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ABSTRACT: We initiate the study of 1/2 BPS Wilson loops in N' = 4 Chern-Simons-matter
theories in three dimensions. We consider a circular or linear quiver with Chern-Simons
levels k, —k and 0, and focus on loops preserving one of the two SU(2) subgroups of
the R-symmetry. In the cases with no vanishing Chern-Simons levels, we find a pair of
Wilson loops for each pair of adjacent nodes on the quiver connected by a hypermultiplet
(nodes connected by twisted hypermultiplets have Wilson loops preserving another set
of supercharges). We expect this classical pairwise degeneracy to be lifted by quantum
corrections. In the case with nodes with vanishing Chern-Simons terms connected by
twisted hypermultiplets, we find that the usual 1/4 BPS Wilson loops are automatically
enlarged to 1/2 BPS, as happens also in 3-dimensional Yang-Mills theory. When the nodes
with vanishing Chern-Simons levels are connected by untwisted hypermultiplets, we do
not find any Wilson loops coupling to those nodes which are classically invariant. Rather,
we find several loops whose supersymmetry variation, while non zero, vanishes in any
correlation function, so is weakly zero. We expect only one linear combination of those
Wilson loops to remain BPS when quantum corrections are included. We analyze the M-
theory duals of those Wilson loops and comment on their degeneracy. We also show that
these Wilson loops are cohomologically equivalent to certain 1/4 BPS Wilson loops whose
expectation value can be evaluated by the appropriate localized matrix model.
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1 Introduction

It is by now a widely substantiated fact that BPS Wilson loops provide a powerful probe
of supersymmetric gauge theories. While Wilson loops in general enable us to study gauge
theories and their phases, the BPS ones are particularly interesting as they also allow to
perform exact calculations, via localization [1]. The prototypical example of such operators
is the 1/2 BPS Wilson loop of N = 4 super Yang-Mills (SYM) theory in four dimensions,
which is defined in terms of a gauge connection augmented by a scalar coupling [2-4]. In
the case of the circular geometry, this is evaluated by the Gaussian matrix model [5, 6].
The same is true for a much larger class of theories with A/ = 2 supersymmetry, where
again a scalar coupling allows to turn the loop for any gauge group in a quiver gauge theory
(or a theory of class S) to be BPS and they provide rich probes of the theory [1, 7-9].

In three dimensions the story is quite similar, if we consider Chern-Simons (CS) theo-
ries with A/ = 2 supersymmetry. The 1/2 BPS Wilson loops there again involve a coupling
to a scalar from the vector multiplet [10] and can be evaluated by localization to a matrix
model [11]. The same is true for Yang-Mills theories with N' = 4 supersymmetry [12].
Things are however more complicated when considering Chern-Simons theories with more
extended supersymmetry. In the ABJ(M) theory [13, 14], which has N' = 6 supersymme-
tries, the loops with only scalar couplings turn out to be only 1/6 BPS [15-17], while the 1/2
BPS ones require a much more complicated structure, involving couplings to both gauge
groups and the inclusion of fermionic terms [18]. Technically, the proof of supersymmetry
invariance for those 1/2 BPS loops becomes more complicated, since the connection itself
is not invariant under the supersymmetry variations, but gives a total derivative which
needs to be integrated along the Wilson loops.

In this paper, we initiate the study of 1/2 BPS Wilson loops in theories with Chern-
Simons couplings and N = 4 supersymmetry. The case of CS theories with A/ = 3 super-
symmetry was already studied in [19], where it was found that the only supersymmetric
loops are 1/3 BPS. The structure of N’ = 4 theories is much more restrictive and we may
hope that there could be 1/2 BPS loops. Indeed we shall present an embarrassingly large
number of Wilson loops that seem to be 1/2 BPS and will discuss how this degeneracy
may be lifted.

Before outlining the results, we proceed by specifying the theories analyzed in this

paper.

1.1 The theories

The first N' = 4 superconformal Chern-Simons-matter theories in three dimensions were
constructed in [20]. These were generalized in [21] by the inclusion of “twisted” hypermul-
tiplets and further generalized in [22], whose notations we mainly use, see appendix A for



details. The theories we consider are circular or linear quivers with U(Ny) gauge group
nodes. Adjacent nodes can be connected by bifundamental fields which are either hyper-
multiplets or twisted hypermultiplets. We assume that there are p hypermultiplets and q
twisted hypermultiplets. A circular quiver has then p 4+ ¢ nodes, while a linear quiver has
p+ g+ 1 nodes. The supersymmetry enhancement of these extended theories was studied
in [23] and, in particular, it was shown that ABJ(M) lies in this class of theories.

The vector multiplets associated to the nodes with vanishing CS levels may be inte-
grated out to obtain a non-linear theory [24]. We do not adopt this approach and work
with the UV description.

We label our nodes by the index I, so the vector field is Ap),. The gaugino and
auxiliary scalar (in N = 2 language) are ;) and ¢(;), though we will integrate them
out for nodes with non-vanishing CS levels. The hypermultiplets in the bifundamental
representation of nodes I and I+ 1 have a scalar q{}) and fermion ¢ p. They are doublets
of the SU(2) 4 and SU(2)p subgroups of the SO(4) = SU(2) 4 x SU(2)p R-symmetry group
and are indicated by underlined and overlined indices, respectively. The same multiplet
includes also gz and 1;(%. The field content of the twisted hypermultiplets is obtained
by exchanging underlined and overlined indices.

The CS level of the I*" node, ky, is fixed by the condition

k
k‘[:§(81—81+1), S]::l:l, (1.1)
where s; = 1 for a hypermultiplet at the I*" link and s; = —1 for a twisted hypermultiplet.
With these conditions, it is apparent that k; € {k, —k,0}.

1.2 The Wilson loops

The theories we study have an SO(4) = SU(2)4 x SU(2)p R-symmetry. We shall look for
Wilson loops which preserve the SU(2) 4 subgroup. There will be other Wilson loops which
preserve the SU(2)p subgroup, of course. Those can be studied by replacing the theory
with another one where all hypermultiplets are exchanged with twisted hypermultiplets
and vice-versa.

To be specific, we choose to preserve the supersymmetries generated by the four pa-
rameters (see the supersymmetry transformations in appendix A)

[T o A=1,2. (1.2)

The Wilson loops preserving those supercharges are straight lines in Fuclidean space and
will also preserve four superconformal generators. In section 3 we write down circular loops,
which preserve eight linear combinations of the Poincaré and conformal supersymmetries,
but will also preserve SU(2) 4.

An important point about the supersymmetries in (1.2) is that there is a pairwise
symmetry under exchange of chirality + and SU(2)p index 1, 2. The construction of
the Wilson loops below mirrors that in ABJM theory and includes fermions from the

We adopt the convention that in quiver diagrams I increases from left to right.



hypermultiplet, which carry the same type of indices. Hence the choice of fermionic coupling
in the Wilson loops breaks this pairwise symmetry and consequently we find a pairwise
degeneracy in all our constructions. We refer to those below as the “i1-loops” and “i)o-
loops”, reflecting the SU(2)p label of the fermionic coupling.

There are several different cases of loops, the details of which are presented in the next
section, but most possess this degeneracy. We do not see a trace of this degeneracy in
M-theory and we expect it to be lifted by quantum corrections. We discuss this in some
more detail in the discussion section.

The paper is organized as follows. In the next section we present the construction of
the 1/2 BPS Wilson loops. We start with the case of segments of the quiver with alter-
nating k, —k CS levels. We then consider linear quivers, by removing a hypermultiplet or
twisted hypermultiplet from a circular quiver. Finally, we consider the cases of segments
of the quiver with vanishing CS levels. In section 3 we study the case of the circular Wil-
son loop. In section 4 we discuss how to calculate those Wilson loops using localization.
The main point is that all those Wilson loops for quivers with alternating CS levels are
classically cohomologically equivalent to 1/4 BPS loops, which can be evaluated in the
matrix models of these theories. We expect, though, that this analysis receives quantum
corrections and only a certain linear combination of those Wilson loops will be in fact quan-
tum mechanically equivalent to the 1/4 BPS loops. For segments of the quiver comprising
successive hypermultiplets, we have been able to show only for one of our proposed BPS
loops that it is cohomologically equivalent to a 1/4 BPS loop. The situation with the other
possible BPS Wilson loops supported on this part of the quiver the situation is not clear.
In section 5 we discuss the M2-brane duals of these Wilson loops and comment on their
degeneracies. We finally conclude with a discussion of the many remaining questions left
open. The notations and some technicalities are relegated to appendices.

During the course of our work, a manuscript addressing the same question has ap-
peared [25]. This prompted us to present the rich class of observables we have found,
leaving their further study to the future. The Wilson loop found in [25] is one of those
presented below for the particular theories which are orbifolds of ABJM. To be specific, it
is the loop coupling to ¥; and in a representation of all of the nodes of the quiver.

2 Infinite straight line

Wilson loops are traditionally defined as the holonomy of the gauge connection. It was
however found in [18] that the 1/2 BPS Wilson loops in ABJ(M) theory must be expressed
in terms of the holonomy of a superconnection L, with modified connections for the two
U(Ny) and U(N2) vector multiplets on the diagonal blocks and bifundamental Fermi fields
in the off-diagonal blocks. The Wilson loop is then

W = trg Pexp (—i / d75(7)> , (2.1)

where R is a representation of the supergroup U(Np|Na).



The supersymmetry variation of the superconnection does not vanish, rather it is a
total differential. In [26] this was expressed in terms of a supercovariant derivative of a
supermatrix valued in the superalgebra, i.e.,

5L =9.G=0,G—i{L,G]. (2.2)

This is enough to guarantee that the Wilson loop is invariant under the corresponding
supersymmetries. One must furthermore ensure that the trace is such that the boundary
terms from integrating this term cancel each other. Our construction below of 1/2 BPS
loops in N = 4 theories will be based on similar principles.
In this section, we start by considering an infinite spacelike line in the z'-direction in
R3 parametrized by
et =1, 2 =12%=0. (2.3)

2.1 Alternating CS levels

The theories we consider have a number of vector multiplets coupled by p hypermultiplets

and ¢ twisted hypermultiplets forming a circular or linear quiver. We study different

possible sections of the quiver and find the Wilson loops supported on the relevant nodes.
We start by considering a segment of the quiver of the form

k —k

where a solid link corresponds to a hypermultiplet and a dashed link to a twisted hy-
permultiplet. Each node represents a U(N) vector multiplet with Chern-Simons level k;
indicated above.

We begin by considering the variation of the gauge connection of the first node. Before
proceeding, we define following [22], the useful bilinears

Y1) = 4{ndin A Py = A1 ad(r)
_ i 1 _ _ 5 _ _ 1 _ B _
(1) 5 = a{nyam s — §5AB(V(1))CG, (i) = i — *5’43(1/(1))00,

i = VRl — Vel pane s T = VROGal — VS PPancup
(2.4)
The currents j and j are descendents of the moment maps p and fi.
The variation with supersymmetry parameters (1.2) is (see appendix A)

Al ~1A A2 ~2A
0An = fAl ( )+ — ](0)+> §A2 (3(1) 3(0)7) : (2.5)

In CS-matter theories, it is natural to allow for a bilinear of the scalars in the con-
nection [10, 15-18]. The variation of the moment map (2.4) associated to the twisted
hypermultiplet on the left is

. ol



We can eliminate all the terms in the variation of A(;) (2.5) that depend on the twisted
hypermultiplets by taking the linear combination

2L, 1 (A1 1.
0 A(1)1 - ?(M(o))l = %f,}g(l} - %f@](l), . (2.7)

Since [ is traceless, this is the same as adding %([L(O))zz.

We can also include terms from the scalars in the untwisted hypermultiplets. A term
proportional to their moment map will lead to a connection invariant under half of the
supercharges in (1.2), that is a 1/4 BPS Wilson loop. But our choice of of supersymmetries
(1.2) distinguish between the twisted and untwisted fields. So for the untwisted fields
consider the variation of v

; AB 12— - AB 21 - A 71 - A 72
oy = iV2 (P25 vz + A PES wayaa + 5,000 + eyl )
(2.8)
This does not package nicely in terms of the currents, so let us also expand (2.7) in terms
of the component fields

)~ 6AB€£§EL¢(1)2+Q(1)A + GABégféziﬂu)kaA) :

(2.9)
We see that we have all the same terms in those two expressions, but with different signs.
We can therefore add or subtract v(;) from the gauge connection and reduce the variation
to just two terms

2 i 2v/2 7 - IB 19._ ~

g [Au)l = () = k'/u)} = [@Eqé)d’ﬁw + 6AB€Q€B;¢(1>1—Q<1>A} , (2.10a)
2 i 22 5 - A -

0 [A(m - ?(M(o))i‘i‘ z (1)} = 5;12(16)1#(21)_ + 6AB€£§—BZT/J(1)2+Q(1)A} . (2.10Db)

In each case we find a non-vanishing variation, which we will have to cancel by con-
sidering a superconnection, with fermionic couplings either 1;%1) 4 and Yy for the first

sign choice, or 1;(21)_ and 1(1)24 in the second case. We refer in the following to the two
respective loops as “¥1-loops” and “i9-loops”.

2.1.1 The ¢;-loop

Thus, following [18, 26], we try introducing a super-connection whose top left block is given
by (2.10a). On dimensional and Grafimann odd/even grounds, it can be seen that the (1,2)
and (2,1) component of the superconnection will be of the form, EQAMJ&) 4 and CGALZ_J(Al)a, where

the spinor couplings &2 and ¢ are GraBmann even. The supersymmetry conditions (2.2)
tell us that we must write the variation of this entry with respect to the supersymmetries
as a covariant derivative with respect to some specified modified bosonic connections. By
assumption, we firstly consider taking the modified bosonic connection of the first node is



given by (2.10a), and we fix the form of the second connection such that the conditions
(2.2) are satisfied.
As such, we must choose the fermionic couplings such that the covariant derivative

in the variation of the fermions is projected along the z! direction. This requires ¢ =

ci“ = = ¢ = 0. Motivated by the lack of an appearance of 12 and ¥? in (2.10a) in the

context of the supersymmetry conditions (2.2), let us further assume that ¢, = & =0.
We thus write the superconnection as

o (Aan - %(ﬂ(_(]l))l; — ) @y 7 (2.11)
Y+ *

where ¢, ¢ and ‘%’ remain to be fixed.
As the variation of the bosonic connection contains no derivatives, the supermatrix G

of (2.2) is of the form
G¥r = (0 g) . (2.12)
g *

Towards this, consider

i V2 i i-
51%)1 = \/§(ID)++61%} 5;{1 - 7514&1 (V(1)q(% - Qé)l/u))

Q\f V2 1

(2.13)
i 2
§A1(,u(0))11Q(1) + EAIC] (H(2))7-

Thus, we may write

55%); =D,g, (2.14)
with _
9= V2(e) a0y Ea) 7T
(i % (il 20
Drg=D;g+i <k1/(1) + k(u(O))ll) g—ig <k’/(1) + k(u(2))11> 7 (2.15)

Drg = 0rg —iAqyg +igA@)

in agreement with the modified connection for the loop in (2.10a). We are now furthermore
find that the bottom right block has be be Ay — %(N(Q))ll — %17(1).
Similarly, we may use the variation of the bottom left block

_ \f _
60y, = VED) sy P2, + Y e eMegy | nnaa)a - G (2.16)
22 s ~ _ 22 i . .
T 6AB€Q§BQ+‘1(1)A(“(0))i+ TEABEQ§Bg+(M(2))iq(1)A,

to write

oy, = D13, (2.17)
where

g=—V2eqhye' P2, ., (2.18)



and the modified bosonic connections agree with (2.15). It now remains to check the
variations of the bosonic connections satisfy the conditions coming from (2.2), i.e

21 1 . o 71
é [A(m - ?(u(o))ll kV(1)] = —ic(Pay) g+ ige (V))+, (2.19a)
21 T .
o [A(Q)l — E(M@))l kl/(l)] = —ic (w( ))+9 +ige (ay) " (2.19b)
A simple calculation shows that these conditions hold, provided c¢ = —%. The value of
c itself is immaterial, as it always will appear in the combination c¢ in the trace of the
superconnection. We choose therefore ¢ = ¢ = 1—\/_% In summary, we find that the loop
with super-connection
2~ \1 j 1—i +
[ Ay — 7 (o)1 — 5ra) 7 Y -
= 1-i 71 A 2i 1 in (2.20)
Y0+ @1 — % (@)L~ 570

preserves the supersymmetries (1.2).

2.1.2 The y»-loop

We now consider the second modified bosonic connection (2.10b) A1y — %(ﬂ(o))ﬂ + %1/(1)
and proceed similarly to the previous section.
We find that this works with

7= V2cqae'Peies (2.21)

2 ) 2.22
11+;1'7(1>) 222

Indeed using

Wy, = V2(0) -4ty €5, — \[5,42( vl — qé)’%l))

2{ 2v2
§A2(M(0))22€I(1) + 5A2 a1 (M(2))gg’

(2.23)

and the variation of the bosonic connections we find that the supermatrix appearing in the
covariant derivative (2.2) is

0 ~ YD 4 e
G = V(i) o _AB21¢ R (2.24)
T dyac" e Ep1 0

We find for each hypermultiplet in a quiver connecting nodes with CS levels k to

—k a pair of superconnections. Out of each of them we can construct a Wilson loop in

an arbitrary representation of the supergroup U(Nj|N3). We in fact expect to find only

one Wilson loop for each representation of such a pair. We comment about this in the
discussion section.



2.2 Linear quivers

Before proceeding to the case of quivers with nodes with vanishing CS levels, let us comment
on linear quivers. We can construct any linear quiver by starting from a circular quiver
and removing a hypermultiplet or a twisted hypermultiplet (or a pair and the intermediate
vector multiplet). The relevant loops are gotten from those constructed above by erasing
the coupling to the removed fields.

We start from the segment of the quiver considered above

k —k

The loops we constructed couple to scalars and fermions of the hypermultiplet between the
nodes and to the scalars of the two adjacent twisted hypermultiplets.

Consider removing the twisted hypermultiplet to the right of the second node. Erasing
it from the 1-loop (2.20) gives

Lo = (A(m N ?_((1(_03)% ~ kv %%)} ) , (2.25)
7% Y+ Aen = 1)

and it is easy to check that this is indeed is 1/2 BPS, with the appropriate supersymmetry
transformations of the linear quiver in appendix A. Similarly, the 9-loop (2.22) becomes

2% [~ 7 1—4 ) —
ot _ (Aa) —Rlat e ) | (2.26)
7 Y- A+ 57

Likewise we can remove the twisted hypermultiplet from the left which will remove the
coupling to the fig) moment map from the above.

If we instead remove the hypermultiplet connecting the N; and Ns nodes we expect
to lose the structure of the superconnection. Indeed, in that case we find two indepen-
dent 1/2 BPS Wilson loops, each with a gauge connection and a coupling to the twisted
moment maps

2%, _ 24
Loy =Aan = 7B, Loy =Aen - ()

(2.27)

Note that both ; and ¥2-loops give the same loops via this process, so we lose that two-
fold degeneracy. Also, these loops are essentially the same as the usual 1/4 BPS loops
one gets from a modified connection with the scalar ¢ of the vector multiplet. In this
formulation this scalar has been integrated out giving rise to the couplings to u. Those
loops are 1/2 BPS in theories with N' = 2 supersymmetry and in this particular case get
enhanced to preserve 4 supercharges, rather than 2.

A similar story holds when considering linear quivers that end on nodes with vanishing
CS levels. The case with vanishing levels inside a quiver are studied in the following two
sections. Again, one can remove a hypermultiplet or twisted hypermultiplet to open up
the quiver and the Wilson loops with those fields removed would remain 1/2 BPS. We do
not list all the examples or repeat the algebra for all of them.



2.3 Vanishing CS levels: Repeated untwisted hypermultiplets

We have thus far considered Chern-Simons-matter quivers with alternating +% Chern-
Simons levels. Here we study the Wilson loops in the case with extra nodes of vanishing
CS levels [20, 22] that preserve N' = 4 supersymmetry.

Let us consider the quiver with a node with vanishing CS coupling to a pair of untwisted
hypermultiplets

We have removed for convenience the twisted hypermultiplets from the left and the right,
but they can be incorporated by adding the moment maps to the gauge connection.

We start by mimicking the construction of superconnections in the alternating levels
case and find several different possible connections involving pairs of nodes. Then in
section 2.3.4 we find a new structure of a superconnection which couples to all the different
fields of the three nodes. We expect this structure to be more fundamental than the ones
involving only pairs of nodes.

2.3.1 The ¢1-loop for the first link

We begin by constructing the ;-loop for the first link. The analysis proceeds as in sec-
tion 2.1.1: We take the same connection for the first node, since it couples to the same
fields as previously (only that now, since we don’t have twisted hypermultiplets, we don’t
need to include a fig) contribution). We then continue to study the fermions and the
connection on the second node.

Requiring that the variation of the bosonic connection in the first node is a commutator

2

o [Aon— v evy,

cp = N L), (2.28)
01/1(1)+ *

with (1) gives

where it remains to fix ‘*’ and the fermionic couplings ¢ and ¢.
We fix the form of the bosonic connection of the second node by studying the variation
of the fermionic terms
iy =V2Dra)Es, — \f% voaty - ity
2v2
Ok

(2.29)
&4 (Bophahy — V265,40 (et

If we require that the variation of the fermion is a total derivative this fixes the second
connection to A(g)l + i(gO(Q))ll — %17(1).
Furthermore, it fixes

90) = V2eq( &5 (2:30)

2The ¢(1)’ subscript for £ indicates that we are attempting to construct a U(N;|Nz) valued connection.

,10,



It is also in agreement with the bosonic connection of the first node given above. The
variation of the conjugate fermion suggests the same bosonic connections as well as

9ga) = —V2¢ 6(1)A€ABGQfBg+7 (2.31)

cf. the calculation in section 2.1.1. This suggests that the form of the supermatrix Gy is
identical to that of the alternating level case.
We see that if we take

j 1—i +
o _ (Ao wv AL (2.32)
O il Aoy + il — i ’ :
Vi T+ 21 P(2))7L~ BV
then we verified that the variation of all but the bottom right block are total covariant
superderivatives. The variation of that block is

. (.
0 [A(Q)l + i) - k”(l)] (2.33)
2\[ Al— L /o4 7.A1 =41 A2 ~A2
[5A1¢(1)+q(1) & dmava } 2% (@u [J(z)+ _J(1)+} $a2 [ (2)- _3(1)_D :
The first two terms are exactly as for the variation of the bosonic connection of the second
node in section 2.1.1. Thus we can write

1 1 00 _i + [.A1 <A1 ] - [.A2  =A2
0L =Dy, Gy + AT (0 1) . AJ=op (@L [3(2)+ J<1>+} € [J@)— %%D )

(2.34)
where ’Dl(ﬁll)T is a supercovariant derivative with respect the superconnection Ezpll).
We shall come back to discuss the AJ term in section 2.3.5. For now we examine more

possibilities for superconnections.

2.3.2 The vs-loop for the first link

We can also take the superconnection

Ay + Lv cY,
= (Moo %)zl ). (2.35)
Cw(l), @1 T ilee) 1L+ 170
and find
Y2 Y2 b2 00
0L =D, G+ AT (O 1) , (2.36)

where GE% is the supermatrix for the alternating level case.

2.3.3 Superconnections in the second link

We can also consider superconnections involving the vector fields A3 and A3y and the
hypermultiplet connecting them. By reflection it is clear that the resulting loops would
have superconnections

. 1. _ i 1—i gt
[ (A(g)l + 9?(2))7, kY(2) vk 1/}(3)1 > , (2.37)

— 11 —



satisfying

Vi _ eyt 10
5£(21) = 9(21)TG(21) —AJ (O O> ) (2.38)
where Gél) is the supermatrix found in the alternating level case.
Likewise . ‘ -
£l = <A2>1 + 11(10,(2_)2>1+ e iYee ) , (2.39)
N A1+ 572
satisfies
Vi _ e 10
5£(21) = 9(22)TG(22) —AJ (O O> ) (2.40)

where GE% is the supermatrix found in the alternating level case.

2.3.4 A 4 x 4 construction

Thus far we have found four superconnections involving pairs of vector fields and the
relevant hypermultiplets. We can construct from them Wilson loops in arbitrary repre-
sentations of U(N1|N2) and U(N2|N3). We can also combine pairs of them together, to
form block diagonal superconnections with a 4 x 4 block structure, with the central node
represented twice. Those will allow to write Wilson loops in arbitrary representations of
U(Nl + N3‘2N2)

In fact, this 4 x 4 ansatz allows for a more general superconnection, which is not block
diagonal. In addition to bosonic entries transforming in the adjoints of the individual
nodes, and fermions in the bifundamentals of adjacent nodes, we have two bosonic entries
transforming in bifundamentals of U(N;) x U(N3). On dimensional and representation
grounds, they have to take the form d 5 Bqé)qg) and dB d(2)A9(1)B> respectively. We got the
construction below to work with the antisymmetric couplings d 55 = de 55 and dAB = deAB,

Starting from a general ansatz we have been able to show that the structure of the
superconnection has to be either the block diagonal ones made of pairs of superconnections

discussed above or the superconnection

_1 _2 — 7 A B
Ay Co¥iny  Co¥ue  deandh i
-1 A O _2 ¢7
r— 0(1)11@1)+ 2 ng) (f)g (2.41)
o ! —. 9 .
2V - 0 Alg) )Y

dEABQ(Q)AQ(UB 0(2)21/;(22)_ C(2);¢(l2)+ A(s

with Ap) = Ap)+ilee) 1+ g5 (V) — 7)) and Afg) = A +ilee)h =55 () — 7n)-
The connection in the top left and bottom right corners involve only the gauge fields (and
one could include the appropriate moment maps, if coupling to extra twisted hypermul-
tiplets). It is rather interesting that in the case of alternating levels we had to augment
all gauge connections by a coupling to v with a coefficient +i/k. Indeed that is also what
we found in the loops associated to the first and second link. But here we have the third
option of not including this coupling for the external nodes.?

3We were not able to find BPS Wilson loops with any other values for the coupling to v.
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The supermatrix G is given by

0 g1 9z 0

_1
L0 o
a— %o oz | (2.42)
9(1) 0 0 9(2)1
_2 1
0 955 9 O
where
g = V285, ahEL, g2 = —V2e0 465, -
(1)(1)5A2
2 A
g(Q 1= \/75 €A1 ) 9(2)2 = _\/56?2)(1(2)5_2’ (2 43)
9(1 = —V2eanduyac P ¥ py  h) = V2eupdnyac e e
G = —V2 0(2)lq(2)A€AB€L§B2+a 9oy = V20l ac' e p

We firstly consider the variations of the bosonic components, listing below the correspond-
ing conditions which must be imposed for supersymmetry.

- i
11 entry: 6%1)5(1)1 = 6(21)6(1)2 -
Mentry:  chyen = el =

entry: @21~ ‘@2 = T (2.44)
14 entry: —5%1)5%2) = 5(21)6%2) =d,

41 entry: —C(1)1€(2)2 = €(1)2C(2)1 = d.
The supersymmetry conditions corresponding to the 22 and 33 entries are then automati-
cally satisfied.
As for the central 23 and 32 entries in (2.41) the difference between the supersymmetry
variation and the super-covariant derivative of G gives

. 2 ~Al 2 Al -
(6£ = :C)as = =i (cuehyiiys + oty ) S

1 ~A2 1 .A2 (2.45)
(0L —D:G)32 =i (6(1)25?1)j(1§— + 0(2)25?2)j(23—) fjiry

where ©, is the super-covariant derivative with respect to the super-connection £. Im-

posing the bilinear constraints (2.44), we see that (0L — ©,;G)23 and (0L — D,G)32 are

proportional to jé% i 5{% 4 and jé%_ — 5(’%_, respectively. This is similar to the 2 x 2
cases discussed above.

With the constraints (2.44), the supersymmetry conditions for the fermionic entries

A ~ )A

of (2.41) are satisfied, up to a remainder term, which is proportional to (i (2))” 5 — (fi1))" 5-

We present the example of the 12 entry. Consider

(D:G)12 = 0rg(1y1 — 1411911 +i91)1A@) — iJGABQ(_})q(%)gé)- (2.46)

With some manipulation it may be seen that

i La +
b 9 = V2c(2)2 ( a — =iy (7a) + ve) &
( )4(2) @2 (Y41 — 540) Al (2.47)

—€ i) ((u(2))Bc - (ﬂu))Bc) GCDﬁm_) :
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This identity, coupled with (2.44) gives us that

(6L — D:G)12 = —ide 5p4()) ((M(2))BC - (ﬂu))Bé) e“Pepy . (2.48)
Indeed all fermionic entries have such a remainder term, proportional to (/,L(Q))Bé —

(u(l))B - We discuss these remainder terms in the next section.

We have also tried to construct Wilson loops with 3 x 3 and 6 x 6 block structure,
but couldn’t find any useful ones. We expect then that the Wilson loops will be given
by this connection, or that made of a pair of the previous 2 x 2 connections, or a linear
combination thereof. In any case the Wilson loops will be classified by representations of
U(Nl + N3|2N2)

The story for longer segments of the quiver with vanishing CS levels should be similar.
The even entries will be along the diagonal or in the bifundamental of U(Ny) x U(Nr42)
and made of a bilinear of the scalars. In the 4-node case the resulting connection would be
a U(Ny + 2N3|2N3 + Ny) matrix, and the generalization to longer quivers is obvious.

2.3.5 On AJ and Ap

In the alternating level case we found a pair of superconnections whose variation is a total
derivative. In the case with a single & = 0 node we found five possible superconnections but
in all cases we found an extra term in the variation proportional to AJ (2.34). One can add
more hypermultiplets and more nodes with vanishing CS levels and the same construction
leads to superconnections whose variation includes terms proportional to AJ terms on the
different nodes with £ = 0. For the construction with the 4 x 4 connection we also found
the remainder Ay term (2.48)

In the case of alternating levels we found a superconnection whose variation doesn’t
vanish, but like in ABJM theory, it is a total derivative. So the variation of the Wilson
loop constructed out of the superconnection does vanish. In this case, the variation of the
Wilson loop built out of any of the four superconnections will not vanish, but will rather
give the insertion of the integral of AJ into the Wilson loop.

Still, we expect there to be a BPS Wilson loop associated with this segment of the
quiver. Indeed, examining the action [22] for the vector multiplets with k& = 0 one notices
that the gaugino A\ appears only linearly and multiplying AJ. Thus the variation of the
Wilson loop is an insertion of % into the Wilson loop and the path integral over A of any
observable will be a total Grafimann derivative and will therefore vanish. We conclude that
the variation of the Wilson loop is zero in the weak sense — all correlation functions with
it vanish.

As for the Ay piece (2.48). Again the action of the vector multiplet includes this com-
bination multiplied by an auxiliary field. Integrating it out identifies (M(Q))B o= (ﬂ(l))B o
so this term does not obstruct the supersymmetry analysis, and the 4 x 4 loops are thus
also supersymmetric in the weak sense.

2.4 Vanishing CS levels: Repeated twisted hypermultiplets

One last simple case to consider is a segment of the quiver of the form

— 14 —



The nodes on the left and on the right will couple to extra nodes through the hyper-
multiplets (solid lines) and form superconnections with them (or if we remove the hyper-
multiplets and consider a linear quiver, will have 1/2 BPS connections like in (2.27)). In
either case we can construct a 1/2 BPS Wilson loop coupling to the central node alone

. ? -
L) = Ay +ilee)t — 7 ((ne)t + (Bay)ty) - (2.49)

3 Circular Wilson loops

For every straight BPS Wilson loop we expect to also find a circular one which will have
a finite expectation value calculable using the localization matrix model. We study those
here. The circle is given by

zt = cosT, 22 =sinT, 23 =0. (3.1)

Whereas the straight line preserved half of the Poincaré supersymmetries and half of the
superconformal ones, we expect the circular loop to preserve eight linear combinations of
the two. Concretely, we look for Wilson loops that preserve supersymmetries where the
superconformal variation parameters 7 are related to the superpoincaré ones & by

77%1 = i(UQ)ab 6%1 ) 77%2 = _i(a2)ab 5%2 . (3'2)

The superconformal transformations of the fields are given in the usual way [27] by replacing
(€ap)® = " (vu)"(na E)b , except for the variations of the fermions which pick up an extra
term (see appendix A).

3.1 Alternating levels

Let us consider the same segment as for the straight line case in section 2.1

k —k

As in the straight line case, contribution to the variation of the gauge field from
the adjoining twisted hypermultiplet may be cancelled by considering the combination
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Ay — %([L(O)ll . Futhermore, we may consider the two combinations

. 9 ;
g [qu(l)u = () = km)}

2v/2 , 1 i - _ 1 g
== { [(1 — sin T)fjgl + cosT&“AJ qé)%b(llH + [6057'52{l + (1 +sin 7-)541 q(Al)w(ll)i

+ [(1 + sin T)eABegégz — COST eggegﬁég} ¢(1)1+Cjé)
+ [— cos T ePel2eE 4 (1 —sinT)et” 6@5@} w(luf@é)} ’
(3.3)
and
" 2t 0
8 | Ay, — ?(M(o))fﬁr AL
22

— ’ { [(1 + sin T){jqu — cosmfiz qé)lﬁ%H + [— COSTsz + (1 —sin T){Eg] qé)@%)f

+ [(1 — sin T)eABeﬂfgl +cosT eABeflﬁf ] ¢(1)g+(jé)

+ |:COST6AB€ Let 1+ (1+ sinT)eABe2 = ] w(l)g,qé)} .

(3.4)
From the straight line case, we expect that these two choices correspond to the v; and
Wo-loops respectively. We assume the form of the superconnections and verify that they
are indeed supersymmetric.
3.1.1 The v¢;-loop
We take the superconnection to be of the form

o= (#Awn = E o)~ o) iy, (3.5)
Py Ay, — () — 7))

and the supermatrix GG to be of the form

_(0yg
o~ (02) 59

As in [18], we consider the projector

(3.7)

1—sint cosTt
P =46 e a4y =
b+ (,m) b ( COST 1+sin7'>

and demand that the fermionic couplings be eigenstates of this projector. In particular,
we choose

1 — g
¢ = (cosT, 1 +sin7)" (1), Co = ( - T) e(r), (3.8)

COST
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where ¢(7) and ¢(7) are functions of 7. The variation is given by

= .a A- ca 2\/§ B A /=~ B = ¢ca

[y

/ = (3.9)
+ i\/ﬁéa(oj)abg%lQé) .
We wish to write this as a covariant derivative. We may impose
i
DrCq = §Eb(az)ba, (3.10)
which tells us that o
(1) = ————— 3.11
() cost —sin %’ (3.11)
where C' is a constant. With this choice of &(7), we have
o [éa(w(l)l)a} =D, (2\/§qgéa§%l> > (3‘12)
where DTqé) = DTqA + %V(l)q“i — %q;‘ﬁ(l). The supersymmetry conditions demand
g = 2V2q(}, G, (3.13)
Similarly, we find
5 [ @h))a] = Dr (~2v2q0 40" Pel2epy, ) (3.14)
where we have imposed that _
0-c" = —%cb(c;'?)ab, (3.15)
which is solved by
C
e 3.16
e(7) cos g +sing’ (3.16)
where C is a constant. We thus have
7= —2V2q) 4" P el gy, (3.17)
A simple calculation, as in the straight line case in section 2.3.1 gives that CC = —%.

The story for the segment of the quiver with vanishing CS level is very similar, where
for example the circular analog of the straight line presented in section 2.3.1 is the same as
(3.5) with the lower right corner replaced by " A(s), +i(90(2))ll — %5(1), which is essentially
the same as in (2.32). The variation of the super-connection is then

LYY = DG+ AT <8 (1)> : (3.18)

with G as in (3.6) and AJ is as defined in (2.34). The other loops for this case may be
similarly obtained in analogy with the straight line case.
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3.1.2 The ys-loop

To construct a loop coupling to 12, we take the fermionic couplings to be eigenstates of
the projector P~ = §% — @ (7y,)%, given explicitly by

P <1+smT —cos¢>. (3.19)

—cosT 1—sinT

We take the fermionic couplings to be

1+ s
¢ = c(r) (— cosT, 1 —sin T)a , Co = €(T) ( s T) , (3.20)
a

— COST

with the superconnection given by

e — (HAwe = R0+ o) Wiz ) gan
MGy @A) — 3 (@)L + £ 70

Proceeding as in the previous section, studying the variations of the fermions gives us

) C
= —2 2 4z i2)” c T cosZ+sinZ
g V2q ca(€42)", &) cos T +sing’ (3.22)
— C |
g:Z\/iQACa(gAz)aﬂ 1) = —F—==-

T i T
COS 3 Sin 5

as well as compatibility with the conjectured bosonic connection of the two nodes. An
examination of the variation of the bosonic connections gives CC = %

3.1.3 The boundary conditions

We have shown that the supersymmetric variation of £ may be written as a super-covariant
derivative. In order for the circle, which is compact, to be invariant under supersymmetry
we must ensure that there are no boundary terms when integrating this total derivative
term. We follow the analysis in [26].

We define 20 to be the untraced Wilson loop and analyze its transformation by the
total derivative viewed as a super gauge transformation. Consider the matrix G (for either
the 11 and s-loops) found above, then we find

G(2r) = —G(0). (3.23)

This can be written as

G2m)=TGO)T', with T = (é _0Z> . (3.24)

This implies that the finite gauge transformation U = exp(iG) also satisfies

U@2r) =TUO)T . (3.25)
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Now we consider the transformation of 07. It is invariant under the
supersymmetry/supergauge transformations.

STe(WT) — sTr(UH0)WU (2m)T) = sTr(U1(0)20TU(0)) = sTr(WT). (3.26)

We thus should consider the supertrace of 207 rather than of 20. Equvalently, examining
that form of T, we see that the trace of 20 (rather than the supertrace) is a supersymmetric
operator. This is similar to the result for ABJM in [18].

4 Localization and the matrix model

We would now like to show that we can calculate the expectation value of the 1/2 BPS
Wilson loops using localization. The idea, as in [18], is to show that the 1/2 BPS loops are
cohomologically equivalent, under the localization supercharge, to certain combinations of
1/4 BPS loops for which the localization calculation has already been done. This reduces
the calculation of the Wilson loop to that of an observable in a matrix model, as in [28-31].
We shall leave the solution of the matrix model to future work.

4.1 The straight line

We now demonstrate, following closely [18], that both the 11-loops and t9-loops are in the
same cohomology class — that of a certain 1/4 BPS straight loop. We should note that
this is a classical calculation and we expect it to be modified by quantum corrections and
in fact only a single linear combination of these loops will be exactly equivalent to the 1/4
BPS loop. We discuss the lifting of the degeneracy in section 6.

The appropriate 1/4 BPS operator has a purely bosonic connection from two adjacent
nodes

Aayn — 2 ((M(o))ll"‘ (M(1))ii> 0

L4 — -
0 Agy — 2 ((ﬂ(l))li + (M(z))ﬂ)

(4.1)

We note that this shares its four supersymmetries with our 1/2 BPS loops. As our localizing
supercharge, we consider the linear combination

Q=Q2+ Q™ (4.2)

4.1.1 The v-loop

The difference between the 1;-loop (2.20) found in section 2.1.1 and the 1/4 BPS loop is
given by
WY — WY = e P [e_if‘hﬁwl — e_ideﬁm} . (4.3)

We wish to demonstrate that this is a Q-exact quantity by finding a V such that W¥1 —
W4 = QV. Following [18], we take

VY= —itr P [ / dr e o T LY N1 () =i S dﬁﬁ”}, (4.4)

—0o0
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where A¥! is to be determined by the requirement QA¥! = Eqﬁl and Eqﬁl is the connection
with fermionic entries equal to that of £%1 and zeros everywhere else. We find

1 0 Eqi 1. 1 4
AV = V2 <—CQ(1)2 0(1)> L@y = §E? —2 (['? - Ly ) ’ (4.5)

where the subscript ‘B’ indicates the bosonic part of and £¥1 = £¥1 — £1/4,
Acting with Q on V%1 gives

QU — it [ / dr e o B (L0 (1) 4 AP Q) e ‘“2”“]. (4.6)

We pick up a boundary term from acting with the supercharges on the exponent. Noting
that

Qwa)l - ﬁDTq(il) ’ Qz/i’(ll)Jr = —V2D.qq3, (4.7)
we find

QVY = —itrP [ / dr e~ /o dm L1/ (5«;1 (1) + g;_g;) et dm cwl} 7

o (4.8)
= —Z tI‘P |:/ dT 6_7’[100 d’l'1 £1/4£’¢1 (T)e—i fToo d’TQ [,¢1:| )
— 0o
As in [18], upon Taylor expansion, we see that this is equal to the expansion of
;oo 1/4 e B 5
Wi W= | S i [andn £ ) £ )| (49)

p=1
demonstrating the cohomological equivalence of the v1-loop and 1/4 BPS loop.

4.1.2 The vy-loop

The 19-loop (2.22) of section 2.1.2 is also cohomologically equivalent to the 1/4 BPS loop.
The result follows almost identically to that of the ;-loop, with

VY2 = —jtrP [/ A\ (r)e™ S~ drs M}l} ) (4.10)
where
: T
Yo _ b 0 €4 1 2:1~¢2:1 Y2 pl/4
A= - (cq(1)1 W)L A= iy =g (53 cy ) . (4.11)
Noting also that
QU = —V2Drgly,  QUf,_ = —V2Drquy, (4.12)

it is straightforward to see that both loops are cohomologically equivalent to each other.
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4.1.3 Vanishing CS levels

In the case of the quivers with vanishing CS levels discussed in section 2.3 We have not
demonstrated the cohomological equivalence to 1/4 BPS loops for the loops based on 2 x 2
blocks. Below we do it for the 4 x 4 superconnection (2.41). For the 1/2 BPS loop in
section 2.4 it is in fact identical to the 1/4 BPS loop.

We found the U(N; 4+ N3|2N3) valued superconnection (2.41) in section 2.3.4 We now
apply the arguments of the previous section to this loop. It is useful to rearrange the
superconnection to make manifest its U (N + N3|2N3) structure:

A d cr G
~Aan EABq q(2) ) g1)1 cHl (2
| de*Pap )AQ( 1B A(s)l 2)2%2)— 1¢
L= (4.13)
C(l)lwg 52)@&(2)2 A(2) 0
¥ C¥en 0 @
As in (4.4) we define
V4X4 — —ZtI"P |:/ dT e_ifzoo dry £1/4A4><4(7_)€—if7_°° dro ,C"Z’l:| ’ (414)
where £'/4 is the combination of 1/4 BPS connections
14 _ g 2i i 2i - 1
L7 = diag A(l)l - ?(N(l)) 1714(3)1 - %(M(z)) 1s (4.15)

. U/, .\ 1 . i i
Aanile ¢ () e+ e)'s) « Awpitea— () e+ ) ')
We determine A**# by the requirement that QA*** = L, with £ the fermionic part of L.

Given the same supercharge and many of the same fermionic entries as in the examples
above, we may read build A*** from (4.5), (4.11)

0 0 =%y i
] 0 0 (2G0T €(2)19(2)3
Adx4 v g P (2)24(2)1 ©(2)19(2)2 4.16
V2 C(1)149(1)2 CTl)CJ(lQ) 0 0 ( )
_1 2 0 0

c2dm1 —C¢1)9(2)

A short computation ( making use of the constraints (2.44)) shows that

00 0 0
s 1. 1|00 0 0
AN =L — = - i
A =555 (00 0 cn1cy) ((M(2))1é - (N(l))li)
1 - \3
00 cq1)26y) ((,U(Q)) 1— (M(U)gi) 0
(4.17)
As before, L is the bosonic part of the difference £ — £1/4. We note that both of the
non-zero entries are proportional to (,u(Q))A (,u(l)) 5, for fixed A, B. For notational

convenience, we define (A**4)? = %ZB + Ap.
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Continuing as before, using the action of the supercharges on the fermions given in
(4.7) and (4.12), we see that
QLF = —2iD A\, (4.18)

where . is the supercovariant derivative with respect to L.
Acting with the supercharge on V thus gives

QV = —itrP / dr e~ /o dm L1 (Lp(rm) +AQ) et fdm 5}

—00

. > —i [T __dm LV A —i [°°dry LV
:ztrP/ dre "J-0c <EF(T)+£B+A,u>e tr o an (4.19)

—00

=—itrP / dre o dm L1/ (E(T) + Au) et )7 dr ﬁ] )

As in the previous cases, the first term in brackets matches the expansion of W — W/4
exactly, where W is the loop defined with superconnection £. The second term is however
new.

In section 2.3.5, we argued that the variation of the loop (2.41) vanishes inside corre-
lation functions. Indeed there too we found terms proportional to fi(2) — fi(1), which vanish
once the auxiliary field is integrated out. This is enough to conclude that the expectation
value of W and W'/* are equal.

4.2 The circle

We now consider the circle. This will be cohomologically equivalent to the circular analogs
of the 1/4 BPS loops above, which have a finite expectation value, which can be calculated
by localization [11]. We take @ to be the same supercharge used for localization

Q=(Q2-52) + (@™ +5M). (4.20)

4.2.1 The ¢;-loop

We begin by considering the difference W¥t — W'/4 between the 1);1-loop (3.5) found in
section 3.1.1 and the 1/4 BPS circle, similar to (4.1). We again look for V%! as in (4.4),
this time perturbatively in a power series. It will be useful to consider the insertion

¢1:L 0 E(T)q(él)
A ﬁ(—cmq(m 0o ) (421

with ¢(7) and ¢é(7) as in (3.16), (3.11)). It satisfies

QAY2 =LY>,  dcosT(AV)2 =LY, (4.22)
Furthermore, the action of the supercharges on the fermionic components of the 1-loop is
given by
0 = 2
Qﬁl@l =2v2D; |cosT ~ C(T)q(l) = —4iD, |:COSTAw1:| . (4.23)
—c(1)qayz O
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Order-by-order, we define
. P27 1/4 2
v;“_—z'trp{ —ifo"dn L <T1>/ dTQAwl}
2
trP{ —i J§ T dr LY/ 4(1) / dm/ dT3 Aw1 (12) L (73) — 5%1(72)/\1[’1(73))}
2w 2 B B
V:slztrP{e_ifo dri £1/4(r) <_ / dry [ dry (L5 (m)AY (73) + A ()£ (7))
0 2
+i / drs dr3 dry (Awl (7o) L3 (73) L5 (14) + L (m2) A (73) L3 (14)
To<T3<T4

FLY () £ (r) A (7)) ) }
(4.24)

The action of the supercharges on these operators is given by
. . 27rd £1/4 2m 1/;
QV/t =—itrP e~iJo"dn (Tl)/ dry LG o,
0

o ) 27 2T B
QVy' = —trP {eifo dr L /4(71)/0 dTo (/ drs ﬁlz{il (7_2)&#?1 (13) + iﬁﬁl (7'2)> } )

T2

QV5t =trP {e_ifo%r dry L1/4(7y) <_/ drodTs (Zlél (7'2)5?1 (13) + 511@1 (72)5%1 (7'3)>
T2o<LT3

—I—’i/ dro dr3 dTy ﬁ}@l (72)57?1(7_3)£?1(7_4)>} .
To<T3<T4

(4.25)
These indeed match the terms in the expansion of W¥1 — W1/4, demonstrating that to
third order in the expansion the 11-loop is cohomologically equivalent to the 1/4 BPS loop.
However, as in the case of ABJM, we expect this relationship to hold to all orders, and the

corresponding localization calculation to reduce to the known matrix model calculation of
the 1/4 BPS loops [11].

4.2.2 The is-loop

The calculation for the w9-loop, (3.21) found in section 3.1.2, proceeds very similarly.

Defining
X 0 emag ) (4.26)
V2 —c(T)quyr O
we see that it satisfies
QAY2 =LY% dcosT(AV?)? = L2, (4.27)
and
0 = 1
Qﬁfﬁ =2v2D; |cosT ~ C(T)q(l) = —4iD, |:COSTAw2:| . (4.28)
_C(T)Q(UI 0
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Equations (4.27) and (4.28) are the corresponding identities for the -loop as (4.22) and
(4.23) for the 11-loop. As these are identical, it immediately follows that the action of the
supercharge on

2w
‘/1,[/)2 — itrP {e_ifowf dri £1/4(7’1)/ d7'2 Awl} ’
0
1 Com 1/4 2w 2w y
]/211’2 =3 tr P {e‘zfo dry £ (Tl)/ de/ dTs <Aw1 (7’2)Eﬁ1 (13) = LG (TQ)Awl (7‘3))}
0 T2
» (2 g /4 27 2T - -
V2 =trP {e’fo T L () <—/ de/ drs (EBI (T2) AV (73) + AV (1) L3 (7'3)>
0 T2
+i / dry drs dry (Awl(@)z;@l (73) LY (1a) + LY (1) AV (73) L3 (1)
To<T3<T4
+LP (72) L (75) AV (T4)>) } , (4.29)

will exactly match the expansion of W¥2 — W4 thus demonstrating the equivalence of
the two loops with respect to the localizing supercharge.

5 Holographic description

The goal of this section is to find the M2-brane configurations which preserve half of the
supersymmetries of the vacuum and are the holographic duals to the gauge theory operators
discussed above.

We limit our attention to the case of circular quivers whose corresponding space-time
metric is AdSy X M, 41 [32], where the compact manifold is an orbifold of the 7-sphere

My = (57/(Zp ® Zq)) /Zy (5.1)

with radius RS = 2°72Nkpq (in units of £; = 1). The gauge group rank N corresponds
here to the number of M2-branes located at the orbifold point.
For the AdS, factor, we consider a metric with an AdS, foliation

ds%d& = du® + cosh®u ds?qu2 + sinh? u d¢? (5.2)
where for a time-like (straight) Wilson loop we take a Lorentzian AdSo
ds%qg, = dp® — cosh? pdt* (5.3)
and for the space-like circle we consider the Euclidean metric
d5,24d52 = dp? + sinh? pdip? . (5.4)

The M2-brane world-volume will be along these AdSy coordinates in AdS4, while on the
internal space it will wrap an S! (i.e., the M-theory circle) and sit at a fixed point in the
remaining coordinates, which is determined by supersymmetry, as we shall see.

— 24 —



The orbifold action giving rise to the space M), ;1 is most easily described in terms of
complex embedding coordinates z; (i = 1,...,4) subject to the constraint

4
Y lalf =1, (5.5)
i=1
and to the identifications [32]
(21, 22, 23, 24) ~ (wﬁ,zl,w%z%wl;qu3,w,;qu4) , Wy = 2T meZ. (5.6)
This last line alone without the constraint (5.5) would define the manifold
Mp,q,k = ((CQ/ZP ® (CQ/Zq) /Zk : (57)

The SU(2) 4 subgroup of the R-symmetry acts on C?/Z, and SU(2)p acts on C?/Z,.

The supersymmetries preserved by the Wilson loops (1.2) are doublets of the R-
symmetry subgroup SU(2)p, which is left unbroken. We therefore expect that the M2-
brane embedding will be at a fixed point of the SU(2)p action. This is the tip of the C/Z,
cone in My, ;. A similar story applies of course if we were to consider loops invariant
under SU(2) 4 with the two cones exchanged.

5.1 Parameterizations of the 7-sphere

To be explicit, we parametrize the S” by the coordinates [16]

Z1 = COS (¢ COS A eien , Z9 = COS & sin A ei& ,
92 92 (5.8)
z3 = sin o cos 72 piks , z4 = sin« sin 72 gika
This choice induces the following metric
2 1 2 2 2 20 .0 ot
ds” = 1 4da” 4 cos” o | df7 + 4 cos Ed& + 4sin EdEQ
(5.9)

0 0
+sin? « <d0§ + 4 cos? 52 d€3 4 4sin® 52 dfi)] )

with appropriate ranges for the coordinates to cover the entire sphere once, namely 0 <
a<7/2,0< 6o <mand 0<¢ < 2m.
To make the action of Z,, and Z, more transparent, we can relabel the ; as

6=%42 6=-T4s &=24u. &=-240, W)
which results in
1 .
ds?sﬁ/(zp@zq) =1 4da® + cos® a dsgg/zp + sin® a dS%vg/Zqi| , (5.11)

with
dsgsy = dBi + dgt + 4da® + 4cos by dx don

9 9 9 9 (5.12)
dssg/Zq = db5 + d¢5 + 4dv” + 4 cos O dv depa .
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We are implicitly assuming that k = 1, so that Z;, is trivial. The action of Z, and Z, then
identify [32, 33]

(21,22, 23, 24) ~ (wy' 21, W), 20, Wy 23, Wy 24) m,n €7, (5.13)

and therefore impose the following periodicities on the angular coordinate x and v

2mm 2mn

x~T+— v~v A — (5.14)
p q
With these coordinates the action of SU(2) 4 and SU(2) g is manifest on the two S3 orbifolds
in (5.12).
The full metric of the space (before the Zj orbifold) is given by [33]
The Killing spinor for this 11-dimensional geometry is derived in appendix B and is given by
n=Y=n, (5.16)
with

Oo—7/2
(T45+T67) e 2 1 / (Tgu—TsT'x) 6%(1—‘46""1—‘57)

a—m/2 01—m/2
U=e¢ 2 g3

« ¢5TapTals) (=G CurtToo) = (TeoTyT0)  (5.17)

u P t ¢
E — 62F2F*€2F1F*62F0F*62F23 ,

where 79 is a 32-component constant spinor and I'y = ['g123. The gamma matrices live in
the tangent space and the indices 0,1,...,9,# are flat indices.

A second parameterization of the angles is useful to study the general case of k > 2
and is obtained by setting

G=1(=201+x+¢), &=302n+x+0),
&3 =1 (—2¢2— x+ ), &=102¢2—x+0), (5.18)

in the metric above. This results in [16]

1
ds?wp,qyk =1 4da?® + sin® o (d67 + sin? 01 dgp?) + sin® « (d63 + cos® 02 dp3)

5.19)
1 (
+cos® a sin® a (dx + cos 01 dop1 — cos O d¢2)2 + 1 (d¢ + A)2 ,
where

A = cos2ady + 2 cos? o cos by dy + 2sin? o cos Oy dos . (5.20)
In these coordinates, the action of the Zj orbifold is along the ¢ direction, i.e.

2
C~C+—7;m, meZL. (5.21)

The Killing spinor for these coordinates was obtained in [16] and is as in (5.16), with
U replaced by

[4 6. £ 3 £ S
U — 3 (Falx —F7#)e%(rsF*—Fs#)e%(Fm-l—F%)e—le#’Y*e—%Fsse—%Fue—%

Teo -~ (5.22)

where the ; are given by (5.18).
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5.2 Supersymmetry analysis

The task at this point is twofold. First, we want to check that the three orbifolds of M, ,
preserve half of the supersymmetries of the vacuum, namely 16 supercharges. Secondly, we
want to find an M2-brane embedding that is 1/2 BPS, breaking these 16 supersymmetries
down to 8.

To address the first point, we consider the first parameterization, equations (5.11)
and (5.17) above, and use the procedure employed in [16] for the ABJM case. This begins
by choosing a basis for the gamma matrices such that

Lo1234567804 = 1, (5.23)

and by writing the constant spinor 7 in a basis which block-diagonalizes as follows

Lyeno = s1mo, Dszno = s2mo, Tsumo = s3no, Tol'xno = sano . (5.24)

All s; eigenvalues take values £1, see [16]. A translation in z corresponds to an action of
the Z,, orbifold and rescales the Killing spinor by

U=y — 1202y 2y (5.25)

as can be readily seen from (5.17). In order for this to be a symmetry of the Killing spinor
(for a generic translation parameter §), we are restricted to

(81732733784) € {(+7_7 " ')7(_7+7 i) )} ) (5'26)

where + indicates 1 and - indicates an unrestricted value. The action of the Z, orbifold
(i.e., a translation in v) similarly gives

(51,82783,84)6{(',',+,+),(',',—,—)}. (5.27)

Now we notice that ( @« = + v, so that the action of the Z; orbifold rescales the Killing
spinor as
U= — elsrfsetsa=sa)d/2y =g, (5.28)

This restricts to the following choices

(317 52,53, 34) S {<+7 Ty T _) ) (_7 +7 ) _> ) (_7 _7 +7 _) )

(5.29)
(—+,++), (+—++), (++,—+)}.

Note that each set of s; eigenvalues represents four supercharges. Thus, the Zj orbifold
by itself restricts us to 24 supercharges, i.e., the ABJM theory, as expected. Taking the
intersection of the three sets of allowed eigenvalues, we are left with

(817 52, 83, 54) € {(+v RS _) ) (_a +, = _) ) (_7 +,+, +) ) (+7 -+, +)} ’ (530)

namely 16 supercharges.
The supersymmetry analysis of the M2-brane embedding is most easily carried out
using the second parametrization, equations (5.19) and (5.22) above. As anticipated earlier,
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the M2-brane is taken to be oriented along the AdSs directions in AdSy (while sitting at
u = 0) and to wrap the S! parametrized by (. The world-volume coordinates are then
given by (¢, p, (), with the remaining coordinates on the sphere assuming constant values.
The induced metric is thus simply given by

ds—?“d = dp? — cosh? pdt* + ld@ (5.31)
R? 47 ’
where RS = 2°72Nkpq, as seen above [32]. The amount of supersymmetry preserved by
this embedding is obtained by considering the projection equation [34]

Ty =n, (5.32)

for the Killing spinor (5.22), with the projector being given by

1
= W&x“@,@”&x”’m%% =To14 . (5.33)

This is formally identical to the ABJM case considered in [16], so that we can quote the
results from that case. Setting therefore @ = 0 and 6; = 0 the projection equation for
e reduces to an equation for ¢y and the brane breaks half of the supercharges in (5.30).
Selecting o = 7/2 and 0 = 0 also gives 1/2 BPS embeddings, which are the loops invariant
under SU(2) 4.

Unlike the ABJM case, in the present case there are also the Z, and Z, orbifolds. A
crucial fact is that o = 0, where our M2-brane is located, is a fixed point of the Z, orbifold.
In fact, we expect q different states at the singular point and find holographic duals for
q different fundamental Wilson loops. This mirrors (part of) the degeneracy of 1/2 BPS
loop operators we have uncovered in the gauge theory side. We expect there to be a single
fundamental Wilson loop for every one of the ¢ twisted hypermultiplets, represented by
a dashed line in the graphs in section 2. It would be advantageous to use the type IIB
description [33, 35-37], where this singularity is resolved, and which allows also to study
linear quivers. See more in the discussion below.

The computation of the renormalized on-shell action for the M2-branes also follows
from the ABJM theory case. The brane action (after renormalization) will be proportional
to R3 J d¢. Using the explicit expression of the radius written above and that the range of
¢ goes up to 1/kp, the expectation value would then seem to be given by

(W) ~ e”ﬁﬂ. (5.34)

It is actually unlikely that this expression be valid for all the ¢ different Wilson loops, as
the answer should depend on the details of the resolution of the orbifold singularity (and
fluxes, and fractional branes). This expression does in fact hold at least in the simplest
case where the Wilson loops are all equivalent, so theories with p = ¢ and alternating +k
CS levels. Those in fact are orbifolds of the ABJM theory.
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6 Discussion

The structure of N' = 4 Chern-Simons-matter theories in three dimensions is very rich
and the story of the 1/2 BPS Wilson loops in those theories is even richer and rather
complicated.

We expect that a theory with p untwisted hypermultiplets and ¢ twisted hypermulti-
plets possesses ¢ independent 1/2 BPS Wilson loops (not accounting for possible represen-
tations) preserving our supercharges (1.2). There are p other Wilson loops preserving the
supercharges with the underlined and overlined indices interchanged. They can be easily
written explicitly, and one can also study them by looking at a quiver with the untwisted
and twisted hypermultipets exchanged.

In the M-theory picture we found that the Wilson loops are indeed dual to M2-branes
wraping a circle in (S7/(Zy, ® Zg)) /Zi, which is at a fixed point of the Z, orbifold and of
circumference proportional to 1/kp. We expect that there are in fact ¢ different degenerate
states at the singular point, representing the holographic duals of the ¢ Wilson loops in
fundamental representations. To resolve the singularity one can study the type IIB duals
of these theories [33, 35-37]. These also allow to study linear quivers, while M-theory is
only a good description for the circular quivers. It is also easier to specify the different
ranks of the gauge groups and the location of the £k = 0 nodes in the IIB language. The
holographic duals of the Wilson loops will be fundamental strings at ¢ specific points on
one of the boundaries of the strip/annulus which appears in the metric. This mirrors the
brane construction of these theories [33, 37] and the possible ways to add fundamental
strings to them [12].4

On the field theory side the story is more convoluted. In the simple case of alternating
levels we found 2q possible superconnections. A pair for each pair of vector multiplets
connected by a hypermultiplet, coupling to the fermion 1/1fr or to ¥, . Each of those
superconnections is invariant under supersymmetry up to a total derivzltive, that cancels
when we consider the entire Wilson loop. We expect the degeneracy between those Wilson
loops to be lifted by quantum corrections.

This is a phenomenon that has so far not afflicted the study of BPS Wilson loops, but
is in fact common in other settings. The Wilson loop is a composite operator made of the
fields at arbitrary points along the curve and whose interactions could lead to quantum
effects. The variation performed here is classical and does not take into account possible
interactions between the fields. If there is a unique operator carrying some set of quantum
numbers (in the case of the Wilson loop it is the contour and representation), then the
classical calculation should suffice. In our case we found a pair of operators with the same
quantum numbers that are classically BPS. As a simple analog, consider scalar operators
in =4 SYM (in 3d or 4d). We can take two complex scalar fields Z and X in the vector
multiplet. Tr(Z7) and Tr(X”) are both 1/2 BPS operators, but Tr(Z2X?) is not. The
first two are the only operators of classical dimension .J carrying .J units of charge, so they
must be BPS. The fields Z and X are each annihilated by half of the supercharges, but
there is another operator Tr(Z X ZX) which has the same classical dimension and charge as

4We thank B. Assel and J. Estes for explaining some of these points to us.
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Tr(Z2?X?), so the classical analysis is not enough and indeed only one linear combination
of these is BPS once one-loop effects are included.

We expect the same to be true in the case of the Wilson loops and only one combination
(presumably the sum of the loop made of £%1 and the loop made of £¥?) to be BPS. This
story should hold also for the case of the circle and also for the equivalence to the 1/4 BPS
loop in section 4. The matrix model will only calculate the expectation value of the correct
linear combination.

One possible way to check this is to calculate the expectation value of the circular
Wilson loops in perturbation theory. We expect that the Wilson loops with either £%1 or
L£¥2 to not be BPS and therefore to suffer from UV divergences. Only the correct linear
combination will be finite and equal to the result of the matrix model calculation.® This
calculation should follow along the lines of the perturbative calculations of the Wilson loops
in ABJM theory [38-40].

Further complications arise when one considers quivers with nodes with vanishing
CS levels, as studied in section 2.3. In the case studied there, we found five possible
superconnections. Their variation does not vanish and is not a total derivative, but we
argued that the remainder cancels in every expectation value. Four of the connections
involve a pair of nodes and the last one has a richer structure involving all three nodes
(one of them doubled). This last one is a superconnection in U(N7 + N3|2N3). Indeed it
would seem natural to also combine the other connections into four possible pairings of
block-diagonal U(N1|N2) @ U(N2|N3) C U(N1 + N3|2N3) superconnections. The resulting
Wilson loop are classified by representations of U (N + N3|2N3) and we again expect only
one linear combinations to be BPS. It is not clear actually why a Wilson loop involving
only a pair of nodes would not be BPS. We leave this question for the future.

It may also be interesting to look for 1/2 BPS loops in the non-linear sigma model
of [24] which arise from integrating out all the fields of the & = 0 nodes.

We have shown that the 1/2 BPS Wilson loops are cohomologically equivalent to
certain 1/4 BPS Wilson loops which can be reduced using localization to simple observables
in the Chern-Simons-matter matrix models [11]. We leave the evaluation of these matrix
integrals to future work.

In fact, one way to address the open questions is to look at the structure of the Wilson
loops in the matrix model. In ABJM theory one can calculate the expectation value of
either the 1/6 BPS Wilson loop or the 1/2 BPS one [28-31]. But the calculation of the
latter is significantly easier. One can try to evaluate possible Wilson loops in the matrix
models for arbitrary /' = 4 CS-matter theories. For theories with equal ranks there is
an elegant Fermi-gas formulation of the partition functions of those theories [41], which is
given to all orders in the 1/N expansion by an Airy function dependent on two parameters
(one of which was found explicitly for all N = 4 circular quivers in [42]). Our expectation
is that in the alternating CS level case, the simple Wilson loops will be in representations
of U(Ny|Ny141), with a vanishing level U(Ny + Nji2|2N7141), with two vanishing levels

5The Wilson loop found in [25] is a linear combination of loops on all the nodes of the quiver, and all of
them are made of the appropriate £¥%, so we don’t expect it to be BPS.
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U(N;r+2N712|2N111 + Niy3), etc. Note though, that in the case considered in section 2.4,
the 1/2 BPS loops are simply in representations of U(Ny41). In fact, it is not clear that
the matrix model will see a distinction between the ¢ loops we constructed in this paper
and the p other 1/2 BPS loops preserving the set of supersymmetries invariant under
SU(2) 4. In fact, we would expect both type of operators to give simple observables in the
matrix model.

Another approach would be to try to derive the form of the Wilson loops by Higgsing
part of the gauge groups and finding the resulting operators as was done for the ABJM
theory in [43].

It would be interesting to also study the transformation of these loops under mirror
symmetry, where we would expect them to become vortex loop operators [44]. This was
studied in other 3d theories in [12, 45]. Note also that in the case of the ABJM theory
there were 1/3 BPS vortices preserving 8 supercharges [44]. An analog Wilson loop was
never found. Possibly a linear combination of two 1/2 BPS Wilson loops with different
couplings (the analogs of ¢; and 1)) should be considered the appropriate dual.
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A Notation and conventions
We consider the loop in R3. Spinor indices are raised and lowered as
=y, e =eqt’, T =g =1, (A1)
and we employ the gamma matrix basis
(V)% = {o®, o', —a?}, (A.2)

satisfying yHy” = nH¥ + ie"Pry, (with €123 = 1).

As in [22], we use the epsilon symbol to raise and lower the indices of the super-
symmetry parameters via 5‘2‘5 = eAéeﬂﬁcD, with €2 = €5 = 1 for both overlined and
underlined indices. In the main text, we ShalTalways write the supersymmetry parameters
with lowered indices.

In this gamma matrix basis, the supersymmetry transformations are given by [22]

Salyy = VA Winplar 0G4 =iV2Eap) (PG)a (A.3a)
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(A.3D)
S(Pi1))a = V2(B)abih (€74) + f]isl (€ |7 s = dwsvo)|
X (\/i(féﬁ)aQ([)C’(‘P(I))A§> e (2\/581 (ch)a(J([)C_’(ﬂ(Il))AB>
k10
= (\@(fé )a(@(l+1))A§€7(1)C‘> —
+ (2\/551 (€ )a(u(1+1))ABq(1)c> ;
kry17#0
] ) (A.3c)
04 =~ (%(5@)“(%)@5 [(j 0 =G gél))b}>kﬁé0 (A.3d)
- ((ﬁfig)a(%)ab (()‘ér)ﬁ)b + ;72 [(j(f?)g)b + (36%1))4)),“:07 |
51 = zi(géﬁ)“(x(c}f)“)a —~ 54§z'(§@)“(A(CI)Q)a, (A.3e)

where for the hypermultiplet fields the label (I) indicates the link between the I'** and (I +
1)%* node and s; = 1 for a hypermultiplet. The bracketed terms vanish unless the condition
in the subscript is satisfied. To obtain the transformations for the twisted multiplets, we
replace the overlined SU(2) 4 indices for underlined SU(2)p indices and choose s; = —1.

The superconformal transformations of the fields are found by replacing &% —
x“(yu)abnb, with the exception of the fermions. The variation of the fermions with re-
spect to the superconformal supercharges are given by

(b a)® = V2(B) by (7)) e(np.a)" + V2051 4
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5(&%))& = ﬁ(ﬁ)ab@é)xu(’)ﬁ)bcngé)c + \@Q(I)ané
V2s;

. I“me%nééf[ﬁ%n)éé%né‘*@ng(wn)éc}
a CB\b= A
+ (\/§$“(7u) b1 ) Q(I)C'(‘P(I))*E> hy=0

2v/2s a CB\b— -
- ( 2 I:r“(’m) bWCB)bQ(I)C(M(I—l))AB> (A-5)
k170

+

4 (2\/58[

P () “5n“E)? (141 )AB@(I)0> :
kry17#0

B Derivation of the Killing spinor (5.17)

In this appendix we work out the explicit expression for the Killing spinor associated to
the first parameterization of the space employed in the main text, namely equations (5.11)
and (5.15).

The AdS part is standard. For example, for a time-like line the vielbeins can be chosen

as follows
e’ = Rcoshu coshpdt, e'= Rcoshudp, e*=Rdu, e3>=Rsinhudg, (B.1)
and the relevant non-vanishing components of the spin connection are given by
W =sinhpdt, w =sinhu coshpdt, w'?=sinhudp, w3? =coshude, (B.2)

The indices 0,1, ...,9,# are on the tangent space and in the following we denote them by
the letters from the beginning of the Latin alphabet a,b,.... We can take the background
4-form field-strength to be proportional to the volume form of AdSy

Hyy = ke Nel Ae? Aed = kR*cosh? u cosh p sinhudt Adp AduAdp, (B.3)

with k a constant to be determined. The Killing spinor equation is given by the variation
of the gravitino and reads [46]

1 T g
D,n+ 233 (YuwporH"P?T — 8H 10677 ) 1 =0, (B.4)
where D, = 0, + %wﬁbfab and v, = e;I'q (lower case ~’s are in the curved space, while

upper case I’s are in the tangent space). Now we distinguish between the AdS and the
sphere directions. Using the expression for the 4-form we arrive at

Dyn= —g'yﬂI‘*n, w along AdSy,
Dun = ~oru L, p along 57, (B.5)

12
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with I'y = Ig123. To find the solution it is useful to use the following identities. If
[X,Y] =2Z and [X, Z] = —2Y then

e%BXY = (cosfY +sinf Z) e%ox. (B.6)
If, on the other hand, [X,Y] = £2Z7 and [X, Z] = +2Y then
e%OXY = (cosh#Y £ sinh 6 2) e%OX. (B.7)
The AdS4 part of the Killing spinor is given by
e%rgr*e%FIF*e%FOF*e%F%% . (B.8)

It can be readily checked that it must be k = —3/R.
On the other hand, the vielbeins for the 7-sphere (5.11) are given by

e! =2Rda, (B.9)
e’ = —Rcosadfy, e%= —Rcosa(2dz+cosbidg), e’ = Rcosa sinfdp,
e® = Rsinadfs, ¢? = Rsina (2dv + cos O3 dop2) e” = —Rsina sin s dos

and the non-vanishing components of the spin connection are

1 1 1
Wt = 3 sin v df , W =sina <d:c + 3 cos 01 dgbl) , Wt = —3 sin « sin 01 dog1 ,

1 1 1
wi® = —3 cos adbs , w? = —cosa <dv + §COS92 dgbg) , Wit = §cosa sin 6y dos ,

1 1 1
W9 = ~3 sinf, d¢y, w™ =dx— 5 cos 01 do W™ = §d91 ,
1 1 1
W = —3 sin 0y dgo | WS = dv — 3 cos Oy dos | W = §d02 . (B.10)

The Killing spinor equations for the sphere components are

Oam = —%UF*U;

O0p,n = i (sinalys 4+ T'g7 + cosal'sTy) n,

0z = % (sinalyg 4+ I's7 + cosalgly) n,
Opm = —i(sina (cos @y Tgq — sin by I'7y) + sin 01 I'sg + cos 01 sy

—cosa (cos 01 TgTy — sin 6y T'7T) )77 ,

Op,n = —i (cosal'gy +Tgu +sinal'sl'y)n,

Oyn = —% (cosaTlgy +T'gy +sinal'yl'y)n,
( —cosa(cosby g9 —sinfa gy ) + sin by I'gg + cos O g4

+sina (cos GoI'gI", — sin o I'I'y) )77 . (B.11)

1
a(25277 = _1

With a little bit of algebra it can be checked that n = Wy, with ¥ given by (5.17), is
indeed a solution of these equations.
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