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Abstract. Relativistic particle actions are a useful tool to describe quantum field theory
effective actions using a string-inspired first-quantized approach. Here we describe how to
employ suitable particle actions in the computation of the scalar contribution to the one-loop
gluon effective action. We use the well-known method of introducing auxiliary variables that
create the color degrees of freedom. In a path integral they implement automatically the path
ordering needed to ensure gauge invariance. It is known that the color degrees of freedom
introduced this way form a reducible representation of the gauge group. We describe a method
of projecting onto the fundamental representation (or any other chosen irrep, if desired) of
the gauge group. Previously, we have discussed the case of anticommuting auxiliary variables.
Choosing them to be in the fundamental representation allows to obtain, without any extra
effort, also the situation in which the color is given by any antisymmetric tensor product of the
fundamental. Here, we describe the novel case of bosonic auxiliary variables. They can be used
equivalently for creating the color charges in the fundamental representation. In addition one
gets, as a byproduct, the cases where the particle can have the color sitting in any symmetric
tensor product of the fundamental. This is obtained by tuning to a different value a Chern
Simons coupling, present in the model, which controls how the projection is achieved.

1. Introduction
The worldline formalism has proved to be an efficient alternative to conventional second-
quantized methods to compute Quantum Field Theory amplitudes in the presence of external
fields, such as (non)abelian vector fields [1] and/or gravity [2, 3], by using suitable quantum-
mechanical path integrals. Within such formalism, spinning particle actions are helpful tools
to describe the propagation of particles with spin. These models are obtained by implementing
local supersymmetries on the worldline: the susy partners of the particle coordinates—upon
quantization—introduce the spinorial degrees of freedom in the particle’s Hilbert space, whereas



Victor Villanueva Memorial Workshop

IOP Conf. Series: Journal of Physics: Conf. Series 1208 (2019) 012004

IOP Publishing

doi:10.1088/1742-6596/1208/1/012004

2

the gauge fields of local supersymmetries impose Gupta-Bleuler type of constraints on the wave
function, that turn out to be equation of motion of the second-quantized field operators [4]. For
free theories this method can be applied to particles of arbitrary spin [5].

Particles with spin can as well be described in terms of purely bosonic worldline models
that involve suitable matrix-valued potential. However, already for the simplest abelian case,
they require to path order the exponential of the classical action sitting inside the path integral
in order to guarantee gauge invariance and Lorentz invariance [6]. Spinning particle models,
avoiding such complication, render the computation of scattering amplitudes much simpler.

A similar path can be undertaken when a coupling to nonabelian gauge fields is considered.
In such a case color degrees of freedom need to be added to the particle’s Hilbert space. One
possibility is of course to couple the particle coordinates to an algebra-valued potential, and
path order the associated path integral to guarantee nonabelian gauge invariance. This method
was used for example in [7] to compute trace anomalies using quantum mechanical models. On
the other hand one may as well reproduce the color degrees of freedom by the quantization
of suitable (commuting or anticommuting) auxiliary variables [8, 9]. When used in a path
integral they automatically implement the path ordering. However the quantization of such
auxiliary variables yields the degrees of freedom of a reducible representation of the nonabelian
gauge group. Choosing the variables to be of the Grassmann type, i.e. anticommuting,
yields a finite dimensional representation of the color group. For this reason they were often
preferred over the commuting ones. Nevertheless, the representation they create is reducible.
For example, choosing the variables to be in the fundamental representation (antifundamental
for the complex conjugates) one finds a space containing beyond the fundamental all of its
possible antisymmetric tensor products. Choosing instead bosonic variables to start with,
again in the fundamental representation, one finds an infinite-dimensional representation that
splits into all possible symmetric tensor products of the fundamental. In either case the total
representation is reducible. Of course, one could use auxiliary variables in any other arbitrarily
chosen representation, and find in the corresponding Hilbert space all possible antisymmetric or
symmetric tensor products of the chosen representation.

One way of projecting onto a chosen irreducible representation is to couple the above auxiliary
variables to a U(1) worldline gauge field, with an additional Chern-Simons term, whose coupling
constant is tuned to pick-out only the desired representation [10]. Indeed, the U(1) gauge field
has no dynamics in one dimension, and it acts just as a Lagrange multiplier that imposes a
constraint: it fixes the occupation number of the auxiliary variables to a given value. The latter
is quantized quantum mechanically, and can be tuned by an appropriate Chern-Simons coupling.
Selecting the Chern-Simons coupling to pick up only the states with occupation number one,
i.e. the single particle states in the Fock space of the auxiliary variables, one keeps only the
representation of the gauge group chosen for those auxiliary variables. Modifying the value of
the Chern-Simons coupling, one picks up the states with different occupation number, sitting in
the antisymmetric (for anticommuting variables) or symmetric (for commuting variables) tensor
products of the representation chosen for the single particle states. For definiteness, we will
choose here the fundamental of the SU(N) gauge group.

In the following we review such a construction and apply it to study the one-loop effective
action of bosonic (spin 0) and fermionic (spin 1

2) fields coupled to an external nonabelian field:
this is related to the computation of the corresponding worldline path integral on the circle.
Ideally, one would like to treat similarly the gluon itself in a first quantized way. Dealing with
its self-coupling is not straightforward, if one wishes to use a spinning particle model with
N = 2 supersymmetry. However a method of introducing the coupling in that model has been
introduced in [11], and one might apply the projection described here for the color charges of
that model as well.
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2. Scalar particle with color degrees of freedom
The description of a free relativistic scalar particle can be obtained by simply implementing the
constraint p2 + m2 = 0. Classically this simply amounts to the relativistic dispersion relation
between energy and momentum. Quantum-mechanically it must be interpreted as an operatorial
equation, i.e. as a condition imposed on the particle quantum state, (p̂2 +m2)|φ〉 = 0. From a
path-integral view-point one describes the propagation of the relativistic scalar particle in terms
of ∫

DxDpDe

Vol (Gauge)
eiS[x,p,e] (1)

with the phase-space action given by

S[x, p, e] =

∫ 1

0
dτ
[
p · ẋ− e

2
(p2 +m2)

]
. (2)

The latter action is invariant under worldline diffeomorphisms and the einbein e is the gauge
field for such local symmetry, and it is necessary to divide out gauge equivalent configurations
in the path integral. The algebraic equation of motion of the einbein implements the relativistic
constraint.

In order to minimally couple the scalar particle to a (non)abelian gauge field one replaces the
conjugate momentum with the covariant momentum πµ = pµ−gAµ(x) where Aµ(x) = Aaµ(x)T a

is an algebra-valued potential. The generators T a are chosen in the representation that gives
the non abelian charge of the scalar particle. For definiteness we choose SU(N) as gauge group,
and consider the fundamental representation.

By integrating out the momenta, and performing a Wick rotation, one obtains the
configuration space action

S[x, e;A] =

∫ 1

0
dτ

(
ẋ2

2e
− igẋ ·A+

em2

2

)
(3)

and the associated path-integral reads∫
DxDe

Vol (Gauge)
Pe−S[x,e;A] (4)

where a path-ordering prescription P has been inserted to guarantee gauge-invariance. Such
ordering can be implemented by adding to the particle action some complex (commuting or
anticommuting) auxiliary fields, cα and c̄α, that sit in the fundamental and antifundamental
representations of the gauge group. Hence

S[x, c, c̄, e;A] =

∫ 1

0
dτ

[
ẋ2

2e
+
em2

2
+ c̄αċα − igẋµAaµ c̄α(T a)α

βcβ

]
, α = 1, . . . , N . (5)

Upon canonical quantization of the Minkowskian counterpart of (5), the auxiliary variables c̄α

and cα become the creation and annihilation operators ĉ†α and ĉα. The related Fock space
contains tensor products of fundamental representation. One may represent such space in a
coherent state basis 〈c̄α|, left eigenstates of the creation operators ĉ†α. On wave functions, ĉ†α

act multiplicatively, whereas ĉα act as derivatives. Indeed, for a generic state |φ〉 with wave
function φ(x, c̄α) = 〈c̄α, x|φ〉 one has

〈c̄α, x|ĉ†α|φ〉 = c̄αφ(x, c̄α)

〈c̄α, x|ĉα|φ〉 =
∂

∂c̄α
φ(x, c̄α)
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and the wave function φ(x, c̄α) can be written as a c̄-graded sum of fields

φ(x, c̄α) = φ(x) + c̄αφα(x) +
1

2!
c̄α1 c̄α2φα1α2(x) + · · · , (6)

where the term φα1···αr(x) is a field that sits in a symmetrized or antisymmetrized tensor
product of r fundamental representations: the tensor is symmetric if the auxiliary variables
are commuting, and antisymmetric in the opposite case. The generic scalar field described
by (6) thus is not, a priori, described by an irreducible representation of the gauge group. In
fact the above sum is a finite sum if the auxiliary fields are anticommuting, whereas it is an
infinite sum if they are commuting. However, in both cases, one may impose a constraint(

c̄α
∂

∂c̄α
− r
)
φ(x, c̄α) = 0 (7)

in order to select only the field φα1···αr(x) that has n indices in the fundamental representation.
For example, for a scalar field in the fundamental representation one fixes r = 1. The latter
constraint can be implemented in the worldline path integral by coupling the auxiliary variables
to a U(1) gauge field a, with the addition of Chern-Simons term whose coupling is s = r∓N/2,
i.e.

S[c, c̄, a] =

∫ 1

0
dτ
(
c̄α(∂τ + ia)cα − isa

)
. (8)

The factor N/2 solves an ordering ambiguity: the a equation of motion c̄αcα−s = 0 corresponds,
by choosing a graded symmetric ordering, to the operatorial equation 1

2(c̄α ∂
∂c̄α ∓

∂
∂c̄α c̄

α) − s =

c̄α ∂
∂c̄α − r = 0. Here the (upper) lower sign refers to (anti)commuting auxiliary fields. The

way we are going to compute the path integral corresponds precisely to the ordering chosen
above. This method was already employed in other worldline applications, such as for instance
one-loop effective actions of abelian differential forms [12, 13, 14], higher-spin fields [15], and
quantum (p, q)-forms [16]. In [10] we treated the case of colored scalar and spin 1

2 particles with
anticommuting auxiliary fields, and thus we dedicate the rest of the present manuscript to the
case of commuting fields.

2.1. The scalar QCD effective action and one-loop gluon amplitudes
Equipped with the premises above, the one-loop QCD effective action generated by a colored
scalar field coupled to a non-abelian gauge field, can be represented in terms of a colored scalar
particle path integral defined on a circle

Γ[A] =

∫
S1

DxDc̄DcDeDa

Vol (Gauge)
e−S[x,c,c̄,e,a;A] (9)

where the action is given by

S[x, c, c̄, e, a;A] =

∫ 1

0
dτ

[
ẋ2

2e
+
em2

2
− igẋµAaµ c̄α(T a)α

βcβ + c̄α(∂τ + ia)cα − isa

]
(10)

that is invariant under local one-dimensional diffeomorphisms with gauge field e(τ), and local
U(1) symmetry with gauge field a(τ).1 One may thus gauge fix e(τ) = 2T , with T being
the conventional Fock-Schwinger time, and a(τ) = θ, with θ being an angle that parametrizes

1 Note that in Eq. (10) all the fields transform under diffeomorphisms, whereas only the auxiliary fields transform
under the local U(1), as the other fields are real and hence U(1) inert.
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nonequivalent Wilson lines z = ei
∫ 1
0 dτa = eiθ. Finally, the particle coordinates are taken with

periodic boundary conditions. As mentioned above, we consider commuting auxiliary variables—
i.e. fields that parametrize symmetric products of fundamental representations. They are
integrated on the circle with periodic boundary conditions, c(1) = c(0) and c̄(1) = c̄(0). Hence,

Γ[A] = −
∫ ∞

0

dT

T
e−Tm

2

∫ 2π

0

dθ

2π
eisθ

∫
PBC

Dx

∫
PBC

Dc̄Dc e−S[x,c,c̄,2T,θ;A] (11)

and

S[x, c, c̄, 2T, θ;A] =

∫ 1

0
dτ

[
ẋ2

4T
− igẋµAaµ c̄α(T a)α

βcβ + c̄α(∂τ + iθ)cα

]
(12)

where the constant part −Tm2 + isθ has been factored out—in Eq. (11) the factors 1
T and 1

2π
are the Fadeev-Popov determinants associated with the gauge-fixing of the local symmetries on
the circle. Notice that the coupling with the U(1) gauge field can be absorbed in the auxiliary
fields by a field redefinition cα(τ) → e−iθτcα(τ), c̄α(τ) → eiθτ c̄α(τ), that implies a twist of
the boundary conditions: c(1) = eiθc(0) and c̄(1) = e−iθ c̄(0). We will refer to the latter as
“twisted boundary conditions” (TBC). Therefore the above path integral involves an integral
over nonequivalent TBC’s that works as a projector on an irreducible representation of the gauge
group: it generalizes the approach of [17] where a sum over angles was instead used.

The expression above is the starting point to compute a closed formula for the one-loop scalar
contribution to gluon amplitudes. For such purpose we write the background nonabelian field
as a sum of n external gluons, with momenta kl, polarizations ε(kl), and gluon colors al

Aµ(x) =
n∑
l=1

εµ(kl)T
aleikl·x (13)

choosing the generators T a in the fundamental representation. One may thus extract the
corresponding amplitude from the above path integral, by looking at terms linear in all the
polarizations. This amounts to taking the path integral average of vertex operators

Γscal(k1, ε1, a1; . . . ; kn, εn, an) = −(ig)n
∫ ∞

0

dT

T
e−Tm

2

∫ 2π

0

dθ

2π
eisθ

×
∫
PBC

Dx

∫
TBC

Dc̄Dc e−S2[x,c,c̄]
n∏
l=1

Vscal[kl, εl, al] (14)

where the “gluon vertex operator” can be read off from the above action, and is given by

Vscal[kl, εl, al] =

∫ 1

0
dτ c̄(τ)T alc(τ) eikl·x(τ)+εl·ẋ(τ)

∣∣∣
lin ε

(15)

where only the linear term in εl must be retained. Above the kinetic action reads

S2[x, c, c̄] =

∫ 1

0
dτ
( 1

4T
ẋ2 + c̄αċα

)
(16)

and it involves a zero-mode in the periodic x sector. In order to invert the kinetic operator we
need to factor it out. One way to do it is to remove the average of the closed path x0 =

∫ 1
0 dτx(τ)

and split x(τ) = x0 + y(τ), with y(τ) being periodic with vanishing average. We thus have
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Dx = dDx0 Dy, and the free path integral normalization reads (we give some more details in
the Appendix A)∫

PBC
Dy

∫
TBC

Dc̄Dc e−S2[y,c,c̄] = (4πT )−D/2(DetTBC(∂τ ))−N = (4πT )−D/2
(

2i sin
θ

2

)−N
(17)

whereas the propagators are

〈yµ(τ)yν(σ)〉 = −TδµνG(τ − σ) , 〈cα(τ)c̄β(σ)〉 = δβα∆(τ − σ; θ) (18)

where

G(τ − σ) = |τ − σ| − (τ − σ)2 (19)

∆(τ − σ, θ) =
1

2i sin θ
2

[
ei
θ
2 θ(τ − σ) + e−i

θ
2 θ(σ − τ)

]
. (20)

The amplitude (14) thus reduces to

Γscal(k1, ε1, a1; . . . ; kn, εn, an) =

−(ig)n(2π)Dδ(
∑

kl)

∫ ∞
0

dT

T

e−Tm
2

(4πT )D/2

∫ 2π

0

dθ

2π

eisθ

(2i sin θ
2)N

n∏
l=1

∫ 1

0
dτl

×
〈 n∏
l=1

Vc(al; τl)
〉 〈 n∏

l=1

Vy(kl, εl; τl)
〉∣∣∣

m.l. ε
(21)

where

Vc(a; τ) = (T a)α
β c̄α(τ)cβ(τ) (22)

Vy(k, ε; τ) = eik·y(τ)+ε·ẏ(τ) (23)

represent the (unintegrated) parts of the vertex operators involving auxiliary fields and
coordinate fields respectively. The latter (cfr. eq.(23)) is just the unintegrated vertex operator for
scalar QED, and thus, from the last line of equation (14), one notices that—at the unintegrated
level—the color part factores out. Also, the subscript “m.l. ε” it to remind that one has to retain
only the multilinear terms in the all ε’s. The momentum conservation Dirac delta-function in the
amplitude above is generated by the integral over the zero mode x0. The vacuum expectation
value of (23) is the one that appears in the well known Bern-Kosower formula [18] for scalar
QED, i.e.〈 n∏

l=1

Vy(kl, εl; τl)
〉∣∣∣

m.l. ε
= exp

{
T
∑
ll′

(
1

2
kl · kl′Gll′ − ikl · εl′Ġll′ +

1

2
εl · εl′G̈ll′

)}∣∣∣∣∣
m.l. ε

(24)

whereas the vacuum expectation value of the auxiliary fields’ part can be decomposed as〈 n∏
l=1

Vc(al; τl)
〉

=
〈 n∏
l=1

Vc(al; τl)
〉

0

+tr(T a1T a2)

(
2i sin

θ

2

)−2 〈 n∏
l=3

Vc(al; τl)
〉

0
+ · · ·

+tr(T a1T a2)tr(T a3T a4)

(
2i sin

θ

2

)−4 〈 n∏
l=5

Vc(al; τl)
〉

0
+ · · ·

+ · · · (25)
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where the different lines correspond to terms with a different number of “two-cycles” of auxiliary
fields, and the subscript “0” in a correlator indicates the absence of two-cycles therein. In
each line the dots refers to the different ways of picking the indices inside the traces. With
“two-cycles” we refer to terms with two contractions among the same two pairs of fields,
i.e. 〈c̄α(τ)cβ(τ)c̄α

′
(τ ′)cβ′(τ

′)〉. 2 Each of them comes with a term ∆(τ − τ ′; θ)∆(τ ′ − τ ; θ) =

(2i sin θ
2)−2. An advantage of the decomposition (25) is that, upon integration over θ, it yields

the time-ordered trace of n generators of the gauge group SU(N) taken in the representation
given by a symmetric tensor product of r fundamental representations, i.e. the representation
described by the Young tableau ︸ ︷︷ ︸

r

(26)

For the two-gluon amplitude, one gets

〈 2∏
l=1

Vc(al; τl)
〉

= tr(T a1T a2)

(
2i sin

θ

2

)−2

(27)

which is τ -independent, and can be promptly integrated over θ to give the color factor

Cab(r) = tr(T a1T a2)

∫ 2π

0

dθ

2π
eisθ

(
2i sin

θ

2

)−2−N
(28)

for the representation given by the above Young tableau. By using the Wilson loop variable
z = eiθ, expression (28) can be computed as a contour integral

Cab(r) = tr(T a1T a2)

∮
C

dz

2πi

zr+N

(z − 1)N+2
(29)

where the naive contour integral C is the unit circle centered in the origin z = 0. However the
latter integral may only have poles at the point z = 1, that sits on the contour C, and thus
the contour integral must be defined through a suitable regularization. In fact, as shown in
the Appendix A, also the normalization factor for the path integral is obtained upon using a
regularization, i.e. by shifting the angle of an infinitesimal negative imaginary part θ → θ − iε.
Applying the same regularization to the integral above corresponds to integrating the same
function over a contour Cε that is a circle slightly larger than one, so that the integral precisely
picks the pole at z = 1. Hence,

Cab(r) = tr(T aT b)

(
N + r

N + 1

)
= δab

1

2

(
N + r

N + 1

)
, n ≥ 1 (30)

is the color factor for a scalar particle in a representation described by a symmetric tensor product
of r fundamental representations of SU(N) 3. Notice that for r = 0, i.e. for a colorless particle,
the contour has no simple pole, and thus vanishes, whereas for r = 1 it yields Cab(1) = 1

2δ
ab,

which thus leads to the same result for the two-point function as found in [10]. This two-point
function gives the scalar contribution to the gluon self-energy. Let us explain it further.

2 Contractions among fields that belong to the same pair give no contribution as they set trT a = 0.
3 Notice that, C(r) = 1

2

(
N+r
N+1

)
is the correct normalization for generators T a(r) in the representation (26),

as it can also be derived directly from the well-known group theory identity C(r) = C2(r)d(r)/d(G), with

C2(r) = r(N+r)(N−1)
2N

being the quadratic Casimir, d(G) = N2−1 the dimension of the group, and d(r) =
(
N+r−1

r

)
the dimension of the representation.
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By using integration by parts in the τ integrals, and defining k := k1 = −k2, the scalar
contribution to the two-gluon amplitude in four dimensions reads

Γscal(k1, ε1, a1; k2, ε2, a2) = (2π)4δ(4)(k1 + k2)Ca1a2(n)(ε1 · ε2k
2 − ε1 · kε2 · k) Π(k2) (31)

where the dimensionally-extended form factor reads

Π(k2) := g2

∫ ∞
0

dT

T

e−Tm
2

(4πT )D/2
T 2

∫ 1

0
dτ1

∫ 1

0
dτ2 Ġ

2
12 e

−Tk2G12 . (32)

The previous integral is UV logarithmically divergent (in D = 4), and contributes to the
renormalization of the gauge coupling constant, and to the associated β function. It can be
computed using dimensional regularization, i.e. D = 4 − 2ε (and MS scheme conventions) to
give

Π(k2) =
g2

ε48π2
− g2

16π2

∫ 1

0
du (1− 2u)2 log

M2(u, k2)

µ2
+O(ε) (33)

where M2(u, k2) = m2 + k2u(1− u). In the UV limit k2 >> m2 the finite part of the previous
expression reduces to

ΠUV (k2) = − g2

48π2
log

k2

µ2
. (34)

Furthermore, the tensor structure can be written in terms of the (abelian part of the) QCD
lagrangian, if the gauge field is represented as the sum of two gluons Aµ(x) = εµ1T

a1eik1·x +
εµ2T

a2eik2·x. By rescaling the coupling constant in the gauge field one gets (a similar rescaling
takes place in Π(k2) above)

− 1

2g2

∫
d4x tr(FµνF

µν)(abe)(x) = − 2

g2
(2π)4δ(4)(k1 + k2)(k2ε1 · ε2 − ε1 · kε2 · k)Ca1a2(1) (35)

or

− 1

2g2
tr(FµνF

µν)(abe)(k) = − 2

g2
(k2ε1 · ε2 − ε1 · kε2 · k)Ca1a2(1) . (36)

Hence, the renormalized two-point function can be obtained from

Γ̃(2)(k,−k) = −

[
1

g2
+

(
N + r

N + 1

)
1

96π2
log

k2

µ2

]
1

2
tr(FµνF

µν)(k) (37)

where a term (2π)4δ(4)(k1 +k2) was stripped off. The running coupling constant can be read off
from the latter

g2(µ) = g2

[
1 + g2

(
N + r

N + 1

)
1

96π2
log

k2

µ2

]−1

(38)

from which the β function can be computed

β(g) =
∂g(µ)

∂ logµ
=

(
N + r

N + 1

)
g3(µ)

96π2
=

1

3
C(r)

g3(µ)

16π2
, (39)

that matches well known results; see e.g. [19].
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3. The spin 1/2 particle with color degrees of freedom
The generalization of the results described above to a spin 1/2 colored fermion—i.e. a
target space Dirac field coupled to a nonabelian gauge field—involves the (local) N = 1
supersymmetrization of the worldline action (10). This is achieved by adding fermionic
coordinates ψµ, and a gravitino χ. The massless version of the action reads

S[x, ψ, c, c̄, e, χ, a;A] =

∫ 1

0
dτ

[
1

2e
(ẋµ − χψµ)2 +

1

2
ψµψ̇

µ + c̄α(∂τ + ia)cα − isa

− igẋµAaµ c̄α(T a)α
βcβ +

ie

2
gψµψνF aµν c̄

α(T a)α
βcβ

]
(40)

which, as above, can be used on a circle path integral to compute the one-loop effective action.
In order to do so one has to gauge-fix the worldline gauge fields, and divide out the volume of
the gauge group. The gravitino χ is taken with antiperiodic boundary conditions and can be
gauged-away completely. Finally one can twist the auxiliary field to absorb the constant U(1)
field, and write the nonabelian gauge field as a sum of gluons (a mass term can be added as
well). This allows to read off the gluon vertex operators, that in turn allow to compute gluon
amplitudes as worldline path integral averages of such vertex operators. The computation of
the two-gluon amplitudes proceeds in the very same way as for the scalar case. One gets

Γspin(k1, ε1, a1; k2, ε2, a2) = (2π)4δ(4)(k1 + k2)Ca1a2(r)(ε1 · ε2k
2 − ε1 · kε2 · k) Π(k2) (41)

where now

Π(k2) = −2D/2g2

∫ ∞
0

dT

2T

e−Tm
2

(4πT )D/2
T 2

∫ 1

0
dτ1

∫ 1

0
dτ2 e

−Tk2G12

(
Ġ2

12 − 4S2
12

)
(42)

with S(τ −σ) = 1
2ε(τ −σ) being the fermionic propagator. Using dimensional regularization the

previous integral reduces to (up to irrelevant constants)

Π(k2) =
g2

ε12π2
− g2

2π2

∫ 1

0
du u(1− u) log

M2(u, k2)

µ2
+O(ε) (43)

which in the UV limit gives ΠUV (k2) = − g2

12π2 log k2

µ2
, and the fermionic contribution to the beta

function thus reads

β(g) =
∂g(µ)

∂ logµ
=

(
N + r

N + 1

)
g3(µ)

24π2
=

4

3
C(r)

g3(µ)

16π2
(44)

that once again reproduces well known results; see e.g. [19].

4. Conclusions and outlook
A colored relativistic particle action is used to compute the scalar contribution to the one-
loop gluon effective action, and commuting auxiliary fields are used to implement the path
ordering, and describes the desired representation for the scalar particle. The main result is
a Bern-Kosower like master formula for scalar contribution to the one-loop n-gluon amplitude.
The present manuscript complements an earlier publication where the case of anticommuting
auxiliary fields was described.

Within this framework a natural extension concerns the worldline representation of the scalar
propagator “dressed” with external gluons. Such dressed propagator describes the sum of all
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tree-level diagrams with one incoming and one outgoing scalar particle, and an arbitrary number
of gluons, and it is related to the above particle path integral defined on a line, i.e. taken with
fixed (Dirichlet) initial and final boundary conditions, both for the coordinates and for the
auxiliary variables. This last condition is necessary in order to assign color states to the scalar
particles. Although such computation should be relatively straightforward, the description of
the colored particle with Dirichlet boundary conditions surely deserves a deeper investigation,
and we leave it for future studies.
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Appendix A. Path integral normalization and propagator for the auxiliary fields
The path integral normalization for a pair of twisted auxiliary fields satisfying the conditions
c(1) = eiθc(0) and c̄(1) = e−iθ c̄(0), corresponds to the normalization for a coherent state path
integral of a harmonic oscillator of frequency θ. It reads[

DetTBC(∂τ )
]−1

=
[
DetPBC(∂τ + iθ)

]−1
=

∫
PBC

Dc̄Dc e−
∫ 1
0 c̄(∂τ+iθ)c

= Tr e−i
θ
2

(ĉ†ĉ+ĉĉ†) =
∞∑
n=0

e−iθ(n+ 1
2

) =
1

2i sin θ
2

(A.1)

where a fast-oscillating exponential was regulated away by shifting the angle of an infinitesimal,
negative, imaginary part θ → θ − iε. Alternatively one may perform a direct calculation of the
determinant, getting

[
DetTBC(∂τ )

]−1
=

[
DetPBC(∂τ + iθ))

Det′PBC(∂τ ))

]−1 1

Det′PBC(∂τ ))

=

[∏
n i(2πn+ θ)∏′

n i2πn

]−1

· 1 =

[
iθ
∞∏
n=1

(
1−

(
θ

2πn

)2
)]−1

=
1

2i sin θ
2

(A.2)

where, in the last equality we used the infinite product expansion for sinx
x . On the other hand

for the propagator we have that

〈cα(τ)c̄β(σ)〉 = δαβ∆(τ − σ; θ) (A.3)

with

∂τ∆(τ − σ; θ) = δ(τ − σ)

∆(1− σ; θ) = eiθ∆(0− σ; θ) ,

and

∆(τ − σ; θ) =
1

2i sin θ
2

[
ei
θ
2 θ(τ − σ) + e−i

θ
2 θ(σ − τ)

]
. (A.4)

Notice that, by taking θ = φ+ π, the latter is mapped onto the propagator of [10], for auxiliary
fields with boundary conditions c(1) = −eiθc(0) and c̄(1) = −e−iθ c̄(0).
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