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Abstract We deal with a class of 2-D stationary nonlinear Schrodinger equations (NLS)
involving potentials V and weights Q decaying to zero at infinity as (1 + |x =L o € (0,2),
and (1 + |x|#)~1, B € (2, +00), respectively, and nonlinearities with exponential growth
of the form exp yps2 for some yp > 0. Working in weighted Sobolev spaces, we prove the
existence of a bound state solution, i.e. a solution belonging to H ' (R?). Our approach is based
on a weighted Trudinger—Moser-type inequality and the classical mountain pass theorem.
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1 Introduction

This paper concerns the existence of solutions of stationary nonlinear Schrodinger equations

of the form
—Au+V@u= Q) f(u) inR? (NLS)

in the case when the potential V and the weight Q decay to zero at infinity as (1 + |x|*)~!
with & € (0,2) and (1 + |x|#)~! with 8 € (2, +00), respectively, and the nonlinear term
f = f(s) has exponential growth.

B Federica Sani
federica.sani @unimi.it

Jodo Marcos do O
jmbo@pq.cnpq.br

Jianjun Zhang
zhangjianjun09 @tsinghua.org.cn

1 Universidade Federal da Paraiba, Jodao Pessoa, PB 58051-900, Brazil
2 Universita degli Studi di Milano, via Cesare Saldini 50, 20133 Milan, Italy
Chongqing Jiaotong University, Chongqing 400074, People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-016-0576-5&domain=pdf

364 J.M.do Oetal.

Equation (NLS) is a particular case of the following more general class of two-dimensional
problems

—Au+Vxu=g(x,u) in R?, (1.1)

where V = V (x) is positive and g = g(x, s) has exponential growth at infinity with respect
to the variable s, i.e.

Is|>+oo Vs’

. lglx,s)] 0 if y > yo,
hm —_— =
+00 if y <y,

for some yp > 0.

We mention that, for bounded domains  C R? and nonlinear terms g = g(x, s) with
exponential growth at infinity, a lot of work has been devoted to the study of corresponding
elliptic equations of the form

—Au =g(x,u) in €,
u=~0 on 0%2.

We limit ourselves to refer the reader to the following papers [2,3,17,19-22,38].

1.1 Potentials bounded away from zero

In the last decades, considerable attention has been paid to the study of equations of the
form (1.1), under various assumptions on the potential V. However, to our knowledge, it is
everywhere assumed (with the only exception of [5,27]) that V is bounded away from zero
by a positive constant, that is

(Vo) there exists Vy > 0 such that V(x) > V for any x € R2

Assuming, in addition to (Vj),

1 L'(R?) (1.2)
1%
or
lim V(x) = +o0 (1.3)
[x|—+o00

results concerning the existence of solutions for problem (1.1) can be found in [4,6,24,25,
30,40,41]. While, in the case when the potential V is constant

V)=V, xeR?

the results available in the literature are [7,16,26,28,29,37].
It is important to point out that (Vp) ensures that the natural space for a variational study
of (1.1) is a complete subspace E of the classical Sobolev space H'(R?), more precisely

E = [u e H'(R?) ‘ /}R2 Vou? dx < +oo]

and E = H'(R?) if the potential V is constant. Besides this property of the function space
setting, there is a main difference between the above-mentioned classes of problems distin-
guished by the behavior of the potential at infinity: When the potential V is large at infinity
[i.e. (1.2) or (1.3) holds], one gains compact embeddings of the subspace E of HY(R?) in
LP-spaces, while when V' is constant, one has to deal with the loss of compact embeddings
in L? (R?) given by the unboundedness of the domain R2.
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1.2 Vanishing potentials

The new aspect of the present paper is that we will consider a class of positive potentials
vanishing at infinity, i.e.,
lim V(x)=0.
|x|—+00

Starting from the work by Ambrosetti et al. [8], various types of stationary nonlinear
Schrodinger equations involving decaying potentials at infinity have been studied in the
higher-dimensional case N > 3, and we refer the reader to [9-11,13-15,31,32,39] and the
references therein, even if these references are far to be exhaustive.

In particular, the analysis developed in [9,13-15,31,39] covers also the two-dimensional
case but for nonlinearities with polynomial growth at infinity (more precisely, g(x,s) =
Q(x)s?) or asymptotically linear growth. Moreover, with the only exception of [31,39],
these results for the 2-D case concern the study of semiclassical states of (3.1). If we replace
the operator —A by — &2 A in (1.1), then a semiclassical state us is a solution with & << 1
and the authors of [9,13-15] constructed semiclassical states concentrating on some set S
(i.e. tending uniformly to zero as ¢ | 0, outside of a neighborhood of §) by means of the
Lyapunov—Schmidt reduction method or penalization schemes.

As already mentioned, the only results available in the literature for 2-D stationary nonlin-
ear Schrodinger equations with vanishing potentials and exponential growth nonlinearities
are [5,27], see Remark 2.2.

2 Main result

Inspired by Ambrosetti et al. [8], we will study the existence of solutions of (NLS) under the
following growth conditions on the potential V and the weight Q:

(V) V € C(R?), there exist , a, A > 0 such that
a

Trpe = @=A

and V(x) ~ |x|7% as x| —> +o0;
Q) Qe C(]Rz), there exist 8, b > 0 such that

b
0 < —
< Q) = T 2P

and Q(x) ~ |x|7# as x| - +o0.
In particular, we restrict our attention to the case when « and § satisfy
a€(0,2) and B € (2,400). 2.1)

This choice will be motivated in Sect. 3, more precisely see Theorem 3.1 and Remark 3.4,
and it is strictly related with the variational structure of (NLS). In fact, we aim to develop a
variational approach to study the existence of solutions of (NLS) via the classical mountain
pass theorem. To this aim, we will frame the variational study of (NLS) in the weighted
space

HY(R?) = {u e LL.(RY) | |Vu| € L*(R?) and /

V(x)u2 dx < 400 }
RZ
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that will be discussed in some details in Sect. 3. When (V') and (Q) hold with « € (0, 2) and
B € [2, 400), it turns out that functions belonging to H ‘1, (R?) satisfy the following weighted
exponential integrability condition with weight Q

/2 Q(x)(e’””2 —1)dx < 400 forany u € H‘l,(Rz), y >0,
R

and, in Sect. 4, we will obtain the corresponding uniform inequality of Trudinger—Moser
type. This motivates the choice of nonlinear terms f = f(s) with exponential growth at
infinity of the form eVOxz for some yp > 0, i.e. there exists yp > 0 such that

p @ _fo ity >
Is|—>+oo Vs 400 if y < pp.

(fo)

We point out that, due to the presence of a potential V and a weight Q satisfying (V) and
(Q), this is the maximal growth which can be treated variationally in the space H ‘1, (R?) (see
Theorem 4.1).

We also assume that f : R — R is a continuous function satisfying f(0) = 0 and

e there exists & > 2 such that

N
0<uF)i=p [ @& <5/6) forany 5 € R\O) )
0
e there exist sg, Mo > 0 such that
0 < F(s) < Molf(s)| forany |s| > so. (f2)

To guarantee that the mountain pass level is inside the region of compactness of Palais—Smale
sequences, we assume an additional growth condition on the nonlinearity f. In particular, we
will consider two different type of growth conditions. The first one prescribes an asymptotic
behavior at infinity, more precisely

sf(s
lim inf Lz) =fo > M, (f3)
[s]—>+o0 eY0S
where
6% r2 Vimax,r
M= MV, Q) :=inf —5 > Vmaxr:=maxV(x) >0 and
r>0 Yor~ Qmin,r Ix|<r

Omin,r := min Q(x) > 0.
[x|<r
We recall that this condition was introduced in [2] and then refined in [21].

Remark 2.1 1t is easy to see that if

b

\% = _—
) 14 |x|f

a
— and X) =
T Q)

with ¢ € (0,2) and B € (2, 400) then M > 0. A typical example of nonlinear term
satisfying (fo)—(f3) is

fu(s) = A5’ — 1) seR 2.2)

with A > 0 and yy > 0.
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The second growth condition that we will take into account was introduced in [16] and
prescribes the growth of f near the origin:

A
there exists p > 2 such that F(s) > — |s|” forany s € R, (f3’)

p

where
— 2\ 52
A> (ﬁ P ) s
47 p p.V.Q

and

Vul? + V(x)u?1d
Spv,0 = inf fRZH ul (x)u 2} *
ueH}, (R)\{0} (fRZ Q(x)|u|1’dx> P

Note that S, v, o > 0 for any p > 2, see Theorem 3.1. An example of nonlinear term
satisfying ( fo)—(f2) and ( f3’) is given by the function f; defined by (2.2) provided A > 0 is
sufficiently large. As pointed out in [41, Proposition 2.9], there exist continuous functions
such that ( fo)—(f2) and ( f3’) are satisfied but ( f3) is not satisfied.

Our main result is the following

Theorem 2.1 Assume (V) and (Q) hold with « and B in the range (2.1). Let f : R — R be
a continuous function satisfying f(0) = 0, (fo), (f1) and ( f>). If in addition either ( f3) or
( f3/ ) holds then equation (NLS) admits a nontrivial mountain pass solution ug € H \l, (R?).

Remark 2.2 We recall that Fei and Yin [27] studied concentration properties of semiclassical
states of (NLS) in the case when f(u) := Iulp’zueVO"2 with p > 2 and yg > 0, i.e.

— 2 Au+ V) = Q) ulP2ue™  in R?, (2.3)
under more general assumptions on V and Q. More precisely, it is just required that

o V(x) > e and Q(x) < b(1 + |x|’3) witha,band 8 > 0
1+ |x?

Blx|G=/2

e or V(x) > —2 and Q(x) < be witha, b, > O and « € (0, 2)
1+ x|«

provided there exists a smooth bounded domain A C R? such that
P
1% 4 5t _»p Vul? + u? ]dx
max (x) <— S,%, where §,:= inf J IVl 23
xeh Q) ue HLR2)\[0) (fR2 ulP dx) P

and the ground energy functional associated to the limit problem has local minimum points.

In this framework, the authors of [27] constructed semiclassical states u, of (2.3) belonging
to H'(R?) and concentrating around some point xo € A by means of a penalization method.
However, it should be pointed out that the existence result in [27] only works for ¢ < 1
sufficiently small. In the present work, we consider the case ¢ = 1 and, in fact, we can deal
with any fixed ¢ > 0.

More recently, Albuquerque et al. [5] considered the existence of radial solutions of (NLS)
when the nonlinear term f has exponential growth at infinity (i.e. f satifies (fp)) and, V and
Q are unbounded or decaying radial potentials. Besides the restriction to the radial case,
the growth conditions on V and Q in [5] are less restrictive than (V) and (Q) with o and
B in the range (2.1), but a rigorous interpretation of the function space setting considered in

’
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[5] is needed (see for instance Remark 3.1). With the help of a weighted Trudinger—Moser
inequality for radial functions, the authors in [5] obtained the existence of a positive radial
solution in H!(R?) with exponential decay outside of a neighborhood of the origin.

Note that here, we do not require V and Q to be radial and, the vanishing behavior of V
seems to prevent a reduction of the problem to the radial case.

Of particular interest are solutions of (NLS) which have finite L2%-norm, i.e. bound state
solutions. The mountain pass solution ug € H\l, (R2) obtained in Theorem 2.1 is a weak
solution of (NLS) in the sense that

/2( Viug - Vv + V(x)ugv ) dx — /2 O(x) f(up)vdx =0 forany v € H (R?)
R R
(2.4)

and we will show that uy € L2(R2), hence ug € H'(R?). In fact, we will prove that any
weak solution in the sense expressed by (2.4) is a bound state solution of (NLS).

Proposition 2.2 Assume (V) and (Q) hold with a and B in the range (2.1). Let f : R — R
be a continuous function satisfying f(0) = 0, (fo), (f1) and ( f2). If (NLS) admits a weak
solution ug € H‘I, (R2) (i.e. ug satisfies (2.4)) then ugy € L2(R2) and hence uy € H'(R?).

2.1 Open question

Assume V, Q and f satisfy the assumptions of Theorem 2.1. The arguments of the proofs of
Theorem 2.1 and Proposition 2.2 can be easily adapted to obtain, for any ¢ > 0, the existence
of a nontrivial mountain pass solution u, € H ‘1, (R?) of the problem

— & A + V(ue = Q) f(ue) in R,
and u, € H 1(]Rz). To study the concentration behavior of such solutions {u.}.~o when
e | 0, some sharp pointwise decay estimates and appropriate bounds of the energy are

needed, uniformly with respect to ¢ > 0. This problem is still unsolved.

2.2 Notations
Let w : R — [0, 400) be a weight function, we denote by L% (R?) with p € [1,+o0]

the corresponding weighted L?-space, i.e. L%, (R?) is the space consisting of all measurable
functions u : R? — R with

/2 w(x)|u|? dx < +00  when p € [1, +00)
R
and
inf{C >0 | wkx)u(x)| <C ae.in R? } < +00 when p = 4o0.

We also denote by B(x, R) C R? the closed ball of radius R > 0 centered at x € R? and, to
simplify notations, we set

Bg :=B(0,R) and B :=R*\Bg.
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3 The functional space setting

In order to develop a variational approach to study the existence of solutions of (NLS), a
key step is to identify a suitable function space setting. Since we are interested in vanishing
potentials at infinity, this basic step turns out to be a priori not obvious. The difficulty is due
to the peculiar features of the two-dimensional case and can be seen comparing our situation
with the higher-dimensional case N > 3. In fact, let us consider a nonlinear Schrédinger
equation of the form

—Au+VXu=gk,u) inRY, N>2, (3.1)

where g : RV xR — R is a suitable nonlinear term and V is continuous, positive and
vanishing at infinity, i.e.

VeCc®RY), v>0inRY and V(x)— Oas|x| - +oo. (3.2)

Since we deal with a potential V which decays to zero at infinity, the variational theory in
H'(RY) cannot be used. Moreover, under the above conditions (3.2) on V, the space

[ueH‘(RN)

/ V(x)uzdx < 400 ]
]RN
endowed with the norm
lul® = [Vul3 +/ V(x)u? dx
RN

is not complete in general. In the higher-dimensional case N > 3, this leads to frame the
variational study of problem (3.1) in the space

Hy®RY) =D RV N LL®RY), N >3,
which is a Banach space with respect to the norm || - ||.

Remark 3.1 The situation in the two-dimensional case is more delicate, due to the fact that
the completion D!2(IR?) of the space of smooth compactly supported functions with respect
to the Dirichlet norm ||V - ||2 is not directly comparable with the space L%,(Rz) and it does
not make sense to consider the intersection

D2 (R?*) N LY (RY),
unless a rigorous interpretation is specified.

In analogy with the higher-dimensional case, when N = 2, the natural framework for a
variational approach of problem (3.1) is given by the space

Hy®R?) :={ue Ly®RY | |Vu| € L*®R?) }.
Actually, H‘l, (R?) endowed with the norm
flu)? := ||Vu||§+/2 V (x)u? dx (3.3)
R
is a Banach space. In fact, as a consequence of (3.2), we have

H}(R?) — H,L.(R?)
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and this continuous embedding, together with the definition of Cauchy sequences and Fatou
Lemma, enables to show that (H‘l, R, |- is complete. Note also that the norm || - || comes
from the inner product

<u,v>= /z[w Vv + V(x)uv]dx. (3.4)
R

Remark 3.2 If V € LY (R?) then any constant function # = ¢ in RZ, with ¢ € R, belongs to
H ‘1/ (R?%). However, under the assumption (V) and since & € (0, 2), our potential V ¢ LY(R?)
and in this case the only constant function that belongs to H ‘1, (R?) is the trivial one, i.e. u = 0
in R2.

In conclusion, we frame the variational study of (NLS) in the Hilbert space H‘I, (]Rz) with
inner product < -, - > and norm || - || given respectively by (3.4) and (3.3).

Remark 3.3 In view of (V), the potential V is positive and uniformly bounded on R2, there-
fore we have

H'(R?) — H}(R?).

Moreover, the space Cg° (R?) of smooth compactly supported functions is dense in (H. ‘1, (R?),
Il - 1) This can be proved by standard arguments and using, for instance, the property

lim [x*V(x) >0
[x|—+00

which follows directly from (V) and the range of « given by (2.1).

Similarly to the higher-dimensional case N > 3, the vanishing behavior of the potential
V (i.e. V(x) — 0 as |x| — 400) implies that

H} (R*) < LP(R*) forany p € [, +oo]. (3.5)

As a consequence, this rules out exponential integrability and hence any kind of Trudinger—
Moser-type inequality on H‘l, (R?), unless one introduces some suitable weight in the target
space. This remark justifies the choice a nonlinear term of the form

glx,u) := Qx) f(u)

in equation (NLS). In fact, for a variational study of (NLS) in the function space H \1/ (R?),
some suitable integrability condition on the nonlinearity is needed: the validity of (3.5) leads
to introduce a weight Q (x) and look for appropriate assumptions on Q (x) in such a way that

Hy (R?) < LG (R?) (3.6)
at least for some p > 1. In particular, the vanishing behavior of Q given by assumption (Q)
guarantees that the embeddings

LY(R?) — LP(R®) forany p € [l, +00) (3.7)

do not hold. Note that, in view of (3.5), the validity of (3.7) would be against the embedding
(3.6).

The embedding (3.6) is a particular case of embeddings of weighted spaces discussed in
[34], where the following result is proved.
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Theorem 3.1 ([34], Example 20.6) Suppose that (V) and (Q) hold with o € (0, 2] and
B € [2,4+00). Then

Hy (R?) < LL(®R?)  forany p € [2,+00) (3.8)

and there exists C,, > 0 such that

/2 Q)|ul? dx < Cpllull”  forany u € Hy,(R?).
R
Moreover, if B # 2 then the above embeddings are compact.

Note that if V(x) ~ (1 + |x|*)~! with & € (0,2] and Q(x) ~ (1 + |x|#)~! then the
growth restriction B € [2, +00) on the weight Q is a necessary condition for the embedding
(3.8), as proved in [34].

Remark 3.4 If (V) and (Q) hold with ¢ € (0,2] and § = 2 then the embeddings (3.8)
are continuous but not compact. For this reason, we can say that the case § = 2 should
correspond to the critical case. Since we confine our attention to the study of problem (NLS)
when (V) and (Q) hold with « and g satisfying (2.1), in particular 8 # 2 and in this respect
problem (NLS) can be seen as subcritical. Note also that assuming (2.1), we also require that
o # 2: this is just a technical restriction due to the method of proof that we use to obtain the
corresponding weighted Trudinger—Moser inequality (see Sect. 4).

In view of Theorem 3.1 and Remark 3.4, in what follows, we will assume that (V) and
(Q) hold with & and B satisfying (2.1). In this framework, since

Hy(B)) — H'(R*) — H} (R?), 3.9)
we infer that
Hy (R?) <& LT (R?).

In fact, it is well known that there exists u € HO1 (By) such that u ¢ L°°(Bj). Therefore,
u e H‘], (R?) but ¢ LOQO(Rz) and, it is natural to look for a weighted Trudinger—-Moser

inequality on H\l, (R?). Due to the embedding (3.9) and the uniform boundedness of the
weight Q, it turns out to be reasonable to consider an exponential growth function ¢ of the
form

o) =" —1, y>0.

4 A subcritical Trudinger—Moser-type inequality in weighted spaces

In this Section we will prove the following weighted Trudinger—Moser inequality on the
space (Hy (R?), || - 1)

Theorem 4.1 Suppose that (V) and (Q) hold with o € (0, 2) and B € [2, +00). For any
y > 0andanyu € H\l/ (R?), we have

/2 Q(x) (" — 1) dx < +o0. @.1)
R
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Moreover; if we consider the supremum

S, =S8,(V,Q):= sup Q)" —1)dx, y >0,
ueH} ®), Jul<1 /R

then, for any y € (0, 4m), there exists a constant C = C(y, V, Q) > 0 such that
S, <C 4.2)
and
Sy =400 forany y > 4m. 4.3)

Note that the inequality that we obtain is subcritical, in the sense that the range of the
exponent is the open interval (0, 47). This is essentially due to the technical difficulties
arising from the decay of the potential V at infinity. In fact, the vanishing behavior of V
seems to prevent a reduction of the problem to radial case. For instance, it is not possible
to apply classical symmetrization methods and this forces to look for a rearrangement-free
argument.

Even if our proof does not cover the critical case y = 4m, the subcritical inequality
expressed by Theorem 4.1 will enable us to obtain the existence of a nontrivial solution for
the nonlinear Schrodinger equation (NLS).

To prove (4.2), we will combine the ideas of Kufner and Opic [34] with the argument by
Yang and Zhu [42]. More precisely, we will obtain the desired uniform estimate by means
of a suitable covering lemma and the classical Trudinger—Moser inequality on balls, i.e.

Theorem 4.2 ([33]) Let Q@ C R? be a bounded domain. There exists a constant C > 0 such
that

<C|Q| if0 <o <47,
sup / e dx [_ £ lf o= (4.4)
ueH} (). [Vul<1 /@ =+oo ifa>dm.

In particular, inspired by Yang et al. [42], we will mainly make use of the following local
estimate that can be derived directly from (4.4) with the aid of the scaling & := u/||Vu||»

Lemma 4.3 ([42], Lemma 2.1) There exists a constant C > 0 such that for any y € R?,
R >0andanyu € Hol(B(y, R)) with |Vu|l» < 1, we have

/ @™ _ 1)dx < CRZ/ \Vu)? dx. (4.5)
B(y,R) B(y,R)

In view of the fact that V and Q are bounded away from zero by positive constants on
compact subsets of R?, the sharpness (4.3) is a direct consequence of the sharpness of the
following Trudinger—Moser inequality due to Ruf [36] (see also [4] and [18, Remark 6.1]; in
addition, we refer to [1] for a scale invariant form of the result in [36]).

Theorem 4.4 ([36]) Let Q C R? be a domain (possibly unbounded) and let T > 0. For any

y € [0, 4rr] there exists a constant C; > 0 such that

Ry (1,Q) := sup /(eyuz _har<c,
weH (Q), IVull3+elulz=<t /€

and the above inequality is sharp, i.e.

Ry (7,2) =400 forany y > 4m.
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First, we set

V := max V(x) and Q = min Q(x).
XEB) xe€By

Since V and Q are continuous and positive, we have that Vv, Q > 0. Therefore recalling
(3.9), we may estimate

Sy = sup / 0(x) (e””2 —1)dx > 0 sup / (e"“2 — 1) dx.
ueH} (By), llul<1 /B ueHJ (B), ull<1 7 B

Inasmuch as

lull® = [IVull3 +/ V(x)u*dx < |Vul} + V|ull3 forany u € Hj(B),

B

we get
S, >0 sup / (" —1)dx = R, (V. B)).
ueHy (B), IVul3+V|ul}<1 Y Bi
Hence, for y > 47, we have
S, > R, (V, B)) = +o0.

Next, we will derive (4.1) from (4.2) whose proof will be carried out in essentially two
steps. In what follows, y € (0, 4) is fixed and we set

y=4n(1 —¢)
for a suitable ¢ € (0, 1).

4.1 Uniform estimate on a large ball
Letu € H‘l, (R?) be such that |ju|| < 1 and let us estimate

Q()c)(ey"2 —1)dx

Br
for some R > 0 to be chosen during the proof independently of u. First, note that using (Q)
we have
Q) —1)dr <b [ (@ —=Ddr=b[ (719 _1)dx.
Bg Br Br
Next, we follow the argument in [42] and we introduce a cutoff function ¢ € C§°(Bzr) such
that
. . C .
0<¢p<1linByg, ¢=1inBg and |Vg|< R in Byg

for some universal constant C > 0. Then pu € H(} (Byr) and by Young’s inequality

2 2 2 1 2.2
V) 2dx < (1+6) [ @?Vuldx + (1+ IV |?u? dx
Bogr € Bor

Bag

2 1 C2 2
<d+e [ |Vul dx+(1+f)—2 W dx.
Bor e/ R Baor
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In view of (V)

a
(2R)*

)

Vi) > ——— >
1+ |x|* 1+
and hence

1\ C? 1+ QR
IVul?dx + (1 + 7) = L/ V)u? dx.
& a R? Bog

Since by assumption « € (0, 2), we can choose R>0 sufficiently large so that

/ V(o dr < (1 +¢)
Byr

Bar

I\ C? 1+ QR —
( )—ufl—l—e for any R > R.

14—
+£a R?

We remark that the choice of R is independent of u, R =R(e,a,a), and by construction
/ IV(gw)Pdx < (1 +&)[lul® < 1+e.
Bar

Therefore, if we define
vi=+/1—¢ou e H} (Br)

we have that || Vv ||% < 1—¢2 < 1, and by applying the classical Trudinger-Moser inequality
(4.4), we can conclude

/I; (e4ﬂ(1—€)u2 _ 1) dx =
R

WEat we proved so far shows the existence of R = R(s,a,a) > 0 such that for any
R > R we have

(e471(1—8)((pu)2 —1)dx E/ e471v2dx < CR2.

Br Bag

Q@) (7" —1)dx < CR> forany u € HY(R?) with Ju| < 1. (4.6)
Bgr

4.2 Uniform estimate in the exterior of a large ball

Letn >> 1 to be chosen later during the proof. For any fixed n > i, we consider the exterior
By, of the ball B, and we introduce the covering of By, consisting of all annuli A witho > n
defined by

Ay :={)ceB;||x|<o}={xe]R2 |n<|x|<a}.

For any o > 1, in view of the Besicovitch covering lemma (see for instance [23]), there exist
a sequence of points {xx}x € A7 and a universal constant 6 > 0 such that

o A7 C Ui Ukl/z,where Ukl/2 = B(xk» % ‘XTH)

e > xu(x) < 6 forany x € R2, where XU, 1s the characteristic function of Uy :=

B(xk, %)

Actually, the classical version of the Besicovitch covering lemma states that

> X, 2(y) <n forany y € R? (4.7)
k
k
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for some universal constant n > 0, and U kl /2 C Uk. However, it is possible to show that (4.7)
implies
> xu(y) <6 forany y e R? (4.8)
k

where & = 6(n) > 0. To prove that (4.8) holds, we recall the statement of Besicovitch
covering lemma.

Let E be a subset of RV . A collection F of nontrivial closed balls in RV is a Besicovitch
covering for E if each x € E is the center of a nontrivial ball belonging to F.

Lemma 4.5 ([12]) Let E be a bounded subset of RN and let F be a Besicovitch covering for
E. There exist a countable collection {xy} of points in E and a corresponding collection of
balls { By} in F, where By := B(xy, px), with E C Uk Bi.. Moreover, there exists a positive
integer cn (depending only on the dimension N and independent of E and the covering F)
such that the balls {By}x can be organized into at most cy subcollections B; := {Bj Jx,
Jj=1,2,..., cy insuch a way that the balls { B} } of each subcollection B; are disjoint.

Proof of (4.8) We recall that, by Lemma 4.5, Ag C U Ukl/ 2 and there exists a positive
integer n such that the balls {U, kl / 2}k can be organized into at most n subcollections B; :=
1/2

{Ujk e, j =1,2, ..., nwhere the balls {U;k/z}k of each subcollection B; are disjoint. Then

E xul/z(y) <n forany y e R2.
k
k

Next, we show that

> xu(y) 1967 forany y € R.
k

Assume that y € Uj, forsome j € {1,2,...,n}and k > 1. Then %|xjk| < |yl < %|xjk|
and it follows that

vl

Jk

7
B(0, =|y]).
C (,4|yl)

1l

Note that the ball B(0, %Iyl) contains at most 196 disjoint balls B(x, 53 )with%|y| < x| <
%|y|. Thus, forany j =1,2,...,n,

> xwy, () 196
k

and

n
D xu ) =20 xu, (v) < 196n.
k

j=1 k

The proof is completed. O

Letu € H\l, (R?) be such that ||| < 1 and let us estimate the weighted exponential
integral of u on A‘S’n with n > n and o > n. To do this, following [34], we introduce the set
of indices

Kno = {keN|U/*nBS, ).
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From the definition of K, , and recalling that

1/2
scazclu
k
we deduce that
1/2
gn < U Uk/
keKy
and hence
2
/a Q(x)(eyu - dX< Z /1/2 Q(x) )dx
A keKy o

Next, we estimate the single terms of the series on the right hand side. In this respect, the
choice of the balls Ukl /% and Uy will play a crucial role to overcome the difficulties arising
from the vanishing behavior of the potential V and the weight Q.

Remark 4.1 We have
2 4
§|xk| == §|xk| forany y € Uy.

Consequently, in view of the assumptions (V) and (Q), we get

a a
\% > for an e U, 4.9
02 10w 2 T y v e U 4.9)
where Cy, := (4/3)%, and
b
for an e U, 4.10
00 = 157 = TT Gl y v €U (4.10)

where Cg = (2/3)”.
Moreover, it is easy to prove that if Uy N B, # @ then Uy C By, and this entails

U v?< U uicB;cB. (4.11)
keKn o keK, o

Properties (4.9) and (4.10) together with (4.11) will be useful in the proof to obtain some
suitable uniform estimates.

Letus fix k € K, . In view of (4.10),

b 2
yu? yu?
/ Q) (e 1) dx 1+Cﬁ|xk|/3/ (e Ddx

/ (" — 1)dx :/ (@70 1y dx.
Ul vl

Following [42], the idea is to estimate the integral on the right hand side by means of the
local Trudinger—-Moser inequality (4.5) on Uy. To this aim, we consider the cutoff function
@r € C§°(Uy) satisfying

and

C
0 < g <1linUg, (pk—lan1/2 and |Vgo|§—|inUk

| Xk
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for some universal constant C > 0. Then ¢ru € HO1 (Ug) and we may estimate

1\ C?
VouPdr st [ viPact (145) s [ da
U Uy e/ xkl* Ju

1\ C? 1+ Colxi|®
<o [ watars (145) S 2D [ vma
Uy & a || Uy

where we also used (4.9). Recalling that k € K, 5, in view of (4.11), we have that x; € Bg.
Since o € (0, 2), we can choose n = 7 (¢, a, ) sufficiently large so that

(1 n 1) C? 14 Cylxi|®
&

— 5 <1l+e¢ forany k€ K, 5, n > n.
a |xk |

In this way, we get
/ |V (gru)|? dx < (1 +a)/ (Vul? + Vx)u?) dx < (1 +¢). 4.12)
Uy Uy
If we let

vr =1 —¢eqru € Hol(Uk)

then ||Vvk||% <1 —¢&? < 1 and we can apply Lemma 4.3 to v; obtaining

/ (-0 _ 1) gy =/ (@ =0@0” _ 1y ay < [ (0 — 1) dx
u.? u? U

< Clxx* [ |Vuel*dr.
Uk

Finally, from (4.12), we deduce
/ @09 _ 1ydx < Clg[*(1 — &) / |V (gxu)] dx
1/2
Uk Uy

< Clag2(1 — 82)/ (IVul®> + V(x)u?) dx.
Uy

Combining the above estimates, we get

2
Q(x)(e”“z—l)dxbe(l—sz) > L/ (Vul> + V(x)u?) dx
Uy

43, oo T Cplad?
|xx |* / 2 2
<bC(l —¢ Vul*+V(x)u x)dx
( %) E 1+C,5|xk|5 Bg(| | (Ou”) xu, (x)

where the last inequality follows from (4.11). Using again (4.11), we have

ﬂ < B, := sup L forany k € K, .
]—I—C‘5|xk|/S - xeB¢ 1"'Cﬂ'xlﬁ Y
Hence
Q) (" —1)dx <bC(1 —H)B, > / (Vul® + V() xy, (x) dx
Agn kekn,a Bﬁ
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and, in view of the Besicovitch covering lemma,
/ Q(x)(eyu2 —1)dx <bC(1 — 82)9[)’,,/ (Vul*> + V(x)u?) dx.
Ag’l BE’

Letting 0 — 400, we can conclude the existence of n = (e, a, ®) >> 1 such that for any
n > n we have

Q()c)(e)"‘2 — 1) dx < bCGB,,/ (Vul*> + V(x)u?) dx. (4.13)
Note that
. . n? 0 ifg>2
lim B, = lim — = .
n—~+00 n—-+oo 1 +Cﬁn/3 1/(14+Cp) ifg=2

therefore, in particular, we have also the following estimate that can be seen as an analogue
of [8, Proposition 11] for the two-dimensional case

Proposition 4.6 Suppose that (V) and (Q) hold with o and B satisfying (2.1), i.e. a € (0, 2)
and B € (2,400), andlet 0 < y < 4m. Then for any n > 0 there exists n = n(y,a,a) > 1
such that for any n > n

/ Q(x)(eyuz_l)dx < n/ (VulP+V@x)u?ydx forany u € Hy(R?) with |u] < 1.
B3, By

The above Proposition will be useful to prove the existence of a bound state solution of
(NLS), see Sect. 6.

4.3 Proof of Theorem 4.1 completed

To conclude the proof of (4.2), it is sufficient to combine (4.6) with (4.13).
Now, we show that (4.1) holds. This follows from (4.2) and the density of Cgo (Rz) in
H‘l, (R?) (see Remark 3.3). In fact, let y >0andu € H ‘1, (R2). Then by density, there exists

uo € C3°(R?) such that
/1
lu—wuoll </ —
Y

u? = (U —up + uo)2 <2(u — uo)2 + 2u(2).

and, we may estimate

Let R > 0 be such that supp up € Bg. Recalling the elementary inequality
1 1
ab—1< 5(az— 1)+§(b2— 1) forany a,b>0

we get
/2 Q(x)(eyu2 —Ddx < /2 Q(x)(e2y<u—uo)2€2yug ~dx
R R
: 1/ Q) (@~ — 1y dv + 1/ 00 — 1) dx
2 R2 2 Br

< %54 n g Bl el ~ oo

which completes the proof of Theorem 4.1.
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5 Existence result

This section is devoted to the proof of Theorem 2.1 which is based on the classical mountain
pass theorem.

First, we introduce the functional setting for a variational approach to problem (NLS).
Since the nonlinear term f satisfies f(0) = 0, (fo) and (f1), for fixed y > yp, ¢ > 1 and
for any o > 0 we have

£ ()] <ols|+Cly,q,)lsl"" (" = 1) forany s € R. 5.1)
Hence, the Ambrosetti-Rabinowitz condition ( f1) yields
IF(s)| < ols]> + C(y. g, 0)ls|?(”* —1) forany s € R. (5.2)

Given u € H},(R?), we can use (5.2) with ¥ > 9, ¢ > 2 and o > 0 to obtain the following
estimate

/ Q(x)F(u)dx 50/ Q(x)uzdx+C(V,q,0)/ Q(X)uq(ey“2 —Ddx
R2 R2 R2

fo/ Q(x)uzdx
RZ
1 L
+Cnao ([ 0o ax)” ([ 0w —1ar)”
(5.3)

where we also applied Holder’s inequality with p > 1 and % + # = 1. Since « and f satisty
(2.1), we have the continuous embeddings (3.8) and also the Trudinger—Moser estimate (4.1)
and this enables us to conclude that

/2 Qx)F(u)dx < 4oo forany u € H‘l,(Rz). 5.4
R
Therefore, if we introduce the functional
1
Hy =5 P = [ 00oFG) ds
RZ

from (5.4) it follows that I is well defined on (H{,(R?), || - ||). Moreover, [ is of class C'
with

I'ul(v) :=< u,v > —/2 Q) f(w)vdx forany u,v € H&(Rz).
R
In particular, any critical point ug of I is a weak solution of (NLS).

Lemma 5.1 The functional I has a mountain pass geometry on (H‘l, R2), || - ID. More pre-
cisely

(i) there exist T > 0 and o > 0 such that I (u) > t provided ||u|| = o;
(ii) there exists e, € H\(R%) with ||es|| > o such that I (e,) < 0.

Proof Lety > y90q > 2 and p > 1 with % + ﬁ = 1. It is easy to see that (5.3) implies that
forany o > 0

/2 Q) F)dx < Ciolull* + Ca2(y, q,0)llull? forany u € Hy(R?*) with u| = o
R
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where ¢ > 0 satisfies
yp/g2 < 4m.

In fact, due to the choice of o and B in the range (2.1), it suffices to use the continuous
embeddings given by Theorem 3.1 and the Trudinger—-Moser inequality (4.2).

Therefore, if u € H‘l, (R?) and ||u| = o then

102 (5= €10 )l = Gty g, )l = (5~ C1o )o> = Co(.4,0)c"
and, choosing o > 0 sufficiently small,

1) = C10* — Ca(y. q. 0)e".
Since ¢ > 2, for o > 0 small enough, there exists T > 0 such that
I(u) >t forany u € H‘l/ (Rz) with |u|| = o.
To prove (ii), first note that, from (1),
F(s) > Als|* — B forany s € R

forsome A, B > 0.Ifu € C(‘)’O(Rz) with supp u C Bg, for some R > 0, then for any ¢ > 0
1
I(tu) = =t*|u|? —/ O (x)F (tu) dx
2 Br

1
<SP = A [ oeouptar+ B [ 0w
2 R2 B
and, since > 2, I (tu) - —o0 ast — +00. O

In view of the mountain pass geometry of / on (H‘l, (R2), || - I, we can consider the
mountain pass level

c:=inf sup I(y(t))>71>0
Y€l te(0,1]

where
[:={yeC(0,1], H(R*)) | y(0) =0and I(y(1)) <0}.

5.1 Estimate of the mountain pass level

As a consequence of (f3) or (f3), using standard arguments, we will obtain the following
upper bound for the mountain pass level
2
c< X, (5.5)
Yo
We start assuming that the nonlinear term f satisfies the growth condition at infinity ( f3),
ie.
fimint L) — gy = fs)

|s|— 400 e)’OSZ
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where
4e2 L 72 Viax,r
M=MV, Q) := mfi
>0 )/Or Qmm r
Vmax,r :=max V(x) >0 and QOmuinr := mm Q(x) > 0.

lx|=r Ix|=

In this case, for fixed r > 0, we consider Moser’s sequence of functions (see [33])

logn if x| < %,
log
Dy (x) 1= log' if L < x| <,
i’l
if [x| > r.

It is well known that w,, € HO1 (By) C H‘l, (R?) and one can easily prove (see for instance
[30, Equation (3.5)] or [40, Lemma 3.2]) that

- r
L il < 14 0 5:6)
where
2
d,(r) = ) +0,(1) and o0,(1) = 0asn — 4o0.
Let
w, = ” ” € H}(B,) C H}(R?)
n
so that ||w, || = 1 and, in view of (5.6), when |x| < % we have
1 1 1 d,(r)V;
2 n max,r
w2(x) = — logn (fil) > (logn— 7)
" 27 I, 112 27 [, 12
1
> - (logn — dy(r) vmax,,). (5.7)
Note that, from ( f3), we deduce the existence of » > 0 such that
ﬂ 46‘% r2 Vmax,r (5 8)
) > ——— .
7/0”2 Omin,r

and, with this choice of r > 0, we will prove the following
Lemma 5.2 There exists n € N such that

2w
max [ (tw,) < —.
120 Yo

Proof The arguments of the proof are standard (see for instance [30, Lemma 3.6] or [40,
Lemma 3.3]) but for the convenience of the reader we will sketch the main steps.
We argue by contradiction assuming that for any n € N

21
max I (twy,) > —.
>0 10
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Let #, > 0O be such that

I (t,wy,) = max I (twy)
t>0

then
2 4
ty =21 (tyw,) > — (5.9)
Y0
and, since
d I(twy) 0
“I(tw =0,
dt e P
we have also
2= /2 O (x) f(tawn)tywy dx. (5.10)
R

Note that, as a consequence of ( f3), for any ¢ > 0 there exists R, > 0 such that
sf(s) = (Bo — e)e™  forany |s| > Re. (5.11)
Let x,, € B,/, be the minimum point of the weight O on B, ,, i.e.

Q(xy) = min Q(x),

|x|<r/n

then
lim  Q(x,) = Q(0) > 0.
n——4oo
Therefore, using (5.10) and recalling (5.7), we get
2
Rz Bo—o) [ Q@emH dx = (By — &) Q(xy) () e3 Al IEnmhVor|
n

Br/n

and, from this inequality, we deduce not only that the sequence {#, },, is bounded but, in view
of (5.9),
4
lim 2= "
n—-+oo Y0

To reach a contradiction, we try to obtain an estimate of Sy from above. From (5.10) and
(5.11), it follows that

t,? Z/ Q) f (thwp)tywy, dx > Qmin,r/ S tawn)tywy, dx
B, B,
> Owmin,r [(ﬂo —e) / e’ gy 4 / S (twwn)twwy dx
B, {tn

wp<Rg}

—(Bo—¢) Y0t wn)® g ]

{thwn <Re}

Since w, — 0 a.e. in R%, we can apply the Lebesgue dominated convergence theorem
obtaining

. . 2
lim ftw)tyw,dx =0 and  lim W)™ gy = 7p2,
n—>+00 {thwn <Re} n—>+o0 {thwn <Re}
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Moreover, (5.9) yields

2 2
/ eVO(tnwn) dx > / +/ e47‘[wn dx.
Br Br/n Br\Brn

On one hand, using (5.7), we get

/ e47rw,21 dx > nr2 E_Zd"(r) Vmax,r_
Br/n

On the other hand, using the definition of w,, and the change of variable s = re~lnllviognt
2
/ e4ﬂu)n dx
B:\B,
2 . logn
Tl 20~ Tl 2(2— iyl /Togn 1)
=27 e lonl*logn g dg = 2777~ || Wy ||/logn e nlVIERT)
r/n 0
Vlogn
- Monl o _
> 272 ||y, ||/ log n / " 2linliViogn gy — nrz(l —e 2l°g”).
0
In conclusion,
4 . 1.2
— = lim l,% > (Bo — &) Omin,r 7Tr2€_2 7" Vinax,r
Y0 n—+00 ’
and, from the arbitrary choice of ¢ > 0, we deduce that
46% r? Vinax.r
Bo< ———
VOrz Omin,r
which contradicts (5.8). m]

Next we consider the case when the nonlinear term f satisfies the growth condition ( f3/ ),
ie.

A
there exists p > 2 such that F(s) > — |s|” forany s € R, §29)

p

where
p—2
Yo p— 2 IT p/2
(2027 2,

and

e

inf 2/p°
ueHy, BH\(0) ( Je Q(x)lulPdX)

Sp.v,0 =

In view of Theorem 3.1, the embedding H‘I, (R?) — L’é(Rz) is compact and hence, there
exists u € H\l, (R?) such that

l#l*> = S,v.0 and /2 O)|u|”dx = 1.
R

Therefore, we may estimate

_ 1, _
c < I}lzaéi I(tu) = r}l;g( ‘ Et Spv,0 — /RZ Qx)F(tu)dx ]
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and, using (f3), we get

/(p=2)
1 1 —28h 2
¢ < max { ftzSp,v,Q — =P } =PZ2pVo —.

2 p 2p A2 (P=D) %0

>0
5.2 Palais—Smale sequences
Applying the mountain pass theorem without the Palais—Smale compactness condition, we

get the existence of a Palais—Smale sequence {u,}, C H\l, (R?) at the level ¢ (for short
(PS).-sequence), i.e.

I(uy,) —c and I'lu,]— 0, as n— +oo. (5.12)

Lemma 5.3 Any (PS).-sequence {u,}, for I is bounded in (H‘l, (R?), Il - 1) and satisfies
sup /2 O x) f(un)un dx < +o0. (5.13)
n JR

Proof Since {u,}, is a (PS).-sequence for I/, we have
I(uy) > c as n— 400 (5.14)
and
<Up,v> —/2 O (x) f(un)v dx ’ < eylvll forany v e H(R?) (5.15)
R
where ¢, | 0 as n — +o0.
From (5.14), we deduce that {I (1,,)},, C R is bounded and hence, there exists a constant
C > 0 such that
1
5 ||btn||2 =< C—l—/2 Q(x)F(up)dx forany n > 1.
R

In view of the Ambrosetti—-Rabinowitz condition ( f1),

1
/ Q(x)F (uy)dx < — / Q) f (n)un dx
R2 n Jr2
and, using (5.15) with v = u,,
[, 000 g @ = hua P+ el (5.16)
R
Therefore
1 1 £
5 lunll® < €+ — llugl* + = llunll
% ®
and, since u > 2,
1 1 5 &n
0= (5= ) lunll® < €+~

from which we deduce that {u,},, must be bounded in (H‘l, ®2), |- 1D-
Finally, the boundedness of {u, }, in (H‘l, @®, 1-D together with (5.16) gives (5.13). O
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Without loss of generality, we may assume that
up — ug in HY(R?). (5.17)
Moreover, in view of (5.13), we may apply [21, Lemma 2.1] obtaining
Q(x) f(un) = Q(x) f (o) in Ly (R?).

Hence,
<uo, ¢ > —/2 Q) f(uo)pdx =0 forany ¢ € CF°(R?)
R

and u( is a weak solution of (NLS). To prove that 1y # 0 and complete the proof of Theorem
2.1, we will use the following convergence result

Lemma 5.4 If {u,}, is a (PS).-sequence for I, with u, — ug in H‘]/ (R2), then
/2 Q(x)F(u,)dx — /2 Q(x)F(up)dx asn — +oo.
R R

Proof This result is essentially a consequence of the compact embedding
Hy (R?) <> L5 (R?) (5.18)

and the generalized Lebesgue dominated convergence theorem (see for instance [35, Chap-
ter 4, Theorem 17]). Recall that (5.18) holds in view of Theorem 3.1 and the assumptions
(V) and (Q) with o and g satistying (2.1).

First note that from (f1) and ( f>), it follows that

F(s) . My
0< < lim — =
Is|>+o0 Sf(s) ~ Is|>+o0 |5]

and for any ¢ > 0 there exists s = 5(¢) > 0 such that
F(s) <esf(s) forany |s|>75.

Since ug € H‘]/ (R2) and recalling the uniform bound (5.13), we have also

/2 Q) f(up)updx < C and /2 Q) f(up)updx < C forany n > 1
R R

for some constant C > 0.
Consequently, for fixed ¢ > 0, we get

/ 000 Fluo)dx < 6 / 0() f (oo dx < Ce
{ luol=5s} {luo|=5}
and

/ Ox)F(uy)dx < 8/ Qx) f(up)u,dx < Ce.
{ lun|>5}

{lunl=5}

Now, we let

hp(x) = Q(X)X{ \u,,\<E}F(un) and h(x) := Q(X)X{ \uo|<E}F(u0)-
Then {h,}, is a sequence of measurable functions and

h,(x) = h(x) forae.x € R?,
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as a consequence of the fact that u,, — ug a.e. in R?. Using (5.2) with ¥ > yp, ¢ = 2 and
o > 0, we may estimate for any |s| <§

F(s) <05+ C(y,0)s2(e” —1) < C(y, 0,5)s%
Then, letting
gn(x) :=C(y.0.9)Qu; and g(x):=C(y,0.5)Qx)uj
we get
0 < hy(x) < gu(x) x R,

Note that {g, }, is a sequence of measurable functions, g, (x) — g(x) a.e.in R? and, in view
of the compact embedding (5.18),

lim gn(x)dx=/ g(x)dx.
R? R?

n—+00o

Therefore, applying the generalized Lebesgue dominated convergence theorem, we get

lim hy(x)dx = / h(x)dx.
R? R?

n—-+00

In conclusion, for any fixed ¢ > 0, we have

Lyi=| [ owFu)ic~ [ owrwar|= [ owru)d
R? R? {

[un|>5}

+/{| | ,}Q(X)F(uo)dxﬁL‘/{l | 7}Q(X)F(un)dx_/ Q(x)F (ug) dx
up|=s Up|<s

{luol<s}
/h,,(x)dx—/ h(x)dx
R? R?

and, passing to the limit as n — +o0,

<2Ce+

0< lim L, <2Ce.

n—-+00

Since ¢ > 0 is arbitrarily fixed, letting ¢ | 0, we obtain the desired convergence result. O

5.3 Nontrivial mountain pass solution

In order to complete the proof of Theorem 2.1, we have simply to show that the weak limit
ug given by (5.17) is nontrivial, i.e. ug # 0. To this aim, we argue by contradiction assuming
that ug = 0.

Since {u,}, is a (PS).-sequence, (5.12) holds. In particular

. 2 s
im —nEI}FIOOZ(/RZQ(X)F(un)deLC) (5.19)
and
lim [u,|? = lim / O () f (un)ity dx. (5.20)
n—+o0o n—+00 R2

From the convergence result expressed by Lemma 5.4, we deduce that

lim / Ox)F(u,)dx =0.
]RZ

n—+0o
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This together with (5.19) yields
lim Jun||> =2¢ > 0. (5.21)
n—-4o00

In view of (5.5),

21
c< —
Yo

and we deduce the existence of ¢ > 0 and n > 1 such that
) _ 4w _
luyl|~ < —(1 —¢) forany n >mn.
Yo

Therefore, we can choose y > yyq sufficiently close to yp and p > 1 sufficiently close to 1
in such a way that

yp||un||2 <4r(1 — 84) forany n > n. (5.22)

With this choice of y > yp and p > 1, we apply (5.1) with ¢ = 2 and Holder’s inequality
with % + - = 1 obtaining

/ Ox) f(up)uy dx
RZ
<c / 0(u2 dx + C / 00 (e — 1) dx
R2 R2
1 1
< cl/ 0(x)u? dx—l—Cz(/ 02’ dx) ”’ (/ 0(x) (P — l)dx)p.
R2 R2 R2

Note that 2p’ > 2 and, in view of Theorem 3.1 and the assumptions (V) and (Q) with « and
B in the range (2.1), we have the compact embeddings

HY(RY) > LY®Y) and  H} (R << LY (R?).

Moreover, from (5.22),

2
sup/Rz Q) (P — 1) dx < Syr(y_ety (V. Q)

n>n

where Sy, 4 (V, Q) < +00 is the supremum of the Trudinger-Moser inequality given
by Theorem 4.1.
Therefore

lim / 00 £ttty dx = 0
RZ

n—-400
and, from (5.20), we get

. 2
A i =0
which contradicts (5.21).
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6 Bound state solutions

This Section is devoted to the proof of Proposition 2.2. In particular, we will prove that if
ug € H},(R?) is a weak solution of (NLS), i.e.

< ug, v > —/2 Q) f(up)vdx =0 forany v € H‘l,(IRz)
R

then ug € L2(R?) and hence ug € H!(R?).
We will follow almost the same arguments introduced in [8, Lemma 17 and Lemma 18],
see also [31, Section 3].

Lemma 6.1 Suppose that (V) and (Q) hold with a and B satisfying (2.1), i.e. a € 0,2)
and B € (2,+00). Let y > Oand u € H‘l,(]Rz). Then for any ¢ > O there exists R =
R(u, y,a,a) > 1 such that for any R > R

/ 0X) (e —1)dx <y / (\Vul> + V(x)u?) dx.
By By

Proof Let R > 1 and let IZfR : R* — [0, 1] be a smooth nondecreasing function such that

0 if0<r<R—R¥?

V() = {1 ifr > R

and
-, 2
[Wr(r)| < W'

In polar coordinates (r, ) € [0, +00) x S!, we define

0 if0<r <R— RY?,
iR, 0) = Y Yr(u@R —r,0) ifR—R*2 <r <R,
u(r, 6) if r > R.

Arguing as in [8, Proposition 11], we can prove the following estimate

(IViieP + Vi) dr =€ [ (19l + Voo ax
AR B;

where A g is the annulus
Ar:={xeR> |[R—R*? <|x| <R)}.
Recalling that iig = 0 when |x| < R — R%/? and fig = u when |x| > R, we get
g =/ (IVig|* + V(x)ig ) dx < (1+C>/ (IVu® + V() dx.
C BC
R—R%/2 R

Since u € H‘l, (Rz), there exists R = R(u, y) > 1 such that

1
Vul> + Vx)u?)dx < —
B%(l | (xX)u”) =13+cy
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and in particular
|7 irl <1 forany R > R.
Therefore, we may estimate

/ 0" — 1) dv = / Q) (e" ™ — ) dx = / Q)W IV — 1) dsx
B By Ly~
<nlvyirl® =ny lagl?
where n > 0 is arbitrarily fixed and we used Proposition 4.6. This is possible provided
R-R > 3n where n = n(y, a, «) > 1 is given by Proposition 4.6. O
From now on, ug € Hy,(R?) will denote a weak solution of (NLS).

Lemma 6.2 There exists R > 0 such that for any n € N satisfying R, = n*?~® > R we
have

3
/ (|Vuol* + V(x)ud)dx < Z/ (|Vuol* + V (x)uf ) dx.
C Bﬁe"

Rnt1

Proof Let x, : R%Z — [0, 1] be a piecewise affine function such that
0 if [x| < Ry,
o= (1 if x| = Ry
Arguing as in [8, Lemma 17], we can prove that
IVxn (P < V().
By construction x,uq € H‘l, (R?),
/BC (IVuol® + V (@)ug ) dx s/BC Xn([Vuol® + V (oyu ) dx

Rp41 Rn

and we can compute

< U0, Xnlto >=/ Xn(|VM0|2+V(X)M(2))dX+/ uoVug - V xp dx.

Rn BRn
Moreover, if we use x,ug € H\l, (R?) as test function, we obtain
< UQ, Xnlo > —/2 Q(x) f(uo) xnuo dx = 0.
R

Therefore, we may estimate
/ Xn (Vo> + V(x)ug ) dx
B,
=/ Q(x) f (o) xnuo dx —/ upVug - Vyx, dx
B, ¢

By,

1
5/ Q(x)f(uo)uodx+5(/ |Vuo|2dx+/ 1P} )
By, By, B

Rn

s/ 0() f (uo)uo dx + ~ / (IVuol* dx + V (x)ud ) dx.
B%" 2 B;‘?n
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To complete the proof, it is sufficient to prove the existence of R > Osuch that forany n € N
with R, > R

1
/ Q@VWWmMsZ/"(WwPM+Vuw®w.
B %rz B;‘?n
To this aim, arguing as in (5.3), for fixed y > yp and 0 > 0 we have

/ Ox) f(up)ugdx < U/ O(x)u dx
B;n B;‘(n

1

1 1
+C(y,o0) (/BC O (x)uj dx)2 (/BC Q(x)(eZV“(% — 1)dx)2.
Rp Rn

Let R > 1 beasin Lemma 6.1. If R > R then, for any n € N satisfying R, > R, we may
apply Lemma 6.1 obtaining

0(x) (" — 1)dx < Cy/ (|Vuol* + V(x)ud ) dx. (6.1)
B;‘en

c
BR,,

Moreover, if R > 0 is sufficiently large then, for any n € N satisfying R, > R, we have

b1 * b 14 |R
sup Q(x)<Su o) _ X" _ b L+IR

< < - 7 = —— =: B(R)
xeBg, V(x) xeBS V(x) xeBS a 1+ |x] a 1+|R|f

where we used assumptions (V) and (Q) with @ and g in the range (2.1). Therefore, when
R, > R,

/ Q(x)ufdx < B(R) / V (x)u. (6.2)
By, By,
Combining (6.1) and (6.2), we obtain
~ 1 ~ ~ 1
/ Q(x) f (ug)uo dx < [o [B(R)]2 + C(y, 0)] [B(R)]> / (IVuol* + V(xug) dx.
B?(n B?fn
Due to the range (2.1) of the parameters « and 8, we point out that

. , b oo, g
lim B(R)= lim - R =0
R—+00 R—>+o0 @

and, since o > 0 and y > yy are fixed, we can choose R > 0 sufficiently large so that

1

[0 B + ooy | BRI <

Bl —

Lemma 6.3 There exists R > 0 and a constant C > 0 such that for any 0 > 2R

3 -
(1 u0|2 V(X)u%)dx<ce*|10gz|g(2 )/z'
B¢ =
o
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Proof Let R and {R,}, be as in Lemma 6.2 and let o > 2R. Then there exist two positive
integers n > 1 such that

Ri <R <Rjy and Ry <0 <Ry
and it is easy to see that
i > R 2 Re0/2 o Re-0)20C-0)/2 _ |y 5
provided R > 0 is sufficiently large. Therefore 7 — 7 > 3, in particular
Ri>> Rip = R

and we may estimate, using Lemma 6.2,

/ (IVuol* + V(x)up ) dx 5/ (IVuol? + V (x)ug ) dx
BS %

B
Ry

IA

G [ avul + vad) ax
4 B

4N\2 3| (p2—a)/2_p2-a)/2
5(5) o~ log @2 -k ”/ (1Vuol* + V(x)ud ) dx.
BS
R

O
In order to conclude that ug € L2(R?), it is enough to prove that
/ u%dx < +o00.
B3
First, for fixed r > 2 and |y| > 2r, note that
L+ x| 1 « 1+ (3" 1+ (3 yl)*
sup + x| < + o+ 1y < (2 v < 7(2 le) =: C(a) < +o0.
x€B(y,r) a|y|°‘ a|y|°‘ a|y|a yEBY a|y|

Hence, in view of (V'), we have

1 o
/ u(z) dx 5/ 1+ V(x)u(z) dx < C(@) |y|a/ V(x)u(z) dx
B(y,r) B(y,r) a B‘Cy‘/z

where we also used the inclusion B(y,r) C BICV\/Z' If > 2R then we may apply Lemma
6.3 and get ’

Iyl

1\ 2—a)/2
[ agar=c@iyieeil(s)
B(y,r)

(6.3)

Next, let m € Nand |y;| > 2 withi € {1, ..., m} be such that

m
Bs\B, | B(yi. 1)
i=1

and let y; x 1= Zkyi. If Ky is a positive integer such that 2Ko = 2R then, using (6.3) with
r = 2% and Y = Yik

N 3| (k)@ /2
/ W3 dx < C(a) [yixl® e oed| (%4)
By £,2)

forany k > Ko
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and
+o00 m +00
u%dxfz u%dxfzz u%dx
BS 2kBs\ B , B(yi .25
2 k=0 5\P2 i=1k=0" "k
m Ko—1 ) . m 400 . _|10g§|(M)(2—u)/2
=33 [ el 2 3 e T < e
io1 k=0 7 BUix29 i=1 k=K

since « € (0, 2). This completes the proof of Proposition 2.2.
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