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Riassunto

L’argomento principale di questa tesi & lo studio di semigruppi di transizione di una classe di
equazioni differenziali stocastiche non lineari in spazi di Hilbert separabili e di dimensione in-
finita. Pil precisamente consideriamo semigruppi di transizione associati alla soluzione mild
generalizzata di equazioni di Kolmogorov stocastiche con dato inziale in uno spazio di Hilbert
X separabile di dimensione infinita e con drift perturbato da una funzione non lineare definita
su un sottoinsieme di X. La teoria dei semigruppi di transizione associati a queste equazioni
differenziali stocastiche si e sviluppata a partire dagli anni ottanta e le sue basi sono esposte in
tre libri di G. Da Prato e J. Zabczyk.

Nel primo capitolo di questa tesi richiamiamo preliminari di analisi funzionale, analisi infinito
dimensionale, probabilita, teoria dei semigruppi, processi Markoviani di Wiener e di Ornstein-
Uhlenbeck necessari per definire il contesto in cui lavoreremo. Nel capitolo due definiamo
I’equazione differenziale stocastica e il semigruppo di transizione associato, che sono i due prin-
cipali protagonisti di questa tesi. In condizioni molto generali, studiamo 1’esistenza e 'unicita
della soluzione mild generalizzata dell’equazione differenziale stocastica. Nel capitolo tre tratti-
amo alcune proprieta di regolarizzazione del semigruppo. Nel capitolo quattro dimostriamo una
disuguaglianza logaritmica di Harnack e alcune sue conseguenze. Nel capitolo cinque mostriamo
Pesistenza e I'unicita di una misura invariante di probabilita v per il semigruppo di transizione.
Inoltre dimostriamo che il semigruppo di transizione ¢ unicamente estendibile ad un semigruppo
fortemente continuo nello spazio L?(X, v), e che il suo generatore infinitesimale N5 & la chiusura
di un operatore di tipo Ornstein-Uhlenbeck perturbato. Nel capitolo sei studiamo la regolarita
di Sobolev del dominio di Ns, dimostriamo alcune disuguaglianze di Sobolev logaritmiche e di
Poincaré e un risultato di ipercontrattivita per il semigruppo. Nel capitolo sette consideriamo
sia problemi stazionari che di evoluzione in un aperto O di X, definendo il corrispondente semi-
gruppo arrestato o semigruppo di Dirichlet, di cui studiamo il generatore infinitesimale nello

spazio L%(0,v).



Abstract

The main topic of this thesis is the study of transition semigroups of a class of nonlinear stochastic
evolutin equations in an infinite dimensional separable Hilbert space. More precisely, we con-
sider transition semigroups associated to the generalized mild solutions of stochastic Kolmogorov
equations with initial data in an infinite dimensional separable Hilbert space X and with the drift
perturbed by a nonlinear function defined on a subset of X. The theory of transition semigroups
associated to such stochastic differential equations was developed starting from 1980s, an account
of this theory is presented in three books by G. Da Prato and J. Zabczyk. In the first chapter of
this thesis we recall some preliminaries about functional analysis, infinite dimensional analysis,
probability, semigroup theory, Wiener, Ornstein-Uhlenbeck and Markovian processes necessary
to define the framework in which we work. In chapter two we define the stochastic differential
equation and its transition semigroup, which are the main objects studied in this thesis. Under
rather general conditions, we study existence and uniqueness of the generalized mild solution of
the stochastic differential equation. In chapter three we discuss some smoothing properties of
the semigroup. In chapter four we prove a logarithmic Harnack inequality and some of its conse-
quences. In chapter five we show existence and uniqueness of a probability invariant measure v
for the transition semigroup. We also show that the transition semigroup is uniquely extendable
to a strongly continuous semigroup in the space L?(X, v), whose infinitesimal generator Ny is the
closure, in this space, of a perturbed Ornstein-Uhlenbeck type operator. In chapter six we study
the Sobolev regularity of the domain of Ny, we prove some logarithmic Sobolev and Poincaré
inequalities, and a hypercontractivity result for the transition semigroup. In chapter seven we
consider stationary and evolution equations in an open set O of X, defining the stopped semi-
group or Dirichlet semigroup associated to it, and studying the infinitesimal generator of such

semigroup in the space L%(0,v).
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Introduction

This thesis is devoted to Markov transition semigroups associated to stochastic evolution equa-
tions on infinite dimensional Hilbert spaces.

The history of Markov transition semigroups began in the early twentieth century when, on
one side, M. Smoluchowski, A. Einstein and P. Langevin studied the Brownian particle velocity
and, on the other side, A. A. Markov attempted to describe mathematically the phenomenon of
the Brownian motion. Markov focused on a property of Brownian motion that informally can
be described as follows: the past and the future are conditionally independent given present,
for every possible value of the present. Einstein and Langevin used two different approaches to
study the Brownian particle velocity. Einstein started from a Fokker—Planck equation describing
the time evolution of the probability density function of the position of a particle. Langevin had
the idea to describe the velocity of a Brownian particle by a process which is a solution of the
first prototype of a stochastic equation. In the 1930’s this process was studied in detail by the
two physicists from whom it took its name: L. Ornstein and G. E. Uhlenbeck.

Einstein and Langevin had not the mathematical theory developed years later by K. It6 and
A. N. Kolmogorov, however they were able to describe the Brownian motion law and to conclude
that its trajectories are not functions of bounded variation. In 1923 N. Wiener gave the first
correct mathematical construction of the Brownian motion which was also the first construction
of a Markov process with continuous trajectories.

Markov processes and stochastic differential equations theories were developed between the
1930s and 1950s by Doeblin, Doob, Feller, It6, Lévy, Kolmogorov and many other ones. These
theories are the connection between Einstein’s and Langevin’s approaches and, more in generally,
between stochastic equations and parabolic partial differential equations.

In the 1960’s the first studies about infinite dimensional stochastic equations began. L. Gross
Yu. L. Daleckii and P. Malliavin introduced Hilbert space valued Wiener and Ornstein—Uhlenbeck
processes and investigated some classes of deterministic parabolic equations for functions of in-

finitely many variables.

We now present a modern mathematical formalization of the problems discussed above.

Let X be a separable Hilbert space equipped with the norm ||-|| and inner product (,-). Let
A : Dom(A) € X — X be the infinitesimal generator of a strongly continuous semigroup et
(see Subsection 1.4.1) and let R : X — X be a bounded linear operator. Let {W(¢)};>0 be a

X-cylindrical Wiener process on a probability space (2, F,P) (see Subsection 1.7.3). We consider
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the following infinite dimensional version of the Langevin equation

(1)

dX(t,x) = AX(t,z)dt + RAW (t), t > 0;
X(0,z) =x.

Under suitable hypotheses on A and R, for any = € X, (1) has unique mild solution, namely a
process {X (¢, z)}+>0 such that for any ¢ > 0

X(t,x) = ea+Walt), Wa(t):= ( /0 te(t_s)ARdW(s)> , P-as., (2)

see Section 1.8. {X (¢, x)};>0 is a X valued Ornstein-Uhlenbeck process.
Let f : X — X be a smooth enough function, we consider the function u : [0,400) x X — X
defined by

u(t,z) = E[f(X(t,2))] = /Qf(X(t,x)(w))P(dw), zEX, t>0.

Under suitable hypotheses (e.g. [42, Chapter 6] and [43, Section 9.3]), u solves the following
infinite dimensional version of the Fokker-Planck equation considered by Einstein

—(t,z) = 1 Tr[R*V2u(t, z)] + (Az, Vu(t,z)), z € Dom(A), t >0, 3)

where V2u(t,z) and Vu(t,z) are the Fréchet Hessian and Fréchet Gradient of the function
u(t,) : X — X.

For f € By(X) (the space of bounded and Borel measurable functions from X to R), the
family of operators defined by

(T )(x) = ul(t,z) =E[f(X(t,2))], zeX, t>0, (4)

is a semigroup and it is called Markov transition semigroup associated to (1) (see Section 1.9),
it is known as the Ornstein-Uhlenbeck semigroup.
Tt is possible to prove that, for any ¢ > 0, the law p; of W4 (t) is a Gaussian measure of mean

0 and covariance operator

t
Qt::K;ﬁARRﬁfmd& (5)

see Subsection 1.6.2 for the definition of Gaussian measures on (X, B(X)). Via change of variables,

one sees that the Ornstein-Uhlenbeck semigroup (4) has the Mehler representation

(T(t) ) () = /x Fe Az yu(dy), z X, t> 0. (6)

We note that, if X = R" with n € N, A =0 and R = v/2Ix in (5) and (6), then T'(t) is the heat
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semigroup and (3) reads as
du n
%(t,x) = Au(t,x), zeR™ t>0,
u(0,2) = ¢(z), =eR",

where Au(t, x) is the Laplacian of the function u(t,) : X — X.
In this thesis we will study the transition semigroup of a nonlinear version of the Langevin
equation (1). More precisely let F' : Dom(F) C X — X be a smooth enough function. We will

consider the transition semigroup P(t) associated to the nonlinear stochastic differential equation

(7)

dX(t,z) = (AX(t,z) + F(X(t,2)))dt + RAW (t), t > 0;
X(0,2) =z

Due to the nonlinearity of (7), P(¢) does not have a Mehler formula similar to (6).

The study of stochastic partial differential equations (SPDEs) was devoloped from 1960s (see
[26]). The stochastic versions of many classic PDEs that had been studied are: reaction—diffusion,
wave, beam, Burgers, Musiela, Navier—Stokes, Kardar—Parisi-Zhang, Kuramoto—Sivashinsky,
Cahn-Hilliard, Landau-Lifshitz-Gilbert, etc. These SPDEs were studied with different ap-
proaches: the semigroups approach (Da Prato and Zabczyk, see [43]), the variational approach
(Pardoux, Krylov and Rozovskii, see [71]) and the random field approach (Walsh, see [98]). In my
thesis I study some stochastic reaction—diffusion type equations in a separable Hilbert space and
theirs corresponding transition semigroups, using the Da Prato and Zabczyk approach presented
in the books [20, 41, 42, 43].

Now we describe in detail the contents of the thesis. Except for Chapter 1., the final section

of all other chapters is devoted to bibliographic comments and examples.

Chapter 1. This chapter is devoted to the preliminary results that we will use in the next
chapters. In Section 1.3 we recall some basic definitions and results about dissipative mappings.
Section 1.4 is devoted to the semigroups theory, in Section 1.5 we state some basic definitions
and results about spectral theory of compact operators. Sections 1.6 and 1.7 are devoted to
Gaussian measures and Wiener processes in Hilbert spaces, respectively. In Section 1.8 we define
an integration with respect to a Wiener process and we state some properties of the stochastic
convolution process {Wa(t)}i>0 defined in (2). Section 1.9 is devoted to the theory of Markov
processes and in Section 1.10 we recall some results about the Ornstein-Uhlenbeck semigroup
given by (6). Finally in Section 1.11 we present a regularizing sequence for dissipative functions

from X into itself.

Chapter 2. In this chapter we study the solution of (7) via the approach introduced in [20,
Chapters 6 and 7] and [43, Section 7.2]. In particular we investigate the case where F' : Dom(F') C
X — X and A : Dom(A4) C X — X satisfy some dissipativity conditions. This framework covers
a large class of reaction diffusion systems (see [20, Chapters 6 and 7]). If Dom(F) = X, for any
x € X it is possible to consider the mild solution of (7), namely a process {X (¢, z)};>0 that
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satisfies

X(t,z) =z + / t eUAR(X (s,2))ds + / t e=)ARAW (s), P-as. (8)
0 0

However, if Dom(F') C X is a proper subset of X, (8) may not make sense for every x € X. Hence
we need a more general notion of solution to avoid the problem of Dom(F'). We follow idea of [20,
Chapters 6 and 7] and [43, Section 7.2] assuming that there exists a Banach space E C Dom(F)
densely and continuously embedded in X such that F|g : E — E is locally Lipschitz continuous.
Then, under suitable hypotheses, it is possible to prove that for any x € E, the SPDE (7) has
a unique mild solution {X (¢,x)};>0 such that its trajectories take values in E. Then, exploiting

the density of E, one proves that for any x € X there exists a process {X (¢, )}+>0, such that

lim sup || X(-,z,)—X(,2)]| =0, VT >0, P-as. (9)
n=00 ¢[0,T]
for any sequence {z,}neny € E converging to x and X (t, z,) being the unique mild solution of
(7) with initial datum z,,. We call the limit {X (¢, z)};>0 in (9) generalized mild solution of (7).
Moreover we provide some useful estimates for the moments of the generalized mild solution
{X(t,z)}+>0. Later we will prove that the family of operators {P(¢)};>o defined by

(P(t)e)(z) := Elp(X(t,2))], ¢ e By(X), z€X, t=0 (10)

is the transition semigroup associated to (2.0.1), we simply denote it by P(¢). In this chapter we
work in the general framework of [43, Sections 7.2], and in such general framework we provide

several useful estimates, generalizing the ones of [20, Chapters 6-7] and [30, Chapters 4].

Chapter 3. In this chapter, under suitable hypotheses, we study some regularizing properties
of the transition semigroup P(¢) given by (10). In [14, 61] the authors consider equation (7) with
F = RG, for some G : X — X Lipschitz continuous. Let Lip,(X) be the space of bounded and

Lipschitz continuous functions from X to R. They prove that
P(£)(By(X)) C Lipy(X), ¢ >0.
whenever
) € QP(N), >0, (11)

where Q) is defined in (5). The main novelty of this chapter is to study the same SPDE considered
in [14, 61] in the case where (11) is not verified. Specifically, we assume that the part of A in the
separable Hilbert space

Hp = (R(X), (R7' (), R'())) (12)

(see Subsection 1.2.5) generates a strongly continuous semigroup and we prove that for any ¢ > 0,
x € X, h € Hg and ¢ € By(X), we have

P(t)p(a + h) — P(t)p(a)| < K(O)|[R].
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where K(-) : (0,400) — (0, +00) is continuous and for small ¢

K(t) ~

B

for some k > 0.

Chapter 4. This chapter is devoted to prove a logarithmic Harnack-type inequality for the
transition semigroup P(t) defined in (10). The first formulation of the Harnack inequality dates
back to 1887, it can be found in his seminal paper [66], and concerns positive harmonic functions.
Over the years, these types of inequalities have been studied by many other authors, such as J.
Moser, J. Serrin, N.S. Trudinger, J. Hadamard, B. Pini, D. G. Aronson. E. De Giorgi and J.
Nash. A possibility to get the Harnack-type inequality in an infinite dimensional setting consists
in replacing a classical formulation to the dimension-free logarithmic Harnack Inequality (LHI)
first introduced by F.-Y. Wang in [99] for the study of diffusion semigroups on Riemannian
manifolds. In this chapter we generalize the results of [38, 93]. To be more precise, in the same

spirit as Chapter 3., we prove a (LHI) type inequality along Hg (see (12)), namely
|P(t)gp(z + B)|P < P(t)|g(z)[Pec®IBI° 450 2 e X, he Hg; (13)

for any bounded and Borel measurable function ¢ : X — R, any p > 1 and some continuous
function ¢ : (0, +00) — R. In [38] the authors assume that the operator R in (7) has bounded
pseudo-inverse. Instead in [93] the perturbation F' in the SPDE (7) is assumed to be Lipschitz
continuous and dissipative along Hg. In this chapter R~! is not assumed bounded. In Section
4.1 we prove (13) in the case where the perturbation F' is Lipschitz continuous. In Section 4.2
we will prove (13) in the case where F' : Dom(F) C X — X satisfies a dissipativity hypothesis
along Hg.

Chapter 5. In this chapter we study existence and uniqueness of a invariant measure for P(t),
and a core for the extension to L?(X,v) of the transition semigroup P(t) defined in (10). Adding
some assumptions to those considered in Chapter 2., we prove that P(t) has a unique invariant
measure v and we show that it is uniquely extendable to a strongly continuous semigroup P,(t)
in LP(X,v), for any p > 1. We denote by N the infinitesimal generator of Py(t). We prove in a
more general setting the results previously proved in some specific cases in [11, Section 3], [31],
[30, Sections 3.5 and 4.6] and [42, Section 11.2.2]. More precisely, we prove that N is the closure

in L?(X,v) of the following second order Kolmogorov operator
1
Now(x) := ST[R*Vip(w)] + (Az + Fo(2), Vo(x)), ¢ € £a(X), = € Dom(A),
where

£4(X) := span{real and imaginary parts of the functions z — ¢*®"x | h € Dom(A*)}.
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and
F(z) z€E,
Fo(l‘) =
0 x € X\E,
where E is the separable Banach space used in Chapter 2 to construct the generalized mild
solution. To do this the fact that v(E) = 1 is essential, and to prove such equality we use the

estimates of the moments of the mild geralized solution given in Chapter 2.

Chapter 6. In this chapter we describe the domain of No. As expected, we shall prove that
the domain of Ny is embedded in suitable Sobolev spaces. In [30, Section 3.6.1] and [32] the
authors assume that R in (7) has a continuous pseudo-inverse (see Subsection 1.2.5) and work
with the Sobolev space W12(X, ) defined as the domain of the closure in L?(X, v) of the Fréchet
gradient operator V : £4(X) C L*(X,v) — L*(X,v;X). We emphasize that this case presents
no significant differences in defining and studying Sobolev spaces compared to the case when
R =1Ix. In [5, 16, 17, 59] the authors assume that R = Q'/2, where Q is a positive, self-adjoint
and trace class operator, and FF = —QVU where U : X — R is a Fréchet differentiable and convex
function, such that VU is Lipschitz continuous. They consider the Sobolev space VVI’IQ/2 (X,v)

Q
defined as the closure in L?(X,v) of the operator Q'/2V : £€4(X) C L*(X,v) — L*(X,v;X). We
underline that, if F' = —QVU, then the invariant measure v is a weighted Gaussian measure and

Ny is the self-adjoint operator associated to the quadratic form

Glo.) = [ (QVVo. QU3 w)in v € WhEL(X0),

Conversely, if F' is not of that form, then Ny is not necessarily associated to a quadratic form.
We stress that, in the infinite dimensional case, the Sobolev spaces W12(X, v) and Wé’fm(x, v)
have not equivalent norms.

In this chapter we consider the same framework of Chapter 3., namely the perturbation F
in (7) is equal to RG for some Lipschitz continuous and Fréchet differentiable G : X — X, and
R € L£(X) is non-negative. We prove that Dom(Nz) is contained in the Sobolev space W}f(%, V)

defined as the domain of the closure of the operator
RV : €4 C L*(X,v) = L*(%X, v, X).

Moreover we prove that the transition semigroup P(t) and its invariant measure v satisfy a log-

arithmic Sobolev and Poincaré inequalities, and a hypercontractivity property.

Chapter 7. Let O be an open set of X and let By(O) be the space of bounded and Borel

measurable functions from O to R. In Section 7 we consider the Dirichlet semigroup
Po(t)w(l‘) =K [@(X(tvx))]l{weﬂ : Tz(w)>t}] , P E Bb(O), VS 07 t>0

where {X (¢, x)}1>0 is the generalized mild solution of (7) studied in Chapter 2., and 7, is the
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stopping time defined by
T, =inf{s >0 : X(s,z) € 0°}.

We prove that v is sub-invariant for P9 (t); therefore P9 (t) is uniquely extendable to a strongly
continuous semigroup PpO (t) in LP(O,v), for any p > 1. We denote by My the infinitesimal
generator of Py’ (t). In this chapter we extend to a nonlinear case some results proved in [33]
in the case where F' = 0 in (7). We consider only the case where F is a gradient perturbation,
namely it has a potential. In this case the invariant measure v is a weighted Gaussian measure
and it is possible to associate a quadratic form Qs to N,. Under some additional hypotheses

there exists a quadratic form Qs on W}%’Q(DC, v) such that

/ (Nop)pdy = Qa(p,1)) = 3
x

L / (RV, RV)dv, Vo € Dom(Ny), ¢ € Wg*(X,v).

After we consider the Sobolev space ﬁ/}{*"’(x, v) of the functions u : O — R such that their null
extension u belongs to W}%’Z(DC, v), and the quadratic form Q9 on Wé’Q(O, v) defined by

-~

QF (¢, 0) = Q(B,9),  Ve,1p € Wi2(0,v).

In this chapter we prove that the infinitesimal generator My of Py (t) is the operator Ny asso-

ciated with QF, namely

Dom(NY) := {p € WE2(0,v) : 38 € L*(0,v) s.t. /Oﬁwdz/ = Q9(8,¢) Vb € WE(X,v)}

NP@ =8, ¢ €Dom(Ny).



Chapter 1

Preliminaries

1.1 Notations

Let &; and X3 be two real Banach spaces equipped with the norm ||-||4 and [|||4, respectively.
We denote by B(X;) the family of the Borel subsets of K; and by By(K1;XKs) the set of the
bounded and Borel measurable functions from X; to Ko. When Ko = R we simply write By, (K1 ).
We denote by £(X1,X2) the space of the linear bounded operators from X; to Ko, if X1 = Ky we
simply write £(%K1). We denote by Ix, the identity operator on K;. Let A : Dom(A) C X1 — K3
be a linear operator and let & C X7 be another Banach space. The part Ag of A in F is defined
as
Dom(Ag) :={zr € Dom(A)NE : Ax € E}, Agz:= Az, x € Dom(Ag).

We denote by Cp(K1;XKs) the set of the continuous bounded functions from K to Ky. If Ko =R
we simply write Cp(K1).

Let f: K1 — XK, we say that f is Fréchet differentiable at the point x € Xy, if there exists
L, € £L(X1,K2) such that

I (@ +h) = f(x) = Lahlly,

im =0.
], =0 [R5,

When it exists, the operator L, is unique and it is called Fréchet derivative of f at the point
x € K1. We set Df(z) := L,. We say that f is twice Fréchet differentiable at the point z € K;
if the map Df : K1 — L(K71,K>) is Fréchet differentiable at the point z € K1, hence the second
order Fréchet derivative of f at the point x € X; is the Fréchet derivative D(Df)(z) of Df at
the point z € Ky. We set D2f(z) = D(Df)(x) For any x € Ky, D(Df)(x) is a linear bounded
operator from X to £(X;, L(K1,K>)) and there exists a unique bilinear form b, : K1 x K1 — Ko
such that
(D2 f(z)h)k = by (h, k), h, ke Ky,

we still denote b, by D?f(x). For any k € N, in analogous way, we can define the notion of
k-Fréchet differentiability of a function f and we denote by D* f(z) its k-Fréchet derivative at
the point x € X;. We denote by C’f(ﬂ(l;ﬂCg), k € NU {oo} the set of the k-times Fréchet
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differentiable functions from X; to KXo with bounded derivatives up to the order k. If Ko = R
we simply write CF(X1).

Let f:X; — Ko. We say that f is Gateaux differentiable at the point x € K if there exists
T, € £L(X1,X2) such that for any h € K; we have

y I/ (@ +th) — f(x) = tTohlly,
11

lim - =0, (1.1.1)

T,h is called Gateaux derivative of f at the point x € X along h € X; and we denote it by
DEP(x)h.

Proposition 1.1.1 (Fact 1.13(b), p. 8 [86]). If the limit in (1.1.1) exists uniformly for h € Ky
such that ||h||lq, <1 then f is Fréchet differentiable at x € K.

Let H be a Hilbert space equipped with the inner product (-,-),, if f € C}(H) then, for
every x € H there exists a unique k, € H such that for every h € H

Df(x)(h) = (h, ka) gy,

k. is called Fréchet gradient of f at the point z € H and we denote it by V f(z). Moreover if
[ € CZ(H) then, for any € H, there exists a unique Q, € L(H) such that, for any h,k € H

we have

D?f(x)(h, k) = (Qzha, ha) gy,

Q. is called Fréchet Hessian of f at the point € H and we denote it by V2f(z).

1.2 Linear operators

In this section we recall some basic definitions and results about the theory of linear operators.

Let X be a Banach space equipped with the norm ||| 4.

1.2.1 Closed operators

Let A : Dom(A4) C X — X be a linear operator. We say that A is closed if for any sequence
{zy }nen C Dom(A) such that z,, — z and Az, — y we have x € Dom(A) and y = Axz. We say
that A is closable if for any {x,}neny C Dom(A) such that z,, — 0 and Az, — y we have y = 0.

In this case we define the closure of A in the following way

Dom(A) := {z € X | 3{zn}nen C Dom(A) | z,, — 2, {Azy, }nen converges in K},

Az = lim Az,, z € Dom(A).

n—-+oo

Let T > 0, A: Dom(A) C X — X be a closed operator. Let f : [0,7] — Dom(A), if both f



1.2. LINEAR OPERATORS 15

and Af are Bochner integrable in [0, T], then

T T T
/Of(t)dteDom(A), A/O f(t)dt:/o AF(t)dt.

1.2.2 Adjoint
Let A:Dom(A) C X — X be a linear operator such that Dom(A) is dense in K. The adjoint of
A is defined as the operator A* : Dom(A*) C KX* — X* such that

Dom(A*) :={le X" : 3k >0 : |[(Az)| < k|jz| 4, Yz € Dom(A)},

I(Az) = (A*)(x), Vz € Dom(A), VI € Dom(A*).

If K is a Hilbert space and after the canonical identification of X and K*, we say that A is a
self-adjoint operator when A = A*.

1.2.3 Resolvent

We still denote by X the complexification of K. Let A : Dom(A) C X — X be a linear operator.
We define the resolvent set of A as

p(A):={\eC : (A— Al : Dom(A) — X is bijective and its inverse is bounded}.

Instead o(A) := C\p(A) is called spectrum of A. The elements A € o(A) such that (A — AI) is
not injective are called eigenvalues and the elements @ € Dom(A) such that Az = Az are called
eigenvectors associated to the eigenvalues. We denote by o,(A) the set of eigenvalues of A and
it is called point (or punctual) spectrum. Moreover for any A € p(A) we can define the resolvent
of A in the following way

R\ A)=(A- X)L

1.2.4 Square root and positive operators

Let A: Dom(A) C X — X be a linear operator. If there exists a unique operator B : Dom(B) C
X — X such that Dom(B?) = Dom(A4) and A = B? then we call B square root of A and we
denote it by v/A. Clearly a general linear operator may not have a square root.

We assume that X is a Hilbert space equipped with the inner product (-,-)4. Let T € £(X).
We say that T is non-negative (positive) if for every € Dom(T') \ {0}

(Tz,xz) >0 (> 0).

In an anologous way we define the non-positive (negative) operators. We have the following basic

results about non-negative and bounded operators.

Proposition 1.2.1. Let T € L(X) be a non-negative operator.
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1. T is a self-adjoint operator.
2. If G € L(X) is non-negative and G and T commute then GT is a non-negative operator.
3. T has a unique square root \/T. Moreover

(a) if G commutes with T then G commutes with /T,
(b) if T is bjective then /T is bjective.

Let T € £(X). It easy to see that T*T is a non-negative operator, so we can define the

absolute value of T in the following way,
|T|:=vT*T (1.2.1)

1.2.5 Pseudo-inverse

We conclude this section defining the notion of pseudo-inverse for an operator T' € £(X). We
refer to [71, Appendix CJ.

Definition 1.2.2. Let T € L(X). The pseudo inverse of T is defined as

—1
-1._
T = (T|K€7“(T)i>

where Ker(T)* is the orthogonal of Ker(T). In an equivalent way we can define the pseudo

inverse of T as the operator that associates to x € T(X) the element of minimum norm in
T~ ({a}).

It is easy to see that the pseudo-inverse 71 : T(X) — Ker(T)* is a linear operator and the
space Hp := T(X) is an Hilbert space with the inner product

(x, ) = <T*1x,T*1y>x, z,y € T(X).
Moreover if {ej }xen is an orthonormal basis of Ker(T)* then {Tej}ren is an orthonormal basis
of Hr :=T(X).
1.3 Dissipative mappings

We recall some basic results about subdifferentials and dissipative maps. We refer to [20, Ap-
pendix A], [27] and [43, Appendix D] for the results of this section. Let X be a separable Banach
space. For any = € X, we define the subdifferential ||z, of ||-||4 at z € X as

O] := {a" € X" | [l + ylloc = [lzll5c +27(y), Yy € K}
Moreover 0|z |4 is close and convex and for any x # 0 we have

O] = {z* € X* [ oc (@, 2%) e = [|@llocs [[2"[loc- = 1}-
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Let [to,t1] C [0,400) and let w : [tg,t1] — K be a differentiable function. Then the function
v = |lullx : [to, t1] = [0, +00) is left-differentiable at any to € [to,t1] and
d”y

—(tg) := i
dt (to) hi%l*

Aot hi)L —(to) =min{p (u'(to),2") p- + & € Ollulto)lx }- (1.3.1)

Moreover, let b € R and let g : [to, t1] — [0, +00) be a continuous function. If

d—y
W(t) < by(t) + g(t),
then, for any ¢ € [to, t1], we have
t
v(t) < eb(t_t")'y(to)—l—/ =% g(s)ds, t € [to,t1]. (1.3.2)
to

Definition 1.3.1. A map f : Dom(f) C X — X is said to be dissipative if, for any a > 0 and
z,y € Dom(f), we have

lz =y —a(f(z) = FW)llx = 2 —yllx (1.3.3)

If f is a linear operator, f(x) = Az (1.3.3) reads as
(AL = A)x||4 > Allz|le, VA >0, 2 € Dom(A)

We say that f is m-dissipative if the range of A\l — f is the whole space KX for some A > 0 (and
so for all X\ >0).

Using the notion of subdifferential we have the following useful charaterization for the dissi-

pative maps.

Proposition 1.3.2. Let f : Dom(f) C X — XK. [ is dissipative if and only if, for any x,y €
Dom(f) there exists z* € 0|z — y|| such that

x (f(x) = f(y), 2") g 0. (1.3.4)

If X is a Hilbert space (1.3.4) becomes

(f(z) = fy),z —y)g < 0.

1.4 Semigroups theory

In this subsection we recall some basic definitions and results of the semigroups theory, we refer
to [53, 54, 73]. Let X be a Banach space. From here on we will use the notation T'(¢) to denote a
semigroup of linear bounded operators {T'(t) }+~0, namely a family {T'(¢t) : ¢t > 0} C L(XK) such
that

TO)=1x, Tt+s)=TE)T(s), Vt,s>0.
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1.4.1 Strongly continuous semigroups

Let T'(t) be a semigroup on K. We say that T'(t) is strongly continuous if for any x € X the
function T'(+)z : [0, +00) — K is continuous. In this case we define the infinitesimal generator of
T(t) as the operator A : Dom(A4) C X — X defined by

Dom(A) := {x €eX : Jlim T(t)zx} , Az =lim M
t—0 t t—0 t

Sometimes we denote by €' the semigroup 7'(t). Let M > 1 and w € R. We denote by G(M,w)

the set of the strongly continuous semigroups 7'(¢) such that
1T (o) < Me™, ¢ >0.

Moreover if M =1 and w < 0 we say that T'(¢) is a contraction semigroup.

We state one of the most important results about strongly continuous semigroups.

Theorem 1.4.1 (Hille-Yosida). Let A : Dom(A) C X — X be a linear operator. A is the
infinitesimal generator of a strongly continuous semigroup belonging to S(M,w) if and only if

the following conditions are verified:
1. Dom(A) is dense.
2. {xeR : X>w} Cp(A).
3. IR Al gy € oyer FEN, A>w.

Remark 1.4.2. If Dom(A) is not dense in K and the points 2-3 of the Hille—Yosida Theorem
hold true, then we can consider the space KXo = Dom(A). By the Hille—Yosida theorem, the part

of A in Ky generates a strongly continuous semigroup on K.
We state some useful properties of the strongly continuous semigroup.

Proposition 1.4.3. Let T(t) be a strongly continuous semigroup on X and let A : Dom(A) C

X — X be its infinitesimal generator.

1. For any x € Dom(A) and t > 0 we have AT (t)x = T'(t)Ax.

dr'(t
2. For any x € Dom(A) the function T()x : [0+ c0) — XK is differentiable and % =

AT (t)z, for any t > 0.

3. For any x € X we have lim,_, o nR(n, A)x = x.

Now we recall some results in the case where the operator A is dissipative. The first one is
the the Lumer-Phillips theorem.

Proposition 1.4.4.

1. Let A:Dom(A) C X — K be a linear and dissipative operator such that Dom(A) is dense.
The closure A of A is the infinitesimal generator of a strongly continuous and contraction
semigroup if and only if (A\I — A)(X) is dense in X for some A > 0.
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2. Let A : Dom(A) C X — X be the infinitesimal generator of a strongly continuous and

contraction semigroup. Then A is dissipative.

1.4.2 Analytic semigroups

Now we introduce the analytic semigroups. We consider the complexification of X, and we still
denote it by XK.

Let A : Dom(A) C X — X be a linear operator. We say that A is a sectorial operator if there
exist M >0, no € R and 6y € (7/2, 7] such that

So:={r e C|A#mo, |arg(A —mo)| <o} C p(A);

M VA€ S (1.4.1)

RN A, S
IBOS Allo <

We call analytic semigroup generated by A the semigroup et4 defined by
et = / AR\, A)dA, (1.4.2)
Yr,ntw

where 7 > 0, n € (§,70) and
v:={AeC : |largA|=n, [\| >r}U{reC : |Jarg\| >n, |\ =r}.

Due to the analyticity of e!()R(-, A), (1.4.2) is independent of  and 7.

We state some properties of analytic semigroups.

Proposition 1.4.5. Let A : Dom(A) C X — X be sectorial operator. Then the family of
operators defined in (1.4.2) is a semigroup on X, that satisfies the following properties.

1. There exists Mg > 0 such that for any t >0

HetAHL(x) < Moe™, (1.4.3)

where ng is the constant in (1.4.1).

2. Foranyt>0and k € N
e (K) € Dom(AF). (1.4.4)

Moreover for every e > 0 there exists Ce > 0 such that

[tF AFet |, < Cepe™ Tttt > 0. (1.4.5)
3. For any x € Dom(A)
ngrfoo nR(n, A)x = x. (1.4.6)

4. Setting f(t) = ', we have
f € 0%((0, +00), £(X)). (1.4.7)
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Moreover f)(t) = AR f(t), for anyt > 0 and k € N.

Remark 1.4.6. If A is non positive, then, by (1.4.5) for any o > 0 and € > 0 there exists
Ce.o > 0 such that
H?fo‘(—A)aetAHjc < Ce,ae(""'“)t, t>0.

1.4.3 Semigroups on B;,(X)

We recall some basic definitions about the semigroups defined on By,(X). Let T'(¢) be a semigroup
on By(X).

1. We say that T'(t) is non-negative if for any non-negative valued ¢ € By(X) and for any
t > 0, T'(t)¢ has non-negative values.

2. We say that T'(t) is Feller, if for any ¢t > 0 we have
T(t) (Cp(X)) S Co(X).
3. We say that T'(¢) is Strong Feller, if for any ¢ > 0 we have
T(t) (By(X)) < Cp(X).
4. We say that T(t) is contractive, if for any ¢ > 0 and ¢ € By(X) we have
IT®)¢lloe < Nl

5. Let p be a probability measure on (K, B(X)). We say that p is invariant for T'(¢) if, for
any ¢ € Cp(X) and ¢t > 0, we have

[ Teteitan) = [ ptawin)

X

1.5 Compact operators

Compact operators are very important tools when working in infinite dimension. In this thesis
we will apply it to the study of Gaussian measures on infinite dimensional Hilbert spaces. We
refer to the following books for a more extensive treatment of the theory of compact operators
and its application [51, 89, 90].

Let X and Y be two separable Hilbert spaces equipped with inner products (-, )4 and (-, )y
respectively. We denote by |[|||4 and [|-[|y the norms induced by (-, )4 and (-, )y respectively.

Definition 1.5.1. Let T € L(X,Y). We say that T is compact if, for any bounded M C X,
the subset T(M) C Y is relatively compact. FEquivalently, for any sequence {xn}nen C X, the
sequence {Txptneny C Y has a converging subsequence. We denote by Loo(X,Y) the space of
compact operators from K to 'Y, if X =Y we simply write L (XK).

We have the following basic results about compact operators.
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Proposition 1.5.2. Let T € L(X).
1. T is compact if and only if T* is compact.

2. T is compact if and only if it maps weakly converging sequences into norm converging

sequences.
Now we recall one of the most important theorem for self-adjoint and compact operators.

Theorem 1.5.3. Let T € Lo(K) be a self-adjoint operator. We denote by o,(T) the set of

eigenvalues of T. The following statements hold.

1. For any X € 0,(T) such that X # 0, the eigenspace Xy with eigenvalue X is finite dimen-

sional.
2. 0,(T) CR is not empty and it is at most numerable.
3. 0,(T) has at most one accumulation point which can only be 0.
b W lLeaey = supflA] = A€ (1)},
5. There exists an orthonormal basis of K consisting of eigenvectors of T .

Proposition 1.5.4. Let T € L(X) be a self-adjoint operator. T is compact if and only if there

exist an orthonormal basis {ex }ren of X and a sequence {\;}reny C R converging to 0 such that

Ty = Z)\k(x,ek>ek, reX,
kEN

where the series converging in L(X). In this case {e}ren and {Ai}ren are the eigenvectors and

the eigenvalues of T' respectively.

By Theorem 1.5.3, 0,(T) is finite if and only if the range of T is a finite dimensional space.

In general the range of T' is not dense in XK.

Corollary 1.5.5. Let T € Lo (X) be a self-adjoint and injective operator. Then the range of T

1s dense in X.

1.5.1 Hilbert—Schmidt operators

Now we introduce the Hilbert—Schmidt operators.

Definition 1.5.6. Let T € L(X,Y) and let {e;}ren be an orthonormal basis of K. We say
that T is a Hilbert—Schmidt operator if

2
1T ¢y o,y = Z [Texly < +oo.
keN

The norm ”'”122(5@%) does not depend on the choice of the basis of X. We denote by Lo(XK,Y)
the space of the Hilbert-Schmidt operators from K to Y, if Y = K we set La(K, K = L2(K)
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In the case where T is self-adjoint we have the following characterization for the Hilbert—

Schmidt operators.

Proposition 1.5.7. Let T € L, (X) be a self-adjoint operator. T € Lo(K) if and only if

Z A7 < o0,
keN

where {\r}ren are the eigenvalues of T'. Moreover

||T||52(3<,y) = Z )‘%
keN

1.5.2 Trace class operators

Finally we define the trace class (or nuclear) operators.

Definition 1.5.8. Let T € L,(X). We say that T is a trace class (or nuclear) operator if one

of the following equivalent conditions are verified.

1. There exists an orthonormal basis {ey tren of K such that

> (I Tlex, ex) < +oc. (1.5.1)
keN

In this case the sum in (1.5.1) does not depend on the choice of the basis, and it is denoted
by Tr[T] (Trace of T).

2. The operator /|T| defined in (1.2.1) is a Hilbert-Schmidt operator.

Moreover

2
Te[T] = H VT H .
1= |V,
Also for the trace class operator we have a useful charaterization in the self-adjoint case.

Proposition 1.5.9. Let T € L (X) be a self-adjoint operator. T is a trace class operator if

> k] < +o0,

keN

and only if

where {\i}ren are the eigenvalues of T. Moreover

T[T = |l €R.
keN

1.6 Gaussian measures and Random Gaussian variables

In this section we introduce the notion of Gaussian measure on a infinite dimensional separable
Banach space. We refer to [12] for a detailed overview of this topic. Before introducing the

Gaussian measures we need to recall some standard notations from probability theory.
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Let (2, F,P) be a complete probability space and let X be a separable Banach space equipped
with the norm ||-||,. Let & : (Q,F,P) = (X, B(X)) be a random variable, namely a measurable
function. We call law of £ the probability measure on (X, B(X)) defined by

ZLE)(B):=Pot 1 (A) =P HA) =PHw e : £w) € A}), AcB(X).

Sometimes we will use the notation £ ~ 7 to indicate that the random variable £ has law . We

denote

Bl = | €w) Pd) = /x r 2(€)(dz)

the expectation of & with respect to P. If v is a probability measure on (X, B(X)) we denote by

7 its Fourier transform, namely
(1) ::/ '@ (dx), e X"
x

We define the support of v as the closed subset S C X such that S C V for any V € B(X) such
that v(V) = 1.

Let 71 and 72 be two probability measures on (K, B(X)). We say that ~; is absolutely
continuous with respect to 7o if v2(B) = 0 implies that v (B) = 0, for any B € B(X). If v is
absolutely continuous with respect to 72 and viceversa we say that v; and v, are equivalent. We
say that v; and -, are singular if there exists B € B(X) such that v, (B) = 0 and v(B) = 1.

Let 71 and 2 be two probability measures on (X, B(X)), if 1 is absolutely continuous
with respect to 7s, then, by the Radon—-Nykodym, theorem there exists a unique non-negative

p : K = R non-negative such that

Y1 (dx) = p(x)y2(d).

The function p is called density (or Radon—Nykodym derivative) of 77 with respect to v2. If also

~2 is absolutely continuous with respect to 1, then p is positive and

1
Yo(dx) = ——71(dx).
(dr) = s (d)
Now we introduce the notion of Gaussian measure on (X, B(X)). We recall that a probability
measure v is a nondegenerate Gaussian measure on (R, B(R)) if there exist m € R and ¢ > 0
such that

Jz—m]|?

1
W(A):E/Ae 22 dr, A€ B(R).

Instead we say that -y is a degenerate Gaussian measure on (R, B(R)) if there exist m € R such
that
V(4) = dm(4), AeB(R),
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where d,,,(+) is the Dirac measure defined by

1, meAd
0, m¢gA.

Om (A) =

Definition 1.6.1. Let v be a probability measure on (K, B(K)). We say that v is a Gaussian
measure if for any | € K* the probability measure yol=! on (R, B(R)) is a Gaussian measure. We
say that v is a nondegenerate Gaussian measure if for any l € K* such that I # 0 the probability

measure v o1~ is a nondegenerate Gaussian measure.

Definition 1.6.2. Let £ : (Q,F,P) — (K, B(X)) be a random variable. We say that £ is a
Gaussian random variable if for any | € K* the random variable [(§) is a real Gaussian random
variable. We say that € is a nondegenerate Gaussian random variable if for any l € KX* such that

[ # 0 the random variable 1(€) is a real nondegenerate Gaussian random variable.
Now we define the notions of mean and covariance for a Gaussian measure.

Proposition 1.6.3. Let v be a Gaussian measure on (K, B(X)). We consider the applications
ay:K* =R and By : X* x X* = R defined by

ay(l) == /Rl(ac)v(dx), le X,

B, (1. la) == /R (1 (2) — a5 (1)) (a(x) — ay (l2))y(dz) 1,1y € K.

a~ s linear and continuous and it is called mean of v. B is bilinear, symmetric, non-negative

and continuous and it is called covariance of v. We say that «y is centered if a,(-) = 0.

Remark 1.6.4. Let £ : (Q,F,P) — (X, B(X)) be a Gaussian random variable such that & ~ ~.
For any l € X*, we have that [(£) is a real gaussian random variable with mean a (1) and variance
B, (1,1). In particular £ is a nondegenerate Gaussian random variable if and only if By(1,1) # 0
for any l € X*.

Since X is separable, as in finite dimensional case we have a characterization for the Gaussian

measures via their Fourier transforms.

Proposition 1.6.5. Let v be a probability measure on (X, B(X)). v is Gaussian if and only
if there exist a, : X* — R linear and continuous and B, : X* x X* — R bilinear, symmetric,

non-negative and continuous such that
(1) = eia.y(l)fél’iy(l,l)7 1 e XK*.

Now we state the following theorem which ensures that even in infinite dimension the Gaussian

measures have finite moments of every order.

Theorem 1.6.6 (Fernique). Let v be a centered Gaussian measure on (X, B(X)).
Then there exists o > 0 such that

/ eIl (dz) < +o0. (1.6.1)
X
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1.6.1 The reproducing Kernel and the Cameron—Martin theorem

Let v be a Gaussian measure on (X, B(X)). It is easy to see that X* is contained in L?(X,~)
and that the map j : X* — L?(XK,~) defined by

i) =1—ay(1), 1€,

is continuous.

Definition 1.6.7. The reproducing kernel of v is the space defined by

" - L*(K )
K =5 (%K) .

It is not difficult to prove that a, and B, can be continuously extended to X7. Moreover for

any | € X7 we have

~

_ U
=€ X,

Now we define the operator R, : K% — (X*)" by

Ry(1)(g) =(l,g —ay(9)), 1€XK, geX.

Using the fact that X is separable, it is possible to prove that for any [ € K7 there exists a unique
x; € K such that

Ry(1)(9) = g(x1), g€X".

Hence, from here on, we identify R, (I) with the element z; € X and we write
Ry (D)(9) = 9(R,(D)), g€X".
Definition 1.6.8. The Cameron—Martin space of the measure v is the space defined by
Hy= (he® : [hllg, < oo}, Rl == sup{i() : 1€ K*, [5(0)]l ey < 1)-

Proposition 1.6.9. Let h € X. Then h € H, if and only if there exists h e X such that
h = Rw(ﬁ), and in this case

12l g, = 1l L2 )
Therefore R, is an isometry from X7 to H, and H, is a Hilbert space equipped with the inner

product
(K = <EE>

The space H., is called Cameron—-Martin space of .

L2(Kpy)

Let h € K. We define the probability measure
m(B) =7(B—h), BeBX).

In the finite dimensional case it is easy to see that 7y and -y are equivalent. However in the infinite
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dimensional case this is not true, in general. The Cameron-Martin theorem shows exactly for
which h € X this fact occurs.

Theorem 1.6.10. If h € H,, then v and vy, are equivalent, and we have
= eh—%\lhlliW 5.
If h ¢ H,, then v and -y, are singular.

1.6.2 The Hilbert case

In this subsection we focus on the particular case where X is a separable Hilbert space. We refer
to the books [43, 71] for a more detailed overview of this topic.

Let X be a separable Hilbert space equipped with the inner product (-,-),.. Let v be a
Gaussian measure on (X, B(X)) with mean a. and covariance B,. By the Riesz representation
theorem we can identify K with X*. There exists a € X and a non-negative operator @ € £(X)
such that

ay(l) =(l,a), leX,

B,y(ll, lg) = <Qll,lg>, ll, o € X.

We have the following characterization for the Gaussian measures and for their Cameron-Martin

spaces.

Proposition 1.6.11. Let v be a probability measure on (K, B(X)). v is Gaussian if and only if

there exist a € R and a linear, non-negative and trace class operator @ : X — K such that
2
A(z) = el -Q=l" 4 e x.

In this case we use the notation v ~ N(a, Q).

We fix a € X and a non-negative and trace class operator ). By Theorem 1.5.3, there exists

an orthonormal basis {eg }ren of X such that
)\kek = Qekv ke N,

where {A;}ren are the eigenvalues of ). In particular, since @ is non-negative then Ay > 0 for

any k € N. So we have a useful characterization for the random Gaussian variables, as follows.

Proposition 1.6.12. Let & : (Q,F,P) — (K, B(X)) be a random variable. £ ~ N(a,Q) if and
only if

§= Zﬁk\/rkek +a, (1.6.2)

keN

where {Bx }ren are independent real Gaussian random variables with mean 0 and variance 1. The
series in (1.6.2) converges in L*((Q,F,P), (X, B(X))). Moreover we have

]E[<§,u>] = <ma u>7 u € X,
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]E[<§ - a, u><§ - a7v>] = <QU, U>7 u,v € K,
2
E[ll§ — alls] = Tr[Q).
We also have a characterization of the Cameron—Martin space.

Proposition 1.6.13. Let v ~ N(a, Q). Then the Cameron-Martin space of v has the following

characterization
Hy = QU(X), (b, = (Q7hQ7Hk), ke H,,

where Q~1/2 is the pseudo-inversa of Q~'/2, see Subsection 1.2.5.
Let v ~ N(a, @). The next properties follow from the spectral decomposition of Q.
1. For any o < inf{ﬁ : k e N}, (1.6.1) is verified.
2. {Ai/gek}keN is an orthonormal basis of the Cameron-Martin space H., = Q'/?(X).

3. The Cameron-Martin space H., has finite dimension < the set 0,(Q) of the eigenvalues of
Q is finite.

4. The Cameron-Martin space H, is dense in X < Ay > 0 for any k € N & @ is positive &

~ is a nondegenerate Gaussian measure.
5. If @ is positive then supp () = K and
X = {f:iK%R : f(x) —Z<zm,ek>)\i/2},
keN

where the series ), . (z —m, ek>)\i/2

H, = {:1: eX : Z (z,ep) At < —|—oo}.

keN

converges in LP(XK, ), for any p > 1. Moreover

The next result is a generalization of the Cameron-Martin theorem.

Theorem 1.6.14 (Feldman-Hajek). Let v1 = N(mq, Q1) and v2 = N(ma, Q2) be two Gaussian
measures on (X,B(X)). v1 and y2 are equivalent if and only if the following conditions are
verified.

1H = Qy*(%) = Qy*(%).
2. m—mo€H

3. (Qfl/Q ;/2)(Q;1/2Q;/2)* — 1 is a Hilbert-Schmidt operator on 7",
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1.6.3 Integration by part formula

In this section we will show that it is possible to associate an integration by part formula to any
Gaussian measure on a separable infinite dimensional Hilbert space K. We refer to [42, Chapters
9-10].

Let X be a separable Hilbert space equipped with the inner product (-,-),. Let Q@ € £(X)
be a positive and trace class operator. Let {e}ren be orthonormal basis of X counsisting of
eigenvectors of @, and let {A;}ren be the corresponding eigenvalues. Let pu be the Gaussian
measure on (X, B(X)) with mean 0 and covariance operator Q). Let £(X) be the subspace of
Cp°(X) spanned by the exponential functions of the form

olz) =M pheX.

Proposition 1.6.15. Let o, ¢ € £(X). Then for any k € N and x € X we have

L (32) @wmtan + [ o (52) @utan) = 1 [ a@vwntan.  1.63)

o, 9
where 87(:’]@(17) = <V<P(l”)vek>3<7 dex

Definition 1.6.16. Let {gx}ren be an arbitrary orthonormal basis of X. For any k € N, we
denote by 3"(3];(9() the set of functions f : X — R such that, for some n € N, there exists a
function o € CF(R™) such that for all x € X

(x) = (V(x), ex) g and x1, = (T, €p) -

f(@) = o((z,91), - (2, 9n))-

We call maps of this type cylindrical functions. We denote by 3"@5 (X;K) the linear span of the
functions x — v(x)y with v e FCF(K) and y € XK.

It is also possible to define the integration by part formula (1.6.3) on the space FC;(X) (see,
for example, [34, 35]). It is easy to prove that £(X) is dense in LP(XK, u) for any p > 1, so we

have the following result.

Proposition 1.6.17. Let R € £(X) such that Ker(R) = {0} and QY/?(X) C R(X). Then the
operator
RV : £(X) C L*(K, p) — L*(X, p1, X).

is closable. The Sobolev W}%’Q(iK, w) is defined as domain of its closure.

In the next chapters of this thesis we will see that it is possible to define Sobolev spaces even

with respect to non-Gaussian measures.

1.7 Wiener Processes

In this section we will introduce the notion of Wiener process with values in a infinite dimensional
Hilbert space. We refer to [41, 71] for the results in this section.

Before we recall some basic notions about the theory of stochastic process.
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1.7.1 Basic definitions

We fix a probability space (€2, J,P), a separable Banach space X equipped with the norm |||,
and an interval I of R.

A K-valued stochastic process defined on (Q, F,P) is a family {Y(¢) }+c; of random variables
Y(t): (Q,F,P) = (K,B(X)). Now we are going to define what we mean by the law of a process.
We consider a K-valued stochastic process {Y (t)};er. Let X! be the space of all functions from
I to X. Let n € N and let S,, be the set of 7 := (¢4, ...,¢,) € I" such that ¢; # t; for any ¢ # j.
Let G,, be the o-field generated by the sets By x ... X B,, where By, ..., B,, € B(X). We denote
by €; the o-field generated by the cylindrical sets C'(, B) defined by

C(r,B) = {f € X" : (f(tr),.... f(tn)) € B},

where n € N, 7 := (t1,....t,) € S, and B € G,,. It is possible to prove that the map 7 :
(2, F,P) — (X', Cr) defined by

is measurable, so
Po7 N C(r,B)) :=P({w e Q : (Y(t1)w),...,Y(tn)(w)) € B}), C(r,B) €€y,
is a probability measure on (X!, Cr). The measure Po.7 ! is called law of the process {Y (t)}se;-

Let {Y (t)}ter be a K-valued process on (2, F,P) we say that {Y (¢)}+cs is continuous (right
continuous) if the map Y'(+) : [0, +00) — K is P-a.s. continuous (right continuous). For p > 1, we

say that {Y (¢)}ier is p-integrable if, for any ¢ € I, we have
BV (0% < +c.

A filtration on (92, F,P) is a family of o-field {F},ec; such that F; C F; C F for any 0 < s < ¢,
and we call (Q, F, {F}ier, P) filtered probability space. We say that a filtration {F},c; is complete
if

o N C Fo, where 4 is the set of the elements A € F such that P(A) = 0.
We say that a complete filtration {F},c; is normal if
e for any ¢t > 0, we have F; = Ny~ Fs.

A filtered probability space (2, F, {F}ier, P) is normal (complete) if {F}ier is normal (complete).
Let {F}ier be a filtration on (2, F,P) and let {Y(¢)}+c; be a K-valued stochastic process
defined on (Q,F,P) we say that {Y (¢)}+cr is adapted to {F}ier if

e Y (t) is Fr-measurable for any ¢ € I,

in this case we say that {Y (¢)}:cs is a K-valued stochastic process defined on the filtered proba-
bility space (2, F, {F}ier, P). We say that {Y (¢) }+er is predictable in I'if Y(-)(+) : (I x Q, %) —
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(K, B(X)) is measurable where % is the o-field generated by the sets
(s,t] xF, s,tel, s<t, FeJFs.

Let {Y (t)}+er be a K-valued stochastic process defined on (2, F,P), then there always exists
a complete filtration {F;}+er on (2, F,P) such that {Y (¢) }ser is adapted to {Fi}icr. Indeed it is
sufficient to consider the filtration {F;}1c; defined by

Fi=o(NUTFY, FV:=0(Y(s) : s<t), (1.7.1)

this filtration is called natural filtration of {Y (¢)}:>0. Let {Y1(¢)}ier e {Ya(t)}ier be two K-
valued processes defined on the complete filtered probability space (Q, F, {F}ier, P). We say that
{Y1(t)}1er is a version (or a modification) of {Ya(¢) }1er if, for any ¢ € I we have

Yl (t) = Y2 (t), P-a.s.

1.7.2 (-Wiener process

We fix a probability space (2, F,P) and a separable Hilbert space X equipped with the inner
product (-, -) . Let @ € £(XK) be a non negative and trace operator.

Definition 1.7.1. A X-valued Q-Wiener process {W(t)}s>0 defined on (Q,F,P) is a K-valued
process defined on (0, F,P) that verifies the following conditions.

(i) W(0)=0
(ii) For anym € N and 0 <ty <ty < --- < t,, the random variables W (t1), W (t2) — W (t1),...,
W(t,) — W (tn_1) are independent.
(i) W(t) — W(s) ~ N(0, (t — s)Q) for any 0 < s < t.
(iv) {W(t)}i>0 is continuous.
We show a useful characterization of K-valued @Q-Wiener process.

Proposition 1.7.2. Let Q € L(X) be a non-negative trace class operator. A K-valued process
{W(t)}i>0 defined on (Q,F,P) is a K-valued Q- Wiener process defined on (2, F,P) if and only
if
(W)} iso = {Z \//\kﬁk(t)ek} , (1.7.2)
>0

keN

where e and A, are the eigenvectors and eigenvalues of Q respectively, and {B(t)}i>0 are
independent real Brownian motions. The series in (1.7.2) converges in
L?((Q,F,P),C([0,T],X)), for any T > 0.

We say that {W(t) }1>0 is a K-valued Q-Wiener process defined on a filtered probability space
(Q,F,{Ft}t>0,P) if {W(t)}4>0 is a K-valued Q-Wiener process defined on (2, F,P) and

1. {W(t)}i>0 is adapted to {F;}i>o;
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2. o(W(t) — W(s)) is independent of Fs for any 0 < s < ¢t.
It is not difficult to prove the following proposition.

Proposition 1.7.3. Let {W(t)}+>0 be a K-valued Q-Wiener process defined on (0, F,P). Then
the natural filtration of {W(t)}i>0 defined as in (1.7.1) is normal and {W(t)}1>0 is a K-valued
Q-Wiener process defined on a filtered probability space (2, F, {Ft}i>0,P).

We stress that the series in (1.7.2) converges in L((Q, F,P), C([0,T], X)) since the inclusion
QY?(X) C K defines a Hilbert-Schmidt embedding from Q'/2(X) to K. In the next subsection
we will be interested in the case where Q is not a trace class operator and therefore Q'/2 is not

a Hilbert—Schmidt operator.

1.7.3 Cylindrical Wiener processes
Let @ € £(X) be a non-negative operator. We have seen in Subsection 1.2.5 that the pseudo
inverse Q1/2 of Q'/2 defines a Hilbert space (Xo, {,),) in the following way

Ko =QY2(X), (hk)o=(Q7*h,Q7 k), hik €Ky,

Moreover let {ej}ren be an orthonormal basis of Ker(Q'/?)L.
Then {gx}ren = {Q'/?es.}ren is an orthonormal basis of Ko. Let {a }ren C R be a sequence of
positive numbers such that »°, a% < 400. Then the operator J : Ky — X defined by

Jx = Zak<x7gk)ogk, r € Ko, (1.7.3)
keN

is a Hilbert—Schmidt operator. Let J* be the adjoint of J and let J’ be the operator defined by
J* identifying K and K with their dual spaces. We consider operator Q; = JJ' : X — X. By
the definition, Q1 is a non-negative and a trace class operator. As before we consider the Hilbert

space defined by the pseudo inverse of Q}/ 2
%, = QY2 (%), <Q;1/2h, Q;1/2k>1, hk € K.

Proposition 1.7.4. The operator J is an isometry from (Ko, (,),) to (X1, (,);). Moreover, let
{8k () }+>0 : k € N} be independent real Brownian motions. The process {W (t)}i>0 defined by

W(t) == Z B () g,

keN

is a K-valued Qi-Wiener process. The series converges in L*((Q,F,P),C([0,T],%K)), for any
T>0.

Remark 1.7.5. Equivalently, Proposition (1.7.4) states that the series

{Z ﬁku)czl/?ek} ,
t>0

keN
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converges in L2((Q,F,P),C([0,T],X)),
for any T > 0, where X' is the Hilbert space (X,||J(-)|4). Hence {W(t)}i>0 is a K'-valued

Q-Wiener process.

Definition 1.7.6. We call X-valued generalized QQ- Wiener process the X-valued Q1-Wiener pro-
cess of Proposition 1.7.4. If Q@ = Iy we use the expression "K-cylindrical Wiener process”.
Clearly if {W(t)}i>0 is a K-valued generalized Q-Wiener process such that Q is trace class then

{W(t)}i>0 is a K-valued Q- Wiener process, since we can take J = Ig.

Remark 1.7.7. Some authors use the expression "XK-cylindrical Q- Wiener process”, also for the
K-valued generalized Q- Wiener process, see for example [71]. We refer to [6, 91] for an overview

of cylindrical processes.

1.8 Integration with respect to a Wiener process

We fix a separable Hilbert space (K, |||, (,) ) and a K-valued generalized Q-Wiener process
{W(t)}4t>0 defined on a normal filtered probability space (Q,F, {F;}i>0,P). In this section we
define an integration with respect to {W(¢)};>¢ first in the case where @ € £(X) is non-negative

and trace class and after in the case where @) is not a trace class operator, we recall that
Ko = QVA(K), (k h), = <Q*1/2k,Q*1/2h>, hk € Ko (1.8.1)

First of all we have to recall some basic notions from the probability theory.

Proposition 1.8.1. Let £ € LY((,F,P), (X, B(X))) be a random variable and let G be a o-
field contained in F. Then there exists a unique (up to modifications) random variable Z €
LY((Q,9,P), (X, B(X))) such that

/{(w)[?(dw) :/ Z(w)P(dw), VA€
A A
The random variable Z is called conditional expectation of & with respect to G an it is denoted by
E[19].
Now we define the notion of martingale.

Definition 1.8.2. Let {Y(t)}i>0 be a K-valued stochastic process defined on (Q, F,{F}i>0,P)
(so {Y (t) }1>0 is adapted to the filtration). We say that {Y (t)}+>0 is a K-valued martingale (with
respect to {F(t)}i>0) if the following two conditions are verified.

1. E[[Y ()]l«] < 400, for any t > 0.

2. For any 0 < s <t we have
E[Y (@)[Fs] =Y (s).

We define a space that will be fundamental in the construction of stochastic integral
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Definition 1.8.3. Let T > 0. We denote by (M2, ||HM%) the Banach space of the continuous
and square integrable X-martingales Y := {Y (t) }sep0,1, such that

¥ llagy - Bl sup 1Y ()15

It is possible to prove that {W(t)}+>0 belongs to M#. Now we have all the tools to define the

stochastic integral.

1.8.1 Stochastic integral when () is a trace class operator

We assume that the operator () is non-negative and trace class. We refer to [41, Section 4.2] and
[71, Section 2.3] for a detailed study about this argument. We define a set of processes for which
the stochastic integral is well defined.

Definition 1.8.4. Let T > 0. We denote by Ep the set of L(K)-valued processes {¢p(t)}i>0 of
the form

¢(t) = ¢i7 te (tiati-‘rl]v i = la ey T

wheren € N, 0 =t; < ... < t, =T and ¢; is a L(K)-valued random variable Fy,-measurable,

foranyi=1,...,n.

We fix T'> 0. For any {&(t) }efo,r] € =7 we consider the process {J(¢)(t)}+eo, 1) defined by

t n—1
V(1) = /O H(5)dIW (5) == 3 5 (W (min(tisr, 1) — W(min(ti, 1)), t€[0,T).  (1.8.2)
k=0

Proposition 1.8.5. For any {¢(t)}icjo,r) € Er the process I(¢) := {I(@)(t) }iejo, ) defined in
(1.8.2) belongs to M2 and

1
2

9@z = 1@z =B | [ o)y ds =E[/ ﬂ[¢<s>@¢<s>*]ds1 |

where L£3(XK) = Lo(Ko,XK) and Ko is the Hilbert space defined in (1.8.1). Moreover the map

J: 2 — M2 is an isometry.

J can be extended to the closure Z¢ of Zr. The extension of J is an isometry and it is the

unique continuous extension of J. In the next proposition we characterize Z=.

Proposition 1.8.6. We denote by N%,([0, T, L3(X)) the closure of E, namely the set of processes
¢ = {d(t) }repo, ) such that ¢ := {¢(t) }repo,] is predictable and

1l < 0.

For any ¢ € N2,([0,T], £L3(X)) the stochastic integral

/ By (s),
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is well defined and it belongs to M2.

1.8.2 Stochastic integral when () is not a trace class operator

We assume that the operator ) is non-negative. We refer to [41, Section 4.2] and [71, Section
2.5] for a detailed study about this argument.

We fix a sequence of positive numbers {ay}ren C R such that Y, o < +o00. Let J be
the isometry defined in (1.7.3) using {aj}ren. In Subsection 1.7.3 we have defined {W(¢)};>0
as the K-valued Q;-Wiener process {Wi(t)}i>0, where Q; = JJ'. Let Xy := QY?(X) and
Xy = 1/2(30 be the Hilbert spaces defined in subsection 1.7.3. It is easy to prove that

L€ LYK) :=Ls(Ko,K) & LoJ ' € Ly(K) := Lo(Ky,K).

Hence, let T > 0, for any ¢ € N, ([0, 7], £9(X)) we define the stochastic integral with respect to
{W(t)}e=o0 by

/0 o(s)dW (s) = /0 b(s) 0 T 1AW (s), te[0,T). (1.8.3)

It is possible to prove that the definition of stochastic integral does not depend on the choice of
{ak}ren. Indeed it is possible to prove that the right hand side of (1.8.3) does not depend on
the choice of {ay }ren. Moreover the stochastic integral (1.8.3) belongs to M2.

1.8.3 Properties of stochastic integral

We assume that the operator @) is non-negative. We summarize some useful properties of stochas-
tic integral. We refer to [41, Chapter 4] and [71, Chapter 2] for a detailed study about this

argument.
Proposition 1.8.7. Let T > 0.

1. For any ¢ € NZ,([0,T], £3(X)) we have

| = [ 1oyt

“E [ / t Tr[as(s)ch(s)*]ds} . tefo,T)

E

2
X

/ bW (s

2. For any ¢ € Ng,([0,T],£3(X)), and p > 0 there exists ¢, > 0 such that we

P t ) p/2
] < G [/0 ||¢(5)||Lg(9<)d5}

/ C(s)dW (s)

ref0,t]

Elsup
x

— ¢,E [ / t ﬂ[¢<s>@¢<s>*]ds] " o

It is also possible to prove a It6 formula.



1.8. INTEGRATION WITH RESPECT TO A WIENER PROCESS 35

Theorem 1.8.8. For T' > 0 and x € X, consider the process { X (t,x)}vecjo,r) defined by

X(ta)=at [ plist [odmie). e .1

where ¢ € N3, ([0, T], £9(X)) and {@(t)}eepo, 1) s a predictable K-valued process such that ¢(t) €

LY((Q,5,P), (X, B(X))).
If F:[0,T] x X — X is twice Fréchet differentiable then

F(t,X(t,x)) = F(0,x) —l—/o (Fy(s, X (s,2)), 6(s)dW (s))+

t

[Fi(s, X (s)) + (Fr(s, X (s)), ¢(s))] ds

+
M= S—

t
g [ Tl X (5, 20)0(5)Q0(5) s
0
2
where F; = aa—i‘, F, = g—i and Fp, = ?’97};

By Propositions 1.7.2 and 1.7.4, for any ¢t > 0 we know that

W(t) = {Z Bk(t)Ql/Qek} , P-as. (1.8.4)
>0

keN

where {{Bk(t)}:>0 : k € N} are independent real Brownian motions, {ex}ren is an orthonormal
basis of K. The series in (1.8.4) converges in L?((Q, F,P),C([0,T],U)), with U = X if Q is
trace class or U = X’ (see Remark 1.7.5) if @ is not trace class. Let T > 0. For any ¢ €
N2 ([0, T, £3(X)) and h € K we denote by

Z/ s)h Q1/2ek>d5k( ), t>0.

keN

/0t<¢>< b, dW (s

1.8.4 The stochastic convolution

We assume that the operator @ is non-negative. We refer to [41, Chapter 5].
We fix one and for all R € £(X). Let A be the infinitesimal generator of a strongly continuous

semigroup e' on K. We consider the stochastic convolution process {Wa(t)}:>o defined by

t
Wa(t) = / C-DARAW(s), ¢ > 0.
0

For t > 0 set
{#e(8) }scjo,n = {e(tfs)AR}se[o,t]a

so the stochastic convolution is well defined if for any ¢t > 0 we have

t t t
2 s % *
B[ Iy | = [ 1 Rlgds = [ Tt RQR s < e
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Since ¢(s) depends on ¢t we can not claim that the process {Wa(t)}:>0 is a martingale with
continuous trajectories. However the process {Wa4(t)}1>0 has some useful features, as the next

propositions shows.

Proposition 1.8.9. Let T' > 0 and assume that
t *
/ Tr[e*ARQR* e ]ds < +oo.
0

Then the following statements are verified.

(i) The process {Wal(t)}iejo, 1) is Gaussian, predictable and continuous in mean

square, namely for any tg € [0,T] and for any sequence {t,}nen converging to to we have
. 27
Jim E[|[Wa(tn) — Waltollx] = 0.

(ii) For any t € [0,T], the random variable Wa(t) is Gaussian with mean 0 and covariance

operator Q;, where

t
Q¢ ::/ e RQR*e* ds.
0

(iii) The trajectories of the process {Wa(t)}iejo,r) belongs to L*([0,T],X) P-a.s.. Moreover the
law of the process {Wa(t)}reo,m is the Gaussian measure on L*([0,T], K) with mean 0 and
covariance operator Qr, where for any p € L*([0,T],X)

T min(s,t) .
Qre(t) = / (/ e"MIARQR*es7MA dr) ds, te][0,T].
0 0

(iv) For any p > 1 there exists ¢, such that

T p/2
mmEmWMw@gq,/'ﬁwﬂmmaﬁ@ < 4o
te[0,7) 0

In some cases, for every T' > 0, {Wa(t) }se[0,r) has Gaussian law even on C([0, 77, X).

Proposition 1.8.10. Let T > 0 and assume that
T *
/ Tr[e** RQR* e ]ds < +oo.
0

Let M C X be a separable Banach space densely and continuously embedded in X such that
for P-a.a. w € Q the function Wa(-)(w) belongs to C([0,T], M). Then the trajectories of the
process {Wa(t)}repo,r belongs to C([0,T], M) P-a.s. and {Wa(t)}ieo,r) has Gaussian law on
C([0,T],M). Moreover

E[ sup [Wa(t)|] < 400, Vp>1.
te[0,T)

We refer to [78, Remark 3.4] for a proof of Proposition 1.8.10. In the case where M = X we

have a sufficient condition to ensure the continuity of {Wa(t)}i>o.
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Proposition 1.8.11. Let T > 0. If there exists n € (0,1) such that
"1 .
/ s—nTr[eSARQR*etA |ds < 400,
0

then for P-a.a. w € Q the function W4 (-)(w) belongs to C(]0,T],%K).

In [20, Chapter 6] and [41, Chapter 5] the authors present some explicit cases where

{Wa(t)}+>0 is continuous.

1.9 The Markov processes

In this section we recall some basic definitions and results about the Markov processes. We refer
to this books [42, 41, 43, 48, 49, 95| for a complete overview.

Let X be a separable Banach space. We denote by &?(X) the set of all Borel probability
measures on K. Let (2, F,{F,}1>0,P) be a normal filtered probability space, throughout this

section we will consider processes defined on (2, F, {F; }1>0,P).

Definition 1.9.1. We call transition function on X a function P on [0,+00) x KX x B(E) such
that

1. P(t,z,-) € P(X), for anyt >0, x € E;
2. P(t,-,T") € Bp(X), for any t > 0 and I" € B(E);

3. foranyt,s >0,z € E and T € B(K) we have

Pt +s,2,T) = /FfP(t,y,F)(P(s,x,dy); (1.9.1)

4. P(0,z,T) =1Ip(x), for any x € E and T € B(K).
We call P(t,x,-) transition probabilities and (1.9.1) Chapman—Kolmogorov equation.

Let P be a transition function. Using P we define a family of linear operators {P(t)}:>0

acting on By(X) in the following way
POI@) = [ TP,y (192

by (1.9.1), {P(¢)}+>0 is a semigroup on By(X).

Definition 1.9.2. {P(t)};>0 is called Markov transition semigroup (or simply transition semi-

group) associated to the Markov function P

Theorem 1.9.3 (Theorem 2.1 of [48]). Let T'(t) be a contraction semigroup on By(X). This two

statements are equivalent.

e There exists a Markovian transition function T on X such that T(t) is the transition semi-

group of T.
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e T(t)f > 0 is a non-negative values function for any non-negative values function f and
t>0.

In this thesis we consider the following definition of Markov process

Definition 1.9.4. Let {X(t)}i>0 be a K-valued process, let P be a transition function and let
{P(t)}+>0 be the semigroup associated to P as in (1.9.2). We say {X (t)}1>0 is the homogeneous
Markov process with transition function P if, for any t,s > 0 and f € By(X) we have

E[f(X(t +5))|F.] = PO)(f(X(s)), P-a.s

In this case P(t) is called transition semigroup associated to {X(t)}i>0. When the process
{X () }1>0 is the solution of a stochastic equation we say that P(t) is the transition semigroup

associated to the equation.

Remark 1.9.5. The process {X(t)}s>0 of Definition 1.9.4 satisfies the following Markov prop-
erty: for anyt,s >0 and I' € B(K) we have

E [Liwen: x(t+s)w)ertFs] = E [Liwea: x@+s)wyertlo(X(s))] -

Now we state a useful result to prove the existence and uniqueness of an invariant measure

for a transition semigroup. First of all we need to define a notion of convergence for measures.

Definition 1.9.6. Let {1 tnen € Z(K) and p € Z(XK). We say that {fun, fnen narrow converges
to p (tn =« ) if, for any @ € Cp(X), we have

lim |<§07Mn>* - <50nu'>*| =0.

n—-+o0o

where

mmp=é¢mmmy

Moreover we call Narrow topology (7*(X)) the coarsest topology on the space P(X) such that,
for any [ € Cy(X), the function pu — fiK fdu is continuous.

Before proceeding we make some remarks on narrow topology.
Remark 1.9.7.

1. If X has infinite dimension then Cy(K)* does not coincide with 2 (X), however Z(X) can
be identified with a conver subset of the unitary ball of Cy(XK)*. In particular the narrow
topology 7 (XK) coincides with the weak* topology on Cy(X)*. We stress that sometimes the
weak™ topology is just called weak topology.

2. Let D be a countable and dense subset of X. The space of all the convexr combinations of

Dirac measures 8, such that x € D is narrow dense in & (X).

We refer to [3, Section 5.1] for a more detailed overview about the Narrow topology. Let P a
homogeneous transition function on X. As we defined the transition semigroup P(t) on By(X),

we also define a semigroup on Z(X).
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Definition 1.9.8. For anyt > 0 and p € Z(X), we set

U = [ P Tn(d). T € BEK),
The semigroups P(¢) and U(¢) are related by

(Pt)p, ), = (o, UMW), t=0,0€ By(K),p € Z(X).

Definition 1.9.9. Let p € Z(XK). We say that p is invariant for P(t) if for any t > 0 we have
Ut)p = p,

namely

/mwwwwzjwwmm¢ewm.
X

e

We have the following useful result about existence and uniqueness of an invariant measure
for P(t) (see [43, Proposition 11.4 and Remark 11.6]).

Proposition 1.9.10. Assume that P(t) is a Feller semigroup. Let v € P(X) such that for any
x € X we have
U(t)dz =+ v, ast— 400,

where 6, is the Dirac measure in x. Then v is the unique invariant measure of P(t).

A very significant case is when a transition function is associated with a process that is a
solution of a particular stochastic differential equation. In the next section we will present a

basic example.

1.10 The Ornstein—Uhlenbeck case

In this section we will introduce the Ornstein—Uhlenbeck semigroup. We refer to [74] for an
overview in the finite dimensional case and we refer to [75] for an overview in the infinite dimen-

sional case.

1.10.1 The Ornstein—Uhlenbeck semigroup in spaces of

continuous functions

Let X be a separable Hilbert space. Let {WW(¢)};>0 be a K-cylindrical Wiener process defined
on a normal filtered probability space (Q, F, {F;}i>0,P). Let A be the infinitesimal generator of
a strongly continuous semigroup e’ on X and let R € £(X) be a positive operator, such that

for any t > 0 we have

t
/ Tr[e! A R%et A dt] < +o0. (1.10.1)
0
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We consider the stochastic differential equation

(1.10.2)

dX(t,x) = AX(t,z)dt + RAW (t), t > 0;
X(0,z) =z € XK.

It is well known that, for any = € X, (1.10.2) has a unique mild solution, namely a process
{X(t,z)}+>0 such that, for any ¢ > 0,it verifies

X(t,x) = a4+ Wa(t), P-as.

where {Wa(t)}+>0 is the stochastic convolution process defined by
t
Wa(t) = / eSARAW (s), t > 0.
0

Moreover, by the uniqueness of {X (¢, )}:>0, it is possible to prove that the random variables
X(t,x) define a Markov transition function (see Definition 1.9.1). We call Ornstein—Uhlenbeck

semigroup the transition semigroup associated to {X (¢, )};>0, namely

T(t)f(z) = E[f(X(t 2))] =/Qf(X(t,:v)(W))P(dw)
:/xf(y)f(X(hm))(dyL t>0,z€X, fe€By(X), (1.10.3)

Since, for any ¢t > 0, W4 (t) is Gaussian measure of mean 0 and covariance operator

t
Qi = / AR e 1,
0
then, via a change of variable, the semigroup (1.10.3) has the following Mehler representation

(@) f(x) = /x fle?a +y)N(0,Q:)(dy), f € By(X), z € X. (1.10.4)

We remark that due to the Mehler representation, it is possible to define the semigroup (1.10.4)
also on the space By(X;X).

It is well known in literature that 7'(¢) is not strongly continuous in By(X) and even in the space
of bounded and uniformly continuous functions. For a detailed study of the semigroup T'(¢) in
spaces of continuous functions with weighted sup-norms, we refer to [18, 19], [30, Section 2.8.3]
and [40, Section 2]. We are more interested in its behaviour with respect to the mixed topology.
For an in-depth study of the mixed topology we refer to [62]. In this section we list the results

[62] that will be useful to our aims. Consider the Banach space

L)Q belongs to Cb(x)}

Cp2(X) := {f:fK%R|xH>
L+ [|2l5%



1.10. THE ORNSTEIN-UHLENBECK CASE 41

endowed with the norm

£l = sup ('ﬂm)) [ e ).

zex \ 1+ ||z||3
Theorem 1.10.1.

(i) A sequence {¢pn}tnen C Cp2(K) converges with respect to the mized topology to ¢ € Cp2(XK)
if, and only if,

sup [l o < 400,
neN ’

and, for any compact set K C X,

lim sup (|¢n(z) — &(x)|) = 0.

n—-4oo zeK

(ii) The semigroup T(t) defined in (1.10.3) is strongly continuous on Cy2(XK) with respect to
the mized topology.

We also state a charaterization for the uniform convergence on compact sets, that will be

useful next.

Proposition 1.10.2. A sequence {ontneny € Co(XK) is uniformly convergent on every compact
subset of K to a function ¢ € Cyp(XK) if, and only if, {©n}nen is pointwise convergent to ¢ and
the family {¢n |n € N} is such that, for any xg € X and € > 0 there exists § := 6(xg,e) > 0 such
that, for any n € N and x € K with ||z — xo||4 < 6 we have |@,(z) — @n(zo)| < €.

Definition 1.10.3. We denote by Ly o the infinitesimal generator, with respect to the mized
topology, of the semigroup T (t) in Cp2(XK).

Therefore the domain of L 5 is defined by

T(t

Dom(Ly2) := {(p € Cp2(X) ‘ Jlim # with respect to the mixed topology}.

t—0

By Theorem 1.10.1, we obtain the following charaterization of Dom(Lp 2).

Proposition 1.10.4. A function ¢ € Cp2(X) belongs to Dom(Ly, o) if, and only if, there exists
1 € Cpo(X) such that

(i) for any compact subset K of X,

fiuy sup (W - w(@) =0;

=0 ek

(il) supye(o, [t IT (e — @lly o] < +o00.

In this case Ly 2p = .
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The action of Ly 5 is known on a space of smooth functions.

£4(X) := span{real and imaginary parts of the functions z — €**"x | b € Dom(A*)}.
(1.10.5)
We remark that £4(X) is a subset of the space FC;°(XK). Indeed for ¢ € £4(X) there exist
m,n €N, ay,...,am,b1,...,b, € R and
hi,...,hm,k1,..., k, € A* such that

p(r) = a;sin({x, hi)) + Y bjcos((z, kj)).
i=1 =1

Proposition 1.10.5. L; 5 is the closure in Cy2(X), endowed with the mized topology, of the

operator Ly defined as
1
Lop(z) == iTr[CVQQQ(:c)} + (2, A*Vo(2)) 5, z e XK, pela(X). (1.10.6)

We have also the following result about the resolvent of Ly 5.

Proposition 1.10.6. For any A > 0 and ¢ € Cp2(X), the improper Riemann integral

+oo
J(N)e ::/ e MT(t)pdt,
0
is well defined. Moreover, for every A > 0, the operator
J()\) : (Cb72(g<), TM) — (vag(j{), TM)

is continuous (here Tpr denotes the mized topology), and J(X)¢ = R(A, Ly 2)e.

We remark that, by [62, Remark 4.3], Theorem 1.10.1 and Proposition 1.10.6, the operator
Ly 2 is the weak infinitesimal generator of the semigroup T'(¢) on Cjp 2(X) in the sense of [18, 19].

By this fact we can use the following approximation result.

Proposition 1.10.7 (Propositions 2.5 and 2.6 of [40]). Let ¢ € Dom(Ly2) N CL(K). There
exists a family {ony nyns.ng |1, M2, 03,14 € N} C E4(K) such that for every z € K
nl]iIEoo ngli}H-‘loo n31i>r£oo n4li>IEoo(pnl’n2’n3’n4 (37) - (p(l’),

lim lim lim Im  Vn, nsngne () = Vo(z);

ni1——+o00 ng—+00 ny—+00 ng—+00
lim lim lim lim L z)=1L x).
111> 00 T1g b 00 7153 -+ 00 T4 00 b7290n17n27n3,7l4( ) 672@( )
Furthermore there exists a positive constant C, such that, for any ni,n2,n3,ns € N and x € X,
it holds

2
|%0n1,n2,n3,n4(37)| + ||V<)07l17n21n37”4 (x)”gc + |Lb,290n17n2,n37n4 (33)| < Csa(l + ”33”3() (1-10~7)

For a proof we refer to [30, Section 2.8.3] or [40, Section 2]. See also [36, Section 8.
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1.10.2 The invariant measure of the Ornstein-Uhlenbeck semigroup

Until here we discussed the behavior of the Ornstein-Uhlenbeck semigroup in spaces of continuous
functions. In this subsection we are interested in its behavior in LP spaces, with p > 1. In the
finite dimensional case the Ornstein-Uhlenbeck semigroup has been studied in LP spaces with
respect to both the Lebesgue measure and to its invariant measure. In the infinite dimensional
case we can only consider the latter. We refer to [41, 42] for the results in this subsection.

We set in the same framework of the previous subsection, and we assume that there exist

w > 0 and M > 0 such that
HetAHL(JC) <Me ™, t>0.
Proposition 1.10.8. The following statements are equivalent.

(i) supsso Tr[Q¢] < +o0

(ii) T(t) has unique invariant measure pu = N(0, Q) where
Qoo = / e ARR*e*A .
0

Now we can extend the Ornstein-Uhlenbeck semigroup in LP(X, ), for any p > 1.

Proposition 1.10.9. T'(t) is uniquely extendable to a strongly continuous and contraction semi-
group Tp(t) in LP(XK, 1), for any p > 1. Moreover the infinitesimal generator Lo of To(t) is the
closure in L*(X, 1) of operator Lq defined in (1.10.6).

We assume that Ker(R) = {0} and Q%Q(f}() C R(X).

Proposition 1.10.10. Ty(t) is self-adjoint in L*(X, ) if and only if one of the following con-
ditions is verified.

(i) Qoo = Qoo

(ii) Re!” = ¢etR.

In that case Qoo = —%A‘lC and
1
[ vbapdu= 3 [ (C1290.0100) dn, v € WK, ),
x x x

where W};’Q(K,u) is the Sobolev space defined in Proposition 1.6.17.

1.11 Regularizing sequence for dissipative functions

In this section we introduce a useful regularizing sequence for dissipative functions. We refer
to [20, Appendix A] and [43, Appendix D] for the results in this section. Let X be a separable
Banach space and let F' : Dom(F) C X — X be a possibly non linear function. We assume



1.11. REGULARIZING SEQUENCE FOR DISSIPATIVE FUNCTIONS 44

that there exists (¢ € R such that F' — (pl is m-dissipative. For any 6 > 0 and z € X, let
Js(x) € Dom(F) be the unique solution of

y—6(F(y) — Cry) = 2. (1.11.1)

The existence of Js(x), for every z € X and § > 0, is guaranteed by the m-dissipativity of F. We
define Fs5 : X — X as

Fs(z) == F(Js(z)), 2€X, 6>0.

Lemma 1.11.1. The following statements hold.
lim || J5(z) — ||, =0, « € Dom(F). (1.11.2)
=0

For any 0 < 6 < |Cp|™Y, the function Fs — (plyc is dissipative on K. Moreover for any § > 0 it
holds

| Js(x) — z||4 <O||F(x) — Cpa|x, x € Dom(F'); (1.11.3)
1Es (@)l < B+0ICPDIF(@)]lxc + lzllx), 2 € Dom(F); (1.11.4)

and
[Fs(21) — Fs(@2) 5 < (§ + |CF|) |21 — 22|l ey 21,72 € K. (1.11.5)

Proof. We apply [41, Proposition 5.5.3] to the function G : Dom(F) C X — X
G(z) := F(x) — (px, x € Dom(F). (1.11.6)

Throughout the proof we let G5(z) := G(Js(x)) for any « € K and § > 0, where Js(z) is defined
n (1.11.1). We remark that (1.11.2) follows by [41, Proposition 5.5.3(iii)], while (1.11.3) follows
by [20, Proposition A.2.2(4)]. Moreover for any § > 0, G5 is dissipative on X and

[Fs(z)[|lx < |G(2)llc, 2 € Dom(F);
2
1Gs(z1) = Go(z2)llie < Sller = 22ll, 21,22 €K

Now we show that Fs — (gl is dissipative in K. Let a > 0, 6 < [(z|~! and x1, 22 € K. By
(1.11.1) and (1.11.6) we have

lx1 — 22 — a[F5(x1) — (ra1 — F5(22) + (raa]|lx
=llz1 — 22 — a[Fs(21) — Cr[Js(z1) — 0Gs(21)] — Fs(z2) + CplJs(x2) — 6Gs(22)]][|x
=[lz1 — 22 — a[Gs(21) — (poGs(x1) — Gs(w2) + CroGs(22)]l|x
=lz1 — 22 — a(l = 6Cr)[Gs(x1) — Gs(z2)]||lx = |21 — z2]|x,
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and so Fy5 — (ply is dissipative on XK.
Now we show (1.11.5). By (1.11.6), for any z1,22 € K and § > 0

[ Fs5(z1) — Fs(x2)|l5c < |Gs(x1) — Gs(@2)l5 + [Cr[|J5(w1) — Js(z2) |5
2
< <5 + |CF|> |z — 22|

This conclude the proof of (1.11.5).
We concludes by proving (1.11.4). By (1.11.3), (1.11.6) for any « € K and 6 > 0 it holds

[Es(@)ll5c < 1 (@) lloc + [[F5(2) — F(2)]|oc
<F @)l + [1Gs(2) = G@)llsc + [CrlllJ5(x) — 5
< E@)lloc + 1Gs(@)llgc +[1G @)l + I G) |
< F@)llo + (2 +81CrDIG )«

< B+ CRDUIF @)+ [Clllzlx)-

So (1.11.4) holds true. O
The following corollary is an immediate consequence of the Lemma 1.11.1.

Corollary 1.11.2. Let E be a separable Banach space continuously embedded in K such that
F(ENDom(F)) C E. Then the function Fipapom(r) : ENDom(F) — E wverifies all the statements
of the Lemma 1.11.1 with F' = Figapom(r), X = E and Dom(F) = E N Dom(F).

Now we assume that K is a separable Hilbert space. We introduce a further regularization,
through a smoothing Ornstein-Uhlenbeck semigroup, corresponding to the choice R =1, A =

—% ~1in (1.10.4), with Q positive and trace class. For every §,s > 0 and x € X, we define

Fio(a) = /x Fy(y + e 2)N(0, Q4)(dy), (1.11.7)

where Qs = Q(I—e2*4). By (1.11.7), for any §,s > 0 and , 2 € K, Fs ¢(z) is Lipschitz continuous

and
(Fss(w) = (), = 2) ¢ < Gollw — 2[5
For any § > 0 and = € K we have
lim ||y o(2) — F(2)]l5c = 0. (L118)

By the same arguments using in [43, Theorem 9.26], for any s, > 0, Fs , is Frechét differen-
tiable.
Proposition 1.11.3. Assume that the following hypotheses are verified.

1. There exists a separable Banach space E C Dom(F') continuously embedded in X such that
F(E) C E. Moreover Fig : E — E is continuous, F' — (rlg is m-dissipative on E, and
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there exist M > 0 and m € N such that

IF@)lp < MA+|l2lly), =€k (1.11.9)

2. There exists a probability measure v on (K, B(XK)) such that v(E) = 1 and it has finite

moments of every order with respect the norm of E.

Then
i iy |~ Pl =0

Proof. For any § > 0, Fs is Lipschitz continuous, so there exists Cs such that
[F ()l < Cs(1+ [Izllx), = €K,

hence, for any § > 0, s > 0 and T > 0 we have

Fr. < Cs (1 + [ Iivo.Qu ) + ||:c|>  sex. (1.11.10)
x
By (1.11.8), (1.11.10) and applying the dominated convergence theorem for any 6 > 0 we have
E_I)I(l) | Fs.s — F5||L2(9<7V) =0. (1.11.11)

By Corollary 1.11.2 (see (1.11.2)), the continuity of Fjp : E — E and the fact that E is

continuously embedded in K we have
lim || F5(z) — F(z)|l =0, z€E. (1.11.12)
=0
By (1.11.4), (1.11.9), (1.11.12) and the dominated convergence theorem we have
lim [|F — Fl|2c.) = 0. (1.11.13)

Finally by (1.11.11) and (1.11.13) we obtain the statement. O



Chapter 2

The transition semigroup

In this chapter we will study the nonlinear SPDEs (Stochastic Partial Differential Equations)
and the associated transition semigroups that will be the main object of study of this thesis.
In contrast with the case of linear SPDESs, that give rise to Ornstein-Uhlenbeck semigroups (see
Sections 1.10), the transition semigroup has not a simple representation formula such as (1.10.4).
We follow the approach of the books [20, 41, 42, 43].

Let X be a real separable Hilbert space with inner product (-, -) and norm |[|-||. Let {W(¢)}:>0
be a X-cylindrical Wiener process defined on a normal filtered probability space (2, F, {F; }i>0, P).
Let R € £L(X), let A: Dom(A) C X — X be the infinitesimal generator of a strongly continuous
semigroup €' on X. Let F': Dom(F) C X — X (possibly non linear). We introduce the SPDE

{ dX (t,7) = (AX(t,2) + F(X(t,x)))dt + RAW (), t > 0; (2.0.1)

X(0,z) =z €X.

This type of SPDE is widely studied in the literature, see for example [1, 10, 11, 20, 28, 30, 31,
32, 37, 43, 41, 55, 62, 78, 85]. In this thesis we focus on the case of dissipative systems, where A
and F satisfy a joint dissipativity condition (see Hypotheses 2.1.1(iv)).

If Dom(F) = X, for any € X it is possible to consider the solution of the mild form of
(2.0.1), namely a process {X (¢, 2)}:>0 that satisfies

t
X(t,z) = et + / eIAR(X (s,2))ds + Wa(t), P-as. (2.0.2)
0

where {W4(¢)}+>0 is the stochastic convolution process defined by

Wal(t) == /t e ARAW (s).
0

However, if Dom(F') C X is a proper subset of X, (2.0.2) may not make sense for every z € X.

Hence we need a more general notion of solution. Around the nineties S. Cerrai G. Da Prato

and J. Zabczyk used the notion of generalized mild solution to avoid the problem of Dom(F).

The idea to construct a generalized mild solution is to assume that there exists a Banach space

E C Dom(F') densely and continuously embedded in X such that F|g : E — E is locally Lipschitz
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continuous. Then, under suitable Hypotheses 2.1.1, it is possible to prove that for any x € F,
the SPDE (2.0.1) has a unique mild solution {X (¢, z)}:>0 such that its trajectories take values
in E. After, exploiting the density of E, one proves that for any x € X there exists a process
{X(t,x)}+>0, such that

lim [|[X(-,2n) = X( @)l co79,00 =0, VT >0, P-as. (2.0.3)

n—0o0

for any sequence {x,}neny € E converging to x and X (¢,x,) is the unique mild solution of
(2.0.1), with initial datum x,,. We call the limit {X (¢, z)};>0 in (2.0.3) generalized mild solution
of (2.0.1).

Under suitable assumptions, in Section (2.1) we will prove that (2.0.1) has a unique mild
solution, for any x € E. In Section (2.2) we will prove that (2.0.1) has a unique generalized mild

solution {X (¢, z)}i>0, for any x € X, and we will define the transition semigroup
P(t)p(x) .= Elp(X(t,2))], ¢ € By(X), z €X, t>0.

In Section 2.3 we recall some standard results about the space regularity of the mild solution
in the case where F' : X — X is Frechét differentiable and Lipschitz continuous. Finally in Section

(2.4) we will comment our hypotheses in view of results already known in the literature.

2.1 The mild solution for x belonging to £

Our hypotheses in this subsection are the following.
Hypotheses 2.1.1.
(i) R e L(X).

(ii) There exists a Banach space E C Dom(F') which is Borel measurable, densely and contin-

uously embedded in X and invariant for F, namely F(E) C E.

(iii) A generates a strongly continuous semigroup et on X and Ag (the part of A in E) generates

an analytic semigroup et“* on E.
(iv) There exists ¢ € R such that

(a) A+ F — (I is dissipative in X;
(b) Ag + Fig — (1 is dissipative in E.

(v) For any T > 0, we have
T
/ Tr[e* RR* e’ |ds < +oo0.
0

Moreover the process {Wa(t)}i>o is continuous.

(vi) There exist M >0 and m € N such that

IF@)lg <M1+ l2llg), =€FE.
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(vii) Fig : E — E is locally Lipschitz continuous on E, namely Fg is Lipschitz continuous on
bounded sets of E.

Remark 2.1.2.

1. Hypotheses 2.1.1(vi) or 2.1.1(vii) imply that Fip maps bounded sets of E into bounded sets
of E, and so, since E is continuously embedded in X, F maps bounded sets of E into
bounded sets of X.

2. Hypothesis 2.1.1(vil) does not imply that F : Dom(X) C X — X is continuous, however it
implies that Fig : E — X is continuous.

Remark 2.1.3. By Proposition 1.8.10 and Hypotheses 2.1.1(#i-v-vi), for any T > 0 and p > 1
we have

E[ sup [|[F(Wa(t))lg + sup [[Wa(t)|[p] < +o0.
te[0,7] t€[0,7]

E[ sup [[F(Wa(®))[" + sup [[Wa(t)]] < +oc.
t€[0,T] t€(0,T]

Now we define rigorously the notion of mild solution and the Banach spaces in which we will
construct it [20, Section 6.2]).

Definition 2.1.4. For any x € E we call mild solution of (2.0.1) any E-valued process
{X(t,z)}i>0 such that, for any t > 0, we have

X(t,z)(w) = ez + /0 e=IAR(X (s, 2)(w))ds + Wa(t)(w), P-a.s., (2.1.1)

Moreover we say that the mild solution of (2.0.1) is unique if whenever two E-valued process
{X1(t,z) }es0, {Xo(t, @) b0 satisfy (2.1.1), {X1(t,x)}e>0 is a version of {Xa(t, ) Hi>o0.

Definition 2.1.5.

1. Let I be an interval contained in R and p > 1. We denote by XP(I) the space of progressive

measurable K-valued processes {Y (t)}rer endowed with the norm

Y () }eerll5en(ry = SUI;]E[HY(t)II?c]-

2. Let I be an interval contained in R and p > 1. We denote by C,(I,XK) the space of X-valued
continuous processes {Y (t) }rer € PCL(I,K) endowed with the norm

I{Y &)} eerllE, (1,5 = Elsup [[Y (£) 5]
tel

Before starting the construction of the generalized mild solution, we should recall two in-
equalities that we will use frequently. The first on is
_ (g=D(ea)?=D  (b/e)?

< p, + . Va,b,e >0, ¢ > 1. (2.1.2)

ab
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If K is a Banach space for every hi, he € K and r > 1 it holds
11 = hallfe > 25l — sl (2.1.3)

To prove that, for any x € E, the SPDE (2.0.1) has a unique mild solution
{X(t,x)}+>0 we exploit an approximating problem. For simplicity, from here on we still denote
by A the part of A in E. For any x € E and large n € N, we introduce the approximating

problem

{ dX(t,7) = (AX, (t, ) + F(Xy(t,2)))dt + RAW (1), ¢ >0; (2.1.4)

Xn(0,2) =nR(n, A)x.

Remark 2.1.6. By Hypotheses 2.1.1(iii), e!* verifies (1.4.1) with some constant ny € R. Hence
R(n, A) is defined only for n > ny. Hence if ng > 1, then we consider (2.1.5) only for n > nyg.

Now we are going to prove that, for any € E and large n € N the SPDE (2.1.4) has a unique
mild solution {X, (¢, z)}>0 € Cp([0,T], E), for any p > 1 and T > 0 (see Definition (2.1.5)). To

do this we consider the equation

Y,
Do (1) = AV, (1.2) + Pult) + Wa(D), £ 0;

Y, (0,x) = nR(n, A)x.

(2.1.5)

If we show that, for any € E and large n € N, equation (2.1.5) has a unique mild solution
{Yo(t,2) >0 € Co([0,T],E), for any p > 1 and T > 0, then by Remark 2.1.3, the process
{X,(t,x) }+>0 defined by

Xn(t,z) :=Yo(t,x) + Wa(t), P-as., (2.1.6)

is the unique mild solution of (2.1.4) in C,([0,T], E), for any p > 1 and T > 0.

Proposition 2.1.7. Assume that Hypotheses 2.1.1 hold true. For any x € E and large n € N
problem (2.1.5) has a unique mild solution {Y,(t,z)}i>0 € Co([0,T],E), for any p > 1 and

T > 0. Moreover there ezists a sequence of processes {{Yn 1 (t, %) }+>0}ken such that

t — Yoi(t,z) € CH([0,T),E)nC([0,T],Dom(A)), VT >0,VkeN, P-a.s.

lim ||Y, k(- 2)— Yn(~,x)|\c([0¢T]’E) =0, kgriloo ||0n,k(x)||c([0’T]’E) =0, VT > 0 P-a.s. (2.1.7)

k—+oco

where

dy,
dtv’“ (t,x) — AV (t,2) — F(Yp p(t, ) + Wa(t)), P-a.s. (2.1.8)

In addition for any p > 1 there exist Cp, := Cp(¢) > 0 and kp := £,(() € R such that for any
z € FE, largen €N andt >0

onk(t,x) =

t
|Yo(t,2)|IP < C, (e”f't||x|p+/0 e”P(t_S)HF(WA(s))des)7 P-a.s. (2.1.9)
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t
Wt o)l < G (eoilally + [ e IFOVAEIas ) Pas (2.1.10)

Proof. We prove the statements for a fixed large n € N and z € E. By Hypotheses 2.1.1(v),

the trajectories of the process {W4(t)}i>0 are continuous P-a.s. In this proof we work pathwise,

and we will denote by w4 () a fixed arbitrary trajectory of {W4(t)}i>0. We fix T > 0 and we

consider the equation
dyn
E(t,x) = Ayn(t,x) + F(yn(t,z) +wa(t)), te€[0,T];
Yn(0,2) = nR(n, A)z,

(2.1.11)

and the operator V in the space C([0,T]; E) defined by
t
V)0 = AR A+ [ IAF((s) +walo)ds, € CIOLTLE, 1€ .71
0

Let R > My||z|| g supyepo,ry €™ By (1.4.3), (1.4.7), Remark 2.1.6 and the local lipschitzianity of
F, for any y,z € C([0,T], E) such that [|yllc(o7),5), 12l (0,77, < R > we have

t
IVWlleqore < Mollzllg sup ™ + My sup [[F(y(t) +wa(t))]|z sup / (=m0 s
te[0,T] te[0,T] te[0, 7] J0

t
V() = V)leqo,r,e < LeMolly — zllcqom,z) sup / el ds.
tel0,7]Jo

where My and 79 are the constants in Remark 2.1.6 and Lr > 0 is the Lipschitz constant of
F on the ball Bg(0,R). By Remark (2.1.2) for Ty € [0,7] small enough V(B(0, R)) C B(0, R)
and V is a contraction in B(0, R) where B(0, R) is the ball in C([0,Tp], E) with center 0 and
radius R. Hence by the contraction mapping theorem the problem (2.1.11) has a unique mild
solution y, 1,(-,) € B(0,R). To prove that there exists a global solution y, 7 of (2.1.11) in
C([0,T], ) it is sufficient to prove an estimate for |y, , (-, x)HC([O,TO]’E) independent of Ty. By
[73, Proposition 4.1.8] y,, 1, (-, ) is the strong solution of

%n(tv z) = Avy(t,2) + F(yn1, (t,7) +walt)), t€[0,Tpl;
v,(0,7) = nR(n, A)x,

namely there exists a sequence {y, k.1, (-, 2) }ren € C1([0, To], E) N C([0,Tp], Dom(A)) such that

lim ||yn,k,TO('7x) - yn,Tn('a x)HC([O’TOLE) = 07

k— 400

. d

5 Hyif’T"<-7x>—Ayn,k,To<~,a:>—F(yn,n(-,mw(-)) =0 (2112)
k—+oo t C([0,To],E)

For any t € [0,Tp], * € E and n, k € N we set

dyn,k,Tg

dt (t> 33) - Ayn,k,To (tv LL‘) - F(ymk,To (t,x) +wa (t))7

On,k,To (ta I) =
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hence we have

dyn
lon,k,1 (8, 2)|| 5 < H %(t, z) — AYn i1, (8, ) — F(Yn,1, (8, ) +wal(t))
E
+ [ F(Yn,1 (t, ) + wa(t)) = F(Yn k10 (8, 2) +wa(D))ll
dy
< H %(t’ .73) - Aymk,To (ta Z‘) - F(yn,To (t7 x) + wA(t)) .

+ LRHyn,To (tv SC) — Yn,k, Ty (tv x)”Ea
and so, by (2.1.12), for any large n € N we obtain
G llon k7 ()l oo ),y =00 Pras.

Let z€ E,p>1, k,n € Nandt € [0,Tp]. By (1.3.1)-(2.1.8) and Hypotheses 2.1.1(iv), there
exists y* € O||yn,k(t, )| 5, such that

1 d- ”yn,k,To (t7 1’)
P dt

1% 1
E <Ny (6 2) I B (Ayn ez, (6 2),5™) e

—~

+ |Yn k1, (8, 2 F(ynk,1(t,2) +w0a(t)), ) 5o

On,k,To (t7 x)’ y*>E*

[
E E

)
)

—

o (8, 2) 1

—~

Ayn7k7To (tvx)’y*>E*
F(yn,k,To (t,iL’) + wA(t)) - F(wA(t))a y*>E*
F(wa(t)),y") p-

On,k, Ty (t7 3?), y*>E*

-1
= lynpz (625 £

+ Hyn,k,To t,x HpEilE

o~~~

(t,z)
+ lyn e () e
+ Y (. 2) 15
< Clynkm (t2) g

+ Y gemo () (IFwa@) g + llon ez (t:2)] ) - (2.1.13)
We claim that there exists Cy := C1((, p) such that

1d™ [[ynkm (t,2)

I
; DBDNE < Collgn im0 + 5 (IF @A) 5+ lonst2)5)" - (21.14)

1
p

Indeed for p = 1, (2.1.14) is verified with Cy = ¢, instead, for p > 1, applying (2.1.2) in (2.1.13)
with @ = [y, (D)5 b= (1FA(®) 1 + lomes(t,2)l| ), ¢ = p and € = 1 we obtain

ldi ||yn¢k,To (tv LU)”% <
P dt -

p—1
¢+ T)Ilyn,k,To (t, x|
1

+ = (IF(wa@®)llg + llone.z0 (t )l 5)"

p

and so (2.1.14) is verified with C; = ( + %. By (1.3.2), (1.4.1), Remark 2.1.6 and (2.1.14) we
get

t
yn,k,70 (8, 2) I < +/ I FwaO) g + llonk,m (8, 2) )P ds,
0
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and letting k — +o0, by (2.1.7),

t
[y, (8, 2) | < "] +/ || F(wa(t)) | ds. (2.1.15)
0
By Remark 2.1.3 and recalling that Ty € [0, T, for any ¢ > 0 we obtain

1y 70 (£, 2) I < 2l + (O~ 1) sup 1 (wa (@)l (2.1.16)
pCh t€[0,T]
and so there exists a global solution y, r of (2.1.11) in C([0,T],FE). The uniqueness of y,,
follows immediately by (2.1.16), the local lipschitzianity of F' and the Gronwall inequality.
We have proved that, for any T > 0 the equation (2.1.5), has a unique mild solution y,, r €
C([0,T], E). We consider the continuous function y, (-, z) : [0, +00) — E defined by

Yn () jj0,7) = Yn,r (), VT >0.

Exploiting [73, Proposition 4.1.8] (as we have already done for y,, 1,) for any T > 0, there exists
a sequence {yn k.1, (-, 2) }ken € CH([0,7T], E) N C([0,T],Dom(A)) such that

kgl}rloo 9,1 (5 ) = Y (-, m)HC([O,T},E) =0, kli;rfoo Hon,k(x)”c([oj],E) =0, VPas.

where
dyn k
dt

Moreover yp, (-, x) verifies (2.1.15), for any p > 1 and ¢ > 0. The process {Y, (¢, z)}+>0 whose

oni(t,x) = (t,x) — Ayn i (t,x) — F(yni(t,z) +wa(t)), P-as.

trajectories are the functions y(-, ) verifies the statements of the proposition. Uniqueness follows
by (2.1.15), local lipschitzianity of F' and the Gronwall inequality. Estimates (2.1.9) follows in
exactly the same way as (2.1.10) using the inner product of X instead of the duality product of
E and E*. O

Remark 2.1.8. If et is strongly continuous also on E, then it is possible to replace the initial
datum nR(n, A)z by z, in (2.1.4).

By Remark 2.1.3, (2.1.3) (with hy = X,,(¢,x), ha = Wa(t) and r = p) and Proposition 2.1.7
we obtain immediately the following result.

Proposition 2.1.9. Assume that Hypotheses 2.1.1 hold true. For any large n € N and x € E the
process {Xp(t,x)}i>0, defined in (2.1.6), is the unique mild solution of (2.1.4) in Cp([0,T],E),
for anyp > 1 and T > 0. In addition, for any p > 1, largen € N, x € E and t > 0, we have

t

1X. ()" < O (ewxnu / e“p“S)HF(WA(s»nde|WA<t>||p),P-a.s. (2.1.17)
0
t

Xt ) < € (ewxn% / e“v<f—s>||F<wA<s>>|%ds+||WA<t>||PE) Peas (2118)

where C’I') ‘= max (2p71C’p, 27’71), and Cy, kK, are the constants of Proposition 2.1.7.

Now we prove a convergence result for {X,, (¢, z)}i>o0-
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Theorem 2.1.10. Assume that Hypotheses 2.1.1 hold true. For any x € E, there exists
{X(t, ) }i>0 € Cp((0,T],E)NCL([0,T),X), for any p>1 and T > 0, such that

nll}rfoo [ X0 (- 2) = XG0l oo =0, VT >0, P-as, (2.1.19)
ILm [ X0 (@) = X 0l oy, =0, VO<e<T, P-as. (2.1.20)

For anyp > 1, let C}’j be the constant of Proposition 2.1.9 and let k), be the constants of Propo-
sition 2.1.7. For anyp > 1, x € E and t > 0, we have

t
X (¢ 2)|I” < C (6”ptllx|p +/ eI F(Wa(s))|Pds + ||WA(t)||p) , P-a.s. (2.1.21)
0
t
IX(ta) < (e“vtnxn% + / e || P(Wa(s)) [ ds + ||WA<t>|§;) Peas (21.22)
Moreover there ezists a constant n € R such that, for any x,y € E and t > 0, we have

1 X(t,2) - X(ty)| < e’z —yl, P-as., (2.1.23)

[X(tz) = X(ty)ls <ellz—yllp, P-as. (2.1.24)

Proof. As in the proof of Proposition 2.1.7 we work pathwise, so we denote by vy, (-, ), yn (-, z)
and wa(-) fixed trajectories of the processes {Y, i (t,7)}i>0, {Yn(t,2) >0 and {Wa(t)}iejo,1)
respectively.

We begin to prove (2.1.19) for a fixed T > 0. Let z € E, k,n € N, t € [0, T]. We define

Znk(t, ) = ynk(t,x) +walt), n,keN.

We stress that zp, (¢, ) — 2m k (£, 2) = Yn ik (t, ) — Ym (¢, x), for any n,m € N. For any n,m € N,
by (2.1.8), we have

Ld)zni(t,2) = zma(t, @)
2 dt

<Az, (t, @) — 2m k£, ), 2.k (t, ) — 2m 1 (E, x))
+ <F(Zn,k(t» (E)) - F(Zm,k(t7 (E)), Z’n,k(t’ :L') - Zmyk(tv 1’)>
+ (Onk(t, ) — 0 (), 20 1o (@) — 2 1 (8, 2)).

By Hypotheses 2.1.1(iv) we have

Ld|zn(t, 2) = zm(t, @)
2 dt

< Clznn(t @) = 2 it )|
+llonk(t, ) = omk(t, )20k (E, 2) = 2k (£, 2)]]-

By (2.1.2) (with e =1 and ¢ = 2) we have

1d)zan(t;2) = Zmu(t 2)|
2 dt

< (¢ + lni(t,2) = 2, )
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+ 5 (lons(t @)l + llom,k (t, 2)[)?-

N |

We set Hy = ( + %. By (1.3.2) we obtain
120k (t, @) = 2 i (8, 2)[* < 518 (nR(n, A) = mR(m, A))z|
[ D ous ) + o sl 2] s
Letting k — 400, by (2.1.7) and Remark 2.1.2 we have
l2n(t,2) = 2, 2)||* < €218 (nR(n, A) = mR(m, A))a]|.

where
Zn(ta SU) = Xﬂ(tax)(w) = yn(tvx) + wA(t)'

By (1.4.6), we obtain that, for any 7' > 0 and = € FE, the sequence {z,(-,z)}nen is a Cauchy
sequence in C'([0, 7], X) and we denote by zr(-,x) € Cp([0,T], X) its limit. A continuous function
z(-,x) : [0,400) — X such that

z(- ) 0,1 = 2r( ), VT >0, (2.1.25)

is well defined. So the process {X(¢,z)}:>0, whose trajectories are the functions z(-,x), veri-
fies (2.1.19). (2.1.17) and (2.1.19) yields (2.1.21) and, by Remark 2.1.3 and (2.1.21), we have
{X(t,z)}i>0 € Cp([0,T],X) for any p > 1 and T' > 0.

Now we prove (2.1.20) for fixed ¢,7 > 0. By (2.1.18), for any « € E, there exists R :=
R(z,T) > 0 such that for any large n € N and ¢ € [¢, T| we have

lzn(t, @)l p < R.

Let L := L(z,T) > 0 be the Lipschitz constant of F' on Bg(0,R). So, for any xz € F, large
n,m € N and t € [¢,T], by (1.4.4) Remark 2.1.6 we have

20 (t,2) = 2m(t, )| 5 < ||(RR(n, A) — mR(m,A))etA:cHE
t
+ MOL/ €|z (8, 2) — 2m (s, 2)|| pds.
0
Hence, by the Gronwall inequality, there exists K5 := Kas(x,T) > 0 such that
[2n(t, ) — 2 (t, 2) || p < Ka||(nR(n, A) — mR(m,A))etAxHE. (2.1.26)

Letting m,n — +o0 in (2.1.26), by (1.4.6) we obtain that, for any 7' > 0, ¢ > 0 and = € E,
the sequence {z,(:,2)}nen is a Cauchy sequence in C([¢,T], E) and, since E is continuously
embedded in X, its limit is the same in C([0,7],X). So the function defined in (2.1.25) is
continuous from (0,400) to E and the process {X(t,z)};>0, which verifies (2.1.19), verifies
also (2.1.20). (2.1.18) and (2.1.20) yield (2.1.22), and by Remark 2.1.3 and (2.1.22), we have
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{ X, 2)} =0 € Cp((0,T], E).
Now we prove (2.1.23). Let T > 0 and z,y € E. For any, t € [0,T], k,n € N, by (2.1.8) we

have

1d||zen(t,2) — 26t y)|?
¢ Arnts2) = 2D ey 1,0) — 21 0,9)), 200 (0,2) — 200 (0,3)

+ <F(Zk,n(ta .’E) + wA(t)) - F(Zk,n(tv y) + wA(t))a Zk,n(tv .’t) - yk,’n(ta y)>
+ (0 (t, ) = 0k (t, ), 2k (t, T) — 2k (t,y))

and by Hypotheses 2.1.1(iv) we obtain

Ld|znat, @) = zra(t,y)]

: — <Clatnlts) = zn(t )]

+ okt 2) = orn (t y) | 28,0 (8 2) = 20 (8 9)]]-
By (2.1.2)(with e =1 and ¢ = 2) we have

|2k (t, ) = 25 (t, )12
dt

< 2l zbn(t2) = 2k (697 + S0kt ) — opn(t ), (21:27)
where n = (¢ + % By 1.3.2 and letting k£ — +o00 we obtain
2t 2) = 2a(t.9)|* < €l — 2|
Taking the square root and letting n — 400, by (2.1.19) we obtain
lz(t,2) =zt )l < e™la—yl, te[0,T), z,yeE
for any T > 0 and for P-a.a trajectory of {X(¢,x)}i>0, so (2.1.23) is verified. Finally (2.1.24)

follows from (2.1.20) using similar arguments. O

We make some remarks about possible variations of Theorem 2.1.10.

Corollary 2.1.11. If the constant ¢ in Hypotheses 2.1.1(iv) is negative, then the constants k,

and n are negative.

Proof. Applying (2.1.2) with e = ¢ if ¢ € (0,1], or with ¢ = 1/{ if ¢ > 1, we obtain that the
constants Cy of (2.1.14) and 7 of (2.1.27) are negative. O

Remark 2.1.12. If in addition the semigroup generated by the part of A in E is strongly con-
tinuous we can take € = 0 in (2.1.20), and {X(¢t,2)}i>0 € Cp([0,T],E), for any p > 1 and
T >0.

Let x € E and let {X (¢, x)}1>0 be the process defined in Theorem 2.1.10. Now we prove that
it is the unique mild solution of(2.0.1).

Theorem 2.1.13. Assume that Hypotheses 2.1.1 hold true. For any x € E, the process
{X(t,x)}i>0 is the unique mild solution of the SPDE (2.0.1) in C,([0,T],X) N C,((0,T), E), for
anyp>1andT > 0.
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Proof. We begin to prove uniqueness. Let x € E and let
{X1(t,2) b0, {Xa(t,2) }is0 € Cp((0,T], E), for any p > 1 and T > 0, be two mild solution of
(2.0.1). For any 0 < ¢t < T, by Remark 2.1.6, we have

t
[X1(t, ) = Xo(t, 2)]| p < MO/ T F(X (t,2) — F(Xa(t )|l pds, P-as.
0

Since {X1(t, z) }i>0, {X2(t, 2) }i>0 € Cp((0, T, E), with p > 1, then

sup_ || X1 (t,2)|| g, sup [ Xa(t,@)|p < +o0, P-as.
te[0,T] te[0,T]

so by the local lipschitzianity of F', there exists L := L(z,T) > 0 such that
t
n&w@f&mesMw/eWMW&@mf&w@mw,Pm.
0
and by the Gronwall inequality we obtain
Xl(t) = Xg(t), P-a.s.

for any ¢t € [0,7] and T > 0, and so we have the uniqueness.
Now we prove that, for any = € E, the process {X (¢,x)}>0 is the mild solution of (2.0.1).
Let T > 0 and large n € N. We recall that, for any ¢ € [0, 7], we have

Xn(t,z) =Y, (t,x) + Wa(t), P-as.

hence, by Proposition 2.1.7
t
X, (t,z) = e nR(n, Az + / eBIAR(X, (s, x))ds + Wa(t), P-as. (2.1.28)
0

By (1.4.3), Remarks 2.1.2-2.1.2, (2.1.22), (2.1.20) and the dominated convergence theorem, we
have

=0, P-as.,

/ elt=9)4 (F(Xn(s,2)) — F(X(s,z)))ds ;

0

lim ‘
n——+oo

s0, letting n — +oo in (2.1.28), by (1.4.6) we have
t
X(t,z) = ez + / eTAR(X (s,2))ds + Wa(t) P-as.
0
for any t € [0, 7] and T > 0. O

2.2 Generalized mild solution and transition

semigroup

Now we exploit the density of E in X to define a process {X (¢, z)}>0 for any « € X.
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Proposition 2.2.1. Assume that Hypotheses 2.1.1 hold true. For any x € X there exists a
unique process {X (t,z) >0 € Cp([0,T], E), for any p > 1 and T > 0, such that

lim [|X(-,zn) = X, 0o =0, VI >0, P-as, (2.2.1)

n——+oo
where {xn}nen C E converges to x and {X (t,x,)} is the unique mild solution of (2.0.1) with
initial datum x,. In addition, for any p > 1, z,y € X and t > 0, we have
¢
X (& 2)” < C, <€”Pt|fﬂ||p +/0 e (| FWa()) | + [Wals)]”) ds + ||WA(t)||p) , (222)

1X(t,z) = Xty < e[z —yl, P-as., (2.2.3)

where Kk, is the constant of Proposition 2.1.7, C’Z’, s the constant of Proposition 2.1.9 and 7 is
the constant of Theorem 2.1.10. Moreover, for any x € X, p > 1 and T > 0 we have

im X (6w bzo — (X () bzl 0,110 = O (2.2.4)
Proof. Since E is dense in X, for any x € X there exists a sequence {x,, }men € F such that

lim ||z —z| =0.
m——+oo

We consider the sequence of mild solutions {{X (, 2 ) }1e[0,77}men € Cp([0,T1],X), for any p > 1
and T' > 0, given by Theorem 2.1.13. We have

{{X(t7xn)}t20}n€N g C([O,TL:X:), P-a.s.
Moreover by (2.1.23), for any T' > 0 and ny,ng € N, we have

pei X 2 ) = XCowna oo, ma =0, Prass.
So there exists a unique process {X(t,z)}i>0 € PC([0,T],X) (see Definition 2.1.5) that veri-
fies (2.2.1). By (2.2.1) the process {X (¢, z)}i>0 verifies (2.2.2), (2.2.3) and, by Remark 2.1.3,
{X(t,2)}+>0 € Cp([0,T],X), for any p > 1 and T' > 0. Finally (2.2.3) yields (2.2.4). O

Definition 2.2.2. For any x € X we call generalized mild solution of (2.0.1) the limit
{X(t,z)}i>0 of Corollary 2.2.1.

Until now we have shown that

1. for any = € E the SPDE (2.0.1) has a unique mild solution {X (¢,z)}>0 € Cp((0,T], E) N
Cp([0,T],X), for any p > 1 and for any 7" > 0, in the sense of Definition 2.1.4;

2. for any « € X the SPDE (2.0.1) has a unique generalized mild solution
{X(t,z)}i>0 € Cp([0,T],X), for any p > 1 and for any T' > 0, in the sense of Definition
2.2.2. In particular if z € E then the generalized mild solution of (2.0.1) is the mild solution
of (2.0.1).
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So we define the following families of operators.

Definition 2.2.3. For every t > 0 we set

P(t)p(x) = Elp(X(t, 2))] = / P(X(t,2)(@)B(dw) @ € By(X),x € X,

where {X (¢, z) }1>0 is the unique generalized mild solution of (2.0.1). Similarly we set

PE(t)p(z) = Elp(X(t, )] = Aw(X(t,x)(W))P(dw) ¢ € By(E),z € E,

where {X (¢, z) }1>0 is the unique mild solution of (2.0.1).

By the same arguments of [43][Proposition 9.14 and Corollary 9.15] and taking into account
(2.1.24) and (2.2.3), we get the following result.

Proposition 2.2.4. {P(t)}i>0 and {PF(t)}4>0 are two contraction positive and Feller semi-

groups on By(X) and By(E) respectively.

Proof. We prove the statements for P(t), the proof for { PZ(t)};>¢ is the same. By uniqueness
of the generalized mild solution {X (¢, x)}:>0, for any ¢, s > 0 we have

X(t+s,z)=X(t,X(s,x)), P-as.
So, for any ¢ € By(X) and = € X, we have
P(t+s)p(x) = E[p(X(t +5,2))] = E[E [p(X(t, X(s,2))[ X (s, )], (2.2.5)

where we denote by E [o(X (¢, X (s, z))|X (s, )] the conditional expectation of the random variable
©(X(t, X (s,x)) with respect to random variable X (s, z). We denote by o (X (s, z)) the o-algebra
generated by X (s, z). If we prove that, for any ¢ € By(X) and ¢ € L*((Q,P), X) measurable with

respect to o (X(s,x)), we have

E[p(X(t€)[E] = P(t)p(E), P-as., (2.2.6)
then by (2.2.5) we obtain that P(t) is a semigroup, namely
P(t+ s)p(z) = E[E[p(X (¢ X(s,2))| X (s, 2)]] = E[P(t)p(X (s, 2))] = P(t)P(s)p(x).

We begin to prove (2.2.6) for a simple function £, namely
fw) =) wlr,(w), we,
i=1

where n € N, z1, ..z, € X and {I'y,...,I',} C 0(X(s,x)) is a partition of Q. In this case (2.2.6)

becomes
n

E [p(X ()] () = Y E[p(X (8, 2))Ir, € = 2] ().

i=1
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X(t,z;) is independent of o(X(s,z)) and T'; is measurable with respect to o(X(s,x)), for any
i=1,...,n. Then by [68, Theorem 23.5-23.6] we obtain

E (X (t,6))|¢] (w ZE X(t, i), [§ = z4] (w)
= ZP(t)@(xi)Hri (w) = Pt)p(§(w))-
=1

Since ¢ belongs to L((€2,P), X) and it is measurable with respect to o(X (s, z)), then there exists

a sequence {&, tnen of simple functions such that

Jim Blle — €)= tim [ [6) — €)P(@) =0,

Hence there exists a subsequence of {&,}nen converging to £ in X P-a.s.. So, since (2.2.6) is
verified for simple functions, then it is verified for a general ¢ € L'(Q,P). Hence (2.2.5) is
verified and P(t) is a semigroup. By the integral expression of P(t) we see that P(t) is positive
and contractive and, by (2.2.3) the semigroup is also Feller. O

Since F is continuously embedded in X, for any f € Cp(X) the restriction fg of f to E belongs
to Cp(E). So by Theorem 1.9.3 and Proposition 2.2.4, we have the following result.

Corollary 2.2.5. {P(t)}>0 and {PF(t)}i>0 are the transition semigroups associated to the
generalized mild solution and to the mild solution of (2.0.1) in the sense of Definition 1.9.4.
Moreover for any t >0, ¢ € By(X) and x € E we have

P(t)p(x) = PE(t)p().

2.3 The Gateaux derivative of the mild solution

In this section we assume that the following additional hypotheses hold.

Hypotheses 2.3.1. Assume that Hypotheses 2.1.1 hold true with Dom(F) = X = E and that
F: X — X is Fréchet differentiable and Lipschitz continuous.

Now recall a standard result about the Gateaux differentiability of the mild solution of (2.0.1).

Theorem 2.3.2 (Theorem 9.8 of [43]). Assume that Hypotheses 2.3.1 hold true. The map
x— X(-,x) is Gateauz differentiable as a function from X to XP([0,T]). For every xz,h € X, the
process {DEX (t,z)h}i>0 is the unique mild solution of

{ 48, (t,h) = (A+ DF(X(t,x)))S.(t,h), t>0; (2.3.1)

Sz (0,h) = h.
By Hypotheses 2.1.1(iv-b) and an easy calculation, for any t > 0 and z, h € X, we have

(A+ DF(x)h, h) < Co|h|>. (2.3.2)
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Proposition 2.3.3. Assume that Hypotheses 2.3.1 hold true. For anyt > 0 and x,h € X, it
holds

IDCX (¢, 2)hl| < e[|R]],

where ¢ is the constant appearing in Hypotheses 2.1.1(iv).

Proof. We assume that {DEX (¢, x)h};>0 is the strict solution of (2.3.1), otherwise we can ap-
proximate as in Proposition 2.1.7. We scalarly multiply both members of (2.3.1) by DE X (¢, z)h.
In the left hand side we obtain

1d

G 2
= 5 IDCX (t,)h.

<thGX(t, z)h, DEX(t, x)h>

In the right hand side, by (2.3.2), we get
((A+ DF(X(t,2)))DEX (t,2)h, DX (t, )h) < (|| DEX(¢, x)hHQ.

Hence we obtain 4[| DYX (¢, z)h|? < 2C||DGX(t,ac)hH2, and so by the Gronwall inequality
|DEX (¢, 2)h||* < Xt O

2.4 Remarks and examples

The results presented in this chapter are contained in the paper [9]. We make some remarks
about Hypotheses 2.1.1. In [43, Sections 7.2] the authors prove existence and uniqueness of the
generalized mild solution of (2.0.1) in many settings that include our own. However, they do not
provide estimates like those in Theorem 2.1.10. Instead in [30, Chapters 4] and [20, Chapters
6-7] the authors prove some estimates like those in Theorem 2.1.10, but in a specific context (in
the same context, see [21, 22] for the case of multiplicative noise and [24] for the nonautonomous
case). Hypotheses 2.1.1 cover the case presented in [20, Chapters 6] (see [20, Section 6.1] for the
definition of F; A and C). Let O be an open set of R™, with n < 3 and let A be the Lebesgue
measure. In the case where X = L2(0,\) and E = C(0), in [20, Section 6.1] and [43, Section
5.5] the authors provide an overview of the operators A and R that satisfy Hypotheses 2.1.1.
Concerning the perturbation F, in [30, Chapters 4] and [20, Chapters 6-7] the authors assume
that I is a Nemytskii operator. In the next subsection we will present an example of F' that it

is not of this type but it verifies Hypotheses 2.1.1.

2.4.1 Infinite dimensional polynomial

We recall the notion of infinite dimensional polynomial (see [25, 47, 82]). For every n € N, we say
that a map V : X — X is n-multilinear if it is linear in each variable separately. A n-multilinear

map V is said to be symmetric if

V(ml,...,xn) = V(mg(l),...,l’a(n)), (2.4.1)
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for any permutation o of the set {1,...,n}. We say that a function P, : X — X is a homogeneous
polynomial of degree n € N if there exists a n-multilinear symmetric map B such that for every
reX

P(z) =V(z,...,x). (2.4.2)
We consider the function F': X — X defined by
F(x) := P(z) + G,
where z € X, {( € R and P, is a homogeneous polynomial of degree n such that,
(V(h,x,...,z),h) <0, (2.4.3)

where V' is the n-multilinear map defined by (2.4.2). By [25, Theorem 3.4], there exists d > 0
such that
IF ()] <d(+[lz]"), xeX. (2.4.4)

Moreover, for any x,h € X, we have
DP,(z)h =nV(h,z,..., x),
and so, by (2.4.3), for any z,y € X, we obtain
(F(x) = Fy),x —y) < Gllz -y (2.4.5)

Let us consider a particular case. Let E = X = L%([0,1],\). Let K € L?([0,1]*) and assume
that K is symmetric ((2.4.1)). Let

1 1 1
Py()](€) = /O /0 /0 K (Ex. 0. €4, €) F(€0) F(€2) £ () dErdeads (2.4.6)

for f € L*([0,1]). P is a homogeneous polynomial of degree three on L?([0,1]) (see [47, Exercise
1.73]). (2.4.3) holds whenever K has negative values. Indeed observe that, for fi, fo, f3 €
L([0,1]),

1 1 1
B(fl,f27f3)=/0 /0/0K(ﬁl,52,53,f)fl(51)f2(52)f3(§3)d€1d§2d§3,

and for f,h € L?([0,1])

(B(h f, f).h) = /0 /0 /O /O K (61, €0,60,€) F(60) £ (€2)h(E5)h(€)dé, dEndEsde.
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A standard argument allows to deduce that (B(h, f, f),h) = 0 if, and only if, f =0 a.e. or h =0
a.e. So by the continuity of (B(h, f, f), h) with respect to h (for a fixed f) and the fact that

<B(_h7f7f)7_h> = <B(h7faf)7h>7

the claim follows. Similarly it is possible to consider a general infinite dimensional polynomial of

odd degree n € N.



Chapter 3

Regularization results

Let X be a separable Hilbert space.
Let T'(t) be a semigroup on B,(X). We say that T'(t) is a strong Feller semigroup if for any
t > 0 we have
T'(t) (By(X)) € Co(X).

Let A be the infinitesimal generator of a strongly continuous semigroup e*4 on X and let R € £(X)
satisfy (1.10.1). If T'(¢) is the Ornstein-Uhlenbeck semigroup defined by the Mehler formula

T(t)f(x) ::/O Fy)NE 1z, Qr), Q ::/0 SARR A >0, f e By(X),

In [43, Section 9.4] the authors show that T'(¢) is a strong Feller semigroup if and only if
tA 1/2
(X)) C R (X), t>0. (3.0.1)

Let G : X — X be a Lipschitz continuous function and let {W(¢)}:>0 be a X-cylindrical Wiener
process defined on a normal filtered probability space (2, F, {F;}i>0,P). In [14, 61] the authors

consider the transition semigroup defined by
P(t)f(z) :=E[f(X(t,2))], t>0, f€BuX), (3.0.2)

where {X (¢, )};>0 is the unique mild solution of the SPDE

{ dX (t,7) = (AX(t,x) + RG(X(t,x)))dt + RAW (1), t>0; (3.0.3)

X(0,z) =z € X.

Using the Girsanov theorem, they prove that, if 3.0.1 holds then P(¢) is a strong Feller semigroup.

If we take that A = —%Ix and R = Q'/2 where Q is a positive and trace class operator, then
condition (3.0.1) is not verified. In that case it is known that T'(¢) is not strong Feller but T'(t)
regularizes only along Q/2(X). In particular for any 7' > 0 there exists K7 > 0 such that, for
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any t € [0,T), z € X, h € QY/?(X) and ¢ € By(X), we have
Kr —1/2
T+ 1) = TOe@) < 7 [[Q Al

In this chapter we study the regularity properties of the semigroup P(t) defined in (3.0.2) not
assuming that (3.0.1) holds, in particular we will show that, under suitable conditions, P(t)
regularizes along R(X).

Now we specify the hypotheses under which we will work.
Hypotheses 3.0.1. We assume that the following conditions hold true.
(i) R € L(X) is non-negative.
(i) A is the infinitesimal generator of a strongly continuous semigroup e on X and there exists

wy € R such that
(Az,z) < —wx||z]?, 2 € Dom(A).

(iii) G : X — X is a Lipschitz continuous function, with Lipschitz constant L¢.

(iv) There exists n € (0,1) such that, for any T > 0, we have

T

1 .

/ —Tr[e'*R%edt < +o0.
o t"

(Az — Ay + RG(x) — RG(y),x —y) < (xllz — y)?,  Cx = wx + || Rl ¢ () La-

Moreover by 3.0.1(iv) and Proposition 1.8.11, Hypotheses 2.1.1(v) are verified, so Hypotheses
3.0.1 implies Hypotheses 2.1.1 (with £ = X). We can apply Theorem 2.1.13 (with £ = X)
and obtain that, for any x € X, the SPDE (3.0.3) has a unique mild solution {X (¢,z)}:>0 €
Cp([0,T],X), for any T > 0 and p > 1. Hence the semigroup P(¢) given by (3.0.2) is well defined.

We now present the hypothesis that will replace the condition (3.0.1). By the results of
Subsection 1.2.5 the following Hilbert space is well defined.

Definition 3.0.2. We denote by (Hg, (-,-)p) the separable Hilbert space defined by
HR = R(:X:), ||Z'HR = ||R71‘TH7 <‘Tay>R = <R71x,R71y>, T,y € HR7

where R~ is the pseudo inverse of R.

Hypotheses 3.0.3. Assume that Hypotheses 3.0.1 hold true, that Agr (the part of A in Hg)
generates a strongly continuous semigroup in Hg, and that there exists wg € R such that, for

any h € Dom(AR), we have
(Ah, h) < wrl Al

Under Hypotheses 3.0.3 we are going to prove that for any for any t > 0, z € X, h € Hg and
© € By(X), we have
|P(t)p(x + h) — P(t)p(x)] < K(t)|[h]|g- (3.0.4)
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where K (-) : (0, +00) — (0,400) is continuous and for small ¢

for some k > 0. To prove (3.0.4) we will not use the Girsanov theorem, but we will exploit a
technique similar to the one presented in [43, Section 9.4.2] or [85]. A fundamental step in this
technique is to prove a Bismut—Elworthy—Li formula for the semigroup P(t). To do that, we need

to study some properties of the mild solution in the space Hg.

3.1 The Hp-differentiability

First of all we show some properties of the Hilbert space Hg.

Proposition 3.1.1. Hp is Borel measurable and continuously embedded in X. Moreover, for
any h € Hg, we have
121 < IRl ¢ )12l (3.1.1)

”RHL(HR) = sup [ RA[l < ”R”L(DC)' (3.1.2)
{heHR : Ml g=1}

Proof. (3.1.1) and (3.1.2) follow immediately by the assumption R € £(X). To prove that Hp
is Borel measurable it is enough to observe that if {g }xen is an orthonormal basis of Ker(R)*

then

HR:{JJE:X:

+oo
Z(x, Rgr)r < —|—oo}

= U ﬂ {xex Z<I7ng>3§m}.
k=1

meNneN

For every m,n € N the set {z € X|Y_;_,(z,gx)r < m} is closed, since the maps z — (z, Rgi)r

are continuous for every k € N. O
Now we specify the regularity properties along Hp that are of interest for us.
Definition 3.1.2.

(i) Let @ : X — R be a measurable function. We say that ® is Hg-Lipschitz if there exists
C > 0 such that for every x € X and h € Hg

[@(z + h) = @(2)[|g < Cllhll- (3.1.3)

We denote by Lipy,(X) the sets of Borel measurable, Hg-Lipschitz functions, and by
Lipy 11, (X) the subset of Lipg, (X) consisting of bounded functions. We call Hg-Lipschitz
constant of ® the infimum of all the constants C' > 0 verifying (3.1.3).

(ii) Let ® : X — X be a Borel measurable function. We say that ® is Hg-differentiable at x € X,
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if the function ¢, : Hgp — X defined as
0z (h) :==®(x+h) — D(z)
is Hr-valued and there exists L € L(HRg) such that for every h € Hg

(h) — Lh| =o.

I 1
im ||
Irlz—o || 1l g " R

When it exists, the operator L is unique and we set Vr®(x) := L.

(iii) Let ® : X — R be a Borel measurable function. We say that ® is H-differentiable at x € X,
if there exists L € H}, such that

lim |®(x + h) — ®(z) — Lh| _o.
[l =0 Al z

When it exists, the operator L is unique and we set Dp®(x) := L. Since L € H},, then
there exists k € Hgr such that Lh = (h, k), for any h € Hg. We set Vr®(x) := k and we
call it Hr-gradient of ® at x € X. For any k > 2, in the same way we define the k-times
Hp-differentiable functions and we denote by V’f%@(x) their k-derivative. We denote by
C’;IR(DC) the space of k-times Hg-differentiable functions from X to R and by Cl’iHR(DC) the
space of bounded and k-times H g-differentiable functions from X to R.

(iv) Let @ : X — X be a Borel measurable function. We say that a function ® is Hg-Gateaux
differentiable at x € X if for every h € Hpg there exists €55, > 0 such that the function
Cunt (—€xh,Exn) = X defined as

©an(r) = 0(x+rh) — O(x)
is Hp-valued and there exists L € L(Hp) such that for every h € Hg

~0. (3.1.4)
R

lim
r—0

1
- .y
7fPoa,h(?“) h

We observe a relationship between Fréchet differentiability and H g-differentiability.

Proposition 3.1.3. Let & : X — R. If ® is Fréchet differentiable at x € X, then it is Hp-
differentiable at x and

Vrp(z) = R*V(z).

Proof. By the Fréchet differentiability of ® at x we have

|®(x + h) — ®(z) — DP(x)h|

=0.
a0 A
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By (3.1.1) we have ||h|| — 0 whenever ||h| ; — 0, and

|®(x + h) — ®(z) — DP(z)h|

0< lim
= lIklig—0 1]
[0+ h) = B(@) — DE@)H ]
i ] 17|
. 1D(z + h) — ®(z) — DD (2)h|
<|IR lim =0
<Rl o 171l

Moreover, for every x € X and h € Hgr, we have

(Vre(z), h)p = Drp(x)h = Dp(x)h = (Ve(z), h)
= (RVy(z), Rh)r = (R*Vp(z), h),

hence Vgyp(z) = R?Vp(z). O

We assume that Hypotheses 3.0.3 hold true and that G is Fréchet differentiable.
Let {X(t,z)};>0 be the mild solution of (3.0.3). By Theorem 2.3.2, the map z — X(-,z) is
Gateaux differentiable as a function from X to X?([0,T]), for any T > 0. Moreover for every
x,h € X, the process {DYX (t,z)h};>¢ is the unique mild solution of

{ diSe(t:h) = (A+ RDG(X (t,2))) Su(t, h), ¢ > 0; (3.15)

Sz (0,h) = h.
We are going to show that the mild solution is H g-differentiable.

Proposition 3.1.4. Assume that Hypotheses 3.0.3 hold true and that G is Fréchet differentiable.
Then for any x € X, h € Hr and t > 0, we have

IDEX (t,2)h||r < e |h| g,  P-a.s.

where (g := wr + || Rl g (x)La. Moreover for everyt > 0, the map x — X(t,x) is P-a.s.. Hg-
Gateauz differentiable and for any x € X and h € Hp its Hg-Gateaur derivative along h € Hp
is DEX (t,x)h.

Proof. All estimates in this proof should be understood to be true P-a.s. By Hypotheses 3.0.3
and Definition 3.0.2, for any z € X and h € Hr we have

([A+ RVG(@)]h,h) < Crllhl| %, (3.1.6)

where (g = wg + HRHL(x)LG- Since the map ¢ € [0,400) = X(¢,z) € X is continuous P-a.s.
then ¢t € [0,400) - RDG(X (t,x)) € Hp is continuous P-a.s., so we can study (3.1.5) in Hg. For
any x € X, h € Hg and t > 0, we scalarly multiply both members of (3.1.5) by DFX (¢, z)h. In
the left hand side we obtain

d

1
<DGX(t,ac)h,"DGX(t,x)h> :fiHDGX(t,x)hH%{.
R 2dt

dt
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In the right hand side, by (2.3.2) we get
((A+DF(X(t,2)))DEX (¢, 2)h, DOX (t,2)R) . < Ca|DEX (¢, 2)h|[7,.
Hence we obtain 4| DYX (¢, z)h|% < 20| DX (t, x hHR, and so by the Gronwall inequality

2 2
||DGX(t,x)h||R < eXort||p|%.
By Hypotheses 3.0.3, for any z € X, h € Hg and r,t > 0 we get

’ X(t,z+rh) - X(t,2) DEX(t,z)h
r R
G(X (s, +rh)) = G(X (s, 7))

S/
0

hence, since x — X (¢, z) is Gateaux differentiable and G is Lipschitz continuous and Frechét

— DG(X (s,2))DE X (s, x)h‘

ds,
r

differentiable, by the dominated convergence theorem we have

X(t,z+rh) — X(t,x)

—DEX(t,z)h
”

= 0.
R

lim
r—0

O

Remark 3.1.5. [t is possible to assume (3.1.6) as Hypothesis in order to avoid (g depending on
the Lipschitz constant of G.

Corollary 3.1.6. Assume that Hypotheses 3.0.3 hold true and G is Frechét differentiable. If
g: X = R is a function belonging to C}(X) and h € Hg, then for any x € X and t > 0

((DF(g o X))(t,2)h = ((Vrg) (X (t,2)), DX (¢, 2)h) 1.

Proof. Since g € C}(X), by Proposition 3.1.3, g is also Hg differentiable, then for every z € X
and h € Hg
g(x 4+ €h) = g(x) +e(VRrg(z),h) 5 + o(e) e—0.

We define for x € X, h€ Hr,t > 0and e > 0
K.(t,z,h) == X (t,z +¢eh) — X(t,x) — DX (t,2)h = X(t,z + h) — X (t,z) — eD X (¢, z)h.

By Proposition 3.1.4, for any 7' > 0 we have sup,c(o 1) E[[| K< (-, 7, h)Hf%] = o(e), when ¢ goes to

zero. Hence for e — 0

g(X(t,x +eh)) X(t,x

(X(t2)+

(X(t,2) + (DX (t,x)h + e 'K (t, 2, h))

(X(t, ) + ((Vrg)(X(t,2)),eDEX (t, x)h + Kc(t,x,h)) , + o(e)
(X (t,2)) +e((Vrg) (X (t, ), DX (t,2)h)

(Vrg)(X(t, z)), Kc(t, 2, h)) g + o(e).

+eDYX (t,2)h + K.(t,z,h))

g
g
)
)

+
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So for e — 0 we get

0< E[[g(X(t, z+¢eh)) — g(X(t,2)) — e((Vrg)(X(t,2)), DX (¢, x)h>R|2:|

< teS[lépT]E[’g(X(t,x +¢eh)) — g(X(t,2)) — e((Vrg)(X(t,2)), CDGX(t7x)h>R’2]

= sup E|[(Vrg)(X(t,2)), Kelt,z. 1) 5l | +0(c)
t€[0,T]

(216{1; IIDRg(x)L(R)> < Su%]E[Ka(tx,h)lliD +o(e)

telo

IN

_ (1 + Slelg)c ||DRg(x)||L(HR)> O(E)

This implies that ((DG(g o X))(t,z))h = {(Vrg) (X(t7x)),DGX(t,x)h>R P-a.s., and the proof

is concluded. O

3.2 The Bismut—Elworthy—Li formula

Now we prove a variant of the Bismut—Elworthy—Li formula.

Proposition 3.2.1. Assume that Hypotheses 3.0.3 hold true and that G € CE(X,X). Let p €
C%(X). For everyx € X, h € Hg and t >0

(VrP(t)p(z),h)p = %IE [cp(X(t,x))/O <'DGX(s7x)h,RdW(s)>R] . (3.2.1)
Furthermore
(TP (Op(o). )l < B | [ DX s (3:2.2)

Proof. (3.2.2) is a standard consequence of (3.2.1) and the It isometry (see [84, Lemma 3.1.5])
so we will only show (3.2.1). By [85, Lemma 2.3], for any ¢ € CZ(X), t > 0 and z € X we have

PX () = P(O)pla) + [ (VP(E= )¢ (X (s,2)), RAW (). (3:23)
By Proposition 3.1.3, (3.2.3) becomes
PX(t.2) = PU)o(o) + [ (TPl = s)o(X (s.2)). RAW (5) (3.2.4)

For any h € Hp, we consider the process

{ /O (DO X (s, ), RdW(s)>R} . (3.2.5)

t>0
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Multiplying both sides of (3.2.4) by (3.2.5) and taking the expectations we get
- t

E|o(X(t, ac))/ (DX (s, z)h, RdW(s)>R]
i 0

=E _P(t)go(x)/o <®GX(s,x)h,RdW(s)>R}

+E / (VrP(t — s)go(X(s,x)),RdW(S»R/ <®GX(s,z)h,RdW(s)>R
Lo 0

Since R : X — Hp is continuous, then {RW (t)},;>¢ is a Hp-cylindrical Wiener process (see [43,
Remark 5.1]). By Proposition 3.1.4 for every ¢t € [0,7] and h € Hp

t
/ E[|DE X (s, 2)h|%] ds < +oc,
0

and so by [52, Remark 2], the process {fot (DX (s, x)h, RAW (s)) , }e>0 is a martingale. Hence
for every t € [0,T], x € X and h € Hp

E{P(t)w(x) /O (DIX (s,2)h, RAW(s)) .| = 0.

We recall that since L?(2,F,P) is a Hilbert space, then for every &1, & € L%(Q, F,P) we have

El6i6s] = 1E[6 + &) - 1E[l6 — &P (3.2.6)

Let <I>( ) == VgP(t — s)p(X (s, a:)) and T'(s) := DX (s,x)h. We apply (3.2.6) with & =
fo $), RAW (s))p and & = fo s), RAW (s)) p and using the Itd isometry we get

EU; <<I>,RdW>R/Ot <F,RdW>R}
_1g

_ EE [(/Ot <<I>+F,RdW>R>2 ; (/Ot (@ F,RdW>R>T
== [ [ 1o+ rias] e [ [0 - ria] <] [ 0.0 a).

Hence by (3.1.6), with g = P(t — s)p we obtain

E /0 (VRP(t — s)p)(X(s,x)), RdW(s))a/ <DGX(s,x)h, RdW(s))R}

0

—E:/O ((VrRP(t - 8)p)(X (s, 7)), DX (s h>Rds]

= / DE(((P(t - s)p) o X><s,x>>hds]

:/O (DEE[(P(t - 5)p 0 X)(s,2)] ) hds.
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By the very definition of P(t) we know that E[(P(t — s)p o X)(s,z)] = (P(s)P(t — s)p)(z) =
P(t)¢(x). Recalling that P(t)p belongs to CZ(X), so that it is also is Hpg-differentiable, it holds
DEP(t)p(z) = DrP(t)p(z). So we conclude
t t
B[t 0) [ (DX (s R ()| = [ (TRPOp(0).1) s
0 0

= t(VrP(t)p(2), h) g

3.3 Hp regularity for the transition semigroup

The last step before proving the main result of this Chapter is the following Lemma.
Lemma 3.3.1. Assume that Hypotheses 3.0.3 hold true and that G € CZ(X;X). For everyt > 0,
r€X, he€ Hg and ¢ € CF(X)

[P(t)p(z + h) = P(t)p(z)| < K@)[[@lloolP] (3:3.1)

where

VEIERD) g

)

K@):=3 ' (3.3.2)
Vi CRZO-

Proof. Taking into account Proposition 3.1.4 and (3.2.2) we obtain the gradient estimate
IVRP@)p(x)llr < K(@)[[¢lle, € (0,T], z€X. (3.3.3)
Let x € X and h € Hg. By the mean value theorem there exists ¢, € (0, 1) such that
P(t)p(x +h) = Pt)p(z) = (VRP @)@z + cnh), h).

So, by (3.3.3), the thesis follows. O
Now we prove the main result of this chapter.

Theorem 3.3.2. Assume that Hypotheses 3.0.3 hold true. For everyt >0, x € X, h € Hr and
¢ € By(X)

|P(t)p(x + h) — P(t)e(x)| < K(t)|lellccllhl] g
where K (t) is defined in (3.3.2).
Proof. As a first step, we prove that (3.3.1) is verified for ¢ € C?(X) if F satisfies Hypotheses
3.0.3.

Since G is Lipschitz continuous, it is possible to construct a sequence {G(™},cn C CZ(X; X)

(see [85, Lemma 2.5]) such that the functions G(™) are Lipschitz continuous with Lipschitz con-
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stants less or equal than L¢g, and
lim |G™(h)—G(h)| =0, heX.

n——+00

We consider the transitions semigroup

PM(t)p(x) :=E[p(X"(t.2)], ¢ e Cy(X),
where X (") (¢, z) is the mild solution of
{ dX,(t,z) = (AX(t,z) + RG™ (X (t,)))dt + RAW (t), > 0;
X(0,z) = =x.
Fix ¢ € CZ(X). Then by (3.3.1) for every x € X, h € Hg, T > 0 and t € (0,7, we get
PO (1)p(a + B) — PO (0)p(a)] < K (1) loollB]
By [85, Theorem A.1] there exists a subsequence {X ("*)(t, z)}en such that, as k goes to infinity
XM (¢, 2) = X (¢, ),
where the convergence is almost sure with respect to P. Since ¢ is bounded and continuous, then
PO (#)p(w) = B[o(X ) (1,2))| = E[p(X (t,2))] = P()¢().
So for every x € X, h € Hg, T > 0 and t € (0,7, we get
[P ()p(x + h) = P™ (D)p(x)] < K(t)l|¢lloollR] -

As second step we show that since (3.3.1) is verified for ¢ € CZ(X) then it also holds for ¢ € By,(X).
We recall that by [103, Theorem 5.4], if ¢ € C,(X) then there exists a sequence {¢,, }nen € CZ(X)
such that, for every z € X,

lim o (2) = ¢(2), [enllee < ll¢llo, VR €N

n—-+o0o

So for every x € X, h € Hg, T > 0 and t € (0,T], we get
|PU () (x + ) — P (1)) < K(0)]|¢llooll ] 5-

Observe that by the dominated convergence theorem P(t)¢,(x 4+ h) and P(t)p,(z) converge to
P(t)p(x + h) and P(t)e(x), respectively. Therefore (3.3.1) is verified also for ¢ € Cp(X).

By the Riesz representation theorem and (3.3.1), for every x € X, h € Hg and ¢ € (0,77,
we have the following estimate for the total variation of the finite measure Z(X(z + h,t)) —
L(X(x,1))
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Var(Z(X(t,x + h)) — L(X(t,))) == Esg;zx)
llell o<1

/gpdf(X(um—kh))—/ edZ (X (t,x))
X

X

/xgad<,$(X(t, v+ h)) .g(x@,x))) ‘

= sup
pEC,(X)
llell o<1

= sup ‘E[@(X(t, T+ h))] - IEJ[<,0(X(t7 x))] ‘
fein&l

— sup_[P(t)p(a +h) ~ P()p(@)] < Kbl
Tolst

Let ¢ € By(X). Then for t € (0,T], z € X and h € Hg

|P(t)p(z + h) — P(t)p()| = ‘/x pd(Z(X(ta+ ) - Z(X(t,0))) ’

< [[ellcc K@) 5-

Remark 3.3.3. We stress that, for smallt > 0

K(t) =~

o

where ¢ > 0 and K (t) is defined in (3.3.2).

3.3.1 Strong-Feller case

Let P(t) the transition semigroup associated to stochastic equation

{ dX (t,x) = (AX(t, ) + F(X(t,x)))dt + RAW(t), ¢ > 0; (3.3.4)

X(0,z) =z € X,

where A and R verify Hypotheses 3.0.1 and F' : X — X is a Lipschitz continuous function with
Lipschitz constant L.

In this subsection we replace Hypotheses 3.0.3 by the following condition.

Hypotheses 3.3.4. There exist e € R, K. > 0 and v € (0,1/2) such that
e (X) € R(X), R e | gixy < Keet™, > 0.

We remark that Hypotheses 3.3.4 implies (3.0.1) (see [43, Corollary 9.30]). By Hypotheses 3.3.4

it is possible to prove that for any ¢ > 0 we have
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As in Section 3.2 we assume that F' € CZ(X). By Theorem 2.3.2 and Proposition 2.3.3, for
any T > 0, the map © — {X (¢, %) }1eo,7] is Gateaux differentiable as a map from X to X?([0, 7))
and, for any z,y € X, it holds

|DeX (t,2)y| <ellyll,  t>0,

where (x = wx + Lp. Let T >0, t € [0,T], x,h € X, we have

t
|R' DX (t,z)h|| < |[R™ e A +/ R e =ADF(X (s,2))DeX (s, x)h||ds
0

t o(Cxte)s

—d
(t—sp "
o t o(Cxte)(t—s)
= Kb + KLl Rlleco bl [ S ——ds. (336)

< Keef't7||h|| + KELFHRHL(DC)”hHR/O

s

Let 0 < to < min(1,t), by (3.3.6), we have

to 1 t
IR DX ()bl < Kee e ]+ KoLl Rleco Wlge ([ Zase [ eteesoas)
0 to
Koot 4 K.LolR eCxte)t  o(Cux+e)(t—to) _ 1 s
< € € t_ + € + b
< (e Rl (o + o) Y

hence, for any T > 0 there exists K : (0,7] — (0, +00) such that, for any ¢t € (0,7] and z,h € X
IR DX (t,z)h||r < K(t)|R]. (3.3.7)

Moreover for small £ > 0
K(t)~ct™7,

for some ¢ > 0.

Due to (3.3.7), in the proof of Proposition 3.2.1 we can multiply (3.2.3) by

{/Ot (R7'DYX (s, 2)h, dW(s)>}

>0
instead of (3.2.5), and so we obtain that for every ¢ € CZ(X), z,h € X and t > 0
1 t
(VP(t)p(x),h) = ;E [@(X(t,x))/ <R_1DGX(s,x)h,dW(s)>} . (3.3.8)
0
Hence using (3.3.7), (3.3.8) and the same arguments used in [43, Section 9.4.2], we conclude that
(3.3.5) holds.
3.4 Remarks and examples

This chapter is a reworked version of [10]. In such a paper we have considered a special case in

which A and R were powers of the same trace class and positive operator, and the perturbation
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RG was replaced by a more general perturbation F'. In particular we assumed that F' was just
Hgr-Lipschitz and not Lipschitz continuous.

Moreover we suggest that it is possible to generalize Theorem 3.3.2 even in another way. We
consider the SPDE

dX(t,z) = (AX(t,2) + F(X(t,x)))dt + RAW(t), t>0;
X(0,z) =z € X.

where A and R verify Hypotheses 3.0.3. Instead F' verifies Hypotheses 2.1.1,
F(Hr) C Hr C E (where E is the Banach space of Hypotheses 2.1.1) and there exists (r such
that

(F(@) = F(y),x —y)p < Crllr —yl% @y € Hr.

By approximating F' with the approximating sequence defined in Subsection 1.11 and proving
that [85, Lemma 2.3] is also verified for these approximations we think that it is possible to
obtain a result analogous to Theorem 3.3.2.

In [20, Chapters 6-7] the author studies the strong Feller properties in the case where the
perturbation F' is not defined on the whole space X. However in this work more restrictive
hypotheses on A and R (see [20, Hypotheses 6.1]) than those in [14] (see (3.0.1)) are assumed.
In particular the author assumes that A is a non positive operator, R is a positive operator and
that there exists € < 1 such that

Dom(A€) C R(X).

In [57, 58, 77, 78] the authors work in a separable Banach space with a Schauder basis, and

they study a problem similar to ours. They define the following differential operator.

Definition 3.4.1. Let f : X — R be a continuous function, the R-directional derivative
VEf(x;y) at a point x € X in the direction y € X is defined as:
Ry) —
e i)

s—0 S

provided that the limit exists and the map y — VEf(x;y) belongs to X*.

The authors of [57, 58, 77, 78], using the Girsanov theorem, prove that, for every ¢ € By,(X),
the function P(t)p admits R-directional derivatives in along every y € X.In this chapter we
obtain a Hp Lipschitzianity result, instead, in [57, 58, 77, 78], the authors cannot achieve a
similar result, with Definition 3.4.1. As we already said in the introduction Hypotheses 3.0.3
cover the case where A = —%Ix and R = Q'/2 where Q is a positive and trace class operator. In
Subsection 3.4.1 we will show an interesting example that is included the case just mentioned.
Instead in Subsection 3.4.2 we will present a suitable choice of A and R which simplifies the
checking of the Hypotheses 3.0.3.

3.4.1 A classical example

Consider the space X = L%([0,1],d¢) where d¢ denotes the Lebesgue measure on [0,1] and let
Q : L?([0,1],d¢) — L2([0, 1], d€) be covariance operator of the Wiener measure on L?([0, 1], d€),
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namely the positive and self-adjoint operator defined as

= /O max {&, 1} f(n)dn

If R = Q'/2, it is known that Hp is the space W 2([0,1],d€). Moreover the norm |-l 5 is

equivalent to the norm

||f||w[}v2([o,1],dg) = Hfl”L?([O,l],dg)-
For all these results see [12, Remark 2.3.13 and Lemma 2.3.14]. Let G : L*([0,1],d¢) —
L?([0,1],d€) defined by choosing z1,...,z, € L%*([0,1],d¢) and a function f : [0,1] x R® — R,
& y1yeoyyn) = f(E Y1, .., yn) and setting

(G9)(€) = f(& / gy, .... / 1 g(n)xnm)dn).

Assume that z1,...,x, are orthonormal and for every i = 1,...,n
af of
== 0,1] x R™;
F o 0,1] x R"s

fO0,y1,...,yn) =0, for every y1,...,yn € R.

Then G(L2([0,1],d¢)) € Wy 2([0, 1], d€), since

and

<G<g>>'(§>=§§(& /019<n>fv1<n>d”’~-’ /019“7)”6" d") H H

Moreover for g1, gs € L%([0,1], d€)

1G(91) = G(92)I1Z2(0,17,06)

1 1 1 1 1
=/ f(f,/ glxldn,-u,/ glxndn> —f(&/ gledn,-~-,/ ngndn)‘
0 0 0 0 0

o (N2 S| f ]
<n sup / g1 — g2)xian
i=1,..., 0o 3yz‘ i—1 /o
sup H g1 — 92172 0.17.6)-
i=1,...,n ayz . o

Let P(t) be the transition semigroup associated to stochastic differential equation

dX(t,z) = (— 31X (t,x) + F(X(t,2)))dt + QV/2dW (t), te (0,T];
X(0,z) =z €X,
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by Theorem 3.3.2, for every ¢t > 0, z € L*([0,1],d¢), h € W, *([0,1],d¢) and ¢ € By(X) we have

IP(t)QD(x + h) - P(t)(p(l‘)| < K(t)HSOHoo||h||W01’2([0,1],d§)a

where K (t) is defined in (3.3.2).

We emphasize that we have assumed as @) the covariance operator of the Wiener measure on
L2([0,1],d€), but we could consider any @ such that Q(L([0,1],d¢)) € W, *([0,1],d€), where
Wy2([0,1], d€) is the set of the real-valued functions f defined on [0, 1] such that f is absolutely
continuous, f’ € L%([0,1],d¢) and f(0) = 0.

3.4.2 A suitable choice of A and R

Let @ be a positive and compact operator. For a, 8 > 0weset A = —(1/2)Q " : Q#(X) C X — X
and R = Q*. Let {ex}ren be an orthonormal basis of X consisting of eigenvectors of @, and let
{ Ak }ren be the eigenvalues associated with {eg }ren. Since @ is a compact and positive operator,
there exists kg € N such that 0 < A, < A, for any £ € N. Without loss of generality we assume
ko = 1. Hence, for any = € Q°(X), we have

+oo
1. _ 2 1. 2
(Az, z) = 275)%6(;@@@ <3N Allz)?. (3.4.1)
k=1
Moreover, since @) is a compact and positive operator, Dom(4) = @Q?(X) is dense in X, so

A generates a strongly continuous contraction semigroup in X. Let A, be the part of A in
H, := Hga, we recall that

Dom(A,) == {z € Q¥*(X)NQ*(X) : Az € Q*(X)}.
By (3.4.1), for any « € Dom(A,), we have
(Az,), = (Q *Az,Q™"z) = (AQ *x,Q "z) < -\ 7|Q x|’ = —%A;‘*nxui- (34.2)

Since Q2T#(X) is dense in X and Q™ is a closed operator in X, then Q**#(X) is dense in
H,,, moreover Q*+t#(X) = Dom(A,). Hence A generates a strongly continuous and contraction
semigroup in H,. We refer to [43, Section 5.4-5.5] for a study of Hypothesis 3.0.1(iv).

In this setting, we stress that by [73, Proposition 2.1.1], the Hypotheses 3.3.4 are verified
when 8 > 2.



Chapter 4

Logarithmic Harnack inequalities

for transition semigroups

The first formulation of the Harnack inequality dates back to 1887 and can be found in his seminal
paper [66], and concerns positive harmonic functions. After some partial extensions, the most
important contribution is due to J. Moser [79] which proved the Harnack inequality for positive
(weak) solutions of uniformly elliptic linear equations with bounded coefficients in variational
form. Moser also stresses the usefulness of such kind of estimates to deduce regularity results,
such as the local holderianity of the solutions. The further passage towards non-linear elliptic
equations was made first by J. Serrin [94] and then by N.S. Trudinger [97] a few years later, and
is based on Moser’s approach.

The first parabolic version of the Harnack inequality is proved separately from J. Hadamard
[65] and B. Pini [87] for positive solutions of the heat equation. Many years later this kind of
estimates have been extended to positive solutions of more general linear parabolic equations by
Moser himself [80]. Hence the extension to almost linear parabolic equations was due to D. G.
Aronson and J. Serrin [7] and N.S. Trudinger [97]. Differently from the elliptic case, however,
the case of operators with non-linear coefficients turned out to be more difficult and remained
unresolved for a long time. In this direction we refer to [45, 46] where an intrinsic Harnack type
inequality was proved for solutions of a large class of nonlinear equations and for operators with
nonlinear coefficients. The techniques used in these latter results were inspired by the method
of E. De Giorgi and J. Nash (see [44, 83]) to show boundedness and regularity for certain classes
of functions (the so-called De Giorgi classes), which contain in particular the solutions of some
elliptic equations.

We refer to [69] and the reference therein for a more in-depth analysis of the Harnack inequal-
ity. In all the quoted results, the formulation of the Harnack inequality allows to compare the
values of a positive solution of some elliptic or parabolic differential equation, at two different
points. All these Harnack inequalities are dimension-dependent and thus they cannot pass to
infinite dimension. A possibility to get the Harnack-type inequality in an infinite dimensional
setting consists in replacing the classical formulation to the dimension-free logarithmic Harnack

Inequality (LHI) firtst introduced by F.-Y. Wang in [99] for the study of diffusion semigroups on
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a Riemannian manifold M. It reads as
(P(t) ) (x) < (P)f) (x)ecDrEy) >0, z,ye M (4.0.1)

which holds true for any positive and Borel bounded function f, any a > 1 and some continuous
function ¢(t). Here p is a Riemannian metric on M. Also in the infinite dimensional setting, this
kind of inequality has been used to obtain a lot of results, like some regularizing effects of the
semigroup (see, for example, [38, Proposition 4.1], [92, Corollary 1.2] and [101, Corollary 7.3.14])
as well as some hyperboundedness properties for the semigroup {P(t)}:>0 (see, for example, [92]
and [100]). We refer to [101] and the reference therein for a discussion of this inequality and its
consequences.

Let X be a real separable Hilbert space with inner product (-, -) and norm |[|-||. Let {W(¢)}:+>0
be a X-cylindrical Wiener process defined on a normal filtered probability space (Q, F, {F¢}i>0,P).
Let R € £L(X), let A: Dom(A) C X — X be the infinitesimal generator of a strongly continuous
semigroup e*4 on X. Let F : Dom(F) C X — X (possibly non linear). We introduce the SPDE

{ dX(t,z) = (AX(t,x) + F(X(t,x)))dt + RAW (t), ¢ >0; (4.0.2)

X(0,2) =2 € X.

Under suitable hypotheses (4.0.2) has unique generalize mild solution, we denote by P(t) the
transition semigroup associated to 4.0.2 (see Chapter 2). The aim of this chapter consists in
proving a (LHI) similar to (4.0.1), for P(¢). To be more precise, in the same spirit as Chapter 3,
we will prove a (LHI) type inequality along Hg (see Definition), namely

|P(t)gp(z + h)|P < P(t)|g(z)[Pec I 4 500 2 e X, h e R(X); (4.0.3)

for any bounded and Borel measurable function ¢ : X — R, any p > 1 and some continuous
function ¢ : (0,+00) — R. In Section 4.1 we will prove (4.0.3) in the case where the perturbation
F of SPDE (2.0.1) is Lipschitz continuous. In Section 4.2 we will prove (4.0.3) in the case
where F' : Dom(F) C X — X satisfies a dissipativity hypothesis in Hg. The key tool we
use to prove the (LHI) (4.1.16) and (4.2.9) in both cases is an approximation method. In the
Lipschitz continuous case the approximants which allow us to get our estimate are suitable finite
dimensional semigroups which satisfy suitable gradient estimates (see Subsection 4.1.6). On
the other hand, the dissipative case is solved by using a double approximation procedure which
consider a finite dimensional approximation of the Yosida approximants (see Subsection 4.2.1).

Finally in Section 4.3 we will comment the results of this chapter in view of results already
known in the literature. Moreover we will present some consequences of (4.0.3) and some exam-

ples of semigroups which satisfy (4.0.3).

4.1 Logarithmic Harnack inequality: the Lipschitz contin-

uous case

In this section we assume the following hypotheses.
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Hypotheses 4.1.1.
(i) R e L(X) is non-negative.

ii) A:Dom(A) C X — X generates a strongly continuous semigroup e on X and there exists
g gy g

wy € R such that A — wxIx is dissipative.

(iii) There exists n € (0,1), such that for any t > 0 we have
b1
/ —Tr[e*AR%ds < +oc. (4.1.1)
o s"
(iv) F : X — X is a Fréchet differentiable and Lipschitz continuous function with Lipschitz

constant Lp.

By Hypotheses 4.1.1(ii-iv), for any for any z,h € X
([A+ DF(x)]h,h) < Cx|hl?,  Cx = wx + L. (4.1.2)

By Hypotheses 4.1.1, Theorem 2.1.13 (with X = FE) and Proposition 2.2.4, the stochastic
partial differential equation (4.0.2) admits a unique mild solution {X (¢, x)};>0 and the family of
operators { P(t)}:>o defined as

P(t)p(x) :=Elp(X(t,2))], xe€X, t>0, p€ByX),

is a semigroup. Moreover by Theorem 2.3.2 and Proposition 2.3.3, for any 7' > 0, the map
@ — {X(t, ) }rep 1) is Gateaux differentiable as a map from X to X?([0, T]) and, for any z,y € X,

its Gateaux derivative is the unique mild solution of

{ dYy(t,y) = [A+ DF(X(t,x))|Ya(t, y)dt, t>0; (4.1.3)

Y.(0,y) =y,

namely, for every =,y € X the process {DgX (¢, z)y}i>0 satisfies the mild form of (4.1.3)

¢
DeX(t,x)y = ey + / UADE(X (5, 2))DaX (s, 2)yds, t>0. (4.1.4)
0

Furthermore, by Proposition 2.3.3, for every z,y € X it holds

IDeX (ta)yl < eyl >0, (4.15)

4.1.1 Hpg-regularity

To study the Hpg-regularity of the mild solution, we need some additional hypotheses.

Hypotheses 4.1.2. Assume that Hypotheses 4.1.1 hold true. Moreover Ag (the part of A in
Hpg) generates a strongly continuous semigroup e*A® in Hr and one of the following conditions
hold true:
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1. There exist e € R, K. > 0 and v € (0,1) such that

etA(X) C R(X), [R7Ye! | goxy) < Kee't ™.

2. There ezists wg € R such that Ar —wgrly, is dissipative in Hr, moreover F' = RG, where
G : X — R is a Fréchet differentiable and Lipschitz continuous function with Lipschitz

constant L¢.

Since Ap generates a strongly continuous semigroup e‘4% in Hp, then there exists wy € R
and Ky > 0 such that

€47 | 2 (rrp) < Koe™o". (4.1.6)

The following proposition gives us information about the Hp differentiability of the mild

solution.

Proposition 4.1.3. Assume that Hypotheses 4.1.2 hold true. For any T > 0 there exists a
constant Cp := Cp(A, R, F) > 0 such that for everyt € [0,T], z € X and h € Hp

IDeX(t,2)h|r < Crlhlp  P-as. (4.1.7)

Moreover for every t > 0, the map x — X(t,x) is P-a.s.. Hr-Gateauz differentiable and for any
x € X and h € Hg its Hp-Gateaus derivative along h € Hg is DEX (t,z)h.

Proof. We already know that the statements hold under Hypotheses 4.1.2(1), by Proposition
3.1.4. So it is sufficient consider the case where Hypotheses 4.1.2(2) hold. All the calculations in
this proof will hold P-a.e. Let T > 0, ¢ € [0,T], z € X and h € Hg. By (4.1.4) we have

t
DX (t )bl < el + [ R IADE (X (5,2) DX (5. )l ds
0

By the Lipschitz continuity of F', Hypotheses 4.1.2(1), (4.1.5) and (4.1.6) we have

t e(<x+6)5

—d
(-5
. t o(Cx+e)(t—s)
= Koe bl + KL Rl ol [ s (4.1
0

s

IDeX(t,2)hllr < Ko™ ||l + KELF”R”L(DC)”h”R/O

Let 0 < top < min(1,t), by (4.1.8), we have

to 1 t
DX bl < Koe®™ Il + KL Bleca e+ ([ Las [ emterronas )
0 to

. eCxte)t  o(Cxte)(t—to) _ 1
s.mwm+KJﬁRum( )hwm

+
I—vy Cx +e
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So (4.1.7) is verified with

toelCxtet  o(Cxte)(t—to) _ 1)}

Cr = KopeV?' + K. Lp||R +
T = sup { 0e Fl ”L(x)( T e

te[0,T)

Now we prove the moreover part of the proposition. First of all we prove that for any fixed ¢t > 0,
x € X and h € H¢, the function ¢, : R = X defined as

Yz n(r) =X,z +rh) — X(t,z),

is Ho-valued. Some standard calculations give

Oun(r) =retdh + /0 =) AF(X (s,x +rh)) — F(X(s,2))]ds, r > 0.

for every r € [0, t], it holds

lozn(r)| g = ||ret4rh +/0 IAF(X (s, 2 +rh)) — F(X(s,2))]ds

R

< |re"*7h|| g + H/O e(tfs)A[F(X(s,x +rh)) — F(X(s,z))]ds

R

< rKoe™|[hll 5 + /Ot [ A[F(X (s, +rh)) = F(X(s,2))] s

< rKoe|hl|, + / I[P (X (s + b)) — P (5, )]

< rKoe"' |l + /Ot 1R o0 | F(X (5,2 + rh)) = F(X(s,))l|ds,
By (2.1.23) and Hypotheses 4.1.2(ii-1) we have

t
lezn(r)llr < rEKoe™||hl| ; + T’IIhH/ Kee "™t —5)77ds
0

=
< K il (1 ) s ().
se|0,t

So @z p is R(X)-valued.
Since DX (t,z) € L(HRg) for every x € X and ¢ > 0, to conclude the proof we just need to
check that (3.1.4) holds. Let z € X, h € R(X) and ¢,r > 0. Then

1

/Ot Rfle(tfs)A (F(X(SV:E—’_T}LZ‘) — F(X(S,CE)) o fDF(X(S,iL’))ﬂgX(S,$)h) ds

1
E [ngx,h(r) —DeX(t,z)h
r

o

E



4.1. LOGARITHMIC HARNACK INEQUALITY: THE LIPSCHITZ CONTINUOUS CASE 84

By Hypotheses 4.1.2(1) we obtain

!

< K. /Ot (ff:):E H’F(X(s’x”hy — F(X(s,2) @F(X(s,x))DGX(s,x)hm ds.

E {“1<pm7h(r) —DeX(t,z)h
r

Recalling that F is Fréchet differentiable and Lipschitz continuous, recalling (2.1.23) and v €

(0,1), we apply the Dominated Convergence theorem and we get

-
R

which concludes the proof. O

r—0

1
lim E [Hr(p%h(T) —DeX(t,z)h

Remark 4.1.4. If we assume that there exists ¢ < 0 verifying (4.1.2) then the computations of
Proposition 4.1.3 yield that there exists C > 0 such that Cr < C, for any T > 0.

4.1.2 Finite dimensional approximating

A key tool to prove the (LHI) stated in Theorem 4.1.9 is a finite-dimensional approximation
procedure which allows us to approximate the transition semigroup {P(¢)};>o by means of a
sequence of transition semigroups { P"(t)}+>0 associated to suitable finite-dimensional stochastic
differential equations. The idea of such approximation comes from [38]. Here, for the sake of
completeness and to point out the minimal assumptions needed for such kind of procedure, we
recall it and we provide a proof of the main approximation result (Proposition 4.1.6).

We need one more assumption.

Hypotheses 4.1.5. Assume that Hg, is dense in X and that there exists a sequence of A-invariant

and R-invariant finite dimensional subspaces X,, C Dom(Ag) such that Uff;l X,, is dense in Hp.

Hypotheses 4.1.5 hold true for instance, if A is a self-adjoint positive operator and R admits a
continuous inverse R~! € £(X) or if A and R are simultaneously diagonalizable.

In view of Hypothesis 4.1.5 we can consider {ey}ren € Dom(Ag) such that for any n € N
X, = span{ey,...,e,},

and the family {e; |k € N} is an orthonormal basis of Hg. Further, let m, : X — X, be
the orthogonal projection with respect to (X, (-,-)), for any n € N we define A4, : X — X,
R,:X— X, and F,, : X — X,, by

A, = mp Ay (= Amy), R, := 7, R, (= Rmy,) and F, =n,Fm,

Now, fix n € N and consider

{ dXn(t) = [Ap X (t) + Fu (X (£)]dt + RodWy (1), >0, (4.1.9)

Xn(0) =z € X,.
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Here W, (t) := m, W (t) = > 1_1 (W (1), ex)ex.

It is straightforward to see that A,, R, and F,, satisfy Hypotheses 4.1.1. Moreover, being R
an injective operator it follows that R, is bijective hence R, X,, = X,, for any n € N. Therefore,
fixed z € X, by Theorem 2.1.13 we can deduce existence and uniqueness of a mild solution
{X,(t,z) }4>0 of (4.1.9) and consequently well-posedness for the associated transition semigroup
defined for f € By(X,,) as

Po(t)f(z) == E[f(Xn(t,2))], t>0, z € Xn. (4.1.10)

We recall that for any n € N and ¢ € CZ(X,,) we have

lim
t—0

w = Nop(x), @€ X,

where

1
Npo(x) = 5Tr[1-"5721192(,0(910)] + (Apz + Fy(x), Do(x)). (4.1.11)
Now we are able to state the main finite-dimensional approximation result.
Proposition 4.1.6. Assume that Hypotheses 4.1.2 and 4.1.5 hold true. For any f € Cy(X),

t >0 and x € Xy, for some ng € N, it holds

lim P,(¢)f(x) = P(t)f(x).

n—-+oo

Proof. Let {X(t,z)};>0 be the unique mild solution of (4.0.2). For any t > 0, we set Z(t) :=
X (t) — Wy(t), where {Wa(t)}i>0 is the stochastic convolution process. For any fixed = € X,,

the process {Z(t)}+>0 is the unique mild solution of

dZ(t) = (AZ(t) + F(Z(t) + Wa(t)))dt, t>0;
Z(0) = x,

and it satisfies

El sup | Z(t)|]?| < +o0
te[0,7]
Since
El sup |[Wa®)|?] < +oo,
t€[0,T

by the dominated convergence theorem it is easy to see that m,Wa(t) converges to Wa(¢) in
L?(2,P), as n tends to infinity.
Setting W, (t) := 7, W(t) and

t
Wa, (1) ::/ et AnR AW, (s),  t>0,
0
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then the process Z,(t) := X, (t,z) — Wa, (t) (n > ng) satisfies

dZy(t) = (AnZn(t) + Fo(Zn(t) + Wa, (1)))dt, t > 0;
Z,(0) = z.

Now we split the proof in two steps. In the first one we show that W, (t) — Wa(t) converges to
0in L2((2,5,P); (X, B(X))) and that, consequently ||Z,(¢)| is uniformly bounded with respect
to n. In the second one we complete the proof.

Step 1. Using that e‘t;‘ = et4n for every t > 0 we write

Wa(s) = Wa,(s) = /O ) eC™A(R — 7, Ry )dW (1), 5 €[0,T).

By the It formula we obtain

2
dr

B(Wa(s) - Wa, ()I) = [ e murm)|

and since the integrand converges to zero as m — oo uniformly with respect to r € (0,s),
by the dominated convergence theorem we get the claim. Now, scalarly multiplying dZ, (t) =
(AnZn(t)+Fo(Z,(t)+Wa,, (t)))dt by Z,(t) and using the Hypotheses 4.1.1 with A and F replaced
by A, and F;, we deduce

%%||Zn(t)||2 (A Zn(8) + Fou(Zn() + Wa. (), Zn(®))
:<A7LZ'IL(t) + Fn(Zn(t) + WAn (t)) + Fn(WAn (t))v ZTL(t»
<)l Zn )| + (Fn(Wa, (), Za(1))

< (x5 1202 + S OV, ()2

< (<x + ;) 1 Za()))? + M27 (1 + [Wa, (®)?), t>0.

The Gronwall lemma and the uniform boundedness of ||[Wy, (¢)|| with respect to n allows to
deduce that ||Z,(t)] is uniformly bounded with respect to n.

Step 2. To conclude the proof we show that Z,,(t)— Z(t) converges to 0 in L2((Q, F,P); (X, B(X)))
as n — oo. This will imply that X, (¢,z) converges to X(¢,z) in L2((Q,F,P); (X, B(X))) as
n — 00, by (4.1.10) we will conclude. By Hypothesis 4.1.5 we have

d(Z(t) - Zn(t)) = (AZ(t) - AnZn(t) + F(X(t,l‘)) - Fn(Xn(t?x»)dt
= (A(Z(t) = Zn(1) + F(X(t,z)) — Fo(Xn(t, x)))dt, > 0;

so, scalarly multiplying by Z(¢t) — Z,(t) we get

1d

52 12(0) = Za(0)I?

((A(Z(t) = Zn(t) + F(X(t,2)) = Fo(Xn(t,2))), Z(t) = Zn(t))

((A(Z(t) = Zn(t)) + F(Z(t) + Wa(t))
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— Fo(Zn(t) + Wa, (1)), Z(t) = Zn(t)).

Adding and subtracting F(Z,(t) + Wa(t)) and F(Z,(t) + W4, (t)) and using Hypotheses 4.1.1

we obtain

2dtll (t) = Zn(®)]I* < Cxl1Z(t) = Zn (1)
+ (F(Zn(t) + Wa(t) = F(Zn(t) + Wa, (), Z(t) = Zn(t))
+ (F(Zn(t) + Wa, (8) = 0 F(Zn(t) + Wa, (1)), Z(t) = Zn(t))
< el Z(t) = Za(®))®

+ [1F(Zn(t) + Wa(t) = F(Zn(t) + Wa ()1 Z(t) — Zn (@)
+ (T = 70) F(Zn(t) + Wa, ())II12(2) = Za (@]
< Gl Z() = Za (@) + Le|[Wa(t) = Wa, )l Z(t) = Zn(®)l]

5 1dx PO+ o O + 312() - Za(0)?

< (Gx + DIZ() = Zu(®)I* + L FIWa(t) = Wa, ()]

_|_

—_

+ 5l ddx — 7)) F(Zn(2) + Wa, ).

where in the last two lines we have used the Young inequality. Integrating over [0, ¢], we obtain
1 2
S12(t) = Za(0)]
t 1
/0 (Cx + )IIZ( ) = Zu(s)|IP +IF(X(5)) = F(Xn () + (1 = 70) F(Xn(s))|*ds
K 1
S/O <Cx+2+2L%)IZ(S) Zn($)IIP + 2L%[[Wa(s) = Wals)|” + [[(1 — mn) F(Xn(s))||*ds.

Applying again the Gronwall lemma we obtain

t
1Z(t) — Z, (1)) SL%eQ‘Cx“”/O [Wa(s) = Wa, (s)|*ds
t
+ e2(Cx 1)t / |(Idx — 7,)F(Zn(s) + Wa, (s))||*ds (4.1.12)
0

and using the results in Step 1 we infer that the right hand side of (4.1.12) vanishes as n — oo,
concluding the proof. O

We point out that the assumption of R-invariance of X,, can be dropped in order to prove
Proposition 4.1.6. However it is essential to apply the results in the previous sections to the
finite-dimensional approximating operators. Indeed, assuming Hypotheses 4.1.5, it is easy to see
that if A, R and F satisfy Hypotheses 4.1.2(1) then A,,, R, and F,, satisfy them as well with the
same constants. So all the results of the previous sections hold true even for the mild solution of

(4.1.9) and for the semigroup in (4.1.10). In particular for every h € Hp,,

D Xn(t, z)h||r, < Crllhllg,, for x € X, and P-a.e., (4.1.13)
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where C7 is the constant given by Proposition 4.1.3.

4.1.3 Proof of the LHI

The next result is a gradient estimate which is interesting in its own, and it is a fundamental

tool to prove Theorem 4.1.9.
Theorem 4.1.7. Assume that Hypotheses 4.1.2 and 4.1.5 hold true. Then for every ¢ € CL(X)
and T > 0 it holds that P(t)y is Fréchet differentiable and we have

IDrP(t)e(x)|r < Cr(P(t)|Drellr)(z), =€ X, tel0,T], (4.1.14)
and

DR, Pu(t)p()l|r, < Cr(P()|[Dr,¢lr,)(x) 2eX, tel0,T], (4.1.15)

where Cp is the constant given by Proposition 4.1.3.

Proof. We only prove estimate (4.1.14) since (4.1.15) can be obtained similarly using (4.1.13)
instead of (4.1.7). If ¢ belongs to C}(X), then, by (4.1.5), Corollary 3.1.6 and [86, Fact 1.13(b),
p. 8], P(t)y is also Fréchet differentiable. Using Proposition 3.1.3 we get that P(t)¢ is Hp-
Fréchet differentiable. By Proposition 4.1.3 and Corollary 3.1.6 for every T'> 0t € [0,T], z € X
and h € Hr we have

(DrP(t)¢(2),h) g = (DRE[p(X (¢, )), h) g
— E[(Dap(X(t,2)), De X (t,2)h)
< E[IDre(X (t,2)) | RIIDcX (t, 2)h] ]
< Crllhlr (PO Drell r)(2)-
Now (4.1.14) follows by a standard argument. O

We recall a version of the monotone class theorem that we will use in the next proof.

Theorem 4.1.8 (Theorem 6.3 of [89]). Let M be a class of bounded functions from a set Q to
R and let H be a vector space of functions such that M C H. If

(1) M is closed under multiplication, i.e. if f,g € M, then fg € M;
(ii) H contains the constant functions;
(iii) for any sequence {fn}tnen C H such that if
0<fi<fo<[f3<
and the pointwise limit f of {fn}nen is bounded, then f belongs to H;

then H contains all bounded o(M)-measurable functions from @ to R, where

oM) :={f"YB)|B e B(X), feM}.
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We have all the results we need to prove Theorem 4.1.9.

Theorem 4.1.9. Assume that Hypotheses 4.1.2 and 4.1.5 hold true, then for any T > 0, ¢ €
By(X),t€[0,T], z€X, h€ Hg and p > 1 it holds

(PO + 1 < (PO @) exw( 72705 101 ), (4.1.16)

where Cr is the constant given by Proposition 4.1.3.

Proof. Fix n,ng € N with n > ng and z,h € X,,,. We claim that estimate (4.1.16) holds true
with P(t), C, X and ¢ replaced respectively by P, (t), Cp, X, and f € FCZ(X) with positive
infimum. To this aim, fix £ > 0 and f € FCZ(X) be such that inf,ex f(z) > e. We set

gn(r,x) == Py(r) f(z), x € Xy, >0,
We note that the function g, : [0,7] x X,,, — R belongs to C12([0,T] x X,,,) and solves

{ D,.gn(r,x) = Npgn(r,x), 1> 0;
gn(O,x) = f(ZE),

where N,, is the operator defined by (4.1.11). Moreover g, (r,x) > € for any r > 0 and = € X,,,
(see [72, Theorem 1.2.5]). Now fix ¢ > 0 and consider the function

Gn(r) == (Po(t —1r)gh(r,")) (z +rt™'h), r€0,t], z,h € Xy,-

For the sake of simplicity we let 1y, (r) := 2 + rt—1h. We differentiate the map r — In(G(r)).

4 Gn(r) = (Gn(r)) ' Py (t — r)( = Nugh(r,-) + Drgp (r, -)) (¥n(r))

dr
+ (tGn (1) "HDP(t — )5 (¥n(r)), ).

where we used that the semigroup and its generator commute on smooth functions. A straight-

forward computation yields that
~Nough + Dpglh = —p(p — 1)gh 2 Ch/* Dygnll3,
whereas by estimate (4.1.15) we infer

<®Pﬂ (t - T)Qﬁ,no (’I“, wh(T»? h> = <RnDPn(t - T)gg,no (T7 wh (T))» Rnh>
< Or||Ruhlx, Pa(t = 1) [pgh 2, (r M Ru Do (7, ) |2, ] (¥ (1))

Hence we obtain

d
—1 <
o nG(r) <

szr) Pa(t = )[=p( = 1)8 g () (=% + Bo)] (1(r)
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where
Cr

vi= gy (rnn () IR Dg(r, vn(r))llx,,  Bi= -1

[ Rnh|

Xn -

The elementary inequality a? — ab + 471b? > 0 which holds true for any a,b € R allows us to
estimate —v? + Bv < 8% and, consequently, by the positivity of P,(t), we get

d pCE|R.HE, , e )
G0 < S Palt = gk (1) = 5 T IR,

whence, integrating from 0 to ¢ with respect to r we obtain

pC3
(PN + 0P < PO e (20, ). >0
for any f € FCOZ(X) with positive infimum, xz,h € X,,. The estimate above continues to hold
replacing f by |f| for a general f € FCZ(X). This can be obtained approximating pointwise the
function |f| by the sequence f,, = (f? +n~1)/? and using the dominated convergence theorem.
Further, the Jensen inequality yields that

2
(PN + 0P < PO e (20, ). >0

for any f € FCZ(X), z € X,,. Proposition 4.1.6 and the fact that ||h| g, converges to ||h|/r for
any h € Hg as n — oo imply that

2

(PO 0P < PO (LIS 0E). >0 (1.1.17)

for any f € FC2(X) and &, h € ;o X (recall that Ry/*X, = X, for any n € N). Since FC2(X)

is dense in C(X) with respect to the mixed topology (see [62, Lemma 2.6 and Theorem 4.1(b)]),
then (4.1.17) is verified for any f € Cp(X).

Now we claim that estimate (4.1.17) can be extended to any x € X and h € Hg. To this aim,

thanks to Hypothesis 4.1.5 we can consider two sequences (2, )nen and (A, )men belonging to

U,en Xi converging respectively to « in X and h in Hg as n,m — oo (recall that, by Hypotheses

4.1.5, Hg is dense in X). Writing (4.1.17) with « and h being replaced by x,, and h,, we deduce

2
(PO + 1)l < (PO en( s Inl). 10, f € G,
By the continuity of the map x — P(t)f(x), we get the claim.
Finally, we let M = C(X) and let H be the biggest closed vector space in (Bp(X), || - ||oo) whose
elements satisfy estimate (4.1.17) for any « € X and h € Hc. Observe that the hypotheses
of Theorem 4.1.8 are satified ((iii) follows by the monotone convergence theorem) and so we
conclude that (4.1.17) holds true for any f € By(X) as well. O
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4.2 Logarithmic Harnack inequality: the dissipative case

The aim of this section is proving some (LHI) when no hypotheses of global Lipschitzianity for
F is done but only some m-dissipativity along Hr. The main tool is again an approximation

procedure this time using the Yosida approximants.

Hypotheses 4.2.1. Assume that Hypotheses 2.1.1 hold true, R is non-negative and there exists
(r € R such that F — (ply is m-dissipative.

Remark 4.2.2. Since F — (ply : X — X is dissipative then by Hypotheses 2.1.1(iv) there exists
Ca € R such that A — (alx is dissipative.

Under Hypotheses 2.1.1, by Propositions 2.2.1 2.2.4 and Corollary 2.2.5, for any =z € X, the
SPDE (4.0.2) has unique generalized mild solution {X (¢, z) };>0, we denote by P(t) the transition

semigroup associated to (4.0.2).
4.2.1 The Yosida approximating
Let {F5}s>0 be the Yosida approximations of F' defined in Proposition 1.11.1. For every § > 0

and x € X the we consider the SPDE

{ dX5(t,v) = [AXs(t,x) + F5(Xs(t,2))]dt + RAW(t), ¢ > 0; (4.2.1)

X5(0,2) = x.

by Theorem 2.1.13 (with X = E) and Lemma 1.11.1, (4.2.1) has a unique mild solution
{X5(t, z) }+>0. Moreover by (2.1.22) and (1.11.4), for any p > 1 there exists Cp, k;, > 0 such that,
for any § > 0, z € F and t > 0 we have P-a.e.

1 Xs(t,2) | < Cp (6”Pt|xll’é + [ Wa@®)l +/0 e ) (|E(Wa ()5 + [Wals)|%) d5>-
(4.2.2)

We denote by Ps(t) the transition semigroup associated to (4.2.1).

The following proposition is the approsimation result we need to prove Theorem 4.2.9.

Proposition 4.2.3. If Hypotheses 2.1.1 hold true, then for any T >0, ¢ € Cp(X) and x € E

lim sup [[Xs5(t,z)— X(t,z)||z =0, P-a.s.; (4.2.3)
6=04¢(0,17
girr(l) |Ps(t)p(z) — P(t)p(z)| =0, t>0. (4.2.4)
—

Proof. First of all let us observe that (4.2.4) immediately follows by (4.2.3). Therefore we just
prove (4.2.3). To this aim we start pointing out that (4.2.2) implies that the function (¢, z) —
| X5(t, )| 5, as a map from [0,T] x E into R, is bounded by a positive constant C' = C(T, z)
independent of 6. This fact, together with estimates (4.2.2) and (1.11.3) implies that for any
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6>0,ze Fand T >0

K(T2) = sup (I95(Xst:a)llg + Xt 2) g+ 1X(00)]p) < oc (4.25)

and K (T, ) is independent of 4.
Now if L := L(x,T) > 0 denotes the Lipschitz constant of the restriction of F' to the ball
B(0, K(T,z)) (see Hypotheses 2.1.1(iii)), then we have

1F5(Xs5(t, 2)) — F(X (8 2)l g = [1F(Js(Xs(t, 7)) — F(X(E2))] 5
< L) Js(Xs(t x)) — X (8, 2) g

)
< L||Js(Xs(t,x)) — Xs(t, o)|| g + L[ Xs(t,x) — X(t,2)|| 5. (4.2.6)

By (1.11.3), (4.2.5) and (4.2.6) we can conclude that

1F5(Xs(t, ) = F(X(t,2))llp < OM' + LI X5(t, ) — X(£,2)| - (4.2.7)

for some positive M’ = M'(K, M, L,m,{r). Thus, by using the definition of mild solution and

estimate (4.2.7) we obtain

t t
| Xs5(t,x) — X(t,2)|| g < 6M0M’/ elt=s)mgg + MOL/ e(tfs)"OHXg(t,z) — X(t,x)| pds.
0 0

Applying the Gronwall lemma we complete the proof. O

Let Hr := R(X) be the Hilbert space defined in Section 3.1, as announced we need an

additional assumption of dissipativity on F'.

Hypotheses 4.2.4. Assume that Hypotheses 4.2.1 hold true, that F(Dom(F)NHg) C Hg and
F, . — Cplduy is m-dissipative, where F|, :Dom(F), )= Dom(F)NHr C Hr — Hg.

By Corollary 1.11.2 we have the following result
Corollary 4.2.5. Assume that Hypotheses 4.2.4 hold true. For any 0 < § < |CF|_1, Fs — Cply

is dissipative as a function from Hg to Hpy.

4.2.2 Proof of the LHI

We want to prove a result similar to Theorem 4.1.9, to do so we need an approximating sequence
as the one in Proposition 4.1.6 and an estimate similar to (4.1.15). However to prove this estimate

we have to assume a stronger hypothesis than Hypotheses 4.1.5.

Hypotheses 4.2.6. Hp is dense in X. There exists a basis {ey}r of Hr consisting of eigenvec-

tors of A, moreover R is diagonalizable with respect to this basis.

Remark 4.2.7. Hypotheses 4.2.6 imply Hypotheses 4.1.5, indeed we can set

Xy := span{eq, ..., en}.
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We assume that Hypotheses 4.2.4 and 4.2.6 hold. For any 0 < § < |¢#|~" and n € N, let Ps.,,

be the transition semigroup of equation

(4.2.8)

dXsn(t) = (AnXsn(t) + Fsn(Xsn(t)))dt + RydW, (1), t > 0,
X57n (O) = Zz.

See Section 4.1.2 for the definitions of A,,, R, and F,.

Lemma 4.2.8. Assume Hypotheses 4.2.4 and 4.2.6 hold true. For any 0 < 6§ < |Cp|™", n € N,
t>0, feJIC) ,(X) (see Remark 1.6.16) and x € X,, we have

1D, Psn(t)f(2)lR, <" Psn(t)(IDr, f|

r.)(T),

where (g = Ca + Cp (see Hypotheses 4.2.1 and Remark 4.2.2).

Proof. We fix n € Nand 0 < 6 < |Cp|™". Let {X,(t,2)}>0 and {Y,(t,y)};>0 be the mild
solutions of (4.2.8) with initial datum x and y respectively. We assume that {X(¢,2)};>0 and
{Y (t,y)}+>0 are strict solutions of (4.2.8), otherwise we proceed as in Proposition 2.1.7 approxi-

mating them by means of a sequence of more regular processes. For any ¢t > 0 we have

d|X(t,2) = Y (9|5, = (AX (@) = Y(ty), X(t2) = Y(ty)g,
+ (Fu(X(t,2) = Fu(Y(t,9)), X(t,2) =Y (£,9)) g, -

X,, is finite dimensional space and the operators A and R are diagonalizable with respect to the
same basis, so they commute. Hence by Hypotheses 4.2.1 and Remark 4.2.2 for any t > 0 we

have

dIX (t0) =Y (t.9)%, < CalX (o) = Y(Ey)E,.
where (g = (4 + (r. By the Gronwall inequality, for any ¢ > 0 and z,y € X,, we obtain
1X(t2) =Y (t9) 1, < e llw =yl
Therefore, for any f € FC ,(X), t > 0 and x € X,, we have

||®R1,P6,n(t)f($)”Rn _ limsup |P57n(t)f(1') - P57ﬂ(t)f(y)|
Yz 12 =yl g,

sy (P07 @) = P @) (1K) =Y .9l
yaat \IX(62) — Y (6 o), le=4lln,

< X" Psn(t)|Dr, £ (@) .-

We now have all the results we need to prove Theorem 4.2.9.
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Theorem 4.2.9. Assume that Hypotheses 4.2.4 and 4.2.6 hold true. Then for any ¢ € By(X),
t>0,z€X and p>1 we have

p€2tCR
(P()e) (@ + )P < (P(1)]el) exp(ap —1)

Proof. Using Lemma 4.2.8 by the same proof of Theorem 4.1.9 we obtain

||h||§{), he HrNE. (4.2.9)

PGMR 2
(Ps()¢) @+ BIP < (Po(]l") (@) exp(t(p = ||h||R). (4:2.10)

for any 0 <8 < |Cp|™ ", p>1,t>0, p € Cy(X), 2 € X and h € Hg. Now, using formula (4.2.4)
and letting § — 0 in (4.2.10) we get

pe2tCR )
[(P)p)(x +h)[" < (P@)|e]")(2) exp<t(p Y |h||R>' (4.2.11)
forany p > 1,t >0, ¢ € Cp(X), x € E and h € Hr N E. Using the fact that E is densely
embedded in X and the continuity of P(t)¢ we can extend estimate (4.2.11) to any « € X. Finally,

using the monotone class theorem as in the proof of Theorem 4.1.9 we complete the proof. [

Remark 4.2.10. We point out that if Hgr N E is dense in Hg, then the (LHI) in (4.2.9) holds
true for any h € Hp.

4.3 Remarks and examples

This chapter is a reworked version of [4]. Estimates like (4.0.1) for the transition semigroups of
equations similar to (4.0.2) can be found for instance in [38, 56, 67, 76, 93, 102]. In all the quoted
papers two different sets of assumptions for A, F' and R are made in order to get inequalities like
(4.0.1).

In [38, 102, 67, 76] it is required that R admits continuous and bounded linear inverse. In
[67, 76] it is assumed that RR* is invertible, while in [56] the authors restrict themselves to
consider as R the identity operator.

In [93] it is not assumed that R~! is linear and bounded. However the function F is Lipschitz

continuous and it satisfies the following dissipativity type condition:
(F(x) = F(y), Rz —y) <R Mz -y,  a—yeRX).

for some ¢ € R.

In this chapter it is never assumed that R~ is linear and bounded. Moreover in Subsection
4.2.2 we proved the same result in [93] without assuming that F' is Lipschitz continuous, so, in
this sense, this chapter generalizes the results contained in [38, 56, 67, 76, 93, 102].

Now we will see some consequences of the logaritmic Harnack inequalities and some examples
of A, R and F that verify our hypotheses.
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4.3.1 Consequences of the logaritmic Harnack inequalities

We start by stating and proving some classical consequences of the (LHI) for which we refer to
[93, Corollary 1.2] and [101, Section 1.3.1]. In this subsection we assume that P(¢) has a invariant
probability measure p. Sufficient conditions that guarantee the existence of such a measure can
be found in the next chapter (Theorem 5.1.3) or in [20, Chapter 8], [41, Chapter 6] and [43,
Chapter 11]. In this case, for any p > 1, P(¢) is uniquely extendable to a strongly continuous

and contraction semigroup in LP(X, u) =: L, (see Section 5.1), we still denote it by P(t). For

simplicity we write u(f) to denote fx fdu.
Corollary 4.3.1. Assume that Hypotheses 4.2.4 and 4.2.6 hold true.

(i) For any positive f € By(X),t >0, x € X and h€ HRNE
e2tCr )
[P#)(In f)](z +h) < In P(t)f(z) + ——[l%- (4.3.1)
(ii) For every f € By(X) and x € X it holds

i PO+ h) = PO)f(2). (4.3.2)
hEHF;ﬂE

(iii) The following entropy-cost inequality holds true

thCR

p((P(6) f) (P (1) f)) < W (fh, m)?,

for any positive function f € By(X) such that u(f) = 1. Here {P*(t)}i>0 is the adjoint
semigroup of {P(t)};>0 in L7, and W denotes the L*-Wasserstein distance with respect to

the cost function (z,y) — ||z — y|| g, namely for any two probability measure py, p2 on X

W =int { [ o~ sl dy
XxX

T e %(Mla/ja)}a

where € (pu1, p2) is the set of all the couplings of 1 and po and we let || — y|| o = +oo, if
x —y does not belong to Hr N E.

Proof. A proof of (i) can be found in [101, Section 1.3.1]. We now prove (ii). It suffices to
prove (4.3.2) for a non-negative function f € B(X). Indeed the general case can be obtained
writing f = f* — f, being fT and f~ the positive and the negative part of f. So, let us fix a
non-negative function f and for any € > 0 we set f. := 1+ ef. Recalling that r < In(1 +7) + r?
for any r > 0 we get for every x € X

In f.(2) = In(1 + ef(2)) > ef(x) — E27°(@) > f () — 2| 1]I%. (4.3.3)

Now applying (4.3.1) to f., using (4.3.3) and dividing by € we get for every x € X and h € HrNE

thCR

et

P S+ 1) = el fI2 < 2 PO+ () + Al (43.0)
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Taking the supremum limit as [|h| , — 0 with h € Hr N E and then letting ¢ — 0 we get

limsup P(t)f(z + h) < P(t)f(z).
heHins

Recalling that In(1 4+ r) < r for any r > —1 and arguing as above we get that for any ¢ > 0,
reXand he HRNE

x e2tCr
P (ZD) - i < L P +es - ) < PO - D),

Taking the infimum limit as ||h| , — 0 with » € Hr N E and then letting € — 0 we get

P(t)f(z) < #Lr\Ill ig% P(t)f(x — h). (4.3.5)
hEH};ﬁE

Since Hr N E is a linear space then applying (4.3.5) to —h we get

P(t)f(z) < liminf P(¢t)f(x + h). (4.3.6)
Al g—0
heHrNE
By (4.3.4) and (4.3.6) we get (4.3.2).
Now a standard argument allows us to prove (iii) for a bounded Borel and positive function

f with p(f) = 1. Writing (4.3.1) with P*(¢)f in place of f, we get

e2tCr

t

[(P(&).f)(In P*(£) f)](z) < In(P(t)P*(£)f () + o —yl% (4.3.7)
for any t > 0, 2,y € X such that z —y € Hg N E. Integrating both sides of (4.3.7) with respect
to e €(fu, 1) we get

2tCr

(&
= | lle = ulfi(r.dy).
XxX

p((PT (@) f)(In P*(t)f)) < p(n PP (E)f) +

To conclude it is sufficient to observe that the Jensen inequality yields that

p(In P()P*(t)f) < Inp(P()P*(t)f) =Inp(f) =0,
whence the claim. O

Remark 4.3.2. We stress that Corollary 4.3.1 remains true (with the constant e replaced
by C2.) if we assume that the hypotheses of Theorem 4.1.9 hold true.

Another classical consequence of (LHI) is a hypercontractivity type estimate for the semigroup
P(t) in LT,. Such estimate relies on the Holder inequality and some integrability conditions with

respect to p of some exponential functions.

Corollary 4.3.3. Assume that the hypotheses of Theorem 4.1.9 hold true. If, in addition there
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exists € > 0 such that

//ee”w—y\@ﬂ(dx)u(dy)<—|—oo, (4.3.8)
xJx

then, for any p > 2, there exists to > 0 and a positive constant C' such that

I1P(E) fl (4.3.9)

for anyt >ty and any f € Li.

Proof. Let us consider f € Li and ¥ € (1,2). By (4.1.16) we deduce that for any ¢ > 0

| P@rE @i = [ [ 1POP @tdotay

= [ [ IPOI@I (P01 @R (o))
/ / P() £ (@) (P () £ () 2 1oV () dy)

:://h(x,y)g(x,y)u(dx)u(dy),
X JX

9 20, 1)9/2 2% a—yl2 : .
where h(z,y) = |P(t)f(z)|Y(P()f*(y))"/* and g(x,y) := e = YIr,  Applying the Holder

inequality with respect to the measure u ® p we get
[ [ g pntantdy) < bl o ol a0
X JX np e
Now, the invariance of p and the contractivity of P(t) in Li allow us to estimate

hllzs = IP@ALI71Z < 112

Moreover, being

o Ry e
gl = /x /x e 2% TNl (dayu(dy) = C(9, 1)

u®u

condition (4.3.8) ensures that there exists ¢ > 0 such that C(9,t) < 400 for any ¢ > ¢ and any
¥ € (1,2). Consequently

1Pt fllzzr < (CW.1)°F || £]l12-

ie., P(t) maps L? into L2” for t > f. Since ¥ > 1, P(t) actually improves summability of
the initial datum when ¢ > . To go further we use the semigroup law. Indeed, if f € Li,
then P(f)f € L2”, ie. |P()f|” € L. Using again the first part of the proof, we deduce that
PP fI? € Lff for ¢ > t. Since, by the Jensen inequality and the positivity of P(t) we can

estimate

+00 > | P(t)|P(®)f1” 1720 —/ |P)IP@) 71> dp
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z[QﬂMP@ﬂqu
=[JNMP@ﬂVWw
> [ 1POP@ I dn

= [ Pa D e
X

we infer that P(t) maps Li into Liﬁz for any t > 2t. Iterating this procedure we can prove that
for any p > 2 there exists to = to(p) > 0 such that P(t) maps L, into L%, for any t > to and
estimate (4.3.9) holds true. O

Remark 4.3.4. Note that the result in Corollary 4.3.3 continue to hold true if we assume that
the hypotheses of Theorem 4.2.9 (with constant (g < 0) hold and that (4.3.8) is satisfied with
e=1.

4.3.2 An example in L?([0,1],\)

Hypotheses 4.1.2(2) and 4.1.5 are verified in the case considered in Subsection 3.4.2. Now we
present some examples that satisfy the other sets of Hypotheses.

Let X = L?([0,1],\) where ) is the Lebesgue measure. Let —Q~! be the realization of the
second order derivative in L?([0, 1], A) with Dirichlet boundary condition. Hence @ is a positive
and trace class operator. Let A = —(1/2)Q® and R = Q®, with a,8 > 0 such that (4.1.1)
is verified. The constant A\; in (3.4.1) and (3.4.2) is equal to 7—2 and A generates a strongly

continuous analytic semigroup e*4 such that

le | ey S €370 >0,

see [30, Chapter 4]. Moreover by Proposition [73, Proposition 2.1.1], if a < f then (4.1.2)(1)
is verified with v = % and € = 0. Since @ is a trace class operator then Hypotheses 4.1.5 are

verified.

4.3.3 Infinite dimensional polynomial

Let E = X = L*([0,1],A) and A and R as in Subsection 4.3.2 with o = § and 8 > 3. Since
o= % and —Q~! is be the realization in L?([0, 1], \) of the second order derivative with Dirichlet
boundary condition, then Hp = W,*([0,1], ) where \ is the Lebesgue measure and (4.1.1) is
verified. We take F' as in Subsection 2.4.1. In addition we assume that K has weak derivative
with respect to the fourth variable, such that

0K

3 € L2([0,1]%, )).
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Let f € WY2([0,1],A) we have F(f) = P3(f) + Cof € WH2([0,1], X)(see (2.4.6)) and its weak

derivative is

(F(f))/z/o /0 /0 887};(51752»537f)f(&)f(ﬁz)f(fs)d&dﬁzd&a+C2f/~ (4.3.10)

If we assume that (OK/0¢) € L?(]0,1]*, \) is symmetric (see (2.4.1)) and it has negative value,
then by (4.3.10), (2.4.4) and (2.4.5) are verified in W'2([0,1],\). Hence Hypotheses 4.2.4 is
verified. Clearly, by the choice of A and R, Hypotheses 4.2.6 is verified, so Theorem 4.2.9 can be
applied.

4.3.4 A reaction-diffusion system

Assume that X = L?([0,1],\) (where X is the Lebesgue measure), E = C([0,1]), A is the real-
ization in L?([0, 1], \) of the second order derivative operator with Dirichlet boundary condition
and R = Ix. In order to define the function F we consider a decreasing function ¢ € C'(R) such
that

POl <di(1+[E™), §€eR,
for some constants d; > 0 and m € N. Let ( > 0. We set

@(f(g)) - %f(€)2> f € C([O’ 1])7 § € [07 1]5

0, otherwise.

[F(HIE) = {

By [20, Section 6.1, Lemma 6.1.2 and Lemma 8.2.1] and [43, Example D.7] it follows that Hy-
potheses 4.2.4 are verified. Finally, taking into account that —A~! is a positive and trace class
operator and R = Ix we can conclude that Hypotheses 4.1.5 are verified too and so Theorem

4.2.9 can be applied.



Chapter 5

Behavior in L? type spaces

In this chapter, under Hypotheses 2.1.1, we study the transition semigroup P(t) (see Definition
2.2.3) in LP type spaces, with p > 1.

As in the Ornstein—Uhlenbeck case, the best setting are the spaces LP(X,v) where v is an
invariant measure of P(t). Indeed, it is easy to see that if P(¢) has an invariant measure v, then
it is extendable to a strongly continuous contraction semigroup P,(t) in LP(X,v), for every p > 1.
Particular attention will be paid to the case p = 2. Denoting by N5 the infinitesimal generator of
P, (t) we will find out a core of regular functions (the space £4(X) defined in (1.10.5)) on which

N5 has an explicit expression as a perturbation of the operator defined in (1.10.6)

Nop(z) := Lop(x) + (Fo(z), Vo(x)), ¢ €&a(X), z€X, (5.0.1)
where
Fola) = F(z) z€E,
0 xz € X\E.

Preliminarily, we prove that v(F) = 1 and v has finite moments of every order.

5.1 Existence and Uniqueness of the invariant measure

In this Section we are going to prove that the semigroup P(¢) has a unique invariant measure v

verifying some useful properties. To do this we need an additional hypothesis.

Hypotheses 5.1.1. Assume that Hypotheses 2.1.1 hold true. Moreover we assume that the
constant ¢ in Hypothesis 2.1.1(iv) is negative and that

supE[|[Wa(t)|%] < 400, Vp>1. (5.1.1)
>0

By Hypotheses 2.1.1(vi) and (5.1.1) we have

Sy 1= SB[ F(Wa(t) 5 + [Wa (03] < +00, ¥p> 1,
t>
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and, since F is continuously embedded in X, we have

Zp,x = sup B[ FWA@)" + IWa(®)II"] < +o0,  Vp>1.
t=>
For any p > 1 we set
Y, i=max{¥, x, X, 5} (5.1.2)
By (2.1.22), (2.2.2), (5.1.2) and Corollary 2.1.11 we obtain the following result.

Proposition 5.1.2. Assume that Hypotheses 5.1.1 hold true and let {X (t,x)}1>0 be the gener-
alized mild solution of (2.0.1). If x € X then {X (¢, z)}1>0 € XP([0,00)), for anyp > 1, ifz € E
then {X(t,z)}1>0 € EP([0,00)), for any p > 1; (see Definition 2.1.5). In particular, for any
p > 1, there exists K, := K,(¥,,C,,) (where C,, is the constant of Theorem 2.1.9), such that

E[| X (t,2)|]”] < K,(1+e™|z]”), Vt>0,VzeX, (5.1.3)
B[ X (t,2)|%] < K, (1 + e|z|%), ¥Vt>0VaeE.

where rk, < 0 is the constant of Proposition 2.1.7.

The semigroups P(t) and P¥(t) are two transition semigroups. In particular the transition

probabilities of P¥(t) are determined by the unique mild solution of (2.0.1) in the following way,
pP(x,") = L(X(t,x))(:), t>0,z€E.

The transition probabilities p;(x,-) of P(t) are determined in the same way by the unique gener-
alized mild solution of (2.0.1). Moreover, by the definition of generalized mild solution, for any

r € E and t > 0 we have p;(z,-) = pF(z,-), so we denote both by p;(z, -).

Theorem 5.1.3. Assume that Hypotheses 5.1.1 hold true. There exists v € P (X) such that it

is the unique invariant measure of both semigroups P¥(t) and P(t). Moreover v(E) = 1 and it

satisfies
/ lzlPv(dz) < 400, Vp>1, (5.1.4)
x
/ 2%y (de) < 400, Vp>1. (5.1.5)
E
Moreover we have
, lim P(t)p(z) = / ey)v(dy), ¢ e Cpy(X), z X, (5.1.6)
—+0o0 x
lin_P(t)p(e) = [ pluldn). € Cu(E). < E. (5.1.7)
t——+oo E

Proof. To prove existence and uniqueness of the invariant measures v and v¥ of P(t) and PF(t)
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respectively we exploit similar arguments to [43, Theorems 11.33-11.34].
We begin to prove that P¥(t) has a unique invariant measure. By [43, Proposition 11.1], for
any « € E and ¢ € [0,T], we have

U(t)oy := /xpt(x, )0z (dx) = L(X (¢, x)).

Since P¥(t) is Feller, by Proposition 1.9.10, if there exists v¥ € #(F) such that, for any z € E,
we have

Ut)s, = L (X(t,2)) =+ v, ast — +oo, (5.1.8)

then v/F is the unique invariant measure of P¥(t). To prove (5.1.8) we consider the SPDE (2.0.1)
with an arbitrary s € R instead of 0 as initial time. Let {W'(¢)};>0 be another X-cylindrical
Wiener process independent of {W (¢, x)}:>0. For any t € R we define the process

W) = W@ t>0
W'(-t) t<O.

For any s € R and x € X, we consider the SPDE

{ dX (t,s,7) = (AX(t,s,2) + F(X(t,s,2)))dt + CAW (1), t>s, (5.1.9)

X(s,s,x) =z,

We emphasize that the method used to prove Theorem 2.1.13 and to define the generalized mild
solution (see Corollary 2.2.1) also works by replacing the initial time 0 by an arbitrary s € R.
Hence, for any © € X and s € R, the SPDE (5.1.9) has a unique generalized mild solution
{X(t,s,z)}i>0. Moreover, as in Proposition 5.1.2, for any p > 1 we have the following estimates
in X

E[lX(t,s,2)5] < Kp(1+ e z|f), t2s2eX
E[| X (t,s,x) — X(t,s,2)|]] <™ |x—2||, t>s,2,2€X,

and the following in E

B[IX (5, 2)l[3] < Ky(1+ e 9jalh), t>s,0€E (5.1.10)
E[| X (t,s,2) — X(t,5,2)| 5] <" |z —2||, t>s,z,2€FE (5.1.11)

where #, is the constant of Proposition 2.1.7, n is the constant of Proposition 2.1.10 and K, is
the constant of Proposition 5.1.2. By Corollary 2.1.11 the constants 1 and s are negative.

Now we prove that there exists a random variable ¢ € L?((Q,P), E), such that, for any z € E,
we have

0, (5.1.12)

lim E|[|X(0,-s,z) — €||2E]

s——+o0

and after we will prove that the law of ¢ is the measure v¥ that verifies (5.1.8).

We can assume that {X (¢, s, ) }+>s is a strict solution of (5.1.9), otherwise we approximate it
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as in Proposition 2.1.7. For P-a.a. w € Q, for any z € E, s € R, t > s and h € [s, ], taking into
account (1.3.1) and by Hypotheses 2.1.1(iv), there exist z* € O(|| X (¢, s, z)(w) — X (¢, h, z)(w)|| 5)
such that

ld_ ”X(ta S, 33) - X(ta h7 x)”E
2 dt

=g (AX({,s,2) — X(t, h,2)),2") g
+ 5 (F(X(t,s,2)) — F(X(t, h,x)), 2*) 5.
< (| Xt s,2)(w) — X(t h2)(W) ]| -

By (1.3.2), taking the expectation we obtain

E || X(ts,2) = X(t,ha)ll}] < e PR [|X (h,5,2) - o]

< 204 (-h) (g [||X(h, s,x)HQE} + |l2lI%);

and so
E [||X(t, s,x) — X(1, h,x)||§3} < e Kt-hg (5.1.13)

where C, = 2sup,, (IE [||X(r,s,x)||2ED + 2||a:H% is finite by (5.1.10). For any z € X, by
(5.1.13), when ¢ goes to +oco the family {X (0, —t,x)};>0 is Cauchy in
L2((2, 9. B), (B, B(E))), namely
. 2]

Jim E [||X(0, —t,x) — X(0, s, x)||E} —0
Since L%((Q2,P), E) is complete, then {X (0, —t,z)}:>¢ converges in L?((Q,P), E) and by (5.1.11)
its limit does not depend on x, so (5.1.12) is verified. Let v¥ = £(¢), where ¢ is the random
variable that verifies (5.1.12). We prove that it verifies (5.1.8). Since {W'(t)};>0 and {W(¢)}+>0
are X-cylindrical Wiener processes; they have the same law, and so, for any x € E and t > 0, we

have

Z(X(t,x)) = Z(X(0,~t,2)).

Let ¢ € Cy(E). For any x € X, t > 0, we have

/ o(y)pr (. dy) = / o) L(X (t,2))(dy) = / o) L(X(0, —t,2))(dy)
xX X

X

= [ X (0. ~t2)(w)P(a).
Since ¢ € Cy(E), by (5.1.12) and the dominated convergence theorem we have

im [ ppe(e,dy) = lim [ o(X(0,~t2)(w))P(dw)

t——+oo x t——+o0 Q

— [ e = [ et (5.114)
Q X

hence (5.1.8) is verified and so, by Proposition 1.9.10, the measure v* is the unique invariant

measure of the transition semigroup PF(¢). (5.1.7) follows immediately by the definition of
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transition semigroup P¥(t) and (5.1.14). Now we prove (5.1.5). For p > 1 and b > 0 we have

||y||p / — p

Then, by (5.1.3), (5.1.7) and the monotone convergence theorem, we conclude

)
/||y|| (dy) —hm lim /& (z,dy) < +o0.

S0t Jip T+ byl

In the same way, we can prove that the semigroup P(t) has a unique invariant measure v that
verifies (5.1.4) and (5.1.6).
[13, Lemma 2.1.1] claim that

B(E)={ENB : BeB(X)},
so the measure v/ defined by
V() =vE(TNE), TeB(X),

is a Borel measure. Let f € C,(X). Taking into account Corollary 2.2.5 and that v¥ is the

invariant measure of P¥(t) we have

/x P(t) () (dz) = /E (P(t) ) () (da) = [E f(@)® (dz) = /x f() (de

hence v/ is invariant for the semigroup P(t). By the uniqueness we conclude v = /. O

Remark 5.1.4. Theorem 5.1.3 yields that v(H) = 1, for any H C X satisfying Hypotheses 5.1.1
(see the example of subsection 5.4 ).

Remark 5.1.5. In some specific settings it is possible to prove Theorem 5.1.8 replacing the
condition ¢ < 0 by other hypotheses on F' (e.g. [20, Chapter 8]).

Now, thanks to the invariance of v, we can prove that the transition semigroup P(t) is uniquely
extendable to a contraction strongly continuous semigroup P,(t) in LP(X,v), for any p > 1.

We recall a couple of inequalities that follow immediately from the Holder and Jensen in-
equalities. For every ¢, 9 € By(X), t > 0, p,q € [1, 0], such that 1/p+ 1/¢g = 1 (with the usual
convention that if p = 1, then ¢ = oo, and viceversa) and for any convex function f : R — R we

have

[P()ev] < (POl )Y U(P(O)]IP) 7 (5.1.15)
(foP(t))p < P(t)(f ¥); (5.1.16)

Proposition 5.1.6. The transition semigroup P(t) is uniquely extendable to a contraction

strongly continuous semigroup P,(t) in LP?(X,v), for any p > 1.
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Proof. Let p > 1. By (5.1.16) and the invariance of v, for any ¢ € Cy(X) we have

IPORIG i = [ IPORPar < | POoP)ar < [ oPdo = e, (G117
We know that, for any ¢ € Cy(X) and z € X

lim P(t)p(r) = p(z),

t—0+

so by the dominated convergence theorem we have
tl_i>r(§1+ 1P(t)p — ol o) =0 (5.1.18)

We recall that Cp(X) is dense in LP(X,v). Observe that if {¢,}neny € Cp(X) converges to ¢
in LP(X,v), then for any ¢t > 0 the sequence {P(t)pn}nen is Cauchy in LP(X,v). Indeed, by
(5.1.17), we have

[ P(t)en — P(t)SOmHLp(x,u) < llen — SOmHLp(x,u)'
Hence the transition semigroup P(¢) is uniquely extendable to a semigroup P,(t) in LP(X,v). By
(5.1.17) and (5.1.18), P,(t) is contractive and strongly continuous. O
Definition 5.1.7. We denote by Ny the infinitesimal generator of Ps(t).

Remark 5.1.8. In a similar way, it is possible to prove that the semigroup PE(t) is uniquely
extendable to a strongly continuous semigroup P (t) in L>(E,v). In the rest of this paper we will
not study PE(t) but only Py(t). However it is possible to prove a result analogous to Theorem
5.3.8 for PE(t) (see [23]).

5.2 Behavior on £4(X)

In this section we study the behavior of Ny on the space £4(X) defined in (1.10.5). In particular
we will prove that Ny coincides with Ny (defined in (5.0.1)) on £4(X).

Remark 5.2.1. In this section we will study the behaviour of No in L?*(X,v), hence is not
significant how we define F in X\E, since by Theorem 5.1.3, v(E) = 1.

For every ¢ € £4(X), there exist m,n € N, aq,...,am,b1,...,b, € R and
hi,...,hm,k1,...,k, € A* such that

p(r) = a;sin({x,hi)) + Y bjcos((z, kj)).
i=1 j=1

Easy computations give for x € X

m

Nagla) = 3 as o Ah) + (Fafo). ) — 5l1RAl ) s, )

i=1
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- 1
#3205 (fo Ak + (B k) = 1R ) cost ),
j=1
moreover by Hypothesis 2.1.1(vi) and Theorem 5.1.3 we have
[ IR < 4o, ¥pz1, (5.2.1)
X

and so Ny belongs to L?(X,v).
Proposition 5.2.2. Assume that Hypotheses 5.1.1 hold true. Ny is closable in L*(X,v) and its

closure Ny is dissipative in L?>(X,v). Moreover Ny is an extension of Ng, namely Dom(Ng) C
Dom(N2) and
Nog = Naw, ¢ € Dom(No). (5.2.2)

Proof. By Theorem 2.1.13, for any z € E, the trajectories of {X (¢, z)}:>0 take values in E. So
by [30, Proof of Theorem 3.19], for any ¢ € £4(X) and = € E, we have

Py(t)o(x) = Elp(X(t,2))] = plx) + E [ / Now(X (s, 2))ds

= ¢(z) —|—/ P(s)Nop(X (s,x))ds, (5.2.3)
0
and so
To obtain (5.2.2) we need to prove that
fim | PQ(“‘P(? =) N vian) =0, v eeam). (5.2.5)

We recall the Vitali convergence theorem (see [60, Theorem 2.24]): (5.2.5) is verified if and only

if the following three conditions are verified.

1. There exists B € B(X) such that v(B) = 1 and {w}tﬂ) converges for any = € B.

2. For any ¢ > 0 there exists I' € B(X) such that v(I') < 400 and

1

% PO - P <2 viso

3. For any € > 0 there exists § > 0 such that whenever I' € B(X) with v(T') < § we have
1 2
z ). |P(t)p(x) — p(x))|*v(dx) <e Vi>0.
By (5.2.4) and v(E) = 1, (1) is verified. Since v is a probability measure then (3) implies (2). We

prove (3). We fix ¢ > 0. Since Nop € L?(X,v), there exists § > 0 such that whenever I' € B(X)
with v(I") < ¢, then

/F|N0<P(x)|2u(dx) <e.
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Recalling that v(FE) = 1, by the Holder inequality, the invariance of P(t) with respect to v and
(5.2.3) we have

1
t2

|| [ P
L |P(5)(Now) (z)|*v(dz) ) ds
(L )

11f/0t (/FmE P(s)(|Nos0|2)(w)1/(dx)) ds

= 1/(: </FmE |N0<p(x)|2u(dx)> ds = 1/; eds =¢.

Hence, by the Vitali convergence theorem, we obtain (5.2.5) and so (5.2.2). In particular, since

t% /F [P(t)p(x) — p(x))[Pv(dr) = /F nE‘Pm‘p(x) — o(2))?v(dz)

2

v(dz)

IN

IN

v is the invariant measure of P5(t), for any ¢ € £4(X), we have

/ Nopdv :/ Napdr = 0. (5.2.6)
X E

Moreover by standard calculations we obtain
Now?(z) = 2p(x) Now () + | RVep()[|*.
Hence integrating with respect to v and exploiting (5.2.6) we get
[ Gos@netatan) = =5 [ 1RVe@Ir@). Ve e ta),
so, since £4(X) is dense in L%(X,v), Ny is closable in L?(X,v) and its closure Ny is dissipative
in L2(X,v). O

We conclude this subsection with a useful criterium to check ff a function ¢ : X — R belongs
to DOHl(No)

Lemma 5.2.3. Assume that Hypotheses 5.1.1 hold true. If ¢ € Dom(Ly o) N CL(X), then ¢ €
Dom(Ny) and
Nop(z) = Ly2p(r) + (Fo(x), Vo(a),  z€X;

where Ly o is the operator introduced in Theorem 1.10.1.

Proof. By Proposition 1.10.7 a family {¢n, nyng,ng |1, 72,13, 14 € N} C £4(X) exists such that,
for any =z € X,

lim lim lim lim  No@n, no.nsma () = Lo 2w(z) + (F(x), Vo(x)).

n1—+00 nyg—+00 ng——+00 ng——+00

whenever ¢ € Dom(Lp2) N CL(X). By (1.10.7), there exists a constant C

0, such that for any
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reF
v m—+2 2
[No®ni namgina ()] = [No@ny no g ()] < Co(1 4 [[2|7) (1 + |F(@)]7),

so, since v(E) = 1, by (5.2.1), (5.1.4) and the Dominated Convergence theorem we obtain the
statement. O

5.3 A core for N,

To prove the main results of this chapter we need an additional hypothesis and a general result
about closed operators. Since we were unable to find an appropriate reference in the literature

we provide its proof.

Hypotheses 5.3.1. Assume that Hypotheses 5.1.1 hold true and that there exists a constant
(2 € R such that F — (ol : Dom(F) C X — X is m-dissipative.

Proposition 5.3.2. Let Y be a Banach space and let By : Dom(B;) C Y — Y and Bs :
Dom(Bs) CY —= Y be two, possibly unbounded, operators. If

(i) By is an extension of Ba, namely Dom(Bs) C Dom(B;) and, for any x € Dom(DBsy), it
holds Box = Byx;

(ii) there exists a dense subset D of Y such that, for some A > 0, R(\, B1) and R(\, Bs) are
well defined, and R(\, B1)(D) C Dom(Bs);

then Dom(B;) = Dom(Bs) and B; = Bs.

Proof. For any x € D
= (IyA— B1)R(\,B1)x = AR(\, B1)x — B1R(\, By)x.

By the fact that R(\, B1)(D) C Dom(Bs) and that Bj is an extension of By, it follows
x = AR(\, B1)x — BoR(\, By)x = (Iy A\ — B2)R(A, By)x,

hence, for any = € D, we have R()\, Bo)x = R(A, B1)z. So by the density of D in Y, for any
x € Y, we have shown that R(X, B2)x = R(A, B1)x. Recalling that the domain of an operator

coincides with the range of its resolvent, we get the thesis. O
Now we prove the main result of this chapter.

Theorem 5.3.3. Assume that Hypotheses 5.3.1 hold true. Ny is the closure in L*(X,v) of the
operator Ny, defined in (5.0.1). In particular E4(X) is a core for Na.

Proof. By Proposition 5.3.2, to prove Theorem 5.3.3 it is sufficient to show that there exists a
dense subset D of L?(X,v) such that

R(\, No)(D) C Dom(Ny).
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We split the proof in two steps. In the first step we assume that F' is Gateaux differentiable and
Lipschitz continuous, and we show that we can take C}(X) as the set D. In the second step we
show that, in the general case, the set (AIx — No)(Dom(Ny)) is dense in L?(X,v) and it can be
chosen as the set D. Throughout the proof we let X (¢,z) be the mild solution of (2.0.1).

Step 1. Assume that F is Gateaux differentiable and Lipschitz continuous. For f € C}(X) and
A > 0, consider the function ¢ defined as

+oo
o(x) := R\, N2) f(z) = /0 e M P(s)f(x)ds, z € X.

We want to show that ¢ is Gateaux differentiable. We start by proving that for any h € X
the following limit exists

poe@oh) —p@) T e (o (F(X (s, + 8h)) — f(X(s,2)) P(dw)) ds.

5—0 ) 50 ) (5.3.1)

Since f € CZ(X) and, for any t > 0 X(¢,) : X — X is Gateaux differentiable P-a.s., then
it is sufficient to prove that the dominated convergence theorem is applicable in (5.3.1). By
Proposition 2.3.3 and Corollary 3.1.6 we have

lim S [F(X (1, -+ 60)) — F(X( )] = (VF(X(1,2), DOX (1, 2)h).

Furthermore for § € R it holds

1 1

)
—|f(X(t,x—|—6h))—f(X(t,x))|:—/ (VF(X(t,x + sh)), DX (t,x + sh)h)ds
6] 161].Jo

< e Vbl

For any z,h € X we set
o1
Lh = %gr(l) ggo(x +0h) — ¢(z)

, we have
Lh| = li L[ —As(p Sh)— P d
| \—;gm/o e (P(s)f(x + 61) — P(s)f(x))ds
<gim L [T B F(X (s, + 5h)) — F(X(5,2))])ds
3—0 |5| 0

1 [t
= lim —/ e ME
5—0 |6| 0

’ (A +¢) _ 1
< |Vf h/ e~ OFtsds = — ||V f| Al

/6 (Vf(X(s,z+rh)), DEX (s, + rh)h)dr
0

]ds

so ¢ is Gateaux differentiable. Using Proposition 1.1.1 it is also possible to prove that ¢ is
Fréchet differentiable, and so

1
Vel < m“vfnoo (5.3.2)
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We are going to check the conditions of Proposition 1.10.4 to obtain that ¢ belongs to
Dom(Lp2). We begin to check (i) of Proposition 1.10.4. Let Z(t,z) be the mild solution of
(2.0.1) with F' = 0, we have

Z(t,7) = X(t,2) /O DA R(X (5. 2))ds.

Then, for every z € X, we have

. 11[-3[90 (X(t,m) _ / te(ts)AF(X(s,x))ds) - go(x)} (5.3.3)

By the Taylor formula we have

o(xto- [ t AR (2))ds ) = (X(0,2)

0

_ <V<p(X(t,x)), /O te(t_s)AF(X(s,x))ds>

wo(e] )

so in the right hand side of (5.3.3), we obtain

Tee) —ole) PO —ole) 1y [<W( X(t,5)), / A B (X (s, x»dsﬂ

ool < )

t
/ eTIAR(X (s,2))ds
0

¢
/ eIAR(X (s,2))ds
0

hence for any = € X, we have

lim ~(T(0)p(x) — ole) = Nop(a) — (Vip(z), F(z)). (5.3.4)

Now let K be a compact subset of X. Since, in this step, we have assume that F' is Lipschitz

-

continuous, by (5.1.3), we get

1
lim sup 0<IE H
t=0 ek T

Weset fort >0andz e X

t
/ DA (X (s, z))ds
0

Aufa) = TPD =D gy = %E [<V@(X(t,x)),/t e(t_s)AF(X(s,x))dsﬂ .

0

We recall that for every ¢t > 0

P(t)p = P(t) /0+00 e M P(s)fds = e /tJrOO e M P(s)fds.
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Let 79 € K. Since f € C}(X) we know that for every e > 0 there exists § > 0 such that
|f(z) = f(xo)] < e, whenever ||z — zg|| <. Now let || — xg]] <6

[Ad(z) = Ar(wo)| = Z[P()p(x) — p(x) = P(t)p(w0) + ¢(20)]

S| = SR |

+oo
(e 1) / e P(s)(f(2) — f(wo))ds

+ / e P(s)(f (o) — f(2))ds

e—)\t -1 +oo 1 t
< 7/ e M P(s)eds + %/ e M P(s)eds
¢ 0

t
—At _ 1 “+o0 1 t
< €<6/ e Mds + 7/ eksd(s)
t ¢ t Jo
1—e M
At <
= X o0
and so
|As(z) = Ag(zo)| < e (5.3.5)

We observe that by the Lipschitz continuity of F' there exists C' > 0 such that for every z € X,
it holds ||F(x)|| < C(1 + ||z||). Furthermore by Corollary 2.1.11, (2.2.3) and (5.3.2), for every
t > 0, the functions x — V(X (t,x)) and  — F(X(¢,x)) are continuous uniformly with respect
tot € [0,T]. So for every t € [0,T], o € K and € > 0 there exists § := (e, zg) > 0 such that
whenever ||z — xg|| < 4 it holds

max {[|V(X (¢, x)) = V(X (¢, zo)) |, |1F(X (¢, 2)) — F(X(E,20))[[} < e

By the Jensen inequality and (5.1.3) we can write

)~ Ralaw)| = 5 B (Votx (), [ Ox s )]

0

. E[<V¢(X(t, o). [ el (x (5’$0))d8>] ‘

0

1 EKV@(X(?S,:U)) — Vo(X(t, xo)),/te(t_s)AF(X(s,x))dsﬂ

0

+E Kw(x(t, 20)), /Ot e TIME(X (s 3) = F(X(s, xO)))dsﬂ |

|

+ 1E['W(X(t’x0””H/ e=IA(F(X (s,2)) — P(X (s, 20)))ds
0

< 1E[||w<x<t,x>> —w<x<t,xo>>n\ [ e ECx s, ms
0

|
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<< E[1+||X<s,x>|uds+'vf”o<>z@[ | IR (5.2 = P ).

so that by (5.1.3) there exists a constant C; > 0 such that
[Ri(x) = Ri(wo)| < eCr(1+ [zl + Vel o) (5.3.6)

Hence by Proposition 1.10.2, (5.3.4), (5.3.6) and (5.3.5) we have

lim sup | (T (1)) — 9()) — Nao() — (Veplw), F())| =0,
reK

and so we have checked (i) of Proposition 1.10.4. Using similar arguments also condition (ii) of
Proposition 1.10.4 is verified since ¢ € C}(X) and we have assumed F to be Lipschitz continuous

in this first step. So by Proposition 1.10.4, ¢ € Dom(Ly ), in particular
Lb72§0 = NQ@ - <V<p, F>a

and
Ap — Lyop — (Vo, F) = f.

So ¢ € Dom(Ly2) N CE(X) and, by Lemma 5.2.3, we conclude that ¢ € Dom(Ng) and
Nop = Lysp+ (Vo F).

Step 2. Let {F5s|d,s > 0} be the regularizing family of F' defined in Section 1.11. Let
f € CL(X). For any §,s > 0, we set

+oo
pre@)i= [ NP Of@), v,
0
where Ps 4(t) is the transition semigroup of the equation

dX (t,x) = (AX(t,z) + F5(X(t,2)))dt + RAW (t), t > 0;
X(0,z) = =x.

In Section 1.11 we have seen that, for any J,s > 0, the function Fs s is Lipschitz continuous and
F5 s — (ol is dissipative. Hence by Step 1, for any §,s > 0, we have @55 € Dom(Ny) and

Xps,s — Ly ows,s — (Vs,s, Fss) = f.

So
>\905,s - NO@&S == f + <v§05,57F5,s - F>7

and recalling that Ny is an extension of N in L?(X,v)

Xps.s — Nows.s = f+ (Vs,s, Fss — F),
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where the equality holds in L?(X,v). Hence noticing that estimate (5.3.2) does not depend on §
and on s and by Proposition 1.11.3 yields that
. . - _ . 2
élir(l) il_fi%()\lx No)pss = f, in L°(X,v).

Since @55 € Dom(Ny), by the density of C}(X) in L?*(X,v) we get the density of (Ax —
No)(Dom(Ny)) in L3(X,v). O

5.4 Remarks and examples

The results presented in this chapter are contained in the paper [9]. The results in this chapter
are known in the literature just in some specific cases. We have proved them under general
assumptions. Theorem 5.3.3 extends the results contained in [11, Section 3], [31], [30, Sections
3.5 and 4.6] and [42, Section 11.2.2]. For a study of an analogous problem in L?(E,v) in the
case of a multiplicative noise we refer to [23]. In Subsection (5.4.1) we will present a reaction-
diffusion system that verifies the hypotheses of Theorem 5.3.3. In Subsection 5.4.2 we will show

an interesting application of the Theorem 5.1.3.

5.4.1 A reaction-diffusion system

Let X = L?([0,1],\) where X is the Lebesgue measure and let E = C([0,1]). Let A be the
realization in L2([0,1]) of the second order derivative with Dirichlet boundary condition and set
R =1Ix.

We define the function F. Let ¢ € C'(R) be a decreasing function, such that there exist
d1 > 0 and m € N satisfying

lo' ()| < di(1+y|™), yeR.

Let (2 > 0. We set

F(f(y) = e(f(y)) = Gf(y), [feC(0,1]),y€0,1].

By [20, Section 6.1] Hypotheses 2.1.1(iii), 2.1.1(v) are verified, in particular Hypothesis 2.1.1(iv)
is verified with constant ( = —(z. By [20, Lemma 8.2.1] condition (5.1.1) of Hypotheses 5.1.1 is
verified. By the definition of F'; Hypotheses 2.1.1(ii) are verified. By (7.4.2) Hypotheses 2.1.1(vi)
and 2.1.1(vii) are verified. By [43, Example D.7] and standard calculations Hypotheses 2.1.1(iv)
are verified. So all the hypotheses of Theorem 5.1.3 are verified, so v(C([0,1])) = 1, where v is
the invariant measure of the transition semigroup P(t) associated to the generalized mild solution
of (2.0.1).

Moreover also the Hypotheses of Theorem 5.3.3 are verified, so the infinitesimal generator of
P(t) in L?(X,v) is the closure in L?(X,v) of the operator

Now(f) = 5TV + (F +0(f) — Gf VI, € Eal),



5.4. REMARKS AND EXAMPLES 114

where f € C%(]0,1]) and f(0) = f(1) = 0.

5.4.2 An application of Theorem 5.1.3

Now present a particular case of the example in Subsection 2.4.6. Let X = L2([0,1],\) and
E = W'2([0,1],A). We assume that A = —1Ix. Let B the realization of the second order
derivative in X with Dirichlet boundary conditions. We recall that B is negative operator,
Dom((—B)2) = W;7%([0,1],A) and (—B)~" is a trace class operator, for any v > 1 (see [30,
Section 4.1]). Let 3 > 2 and set R = (—B)~?. Then

t
() e
||WA(t)||%}V1’2([071]7>‘):H(_B)I/Q/O e 5 (t )B ﬂ/QdW(S)

L2([0,1],X)

t
/efé(th)(_B)(lfﬁ)ﬂdW(S)
0

)

L2([0,1],2)

and so by [43, Theorems 4.36 and 5.11], Hypotheses 2.1.1(v) and condition (5.1.1) of Hypotheses
5.1.1 are verified. Let F' be as in Section 4.3.3, so for any f € W12(]0,1],\) we have

1 1 1
F(f) = /0 /0 /0 K (64, €0, €, ) F(60) f(62) £ (63)dErdades + Cof

1 1 1
(F(f))/:/o /o /0 8672((51752753,§)f(§1)f(fz)f(fs)d§1d§2d§3+C2f/a

with (s < —1/2. Hence, by the same arguments of Subsection 4.3.3, the hypotheses of Theorem
5.1.3 are verified and so v(W2(]0,1],\)) = 1.

Moreover also the Hypotheses of Theorem 5.3.3 are verified, so the infinitesimal generator of
the transition semigroup P(t) of (2.0.1) in L?(X,v) is the closure in L?(X,v) of the operator

No(f) = 5 T{T>9(f)
+((a-3)+ [ 1 / 1 / 1 K (61 60:60,€) (€0 (€2 €0)dendades, TUL1) ).

where ¢ € £4(X) and f € L%(]0, 1], \).



Chapter 6

Sobolev spaces

In the previous chapter we have shown that, under suitable hypotheses, the transition semigroup
P(t) is uniquely extendable to a strongly continuous and contraction semigroup P»(t) in L?(X, v),
where v is the unique invariant measure of P(t). The main goal of this chapter is to define a
suitable Sobolev space which contain the domain of infinitesimal generator No of Pa(t). In
chapters 3 and 4 we have studied regularity property of the transition semigroup along the
directions given by the diffusion operator R. Again, we will see that it is the diffusion operator
that will determine the Sobolev space that we are going to define.

We work in the same framework of chapter 3. Let X be a real separable Hilbert space with
inner product (-,-) and norm ||-|| and let {W(t)};>0 be a X-cylindrical Wiener process defined on
a normal filtered probability space (Q,F,{F;}i>0,P). We consider the SPDE

{ dX (t,x) = (AX(t, ) + RG(X(t,)))dt + RAW (t), t>0; (6.0.1)

X(0,2) ==,
and the following hypotheses.

Hypotheses 6.0.1. Assume that Hypotheses 3.0.3 hold true and that the following conditions

are verified.
(i) G € CH(X,X) and there exists ¢ > 0 such that

((A+ RDG(z))h,h) < —C|h|)?, =z, heX, (6.0.2)
((A+ RDG(x))h,h) p < —C||hl% = €X, h € Hg. (6.0.3)

(ii) For any p > 1 we have
supE[[|[Wa(t)|"] < +oc.
>0

Remark 6.0.2. (6.0.2) and (6.0.3) are verified if the constants wx and wg in Hypotheses 3.0.1
and 3.0.3 are negative and min(|wyx|, |wr|) > [|R| ¢ (x)Lc, where Lg is the Lipschitz constant of
G.



6.1. CLOSABILITY OF Vg 116

For any x € X, by Theorem 2.1.13 (with X = E) the SPDE (3.0.3) has unique mild solution
{X(t,z)}i>0 € Cp([0,T],X), for any T > 0 and p > 1. Let P(¢) be the transition semigroup
associated to (6.0.1).

By Theorem 5.1.3 (with X = E) the semigroup P(¢) has unique invariant measure v with
finite moments of every order. As we have seen in Section 5.1, P(t) is uniquely extendable to
a strongly continuous semigroup P»(t) on L?(X,v), whose infinitesimal generator is denoted by
Ny. By Theorem 5.3.3 Ny is the closure in L?(X,v) of the second order Kolmogorov operator
defined by

Now(z) := Lop(z) + (F(2), Vo(z)), ¢ €&a(X), v €X,

where the operator Lo and the space €4(X) are defined in (1.10.6) and (1.10.5) respectively.
First of all in Section 6.1 we define the Sobolev space W}%’Q(DC, v) and WIQ%’Q(DC, v) related
to a “natural” derivative operator associated to R. In Section 6.2 we prove that Dom(Ns) C
W;ﬁ (X,v) and, under some additional hypotheses, Dom(Ny) C WE’Q(DC, v). In Section 6.3 we
will prove that the logarithmic Sobolev inequality and the Poincaré inequality hold in the space

W}%’Q(x, v), and we will see some of their consequences.

6.1 Closability of Vp

In this section we introduce the Sobolev spaces we will use throughout the rest of the chapter. In
order to do so we need some preliminary results. Let (Hg, (,)z) be the Hilbert space of Definition
3.0.2.

If Hypotheses 6.0.1 hold true then, by Proposition 3.1.4, for every ¢ > 0 the map = — X (¢, x)
is P-a.e. Hg-Gateaux differentiable and for any x € X and h € Hg its Hgr-Gateaux derivative
along h € Hg is DY X (t, 2)h, where {DY X (t, x)h};>0 is the unique mild solution of (3.1.5).

Using (6.0.3) as in the proof of Proposition 2.3.3, for any ¢ > 0, x € X and h € Hr we obtain

||®GX(t,a:)h||R < e Al 5

So the following result follows in the same way of Theorem 4.1.7.

Lemma 6.1.1. Assume that Hypotheses 6.0.1 hold true. For every o € C}(X) it holds
IVaPa(Op(@)% < e X POV rp(@)llf, >0, 2 € X, (6.1.1)

Lemma 6.1.2. Assume that Hypotheses 6.0.1 hold true. Let o, € £4(X). Then the product
o) belongs to £4(X) and

Na(p) = pNoyp + 1 Naw + (RV @, RVY) = oNotp + 1) Nop + (Vre, VRY) R. (6.1.2)

Furthermore whenever ¢ € Dom(Nz) and g € CZ(R), we have

6 oo == [ (g" 0 o) RV (6.1.3)
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Proof. The fact that 1 belongs to £4(X) and (6.1.2) follows by direct calculations. We recall
that Nou = Nou whenever u € £4(X) (Theorem 5.3.3). Now we prove (6.1.3). We start by
showing that if ¢ belongs to Dom(N3) then

_ 1 2
[ o == [ 1% nsn (6.1.4)

To prove (6.1.4) it is enough to recall that v is invariant. Indeed by (6.1.2) we have for ¢ € £4(X)

0 :/ N2<p2dyz/ (20N2 + ||V re|| %) dv.
X X
Since £4(X) is a core for Na, by (6.1.4) and the Young inequality, it follows that
Vi :€a(X) € Dom(No) — L*(X,v; Hg), ¢ Vre,

is continuous and, consequently, it can be continuously extended to all Dom(N2) (endowed with
the graph norm). We shall still denote by Vg its extension. So (6.1.4) follows by a standard

density argument. (6.1.3) follows by the dominated convergence theorem to get . O

The next result will be useful to prove the closability of the gradient operator (Proposition

6.1.4) and the Poincaré inequality (Proposition 6.3.5).

Lemma 6.1.3. Assume that Hypotheses 6.0.1 hold true. Let ¢ € £4(X). It holds

t
[ 1pattyeavs [ [ 1V apaoeliavas = [ fo. (6.1.5)
X 0 X X

Proof. For every ¢ € £4(X) and x € X we have

d

@(Pﬂs)(ﬁ)(x) = Nao(P(s)p)(z), 5> 0. (6.1.6)

Multiplying both sides of (6.1.6) by P»(s)¢p, integrating on X with respect to v, and taking into
account (6.1.4), we find

d
| G Peelar == [ VPl (617)

Now the thesis follows integrating (6.1.7) with respect to s from 0 to ¢. O

We now can prove the closability of the derivative operators Vg and V% (see Definition 3.1.2)
that we will use to define the Sobolev spaces Wé’z (X,v) and W}’i@(x, v).

Proposition 6.1.4. Assume that Hypotheses 6.0.1 hold true and let Hg be the space of Hilbert—
Schmidt operators on Hg. The operators Vg : £4(X) C L*(X,v) — L*(X,v; Hg) and (VR, V%)
A(X) C L3(X,v) — L3(X,v; Hg) x L*(X,v; Hg) are closable, where Hp is the space of the
Hilbert—Schmidt operators on Hg.
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Proof. We assume that {¢n }nen C €4(X) is a sequence such that

L*(X,v)- lim ¢, =0; (6.1.8)

n—+00

L*(X,viHp)- lm Vien =V,
n—-+0o0

for some ¥ € L?(X,v, Hg). By (6.1.5), the strong continuity of P(t) and (6.1.8), we have

t
li P. nl|%dvds = i W2dv — | |Pa(t)on|?dr ) = 1.
Jin [ [ IVarealdvs = i ([ loufar - [ (p@ePar) <0 @19

We also claim that

ngxfoo/ot/x||VRP2(S)¢n||§duds=/ot/xHE[(DGX(t,x))*\p(X(t,x))]\\;y<dx)ds. (6.1.10)
Indeed by Corollary 3.1.6 we have
VrPa()pn(z) = E[(DCX(t,2))* Vrea(X (¢, 2))].
Observe that
/Ot/xH]E[(DGX(S,x))*vgapn(X(s,x))} ~E[(DOX(t,2)" U(X (5,2))] || v (dw)ds
< [ BT o (X(5.2) = WX () ds

SA /xe_QCS(PZ(S)HvRQOn - \IJH?%)(«/L')V(dl')dS

Recalling that v is invariant for Py (t) we have

ognmsup/o /x;|E[(@GX(s,x))*vR<pn(X(s,z))} — E[(DCX (5,2)) (X (5, )] | (d)ds

n——+oo

t
<timsup [ [ ¢V () - (o) [j(do)ds = 0.
0 X

n——+oo

This proves (6.1.10). Combining (6.1.9) and (6.1.10) we get

/0 /x IE[(DEX (s,2))" (X (5,2))]|| p(dz)ds = 0.

So for a.e. s € (0,t) (with respect to the Lebesgue measure) it holds

/x ||E[(‘DGX(S,LL'))*\I/(X(S,w))} H;u(dx) = 0. (6.1.11)

To be more precise we denote by A the subset with measure zero of (0,t), such that in (0,¢) \ A
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(6.1.11) does not hold. For s € A, by the monotone convergence theorem, we have
:/ ||E[(®GX(s,x))*\I'(X(S z ]HR v(dx)
+oo 9
/Z| CDGX (s,2))"U(X (s, x))]7hi>R‘ v(dz)
—Z/ [E[(DEX (s,2))"W(X(s,2)), hi) ]| v(da)

_Z/ E[(W(X(s,2)), DX (5,2)h) ] |*v(de).
So for s € Aand i e N

/yE ), DEX (s, x)h;) ] [Pu(da) = 0.
Now observe that for s € A and i € N we have

0 <IIPo()((¥ (), i) )l oy = IELOE X (5, 2 gl 2 e

=L (X (s, ), hid gl e,y — [ELE ), DOX (s, D) ] |2
<|[E[w(x(s, ), hiw ~E[(¥(X(5,)), DX (5, i) ) | 2
=[EL(X(s)) hs = DX (s, )hi) ] | 2o

By the continuity of s — DX (s,-) and the dominated convergence theorem we get that for
every ¢ € N,
(¥ (), ki) gllL2 2,y = 0.

By a standard argument we get ¥(x) = 0 for v-a.e x € X. This proves the closability of
Vg :€a(X) C L3(X,v) — L?>(X,v; Hg).
Let FC7(X;X) be the set given by Definition 1.6.16). By similar arguments to those used
above we have that
Dp : FCH(X; X) C L3(X, v; X) — L*(X,v; Hg)

is closable. The closability of (Vg,V%) : £€a(X) C L3(X,v) — L*(X,v; Hg) x L*(X,v; Hpg)
follows by the fact that V% = DgrVg. O

We are now able to define the Sobolev spaces we will use throughout the rest of the chapter.

Definition 6.1.5. We define the Sobolev spaces W}%Q(DC,I/) and Wé’Q(DC, v) as the domains of
the closure of the operators Vg : £€4(X) C L*(X,v) — L*(X,v; Hg) and (Vg,V%) : £4(X) C
L2(X,v) — L*(X,v; Hg) x L*(X,v; HRg) respectively. They are endowed with the graph norms of
the closure of such operators. We still denote by Vg and V% the closures of operators Vg and
V2,

Remark 6.1.6. If G =0 in (6.0.1) then the Sobolev space WE’Q(DC, v) coincides with the Sobolev
space defined in Proposition 1.6.17.
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6.2 Maximal Sobolev regularity

Now we can study the Sobolev regularity of the domain of Ny. The following theorem states that
Dom(Nz) is continuously embedded in W}?’Q(x, v).

Theorem 6.2.1. Assume that Hypotheses 6.0.1 hold true. Let A > 0 and f € L*(X,v), we set
+oo
u:= R\ No)f = / e MP(t) fdt.
0

The function u belongs to W}%’Q(x, v) and

1 2
||u||L2(DC,V) < X”fHL?(C)C,y); HVRUHL?(X,V;HR) < \/:fHLQ(DC,V)'

If for any ¢ € Dom(N2) and ¢ € Wé’Q(C)C, v) it holds
1
/ $Nppdy = — 2 / (V o, ¥ ) v, (6.2.1)
X 2 X
then for every A > 0 and f € L?(X,v), the function u belongs to sz’?(x, v) and

1Y%l 2 cemocn < 2V20F L2y

where Hp is the space of the Hilbert—Schmidt operators on Hp.

Proof. Since £4(X) is a core for Ny, then a sequence {u,} C €a(X) exists such that w,

neN
converges to a function u in L?(X, ) and

LA(X,v)- lim Au, — Nou, = f.

n——+oo

Let f,, := Au, — Nau,. Multiplying by u,,, integrating with respect to v and using (6.1.3) we get

1
/ Frtindy = A / updy — / Un Naundy = A / undv + 5 / IV R v
X x X X 2 Jx

By the Cauchy—Schwarz inequality we get

1 2
||Un||L2(x,V) < XanHLz(x,y); HvRunHL2(x,y;HR) < \/:an”p(x,y)-

Since {un}, oy and {fn},cy converge to u and f, respectively, in L?(X, v) we get

. .1 1
”uHL?(DC,u) = lim ||UnHL2(x,u) < lim *anHL?(x,u) = XHf“LQ(C)C,V)'

n—-+oo n—-+4oo )\
Moreover
2
IV run — vRumHLQ(DC,V;HR) = \/:|fn B fm||L2(xaV)’

then {VRguy}nen is a Cauchy sequence in L?(X,v; Hgr). By the closability of Vx in L2(X,v)
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(Proposition 6.1.4) it follows that u € W4 *(X,v) and

L*(X,v; Hg) EI—EOO Vru, = Dgru.

Therefore

. E 5
IVl 2o porrny = 10 IV RURI 20 pipry < M0 \ﬂf"”wxm = \[A”f”m(x,u)-

Now we prove the moreover part of the statement. Let {h,}nen be an orthonormal basis of
Hp. Using (5.0.1), we differentiate the equality Aw,, — Nau,, = f, along h; direction, we multiply
the result by (Vgu, hj)r, sum over j and finally integrate over X with respect to v. We obtain

1
)\/ HVRUTLH?%dV—/<VRun,AVRun>RdI/+5/ ||V%¢un||§cRdu
X X X

- / (R®°VGV gy, V guy) pdy = / (VR fn VRUR) pdV.
X X

Recalling that (A + RDG(x))h,h)r < —CHhHZ for every z € X and h € Hg we have

1
()\—I—C)/ ||VRun||?%du+§/ ||V%un\|§{RdV§/(Van,VRun>Rdy.
x x x

Finally we have

1
5 [ 19k Be,dy < [ (Tnfor Vo) (6.22)
X X

By (6.2.1), (6.2.2), the Cauchy—Schwarz inequality and (6.1.2) we have

1
5/ HV?{unHaRdug/(Van,VRun>Rdu:—2/ FaNou,dy
X X X

= —Q/an()\un — fn)dv < 4/xf§du.

So we get
VRl L230) < 2V20 full 2 -

We remark that
”V%%un - V%%um”Lz(x,v;?CR) < 2\/§an - meLZ(DC,u)’

then {V%u, hnen is a Cauchy sequence in L?(X, v; Hpr). By the closability of (V g, V%) in L*(X, )
it follows that u € Wx?(X, ) and

L*(X, v; HRg)- ngrfw Viu, = Viu.
Therefore

IVRullzapocy = im (I Viunllzoevsen < Hm 2V2) fallz ) = 2V20F 20
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and {un },, oy converges to u in Wy (X, v). O

Remark 6.2.2. If G = RVU for some suitable function U : X — R then condition 6.2.1 is
verified (see [39, 40]).

6.3 Poincaré and Logarithmic Sobolev inequalities

Logarithmic Sobolev inequalities are important tools in the study of Sobolev spaces with respect
to non-Lebesgue measures. This is due to the fact that they are the counterpart of the Sobolev
embeddings which in general fail to hold when the Lebesgue measure is replaced by other mea-
sures, as for example the Gaussian one. In this section we also collect some consequences of the

logarithmic Sobolev inequality (6.3.1). To do this we need an additional hypothesis.

Hypotheses 6.3.1. Assume that Hypotheses 6.0.1 hold true and that there exists an orthonormal
basis {ex }ren of X contained in Dom(A).

In this section we will use a technique that needs lowerly bounded functions ¢ : X — R. The
space £4(X) does not contain such functions, so we will work in the larger space FCJ(X) (see
Remark 1.6.16) which contains them.

Now we are ready to prove that the measure v satisfies a logarithmic Sobolev inequality. We
apply the Deuschel and Stroock method (see [50]).

Theorem 6.3.2. Assume that Hypotheses 6.3.1 hold true. For p > 1 and ¢ € FCL(X), the
following inequality holds:

2
p _
/ ol In || dv < ( / |so|pdu) In ( / |so|pdu)+2C / "IV Rl X 0y . (63.1)
X X X X

Furthermore for every ¢ € W}%’Q(DC, v) it holds

2
[termigtar < ([ topar)un( [ 1ea) + 2 [ [9npliximmdr 032
X X X X

Proof. We split the proof in two parts. In the first part we prove that the claim holds when ¢
satisfies some additional conditions and in the second part we show (6.3.1) in its full generality.
Step 1. Here we prove (6.3.1) for functions ¢ in FC;(X) such that

c<p<,
for some ¢ > 0. We consider the function
H(t) := / (Pa(t)p?) In(Pa(t)p?)dv, t > 0.
x

which is well defined thanks to the contractivity and the positivity preserving property of Ps(t).

Our aim is to find a lower bound for the derivative of H. Observe that by the invariance of



6.3. POINCARE AND LOGARITHMIC SOBOLEV INEQUALITIES 123

v and (6.1.3) we have

Hl(t):/x(NQPQ(t) )ln(PQ(t)<pP)dy+/XNQPQ(t)@pdV
_ 1 D2 v 7672Ct ; D2 y
—— [ T aP ) e > = [ POV

1
> %t P,()||VrOP || R)3dy.
> xpz(t)spp( 2(t)IVRP || R)

By (5.1.15) we have P5(t)||Vre? ||z < [P2(t)(||VRgop||?2Lp_p)]1/2(P2(t)gpp)l/2. Hence we deduce

—2¢t ||VR<PP||?:¢ —2¢t, 2 p—2 2
= —¢ " dv = —e P PP 2| VRl pdv.
x ¥ x

Integrating from 0 to +oo and using (5.1.6) we get

2
Joermerar< ( foras)m([ooran) + 5 [ iTnslin
X x x 2¢ Jx

Step 2. Now, for any ¢ € FCi(X), consider the sequence {p,}nen C FCL(X) defined by

on = (1+]l¢ll.) "' V92 + n~1. Step 1 yields

[ eumienar < ([ erar)w( [ )+ & [ o iOnplizan 633)

Observing that there exists a positive constant ¢, ;, such that ¢, , < P <1 for any n € N and

D 2
H/(t) > _e—ZCt/ Pg(t) HVR@ HRCZV
x P

using the fact that the function 2 — z|lnz| is bounded in (0, 1], by the dominated convergence
theorem the left hand side of (6.3.3) converges to

(1+ IIsOIIOO)_p/x ol In [(1 + llello) Lol v

and the first term in the right hand side of (6.3.3) converges to

(s ok [ tepar)m IX'W)

Since |Vrenllr < (1+l¢llo) " IVRre| R for every n € N, by the monotone convergence theorem

if p € [1,2), and by the dominated convergence theorem otherwise, we obtain

. _ 2 — -2 2
lim [ 0P 2| VagalZdy = (1+ |gllL) 7 /x P21V rolE X (oo dv.

n—+oo x

So the statement follows letting n to infinity in (6.3.3).
Let ¢ € Wx?(X, v) then there exists a sequence {@p }nen € FCp(X) such that

Jmlen = @llyze -
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By standard arguments there exist a sub-sequence {¢,, }ren such that for a.a. x € X

lim ¢p, (x) = <p(m), lim Vgpn, (.Z‘) = VR‘P(Z‘)'

k— 400 k——+o0

By the Fatou lemma we obtain
/ |<p\2ln|ap|2du < liminf/ |<,0nk|2 1n|<pnk|2du

2
< lim; 2 2 < 2
<t [ (ot onPe) G [ 1000 ir gy

2
< (Lrekar ) ( [ 1okar) + 2 [ 19nelfcommas
X X C X

and so we get (6.3.2). O

By [63, 64], the logarithmic Sobolev inequality is equivalent to a hypercontractivity type

estimate.

Proposition 6.3.3. Assume that Hypotheses 6.3.1 hold true. Lett > 0 and q,r € (1,400) be
such that v < (g — 1)e?* + 1. The operator P,(t) maps L4(X,v) in L"(X,v) and for everyt >0
and ¢ € L1(X,v) we have

1ol ey < 10l oy (6.3.4)

Proof of Proposition 6.3.3. Let ¢ € FC(X), have positive infimum, and let r(t) := (g—1)e** +1.
We recall that P,(t)p = Pa(t)p, for any ¢ € FC5(X) and ¢ > 0. For s > 0 we set

6e) = ( [ (Patsrorav)

and we prove that G(s) is a non-increasing function. Before proceeding we want to recall that
P»(s) maps FCL(X) into Wé’Q (X,v) N L*°(X,v). This guarantees that all the integrals we are

going to write in the following calculations are well defined and finite. By (6.1.3) we obtain

e 1/r(s)
=: (R(s))

R(s) =1'(s) /x(Pz(s)cﬂ)“s) In(Py(s)p)dv —r(s)(r(s) — 1) /x(Pz(S)w)“(s)‘QIIVRPz(s)sallidV-
(6.3.5)

Taking into account (6.3.5), if we set u(s) := P(s)p and we differentiate G, we get

"(s) = r'(s) u(s))"®) In(u(s))dv
GO = L Tl J, ) mu)a

_T(S)—_l u(s r(s)—2 ws)I12dy — T’/(S) . uls (s) ,
Ty () @ dv /x( (s)) IV ru(s)|lrd r2(s)1 </x( (s))")d )

Since 1'(s) > 0 we can apply (6.3.1) to get

(s)

6'(5) < (G (73

— o)+ 1) [Py O T rPuls)l s = .
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This proves that G is a decreasing function, namely G(0) > G(t) for every ¢ > 0. So we have for
every r < r(t) and ¢ € FC(X)

1P ()l ey < NP2l e ) < el Lagac,)-

By the same density argument used in the last part of Proof of Theorem 6.3.2, we obtain (6.3.4)
for a general p € LY(X,v). O

An interesting consequence of Proposition 6.3.3 is an improvement of positivity property for

the semigroup Px(t).

Corollary 6.3.4. Assume that Hypotheses 6.53.1 hold true. For any t > 0 the semigroup Ps(t)
is positivity improving, meaning that it maps a v-a.e. non-negative function in a v-a.e. positive

function.

Proof. The proof is classical and we just sketch it. By [81, Theorem 1.7] and the classical reverse
Holder and Minkowski inequalities for p < 1 it is possible to prove a reverse hypercontratcivity
estimate such as that of [15, Section 2]. This is enough to obtain positivity improving, see [15,
Theorem 2.1]. O

Another classical inequality that follows from (6.1.1) is the Poincaré inequality.

Theorem 6.3.5. Assume that Hypotheses 6.3.1 hold true. If ¢ € Wé’Q(x, v), then

/xso /quu

Proof. We just show the theorem for ¢ € £4(X), the general case follows by a standard approx-

< = / IV o 2. (6.3.6)

imation argument. Letting ¢ go to infinity in (6.1.5), using (6.1.1) and the invariance of v we

get
2 +oo
Lrekar | [var = [ [ 19apatopeliaavas
+oo
< [ e [ P Vaplhdvds
0 x
+oo
= (/ 6_2<Sd8> (/ ||VR<p||%d1/>
0 x
1 2
= o= | IVre|Rdv.
¢ Jx
Recalling that [y [¢ — [ cpdu|2d1/ = [y lelPdv —| [y godl/|2 we get the thesis. O

The Poincaré inequality has many interesting consequences. Here we just state two of them
which are relevant to the study of the semigroup Py(t) and of its generator Ny in L?(X,v). The

next result gives us the convergence rate of Py(t)¢ to [, ¢dv in L?(X,v) when ¢ goes to infinity.
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Corollary 6.3.6. Assume that Hypotheses 6.3.1 hold true. If ¢ € L?(X,v), then

Proof. Let f € Dom(Nz), we set G(s) = [, |Pa(s)p — [y <pd1/‘2d1/. Using both (6.3.6) and
(6.1.3) we get

=5

< 67Ct||90||L2(x,y)~
L2(X,v)

Ra(t) = [ v

2

Pa(s)p - /x v

av =2 [ (Pus)e)(NaPa(s) )

2
=~ [ 19rPa(s)olfpav < 2¢ [ |Pats)o~ [ Palopr| av
X X X
2
:—2(/ Pg(s)go—/ pdv| dv = —=2¢G(s).
be X
Thus G(t) < e~2¢*G(0), which means
2 2
/ Py(t)y 7/ pdv| dv §672Ct/ ’gp 7/ pdv| dv
X x x x
2
:e‘QCt/ o|*dv — ’/ wdv| dv
x X
§6*2a/ |l dv.
x
Finally, since Dom(N) is dense in L?(X,v), we obtain the statement. O

The next proposition gives us a spectral gap for the operator Ny. We refer to [42, Proposition
10.5.1] for the proof.

Proposition 6.3.7. If Hypotheses 6.3.1 hold true, then o(Nz2) \ {0} C {\ € C| ReX < —(}.

6.4 Remarks and examples

The results presented in this chapter are contained in the paper [10]. Results similar to the ones
of Theorems 6.3.2 and 6.3.5 are present in the literature only in specific settings. In [5, 16, 17]
and in [42, Section 12] the authors assume that F' = —DU where U : X — R is a convex function
with Lipschitz continuous derivative and R = I or R = Q'/2, where Q is a positive, self-adjoint
and trace class operator. In [30, Section 3.6], [32] and [42, Section 11] the authors consider a
Lipschitz continuous function F' and R = Iy. In [70] the authors assume hypotheses similar to
the ones of this chapter, but they work in a finite dimensional setting.

The search for Sobolev regularity of domain of Ny and of logarithmic Sobolev and Poincaré
inequalities have already been done by various authors in the infinite dimensional setting. In
[30, Section 3.6.1] and [32] the authors assume that R has a continuous inverse and work with
the Sobolev space W12(X,v) defined as the domain of the closure in L?(X,v) of the standard
Fréchet gradient operator V : £€4(X) C L*(X,v) — L?(X, v; X). We emphasize that the case when

R has a continuous inverse presents no significant differences in defining and studying Sobolev
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spaces compared to the case when R = I. In [16] and [59] the authors assume that R = Q'/2,
where Q is a positive trace class operator, and G = —Q'/2VU where U : X — R is a Fréchet
differentiable and convex function, such that VU is Lipschitz continuous. They consider the
Sobolev space Wé’Z(DC,V) defined as the closure in L?(X,v) of the operator Q'/2V : £4(X) C
L*(X,v) — L*(X,v;X). We underline that, if G = —Q'/2VU, then the invariant measure v is

the weighted Gaussian measure

e~ U

v(dz) = Wﬂ(d$)7 p~N(0,Q),

and N is the self-adjoint operator associated to the quadratic form

Glow) = [(QV2V0.Q*Vi)dn, gt € WEX0).

Conversely, if G is not of that form, then N5 is not necessarily associated to a quadratic form. In
this chapter we have revised the methods of the above mentioned papers, to avoid the conditions
R € L(X) or G = -Q'/?VU.

We conclude this section with an explicit example where Hypotheses 6.3.1 are verified.

6.4.1 An example in L?([0,1],\)

Let X = L?([0, 1], A) where ) is the Lebesgue measure. Let —Q~! be the realization of the second
order derivative with Dirichlet boundary condition in L?([0,1], ). Hence @ is a positive trace
class operator. Let A = —(1/2)Q” and R = Q%, with a, 8 > 0 as in Subsection 3.4.2. We refer
to subsection 3.4.2 for remarks about the hypotheses on A and R. The constant A\; in (3.4.1) and
(3.4.2) is equal to 72 (see [30, Chapter 4]). Since G is Lipschitz continuous, it easy to see that
F = RG is Lipschitz continuous with Lipschitz constant ||R||Lg. Moreover due to the choice of
R we have |R||Lg < 77 2“L¢g and so

(RDG(x)h,h) < 7 2“Lg|h|?, =z, heX,
(RDG(z)h,h)p < %L ||hl|, =€ X, h€ Hg.

If we assume Lo < (1/2)72%t# then the conditions (6.0.2) and (6.0.3) are verified and so the
hypotheses of Theorems 6.2.1, 6.3.2 and 6.3.5 hold true.



Chapter 7

Dirichlet semigroup associated to

a dissipative gradient systems

Assume that Hypotheses 5.3.1 hold true and let v be the probability measure of Theorem 5.1.3.
Let O C X be an open set such that v(OQ) > 0. We consider the Dirichlet semigroup associated
to the SPDE (2.0.1), defined by

PO(t)o(z) = E [p(X(t,2))r, 53] = /Qw(X(tJ))H{n»}dR @ € By(0),

where X (t,z) is the generalized mild solution of the SPDE (2.0.1) and 7, is the stopping time
defined by

T, =1inf{t >0 : X(t,z) € O°}. (7.0.1)
Now we prove that v is subinvariant for P9 (¢).

Proposition 7.0.1. Assume that Hypotheses 5.3.1 hold true. For any ¢ € By(0), t > 0, we

have
[@owera < [ Fav
) )
Proof. Let
~ p(r) ze€O,
pl) =
0 x € 0°,

then, by the Holder inequality, we have
(PO(1)¢)* <E[p*(X(t,2)(r, >1y] < E[R*(X(t,2)) (7, >0] = P()(3%).

Since v is invariant for P(t) and P(t) is non-negative (see definition at beginning of Section 1.4),

then we conclude

/O(Po(t)éﬂ)zdlfﬁ/OP(t)(@?)dVS/xP(t)(gﬁz)dz/:/

cﬁQdV:/ o2dv.
X 0
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By Proposition 7.0.1, proceeding as in Proposition 5.1.6, the semigroup P9(t) is uniquely ex-

tendable to a strongly continuous semigroup Py’ (t) in L?(0,v).

Remark 7.0.2. By the same arguments P°(t) is uniquely extendable to a strongly continuous

semigroup LP(O,v), for any p > 1.
Definition 7.0.3. We denote by My the infinitesimal generator of Py (t).

In this chapter, under some additional hypotheses, we will characterize M5 using a technique
of [8, 33]. This technique requires that it is possible to associate a quadratic form to the operator
Ny (see Definition 5.1.7). Hence we restrict to the case where F' is a gradient perturbation,
namely it has a potential. In this case the invariant measure v is a weighted Gaussian measure.
In Section 7.1 we recall some known results that guarantee that it is possible in this case to define
the Sobolev space W}f(x, v) and to associate a quadratic form Qs to Na (see Definition 5.1.7),

namely
/x (Nag)bdy = Qa(ip, 1) = —% / (RV, RVY)dv, Ve € Dom(Ny), o € WEA(X, ).

see for example [2, 5, 16, 17, 29, 34, 35, 36, 39, 40, 59]. Due to this, proceeding as in [33, Section
3], we will consider a suitable space W}%’z(x v) of the functions v : O — R such that their null
extension u belongs to W}{’Q(X, v), and the quadratic form QY on WI}E’Q(O, v) defined by

-~

9 (p,¥) = (B,¥), Ve, € Wg*(0,v).
In Section7.3 we are going to prove the main result of this chapter.

Theorem 7.0.4. Assume that Hypotheses 7.1.2 hold true. Then the infinitesimal generator Ms
of PP (t) is the operator NS associated with QS , namely

Dom(NY) := {p € WL2(0,v) : 38 € L*(0,0) s.t. /O/squy — Q9(B,0) Vb € WEA(X, 1)}

NS¢ =B, ¢ €Dom(Ny).

7.1 The Sobolev spaces

We begin by stating some additional assumptions about the operators A and R in the SPDE
(2.0.1).

Hypotheses 7.1.1. Assume that Hypotheses 5.53.1 hold true and the following conditions hold

true.
(i) R is non-negative.

(ii) A :Dom(A) C X — X is self-adjoint and there exist w > 0 and M > 0 such that

HetAHL(x) < Me™™, t=0.
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(iii) R(Dom(A)) € Dom(A), and ARx = RAx for any x € Dom(A).
Under Hypotheses 7.1.1 the operator

Qooz/ A R2et dt
0

is a positive and trace class operator. Let pu ~ N(0, Q) and let WII%’Q(DC, 1) be the Sobolev space
given by Definition 6.1.5 (with G = 0 in (6.0.1)).

Hypotheses 7.1.2. Assume that Hypotheses 5.1.1 and 7.1.1 hold true and that there exists a

lower semicontinuous function U : X — R such that
1. ||z)*e 2V € LY(X, 1) and e~2V € Wh2(X, p);
2. F=—-R?VU.
Under Hypotheses 7.1.2 the SPDE (2.0.1) becomes

dX(t,z) = (AX(t,x) — R?VU(X(t,2)))dt + RAW (t), t€[0,T];
X(0,2) =z €X,

the operator (5.0.1) reads as

Now(x) = %Tr[RQVQLp(x)] + (e, A*Vp(2)) — (RVU(x), Ve(@)), @€ Ea(X), z€X,

Moreover the following results are verified.
Proposition 7.1.3. Assume that Hypotheses 7.1.2 hold true.

1. The invariant measure v of P(t) has the form

—2U (x)
v(dz) = <

u(dx), B::/xe_QU(’”)u(dx).

2. The operator
RV : €4(X) C LA(X,v) — L*(X,v,X)

is closable, and we denote by W}{’Q(DC, v) its domain.

3. For any ¢ € W}%’Q(X, v) and ¢ € Dom(N3y) we have
1
/X(Nglb)gody = Q(p,9) == —3 /x<RV<p,RV1p>dV.

We refer to [40, Sections 3-4] or [39] for a proof. Similarly to [33, Section 2|, we define the
following space.

Definition 7.1.4. We denote by Wé’Q(O,V) the space of the functions u : O — R such the
extension U : X — R defined by

u(r) ze€0O

0 z e 0°
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belongs to W}f(o, v).

Remark 7.1.5. If R is positive then Qo is positive and u is non-degenerate Gaussian measure.

Hence v is non-degenerate and so v(0) > 0 for any O € B(X).
Now we define a quadratic form on VT/}%’Q(O, v).

Definition 7.1.6. We denote by QY the quadratic form

1 N ~ .
9B (o) =~ [ (RVERVO)dr, ot e Wi(O.0),

Moreover, we denote by Ny the self-adjoint dissipative operator associated to QY , namely
Dom(Ny) == {p € W}%’Q(O,V) : 3B € L*(09,v) s.t. / Bipdy = Q3 (B,1) Vo € I/T/;’Z(x, v)},
)
NPo =75, o€ Dom(NY).

In section 7.3 we shall prove Theorem 7.0.4 using the following procedure. For A > 0 and

f € L?(0,v), we consider the equation with unknown ¢ € WII%’Q(O, v),
)\/ oudv — Q3 (p,v) = / fodv, veWR(0,v). (7.1.1)
) o

Since the quadratic form —QS is continuous, nonnegative, coercive and symmetric, by the Lax—
Milgram Theorem for every A > 0 and f € L?(0O,v) there exists a unique solution ¢ € Wé’Q(O, V)
of (7.1.1). By definition of N, for every A > 0 and f € L?(0,v), we have

RN f =,
where ¢ is the unique solution of (7.1.1). In Subsection 7.3, we will prove that
R(\, Ms) = R(\,NY),

which yields Theorem 7.0.4.

Remark 7.1.7. We stress that in the trivial case, where O = X, Theorem 7.0.4 follows from
Theorem 5.8.8 and Proposition 7.1.5.

7.2 The approximating semigroups

In this section we define and study the Feynman-Kac approximating semigroups for the semigroup
Py . For € > 0 we define

1. the set
O :={z € 0|d(z,0° > e}; (7.2.1)

2. the function

Vi(z) = <1d(:17,(9£)> AL zeX. (7.2.2)

€
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We note that V € Cy(X), V=00n O, and V =1 on O

3. the semigroup
PE()p(x) = E [p(X (¢ ))e™t o VXDt ] g By(X), @ e X,

where {X (¢, ) }+>0 is the mild solution of the SPDE (2.0.1).
First we prove that P¢(t) is uniquely extendable to a strongly continuous semigroup in L?(X, v).

Lemma 7.2.1. For any ¢ € Cp(X) we have
P () el z2(x,0y < lellz2 -
Proof. By the Holder inequality and the fact that V' is nonnegative on X,
[PE()p()” < E[p*(X(t,x))e™ < Jx VX EmDd] < P(1) (%) (2), @ e X.

Hence, since v is invariant for P(t), we have

AW%M@U@@SAP@wXWM@S/¢@Mw)

X

O

By Lemma (7.2.1) and the same procedure using in the proof of the Proposition 5.1.6, the
semigroup P¢(t) is uniquely extendable in L?(X,v) to a strongly continuous and contraction

semigroup Ps(t).
Definition 7.2.2. We denote by N§ the infinitesimal generator of P5(t).

We recall that Ny is both the closure of the operator Ny in L?(X,v) and the infinitesimal
generator of P5(t) (see Subsection 5.3).

Proposition 7.2.3. Let A\ >0 and f € L*(X,v). Then the equation

1
Ape — Nogp, + E‘/EQOE =f (7.2.3)

has a unique solution ¢, € Dom(Ny). Moreover the following estimates are verified.

1
el Z2(x 0y < ﬁ”f”%%x,u)- (7.2.4)
2 2 2
IRV @ellz2(0,,20) < £ llz2c20,0)- (7.2.5)
€
| Vit < 1M (7.2:6)

Proof. By Proposition 7.1.3, Na is maximal dissipative. Let G : L*(X,v) — L?*(X,v) be the
operator defined by
1
Gp = Ve o,
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then —G is dissipative. So the operator K : Dom(Ny) — L?(X,v), defined by
K¢ :=Nyp -Gy

is maximal dissipative. Therefore (7.2.3) has a unique solution ¢, € Dom(Nz) and (7.2.4) is
verified. Multiplying both sides of (7.2.3) by ¢, integrating over X, and taking into account
(7.1.3), we obtain

1 1
Meelscea + IR el + 1 [ Vedd = [ foun

By the Holder inequality [5 |f@e|ldv < || fllL2(xm)ll@cllL2(x,) and, by estimate (7.2.4), we obtain
Jyc [fpeldv < X1£132x,,)- Then

1 2 1 2 1 2
SRl + ¢ [ Vet < Sl

which yields (7.2.5) and (7.2.6). O
Now we characterize N5 the infinitesimal generator of Ps(¢).

Proposition 7.2.4. For any € > 0, we have Dom(N§) = Dom(N3) and
1
NSp = Nop — =Vep, Ve € Dom(N3). (7.2.7)
€

Proof. First we prove that Dom(N3) C Dom(Ns5). We begin to show that £4(X) C Dom(N5).
Let ¢ € £4(X). For any « € X and h > 0, we have

h

P5(h)p(x) — p(z) = Pa(h)p(x) — (@) + B[(e™+ Jo VeX&m)ds _ 1)o(X (h, 2)), (7.2.8)
Dividing both sides of (7.2.8) by h > 0 we obtain

P(W)p(z) — o) _ Pa(h)p(x) — () + Bl Jo VX eads 1)o(X (h,2))]
h h '

By Theorem 5.3.3, we know that

P. —
2= _ Ny in 120X, w) (7.2.9)

lim

h—0
Since the generalized mild solution X (-, z) is continuous P-a.s. (see Theorem 2.1.13 and Definition
2.1.5), then the functions r — V(X (r,z)) and r — (X (r,x)) are paths continuous, and so,
recalling that V. € Cp(X), for any x € X we have

-1 foh Ve(X(s,z))ds _
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Hence, noting that

(2 I VX (X (h2)) _ (=M gllog

h h

by the Dominated Convergence theorem it follows that

lim E[(e~ < Jo VE(X(s,')])lds — De(X(h, )] _ —%VE(%D(% in L2(%.1). (72.10)

So by (7.2.9) and (7.2.10) we obtain

Pih)e—p _

N Nop — %VL% m LQ(:X:JJ).

Nsp = li
2P hli%
Then, for any ¢ € £4(X), we have ¢ € D(N§) and
. 1
Nyp = Nop — —Vep.

Let now ¢ € Dom(Nz). By Theorem 5.3.3, {4(X) is a core for Ny, so we can take a sequence
(¢n)nen C €a(X) such that

. o . o . 2
Jm gn =, lim Nap, = Nap, in LY(X,v).

Since V, is bounded, we have

1 1
lim -V.p, = -V.p in L*(X,v).

n—+o0o € €
Hence
. . 1 1 . 1o
lim NSp, = lim Nap, — =Vep, = Naw — =Vep, in L*(X,v).
n—-+o0o n—-+o0o € €

Then, for any ¢ € Dom(Nz), we have ¢ € Dom(NS§) and (7.2.7) holds.

Finally we prove that Dom(NS) C Dom(Nz). For any ¢ € Dom(NS), let ¢, be the unique
solution of (7.2.3) with f = Ap.— N5p.. Then, by Proposition 7.2.3, ¢. € Dom(Nz) C Dom(N3).
Moreover R(\, N5)f = ¢. = ¢ and this concludes the proof. O

Finally we prove that the semigroups Ps(t) approximate Py (t) in L%(0O,v).

Proposition 7.2.5. For any f € L?(0,v) and t > 0, we have

~

lim (P (6)f)jo = PL(0)f in L(0.v), (7.2.11)
and, for any A > 0,
1%(R(A,N5)f)|o = R(\, M) f in L*(O,v), (7.2.12)

where f is defined in Definition 7.1.4.
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Proof. We split the proof in two steps. As a first step we prove that for any ¢ € C,(X) we have

tim [ P5 () — P (6)(910) | £2(0.0) = 0. (7.2.13)

And as a second step we prove the statement of Proposition.
Step 1. Let ¢ € Cy(X). First of all we prove that

lim Ps(t)p(x) = Py () (po)(x) =€ 0,t>0. (7.2.14)

e—0

Fixed z € O we consider the stopping time 7, defined in (7.0.1). Let ¢ > 0; we define the sets

O ={>t}={we| X(s,z)(w) €0, Vs €[0,t)},
Oy = {r, <t} ={w e Q| 3Isp €(0,t] | X(s0,2)(w) € O°}.

Clearly 2 = Q1 U Qs and Q4, ), are disjoint. We have

P5(t)p(x) = / (X (t,2))e ¢ Jo VeX(s:m)dsgp 4 / (X (t,x))e Jo VeXa)dsgp (7.9 15)
Ql Q2
We study separately the two integrals in the right hand side of (7.2.15). On Q;, X(s,z) € O, for
any s € [0,¢), and then, by definition of V; (see 7.2.2), there exist €y > 0, such that

Ve(X(s,2)) =0, Ve<e, Vse|[0,t).

So

lm [ (X (t,z))e ¢ Jo VeX(s2)dsgp — / (X (t,z))dP. (7.2.16)
e—0 o o

On s, by the fact that the generalized mild solution X (¢,z) € PC([0, +00),X) (see Theorem
2.1.13 and Definition 2.1.5), we know that, for P-a.a. (almost all) w € Qs, there exists so(w) €
(0,t] such that

X (so(w), 2)(w) € 90,

where 00 is the boundary of O. Then by definition of V¢, there exists 6(w) > 0 such that

Ve(X(s,2))(w) = 5, Vs € [so(w) = 6(w), so(w)].

N =

So, for the second summand of equation (7.2.15), for P-a.a. w € {3, we have

lim e~ ¢ Jo Ve(X(s2)(W)ds < Jipy o= %52 = 0, (7.2.17)

e—0 e—0

Therefore by (7.2.17) and the Dominated Convergence theorem, we have

m [ (X (ta))e* Jo VeXsaDdsgp — (7.2.18)
e—0 Qs

Hence, (7.2.16) and (7.2.18) yield (7.2.14). Moreover, for each z € O, we have
|Ps(6)(2) ()|, PP ()(p10)(@)] < [|¢lloc- Then, by (7.2.14) and the Dominated Convergence the-
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orem, (7.2.13) is verified.
Step 2. Let f € L*(0,v); we prove (7.2.11) . We recall that C,(X) is dense in L?(X,v), so there
exists a sequence (f,) C Cp(X) such that, for any large n € N,

S|

If = fallzzcen) <

In particular
. (7.2.19)

S|

ILf = fajollzzom) = IIf = fallzzce) <

Therefore

IPs(t)f — PY () fllz2(0.0) < PSS — Fajo)llzzo.m) HIPSE(F — fa)ll 2o
+[|1Ps(t) fn — Py’ () fajollL2(0.0)-

By Lemma 7.2.1 and Proposition 7.0.1, we have

|1Ps(t)f — Ps (t) 2oy < If = fajollzzm) + I1f = fallLzow) + |1Ps @) fo = Ps (8) fajo |l L2(0.0)-

Letting € — 0 and n — 400, the first and the second summand go to zero by (7.2.19), and the
third summand goes to zero by Step 1. We recall the following identity in L?(X, v)

RO NS F = / e P (1) ft,
0

taking the restriction to O of both sides and using (7.2.11) we obtain (7.2.12). O

7.3 Proof of Theorem 7.0.4

Finally we prove Theorem 7.0.4.

Proof of Theorem 7.0.4. First we prove that Dom(Ms) C Vifé’z((‘), v). For ¢ > 0, ¢ € Dom(My),
A >0 and f = A p — Map we set
e = R(A,N3)f.

By Proposition 7.2.4, ¢, is the unique solution of (7.2.3), with f replaced by ]? Moreover, by
Proposition 7.2.3(7.2.4-7.2.5), the WIIE’Q(DC, v)-norm of ¢, is bounded by a constant independent
of e. Therefore there exists a sub-sequence (., ) weakly convergent in Wé’Q(DC, v) to a function
¢. We have to prove that ¢ = @, namely ¢|¢9 = ¢ and ¢|9 = 0. By Proposition 7.2.5(7.2.12),

we know that

lim |[j¢ — ¢e, 0llL2(0,0) =0,

k—+oo

so that ¢|¢9 = ¢. Since ¢, weakly converges to ¢ in Wé’Q(DQ v), then it weakly converges to ¢
in L2(0,v). Recalling that V,, =1 in O¢ (see (7.2.2)) and using (7.2.6), we obtain

1
2 2
||¢|\iz<<9c,y):/ ¢2dv:1]icmiup/ wekaﬁdVSl]icmiup </ kaVede) </ ¢2Vekd1/>
©c — 400 c — 400 c ©e
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1

. €k % 2
< Jim (5) Iz < /O C ¢2V6kdv> 0,

and 80 ¢j9e = 0. Therefore, ¢ = ¢ € W}%’Q(DC, v), so that ¢ € W}%’z(o, V).
Finally we prove that ¢ is a solution of (7.1.1). Fixed v € Wé’Q(O, v) and k € N, we multiply
both members of (7.2.7) by v and we integrate over X\(O\O, ). Since V;, v = 0 on X\(0\0O,, ),

we have

~ 1 ~ e
)\/ Ve, U dv + 7/ (RV e, , RV) dv = / fudv.
2\(0\0.,) 2 Jxv©\0.,) X\(0\0.,)

Recalling the definition of O, (see (7.2.1)), letting k& — +o00, we obtain
P 1 PN o
)\/ Po dv + f/ (RV @, RVv) dv :/ fodv,
x 2 Jx x

and so we conclude that ¢ satisfies (7.1.1). We recall that, by the Lax-Milgram theorem, the
weak solution of (7.1.1) is unique and so, for any A > 0 and f € L?(0,v), we have

R()‘a MZ)f = R<>‘, NQO)fa

and so Theorem 7.0.4 is proved. O

7.4 Remarks and examples

The results presented in this chapter are contained in the paper [9].

We could have used the same method to prove Theorem 7.0.4 even in the case of closed
domain K as in [33] instead of an open set O. If we had considered a closed domain K (with
v(K) > 0), we could have used a single potential V' not dependent to e. However, we should
have defined differently the stopping time 7,, to take account of the value of functions at 9K (the
boundary of K).

We stress that the semigroup PY(¢) is associated to a Dirichlet problem (see [33] for the
Ornstein-Uhlenbeck case). Indeed, for any A > 0 and f € L?(O,v), we consider the Dirichlet

problem

(7.4.1)

)‘QD_N2OQD:f7 OHO,
0, on 00.

The problem (7.1.1) is a weak formulation of (7.4.1), and the spaces VT/}%’Q(O, v) are the natural

spaces in which to set the problem. In particular, by Theorem 7.0.4, the function
¢ =R\ NY)f

is the unique weak solution of (7.4.1).
Theorem 7.0.4 generalizes the result of [33, Section 3] proved for F' = 0. For a study of an

analogous problem in the case where X is a separable Banach space and F = 0 we refer to [8],



7.4. REMARKS AND EXAMPLES 138

instead we refer to [88, 96] for other types of problems about the stopped semigroup. Now we

present an interesting reaction-diffusion system that verifies the hypotheses of Theorem 7.0.4.

7.4.1 A reaction-diffusion gradient system

Let X = L?([0,1],\) where X is the Lebesgue measure and let E = C([0,1]). Let A be the
realization in L?([0,1]) of the second order derivative with Dirichlet boundary condition and let
R =Ix. By [20, Section 6.1] Hypotheses 2.1.1(iii), 2.1.1(v) and 7.1.1 are verified. By [20, Lemma
8.2.1] condition (5.1.1) of Hypotheses 5.1.1 is verified.

Now we define the function F. Let ¢ € C?(R) be a function such that ¢’ is increasing, and
there exist dy,ds > 0 and an m € N such that

() <di(1+[y"), yeR; (7.4.2)
") < da(1+1]y™ "), yeR;. (7.4.3)

Let (5 > 0. We consider the function ¢ : R — R defined by

<22

o(y) = ¢(y) + SV

and the function U : X — R defined by

Jy o(f(x)., feE,
00, féEE.

U(f) =

In this case the operator of Hypotheses 7.1.1 is Qoo = A™L. Let u ~ N(0,Qx). By [34,
Proposition 5.2], U € Wé’p(x,u), for any p > 1, and

VU(f)(z) = ¢'o f(z) = ¢(f(2)) + f(z), VfeE=C([0,1]), z€0,1].

We set ' = —VU, and we recall that we have taken R = Iy. Hence Hypotheses 2.1.1(ii) are
verified. By (7.4.2) and (7.4.3) Hypotheses 2.1.1(vi) and 2.1.1(vii) are verified. By [43, Example
D.7] and standard calculations Hypotheses 2.1.1(iv) are verified with ( = —(s. Therefore all the
hypotheses of Theorem 5.1.3 are verified, so v(C([0,1])) = 1, where v is the invariant measure
of the transition semigroup associated to the generalize mild solution of (2.0.1). Finally, by the
definition of ¢ and the Fernique theorem, the hypotheses of Theorem 7.0.4 are verified.

It is also possible to consider an operator A that verifies Hypotheses 2.1.1(iv)(a) with ¢; <
O(see [43, Example 11.36]), in this way we can take (2 < 0.
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