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Abstract 

Shape memory alloy (SMA)-based actuator composites are characterised by a high force output 

which is activated by a temperature increase. In this work we exploit this property to design 

sandwich structures with SMA-matrix composite actuator skins capable of exhibiting a 

reversible, tailored flexural response. A theoretical model which predicts the resultant 

deflection and flexural moment produced as a result of selectively actuating one of the system 

skins was developed and confirmed using a multi-step Finite Element (FE) analysis which takes 

into account the fabrication pathway through which these systems may be manufactured. The 

model correlates the geometric parameters and material properties of the various components 

making up the system and provides a quantitative description of the role which each variable 

plays in determining the overall sandwich actuator performance. This is necessary for the future 

production and implementation of such systems in real-life applications.  

Keywords: Shape Memory Alloys, Actuators, Composites, Analytical Modelling, Sandwich 

Structures 

Nomenclature: 

F Force 

d Displacement 

Fi Applied pre-stretch force 

di Applied pre-stretch displacement 

kM Stiffness of twinned martensitic state of SMA component 

kT Stiffness of transition phase of SMA component 

kDM Stiffness of detwinned martensitic state of SMA component 

FT Force threshold required to undergo twinned martensitic to transition phase transformation 

dT Displacement threshold required to undergo twinned martensitic to transition phase 

transformation 

FDM Force threshold required to undergo transition phase to detwinned martensitic transformation 

dDM Displacement threshold required to undergo transition phase to detwinned martensitic 

transformation 

kA Stiffness of initial linear austenitic phase of SMA component 

kCB-Matrix Axial stiffness of matrix counterbalance component 

kCB-Sandwich Cumulative stiffness of all sandwich structure components opposing SMA contraction 

Page 1 of 30 AUTHOR SUBMITTED MANUSCRIPT - SMS-109965.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t

mailto:luke.mizzi@unimore.it


2 
 

FEQ,C Cold state equilibrium force between SMA component and counterbalance 

dEQ,C Initial cold state equilibrium displacement between SMA component and counterbalance 

FEQ,H Hot state equilibrium force between SMA component and counterbalance of all sandwich 

components 

dEQ,H Hot state equilibrium displacement between SMA component and counterbalance of all 

sandwich components 

,

Ideal

EQ Hd  Hot state equilibrium displacement between SMA component and matrix only (standalone 

actuator) 

Fmatrix Axial force generated by matrix 

Fcore Axial component of flexural force generated by core 

Fls Axial component of flexural force generated by lower skin 

FA Morphing Force 

dA Actuation Stroke (Displacement) 
Ideal

Ad  Actuation Stroke (Displacement) of standalone actuator 

ν Poisson’s Ratio 

Ematrix Young’s Modulus of matrix layer  

hmatrix Length of matrix counterbalance component 

Ecore Young’s modulus of sandwich core 

hcore Thickness of sandwich core 

hSMA Thickness of SMA layer 

EA Young’s modulus of initial linear austenitic state of SMA 

EM Young’s modulus of twinned martensitic SMA 

EDM Young’s modulus of detwinned martensitic SMA 

h Hardening parameter 

Rs Elastic limit 

eL Maximum transformation strain 

T0 Reference conversion temperature 

β Temperature scaling parameter 

εi Applied pre-strain 

Tf Final temperature following heating of SMA component 

εT Strain threshold required to undergo twinned martensitic to transition phase transformation 

σT Stress threshold required to undergo twinned martensitic to transition phase transformation 

εDM Strain threshold required to undergo transition phase to detwinned martensitic transformation 

σDM Stress threshold required to undergo transition phase to detwinned martensitic transformation 

l0 Initial length of SMA composite system before the application of pre-stretch 

L Initial length of complete sandwich structure 

H Overall thickness of sandwich structure 

B Out-of-plane thickness of sandwich structure 

G Distance between the lower edge of the sandwich system and the geometric centroid 

e Eccentric distance 

q Distance between the centre of the upper SMA layer and the neutral axis of flexure 

ȳ Distance between the lower edge of the sandwich system and the neutral axis of flexure 

yn Displacement of neutral axis from centroid due to eccentricity 

E*
Cold Effective Young’s modulus of unactuated skin 

i Gyration radius of sandwich structure 

I* Effective second moment of inertia of sandwich structure 

A* Effective cross-sectional area of sandwich structure 

Mf Flexural moment 

I Second moment of inertia 

E Young’s modulus 

R Radius of flexure 

ϕ Bending angle of flexure 

f Deflection 

Aeff Actuation efficacy factor 
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1. Introduction 

Shape memory alloys (SMAs) are materials that ‘remember’ a pre-set shape during loading, 

which is then recovered upon heating (1–5). Besides this shape memory effect, these smart 

materials also have the capability of exhibiting pseudoelastic behaviour at high temperatures. 

These remarkable thermomechanical and superelastic properties are related to the reversible 

nature of their phase transition between austenitic and martensitic states and make these 

systems ideal candidates for implementation in applications requiring materials which can 

tolerate relatively high strain deformations such as biomedical devices (6–9). Besides stand-

alone systems, SMA have also been integrated in a number of composite systems in order to 

provide structural reinforcement (10–15) as well as in sandwich structures (16–21) and 

laminates (22–24) to produce thermally-induced buckling and vibration dampening properties. 

In view of the unusual thermomechanical behaviour of these systems, a number of constitutive 

models and advanced numerical analysis techniques, including 1D, 2D and 3D methods, have 

also been developed specifically to investigate SMAs and related composite systems (25–32). 

SMA-based composites have also found a wide range of applications in the field of actuation 

(33–36). SMAs are characterized by a high force to stroke ratio which may be activated by 

heating the system. However, this actuation effect may only be used once in stand-alone SMA 

system since upon cooling the system it does not return to its pre-stretched strain level. This 

shortcoming may be overcome by adding a secondary component to the system which provides 

a ‘bias effect’ that returns the system back to its original pre-strain shape, hence imparting 

reusability to the shape memory-induced actuation effect. This bias effect may be achieved 

through numerous methods which include the use of spring systems, fixed loads and even other 

SMA components (37–40). In SMA-based composite actuators made from SMA wires, this 

bias effect is imparted by the matrix in which the SMA component is embedded, which acts in 

a similar manner to an antagonistic elastic spring (41–44). 

There are several methods through which one may design an SMA-based composite actuator. 

One such method is that proposed by Bettini et al. (42) where an array of SMA wires are fixed 

in a pre-stretched state and a matrix is formed by pouring the uncured resin around the clamped 

wires. Once the resin cures, the wires are released and the system equilibrates at a fixed 

displacement point, provided that there is a good level of adhesion between the two components 

of the composite system. The actuation stroke and reversibility of such an actuator depends on 

a number of factors with the most important being the volume fractions and material properties 
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of the SMA and the matrix and the level of pre-strain applied to the SMA wires. It has been 

shown in a previous study by the same authors that through smart design of SMA-based 

composite actuators one may maximize the actuation potential of the system while retaining its 

reusability (45). 

In this work, we present a design approach which may be used to implement these SMA-based 

composite actuators in sandwich structures with the aim of exploiting the axial actuation 

properties of these systems in order to obtain a reversible and tailored flexural response. By 

employing the actuators as upper and lower skins sandwiching a soft core, it is envisaged that 

by heating one of the faces of the sandwich structure, the actuator contracts axially resulting in 

a global flexural deformation of the entire sandwich system, which generates a resultant 

deflection that exceeds by far the corresponding axial displacement. In literature, SMA 

components in composite sandwich structures are primarily considered in terms of their ability 

to impart structural reinforcement, shape recovery functions and dampening properties rather 

than as a means of maximizing the actuation stroke potential of the sandwich system whilst 

ensuring reusability. Thus, in this work, we aim to focus mainly on the latter properties and, to 

this end, a theoretical model which quantitatively describes the extent of flexural deformation 

of the system based on the mechanical properties and volume fractions of the actuator skins 

and soft core was developed. The resultant analytical model predicts the maximum reversible 

deflection which may be achieved by the sandwich structure and was confirmed using Finite 

Element Analysis simulations. The design proposed in this work has the advantage that through 

its tri-material composition, the trade-off between maximum deflection and reversibility, which 

is one of the greatest limitations of a bi-material system, is removed. As a result of this, this 

SMA sandwich actuator is extremely versatile in terms of tailoring its actuation output and 

allows greater freedom of design to the user. Moreover, the model also takes into account the 

fabrication process used to produce the actuator, including the stepwise production and 

assembly of components and may be used as a direct design guide for these actuators. 

 

2. Finite Element Methodology 

A schematic of the sandwich structure investigated in this study and the main geometric 

parameters defining the system is presented in Figure 1. The system consists of a soft sandwich 

core and an upper and lower face, both made up of two layers of elastic matrix with a strip of 

SMA alloy embedded within. The overall thickness of the system, H, is the sum of the 
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thicknesses of each layer, which are defined by hmatrix, hSMA and hcore, the heights of the matrix, 

SMA and core components making up the system, respectively, while the sandwich structure 

has a constant length, L, and out-of-plane thickness, B.  

 

Figure 1: A 2D schematic of the SMA-based actuator sandwich structure showing the geometric parameters 

used to describe the system. The system’s out-of-plane thickness is defined by B. The upper and lower 

sandwich faces are made up of two layers of elastic matrix with a small SMA strip embedded within. 

 

Each of the three different layers within the system possess different material properties. The 

deformation of the matrix and core can each be described using a linear elastic model, defined 

by the Young’s modulus, E, and Poisson’s ratio, ν. On the other hand, in the Finite Element 

simulations, the stress-strain behaviour of the SMA components was defined by the 

thermomechanical Souza-Auricchio Shape Memory model (25,27), which takes into account 

the changes in stiffness associated with the martensitic and austenitic phases. This non-linear 

model defines the stress-strain behaviour of the SMA material through the following 

parameters: the Young’s modulus of the austenitic and twinned martensitic state, EM, the 

Young’s modulus of the detwinned martensitic state, EDM, the elastic limit, Rs, the maximum 

transformation strain, eL, the hardening parameter, h, the reference conversion temperature, T0, 

and the temperature scaling parameter, β. The Finite Element simulations were conducted using 

the ANSYS16 Multiphysics software and the sandwich structure was simulated as a system 

which is attached to an immovable surface from one side whilst the remaining sides remain 

free (see Figure 2). The simulations were conducted under plane-stress conditions, with large 

deflections allowed, and PLANE183 elements (8-noded quadratic plane-stress elements) were 

used to mesh the matrix and core, while PLANE223 (8-noded quadratic thermo-structural 

hcore

hmatrix

hSMA

hmatrix

hmatrix

hSMA

hmatrix

L

Sandwich 

Upper Face

Sandwich Core
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Lower Facey
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H
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plane-stress elements) were used for the SMA strips. Following convergence tests, a minimum 

mesh thickness of 0.15 mm was used to simulate these systems.  

 

2.1 Multi-step Finite Element Analysis 

The simulation methodology employed to study these sandwich structures is based on the 

premise that the three separate components making up the system are manufactured 

individually and then joined together at the final production stage. This means that the actuator 

faces, which are made up of two components (i.e. SMA and matrix) that are under pre-stress, 

are first produced using a procedure similar to that described earlier and then later attached to 

the soft sandwich core, which is at rest. This is necessary in order to ensure that the sandwich 

actuator can be designed in a manner in which the thermally-induced actuation is completely 

reversible, with the matrix acting as the main bias component to the SMA and the core 

determining the extent of flexural deformation. In order to numerically analyse such a system 

using Finite Element Analysis, the following multi-step procedure, illustrated in Figure 2, was 

followed.  

Initially, the sandwich system was constructed with an overall length of l0 and set at a 

temperature of T0, the reference martensitic temperature. In the first loadstep, which simulates 

the application of a pre-stress to the SMA strips, the matrix and core elements are switched off 

using the Element Death option available in ANSYS Multiphysics. Then, these elements are 

fixed as shown in Figure 2 in order to ensure that they do not undergo any extreme 

deformations while at the same time allowing the SMA strips to deform freely. These 

constraints were achieved through the implementation of displacement constraints in the x-

direction applied on the leftmost edge of the entire system, while y-direction fixes were applied 

on the all the upper and lower edges of the matrix and core layers. In addition, the nodes on the 

rightmost edge of the system were coupled in order to allow them to deform concurrently in 

the x-direction. In order to induce a pre-stretch of the SMA strips, an axial tensile force, Fi, was 

applied on the nodes at the right edge of the SMA layers. Following the pre-stretching, which 

results in the simulated system having a total length of l0 + di, the next step was to simulate the 

formation of the matrix around the SMA and allow the system to equilibrate at a new 

displacement point, dEQ,C1. To this end, in Loadstep 2, the previously applied tensile forces and 

y-displacement fixes on the uppermost and lowermost edges of the system were removed and 

the matrix elements were switched on using Element Birth settings. Finally, in the third 
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loadstep, the sandwich core was also switched on and the additional artificial constraints 

(couplings and fixes) on all elements were removed, leaving only the fixing constraints in the 

x-direction on the left edge of the system active as well as a single node on this edge which is 

fixed in both the x- and y-directions in order to avoid rigid body motion. This loadstep simulates 

the behaviour of the sandwich structure upon heating the upper SMA strip to a higher final 

temperature, Tf, inducing an austenitic transformation which causes a flexural deformation.  

 

2.2 Geometric and Material Parameters 

In the case studies investigated here, the SMA-matrix composite actuators making up the 

sandwich structure skins were designed according to the analytical expressions derived in (45). 

The theoretical model presented in that work provides a framework for the design of actuators 

with a tailored actuation stroke and complete reversibility for a relatively small number of 

cycles. In view of this, a matrix with the appropriate mechanical properties and volume fraction 

was chosen to complement the SMA material chosen; a Nitinol material whose 

thermomechanical properties were reported by Sittner et al. (46). The material properties of 

this SMA were replicated using the Souza-Auricchio model (25,27) with the following 

parameters: EA = 70 GPa, h = 0.5 GPa, EDM = 70 GPa, R = 45 MPa, eL = 0.03, T0 = 253.15 K 

and β = 7.5 MPa K-1. This model describes the martensitic and austenitic stress-strain curves 

in a similar manner to the qualitative plot shown in Figure 3, and was chosen due to its 

suitability to model complex bi- and tri-dimensional shape memory behaviour. For the matrix, 

the Young’s Modulus was set to 400 MPa and the layer thicknesses of the SMA and matrix, 

hSMA and hmatrix, were set to 0.15 mm and 0.75 mm respectively. Since there are two layers of 

matrix, the final volume fraction of the SMA in the actuator skin consisted of 9.1%. The initial 

length of the SMA strip, l0, was set to 260 mm and a pre-stress equivalent to a pre-strain, εi of 

0.05 was applied to the system. Following the formation of the matrix and equilibration, this 

results in an initial sandwich structure length, L, of 267 mm (l0 + dEQ,C) and a maximum 

actuation stroke of 6.37 mm, which is completely reversible. While these parameters were all 

kept constant for all sandwich structures investigated in this work, a parametric study was 

conducted by changing the thickness, hcore, and Young’s modulus of core, Ecore, producing a 

wide variety of structures. More specifically, sandwich systems with cores possessing the 

following combination of geometric and material parameters were considered: hcore ∈ 20hmatrix, 
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40hmatrix, 60hmatrix, 80hmatrix and Ecore ∈ 10 MPa, 20 MPa, 40 MPa and 80 MPa. Lastly, each of 

the three different materials used were assigned a Poisson’s ratio, ν, of 0.3. 
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Figure 2: Diagram showing the three-step simulation procedure used to analyse the sandwich structures. 

The rollers represent fixes of the node displacements in the x and y-directions, the crosses coupled nodes in 

the x-directions and the arrows in Loadstep 1 the application of forces in the x-direction on the surface 

nodes. 

Load Step 1 – Pre-stretching of SMAs

SMA Elements ON

Upper and Lower SMA Temperature = T0

Matrix and Core Elements OFF

Matrix

SMA

Matrix

Matrix

SMA

Matrix

Core
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Fi

l0

Load Step 2 – Formation of Matrix

SMA and Matrix Elements ON

Upper and Lower SMA Temperature = T0

Core Elements OFF

Matrix

SMA

Matrix

Matrix

SMA

Matrix

Core

l0 di

All Elements ON

Upper SMA Temperature = Tf

Lower SMA Temperature = T0

Matrix
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Matrix

Matrix
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Load Step 3 – Heating
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2.3 Post-Processing Analysis 

In order to measure the extent of flexural deformation of the sandwich structure, the deflection, 

f, and bending rotation, ϕ, of the overall system were recorded during post-processing. The 

approximate overall deflection was measured as the y-displacement of topmost right edge node 

of the entire system, while the bending angle was calculated from the relative displacements of 

the rightmost edges of the upper and lower SMA layers using the following equation: 

( ) ( )
( ) ( )

arctan
lower lower upper upper

upper upper lower lower

x x x x

y y y y


 +  − +
 =
 +  − +
 

 

 

Eq. 1 

where, xlower, xupper, ylower and yupper represent the initial x and y coordinates of the upper and 

lower edge nodes respectively and, the corresponding Δx and Δy terms, the displacements in 

the x and y-directions of these nodes after deformation. In addition, for further analysis 

purposes, the changes in length of the upper and lower SMA strips were also recorded 

throughout every loadstep. In order to account for the curved deformation in Loadstep 3, the 

length was measured by summing up the distances between sequential nodes in the middle of 

the SMA layer using the following expression: 

( ) ( )( ) ( ) ( )( )
1

2 2

1 1 1 1

1

N

n i i i i i i i i

i

l y y y y x x x x
−

+ + + +

=

= +  − +  + +  − +   

 

Eq. 2 

where, N represents the total number of element nodes in a straight line, and i and i+1 represent 

a pair of sequential nodes in the line. 

Following the numerical simulations, the next step was to derive an analytical model capable 

of quantifying the extent of flexural deformation of these sandwich structures based on the 

simulation results obtained and observed deformation profiles. 

 

3. Analytical Model 

The theoretical model presented here is aimed at quantitively predicting the flexural 

deformation of the sandwich systems based on the geometric parameters and material 

properties of said structures.  
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3.1 Assumptions 

The model is based on the assumption that:  

a) a complete austenitic transformation of the SMA strip occurs upon heating,  

b) there is perfect adhesion between each layer in the system,  

c) the thickness of the skin layers (2hmatrix + hSMA) is significantly smaller than that of the 

core (hcore),  

d) the core Young’s modulus is lower than the matrix Young’s modulus, 

e) the sandwich system deforms as an eccentrically-loaded beam.  

The reasoning behind the first assumption stems from the most common methodology used to 

heat SMA components in an actuator system; by passing a current through it. This typically 

results in a rise in temperature which by far exceeds that required to achieve an austenitic 

transformation, even accounting for the fact that the application of a pre-stress raises the 

transformation temperature, and hence it may be safely assumed that if the systems studied 

here are designed to be activated in a similar manner incomplete phase transitions would not 

be an issue. Moreover, typical SMA wire or strips used for the design of heat-activated 

actuators are specifically chosen with a suitable temperature window for martensitic to 

austenitic transformation. The second, third and fourth assumptions are standard criteria for the 

design of functional sandwich structures. The layers of the sandwich structure must be well 

bonded to each other and there is no slippage between layers. Also, the faces of the sandwich 

structure must be thinner than the sandwich core which is typically made of a relatively soft 

material.  Finally, the fifth assumption is a typical condition which is required to describe 

flexural deformation of sandwich and beam structures and is necessary if we are to analyse 

these systems using classic beam theory. This means that the length of the system, L, is 

significantly greater than the total thickness of the system, H and thus a contraction of the upper 

SMA layer results primarily in bending deformation and that shear deformation is negligible. 

In fact, in the Finite Element simulations presented in the previous section, the most extreme 

cases considered had an L/H ratio of at least 4 which is close to the lower limit in the theoretical 

analysis of beam structures (47).  
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3.2 Theoretical Model 

As mentioned previously in the methodology section, analytical expressions predicting the 

axial actuation stroke and reversibility of a standalone SMA-matrix composite actuator have 

already been reported (45). These expressions are based on the resolution of the individual 

axial force-displacement plots of the SMA and matrix components at low (martensitic) and 

high (austenitic) temperatures and in this work a similar approach will be followed as well to 

determine the actuation stroke of the SMA-composite actuator in the sandwich structure. 

The martensitic force-displacement behaviour of the SMA component is described using a tri-

linear model, with three different stiffness constants for the twinned martensite, kM, transition 

phase, kT, and detwinned martensitic state, kDM, as shown in Figure 3. The force-displacement 

relationship of the martensitic SMA changes from one stiffness constant to another upon 

reaching the transition force (FT) and the detwinned martensitic transformation force (FDM).  

The austenitic behaviour is described by a linear model with stiffness constant kA and the 

counterbalance, or matrix, stiffness is described by kCB-Matrix. The mathematical relationships 

between these constants and the material and geometric parameters of the actuator skins are 

presented in (45) and the resultant equations for the plots shown in Figure 3 in terms of the 

latter set of parameters are shown in Eq. 3-8. 

0

SMA MBh E
F d

l
=  

 

Eq. 3 

( )
0

SMA T
SMA T T T

Bh E
F d Bh E

l
 = + −  

 

Eq. 4 

( )
0

SMA DM
SMA DM DM DM

Bh E
F d Bh E

l
 = + −  

 

Eq. 5 

0

SMA ABh E
F d

l
=  

 

Eq. 6 

( )0

2 2

1 1

matrix matrix matrix matrix i

i i

Bh E Bh E
F d

l



 
= − +

+ +
 

 

Eq. 7 

where, B represents the uniform out-of-plane thickness of the system, EM, ET, EDM, and EA 

denote the twinned martensitic, transition, detwinned martensitic and austenitic phase Young’s 

moduli respectively, σT, σDM, εT and εDM the phase transformation stresses and strains between 

twinned martensitic and transition phases and transition and detwinned martensitic phases, 
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respectively. The level of pre-strain applied to the system is denoted by εi and the Young’s 

modulus of the matrix by Ematrix. Note that Eq. 7 has been adapted from the form presented in 

(45) since in the sandwich structures considered here the geometric parameter hmatrix represents 

half the volume fraction of the matrix in the entire actuator rather than all of it.  

In a standalone actuator, the matrix provides the sole opposing force to the SMA component at 

all stages. Thus, the first cold (dEQ,C1, FEQ,C1) and heated (dEQ,H, FEQ,H) equilibration points are 

defined by solving Eq. 5 and 7 and Eq. 6 and 7 respectively, with the actuation stroke, dA, 

being the difference between dEQ,C1 and dEQ,H. However, in the case of the sandwich structures 

considered here, the sandwich core along with the other actuator face are attached to the system 

after the first equilibration point. This means that while (dEQ,C1, FEQ,C1) is determined only by 

the level of applied pre-strain, geometric parameters and material properties of the SMA and 

matrix, the hot equilibration point (dEQ,H, FEQ,H) is dependent on the sum of the counterbalance 

axial forces exerted by both the matrix and the rest of the sandwich structure.  This also means 

that the reversibility potential of the actuator is entirely independent of the overall sandwich 

geometry since it depends only on the position of the first cold equilibration point (dEQ,C1, 

FEQ,C1). If FEQ,C1 is greater than FDM, then the actuation stroke can be completely recovered 

after re-cooling the system i.e. (dEQ,C1, FEQ,C1) = (dEQ,C2, FEQ,C2). Hence, assuming that the 

actuator skin used adheres to this condition, the cold equilibration point of the system (dEQ,C, 

FEQ,C) may be found by solving Eq. 5 and 7, which results in:  

( )
,

2

2

matrix matrix SMA DM i DM DM DM

EQ C

DM i SMA DM SMA matrix matrix

Bh E h E E
F

E h E h E h

  



+ −
=

+ +
 

 

Eq. 8 

( )0

,

2

2

DM DM i SMA DM DM SMA matrix i matrix i SMA DM SMA DM

EQ C

DM i SMA DM SMA matrix matrix

l E h E h E h h h
d

E h E h E h

      



+ + − −
=

+ +
 Eq. 9 
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Figure 3: Qualitative plot showing the axial force-displacement relationships governing the SMA-matrix 

composite actuator skin of the sandwich system. 

 

Eq. 9 is required to define the initial length of the overall sandwich system., L, which is given 

by: 

0 ,EQ CL l d= +  

 

Eq. 10 

The equations up to this point describe the formation of the sandwich structure. The 

displacements and forces calculated thus far all act in the axial direction parallel to the layering 

of the system, which is aligned with the x-direction in a global cartesian system. Following the 

application of heat to the upper SMA strip, the system behaves as if it is loaded with an 

eccentric axial force aligned with upper wire. Therefore, the system undergoes a pure bending 

moment and the axial force and the shape of the sandwich can be described considering a 

cylindrical coordinate system with radius, R, which is dependent on the bending angle, ϕ (see 

Figure 4). 

Force

Displacementdi

(dEQ,C1,FEQ,C1) = (dEQ,C2,FEQ,C2)

(dEQ,H,FEQ,H)

-kCB-Matrix

kDM

kM

kA

kT

dDMdT

FT

FDM

Fi

-kCB-Sandwich

dA

(Eq. 3)

(Eq. 4)

(Eq. 5)
(Eq. 6)

(Eq. 7)

(Eq. 21)

(dEQ,H,FEQ,H)
Ideal Ideal
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Figure 4: A schematic of the sandwich structure after heating of the upper SMA strip. The red arrow 

indicates the direction along which the force shown in the plot in Figure 5 is aligned, i.e. the cylindrical axis 

with radius R. The actuation displacement, dA, is also measured along this direction. 

 

The loading method applied to the sandwich structure to induce deformation, i.e. the 

application of heat to one SMA layer only, is inherently asymmetric. Besides being similar to 

the application of an eccentric load to the sandwich structure, this method also affects the 

position of the centroid and neutral axis of deformation within the system.  This is due to the 

fact that while the SMA layer in the upper skin induces the flexural deformation of the system, 

the entire lower skin of the sandwich structure opposes it. This generates an asymmetry in the 

stiffness distribution of the system despite the geometric symmetry along the xz-plane which 

the system possesses, resulting in a displacement of the centroid from the centre of the system. 

The position of centroid relative to the base of the sandwich structure, G, may be found as 

follows (48): 

ϕ

q

y

x

R

After Heating Upper SMA

R

ȳ
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( ) ( )

( ) ( )

*

*

3
2 3 2 2

2 2 2

2 2

matrix core Cold SMA
matrix SMA SMA matrix core core SMA matrix matrix SMA matrix

core core

matrix Cold
matrix SMA core matrix SMA

core core

E h E h
h h h h h h h h h h h

E E
G

E E
h h h h h

E E

    
+ + + + + + + + +     

     
=

+ + + +

 

                                                                                                                                Eq. 11 

 

where, E*
Cold represents the effective Young’s modulus of the lower actuator skin in the x-

direction which is made up of martensitic SMA and matrix layers. This parameter may be 

calculated as follows: 

,*

0

1
2

1
2 1

SMA
matrix

EQ CSMA matrixSMA
Cold DM

SMA matrix i

h
E

dh hh
E E

h h l

  
−  

+    = + +  + +  
  
 

 Eq. 12 

 

Since the lower skin is typically much stiffer than upper skin matrix layers and the sandwich 

core, the centroid will normally shift to a region inside or close to the lower skin.  

When the upper SMA layer is heated, it contracts axially. Since the matrix layers surrounding 

the SMA are in its immediate vicinity and very thin, the force generated by these layers 

opposing the axial contraction of the SMA may also be calculated axially using Eq. 7.  

However, the same cannot be said for the lower skin and the sandwich core and therefore the 

opposing axial forces in the direction and plane of the upper SMA generated by these layers 

must be calculated using beam theory. The flexural moment, Mf, induced by the axial actuation 

force of the SMA may be quantified as beam loading under eccentric conditions as follows:   

fM Fq=  Eq. 13 

  

where, q, is the distance between the centre of the upper SMA layer and the neutral axis of the 

system. The position of the neutral axis of the system is displaced from the centroid, G, due to 

the eccentricity, e, which is defined as the distance between the upper SMA layer and the 

centroid:  

3
3

2
matrix SMA coree h h h G= + + −  Eq. 14 

  

The displacement of the neutral axis from the centroid due to the eccentricity, yn, can be found 

by:  
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2

n

i
y

e
=  Eq. 15 

  

with i2 being the square of the gyration radius of the sandwich structure, which is in turn 

calculated from the effective second moment of inertia of the sandwich structure, I*, and the 

effective cross-sectional area, A*: 

*
2

*

I
i

A
=  Eq. 16 

  

and the parameters I* and A* are defined as: 

( )
( )

( )

( )
( )

3 2

3 2

*

3 2*

2 3
2 3

12 2

2
12 2

2
2

12 2

matrix SMA matrix
matrix SMA matrix SMA core

core

core core
core matrix SMA

matrix SMA cold SMA
matrix SMA matrix

core

h h E
h h h h h G

E

h h
I B h h h G

h h E h
h h h G

E

 +  
+ + + + −     

  
= + + + + −     

+  
+ + + + − 

 

 
 
 
 
 
 
 
 
  
   

   

 Eq. 17 

  

( ) ( )
*

* 2 2matrix cold
matrix SMA core matrix SMA

core core

E E
A B h h h h h

E E

 
= + + + + 

 
 Eq. 18 

  

Using these parameters, the position of the neutral axis with respect to the lower edge of the 

sandwich structure, ȳ, may be found by: 

ny G y= −  Eq. 19 

  

and q is defined as: 

nq e y= +  Eq. 20 

  

 

The flexural moment of the sandwich structure may be related to the flexural radius, R (which 

is relative to the neutral axis), as follows: 

f

EI
M

R
=  Eq. 21 
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where E is the Young’s modulus and I is the second moment of inertia of the beam section 

being considered. The radius, R, is related to the axial contraction of the SMA strip, d, through 

Eq. 16: 

Lq
R

d
=  Eq. 22 

  

By expanding Eq. 13 and 22, the axial force, F, and displacement, d, generated by the flexural 

deformation of any of the system layers at a distance e away from the neutral axis may be found 

by:  

2

EI
F d

Lq
=  Eq. 23 

  

In order to calculate the flexural stiffness of the sandwich core and the lower skin, the 

respective moments of inertia of these two components must first be calculated as follows: 

( ) ( )
3 3

2 2

3 3

core SMA matrix SMA matrix

core

h h h y h h y
I B

 + + − + −
= − 

 
 

 Eq. 24 

  

( ) ( )
3 3

2

3 3

SMA matrix

ls

h h y y
I B

 + − −
= − 

 
 

 Eq. 25 

  

where B is the z-thickness of the sandwich structure. Finally, since the force-displacement plots 

generated by these components both originate from the first equilibration point (dEQ,C, FEQ,C) 

shown in Figure 3, the opposition forces generated as the upper SMA strip contracts may be 

found by: 

( ),2

core core
core EQ C

E I
F d d

Lq
= −  Eq. 26 

  

( )
*

,2

cold ls
ls EQ C

E I
F d d

Lq
= −  Eq. 27 

  

And the total counter balance force may be found by adding Eq. 7 to Eq. 26 and 27: 

matrix core lsF F F F= + +  Eq. 28 

  

Finally, the hot equilibration point (dEQ,H, FEQ,H) may be found by solving Eq. 6 and 28:  
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( )

( )
( )

, *

2

,

*0

2

0

2

1

21
1

1

EQ C matrix matrix i
core core cold ls

i
EQ H

matrix matrix
core core cold ls

SMA A i

d Bh E
E I E I

Lq
F

l Bh E
E I E I

Bh E Lq l







+ +
+

=
 

+ + + 
+ 

 Eq. 29 

  

( )

( )
( )

, *

2

,

*

2

0 0

2

1

21

1

EQ C matrix matrix i
core core cold ls

i
EQ H

SMA A matrix matrix
core core cold ls

i

d Bh E
E I E I

Lq
d

Bh E Bh E
E I E I

l Lq l







+ +
+

=
 

+ + + 
+ 

 Eq. 30 

 

Once the hot equilibrium point has been found, the axial actuation stroke of the heated SMA 

layer, dA, can be found by:   

, ,A EQ C EQ Hd d d= −  

 

Eq. 31 

The actuation stroke can then be used to calculate the bending angle, ϕ, and deflection, f, as 

follows: 

Ad

q
 =  Eq. 32 

  

22 sin
2

A

A

dLq
f H y

d q

   
= − +   

  
 Eq. 33 

  

where, H represents the total thickness of the sandwich system. 

 

4. Results and Discussion 

A diagram showing the deformation of one of the sandwich structures studied here before and 

after Loadstep 3 of the FE simulation is shown in Figure 5. A comparison between the FE 

results and the theoretical predications is also presented in Figure 6, where the effect of 

changes in the parameters Ecore and hcore on the deflection, f, for a specific set of geometrical 

parameters, are presented. The analytical model and Finite Element simulations show 

extremely good agreement, indicating that the theoretical model covers and accurately predicts 

the geometric and material nonlinearities of the system. It is evident that the largest deflections 

are obtained from the systems with the lowest hcore value. This was not surprising since for a 

given dA value, the axial actuation stroke of the SMA-matrix actuator, the greater the dA/H 
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ratio, the larger the extent of bending rotation, ϕ, and hence flexural deflection, f. Moreover, it 

was also observed that in most cases the Young’s modulus of the core had minimal effect on 

the extent of flexural deformation, except in systems possessing an extremely rigid core, in 

which case, a small reduction was observed.  

 

Figure 5: A scale image of a Finite Element simulation on a system with Ecore = 20 MPa and hcore = 20hm 

before (dotted line) and after heating the uppermost SMA layer. 

 

Figure 6: Plot showing the changes in actuation deflection, f, obtained upon changing the parameters hcore 

and Ecore whilst keeping all other parameters constant as predicted by the analytical model (surface) (Eq. 

33) and FE simulations (points). The deflection observed for these actuators is predicted to be fully 

reversible. 

 

This indicates that the reaction force imparted by the core against the axial contraction, Fcore, 

of the heated SMA strip is minimal in most cases. This is the most desirable outcome, since in 

an ideal situation, the only role of the core is to act as a geometric parameter which transforms 

the axial contraction of the skin into an overall flexural deformation of the sandwich structure 

without reducing the actuation stroke of the skin layer. This means that the total counterbalance 

stiffness, kCB-Sandwich, must be almost equal to kCB-Matrix (see Figure 3), i.e. Fmatrix ≈ Fmatrix + Fcore 
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+ Fls. In order to minimize the value of Fcore, the flexural stiffness of the core must be very low. 

Since the dA/H ratio determines the extent of flexure, if hcore is kept constant, then Ecore must 

be accordingly low for this to occur. However, it must be noted that the influence of a fixed 

Ecore on the overall flexural stiffness of the core increases as hcore increases since the second 

moment of inertia increases by the power of three with increasing core thickness (see Eq. 18). 

This is amply demonstrated in Figure 7, where while the systems with an Ecore value of 10 

MPa show no significant effect on the axial actuation stroke of the SMA-matrix skin, those 

with an Ecore value of 80 MPa show a slight decrease.  The reason why the stiffness imparted 

by the sandwich core cannot be neglected in the cases studied here as in normal sandwich 

structures subjected to external loads is due to the fact that the neutral axis of the system is 

displaced from the centre towards the unheated skin of the sandwich structure. However, on 

the other hand, the flexural stiffness of the lower skin is very small, since it is relatively thin 

and extremely close to the neutral axis of rotation in almost all cases. In fact, almost no change 

in the length of the unheated SMA strip was observed from the FE results.   

 

Figure 7: Plot showing how the axial actuation stroke of the heated SMA changes with changing hcore for 

various sandwich structures as predicted by the analytical model (straight lines) and FE simulations 

(symbols). 

Therefore, if one wishes to quantify the reduction of actuation stroke, dA, as a result of the core 

stiffness, then one must first solve Eq. 6 and 7 in order to get the ideal hot equilibrium point, 

,

Ideal

EQ Hd , i.e. the equilibrium point of a standalone SMA-matrix actuator: 

( )

,

0 0

2
1

2
1

matrix matrix i

iIdeal

EQ H

SMA A matrix matrix

i

h E

d
h E h E

l l







 
 

+ =
  

+   +  

 Eq. 34 

  

4.7

5.1

5.5

5.9
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hcore (mm)

d
A

(m
m

)

Ideal

Ad
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which may then be used to calculate the ideal actuation, 
Ideal

Ad :  

, ,

Ideal Ideal

A EQ C EQ Hd d d= −  Eq. 35 

  

Finally, the actuation efficacy factor, Aeff, may be found by comparison with Eq. 31: 

1
Ideal

A A
eff Ideal

A

d d
A

d

 −
= − 

 
 Eq. 36 

  

If Aeff → 1, then the actuation output of the skin is at its maximal level and the sandwich core 

has solely a geometric effect on the deflection of the overall system. When constructing such 

sandwich systems, one should optimise the necessary geometric parameters and material 

properties of the various components making up the system bearing this factor in mind in order 

to obtain the maximal actuation efficacy.  

At this point, it is important to highlight the critical role that the core plays on the overall 

deformation of the sandwich structure. As stated previously, if acting solely in a geometric 

capacity, the presence of a thick core actually decreases the deflection of the sandwich structure 

produced upon actuation. However, conversely, the flexural moment generated by the entire 

sandwich system increases upon increasing core thickness. This relationship between flexural 

moment and deflection, quantified in Figure 8, is similar to that observed in many actuator 

systems, where a large stroke is typically accompanied by a small force and vice-versa. 

Moreover, the sandwich core also acts as a barrier against shear deformation of the system 

upon actuation of the SMA layer. 
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Figure 8: Plot showing the inversely proportional relationship between flexural moment, Mf, and deflection, 

f, upon altering the core thickness, hcore, and leaving all other parameters constant (with B set to 100 mm), 

as predicted by the theoretical model. 

 

The plots shown in Figures 7 and 8 also highlight the very clear advantage which a sandwich 

actuator has over a standalone axial SMA actuator with respect to the overall actuation stroke 

output of the system. While the maximum actuation stroke generated by the standalone actuator 

for the examples considered here is 6.37 mm, the resultant deflection of the corresponding 

sandwich structures incorporating the same actuator as a component of the system can vary 

from ca. 11 mm to 90 mm, depending on the type of sandwich core used. These higher values, 

although coming at a cost of the overall actuation moment and force of the system, considerably 

enhance the versatility and applicability of SMA-based sandwich actuators, particularly for use 

in applications requiring proportionate stroke to force actuation ratios. It is also worth 

highlighting that his increased actuation stroke does not come at a cost of reusability. In fact, 

for systems designed with an Aeff factor of almost 1, the reversibility of the system upon cooling 

is unaffected by the maximum permissible stroke, which is primarily defined by the core 

thickness. This is not the case for a bi-material actuator, where the matrix acts both as a bias 
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system and a sole determinant of the maximum actuation stroke, hence resulting in a trade-off 

between these two factors which limits the versatility of the actuator.   

Before concluding, it is imperative to mention that the analytical model and Finite Element 

simulations presented here are meant primarily to act as a pre-design guide for the fabrication 

of SMA actuator-based sandwich structures. It is well known that the stress-strain behaviour 

of SMAs is affected by long-term repeated use (49–51) and that fatigue factors need to be taken 

into consideration if the model presented here is to be used to predict the behaviour of actuator 

systems operating under these conditions. Therefore, the model is mainly expected to 

accurately predict the behaviour of these systems for short-term repeated use, particularly if 

materials with a short fatigue lifetime are used. Moreover, the choice of materials used to 

produce these sandwich structures is also essential to obtaining the desired functionality. 

Finding a set of materials which when joined together respect all of the conditions listed in the 

model section can be a challenge, in particular for the condition of ensuring perfect adhesion 

between all layers. Other factors such as manufacturing conditions including curing process of 

matrix such as temperature changes and shrinkage could also result in slight deviations from 

the theoretical predictions of this model. A possible method to circumvent this problem and 

ensure that the matrix acts as a bias mechanism for the SMA component in these cases and/or 

in the event of imperfect adhesion between layers could be to mechanically block the ends of 

the SMA layers using a rigid element that allows uniform compression of the sandwich skins. 

The analytical model presented here combines the effect of the geometric parameters with the 

material properties of the various components making up the system in order to obtain a desired 

mechanical response and thus is expected to provide the necessary design flexibility required 

to overcome such considerations through optimization of the geometric variables based on the 

material properties of the suitably chosen materials. Furthermore, it should be noted that while 

the model presented here is based on 3D system with a constant out-of-plane cross-section for 

the sake of clarity, the equations provided may easily be slightly tweaked to describe a system 

where the SMA component is in the form of a wire rather than a strip of material, as is the case 

in most SMA-based composite actuators. This may be achieved by taking into account the 

relative volume fractions of the SMA and matrix components based on their cross-sectional 

areas rather than thickness, whilst retaining roughly the same overall skin thickness. The next 

step in this work is to design a prototype sandwich actuator based on the model proposed here 

and use it to experimentally validate the conclusions of this numerical and analytical study. 
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5. Conclusions 

In this work, analytical expressions relating to the design of SMA actuator-based sandwich 

structures with a reversible tailored flexural response has been presented. The theoretical model 

describes the effect of the various geometric parameters and material properties of the 

components making up the system on the overall deflection of the entire sandwich structure 

and the analytical predictions showed good agreement with corresponding Finite Element 

simulations used to validate the results. The stiffness and thickness of the sandwich core are 

the main factors which determine the maximum deflection and resultant moment generated by 

the actuator upon activation. In addition, both methods indicate that the most efficient sandwich 

system design is one where the core is soft enough to act only as a means for joining the SMA 

skins with each other while at the same time, not providing a substantial stiffening effect which 

significantly reduces the axial actuation of the SMA-matrix skin layer. The results obtained 

from this work are expected to provide a major step towards the experimental design of SMA-

based sandwich actuators and, potentially, the future implementation of these systems in 

applications requiring the generation of an actuated, reversible, specific bending deformation.  

In addition, it is hoped that this work will provide impetus for further research into the use and 

applications of SMA actuators using polymer composites as bias mechanisms.   
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