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1. Introduction

Let N = 2m, where m > 1 is an integer, and let Q@ C RN¥*! be a bounded domain, i.e., a bounded,
open and connected set. In this paper we establish a number of results concerning the boundary behavior
of non-negative solutions to the equation u = 0 in €2, where

m m

K= 0uu + > 20y, — 0  (2,y,t) ER™ x R™ xR, (1.1)
1=1

i=1

The operator /C, referred to as the Kolmogorov or Kolmogorov—Fokker—Planck operator, was introduced and
studied by Kolmogorov in 1934, see [19], as an example of a degenerate parabolic operator having strong
regularity properties. Kolmogorov proved that K has a fundamental solution I' = I'(x,y,t, %, 7, ) which is
smooth in the set {(x,y,t) + (i,gj,f)}. As a consequence,

Ku:=feC®Q) = uelC®), (1.2)
for every distributional solution of Cu = f. Property (1.2) can also be stated as
K is hypoelliptic, (1.3)

see (1.13) below.

The operator K appears naturally in the context of stochastic processes and in several applications.
The fundamental solution T'(,-,-, &, 7,%) is the density of the stochastic process (X¢,Y;), which solves the
Langevin equation

(1.4)
dY, = X,dt,  Yi =7,

{dXt =\2dW,, X;=7,
where W; is a m-dimensional Wiener process. The system in (1.4) describes the density of a system with
2m degrees of freedom. Given z = (z,y) € R*" x = (21,...,2my) and y = (y1,...,Ym) are, respectively,
the velocity and the position of the system. (1.4) and (1.1) are of fundamental importance in kinetic theory,
they form the basis for Langevin type models for particle dispersion and appear in applications in many
different areas including finance [2,23], and vision [10,11].

In [7], [8] and [9], we developed a number of important preliminary estimates concerning the bound-
ary behavior of non-negative solutions to equations of Kolmogorov—Fokker—Planck type in Lipschitz type
domains. These papers were the results of our ambition to understand to the extent, and in what sense,
scale and translation invariant boundary comparison principles, boundary Harnack inequalities and dou-
bling properties of associated parabolic measures, previously established for uniformly parabolic equations
with bounded measurable coefficients in Lipschitz type domains, see [13,14,26,12,22,25], can be established
for non-negative solutions to the equation Ku = 0 and for more general equations of Kolmogorov-Fokker—
Planck type. In this paper we take this program a large step forward by establishing Theorems 1.1, 1.2 and
1.3 stated below. These results are completely new and represent the starting point for far reaching devel-
opments concerning operators of Kolmogorov type. Already in the case of uniformly elliptic and parabolic
operators this kind of scale and translation invariant estimates are important in the analysis of free bound-
ary problems, see [5], [6] and [1] for instance, and in the harmonic analysis approach to partial differential
equations in Lipschitz type domains, see [18,16].
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1.1. Scalings and translations

The prototype for uniformly parabolic operators in R™*! is the heat operator

Hi=> 0pu, — O (1.5)

Considering non-smooth domains, here roughly defined as Lipschitz type domains, the ambition to develop
estimates for solutions to Hu = 0 which respect the standard parabolic scalings, and the standard group of
translations on R™ 1! naturally leads one to develop estimates for solutions to Hu = 0 in the time-dependent
setting of Lip(1, 1/2)-domains. A notion of (local) Lip(1, 1/2)-domains with constants M and r is formulated
in the natural way using appropriate local coordinate systems and assuming that in each local chart of size
79, the boundary can be represented by a Lip(1,1/2)-function f with Lip(1,1/2)-constant M, see [22] for
example. Recall that a function f: R™~! x R — R is called Lip(1,1/2) with constant M if

F@st) = F(@.B)] < M(la/ —&| + ]t — ]'/2) (L6)

whenever (z/,t), (#/,7) € R™1 x R.

Compared to the heat operator, the scalings underlying the operator I is different, and the change of
variables preserving the equation is more involved. As a consequence the appropriate geometric setting for
the equation Ku = 0 becomes more of an issue. In the case of K, the natural family of dilations (d,),so on
R2m+1 is defined by

S (x,y,t) = (ra, r’y,rt), (1.7)

for every (z,y,t) € R?™*! and every positive r. Due to the presence of non-constant coefficients in the drift
term of IC, the usual Euclidean change of variable does not preserve the Kolmogorov equation. Nevertheless,
a Galilean change of variable does. Consider a smooth function u : Q — R, choose any point (%, §,7) € R?"+1

and set w(z,y,t) = u(Z + z,§+y — tZ,t +t). Then
Ku(z,y,t) = f(z,y,t) <<= Kw(w,y,t)=f@+2,5+y—tz,t+1),

for every (z,y,t) € Q.
The change of variables used above defines a Lie group in RN*! with group law

(2.8) 0 (zt) = (T, g, )0 (v,y,1) = (@ + 2, § +y —t&,1+1), (1.8)

(2,t), (%,1) € RV*1. Note that

and hence

(th)_l o (th) = (jvgvt) To (x,y,t) = ((E - fﬁay - 27+ (t _t)i'vt - t)’ (110)

when (z,t), (2,#) € RN+l Using this notation the operator K is 6,-homogeneous of degree two, i.e.,
K o6, =1r%(6, oK), for all » > 0. The operator K can be expressed as

/C:ixfuf,

=1
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where
Xi=0,, i=1....m, Y=Y 0, —0, (1.11)
i=1
and the vector fields Xi,...,X,, and Y are left-invariant with respect to the group law (1.8) in the sense
that

Y (u((28) 0 ) = (Yu) ((3,1) 0 -), (1.12)

for every (2,t) € RNVT!. Consequently, K (u((Z,%) o -)) = (Ku) ((%,) o -). Taking commutators we see that
[X;, Y] = 9,, and that the vector fields {X;,...,X,,,Y} gencrate the Lie algebra associated to the Lie
group (o, RN*1), In particular, (1.3) is equivalent to the Hérmander condition,

rank Lie (X1,..., X, Y) (z,9,t) = N + 1, Y (z,y,t) € RNTL (1.13)

see [17]. Furthermore, while X; represents a differential operator of order one, J,, acts as a third order
operator. This fact is also reflected in the dilations group (d,),¢ defined above.

Based on the scalings and group of translations discussed above, writing (z,y,t) = (x1,2',91,¥',1),
(%,9,t) = (81,7, 91,7 ,1) E Rx R™ ! x R x R™~! x R, and assuming that x; is the dependent variable, it
is natural to formulate geometry by using local coordinate charts and expressing the first coordinate z; as
a function f: R™~! x R™ x R — R satisfying

|f(l'/,y1,y/,t) - f(jlvglag/af)‘
< M0, —F 1 — g1+ (t—D)F,y—F + (t-D)F t — 1)k, (1.14)

for some M, where Z; = f(&',91,7',t). Here

1 1/3
1,9, )l = 12, 9) i + 112, ()i = |2 + [y (1.15)

whenever (z,y,t) € R™ x R™ x R = RVN*1 see [8,9]. Note that ||6,(z,y,)|x = 7||(z,y,1)| x for every r > 0
and (z,y,t) € RV*T1. Furthermore, as long as f is allowed to depend on the variable y;, and x; is assumed to
be the dependent variable, then the term y; — 1 + (t —£)#; has to appear on the right hand side in (1.14) to
achieve translation invariance. In line with [8,9], we call a function f satisfying (1.14) a Lip j-function, with
Lip-constant M. From the perspective of scalings and group of translations, Lip p-functions, and associated
(local) domains, are the natural replacement in the context of the operator K of the Lip(1, 1/2)-functions
and Lip(1,1/2)-domains considered in the context of H.

1.2. Geometric aspects: Harnack chains

While the outline above gives at hand that Lipg-functions, and associated local Lip-domains, may
serve as good candidates for geometries in which one may attempt to establish more refined boundary
comparison principles for solutions to Cu = 0, further considerations are needed. In the corresponding
theory for uniformly parabolic operators, the Harnack inequality and a method to connect points and to
compare values for non-negative solutions, through Harnack chains in the geometry introduced, are usually
very important tools needed to make progress. In this context the progress often builds on the validity
of the strong maximum principle, the fact that the spatial variables (z1,...,2y) are decoupled from the
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time variable ¢, something which naturally also is reflected in the underlying group of translations, and a
flexibility in the very formulation of the Harnack inequality. In contrast, this is where things starts to get
complicated for the operator K.

The tool used to build Harnack chains is that of K-admissible paths. A path v : [0, 7] — RN *! is called
K-admissible if it is absolutely continuous and satisfies

d m
E’}/(T) = ij(T)Xj (v(7)) + A(T)Y (7(7)), forae. 7€][0,T], (1.16)
j=1
where w; € L?*([0,T]), for j = 1,...,m, and X are non-negative measurable functions. We say that v

connects (z,t) = (z,y,t) € RNt to (2,%) = (&,7,1) € RNTL { < ¢, if v(0) = (z,t) and v(T) = (Z,). When
considering Kolmogorov operators in the domain RY x (Ty,T}), it is well known that (1.13) implies the
existence of a KC-admissible path ~ for any points (z,t), (2,f) € RNt with Ty <t <t < 7.

Given a domain Q C RV*1 and a point (z,t) € Q, we let A2y = A1) () denote the set

{(z,t) € Q| 3 a K-admissible v : [0,T] — Q connecting (z,t) to (%,1)},
and we define A, ;) = A 4)() = A1 (Q). Here and in the sequel, A, +)(€2) is referred to as the prop-
agation set of the point (z,t) with respect to Q. The presence of the drift term in K considerably changes
the geometric structure of A, 4+ (2) and A, +)(2) compared to the case of uniformly parabolic equations.
Indeed, simply consider (z,t) = (x,y,t) € R? in which case

Ku= X*u+Yu=0, X =0, and Y =z0y— 0. (1.17)
Consider the domain
Q=(—-R,R) x (-1,1) x (-1,1], (1.18)
where R is a given positive constant. In this case
A0,00) () = {(z.y,1) € Q: |y| < ~tR)}, (1.19)

and one can prove, see [7], that there exists a non-negative solution v to Ku = 0 in Q such that v = 0 in
A(0,0,0)(22) and such that v > 0 in Q\ A,0,0)(€2). In particular, it is impossible to find a positive constant
¢ such that u(z,y,t) < cu(0,0,0) whenever (z,y,t) € Q\ A(0,0,0)(22). Hence, in this sense the Harnack
inequality cannot hold in a set greater than A(,0)(2) and as a consequence the Harnack inequality we
have at our disposal, see Theorem 2.1 stated in the bulk of the paper, is less flexible compared to the
corresponding one for uniformly parabolic operators. Naturally this is also related to the Bony maximum
principle, see [3].

In this context it is fair to mention that the first proof of the scale invariant Harnack inequality which
constitutes one of the building blocks of our paper, can be found in [15]. Furthermore, the introduction of
that paper, see p. 776-777 in [15], also contains a discussion of an example showing why a uniform Harnack
inequality cannot be expected to hold outside of the propagation set A(; ;). In [15] the Harnack inequality
is expressed in terms of level sets of the fundamental solution, hence depending implicitly on the underlying
Lie group structure. This fact was used in [20], where the group law (1.8) was used explicitly and the
Harnack inequality, in the form we use it, was proved for the first time.

In general, using (1.16) we see that if we want to construct a K-admissible path connecting (z,t), (2,f) €
RN*1 then we have flexibility to define and control the path in the x and t variables by choosing w; for
j=1,...,m, and A. However, by choosing {w;} and A, the path in the y variables becomes determined
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by these choices. In this sense, any such construction renders a certain lack of control of the path in the y
variables and it becomes a difficult task (impossible in some cases) to connect arbitrary points (z,t) = (x,y,t)
and (%,f) = (&,9,1), in a controlled manner, by K-admissible paths and Harnack chains while taking
geometric restrictions into account.

An important contribution of this paper is that we are able to overcome this concrete difficulty by impos-
ing one additional restriction on our Lip-domains: we consider local Lipj-domains defined by functions
f as in (1.14) with the assumption that f does not depend on the variable y;. This formulation of the
geometry induces an additional degree of freedom which we are able to explore to make progress.

1.8. Admissible local Lipj -domains
Given (z,y) € RY, we write

(-’I;,y) = (x17x/7y1,yl) where xl = (.172, cee axm)7 y/ = (y2a ey ym)a (120)
and we let, with a slight abuse of notation,

1/3 1
Iy, Ol = 11(00,2"), 0,5), D)l = |='| + |y/'| 7 + [t]2, (1.21)

in R*! x R*~! x R. Given positive numbers 71,72, we introduce the open cube
Ore = 1@y, 8) €ERNT2X R | || <71, |ys| <73, |t] < 73}, (1.22)

where i € {2,...,m}. Given any open set O,, ,, C R¥V~! x R, we say that a function f, f : O, ., — R,
is a Lipg-function, with respect to ey = (1,0,...,0), independent of y; and with constant M > 0, if
x1 = f(2',y',t) and

@'y ) = @50 < M|« =&y —§ + (t = DTt = D] ., (1.23)
whenever (z/,y/,t), (¥,%',1) € Oy, . In addition, given positive numbers 71,72, 3, we let

Qryrors = {(x1, 2,y 1) € RN | (2,4, 1) € Opy gy 21| < 73} (1.24)

For positive M and r, we let Qur = Q,. /3, 4pr,- Finally, given f as above with f(0,0,0) = 0 and M,r > 0,
we define

Qf,T = {($1>$'>y171/at) | (‘rlvx/,ylvt) € QMJW Ty > f(mlvylvt)7 |y1| < 7“3},
Af,'r = {(ﬂfl,ﬂcl,yl,y/’t) | (xhx/’y/vt) S QM77'7 Ty = f(xlvylvt)v |y1| < Tg}'

Definition 1. Let f be a Lipg-function, with respect to e; = (1,0,...,0), independent of y; and with
constant M > 0. Let Q;, and Ay, be defined as above. Given M, ro, we say that 2o, is an admissible
local Lip gr-domain, with Lip g-constants M, ro. Similar we refer to Ay 2., as an admissible local Lip g-surface
with Lipj-constants M, ro.

Remark 1.1. Our results, see Theorems 1.1, 1.2 and 1.3 below, are established near an admissible local
Lipg-surface Ag o, . The surface Ay, is contained in the non-characteristic part of the boundary of
Qf.2r,- Recall that a vector v € RV*! is an outer normal to Q2. at (z0,t0) € Ay, if there exists a
positive r such that B((zo,to) +7v,7)NQf 2., = 0. Here B((z9,t0) +rv,r) denotes the (standard) Euclidean
ball in RV*! with center at (z0,%9) + rv and radius r. Now (X;(z0,t0),v) # 0, for some j = 1,...,m,
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whenever (zo,t9) € Ajay,. Hence, by definition all points (z9,%0) € Ay 2., are non-characteristic points
for the operator K. For a more thorough discussion of this, regular points for the Dirichlet problem, and
Fichera’s classification, we refer to subsection 2.4, see (2.15) in particular.

Remark 1.2. We emphasize that an admissible local Lipg-surface Ay oy, is defined through a function f
which is independent of the y; variable. This formulation of the geometry induces an additional degree
of freedom which we are able to explore to make progress. In particular, as discussed, due to the lack of
flexibility when constructing KC-admissible paths and Harnack chains, it is difficult to connect arbitrary
points (z,t) = (x,y,t) and (Z,%) = (&, §,1), in a controlled manner, while taking geometric restrictions into
account. However, using that Ay, is independent y;, and as our equation is invariant under translations
in the y; variable, we are able to explore this independence in the proof of our main results in a manner
similar to how ¢ independence is explored in [12]. We refer to subsection 1.5 below for a more thorough
discussion, see also Remark 1.5 below.

1.4. Statement of the main results

Let Qf 2., be an admissible local Lip -domain in the sense of Definition 1, with Lipx-constants M, rg.
The topological boundary is denoted by 9€2¢ 2,,. As discussed in the bulk of the paper, all points on Ay o,
are regular for the Dirichlet problem for the operator K in Qy s,,. For every (z,t) € Qf oy, there exists a
unique probability measure wg (2,t,-) on 90y 2., such that the Perron-Wiener-Brelot solution to Ku = 0
in Q7 2y, with boundary data ¢ on 9 2., equals

u(z,t) = / 0(2,)dwr (2,t, 2, 1). (1.25)

Bnyer

We refer to wi (z,t,-) as the Kolmogorov measure relative to (z,t) and ¢ 2,,. To formulate our results we
also have to introduce certain reference points.

Definition 2. Given ¢ > 0 and A > 0 we let

At = (A0,0,—2A0%0,0°) ERXR™ ' x RxR™ ! xR,

o,
Apa = (A0,0,0,0,0) e R x R™ ! x R x R™™ x R,
Ay = (A0,0,3A0%,0,—0%) eRXR™ P xRxR™ ! xR. (1.26)

Furthermore, given (29,%9) € R¥*! and ¢ > 0, we let Qar.,(20,t0) = (20,t0) © Qar,, and A, a(20,t0) =
(20,t0) 0 Ag . In Theorem 1.2 below we use the notation

dx((%,1), (2,1) = (2,7 o (2,8)l|x-

Theorem 1.1. Let Q2. be an admissible local Lip i -domain, with Lip g -constants M, ro. Then there exist
A=A(N,M), 1 <A<oo, and ¢y = cg(N, M), 1 < ¢y < 00, such that the following is true. Assume that u
is a non-negative solution to Ku =0 in Qf o, and that u vanishes continuously on Ay o.,. Let oo = r0/cCo,
introduce

mt = u(A;fo,A), m- =u(A, ), (1.27)

and assume that m~ > 0. Then there exist constants ¢y = c¢1(N, M), 1 < ¢1 < 00, ¢g = co(N, M, m*/m™),
1 < ey < 00, such that if we let o1 = po/c1, then
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u(z,t) < cau(Aya(20,10))s
whenever (z,t) € Qf 2, N Qr,0/c, (20,t0), for some 0 < 0 < 01 and (z0,%0) € Ay g, -

Theorem 1.2. Let Q2. be an admissible local Lip i -domain, with Lip g -constants M, ro. Then there exist
A=A(N,M), 1< A<oo, and ¢y = cg(N, M), 1 < ¢y < 00, such that the following is true. Assume that u
and v are non-negative solutions to Ku = 0 in g o,y and that v and u vanish continuously on Ao, . Let
00 = ro/co, introduce

my = ( Z;F(,,A)a my; = U(A;O,A)»
mg = u(Ag x), my =u(4, ), (1.28)

and assume that my > 0, m, > 0. Then there exist constants ¢c; = c¢(N, M), ca = co(N, M, m{ /m7,
m3/my), o = o(N,M,m{ /my,m3/m5), 1<ci,co < o0, o€ (0,1), such that if we let o1 = go/c1, then

N CRICDINAE TR

0 u(Apa(20,t0))

o(zt) vz ‘ .

whenever (z,t), (2,1) € Qf.2ry N Qur,0/e, (20, t0), for some 0 < 0 < o1 and (z0,t0) € Ay, .

Theorem 1.3. Let Qf o, be an admissible local Lip i -domain, with Lip i -constants M, ro. Then there exist
A=A(N,M),1<A<o0,c1=c1(N,M), 1< c; <00, such that the following is true. Let o1 = ro/c1, and
consider o, 0 < o < p1. Let (20,t0) € Ay, and let LL)K(A-;A(ZQ,tO), -) be the Kolmogorov measure relative
to A;A(zo,to) and Q¢ o, . Then there exist co = ca(N, M), 1 < cg < 00, and c3 = c3(N, M), 1 < c3 < o0,
such that

WK(A;:A(ZOatO)y Ajor, N Qur25(Z0,t0)) < CQWK(AZ;A(ZOJO), Aj2r, N Qur,s(20,t0)),
whenever (Zp,to) € Afar, and Qur,5(Z0,t0) C Q,o/cs (205 t0)-

Remark 1.3. Theorem 1.1 and Theorem 1.2 give scale and translation invariant quantitative estimates
concerning the behavior, at the boundary, for non-negative solutions vanishing on Ay o, . The constants in
the estimates depend only on N, M and certain reference quotients for (of) the solution(s) at well-defined
interior points of reference. Theorem 1.3 gives a scale and translation invariant doubling property of the
Kolmogorov measure.

Remark 1.4. Theorems 1.1, 1.2 and 1.3 are completely new and we believe that these theorems represent the
starting point for far reaching developments concerning operators of Kolmogorov type. Using this notion of
local Lip g-domains we in [8,9], in greater generality, developed a number of important preliminary results
concerning the boundary behavior of non-negative solutions like, for example, the Carleson estimate. This
paper can be seen as a rather far reaching continuation of these papers.

Remark 1.5. In Theorem 1.1, Theorem 1.2 and Theorem 1.3, as well as in the generalizations stated in
Theorem 7.1 and Theorem 7.2 below, the underlying function f defining the local domain is assumed to be
independent of a set of properly chosen variables. It is fair to pose the question if this is really necessary
for the validity of this type of results. Though our argument relies heavily on independence, we believe that
the answer to this question likely is no. We believe that the results established in this paper can serve as
a starting point for the development of the corresponding results under weaker assumptions. We here leave
this problem for future research.
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1.5. Brief discussion of the proof and organization of the paper

Section 2 is of preliminary nature and we here state facts about the fundamental solution associated
to IC, we state the Harnack inequality, we discuss the Dirichlet problem and we introduce the Kolmogorov
measure and the Green function. In Section 3 we elaborate on the Harnack inequality, K-admissible paths
and Harnack chains under geometric restrictions. Some of the material in this section builds on results
established in [8,9]. In Section 4 we establish an important relation between the Kolmogorov measure and
the Green function. In Section 5 we first prove Lemma 5.1 which gives a weak comparison principle at the
boundary. Using Lemma 5.1 we in Section 5 then prove an important lemma: Lemma 5.3. In fact, it is
Lemma 5.3 which enables us to, in the end, complete the proofs of Theorems 1.1, 1.2 and 1.3. In the context
of admissible local Lip -domains, Lemma 5.3 states that there exist constants ¢; = ¢;(N, M), 1 < ¢; < o0,
i € {0,1,2,3}, such that if u is a non-negative solution to Ku = 0 in Qy 2,,, vanishing continuously on
Af2rg, 00 = To/Co, 01 = 00/c1, then

-1 U(A;FO’A)

/ ’ u(AT
A < u(xlvxvoay’t) <02 ( €O7A)

U(AQO)A) T ou(r, YLy t) T U(AQOJ\)7

(1.29)

whenever (z1,2',y1,y',t) € Qf 4, /¢, Le., for (x1,2',9',t) fixed and up to the boundary, all values of the
function

Y1 U(331733,7yl7y/at)

are comparable to u(x1,2’,0,y’, t), uniformly in (x1,2’,y’,t), but with constants depending on the (accept-
able) quotient u(AzO’ A)/u(A, ). Using this result we have a crucial additional degree of freedom at our
disposal when building Harnack chains to connect points: we can freely connect points in the x; variable,
taking geometric restriction into account, accepting that the path in the y; variable will most probably
not end up in ‘the right spot’ In the proof of Lemma 5.3 we use the fact that by the very definition of an
admissible local Lipg-domain, the surface Ay o, is independent of y;, hence we are able to translate with
respect to this variable. Section 6 is devoted to the proof of Theorem 1.1, Theorem 1.2 and Theorem 1.3.
Section 7 is devoted to a discussion of to what extent Theorems 1.1, 1.2 and 1.3 can be extended to more
general operators of Kolmogorov type.

2. Preliminaries

In general we will establish our estimates in an admissible local Lipy-domain Qf2,, C RY¥* with
Lip-constants M, ro. Therefore, throughout the paper ¢ will in general denote a positive constant ¢ > 1,
not necessarily the same at each occurrence, depending at most on N and M. Naturally ¢ = ¢(aq,...,a;)
denotes a positive constant ¢ > 1 which may depend only on ai,...,a; and which is not necessarily the
same at each occurrence. Two quantities A and B are said to be comparable, or A ~ B, if ¢! < A/B <c¢
for some ¢ = ¢(N, M), ¢ > 1.

2.1. Notation

Recall the definition of |(z,9)|k, (z,y) € RY, in (1.15) and that ||5,(z,y,t)||x = 7|/(z,y,t)|| x for every
r > 0 and (z,y,t) € R¥*1 We recall the following pseudo-triangular inequality: there exists a positive
constant c such that

(@, Ik < cll@,y, )k,
(@, y,t) 0 (2,5, D)k < elll@ y, )k + (&5 Dx), (2.1)
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whenever (z,v,t), (Z,7,f) € RNt We define the quasi-distance dx by setting

dxe((2,1), (2,1)) = I(2,6) 7 o (2,1) |, (2.2)

and we introduce the ball
B ((x,y,t),7) == {(&§,1) € RN | di (%, 3,7), (x,9,1)) <7} (2.3)

Note that from (2.1) it follows directly that

dK((xayat)v (*(Ea gvg)) < C(dK((Ivyat)v (‘%’Qaf)) + dK((i'vgatA)a (ivgat)))a (24)

whenever (z,v,1), (2,9,1), (Z,7,f) € RN*L. For any (z,y,t) € RVt and H ¢ RN we define

di ((z,y,t), H) = inf{dx ((z,y,1),(2,9,1)) | (£,5,1) € H}. (2.5)

Using this notation we say that a function f : O — R is Holder continuous of order o € (0,1], in short
f e C%™(0), if there exists a positive constant ¢ such that

[f(@,y,t) = f(2,5,0)] < cdr((z,y,1),(2,9,1))7, (2.6)
for every (x,y,1t),(%,7,t) € O. We let

|U(Z‘,y, t) - U(i’,g,f)‘

1]l 50,0 oy = sup |u] + sup — . (2.7)
“x"O) o (z,y,t),(2,9,1) €O H(xayvt)il o (a:,y,t)H?(
(z,y,t)#(Z,7,t)

Note that, if O is any bounded subset of R¥*1 then every u € C’%O‘(O) is Holder continuous in the usual
sense as

~ o~ — ORI
H(l’,yﬂf) o (mvy7t>||K < co|(x,y7t) - (a:,y,t)|3.
2.2. Fundamental solution

Following [19] and [20] it is well known that an explicit fundamental solution, I', associated to K can be
written down. Let

— (8 {)m) F(s) = exp(—sB*),

for s € R, where I,,,, 0, represent the identity matrix and the zero matrix in R™, respectively. * denotes the
transpose. Furthermore, let

t
Ln 0\ .. L, -E1,
C(t) := /E(s) < 0 0) E*(s)ds = <_§Im §QIm )7
0

whenever ¢ € R. Note that det C(t) = ¢t¥™ /12 and that

€)' =12 (élm %Im> .

s Im 730,
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Using this notation we have that
[(z,t,2,t) =T(z — BE(t —t)%,t — 1,0,0), (2.8)
where I'(2,¢,0,0) = 0if ¢t <0, z # 0, and

(4m)~N/2

F(Z,t, 0,0) == Tc(t)

exp (i(C(t)lz, z)) ift>0. (2.9)

Here (-,-) denotes the standard inner product on R. We also note that

for all (z,t), (2,1) € RN x (0,T), t > 1, (2.10)

where q = 4m and ¢ = ¢(N). Often q+ 2 is referred to as the homogeneous dimension of RV *1 with respect
to the dilations group (6 )r>0.

2.8. The Harnack inequality

To formulate the Harnack inequality we first need to introduce some additional notation. We let, for
r >0 and (29,t0) € RV,

Qi = <B(%61, 1) n B(*%Gl, 1)) X [*1,0],
Q; (20,t0) = (20,t0) 06, (Q7) (2.11)

where e; is the unit vector pointing in the direction of z; and B(%el, 1) and B(—%el, 1) are standard
Euclidean balls of radius 1, centered at %61 and 7%61, respectively. Similarly, we let

Q = (B(%el, 1) N B(—%el, 1)) X [—17 1}7
Qr(20,t0) = (20,t0) 06, (Q) . (2.12)

Given a, 3,7,0 € R such that 0 < a < < v < 6%, we set

Qi (z0,t0) = {(z,1) € Q. (20, t0) | to — ar? <t < to},

Q; (20,t0) = {(z,t) € Qp, (20, t0) | to —yr* < t < to — Br}.

In the following we formulate two versions of the Harnack inequality. Recall, given a domain Q ¢ RN¥*! and
a point (z,t) € Q, the sets A, 4)(Q2) and A, () = A(. ) () defined in the introduction.

Theorem 2.1. There exist constants ¢ > 1 and o, 3,7,0 € (0,1), with 0 < a < B < v < 02, such that

the following is true. Assume w is a non-negative solution to Ku = 0 in Q, (20,to) for some r > 0,
(20,t0) € RNTL. Then,

sup u<c _inf
Qr (z0,t0) Qi (20,to0)
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Theorem 2.2. Let Q C RN+ be domain and let (29,t0) € Q2. Let K be a compact set contained in the interior
of A(zo,t0)(2). Then there exists a positive constant cx, depending only on Q and K, such that

supu < cx u(zo, to),
K

for every non-negative solution u of Ku =0 in Q.

Remark 2.1. We emphasize, and this is different compared to the case of uniform parabolic equations, that
the constants «, 3, , 8 in Theorem 2.1 cannot be arbitrarily chosen. In particular, according to Theorem 2.2,
the cylinder @, (zo,%0) has to be contained in the interior of the propagation set A, +,)(Q; (20,%0))-

2.4. The Dirichlet problem

Let © € RV*! be a bounded domain with topological boundary 92. Given ¢ € C(92) we consider here
the well posedness of the boundary value problem

Ku=0 1inQ,
{ (2.13)

u=1¢ on O

The existence of a solution to this problem can be established by using the Perron—Wiener—Brelot method
and, in the sequel, u,, will denote this solution to (2.13). In the following we first introduce what we refer
to as the Kolmogorov boundary of €2, denoted dx€2. The notion of the Kolmogorov boundary replaces the
notion of the parabolic boundary used in the context of uniformly parabolic equations.

Definition 3. The Kolmogorov boundary of 2, denoted 0k(?, is defined as

k= | (Aey(@noQ).

(z,t)eQ

By Definition 3, 0 C 992 is the set of all points on the topological boundary of Q which is contained
in the closure of the propagation of at least one interior point in 2. The importance of the Kolmogorov
boundary of € is highlighted by the following lemma.

Lemma 2.1. Consider the Dirichlet problem in (2.13) with boundary data ¢ € C(09) and let u = u, be the
corresponding Perron—Wiener—Brelot solution. Then

sup [u| < sup |¢|.
Q oK Q
In particular, if o =0 on 0x€), then u =0 in Q.
Proof. The lemma is a consequence of the Bony maximum principle, see [3]. O
0k (2 is the largest subset of the topological boundary of €2 on which we can attempt to impose boundary
data if we want to construct non-trivial solutions. Hence, also the notion of regular points for the Dirichlet
problem only makes sense for points on the Kolmogorov boundary and we let 9r€2 be the set of all (zg,t0) €

Or ) such that

lim  wu,(z,t) = (20, t0) for any ¢ € C(0x Q). (2.14)

(Z,t)*)(Z(),t(])
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We refer to Or{2 as the regular boundary of 2 with respect to the operator . By definition dgQ) C 9.

Given a bounded domain © c RV*! in [21, Proposition 6.1] Manfredini gives sufficient conditions for
regularity of boundary points. Recall that a vector v € RV*! is an outer normal to  at (zq,t9) € O if
there exists a positive r such that B((zo,to) +rv,r)NQ = 0. Here B((20,%0) + 7v,7) denotes the (standard)
Euclidean ball in RV*! with center at (zo,to) + v and radius r. In consistency with Fichera’s classification,
sufficient conditions for the regularity can be expressed in geometric terms as follows. If (zg,p) € 99 and
v=(v1,...,vN+1) is an outer normal to Q at (zp, o), then the following holds:

(a) if (v1,...,vm) # 0, then (z9,t9) € Or12,

(b) if (l/l, .. .7l/m) =0 and <Y(Zo,t0), V> > 0, then (Zo,to) € 0r{,

(C) if (1/17 ey l/m) =0 and <Y(Zo,t0), V> < 0, then (Zo, to) & OrS2, (2.15)
where Y is the vector field defined in (1.11). Condition (a) can be equivalently expressed in terms of the
vector fields X;’s as follows: (X;(zo,%0),v) # 0 for some j = 1,...,m. If this condition holds, then in the
literature (2o, to) is often referred to as a non-characteristic point for the operator K.

A more refined sufficient condition for the regularity of the boundary points of 92 is given in [21,
Theorem 6.3] in terms of an exterior cone condition.

Lemma 2.2. Let Qf 2,, be an admissible local Lip i -domain, with Lip g -constants M, ro. Then
OrRYf 2ry = Ok S5 210,
i.e., all points on the Kolmogorov boundary are reqular for the operator K.

Proof. First, using Lemma 3.6 below and the sufficient condition for the regularity of the boundary points
in terms of the existence of exterior cones referred to above, see [21, Theorem 6.3], we have that

At org COROQf 2r-
Furthermore, that
Ok f2r0 \ Af2rg C ORSY 21,
follows, as discussed above, also by using the results in [21]. O

Remark 2.2. The operator adjoint to K is

K* = zm: Oz, — i 2:0,, + 0. (2.16)
=1

i=1

In the case of the adjoint operator K* we denote the associated Kolmogorov boundary of Q¢ o,, by 05 ¢ 27, -
The above discussion and lemmas then apply to * subject to natural modifications.

Lemma 2.3. Let Q = Qp o, . Then there exists, for any ¢ € C(0xQ), ¢* € C(0%N), unique solutions
U= Uy, u € C®(Q), u* = up-, u* € C*(NQ), to the Dirichlet problem in (2.13) and to the corresponding
Dirichlet problem for K*, respectively. Furthermore, u is continuous up to the boundary at all boundary
points contained in O and u* is continuous up to the boundary at all boundary points contained in 05 2.
Moreover, there exist, for every (z,t) € Q, unique probability measures wi (x,t,-) and wi(2,t,-) on Ox
and 0% €Y, respectively, such that
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u(ert) = [ ol Ddunclz 5,0,
O

u(z,t) = / 0 (2,0 dwic (z,t, 2, 1).

05 Q

(2.17)

Proof. The lemma is an immediate consequence of Lemma 2.1 and Lemma 2.2. O

Definition 4. Let (2,t) € Q = Qf 9,,. Then wk(z,t,-) is referred to as the Kolmogorov measure relative to

(z,t) and Q = Qy o, and wi (2,t,-) is referred to as the adjoint Kolmogorov measure relative to (z,t¢) and
Q= Q2.

We define the Green function for Qy s, with pole at (2, t) e Qf oy, as

Gt 2,8) = D(z,t, 2,7) — / (2,7, 2, D) dw (2, £, 5, 1), (2.18)

Ok Qy,2rg

where T" is the fundamental solution to the operator K introduced in (2.8). If we instead consider (z,t) €
Qfor, as fixed, then, for (2,1) € Qj.a,,,

~

G(z,t,2,t) =T(2,t, 2,1) — / [(z,t,2,)dwi (3,1, 2,1), (2.19)

a}Qfﬂm

where now 0%y 2., is the Kolmogorov boundary for the equation adjoint to K and wi-(2,%,-) is the
associated adjoint Kolmogorov measure relative to (2,%) and Q... Given 8 € C5°(RV*1!), we have the
representation formulas

0(z,1) = / 00z, )dwic (2,1, ,1) + / G2t 2, D)K0(, D) dad,
Ok §2f 21

0(2,1) = / 0(2,t)dwic (2,1, Z,t)+/G(z,t,é,f)lC*H(z,t)dzdt, (2.20)

aIr}Qf-,?m

whenever (z,t), (2,%) € Qf.2y,. In particular,
/G(z,t,z,ﬂica(éj)dzdf: —/a(z,f) dwg (2,t,2,1),
/G(z,t,é,f)lC*G(z,t)dzdt = —/G(Z,t) dwi; (2,1, 2,1) (2.21)
whenever 6 € C2(RNT1\ {(z,1)}) and § € C5°(RVNF1\ {(%,1)}), respectively.

3. Harnack chains under geometric restrictions

In this section we discuss the construction of Harnack chains in domains Q@ € RV*! and we derive some
important lemmas. The following lemma gives the general connection between appropriate K-admissible
paths and the possibility to compare values of non-negative solutions to u = 0 in €.
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Lemma 3.1. Let Q@ € RY*L be domain and let
Q. :={(z2,t) € Q| dx((2,1),00) > €}, (3.1)

for some € € (0,1) small enough to ensure that Q2 # (). Consider (z,t),(2,t) € Qc, t < t. Then the following
is true for every mon-negative solution u of Ku = 0 in Q. Consider a K-admissible path (v(7),T — 7) :
[0, 7] — RNTL defined by non-negative measurable functions w; € L*([0,T)), for j = 1,...,m, and .
Assume that (y(7),T — 1) € Q¢ for all 7 € [0,T], inf.¢jo 1) A(T) > 0, and that (z,t) = v(0), (1) = (7).
Then there exists a positive constant ¢, depending only on N, such that if we define c¢(v,¢€) through

In(c(y,e))=c |1+ t;t + / wi(s) +/\(S)—i— w2 (s) as |
0

then
u(z, 1) < ey, €ulz, ).

Remark 3.1. The problem when attempting to apply Lemma 3.1 is that, in general, we have no method at
our disposal based on which we, in concrete situations, can construct a K-admissible path (y(7),T — 7) :
[0,7] — RN+ connecting (z,t), (Z,f) € Q, while at the same time ensuring that (y(7),T — 7) € Q. for all
T €[0,T7.

Definition 5. Let 2 C RV *! be domain. Let (2,t), (Z,%) € Q, T < t, be given. Let {r; }?:1 be a finite sequence
of real numbers such that 0 < r; < rg, for any 7 = 1,...,k, and let {(zj,tj)}g?:l be a sequence of points
such that (z1,¢1) = (z,t). Then {{(z;,;)}¥_,, {r;}¥_,} is said to be a Harnack chain in Q connecting (z, t)
o (2,1) if
(1) @, (z,t;) CQ, forevery j=1,...,k,
(”) (Zj-i-lvtj-‘rl) € @;] (Zj7tj)7 for every .] =1,..., k — 1,
(i) (2,1) € Qr, (2 ta)- (3:2)

Let Q@ € RY¥*! be domain. Let (2,t), (2,#) € Q, f < t, be given. Let u be a non-negative solution to

Ku =0 in . Assume that {{(z;,t;)}5_,,{r;}}=,} is a Harnack chain in € connecting (Z,1) to (z,¢) and let

¢ be the constant appearing in Theorem 2.1. Then, using Theorem 2.1, we see that
w(zjt1,tj41) < cu(zj,t;), forevery j=1,...,k—1, (3.3)
and hence,
u(z,1) < culzg, ty) < Fulz,t). (3.4)
Next we recall the following lemmas, Lemma 3.2 and Lemma 3.3. Lemma 3.2 is Lemma 2.2 in [4].

Lemma 3.2. Let (y(7),T —7) : [0,T] — RN*L be a K-admissible path and let a,b be constants such that
0<a<b<T. Then there exist positive constants h and 3, depending only on N, such that

b
/|w(s)|2d8 <h = 70 e, (v(a), T—a), wherer =

a
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Lemma 3.3. Let Q C RVN*! be domain. Let (2,t), (2,1) € Q, t < t, be given. Consider the path (y(1),t —7) :
[0,t — 1] — RN+L where

v(r) = E(-7) (2 + C(r)Crt—t)(Elt—1)z - z)) . (3.6)

Then v(0) = z, y(t —t) = Z and (y(7),t — 7) is a K-admissible path. Moreover, the path satisfies (1.16)
with

w(T) = (W1(7), ey wm (7)) = E(T)*C Yt —1) (Bt —1)z — 2). (3.7)

Let h and 3 be as in Lemma 3.2 and define {7;} as follows. Let 19 = 0, and define 7;, for j > 1, recursively
as follows:

(7) 1 | dT>1thenT 1=infqo € (rj,t—t | d > 1
f J+ VR

T

N 2
(@) if / |w(}:)‘ dr <1 then Tj41 =1t — t.

k+1
=07

- /_wﬂ* T i1k (3.8)

and let (zj,t;) = (v(15),t — ;) for j=1,..., k. Assume that

Let k be smallest index such that 7,11 =t —t. Define, based on {7;

(y(7),t —7): [0,t — ] = Q, and Q. (z], i) CQ, (3.9)

for every j = 1,... k. Then there exists a constant ¢ = ¢(N), 1 < ¢ < 0o, such that if u is a non-negative
solution to Ku =0 in ), then

u(é, t”) < C(lJr% (C_l(tff)(sz(tff)é),sz(tffﬁ))u(z’ t). (310)

Proof. This lemma is essentially proved in [4]. In particular, that (y(7),t —7) : [0, — ] — R¥*1 is a
KC-admissible path, and that (3.7) holds, follow by a direct computation. Similarly,

t—t

/MMN%T:w*a—ﬂ&—E@—ﬂaJ—E@—ﬂ@. (3.11)

0

We now apply Lemma 3.2 to the path in (3.6). Let {{(z;,t;)}}_, {r;}¥_,} be constructed as in the statement
of Lemma 3.3. Then, using Lemma 3.2, and the assumption in (3.9), it follows that

{(z: t)} =1 {ridimn}

is a Harnack chain in RN¥*! connecting (%,%) to (2,t). Furthermore, the length of the chain, k, can be
estimated and

kg1+%w*@—a@—3@—aaﬂ—5u—aa. (3.12)

This completes the proof of the lemma. 0O
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Remark 3.2. The crucial assumption to be verified when applying Lemma 3.3 is (3.9), i.e., we have to ensure
that (y(7),t —7) : [0,t —#] — Q and that Q. (25,tj) C Q, for every j =1,..., k. This condition is trivially
satisfied when Q = RN x x (Tp,Ty) for some To < 7 —1r2 <t < T In this case, the path constructed in
Lemma 3.3 is the solution of an optimal control problem giving the KC-admissible path connecting (z,t),
(%,1), t < t, which minimizes the energy

t—t

[ trypar (3.13)

0

This path is constructed without reference to any geometric restrictions and it is not a straight line. Clearly,
this introduces new difficulties when we impose some geometric restrictions on the domain 2 as it is, in
Lemma 3.3, the path which imposes restrictions on 2. In reality we want the opposite: we want to construct
a path subject to the geometric restrictions imposed by Q. Finally, following [4] we can also conclude that
Lemma 3.3 holds for much more general operators of Kolmogorov type.

Remark 3.3. Consider Lemma 3.3 and let § =t — . Then
v(1) = E(-7) (z + C(T)C_l(é)(E((S)é — z)) . (3.14)

By a straightforward computation we see that

e P P ) S N Wy S
clr)e (5)12( - ?21,” ) (532% 5_23[m>
Y L g (e LR el )
”(( Last L), (_§725—2+2%<75—1>3>1m>
(AH(T/a) 6~

1A12(T/5)
TA(T/0) I Aa(T/0)Im ) ’ (3.15)

where A;; are bounded functions defined on the interval [0, 1] and A4;;(0) = 0. Note also that

App(1) A1)\ _ (1 0
<A21(1) Axp() ) —\0 1 ) (3.16)
Furthermore, simply using the short notation z = (z,y), 2 = (%,7), Aij = Ai;(7/0), we get, after some
computations, that

(1) = E(=7) (2 + C(1)C™(6)(E(9)Z — 2))

_ 1, 0 $+A11(.’fﬁ—$)+(5_1A12(g—y—(5.’1~7)
71, I Y+ 1A (2 — ) + Axa(§ —y — 0F)

() (317)

where

Vo (T) = 2 — A1a(7/0)Z + A11(7/0) (& — x) + 6~ Asa(7/6) (T — v),
Yy (1) = 7(x + A11(7/6)(Z — 2) + A21(7/0)(Z — )
+y+ Aw(7/8) (5 — y — 6%) + Asa(7/8)(§ — y — 6), (3.18)

for some new function fllg with the same properties as A1s.
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Remark 3.4. Consider Lemma 3.3 and let § = t — . Consider the path (y(7),t—7) : [0,t—#] — RN*1. Using
Remark 3.3 we see that

where
62(7) = —A12(7/8) + Avi (7/0) (& — x) + 0" A1a(7/6) (5 — ),
oy(7) = 7(A11(7/0)(Z — ) + A21(7/6) (T — x))
+ Ay (7/8) (5 — y — 0F) + Aga(7/0)(§ — y — 6), (3.19)
and

S

o(T) =2 = F = Aa(7/6)E + A (7/8)(Z — ) + 6 Awa(7/8) (5 — v),
y(7) =7(x — &+ A (7/0) (& — x) + Ao1 (7/6) (2 — )
+ (y — ) + 6% + Ara(7/6)(§ — y — 0F) + Aga(7/6)(§ — y — 0). (3.20)

S

Remark 3.5. Consider Lemma 3.3 and let § = ¢ — £. Then, by similarly considerations as in Remark 3.3 we
see that

(C710)(z — E(0)2),2 — E(0)2) = 46 Yo — 2] + 126 3|y — § + 02>
+ 12072y — § + 0%, x — &)
<1000 o — 2> + 0%y — g + 07[%). (3.21)

Remark 3.6. Inequality (3.10) in Lemma 3.3 gives the sharp bound for a non-negative solution in R¥.
The exponent appearing in (3.10) is found by solving an optimal control problem as briefly discussed in
Remark 3.2. However, in the context of the equation Ku = 0 it is also possible to give a more intuitive
construction of Harnack chains, a construction that gives a non-sharp, but equivalent, exponent. In the
following we show how to construct such a K-admissible path connecting (z,y,t) € RY x R* to (0,0,0).
Consider 7 : [0,#] — R¥*! such that

d m

(1) = Y wi(M)X; +Y (7))
j=1
for some piecewise constant vector w = (w;, . .., wy,) € R™. Writing v(7) = (2(7),y(7),t — 7) we have that
d d

o) =w(n), () =),

We now let, for suitable vectors @, € R™ to be chosen, w(r) =@ for 7 € [0, L), w(r) = @ for 7 € [}, 3¢),

w(t) = —w for 7 € [3t,t]. Specifically, we choose @ so that = (3) = 0. A direct computation shows that

r(B)=ctim  y(E)=ytiet ko,

N+
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and if we choose W = —%x, then x (%) =0and y (%) =y+ ix. In particular,
~ 2
z(r)=(£—|r-2t) o, y(t) =y+ %z + =0,

for 7 € [£,t] and (x(t), (y(t)) = (0,0) if we choose @ = —12 (y + %). Based on this construction we now
use Lemma 3.2 to give an estimate for the constant & in (3.4). Indeed, let ko be the positive integer which
satisfies

t/2
%h<%mﬁzgmﬁzx/w@nmsgu@+nn
0

By Lemma 3.2, the points z; = v (ﬁ), 1 < j < ko, form a Harnack chain of length ky. Analogously, we
let k1 be the positive integer which satisfies

3t/4
kih < Sy + Lol = Lo)? = / lw(s)|?ds < (ki + 1)h,

/2
and we form a Harnack chain of length k1. The construction made in the interval [§, 3¢) gives a Harnack

t
9

chain also for [%t, t}. We eventually obtain a Harnack chain of length k& = ko 4+ 2k; + 3. Put together, the

above two inequalities imply that u(0,0,0) < cFu(z,y,t) with k satisfying

o Jy+ g2l

for some positive constant ¢ depending only on N. This argument was introduced in [24].
Lemma 3.4. Let A be a positive constant. Define
zn = (A,0,—2A,0) ERx R™ ! x R x R™ 1. (3.23)
Then, the path [0,1] > 7 — (1) = d1-+(2a, 1) is K-admissible.
Proof. Note that by definition
(1) = (1=7)A,0,-2(1 = 7)%A,0,(1— 7)), 7 € [0,1].

Hence, by a direct computation

(1) = (~4,0,201 — 7A, ~2(1 = 7)), 7€ [0,1].
In particular,
() = Y @)X (1) + XY (), e 0,1, (324

where w; = —A, w; =0 for j € {2,..,m} and A\(7) =2(1 —7). O
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3.1. The Harnack inequality in cones in local Lip ;- -domains

Given (zg,t9) € RN+ z ¢ RN ¢ € R, consider an open neighborhood U C RY of z, and let

ZZE,U(ZO’tO) = {(20,t0) 0 0s(x,t) |z €U, 0 < s < 1},
Z»;,E,U(Zoat()) = {(207t0) © 5S(I7 7{) | T e Uv 0<s S 1} (325)

Then Zj't (20, t0) and Z (20, t0) are cones with vertex at (z0,0). Note that this notation was introduced

n [9]. Given g > 0 and A > 0, recall the points A A Ao A A;A, introduced in (1.26). In addition we here
1ntroduce

2
AZA = ( AQ,O, 5A93703 92)3

_ 2
AQ,A = (7AQ7 Oa 7§A93a 07 7Q2)- (326)

Furthermore, given (zo,to) € RN*L we let AQA(Zo,to) = (20,t9) © AQA, Ay a(z0,t0) = (20,t0) © Apoa,
A;A(zo,to) = (zp,t0) © A . Consider the cones Zi (20,t0) defined in (3.25). Given 1, 0 < n < 1, A, and
p >0, we let

—_ 7+
C@n alz0.t0) = 24 B (2] 4,0 ),ng)m{(z,t)eRN+1:t:0}(ZO’to)’

o,A°
Comalz0:0) = 2t 1oy omoni (e =0y (0, L0

Cyma (20, t0) = ZA;A,BK(( 0),ng)m{(z,t)eRN+1:t:o}(ZO’to)’

Comal20:t0) = 25 5, (a3 omorni(rer+i=oy (20, 10); (3.27)

where the points z o7 o, DA ;A, z, A are defined through the relations A+A =(z :A, 0?), A;A = (z;A7 —0?),
A;A = (2 Z:A,QQ) AQ,A = (2,0, 0 0%). The balls B ((z 3[/\70) no), Br((Z QA,O) n0), are defined as in (2.3).
Note that

Cyna(z0:t0), Ciy s (20, t0), (3.28)

represent, for n small, cones ‘centered’” around appropriate (K-admissible) paths passing through (zg,%o) as
well as the reference points AjA(zo, to), AiA(zo, to)-

Lemma 3.5. Let 2y o,, be an admissible local Lipg -domain, with Lip -constants M, ro. Then there exist
A=A(N,M),1 <A <o0, andcy=co(N,M), 1 <cy < oo, such that the following is true. Let oo = ro/co,
consider (29,t0) € Ay g, 0 < 0 < 00, and let A:QtA(zo,to), fl;tA(zO,tO), be defined as above. Then

A7 5 (20,t0), A7\ (20,t0) € Qo (3.29)

and there exists a constant ¢ = ¢(N, M), 1 < ¢ < 0o, such that

(i) ¢ o< di(Pya(z0.t0), (20.t0)) < co,

s

(i) ¢ o< dr(Pya(z0,t0), Afary), (3.30)

s

whenever P, 5 (20,1t0) € {A;A(zo,to),ﬁjj\(zo,to)}. Furthermore, the paths
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7+(7—) = A?_l_.,-)&/\(ZOatO)a 7_(7—) = A&_q—)&/\(ZO)tO)vT € [07 1}7 (331)
are KC-admissible paths.

Proof. (3.29) and (3.30) are consequences of Lemma 4.4 in [9]. That the paths in (3.31) are K-admissible
follows from Lemma 3.4. O

Lemma 3.6. Let Q7. be an admissible local Lipy-domain, with Lipg -constants M, ro. Then there exist
A=A(N,M),1 <A <o0, andcy=co(N,M), 1 <cy< oo, such that the following is true. Let oo = ro/co,
consider (20,t0) € Ay, and 0 < o < 9. Then there exists n = n(N,M), 0 < n < 1, such that if we
introduce C§2n,A(ZO’t0)f C‘;‘f%’A(zo,to), as in (3.27), then

() Cyapa(20:t0) C Qg
(i) Coopalz0,t0) CRYTIN Q. (3.32)

Proof. This is a consequence of Lemma 4.4 in [9]. O

Lemma 3.7. Let Qj 9,, be an admissible local Lip i -domain, with Lip - -constants M, ro. Let A = A(N, M),
1 < A < o0, be as in Lemma 3.6. Then there exists co = co(N, M), 1 < ¢y < 00, such that the following
holds. Let o9 = ro/co, 01 = 00/co, assume (2,t) € Qs ,, 0 < o < 01, and let d = dx((2,t), Af2r,). Then
there exist (zgt,tg) € Ay oo and oF such that

(2,t) = A;i A(zoi,t(j)[) and ¢~ td < % < cd,

for some ¢ =¢(N, M), 1 <c¢ < 0.

Proof. This result is Lemma 4.6 in [9], but we here give a simplified proof. Let in the following ¢o be a degree
of freedom as stated in the lemma, let o9 = 79/co, 01 = 00/co, and consider (z,t) = (1,2, y1,v¥',t) € Qs
for some 0 < ¢ < p1. Let d = dx((2,t), Afar,). In the following we prove that (z,t) = A:+7A(zar,tg) for
some (23 ,t0), oF, as stated in the lemma. Consider the path

’Y(T> = (xlax/aylvylvt) © 5dT(AIA)_1

1
= (21,2, 91,9, t) 0 dar (—A, 0, —gA, 0,—1)
1
= (1 — Adr, 2", 31 — gA(dT)S — (d7)2x1,y — (dr)*x’,t — (dr)?) (3.33)

for 7 > 0. Then v(0) = (z1,2",y1,y',t). Let 79 > 0 be the first value of 7 for which v(7) € Ajop,.
Now, using that €¢ 9., is an admissible local Lipg-domain, with Lipg-constant M, we first note that
d = |xy — f(a',y,t)|, with constants of comparison depending only on NV and M, and then that there exists
c=c(N,M), 1< c< oo, such that c™! < 79 < c. Let (27 ,t]) = v(70), then (z,t) = A;FTO)A(ZJ,Q) and the
conclusions of the lemma follows immediately. O

Remark 3.7. Given an admissible local Lipg-domain €2y o,,, with Lip-constants M, ro, we let, from now
on, A= AN, M), 1 <A <o0,co=co(N,M), 1 <¢p<o0,and n=n(N,M),0<n< 1, be such that
Lemma 3.5 and Lemma 3.6 hold whenever (2o, %) € Ay ,, and 0 < ¢ < g, and such that Lemma 3.7 holds
whenever (z,t) € Q¢ ,, 0 < 0 < 1.
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Lemma 3.8. Let Qf o,y be an admissible local Lip - -domain, with Lip i -constants M, ro. Let A, co, 1, 00, 01,
be in accordance with Remark 53.7. Let §, 0 < 6 < 1, be a degree of freedom. Then there exists c = ¢(N, M, J),
1 < ¢ < o0, such that following holds. Assume that u is a non-negative solution to Ku = 0 in 2y o4, , that
(20,t0) € Af.o,, and consider o such that 0 < o < 1. Then

(7) sup u<e inf u,
Br (A7, A(z0.t0).0/¢) By (A} \(20,t0),0/c)

(i) inf u> et sup u, (3.34)
B (A5, a(20t0),0/¢) B (A, A (20:t0),0/c)

and

(i") A}, A (%0, T0) € B (AL, \(20,10), 0/c),

(iil) Agg’A(fmto) S BK(AEQ’A(207tO)7Q/C) (335)
whenever (20,t0) € Ay ,/¢(20,t0).
Proof. We first note that there exists, given §, 0 < § < 1, ¢ depending only on N, M and 4, such that
BK(A§Q7A(z07 to), Q/E) C Cqu,A(’zm to) C Qf,ro (336)

where the second inclusion follows from Lemma 3.6 (7). Furthermore, to prove the lemma we note that we
can, without loss of generality, assume that ¢ = 1 and that (zg,%9) = (0,0). We then want to prove, given
§,0 < 0 < 1, that there exist ¢1, ¢, c3, depending only on N, M and §, such that

(7) sup u < CQU(AIA((),O)),
Br (A 4 (0,0),1/e1)
(i) inf u > ¢y 'u(A] ,(0,0)), (3.37)

B (A5 4(0,0),1/c1)

and

(@) Aj(%0,t0) € Br(A5,(0,0),1/c1) (3.38)

whenever (29, 0) € Ay 1/¢,(0,0). Note that the statements in (3.37) depend only on the geometry of €2y,2y,
through A. To prove (3.37) we now first note, using (3.36), the construction, Lemma 3.9 and its proof, that

A7, (0,0) € AAtAw,o)(C;n,A(Ov 0)).
In particular, A;{A(O,O) is an interior point of the propagation set of AIA(O,O) in C;:n,A(O’O)
(AATA(O’O)(C;%A(O,O)). Using this we immediately see that there exists é = é(N,M,d), 1 < ¢ < oo,
such that
By (45,(0,0),1/¢) € AAfA(O,O)(C;,n,A(OvO))- (3.39)

By essentially the same argument we have that

Al_,A(O7 0) € A(z,t) (02_,7,,A(07 O))v (340)



K. Nystrém, S. Polidoro / J. Math. Pures Appl. 106 (2016) 155-202 177

whenever (z,t) € Bg(Aj;,(0,0),1/¢). Letting ¢; = max{¢, ¢} and appealing to Theorem 2.2 we see that
(3.37) follows. To prove (i) and (4i’) we first note that A3, (0,0) € Bx (A3, (0,0),1/c;). Hence, the state-
ments in (3.38) simply follow by continuity of the maps

(20, t0) = (0,%0) © AE%A(Oa 0) = A}%A(fo,fo)-
This completes the proof of the lemma. O

Lemma 3.9. Let Q. be an admissible local Lip g -domain, with Lip g -constants M, ro. Let A, co, 1, 0o,
01, be in accordance with Remark 3.7. Then there exist ¢ = ¢(N,M), 1 < ¢ < o0, and v = (N, M),
0 < v < oo, such that following holds. Assume that u is a non-negative solution to Ku = 0 in Qj 24, that
(20,t0) € Ay, and consider o, 9, 0 < 0 < o < g1. Then

u(A; (20, t0)) < c(0/8) (A (20, %0)),
u(A; 5 (20,t0)) = ¢ (8/0)Tu(A, 4 (20, to))- (3.41)

Proof. The lemma follows from the construction of Harnack chain along the paths in (3.31) and Lemma 3.8.
For the details we refer to Lemma 4.3 in [9]. O

8.2. Additional estimates based on the Harnack inequality

Let Qf2,, be an admissible local Lip-domain, with Lipj-constants M, ry. Recall that given f with
£(0,0,0) =0 and M,r > 0, we defined

Qf,'r‘ = {($1>xl>y17y/at) | ($1>$/>yl7t) S QM,T7 x> f(x/7y/at)7 ‘yl' < ,r3}’
Af,'l" = {(xlvxlvylay/at) | (xlvxlvylvt) € QM,T7 1 = f(xl7y,7t)7 ‘y1| < ,r,3},
where Qu,r = Q,. /3, 40r Was introduced below (1.24). Let A, co, 1, 00, 01, be in accordance with Remark 3.7

and consider (20,%0) € Af,,, 0 < 0 < p1. Let Qar,r(20,%0) = (20,t0) © Qrr,» and consider the sets Q9,5 N
Qn,ro/2(20,t0) and Qo0 N Qar (20, t0). Then, by a change of variables,

Qf.2r0 N Qurroy2(20:00) = Qf 1 igs Lp2r N Quo(20,t0) = Qf
Af2rg NQM /220, t0) = Af o 1gs Aparg N Quo(20,t0) = Af (3.42)

for a new function f, f((), 0,0) = 0, having the same properties as f. Keeping this in mind we will in the
following, with a slight abuse of notation, simply use the following notation:

Qf727“0 (ZO, tO) = Qf,QTo N QMMQ(ZO’ tO)a

Af,Z'r’o (20, to) = Af72r0 N QM@(Zo, to). (343)
Lemma 3.10. Let Qg o, be an admissible local Lip i -domain, with Lipg-constants M, ro. Let A, co, 1, 00,
01, be in accordance with Remark 3.7. Then there exist ¢ = ¢(N,M), 1 < ¢ < oo, and v = v(N, M),

0 < v < oo, such that the following holds. Assume that u is a non-negative solution to Ku = 0 in Q¢ 94,
and that (zo,t0) € Ay, . Then

u(z,t) < c(g/d)”u(A;A(zo,to)),
ulz,t) 2 ¢ 1(d/0) u(A; 4 (20, t0)), (3.44)

whenever (z,t) € Qf2,/c(20,t0), 0 < 0 < 01, and where d = dx ((2,1), Ay 2r,)-
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Proof. We just give the proof in case (zg,tg) = (0,0) as our estimates will only depend on N and the
Lip-constant of f, and as we may, by construction and as by discussed above, after a redefinition f — 1,
also reduce the general case (zo,%y) € Ay ,, to this situation (zo,tg) = (0,0). By Lemma 3.7 we see that
there exist, given (z,t) € Qf, and 0 < ¢ < g1, points (zgt,t(?) € Ay o and oF such that

(z,t) = Aji A(z(jf,t(jf) and ¢~ 'd < oT < dd,

for some ¢ = ¢(N,M), 1 < ¢ < oo. Hence, it suffices to prove the lemma with (z,t) replaced with
A;Ei’A(zgt,tB‘L) as above. In the following we let §, 0 < § < 1,4, 0 < § < 1, 6 < 4, be fixed degrees
of freedom to be chosen. Based on 8, & we impose the restriction that (z,t) € Qﬂgg and we let o9 = dp. Then,
using Lemma 3.9 we see that

u(z,t) = uw(ALL x(20,t0)) < c(e/e") u(AG A (2 19)),
u(z,t) = (A, \(20,15)) = ¢ o™ /8) u(Ag A (25, 15))- (3.45)
Keeping § fixed we choose § = 5(]\7 , M, 0) such that, in the above construction, we have
(25 :t5) € Af,p/e(0,0) (3.46)
where c is the constant appearing in Lemma 3.8. Then, using Lemma 3.8 we can conclude that
u(Af \ (=, 15)) < cu(A7 (0,0)),
u(Ag (20, t5)) = ¢ Hu(4, 4 (0,0)), (3.47)

for some constant ¢ = ¢(N, M,d), 1 < ¢ < oo. Combining (3.45), (3.47), and the above, the lemma fol-
lows. O

Lemma 3.11. Let Q¢ 5, be an admissible local Lip i -domain, with Lipg-constants M, ro. Let A, co, 1, 00,
01, be in accordance with Remark 5.7. Let € € (0,1) be given. Then there exists ¢ = ¢(N,M,e), 1 < ¢ < o0,
such that following holds. Assume (20,t0) € Af o, 0 < 0 < 01, and that u is a non-negative solution to
Ku =0 in Qy2,(20,t0), vanishing continuously on Af,(20,t0). Then

sup wu<e sup u. (3.48)
Qf,0/c(20,t0) Q,0(205t0)

Proof. This lemma can be proved by a straightforward barrier argument. We refer to Lemma 3.1 in [8] and
Lemma 4.5 in [9] for the details. O

Lemma 3.12. Let Q¢ o, be an admissible local Lip i -domain, with Lipg-constants M, ro. Let A, co, 1, 00,
01, be in accordance with Remark 3.7. Then there exists ¢ = ¢(N, M), 1 < ¢ < 00, such that following holds.
Assume that u is a non-negative solution to Ku = 0 in Qfo,,, vanishing continuously in Ay, and that
(20,t0) € Afo,. Then

u(z,t) < cu(A;A(zo,to))

whenever (z,t) € Q5 ,/c(20,%0), 0 < 0 < 01.

Proof. This is essentially Theorem 1.1 in [9]. O
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Remark 3.8. Let €5, be an admissible local Lipy-domain, with Lipj-constants M, ro. Based on the
above lemmas, from now on we will let A, cg, 1, 09, 01, be in accordance with Remark 3.7 and we recall
that p; < 0g. In this work we then prove estimates related to a scale g satisfying 0 < ¢ < 91.

4. Kolmogorov measure and the Green function: relations

Let Qf 9, be an admissible local Lip ~domain, with Lip ;-constants M, ro. Let (2,t) € Qf 9, and recall
the notion of the Kolmogorov measure relative to (z,t) and Qf o, wi(2,t,-), introduced in Definition 4
and Lemma 2.3. The purpose of this section is to prove the following lemma.

Lemma 4.1. Let Q¢ o, be an admissible local Lip i -domain, with Lipg-constants M, ro. Let A, co, 1, 0o,
01, be in accordance with Remark 3.7. Let wi(z,t,-) be the Kolmogorov measure relative to (z,t) € Q. ar,
and Qfor, and let G(z,t,-) be the adjoint Green function for Q¢ sy, with pole at (z,t). Then there exists
c=c(N,M), 1< c< oo, such that

(Z) C_IQqG(Z,t,AZ;A) < wK(Z,taAva)’

(“) wK(zvta Af,g/c) S CQqG(Z7t7A;,A>7
whenever (z,t) € Qf.250, t > 80%, 0 < 0 < p1.

Proof. Let in the following (z,t) € Qf.9,,. We first prove statement (7). By definition 2.18 we have

G(z,t,A'@"’A) =T(z,t, AZA) - / I'(z,t, A;A)dwK(z,t, Z,1). (4.1)
O 2f,2r
Obviously, we have that
G(th,A;A) S F(Z’tv A;A)a (42)

whenever (z,t) € Qf9,,. Let §, 0 < 0 < 1, be a degree of freedom such that Q(;Q(A;LA) C Qf.9p,, where
Q(;Q(A;A) is defined in (2.12). Recalling that the ¢-coordinate of the point AZ)FA is p? we introduce the sets

Sl = {(Z7t) S Qf,27"o D t= QZ} \ Qég/Q(A;A)7

Sp = {(Z7t) € Qf,QTo > QQ} N a(Q6g/2(A;:A)) (43)
Using (2.10) and (4.2) we see that

G(z,t,A;A) < ¢(N,6)o~ 9 whenever (z,t) € Ss. (4.4)

Next, using a simple argument based on Lemma 3.11 we see that there exists ¢ = ¢(N, M), 1 < ¢ < oo, such
that

WK(A:/C,A’AJC@) > L (45)

Indeed, let v(z,t) = wi(z,t,Af,) for (z,t) € Qy2ry. Then Kv = 0 in Qfop,, 0 < v(z,t) < 1 in Qy oy,
and v(z,t) = 1 in Ay ,. Hence the function u(z,t) = 1 — v(z,t) satisfies the assumptions of Lemma 3.11
and (4.5) follows. Next, we note that if we choose ¢ sufficiently small, then Sy C BK(A; A» 0/¢), where the
constant ¢ is the one appearing in (3.34) of Lemma 3.8. In particular, we can conclude that we can choose
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d=0(N,M),0< <1, use (4.5) and apply inequality (7) of (3.34) to the function v(z,t) = wi(2z,t,A¢,),
to conclude that

wi(2,t,Ay,) > &1 whenever (z,t) € Sa, (4.6)

for some ¢ = &N, M), 1 < é < co. Note that G(zj,AétA) = 0if (2,t) € S;. Hence, from (4.4), (4.6), and
from the maximum principle, it follows that

riG(z,t, A;A) < cwg (2,1, Ay,,), (4.7)
whenever (z,t) € Qf2,, N{(2,t) : t > 80?}. This completes the proof of (i).

We next prove statement (). Let (2,t) € Q.. N{(2,t) : t > 80?} and let 6, 0 < § < 1, be a degree of
freedom to be chosen. Recall that

Qf,g = {(mlvmlvylaylat) | (xlvxlvylvt) S QM,97 x> f(l'/,yl7t)7 ‘y1| < 93}7
Ago={(z1, 2" y1,9/ ) | (x1,2,5/,1) € Quip, w1 = f(2',,1), | < 0’}

Based on this we in the following let

Qg = {(xl’xl,yl,y'7t) | (‘rl"r/’y/’t) € QM,Q’ |y1‘ < 93}' (48)

Using this notation, and given 6, we let § € C°(RN*!) be such that § = 1 on the set Q(;g/z and 6 = 0

on the complement of Q359/4. Such a function @ can be constructed so that |K6(z,t)| < ¢(50) 2, whenever
(2,t) € RVN*L Using  we immediately see that
Wi (2,1, Af50/2) < / 0(z,1)dw (2,t, 2,1). (4.9)
OK Qg 2r
By the representation formula in (2.20) we have that
0(2,1) = / 0(2, ) dwic (2,1, %,1) + / Gzt 2, D)K0(2, 1) dadi. (4.10)

BKQf,z,.O Qf,27‘0
By construction 6(z,t) = 0 whenever (z,t) € Q¢ 2., N{(2,t) : t > 80*} and hence we deduce that

wi (2,8, Af 50/2) < c(60)72 / G(z,t,2,t)dzdt. (4.11)
Qs

Next, using the adjoint version of Lemma 3.12 and (4.11) we see that we can choose § = §(N, M), 0 < § < 1,
so that

wK(zataAf,§Q/2) < CQqG(Z7t7A;A)a (412)
for some constant ¢ = ¢(N, M), 1 < ¢ < co. This completes the proof of (). O

Lemma 4.2. Let Qg o, be an admissible local Lip g -domain, with Lip g -constants M, ro. Let A, co, m, 00, 01,
be in accordance with Remark 3.7. Let wK(AZ'O A -) be the Kolmogorov measure relative to A;‘O A € Qo
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and Sy o, and let G(AZO A» ) e the adjoint Green function for Qs or, with pole at A;‘O A- Then there exists
c=c(N,M), 1< c< oo, such that

() CiquG(Azo,mA;A) < wK(Azo,AaAf,g)a

(i) wic(Ag, a0 Apore) < coIG(AL o A, ),
whenever 0 < o < 1.
Proof. The lemma is an immediate consequence of Lemma 4.1. O
Remark 4.1. Following the arguments used in the proof of Lemma 4.1 we can prove the
wic (A ) Afar, N Qi 24(%0,10)) < c0VG(AT \, AZ, 5 4 (20, 10)) (4.13)
provided (Zo,%0) € Ay 2r, and Qus,5(Z0,%0) C Qnr,p/c,- This inequality will be useful in the sequel.

Remark 4.2. Adjoint versions of Lemma 4.1 and Lemma 4.2 also hold. Indeed, an adjoint version of
Lemma 4.2 can be stated as follows. Let €27 9,, be an admissible local Lip-domain, with Lipz-constants
M, ro. Let A, cg, 1, 00, 01, be in accordance with Remark 3.7. Let W;((A;O,m -) be the adjoint Kolmogorov
measure relative to A=\ € Qo and Qg 2y, and let G(-, A, 1) be the Green function for Qys,, with pole

at A;O A~ Then there exists ¢ = ¢(IN, M), 1 < ¢ < oo, such that

(4) C_quG(A;AaA;(),A) < w;{(A;(],A’ At
(i) wic(Ag a Dy ore) < coWG(A] A, L)

whenever 0 < ¢ < 91.
5. A weak comparison principle and its consequences

The main purpose of this section is to prove Lemma 5.1 and Lemma 5.3 stated below.

Lemma 5.1. Let Qj o, be an admissible local Lip -domain, with Lip g -constants M, ro. Let A, co, 1, 0o,
01, be in accordance with Remark 3.7. Then there exists c = ¢(N, M), 1 < ¢ < 0o, such that the following is
true. Assume that u, v, are non-negative solutions to Ku = 0 in Q¢ 9,, and that u and v vanish continuously
on At or,. Then

, U(A;A)
)= uzh) C CuA)

IN

(5.1)

whenever (z,t) € Qy ,/. and 0 < o < p1.
Proof. Let in the following ¢ = e(N, M), 0 < ¢ < 1, be a degree of freedom to be chosen. Consider the set
At oeo \ Afaco. We claim that there exist § = §(N, M), 0 < § < 1, and a set of points {(z;, %)}, such
that (Zi7 ti) S Af,GEQ \ Af’4597

{A}5c0(2is 1)} is a covering of Af ey \ At scps (5.2)

and such that



182 K. Nystrom, S. Polidoro / J. Math. Pures Appl. 106 (2016) 155-202

Af,ésg/k(zu z) N Af 56@/1((’2]? ) - (Z) whenever 1 7é .7 (53)

for some k only depending on the diameter of the cylinder @71 and on the constant ¢ appearing in the
triangular inequality (2.4). Furthermore, the construction can be made so that

L
ZwK (z,t,Af,geg(zi,ti)) >t (5.4)
i=1
for some ¢ = ¢(N, M,0(N,M)) = ¢(N,M), 1 < ¢ < oo, whenever
(2,t) € Ok Qpseo N {(2,8) € Qpoory | dic(2,t, Afoar,) < 60} (5.5)

The claim is a direct consequence of a Vitali covering argument and the method used in the proof of (4.5).
Using the claim we introduce the auxiliary function

U(z,t) = ZWK(Zat,Af,cisg(Ziyti)) (e0)3G (2, t, Aksg) (5.6)

where k > 1 is a large degree of freedom to be chosen below, and we let

= 8KQf,589 N {(Zat) € Qf,?To | dK(Z’ t, A.70,27‘0) < 6269}’
Iy := 3KQJC75EQ N {(Z,t) S Qf,g,«o | dK(Z,t7Af,2r0) > 5259}. (5.7)

Using Lemma 3.12 we see that there exist k = k(N, M) and ¢ = ¢(N, M), 1 < ¢ < 00, such that
v(z,t) < cv(AZ'Ea’ ), (5.8)
whenever (z,t) € Q¢ 6.,. By construction, see (5.4),
U(z,t) > ¢! whenever (z,t) € Ty, (5.9)

and for some ¢ = ¢(N, M), 1 < ¢ < co. Considering (z,t) € I'y we see, using Lemma 3.10, that there exist
k=k(N,M) and ¢ = ¢(N, M), 1 < ¢ < oo, such that

(€Q)qG(Z t, Al;-:g A) Cil(gg)qG(Al;sg/k,A7 Al;sg A) (510)

whenever (z,t) € T's. Furthermore, we claim that, if k is big enough, then

(6g)qG(A,;EQ/k,A, A, A) = (5.11)

by elementary estimates and the Harnack 1nequahty To glve a more detailed proof of this claim, recall the
notation introduced in (3.27) and (4.8). Let Q = Apon © Q4€g and let G denote the Green function for the

set Q0. Using the dilation invariance of the fundamental solution I', and of the cone C’p . A(0,0), we see that
we can use (2.18) to prove that

(€0) G (AG_epns Abeon) = €1 (5.12)
for some n = n(N, M), 0 < n < 1. Using this, we see that

(ag)qG(A@_n)mA,A,;M) > (5.13)
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by the comparison principle. (5.11) now follows from (5.13) and as, by the Harnack inequality,

G (A

keo/k, A’AIZEQ A) G(A7 AI;sg,A) 2 C_l' (514)

k—mn)eo,\’

To proceed with the proof of Lemma 5.1 we next note, combining (5.8)-(5.11), and using the maximum
principle, we can conclude that there exist k = k(N, M) and ¢ = ¢(IN, M), 1 < ¢ < oo, such that

v(z,t) < cv(AZEQ A¥(z,t), (5.15)

whenever (z,t) € Q5. To continue, having estimated v from above we next want to estimate u from
below. To start the estimate we introduce the sets

S ={(2,1) € Qary : t = —(ke0)?} \ Qsp/a(Ai, 0)s
So = {(2t) € Qpary ¢ t> —(ke0)*} N Qs0/2(Ajpn)- (5.16)
and, by arguing as in Lemma 4.1, we see that
(£0)9G(2,t s Apeo. NES2 (5.17)

holds whenever (z,t) € Q¢ 5.,. Then, by using the continuity of w, choosing d sufficiently small and also
using the maximum principle, we find that there exist k = k(N, M) and ¢ = ¢(N, M), 1 < ¢ < oo, such that

u(z,t) > ¢ '(e0)4G (2, t, AEEQ’A) (Apepr)s (5.18)
whenever (z,t) € Qf 5.,. We now claim that there exists ¢ = ¢(IN, M), 1 < ¢ < oo such that
c(e0)9G (2, s Ao, A) = V(z,), (5.19)

whenever (z,t) € Ox§f.c,. Assuming (5.19) it follows from (5.18), (5.19), and the maximum principle, that
exist k = k(N, M) and ¢ = ¢(N, M), 1 < ¢ < oo, such that

U(Z,t) Z (A];gg A) (Z?t)a (520)

whenever (z,t) € Q¢ ., and hence the proof of the lemma is complete once we define € through the relation
ke = 1. Finally, to prove (5.19) it follows, by construction, that we only have to prove that

K(z, t, A seo(%is tz)) < (EQ)qG(Z, t, A;(eg,/\)’ (5.21)

whenever (z,t) € OxQf o and i = 1,..., L. However, arguing as in the proof of statement (#z) in Lemma 4.1
we see that (5.21) holds. This completes the proof of Lemma 5.1. O

Lemma 5.2. Let Qg o, be an admissible local Lip i -domain, with Lip i -constants M, ro. Let A, co, m, 00, 01,
be in accordance with Remark 3.7. Then there exists ¢ = ¢(N, M), 1 < ¢ < 00, such that following holds. Let
(20,t0) € Af o, consider 0 < o < o1, assume that u, v are non-negative solutions to Ku =0 in Q 2,(z0,to)
and that u and v vanish continuously on Af’QQ(ZO,to). Then

or) _ v(z,t) <CU(A;_,A)
u(AZA) u(z,t) = u(A, )

IN

, (5.22)

whenever (z,t) € Q¢ ,/c(20, t0)-
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Proof. Note that Lemma 5.2 is a localized version of Lemma 5.1. In fact, analyzing the proof of Lemma 5.1,
using appropriate localized versions of Lemma 3.8, Lemma 3.9, Lemma 3.10 and Lemma 3.12, localized in
the sense that v does not have to be a solution in all of Q¢ 9., or ¢ 2,,, we see that the conclusion of
Lemma 5.2 is true. We omit further details. 0O

5.1. Implications of the weak comparison principle

Lemma 5.3. Let Q2. be an admissible local Lipr -domain, with Lip g -constants M, ro. Let A, co, 0, 0o,
01, be in accordance with Remark 5.7. Then there exists ¢ = ¢(N, M), 1 < ¢ < oo, such that the following
is true. Assume that u is a non-negative solution to Ku = 0 in Q. and that u vanishes continuously on
Ay op,. Then

— +
_1U(AQD,A) < U($17$/707?//at) u(AQO;A)

> S — ) 5.23
u(A;O’A) u(zy, 2, y1,y,t) u(AQO’A) ( )

c

whenever (z1,7',y1,Y',t) € Qy 4, /c-

Proof. Consider u = u(z,y,t) = u(x1,2’,y1,9’,t) as in the statement of the lemma and let v = v(z,y,t) =
v(zy, 2", y1, Y, t) = u(zy, o', y1 £6,y/, t) for some 6 > 0 small. Let 7o = (ro—0)/4. Then v = 0in Q 25, and
v vanishes continuously on Ay sz, since we are assuming that the function defining Ay o,, is independent
of the yj-coordinate. We can now apply Lemma 5.1 to the functions v and u, with rg, gg, 01 replaced by
T0, 00, 01, and conclude that

U(Ago,/\) v(x,y,t)<cU(Ago,A)
- u(AgmA)’

(5.24)

whenever (z,y,t) € Qf,/. and 0 < go < 01. We now fix go, 01 as above, and we claim that there exists
c=c¢(N,M), 1< ¢ < oo, such that

u(A;'hA) < cu(AgoA), u(Az \) = cflu(AgoyA). (5.25)
and
WAL ) Sl ), oAy ) > e uAs, ) (5.26)

whenever (zq,2",y1,y',t) € Qf 5, J&- To prove this we first make the trivial observations that, for any degree
of freedom e = (N, M), 0 < e < 1,

A7 +1(0,0,0,+6,0) € Bx (A} 4, c01),

1,

AS 4+ (0,0,0,46,0) € Br (A 4, ed1), (5.27)
provided § < (g0;)3. Hence,
v(AT ) < sup u, v(A; ) > inf u. (5.28)
01, BK(Agl,AJ‘:él) 01, BK(A;LA7551)

Next, based on the quotient g1/09 = 1/co we choose € = e(1/cg, N, M) so that we can apply Lemma 3.8. In
particular, based on (5.28) the inequalities in (5.25) and (5.26) now follow from Lemma 3.8. This completes
the proof of the lemma. 0O
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Lemma 5.4. Let Q¢ o, be an admissible local Lip i -domain, with Lipg -constants M, ro. Let A, co, 1, 0o,
o1, be in accordance with Remark 5.7. Assume that u is a non-negative solution to Ku = 0 in Qy 2., and
that u vanishes continuously on Ay oy, . Let

mt = u(A;LOA’A), m- = “(A;(),A)’

and assume that m~ > 0. Then there exist constants ¢y = c¢1(N, M), 1 < ¢1 < 00, ¢g = co(N, M, m™/m™),
1 < ¢y < 00, such that

u(A, (20, t0)) < cou(Aya(20,10)) < Gu(A} (20, t0)),
whenever 0 < o < p1/¢1 and (zo,t0) € Agp, -
Proof. Assuming that m™ > 0 we see that Lemma 3.10 implies that m™ > 0. By Lemma 5.3 we have

- / / +
s W@, 00 mt (5.29)

mt = u(zy, oy, Y1) T m
whenever (z1,2",y1,9',t) € Qf 5, /c- Let (20,t0) € Ay,,,, and recall that
Apa(z0,t0) = (20, t0) 0 (Ap,0,0,0,0),
Ag a0, t0) = (20, 10) 0 (A2, 0, 2460, ~%).
We now consider the path
(1) = (20, t0) © (A0,0,7A0,0,—7), 7€ [0,0%,
which is a K-admissible such that

’Y(O) = AQ,A(’ZOa tO)v 7(92) = (Zo7t0) © (AQ’ 07A93a 07 _92)

By construction, the definition of the points A;A(zo, to), Ap.A(%0,%0), and the fact that the function defining
Ay oy, is independent of the y;-coordinate, the path y is contained in €2y o, . Thus we can construct a Harnack
chain connecting A, A(z0,to) and v(0?), based on which we can conclude that

u(v(0%)) < cu(Aga(20,t0)), (5.30)

for some ¢ = ¢(N, M), 1 < ¢ < oo. Note that the coordinates A ,(20,%0) and v(0?) only differ in the
yp-coordinate. In particular, using (5.29) we have

2 <m‘) o u(@) <m+) , (5.31)

mt )~ U(A;A(Zo,to)) o m-
whenever 0 < ¢ < g1/c. Combining (5.30) and (5.31) we see that

m+t m+t

g = ¢ (P2 ) ub@) < ¢ (20 ) uld,n)

m m

whenever 0 < o < p1/c. The other inequality is proved analogously. O
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6. Proof of the main results

In this section we prove Theorem 1.1, Theorem 1.2 and Theorem 1.3. The proofs rely heavily on
Lemma 5.3. We prove the theorems based on the set up concluded in Remark 3.8. Using a by now familiar
argument it suffices to prove Theorem 1.1, Theorem 1.2 and Theorem 1.3 in the case (zg,t9) = (0,0) only.
Thus, throughout this section we will assume (zg,to) = (0,0). Furthermore, we again note that Lemma 3.10
implies, assuming m~ > 0 in Theorem 1.1 and mj > 0, my > 0 in Theorem 1.2, that m™ > 0 and mf > 0,
m3 > 0.

6.1. Proof of Theorem 1.1

Assume that v is a non-negative solution to Ku = 0 in Q2 9,, and that u vanishes continuously on Ay ..
In the sequel, the constants A, cg,n, 09, 01 Will be chosen in accordance with Remark 3.8. Hence, to prove
Theorem 1.1 we have to show that there exist constants ¢; = ¢y (N, M), 1 < ¢; < 00, ¢ = ca(N, M, m* /m™),
1 < ¢y < 00, such that

u(z,t) < cou(Apa),

whenever (z,t) € Q0 ,/., and 0 < ¢ < ;1. Based on this we from now on consider gy and o, 0 < ¢ < 01, as
fixed. To start the proof we introduce

W) =0 u(AL,),  0<8< o, (6.1)
where v is the constant appearing in Lemma 3.9. Furthermore, we let
o=max{0: 0 <0< 00, (0)>h(0)} (6.2)
By the definition of ¢ in (6.2) we see that
u(Ag ) < (0/0) u(Ag ). (6.3)
o, AN/ — 0/0 o,A
Furthermore, using Lemma 3.9 we see that
u(Az,) < c(o/0)"u(A, »)- (6.4)
In the following we prove that there exists a constant ¢ = ¢(N, M,m*/m™), 1 < ¢ < oo, such that
U(A;;A) <cu(4g,), (6.5)

for this particular choice of g. In fact, assuming (6.5) we first see, combining Lemma 3.12, (6.3), (6.4) and
(6.5), that

QSfUIj u(z,t) < cu(A'Q",A) < c(g/@)”u(Ag,A)

< ce(o/0) u(Az,) < Feu(Ay ), (6.6)

where ¢, 1 < ¢ < oo, depends only on N, M. An application of Lemma 5.4 then completes the proof of
Theorem 1.1.
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To prove (6.5) we let K > 1 be an other degree of freedom based on which we divide the proof into two
cases.

The case go/(8K) < ¢. In this case we immediately obtain from Lemma 3.9 that

U(Ag/\) 2 u(A; A) m*
225 < P00/0) 25 = A (00/0) —,
u(Aza) u(Ag, 2) m

and the conclusion follows immediately.

The case ¢ < go/(8K). In this case we first note, by the definition of g, that ¢ < g < gp and that
h(2K9) < h(9), i.e.,

u(Af ) > (2K) Mu(Agpes0)-
Using Lemma 3.12 we see that the above inequality implies that

u(At ) > T 2K)TY sup (6.7)
@ QroKs/c

for some ¢ = ¢(N, M), 1 < ¢ < oco. In the following we can, without loss of generality, assume that g = 1.
Based on this we let K = K /¢ and we introduce

TCoi = Qoi N{(z,t) e RV —d <t < 1}, (6.8)
where T'C stands for Thin Cylinder. Using this notation, (6.7) implies that

u(Af ) > 2K)™ sup w, (6.9)
’ TCﬂQf(

again for some ¢ = é(N, M), 1 < ¢ < co. We emphasize that K is a degree of freedom which remains to be
chosen. Furthermore, we can, by a redefinition of u, and without loss of generality, assume that

sup u=1. (6.10)
TC, .5
Hence (6.9) becomes
u(Af,) > 2K)7. (6.11)

‘We now let

Ff(,B = 8K(T0f,2f() N {(Z,t) S RN ¢ = —4},

Ff(,IL = (aK(Tszf() \FR,B) \ Af,Qf(' (6.12)

Then I' 5 represents the Bottom (in time) of the domain T'C;,z and I'y ;; is the lateral part of
aK(TCf,ﬂ%) which is contained in Qf,,: the Interior Lateral part of the boundary of T0f72f<~ Since
u=0on A,z we note that u(Af ) is determined by the values of u on 'k g and I'z ;7. Specifically, if
we let wi (A ,,) be the Kolmogorov measure relative to Af , and TC,z, then
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u(AIA): /u(z,t)dwK(AfA,Z,t)wL / u(z,t)dwK(AiA,z,t)

Ff(,B Ff(,]L

LD (6.13)
We now use the following lemma, the proof of which we postpone to the next subsection.

Lemma 6.1. Let ¢ and y be as in (6.11). Then there exists K = K(N, M), K > 1, such that

1 -
I < 55—1(2}()—7
Using Lemma 6.1 and (6.11) we see that
+ R e 1 +
u(A7 ) < I+ 3¢ 2CK)™ <L+ EU(ALA)' (6.14)
We can therefore conclude that
u(Af ) <2 sup  u(z,t). (6.15)
’ (Z,t)EFK,B

In particular, using Lemma 3.12 we see that there exists ¢, 0 < € < 1, depending on N and M, such that

sup u(z,t) < cu(AZ;A(Zl, t1))
(2,t)€T g gNQy e (21,t1)

for every (z1,t1) € T &N At or,. In the above inequality c is the constant appearing in Lemma 3.12. Then,
using also Lemma 3.5, we can conclude that

u(AIA) < 2cu(z, 1), (6.16)

for some (Z,%) € f‘?{’B, where

[% 5 =TCroz N{(zt) e RV —4 <t < —4 + (c2)?}

s

N{(zt) € RN s dy((2,1), Ay ary) > €/c}. (6.17)

To complete the proof we now use the following lemma, the proof of which we also postpone to the next
subsection.

Lemma 6.2. Let (2,t) be any point of f?{ B Then there exists a constant ¢, depending at most on N, M, €,
and m™ /m™, such that

Using Lemma 6.2 and (6.16) we can conclude that (6.5) also holds in this case. This completes the proof
of Theorem 1.1 modulo the proofs of Lemma 6.1 and Lemma 6.2 given below. O
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6.2. Proof of Lemma 6.1 and Lemma 6.2

We here prove Lemma 6.1 and Lemma 6.2. We note that Lemma 6.2, together with Lemma 5.3, represent
the main (novel) technical components of the paper.

Proof of Lemma 6.1. Using the normalization in (6.10) we see that
I, < wK(A{A,rK,L). (6.18)

Recall the sets Q. introduced in (4.8), and let A\, 1 < A\ < K, be an additional degree of freedom. Let 6 be
a smooth function defined on {(z,t) € RV*! |t = —4}, satisfying 0 < 0(z,¢) < 1, and

Q(Z,t) =1 on (QK—&-)\ \QK—A) N {(Zat) € RN+1 | = _4}a

0(2,t) =0 on Qgr_,_,N{(z,t) € RN |t = 4},

0(z,t) =0 on RYT'\ Qg 1) N{(z1) e RN |t = —4}. (6.19)
Then 6 is a (smooth) approximation of the characteristic function for the set (Qk+,\ \Qr_,)N{(zt) €
RN | ¢ = —4}. Given 6 we let w satisfy Kw = 0 in {(z,¢t) € R¥*! | + > —4} with Cauchy data on

{(z,t) € RN+ | t = —4} defined by the function 6. Given K > 1 we claim that there exist A > 1 and a
constant ¢, both just depending on N, and hence independent of K, such that

w(z,t) > ¢! whenever (z,t) € Lz oor (6.20)
Indeed,
w(z,t) = /F(z,t,é, —4)60(%)dz, (6.21)
RN

where the fundamental solution associated to I, T', is defined in (2.8). Using (6.21) we see that the bound
from below in (6.20) follows from elementary estimates. Next, using (6.18), (6.20), and the maximum
principle, we see that

I < cw(AT ). (6.22)
Note that
w(afy) = [ Tz -0z, (6.23)
RN

and that, by (2.8) and (2.9), we have

F<AIA7 27 _4) = F(AIAv JN:’ ?77 _4)
< cexp(— (1 + [7[*)) < ¢ exp(—cK?), (6.24)

whenever 6(2) # 0 and for some harmless constant ¢, 1 < ¢ < co. In particular, combining the above we see
that

I < cexp(—cK?)Ka+? (6.25)

and hence Lemma 6.1 follows for K large enough. 0O
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Proof of Lemma 6.2. Consider an arbitrary point (2,%) € f%  Where f% 5 is the set defined in (6.17). We
want to prove that there exists a constant ¢, depending at most on N, M, and ¢, such that

u(Z,t) < cu(Ap ). (6.26)
To do this we will construct a K-admissible path (y(7),—1 —7) : [0, —1 — ] — RN+1,

(1) = (V1.2(7), Y2 (7), 1,5 (), 75, (T)),

such that (y(0),—1) = AT, = (A0, %A,O, -1) = (x1,2",91,y',—1) =: (z,t), and an associated Harnack
chain, targeting (2,%) = (#1,%',91,%,1). Note that 3 > —1 —# > 3 — ¢ and hence (z,t) and (Z,t) are well
separated in time. In the following we let § := —1 — £. As the first step in the construction we construct a
path 7/(7) := (7,(7),7,(7)) in RN=2 connecting 2’ := (0,0) to Z := (&', 7). Indeed we simply let +/() be
the path in (3.6), i.e., we consider (7/(7), —1 —7) : [0,0] — RN =2 where

V(1) = E(-7) (' + C(r)CH(O)(E()Z — 2)). (6.27)

We now first note, using Remark 3.4 and the fact that (2,%) € f‘% B that

dic((7/(7), =1 = 7),(0,0,-1)) < e(F(r/6) /2 + 71/2),

& (V' (1), =1 —F—7), (&, 7,1) < c(F(r)6) K32 4 71/2), (6.28)

whenever 7 € [0, 6] and where d}; denotes the natural and corresponding quasi-distance function in RV =2 xR.

Furthermore, F' is a non-negative function such that F'(0) = 0 and F(7/d) < ct/7 for some ¢ = ¢(N),

1 < ¢ < 0. In particular, given 0 < ¢’ small we see that we can find 6’ = §'(N, K, &) = 6'(N, M, '), such that
di ((v'(1),-1—-7),(0,0,-1)) < &,

d/K((’Y/(T)afl *5*7)7(‘%/3@/3{)) S 5/ (629)

whenever 7 € [0, d']. To proceed, we let

d=A—-f(0,0,t) and d=2z, — f(@,7,1),

and we note that there exists, by construction of the set f‘}{ 5 €= ¢(N, M), 1 < ¢ < oo, such that

min{d,d} > ¢ ' min{e, 1/100}. (6.30)

Furthermore, using (6.29), and the Lip -character of f, we can conclude that there exists &' = §'(N, K,¢) =
0'"(N,M,e), 0 < § <« 6, such that

a1 = f( (1), =1 =7) >2d/2, &1 — f(y(7), -1 =t —7) > d/2, (6.31)

whenever 7 € [0,d']. Next, using the analysis in Remark 3.3, see (3.14), and the construction, we also see
that there exists ¢ = ¢(N,A, K) = ¢(N, M, K), 1 < ¢ < oo, such that

(¥ (1), =1 — 7)||x < ¢ whenever T € [0, d]. (6.32)

In particular, using that (0,0,0) € A o,,, (6.32), and the Lip-character of f, we can conclude that there
exists a constant ¢ = é(N, M, K) such that
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|f(+/(1),—1 —7)| < & whenever 7 € [0, d]. (6.33)

We will now use (6.31), (6.33), to construct a path 1 ,(7) connecting z1 to ;. Indeed, for &', ¢, as above
we let

(1) M,2(0) =,

(i7) %717$(T) =2(4¢—d)/¢ for T €[0,8"/2],
(ii7) %ym =0 for 7 € (8'/2,6 — §'/2),
(iv) %Wl’w(T) = 2(d — 4¢)/d for 7 € [6 — §"/2,0]. (6.34)

Note that to construct v; , we start at 1 and we then travel very fast into the domain. We then stay in the
interior for a substantial amount of time before travel back towards the boundary ending up at 1 ,(§) = Z;.
Given the path 7 ;(7), the path in y;-variable becomes

(1) my0) =y,
(i) %717y(T) = m,(7) for 7 € [0,0]. (6.35)
In particular, further control of the path in y;-variable is impossible but we note that
[71,4(7)] < ec=¢(N,M, K) = ¢(N, M) whenever 7 € [0, ], (6.36)

and for some (potentially large) constant c. Put together, (6.27), (6.34), and (6.35) complete the construction
of a K-admissible path

(V(7), =1 = 7) = (M. (1) 7 (7): Y1y (1), 9y (7), =1 = 7),

such that (v(0),—-1) = A7 , = (A,0, %A,O7 —1) = (z1,2',y1,9’,—1) and such that

(V1,0(6), V4 (8), 7, (8), =1 — &) = (&1, 7,4, —1 — ).

Note that we cannot ensure that v ,(6) = §1. However, using (6.30), (6.31), (6.33), and the construction in
(6.34), we can conclude that

di((y(7), =1 = 7),At2,,) > & *min{e, 1/100}, (6.37)

whenever 7 € [0,0] and for some ¢ = ¢(N, M), 1 < ¢ < oo, where we of course also have used that the
function f defining Ay o, is independent of y;.

Using the K-admissible path (y(7),—1 —7) : [0,7] — R¥*1 and in particular (6.37), we now build a
Harnack chain connecting (v(0), —1) = (z,t) to (y(d), —1 — ¢) using Lemma 3.5 and Lemma 3.6. Indeed, we
see that

d m
(1) =) _wi(NX;(3(7) +Y(1(7)),  for 7 €[0,0], (6.38)
j=1
where we have explicit expressions for w = (w1,w’) = (w1, ...,wy) through (6.34) (w;) and Lemma 3.6 (w').

Using Lemma 3.5 we know that
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b
h—
/|w(7)|2d7 <h = ~0) €@, (v(a),—1—a) where r = 3 a’ (6.39)
whenever 0 < a < b < 4. Using (6.39) we will construct a finite sequence of real numbers {rj};?:l, and a
sequence of points {(zj,tj)};?:l, such that (z1,t1) = (2,t) and such that
(1) Qr(zj,t5) C Qpop,, forevery j=1,... .k,
(%) (zj41,t41) € é;ﬂ (zj,t5), forevery j=1,...,k—1,
(i) 2(6) € G (20 ). (6.40)

To start the construction we note, see (6.37), that we can in the following use that there exists € = (N, M, €),
0 < € < 1, such that

Q2:(y(7), =1 — 7) C Qf 9r, whenever 7 € [0, d], (6.41)

and we will build a Harnack chain with r; = & for all j. We construct {(z;,t;)}¥_, inductively as follows. Let
(z1,t1) = (2,t) and assume that (z;,t;) = (7(7;), —1—7;) has been constructed for some j > 1.If 7; = ¢, then
the construction is stopped and we let k = j. If 7; < § then we construct (zj41,t41) = (V(7j41), =1 —Tj41)
by arguing as follows. There are two options, either

(i) 7; + 28 < & or (ii) 7; +E%B > 6, (6.42)

where [ is the constant appearing in Lemma 2.1 and hence in the definition of the sets {@,Tk(zk,tk)}. We
consider () first and we note that there are now two additional options: either

Tj+52ﬁ 5
(i) / —|w(;;)‘ dr <1or

Ti

Ti+E%6 )
(i) / @ dr > 1. (6.43)

Tj

If (i') is true, then we set 741 = 7; + 283, zj41 = ¥(7j4+1). If (4’) is true, then we set

7 2
Tit1 = Sup{a € (1,7 +&8) | /@ dr < 1}, (6.44)

J

Zj+1 = 7Y(Tj+1). In either case we can conclude, using (2.1), (6.39), and (6.41), that there exists ¢ = ¢(N, M),
1 < ¢ < o0, such that

u(zjq1,tiv1) = w(y(Tj41), =1 — 7j11)

< cu(y(r), =1 —75) = cu(z;,t;). (6.45)

We next consider (7). In this case 7; > § — £23. Assume first that, in addition,
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y 2
(i) /@ dr < 1. (6.46)
7

In this case we set 741 = 0, zj4+1 = Y(7j+1), and we can again conclude that (6.45) holds. If, on the contrary,
(6.46) does not hold, then we set

y 2
Tjt1 = Sup{a € (75,0) | /@ dr < 1}, (6.47)

J

Zj+1 = Y(Tj4+1), and we again see that (6.45) holds. We note that by this construction there will be a first j
such that 7; = § and we then set k& = j. The next step is to estimate k and we note that 0 < 7,41 —7; < 28
for all j. Let Z; denote the set of all index j for which either (i) + (4') or (7), and the scenario leading up
to (6.47), occur. Let Zy denote the set of all index j for which either (i) + (i') or (i) + ('), occur. Note
the union of the sets Z; and Z, is the set of all indices occurring in the construction. Now, by continuity of
w(1) = (w1 (1), (1)) = (W1 (7), ..., wm (7)) we first see that

Tjt+1
2
/ @ dr =1, for all j € 7;. (6.48)
]
In particular,
p 2
7] < / @ dr. (6.49)
0
Furthermore, we easily see that
0
T < 25 (6.50)
In particular,
5 [P
w(T
E<|T Ll < = dr. 6.51
<Iml+1n < g+ [ HEEar (6:51)
0

Hence, using (6.51), Lemma 3.3, Remark 3.5, the fact that 3 > § > 3 — ¢, and the explicit construction in
(6.34), we can conclude that there exists ¢ = ¢(N, M), 1 < ¢ < 00, such that

u((8), 1~ 8) < cul(A ). (6.52)
By construction (y(8),—1 — §) = (%1,%,714(5),7,t) and (y(d),—1 — ) only differ from (Z,f) =
(#1,%',71,7,%) in the y;-coordinate. However, using (6.36) and Lemma 5.3 we see that there exists
c=c(N,M,m"/m™), 1< c¢< oo, such that

u(2,t) < cu(y(8), -1 = 9). (6.53)

In particular, combining (6.52) and (6.53) we see that the proof of Lemma 6.2 is complete. O
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6.3. Proof of Theorem 1.2

Assume that v and v are non-negative solutions to Ku = 0 in Q. and that v and w vanish con-
tinuously on Afa,,. Relying on the set up concluded in Remark 3.8 we introduce mi, m¥, as in (1.28).
As previously noted, the assumption min{m;,m; } > 0 implies min{m;",m7$} > 0. We intend to prove
that there exist constants ¢; = c1(N, M), 1 < ¢1 < o0, ca = co(N, M, m{ /my,m5/m3), 1 < ca < o0,
o =0o(N,M,m{/my,mJ/my), o €(0,1), such that
v(z,t)  w(z 1) ‘ <o <dK((z,t), (2, f)))av(AQ,A)

) 0 u(Ag,n)

whenever (z,t), (,1) € Q¢ o/, and 0 < o < 1. The proof is based on interior Holder continuity estimates,
Lemma 5.1, Lemma 5.2, Theorem 1.1 and its proof, see (6.5) in particular. To start the proof, let

v

Ouu(2,t,0) = sup v (6.54)

in —
Qf,zroﬁQ]u,g(z,t) U Qf727‘0ﬂQMa§(zvt) u

whenever (z,t) and ¢ are such that Qs,5(2,t) is contained in the closure of the set ¢, /(100¢,), Where c;
are as in the statement of Theorem 1.1. Using Lemma 5.1, and the assumptions on mli, m%t, we first see
that O, (0,0, 01/c1) < co. Let now o be fixed and let g = dp for some degree of freedom 6 = §(N, M),
0 < § <« 1, to be chosen. Consider 0 < g < g, pick (z,t) € Qy; and let d = di(2,t, Ay o, ). Given g, (2,t),
d, we consider two cases: ¢ < d (interior case) and ¢ > d (boundary case).

We first consider the case ¢ < d. Let

8(2,1) = (Opu(21,0) (v(z,z) - < inf v/u) u(z,f)) ,

Qf 2r0NQn,5(2,t)

and note that

(i) 0< v(z~, t~) <1, whenever (Z,%) € Qf2,, N Qur,5(2, 1),
u(z,t)
(i) Ouul(snt,d) =1. (6.55)

Let v, 0 < v < 1 be a degree of freedom and assume first, in addition, that

B((2,t) 0 (0, =8%))
u((z,1) 0 (0, =72%))

1
5 (6.56)

Note that Ko = 0 in Qf 9, and that ¢ is non-negative in Qy 2,, N Qar,5(2,t). Therefore, using the Harnack
inequality in Theorem 2.1 we see that there exists ¥ = (N, v), 0 < ¥ < 1, such that

9((2,t) 0 (0, —v9?)) < cd(2,f) whenever (2,) € Qu55(2, 1), (6.57)
and
u(Z,t) < cu((z,t) o (0,76%)) whenever (2,7) € Qars5(2, t). (6.58)

Moreover, using standard arguments based on Theorem 1.1 we see that

u((z,t) 0 (0,78%)) < cu((z,t) 0 (0,—72%), (6.59)
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with the admissible dependency on ¢. Combining (6.55)(6.59), we deduces that

1 0((z,t) 0 (0,—70%)) (%, 1)
— < < = < .
2 = w5 1)0 (0,) = ulzd) = (660)
whenever (Z,7) € Qur,55(2,t). Hence
OTA},“(‘%L&@) S 07 (661)

where § =1 —1/(2¢) € (0,1). Recalling the definition of 9, and rearranging (6.61) we can conclude that
Oy u(2,t,%0) <00, .4(2,t, 0). (6.62)
Assume now, on the contrary, that (6.56) does not hold and that instead

(1) (0.-92%) _

: 6.63
u((z,0) 0 (0,—78%)) 2’ (6.63)

In this case let v = u — ¥. Then (6.55) and (6.56) hold with ¢ replaced by v. We can then first conclude
that Op(2,%,70) < 6 and subsequently again that (6.62) holds. Next, iterating the estimate in (6.62) we
deduce that

Ovulzt,6) < (%) Ovu(zt,d), (6.64)

for some o1 = 01(0) = o1 (N, M,m™ /m~) € (0,1).
We next consider the case ¢ > d. Let (zo,to9) € Ay 2y, be such that

d= dK((Za t)a (207 tO))
Then Qur,5(2,t) C Qnr,2e5(70,to) for some ¢ = ¢(N, M), 1 < & < oo, and hence
Ov,u(zv ta @) S Ov,u(ZO7 tOv 26@)

Let in the following K := ¢ where ¢ is the constant appearing in Lemma 5.2. We first assume that

4K¢cp < p/2. Let now 9 be defined by

(2,0) = (Opu(z0, t0,8K5)) " (v(z,f) - ( inf v/u) u(z,f)) .

Q200 NQ 8K z5(20,t0)

>

As in the interior case,

~f o~ E ~
(i) 0< v(i’ ~) <1, whenever (Z,t) € Qf.r, N Qrr,8xe5(20, t0),

u(Z,t) ’ ’
(it) Os u(20,t0,8K¢co) = 1. (6.65)

Now first assume that

ﬁ(AZKEQ,A(ZO’tO)) o 1 (6.66)
U(AZKEQ,A(Z(J’tO)) 2
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As ¢ and u are solutions to Ku = 0 on Q¢ o, non-negative in Qf o, N Qar,8x25(%0,to), and ¥ and u vanish
5.2 that
(6.67)

[+
—
™
S
INA
=

continuously on Ay o, it follows from Lemma
U(AZKEQ,A(ZO’ to)) <K

U(AIKE@A(ZO? to))

<
—
RURS
4~
~

6.5) in particular, it follows that

) € Qf2ry N Qnr,265(%0,t0). Again using Theorem 1.1, see (6
(6.68)

@(AZKEQ,A(ZOa to))

whenever (2,
u(AIKEQ,A(ZOv tO))

0 (AZKag,A(Zoa to))
U (AAL_KEQ,A(ZO’ to))

Hence, using (6.67), (6.68) and (6.66), we see that

3SR <o
whenever (Z,1) € Qf.2r, N Qar,265(20, to). Therefore
Os.u(20,t0,2¢0) <6, (6.69)
where § =1 —1/(2cK) € (0, 1). Rewriting this expression we see that
Ouvu(2,t,0) < Oy u(20, to,2¢0) < 00, (20, t0, 8K ) (6.70)
(6.71)

Assume now, on the contrary, that (6.66) does not hold and instead that

0(Alzgn (20, 0)) < 1
5

u (AZKE@,A(ZO’ to))
In this case, let v = u — 9. Then (6.65) and (6.66) hold with ¢ replaced by v. One can then first conclude

that Oz (20, t0,2¢0) < 6 and subsequently again that (6.70) holds. Iterating (6.70) we have
(6.72)

Ov u(z t7 @) S eov,u('antO?SKCQ)
8Keg\ ™
( Q) O’U,u(ZOath 9)7

<

o
). One easily sees that this also holds if 4Kcp > 0/2

for some oy = o2(M, N, m™ /m~) € (0,1
From (6.64) and (6.72) it follows that if § < d < p, then
Ovatd) < (2 0vutetid)
v,u I ’}/d v,u » Y
0 8Kcd
<(£) () "ontontuno) (6.73)
(6.74)

s

With ¢ = min{oy, 09}, (6.73) implies that

Ov,u(27t7 é) S c(g) Ov,u(zmth 9)7
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for all (z,t) € Qy,5, 0 < 0, 0 = Sp. Now, finally, consider (2,1) € Qy; and let 9 = dk((2,t), (Z,1)). It then
follows from (6.74) and Lemma 5.1, in conjunction with Theorem 1.1, that if 6 = 6(N, M), 0 < § < 1 is
chosen small enough, then

<2} 0p0(0,0,0) < 2) Uer) (6.75)
<o(f) oo <o) s

This completes the proof of Theorem 1.2. O
6.4. Proof of Theorem 1.3

As emphasized, it suffices to prove Theorem 1.3 in the case (zo,t9) = (0,0). We let A, ¢o, 0, 00, 01, be
as stated in Remark 3.8. Based on this we consider o, 0 < o < 01, and we need to prove that there exist
co =ca(N, M), 1< ¢y <o0,and c3 =c3(N,M), 1 <c3 < oo, such that

WK<A:;A7 Aforg N Qa,25(%0,t0)) < c2wK(A;;Aa Af o, N Qur,5(Z0,10)), (6.76)

whenever (Zo,to) € Afap, and Qur,5(Z0,%0) C Qar,/cs- In the following ¢z is a degree of freedom to be
chosen. To start the proof of (6.76), we recall (4.13) in Remark 4.1 which states that

wic (A s Afar, N Qu24(%0,10)) < cdYG(A] \, AZ, 5 (20, 10)),
provided (2(),{0) € Af’g,«o and QM,@(EOat_O) C QM,g/cs' Let

m* = G(AF,, A ), m™ = G(AF AL

~/1000.4): (6.77)

+
0/1000,A

Recall that G(A;' A» ) 1s the adjoint Green function for Qy o, with pole at AZ A- By elementary estimates
and the Harnack inequality we see that

< oimT <¢, 09m~ < ¢, (6.78)

for some ¢ = ¢(N, M), 1 < ¢ < oco. We need to establish the corresponding lower bound on ¢%m~. Using
the adjoint version of Lemma 3.12 we see that there exists ¢ = ¢(N, M), 1 < ¢ < oo, such that

sup G(A;FA, (z,1)) <em™. (6.79)
(Z,t)EQf“,_,/C(Zo,to) ’

However,

sup G(A:;N (z,1)) > ¢ tmt. (6.80)
(Z,t)GQfYQ/C(ZO,tQ) ’

In particular, (6.78)-(6.80) imply that ¢=! < m™/m~ < ¢, for some ¢ = ¢(N, M), 1 < ¢ < co. Using this,
the adjoint version of Theorem 1.1, and the scale invariance of Theorem 1.1, we can, using by now familiar
arguments, conclude that there exist ¢ = ¢(N, M), 1 < ¢ < oo, and c¢3 as stated above, such that

G(A;:Av AQ_C'_@A (507 50)) S 60(‘4;/\’ A;_c@[\ (207 2?0))a (681)
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provided (Zo, o) € A2, and Qar,5(Z0,t0) C Qnar,p/c,- Finally, using the Harnack inequality and Lemma 4.2
we see that

qG<AQ A7Azcg A(ZO7tO)> < CQqG(AQ A»A+A(ZO,EO))

< c2wK(A97A, Af,2ro n QM“@(E(), t_o)), (682)

for some ¢ = ¢(N, M), 1 < ¢ < oo. Put together we can conclude the validity of (6.76). This completes the
proof of Theorem 1.3. 0O

7. Further results: generalizations and extensions

In this section we briefly discuss, without giving the complete proofs, to the extent one can generalize
Theorems 1.1, 1.2 and 1.3 to the context of a subset of the more general operators of Kolmogorov type
considered in [7], [8] and [9]. In [7], [8] and [9] we considered Kolmogorov operators of the form

m

:Z a; j(z,t) ZlZJ—I—Za,zt@ —i—Zb,jzlz — 0O, (7.1)

j=1 3,j=1

where (z,t) € RY xR, 1 < m < N. The coefficients a;; and a; are bounded continuous functions and
B = (b; )i j=1,..~ is a matrix of real constants. Following [7], [8] and [9] we here impose the structural
assumptions [H.1]-[H.4] stated below.

[H.1] The matrix Ag(z,t) = (a; ;(2,t))ij=1

=1,...,

m 18 symmetric and uniformly positive definite in R™: there
exists a positive constant A\ such that

m

ATHER < D aij(2 )68 < MEP, VEER™, (2,) e RVTL

ij=1

The matrix B = (b; ;); j=1,...,~ has real constant entries.

.....

[H.2] For any (zo,t0) € RV*! fixed, the constant coefficient operator

m N
Z Q5 ZOatO 2i%j + Z b; ,jzz z; Oy (72)
j=1 1,7=1

is hypoelliptic.

H.3] The coefficients a; ;(z,t) and a;(z,t) are bounded functions belonging to the Holder space Co (RN ,
J K
€ (0,1], defined with respect to the appropriate metric associated to L.

Note that by a change of variables we can choose Ay in [H.2] as the m-dimensional identity matrix. We
also note that the operator K can be written as

K:iX3+Y,

i=1

where
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X; :Zai,jazj, i=1,...,m, Y = (2, BV) — 8}, (7.3)
j=1
and where @, ;’s are the entries of the unique matrix Ay such that Ay = A2. Again the hypothesis [H.2] is
equivalent to the Hérmander condition

rank Lie (X1,..., X, Y) (2,t) = N+ 1,  V(z,t) € RNTL (7.4)

The relevant Lie group related to the operator K in (7.2) is defined using the group law
(2,1) o (2,t) = (2 + exp(—tB*)z,t + 1), (2,1), (2,t) € RNTL, (7.5)

In particular, the vector fields Xi,...,X,, and Y are left-invariant, with respect to the group law (7.5).
Furthermore, see [20], [H.2] is equivalent to the following structural assumption on B: there exists a basis
for RV*+1 such that the matrix B has the form

A N E (7.6)
* % * .- B
where Bj is a mj_1 x m; matrix of rank m; for j € {1,...,k}, 1 < m, < ... < m; < my = m and

m+my + ...+ m, = N, while * represents arbitrary matrices with constant entries. Based on (7.6), we
introduce the family of dilations (d,),~o on RN¥*! defined by

6p = (D, 7?) = diag(rl, 731, , ..., 7" L, 7?), (7.7)
where Iy, k € N, is the k-dimensional unit matrix. In the sequel we will write the dilation (7.7) on the form
S5, = diag(r®,... ,roN r?), (7.8)

where we set a1 = ... =y = 1, and Qg+t 141 = -+ - = Qg +odmy+1 = 2J + 1 for j=1,... k.
According to (7.7), we split the coordinate z € RY as

z= (z(o),z(l),...,z(”)), 20 erm, 20 e R™ je{l,....k}, (7.9)
and we define
il 1
B S N [CR PR F PR
j=0

Note that [|8,(z,t)||x = 7||(z,t)| x for every r > 0 and (2,¢) € RV*L. In line with [7], [8] and [9] we also
assume:

[H.4] The operator K in (7.2) is §,~-homogeneous of degree two, i.e.
Koé, =726, 0K), vr > 0.

Following [20] we have that [H.4] is satisfied if (and only if) all the blocks denoted by * in (7.6) are null.
Building on £ we next construct a new operator £ of Kolmogorov type by adding variables. Let m = &,
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where £ > 1 is an integer, and let N = N +m + 1. We now add the variables z = (Z1,...,Zm+1) and form
the operator

L=0zz+)Y 20s, +L (7.10)

i=1

which we consider in R™*! x RN x R = RN x R. We emphasize that the operator £ is independent of the
variables (21, ..., Zm+1). Furthermore, both £ and L are operators of Kolmogorov type in the sense outlined
above satisfying the structural assumptions [H.1]-[H.4].

We claim that appropriate versions of Theorems 1.1, 1.2 and 1.3 can be established for non-negative
solutions to Lu = 0 in Lipschitz type domains of the form z; > f(z,t), i.e., in Lipschitz type domains

defined by a function f which is independent of (Za,...,Zm+1). To be more precise, let z = (21,2') =
(21,22, ..., Zm+1). Given positive numbers 71,72, we now let
Oryrg = 1(2,8) ERN X R | |2| < 7§ fori € {1,...,N}, |t| <r3}. (7.11)

Given O, ,, C RY x R, we say that a function f, f : O, ,, — R, is a Lipg-function, with respect to
coordinate direction Zzj, independent of z’ and with constant M > 0, if z; = f(z,t) and

| (2,8) = F(2,D)] < M ||(z — exp((i — t)B*),t — T) (7.12)

lic:

whenever (z,t),(Z,t) € Oy, r,. In addition, given positive numbers 71,72, 73, we let

QT17T27T3 = {(21723 t) 6 RN+2 | (Z7 t) E DT‘l,TQ’ |21| < TB}?

for ¢ € {2,..,m + 1}. Furthermore, for any positive M and r, and we let Qar,r = Qr,ﬁr,4Mr' Finally, given
f as above, with f(0,0) =0 and M,r > 0, we define

Qrr ={(21,7,2,1) | (21,2,t) € Qurry, 21 > f(2,1), |2i] <r¥71},
Af,'r‘ - {(El’fl,z’t) | (El,Z,t) S Q]V[,rv 21 = f(zat)v |21‘ < r2i_1}a

where in these definitions ¢ = 2,...,m + 1.

Definition 6. Given M, 7o, we say that f.2ro is an admissible local Lipz-domain, with Lipz-constants
M, ro. Similar we refer to Ay 2., as an admissible local Lip ;-surface with Lip ;-constants M, 7.

Next, given ¢ > 0 and A > 0 we define the points z3+, 20~ € R™ ¥ as follows. We let

2
Eﬁgr = QA, Zz{},:o+ — _92 T 12{\_’19, 1=2,...,m+1,
_ _ 2 _
51A,’g = oA, EAQ = QQT n 12?;1,9, i=2,...,m+1. (7.13)
Using this notation we introduce the following reference points.
Definition 7. Given ¢ > 0 and A > 0 we let
Al =(27,0,0%) e R™ xRV xR,
Aya = (A0,0,0,0) € R x R™ x RN x R,
AS = (207,0,—0%) eR™ xRN xR, (7.14)
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When we in the following state that a constant ¢ depends on £, ¢ = c(f), then ¢ depends on £ through £
and hence c depends on A, B, and the constants describing the Holder continuity of the coefficients a; ; and a;.
We claim that the following theorems are true. Let Qar,(20,to) = (20, t0)0Q s AQ,A(Zm to) = (2o, tO)OAgyA.

In Theorem 7.2, dx is now defined relative the structure of L.

Theorem 7.1. Let Qf’gro be an admissible local Lipj -domain, with Lip g -constants M, ro. Then there exist
A = AN,M,L), 1 < A < o0, and ¢y = c¢o(N,M,L), 1 < ¢y < 00, such that the following is true.
Assume that u is a non-negative solution to Ku = 0 in Qﬂgro and that u vanishes continuously on Af72r0,
Let 09 = 1o/ co, introduce

mt = U(A;O,A)’ m- = u(;l;mA), (7.15)
and assume that m~ > 0. Then there exist constants ¢; = cl(N,M,L_), 1 < g < 00, cg =

ca(N, M, L,m*/m™), 1 < ¢y < o0, such that if we let 0 = o0p/c1, then

u(zv t) < CQU(AQJ\ (207 tO))a
whenever (z,t) € Qf 2, N QM,o/c; (20, t0), for some 0 < o < o1 and (z0,t0) € At o

Theorem 7.2. Let Qf’gro be an admissible local Lipj -domain, with Lip g -constants M, ro. Then there exist
A=AN,ML), 1 <A< oo, and co = co(N,M,L), 1 < co < o0, such that the following is true. Assume
that u and v are non-negative solutions to Ku = 0 in Qf72r0 and that v and u vanish continuously on ALQTO.
Let 09 = 70/ co, introduce

mi = (¥ ), my = u(4; ), (7.16)

and assume that m; > 0,m5 > 0. Then there exist constants c; = c1(N, M, L), co = co(N, M, L, m} /m],
m3/m3), 0 = o(N,M,L,m{/m7,m3/m3), 1< eci,ea < oo, o0 € (0,1), such that if we let 01 = go/c1,
then

v(z,t) U<2,£§’ < 02<dK((z,t), (2,1))

0

)GU(/}@,A(ZOJO))
u(Apa(20,t0))

whenever (z,t), (Z,1) € Qfgro NQr,o/c, (z0,t0), for some 0 < o < g1 and (zo,tg) € Af,gl,

Remark 7.1. Note that the operator £ is an operator in non-divergence form and as the coefficients a;
and a; are only assumed to be Hélder continuous, the definition of the Green function may be somewhat
problematic. Hence the proofs of Theorem 7.1 and Theorem 7.2 should be done without introducing the
Green function. By the same reasons we here do not formulate a version of Theorem 1.3 for the operator L.
In the end, the proofs of Theorem 7.1 and Theorem 7.2 will appear elsewhere.
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