = 0 then G(u,v) is not absolutely irreducible. Let az # 0. Note that
every singular point of D is a double point. In fact, we have 0,,G # 0 and 9,,G # 0.

The system of partial derivatives is

u? +afv =0
adu+v* =0

and it implies that a point P = (u,v) is singular if and only if P = (a2™* a2"'/?)

and P € D (note that the cubic roots of a3 are not uniquely determined). More

precisely G(P) = 0 implies that

al 4+ a3 =0
which proves that D is singular if and only if agﬂ = 1. Furthermore, since the

equation v3 = agqﬂ admits 3 solution in the algebraic closure Fq of F2, we have
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three double points and the cubic is the union of three non concurrent lines. This

means that D is absolutely irreducible if and only if it is non-singular, namely

(1,3¢U. ]

Remark 5.9. Since & is an automorphism group of C, there is only one situation in
which C is reducible whereas D is not: when C is the product of two cubics, which
form an orbit under &. In fact, in that case, D is a cubic curve, which may be

irreducible.

Proposition 5.10. The curve C is the union of two cubic curves only if az € fig41-

Proof. Since the action of & is exchanging the x with the y, we obtain the following

equation for C’,

(CLOO -+ aloX + CLQ()XZ + CL30X3 + amY + CL11XY + CL21X2Y + a02Y2 + (112XY2 + CL03Y3)
(Cl()o + ag1 X + CL()QX2 + a03X3 4+ a1y + a1 XY + (112X2Y + CL20Y2 + angY2 + a30Y3) =0

(5.3.1)
Note that the equation of C is
al 4+ X3+ (@™ + )XY + (@ + DXY?2 4+ Y3 4 a3 XY = 0.
Thus, by a straightforward computation, the only possible equation for C’ is
agy + aooaz0 X > + agoazeY > + a3, X*Y? =0
This means that we need to require a§+1 +1=0, that is ag € U. O

Corollary 5.11. Let az ¢ U. The curve C is absolutely irreducible.

Proof. Proposition [5.§|implies that for as ¢ U the curve D is absolutely irreducible.
The proof follows from Remark [5.9] together with Proposition [5.10 O

We consider now the case when D is not absolutely irreducible.

Lemma 5.12. Let ¢ = 2™ and let as be a cube in U. Then the equation x° = as

admits ezactly 3 solutions over Fg.

Proof. From [20, pg. 4] the equation 2® = a3 has 3 solutions if 3 | ¢* — 1 and

a®=1 atl
az® =1. Since ¢* =1 (mod 3) and a;> =1 the claim follows. O
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Proposition 5.13. Let D be the curve with equation (5.2.3)). Let ag be an element
of U and D: G(u,v) = 0. Then G(u,v) is irreducible over Fp if and only if az € T',
where I' = {non-cubes in U}. Moreover, if a3 € U\ ', D is the union of three

(absolutely irreducible) linear components over F .

Proof. From Proposition we know that the singular points of D are P, =
2

Lemma D has exactly three singular (double) points defined over FF 2 if and only

if ag € pg41 \ I'. Moreover, in that case, D is the union of three (non-concurrent)

(afa?, aday), for i = 1,2,3, where «; are the solutions in F, of z* = a3. From

lines passing through these points. O
Corollary 5.14. When az € U\ T', D decomposes as follows:
D: (u+aw+a;t)(u+ aw+ay')(u+ asv+az') =0

Proof. We just note that aya2 + a?as = az. The claim follows since the line [;: u +

a;v + ;' = 0 is the one passing through P; = (afa?, aja;), with j # . O

After that, our next goal is to understand what happens when we go back to the
curve C : F(X,Y) =0, with

FIX,Y)=al 4+ as XV + "' XY (X +Y) + (X +Y)?

Proposition 5.15. Let az € U\ I'. Then the curve C splits into linear (absolutely

irreducible) components over F 2. More precisely,
C: L (X +a; )(Y +a;7) =0,
where o2 = a3 fori=1,2,3.

Proof. The proof is a consequence of Corollary and u=X+Y,v=XY. As

a matter of fact, the quadric
X+Y+aXY +a;'=0

splits as
(X + 0o )Y +0;1) =0

for every i = 1,2, 3. O]
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Corollary 5.16. Let a3 € U\ I'. Then the set CN ,u2+1 1S non-empty.

Proof. The claim follows since ag € U (and hence «;). O

5.4 Hg#Oand (94:()

Now we suppose that 0y # 0 and 64 = 0. Recall that in this case
gt 4+ 91t = 0. (5.4.1)
The equation of C becomes

C: 03+ 03 X°Y? +01(X +Y)> +0,(XY + (X +Y)?) +05( XY+ XY (X +Y)?) =0,
(5.4.2)

while D has equation
D: 01+ 0yu® + 030> + Oy (u? +v) + 0dv(u® +v) = 0.

Similarly to the first case, we want to understand the relation between the irre-
ducibility of D (and so of C).

Proposition 5.17. C is absolutely irreducible if and only if D is absolutely irre-
ducible

Proof. As we have already pointed out, the only case to be checked is when C is the

product of two cubics, which form an orbit under &. The union of two such cubics

has equation F'(X,Y) =0, where F'(X,Y) is defined as

(aoo + aloX -+ CL20X2 -+ a30X3 -+ a01Y + GHXY -+ CL21X2Y + a02Y2 -+ a12XY2 + a03Y3)

((100 + amX -+ a02X2 -+ a03X3 -+ CL10Y + CL11XY -+ a12X2Y -+ CL20Y2 -+ CL21XY2 + (1,30Y3) =0.
(5.4.3)

By straightforward computations, we obtain

q __ 2
03 = agy

_ 2 2
92 — a(n + alo

apoao1 + agoaip = 0

g+l pg+l
5 =0,

Since 6 # 0, this implies agg # 0 and hence a1y = ag;, which contradicts

the assumption 6y # 0. O
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The next propositions allow us to obtain information about the factorization of D
(and so C). We proceed as follows: first, we show that when #; = 0 the polynomial
f(z) is not a PP. After that, we work out the case 6; # 0 and we factorize D under

precise conditions.
Proposition 5.18. Let 8, = 0. The followings hold:

1. if O3 = 6397 then the curve D splits as

D: (0 + 090) (0,7 + u® 4 09 'v?) = 0;

2. if 03 # 95‘1_1 then the curve D has exactly one singular point P = (0, «), where

Oy

« is the (unique) solution of o* = -

Proof. The equation of D becomes
w? 00§ + 0?08 + 03 + Oru® + Oov + O50° =0

and the partial derivatives system is made by the single equation

oh
% :92+93u2+930220
which implies
u2 _ 931}2 + 92 ‘
0;

Going back to the equation of D, we obtain
02057 + 0303 + 02 + 05050% = 0. (5.4.4)

Therefore, if 03 # 93(171, equation (5.4.4), together with equation (5.4.1)), implies

s 03703+ 0, 0,

V=== - — =
9;‘1_1—1—03 63

which means that u = 0 and D has only one singular double point P = (0, ), where
=%
05"

On the other hand, if 63 = 03‘7‘1, the equation of D becomes:

VO 4 057+ 00 (U + ) + 60 (uP 4 v) =0 (5.4.5)
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Note that the resultant between h(z) and the derivative with respect to v is 0. This

means that they share a common factor. Indeed, we have the following factorization

for (5.45):

V3T + 03+ 008 (u® +0) + 0z (U +v) =
(62 + 030) (0,1 + u® + 65 '0*) =0

where the second factor equals 6; 73", O

Proposition 5.19. Let 61 # 0. The curve D has exactly one singular point P =

(0, ), where a is the (unique) solution of a? = g—i,

Proof. The system of partial derivatives is

{91U2 =0
(5.4.6)

92 + 6’%u2 + 931)2 =0

This means that there is only one singular point P = (0, ) where a? = g—. O
3

Propositions and lead us to study what kind of singular point P = (0, «)
is. We can treat both cases together. Applying a birational transformation which

sends P to the origin, namely
O (u,v) — (U, V + a),
the equation for ®(D) is

(03 4+ afU? + (03 + ab3)V? + 0,U> + 03UV + 63V = 0. (5.4.7)

Proposition 5.20. The curve D is absolutely irreducible if and only if 65 # ng_l.

Proof. The only case in which D is absolutely irreducible is when the origin O is an

ordinary double point of ®(D). However, when 63 = 639"" the equation becomes
0.U° + 03UV +05V° =0

and O is a triple point. On the other hand, when 65 # 93‘1_1 the equation is

9%"‘0593 3 9 3
(U + V)V i g + U) + U + 03UV + 05V = 0
2 2
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and P is an ordinary double point. O]

Corollary 5.21. Let 0, # 0 and 04 = 0. If 6, = 0 then C N ,u3+1 1S mon-empty,
whereas if 61 # 0 and ngfl # 03 then C is absolutely irreducible over F

Proof. The proof is obtained summing up previous propositions. More precisely, if
0, = 0 and 659" = @3, from Proposition [5.18, we have

C: (0 +0IXY) (0, "+ (X + V)2 + 04" XYV?) = 0.

This means that (1/637',1) € CN p17 1. On the other hand, if 03771 £ @5, the proof
follows from Proposition and [5.20] n

We now want to further investigate the remaining case 63 = 93‘1_1 and 0; # 0. The
equation for (D) is
LU* + 03U°V + 6, 2V° = 0.

Let Z = ; and z = 03Z. Then every solution of

1 3
61_}_2—'—@2 =0

gives a linear component of ®(D).

Lemma 5.22. Let 01,0, # 0 and 21, z9, z3 be the solutions of

1
2

i the algebraic closure Fq of Fp2. Only one of the following conditions holds.
o z; €, fori=1,2,3.
o There exists j such that z; € Fy and z; € F2 for i # j.
o ;¢ Fpe fori=1,2,3.

Proof. Note that the coefficients of Equation (9.4.8) are in IF,. The claim is obtained
by standard theory, see for example [20, Pg. 20]. O

Proposition 5.23. Let 05 = 03", If 6, +z+€q%z3 = 0 has at least one solution in
2
F, then the curve C splits as the union of three absolutely irreducible conics defined

over Fp2. In particular, C N ,ugﬂ 1S a non-empty Set.
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Proof. Every solution of Equation (5.4.8)) in F,. gives a linear component of ®(D)
(and D). From Lemma [5.22 without loss of generality, we can suppose that z; € F,
and 2y, 23 € Fp are the solutions of Equation ([5.4.8). Going back to the curve D

we obtain the following decomposition:
D: (z1u + 03v + 03a) (z9u + O30 + O3a) (z3u + O3v + O3a) = 0
This means that the equation of the curve C becomes
C:(z1(X+Y)+0IXY +05)(2(X +Y) +05XY +05)(25(X +Y) +05XY +605) =0

. . 0 . .
In fact o? = 922—2,1 implies a3 = T = 0. 'We now claim that the above conics
2 2

are absolutely irreducible over F,2. A conic is irreducible if and only if it does not

have a singular point. Consider the conic corresponding to z1, the partial derivatives

system is
ng + 21 = 0
49[21X + 21 = 0
which means that a singular point has coordinate X =Y = 2t. Such a point belongs

03
to C if and only if
22409 = 0.

However, if 22 = 2™, from equation (5.4.8)) we obtain
91+21—|—21:91:0

and this is in contrast with #; # 0. Similarly, it can be proven that also the other

conics are absolutely irreducible. Finally, the point (g%iz ,1)ecln ug 11 ]
2

Corollary 5.24. Let 6, # 0 and 65 = 0. If either 6, = 0 or 65 # 037" or 6, + z +

05%23 = 0 has solutions z defined over Fy, then f is a PP of IFp.

5.5 Proof of main Theorem 5.2

If 6, = 0, the proof is obtained summing up the results of Corollary (for §; = 0)
and those of Corollary and Corollary (for 6, # 0). When 0y # 0 and
64 = 0, the proof follows from Corollary [5.24], since the equation

1 3
91+Z+@Z =0
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is equivalent to the equation (5.1.3) after substituting z = 62" .



Appendix A

We provide a proof of Proposition [2.19, Since our proof relies on cyclotomic fields

from algebraic number theory, we present it in the form of an appendix.

Proof of Proposition 2.19. Let Q((,,) be the m-th cyclotomic field of mth roots of
unity with ¢,, = e?™/™ ¢ C. In particular, the cyclotomic field Q(Cjg) contains v/2
as an integer. Let b be a prime ideal of Q((6) such that b contains p (i.e. b | p). The
extension b | (p) is unramified and Z[(16]/b = Fp4; see [32, Proposition 13.2.5] and
[30, Section 4.5]. Note that h = #+/2 (mod b). We may assume h = v/2 (mod b).
We do the computation for ¢ = 13 (mod 16), the proof for the other cases being

analogous.

(1+h)%h"T =(1+v2)" (V2)T  (mod b)
a1 1
=(V2+2)% %

=(G+¢G ' +2)

Sl

1
= (Ci6 + Cfﬁl)ﬁlﬁ

= (C16 + C16) (Gl + Ci6) (mod b)

Sl

= (G + GG + 45’6)% (mod b)

= (s + Gie + (s + i)
L
V2

Sl

= (G+¢GH—==1

111
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