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Abstract. The G-degree of colored graphs is a key concept in the approach to Quantum

Gravity via tensor models. The present paper studies the properties of the G-degree for the

large class of graphs representing singular manifolds (including closed PL manifolds).

In particular, the complete topological classification up to G-degree 6 is obtained in dimen-

sion 3, where all 4-colored graphs represent singular manifolds.
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1. Introduction

In the last decade, the strong interaction between random tensor models, within Quantum

Gravity theories, and the topology of edge-colored graphs has been deeply investigated. In

fact, regular edge-colored graphs represent pseudomanifolds (see Section 2) and their G-

degree plays an important rôle in the study of tensor invariants (see Section 3).

The aim of this paper is to describe topological properties of the G-degree for the wide

class of singular manifolds (including all closed PL manifolds), which can be of interest as

regards the so-called 1/N expansion within tensor models theory.

In this direction a key result, proved in Section 4, states the finite-to-one property for the

G-degree of singular manifolds in any dimension. Thus, only a finite number of singular

manifolds appears in each term of the 1/N expansion.

Section 5 is devoted to the 3-dimensional case, where all regular 4-colored graphs represent

singular 3-manifolds. Hence, the complete classification for all orientable singular 3-manifolds

up to G-degree 6 (Theorem 11) allows to know the topology of the - most significant - first

seven elements in the 1/N expansion.

2. Colored graphs and singular manifolds

A singular (PL) d-manifold (d > 1) is a compact connected d-dimensional polyhedron

admitting a simplicial triangulation where the links of vertices are closed connected (d− 1)-

manifolds, while the links of all h-simplices with h > 0 are PL (d− h− 1)-spheres. Vertices

whose links are not PL (d− 1)-spheres are called singular.
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Remark 1. If N is a singular d-manifold, then by deleting small open neighbourhoods of

its singular vertices, a compact PL d-manifold Ň is obtained. Obviously N = Ň iff N is

a closed manifold, otherwise Ň has a non-empty boundary without spherical components.

Conversely, given a compact PL d-manifold M , a singular d-manifold M̂ can be constructed

by capping off each component of ∂M by a cone over it.

Note that, by restricting ourselves to the class of compact PL d-manifolds with no spherical

boundary components, the above correspondence is bijective and so singular d-manifolds and

compact d-manifolds of this class can be associated to each other in a well-defined way. As

a consequence, although most of the following definitions and results will be formulated in

terms of singular manifolds, they could be easily translated in the context of compact PL

manifolds (with no spherical boundary components).

Definition 1. A (d + 1)-colored graph (d ≥ 1) is a pair (Γ, γ), where Γ = (V(Γ), E(Γ)) is

a regular d + 1 valent multigraph (i.e. loops are forbidden, but multiple edges are allowed)

and γ is a coloration that is a map γ : E(Γ)→ ∆d = {0, . . . , d} which is injective on adjacent

edges.

For every B ⊆ ∆d let ΓB be the subgraph obtained from (Γ, γ) by deleting all the edges

that are not colored by the elements of B. The connected components of ΓB are called B-

residues or, if #B = h, h-residues of Γ and we denote their number by gB. In the following,

if B = {c1, . . . , ch}, its complementary set in ∆d will be denoted by ĉ1 . . . ĉh.

A d-dimensional pseudocomplex1 K(Γ) associated to a (d + 1)-colored graph (Γ, γ) can be

constructed in the following way:

• for each vertex of Γ let us consider a d-simplex and label its vertices by the elements

of ∆d;

• for each pair of c-adjacent vertices of Γ (c ∈ ∆d), the corresponding d-simplices are

glued along their (d − 1)-dimensional faces opposite to the c-labeled vertices, the

gluing being determined by the identification of equally labeled vertices.

In general K(Γ) is a d-pseudomanifold, that is a pure, non-branching and strongly con-

nected pseudocomplex ([25]); (Γ, γ) is said to represent |K(Γ)|, which, with a slight abuse

of language, will be called a d-pseudomanifold, too.

Note that, as a consequence of its construction, K(Γ) is endowed with a vertex-labeling

by ∆d that is injective on any simplex. Moreover, there exists a bijective correspondence

between the h-residues of Γ colored by any B ⊆ ∆d and the (d−h)-simplices of K(Γ) whose

vertices are labeled by ∆d − B.

In particular, for any color c ∈ ∆d each connected component of Γĉ is a d-colored graph

representing a pseudocomplex that is PL-homeomorphic to the link of a c-labeled vertex of

1A d-pseudocomplex is a a collection of d-simplices whose (d − 1)-faces are identified in pairs by affine

homeomorphisms; actually, it generalizes the concept of simplicial complex since two d-simplices may inter-

sect in a union of (d− 1)-faces, although self-intersections are forbidden.
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K(Γ) in its first barycentric subdivision. Therefore, |K(Γ)| is a singular d-manifold (resp.

a closed d-manifold) iff, for each color c ∈ ∆d, all ĉ-residues of Γ represent closed (d − 1)-

manifolds (resp. a (d− 1)-sphere).

In virtue of the bijection described in Remark 1, a (d + 1)-colored graph (Γ, γ) is said to

represent a compact PL d-manifold M with no spherical boundary components if and only

if it represents the associated singular manifold M̂ .

The following theorem extends to singular manifolds a well-known result - due to [23] -

founding the combinatorial representation theory for closed PL-manifolds of arbitrary di-

mension via colored graphs (the so-called crystallization theory).

Theorem 1. Any singular d-manifold admits a (d+ 1)-colored graph representing it.

Proof. Let us consider a singular d-manifold N and let K ′ be the first barycentric subdivision

of a (pseudo)triangulation K of N . Then each vertex of K ′ can be labeled by the dimension

of the open simplex of K containing it. As a consequence we obtain a vertex-labeled d-

pseudocomplex triangulating N. Let Γ(K ′) be the 1-complex consisting of the barycenters

of the d-simplices and of the edges dual to the (d − 1)-simplices of K ′. Γ(K ′) is a regular

(d + 1)-valent graph that inherits, in an obvious way, a coloration on edges induced by the

vertex-labeling of K ′. As it is easy to see, Γ(K ′) represents N . �

We will denote by G
(s)
d+1 the set of (d+1)-colored graphs representing singular d-manifolds.

In particular, note that in dimension 3 the above set coincides with the whole set of 4-colored

graphs.

We will call a d-residue of Γ ∈ G
(s)
d+1 ordinary if it represents Sd−1, singular otherwise.

Similarly, a color c will be called singular if at least one of the ĉ-residues of Γ is singular.

The following result establishes the existence of a particular set of embeddings of a bipartite

(resp. non-bipartite) (d+ 1)-colored graph into orientable (resp. non-orientable) surfaces.

Proposition 2. ([18]) Let (Γ, γ) be a bipartite (resp. non-bipartite) (d + 1)-colored graph

of order 2p. Then for each cyclic permutation ε = (ε0, . . . , εd) of ∆d, up to inverse, there

exists a cellular embedding, called regular, of (Γ, γ) into an orientable (resp. non-orientable)

closed surface Fε(Γ) whose regions are bounded by the images of the {εj, εj+1}-colored cycles,

for each j ∈ Zd+1. Moreover, the genus (resp. half the genus) ρε(Γ) of Fε(Γ) satisfies

2− 2ρε(Γ) =
∑

j∈Zd+1

gεjεj+1
+ (1− d)p.

No regular embedding of (Γ, γ) exists into non-orientable (resp. orientable) surfaces.

The Gurau degree (often called degree in the tensor models literature) and the regular

genus of a colored graph are defined in terms of the embeddings of Proposition 2.

Definition 2. Let (Γ, γ) be a (d + 1)-colored graph. If {ε(1), ε(2), . . . , ε( d!
2

)} is the set of all

cyclic permutations of ∆d (up to inverse), ρε(i)(Γ) (i = 1, . . . d!
2

) is called the regular genus of
3



Γ with respect to the permutation ε(i). Then, the Gurau degree (or G-degree for short) of Γ,

denoted by ωG(Γ), is defined as

ωG(Γ) =

d!
2∑
i=1

ρε(i)(Γ)

and the regular genus of Γ, denoted by ρ(Γ), is defined as

ρ(Γ) = min
{
ρε(i)(Γ) / i = 1, . . . ,

d!

2

}
.

Note that, in dimension 2, any bipartite (resp. non-bipartite) 3-colored graph (Γ, γ)

represents an orientable (resp. non-orientable) surface |K(Γ)| and ρ(Γ) = ωG(Γ) is exactly

the genus (resp. half the genus) of |K(Γ)|. On the other hand, for d ≥ 3, the G-degree of any

(d + 1)-colored graph (resp. the regular genus of any (d + 1)-colored graph representing a

closed PL d-manifold) is proved to be a non-negative integer, also in the non-bipartite case:

see [8, Proposition 7] (resp. [10, Proposition A]).

As a consequence of the definition of regular genus for colored graphs and of Theorem 1,

two PL invariants for singular d-manifolds can be defined:

Definition 3. Let N be a singular d-manifold (d ≥ 2). The generalized regular genus of N

is defined as

G(N) = min{ρ(Γ) | (Γ, γ) represents N}.
and the Gurau degree (or G-degree) of N is defined as

DG(N) = min{ωG(Γ) | (Γ, γ) represents N}.

For any (d + 1)-colored graph Γ, ωG(Γ) ≥ d!
2
· ρ(Γ) obviously holds. Hence, for any

singular d-manifold N :

DG(N) ≥ d!

2
· G(N).

Remark 2. Note that a classical notion of regular genus for compact PL d-manifolds exists

([18] and [20]) and makes use of the notion of (non-regular) edge-colored graph with boundary

and of a suitable extension of Proposition 2. Regular genus turns out to be an important

PL-manifold invariant, which extends to arbitrary dimension the notion of Heegaard genus

(see [18] for the proof of their coincidence in the closed 3-dimensional case, [13] and [11] for

the general result for compact 3-manifolds) and which allows to obtain several classification

results (see, for example: [15] and [16] in arbitrary dimension, the survey paper [7] in di-

mension 4, [9] and [4] in dimension 5). Generalized regular genus and regular genus trivially

coincide for closed PL d-manifolds, while their coincidence in the case of 3-manifolds with

connected boundary is proved in [13] and [11].

Another important PL invariant defined within crystallization theory takes into account

the minimum order of a colored graph representing the involved closed d-manifold. The

following definition extends naturally this notion to singular d-manifolds:
4



Definition 4. For each singular d-manifold N , its generalized gem-complexity is the non-

negative integer k̄(N) = p − 1, where 2p is the minimum order of a (d + 1)-colored graph

representing N .

In the case of closed manifolds, several classification results have been obtained via gem-

complexity, too: see, for example, [1] and [5] for d = 3, [6] and [7] for d = 4.

Finally, note that the above Definitions 3 and 4 can also be referred to compact PL

manifolds (with no spherical boundary components) via their associated singular manifolds.

3. The physical meaning of the G-degree

The colored tensor models theory arises as a possible approach to the study of Quantum

Gravity: in some sense, its aim is to generalize to higher dimension the matrix models theory

which, in dimension two, has shown to be quite useful at providing a framework for Quantum

Gravity. The key generalization is the recovery of the so-called 1/N expansion in the tensor

models context. In matrix models, the 1/N expansion is driven by the genera of the surfaces

represented by Feynman graphs; in the higher dimensional setting of tensor models the 1/N

expansion is driven by the G-degree, that equals the genus in dimension two.

We now sketch the rôle played by the G-degree in the 1/N expansion within colored tensor

models theory: a more detailed description of these relationships between Quantum Gravity,

tensor models and topology of colored graphs may be found in [2], [22], [21], [8].

In the framework of tensor models theory, colored graphs naturally arise as Feynman

graphs encoding tensor trace invariants, built by pairwise contraction of covariant and con-

trovariant indices in a polynomial in the tensor components.

If V is a complex vector space of finite dimension N , the natural action of GL(N) on V

extends to a natural action of GL(N)×d on the tensor product E = V ⊗d and on its dual E∗.

Given a basis {ei} of V , each T ∈ E and T ∈ E∗ can be written as

T =
N∑

i1,...,id=1

Ti1...id ei1 ⊗ . . .⊗ eid T =
N∑

i1,...,id=1

T i1...id e
∗
i1
⊗ . . .⊗ e∗id ,

where {e∗i } denotes the basis of V ∗ dual to {ei}.
In order to obtain polynomial quantities which are invariant under the action of GL(N)×d

on both E and E∗, it is useful to build the so-called trace invariants by contracting the indices

of the components of T and T , respecting their ordering. In fact, any tensor invariant can

be represented by a linear combinations of such invariants (see [21]).

Trace invariants can be formally written as

(1) B(T, T ) =
N∑

i
(l)
h =1

∀h∈Nd, ∀l∈N2p

δB

(
p∏
l=1

T
i
(2l−1)
1 ...i

(2l−1)
d

)(
p∏
l=1

T
i
(2l)
1 ...i

(2l)
d

)
,

5
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Figure 1. d-colored graph representing Q1(T, T ).

where δB denotes the product of all Kronecker deltas corresponding to the contractions of

the indices.

Any trace invariant B(T, T ) of rank d tensors can be encoded by a bipartite d-colored

graph (B, b) in the following way:

- represent each T appearing in formula (1) by a white vertex and each T by a black

vertex;

- each time the index ic of a T is contracted with the same index of T , join the two

corresponding vertices by a c-colored edge.

Note that, with respect to formula (1), the integer 2p becomes the order of B, while each

Kronecker delta in δB gives rise to a suitable colored edge of (B, b).

As an example let us consider the following (well-known) quartic invariant:

Q1(T, T ) :=
N∑

i1,...,id=1
j1,...,jd=1

T i1i2...idTj1i2...idT j1j2...jdTi1j2...jd .(2)

The d-colored graph encoding Q1(T, T ) is shown in Figure 1.

Wick’s theorem allows to obtain the following expansion of the mean value of a given trace

invariant B(T, T ), in terms of correlations between pairs of components of T and T :

(3) 〈B(T, T )〉 =
∑
σ∈Sp


N∑

i
(l)
h =1

∀h∈Nd, ∀l∈N2p

δB

(
p∏
r=1

〈T
i
(2r−1)
1 ...i

(2r−1)
d

T
i
(2σ(r))
1 ...i

(2σ(r))
d

〉

) ,
where Sp denotes the set of all possible permutations on Np.

Each summand in the Wick expansion corresponding to a permutation σ ∈ Sp can be

encoded by a (bipartite) (d + 1)-colored graph (Γ, γ) - the associated Feynman graph -

starting from the d-colored graph (B, b) representing B(T, T ): it suffices to add a 0-colored

edge between the white vertex associated to T
i
(2r−1)
1 ...i

(2r−1)
d

and the black vertex associated

to T
i
(2σ(r))
1 ...i

(2σ(r))
d

, for each r ∈ Np.

6



Consider now a (d+ 1)-dimensional colored tensor model, i.e. a formal partition function

(4) Z[N, {αB}] :=

∫
f

dTdT

(2π)Nd exp(−Nd−1T · T +
∑
B

αBB(T, T )),

where T belongs to (CN)⊗d and T to its dual, while T · T =
∑N

i1,...,id=1 T i1...idTi1...id .

As shown in [2], its free energy 1
Nd logZ[N, {tB}] is the following formal series

(5)
1

Nd
logZ[N, {tB}] =

∑
ωG≥0

N−
2

(d−1)!
ωGFωG [{tB}] ∈ C[[N−1, {tB}]],

where the coefficients FωG [{tB}] are generating functions2 of connected bipartite (d + 1)-

colored graphs with fixed G-degree ωG.

The 1/N expansion of formula (5) describes the rôle of colored graphs (and of their G-

degree ωG) within colored tensor models theory and explains the importance of trying to

understand which are the manifolds and pseudomanifolds represented by (d + 1)-colored

graphs with a given G-degree, in particular for d = 3, 4.3

Remark 3. A parallel tensor models theory, involving real tensor variables T ∈ (RN)⊗d, has

been developed, taking into account also non-bipartite colored graphs (see [26]): this is why

both bipartite and non-bipartite colored graphs will be considered in the next sections.

4. General properties of the G-degree

An r-dipole (1 ≤ r ≤ d) of colors c1, . . . , cr of a (d+ 1)-colored graph (Γ, γ) is a subgraph

of Γ consisting of two vertices joined by r edges, colored by c1, . . . , cr, such that its vertices

belong to different connected components of Γĉ1...ĉr .

An r-dipole can be eliminated from Γ by deleting the subgraph and welding the remaining

hanging edges according to their colors; in this way another (d+ 1)-colored graph (Γ′, γ′) is

obtained. The inverse operation can be read as the addition of the dipole to Γ′.

The dipole is called proper if |K(Γ)| and |K(Γ′)| are PL-homeomorphic. This surely

happens if at least one of the two connected components of Γĉ1...ĉr containing the vertices of

the dipole represents a (d− r)-sphere ([19, Proposition 5.3]).4

Lemma 3. ([22]) Let (Γ, γ) be a (d+ 1)-colored graph and let (Γ′, γ′) be obtained from Γ by

eliminating an r-dipole. Then:

ωG(Γ) =
(d− 1)!

2
(r − 1)(d− r) + ωG(Γ′).

As a consequence of the above lemma, the elimination of an r-dipole does not increase the

G-degree and, in particular, 1- and d-dipole eliminations or additions do not change it.

2For the notions of generating series and function see [17].
3Indeed, in dimension 3 and 4, these graphs represent the possible states of the physical quantum space.
4Note that, if Γ ∈ G

(s)
d+1, all r-dipoles are proper, for 1 < r ≤ d.

7



Definition 5. A (d + 1)-colored graph (Γ, γ) is called contracted if for each color c ∈ ∆d

either Γĉ is connected or no connected component of Γĉ represents a (d− 1)-sphere.

Remark 4. Note that (Γ, γ) is contracted if it admits no proper 1-dipoles. Moreover, any

singular d-manifold N can be represented by a contracted (d + 1)-colored graph. In fact,

starting from any (d + 1)-colored graph representing N and eliminating a suitable number

of proper 1-dipoles, we obtain a contracted graph representing N.

Hence, by Lemma 3, it is easy to prove the following result.

Proposition 4. For any singular d-manifold N , DG(N) can be always realized by a con-

tracted graph (with no r-dipole, 1 < r < d).

In order to face the finiteness problem of G-degree for singular d-manifolds, it is useful

to recall that, for each (d + 1)-colored graph Γ of order 2p, the following formula holds ([8,

Lemma 13]:

(6) ωG(Γ) =
(d− 1)!

2

(
p+ d−

∑
i∈∆d

gî

)
+
∑
i∈∆d

ωG(Γî),

where, for each i ∈ ∆d, ωG(Γî) denotes the sum of the G-degrees of the connected components

of Γî.

For each integer h ≥ 0, let Mh
d denote the set of all singular d-manifolds with h singular

vertices. Obviously, for h = 0, the set M0
d coincides with the set of closed PL d-manifolds.

Theorem 5. For each pair of fixed integers S̄ ≥ 0 and R̄ ≥ d + 1, only a finite number of

(d+ 1)-colored graphs (Γ, γ) exists, with ωG(Γ) = S̄ and
∑

i∈∆d
gî = R̄.

Hence, the G-degree DG is finite-to-one within the set Mh
d, for any h ≥ 0.

Proof. If
∑

i∈∆d
gî = R̄, formula (6) yields:

p ≤ 2ωG(Γ)

(d− 1)!
+ (R̄− d).

The first statement easily follows by observing that, for each fixed p ≥ 1, only a finite number

of (d+ 1)-colored graphs (Γ, γ) exists, with #V(Γ) = 2p.

Let us now consider (Γ, γ) ∈ G(s)
d+1 having exactly h singular d-residues, i.e. representing a

singular d-manifold with h singular vertices. By Proposition 4, we can suppose without loss

of generality Γ to be contracted.

In this case, it is easy to see that
∑

i∈∆d
gî = d+1−m+h , where 0 ≤ m ≤ min{h, d+1}

is the number of singular colors of Γ. In virtue of the first statement, only a finite number

of such (d + 1)-colored graphs exist, with fixed G-degree S̄. Hence, only a finite number of

singular d-manifold with h singular vertices turns out to have G-degree DG equal to S̄. �
8



Remark 5. Note that [21, Proposition 4.2] yields a different approach to the finiteness

problem for G-degree: in fact, in that statement, the number of multiple edges is taken into

account, versus the (more geometrical) number of d-residues considered in Theorem 5.

We want now to analyze the minimum value of G-degree for non-orientable singular man-

ifolds. With this purpose, it is useful to recall the following result, obtained in [10]:

Lemma 6. Let (Γ, γ) be a non-bipartite (d+ 1)-colored graph and let ε = (ε0, ε1, . . . , εd) be

a cyclic permutation of ∆d. If an index i ∈ ∆d exists such that:

(a) each {εi−1, εi, εi+1}-residue of Γ is bipartite;

(b) each ε̂i-residue of Γ is either bipartite or non-bipartite with integer regular genus with

respect to the permutation induced by ε on ε̂i;

then ρε(Γ) is an integer.

As a consequence, we obtain the following statement concerning the G-degree:

Theorem 7. Let (Γ, γ) be a non-bipartite (d+1)-colored graph with the property that each 3-

residue is bipartite and each d-residue is either bipartite or non-bipartite with integer regular

genus with respect to any permutation; then ωG(Γ) ≥ d!
2
.

Hence, for d ≥ 4:

(a) ωG(Γ) ≥ d!
2

for each non-bipartite graph Γ belonging to G
(s)
d+1;

(b) if Γ is a (bipartite or non-bipartite) graph belonging to G
(s)
d+1 and ωG(Γ) < d!

2
, then

|K(Γ)| ∼=PL Sd;
(c) no non-orientable singular d-manifold N exists, with DG(N) < d!

2
.

Proof. If each 3-residue of Γ is bipartite and each d-residue is either bipartite or non-bipartite

with integer regular genus with respect to any permutation, Lemma 6 ensures ρε(Γ) to be

an integer for each cyclic permutation ε of ∆d. Since ρε(Γ) = 0 can’t hold because of the

non-bipartiteness of Γ, ωG(Γ) ≥ d!
2

directly follows from the definition of G-degree.

On the other hand, if Γ belongs to G
(s)
d+1, each d-residue represents a (d− 1)-manifold and

hence, if d ≥ 4, it is either bipartite or non-bipartite with integer regular genus with respect

to any permutation, in virtue of Lemma 6 (see also [10, Proposition A]); moreover, each

3-residue of Γ is bipartite since it represents a 2-sphere. Statements (a) and (c) are now

trivial consequences. Statement (b) follows from statement (a), by recalling that, if Γ is a

bipartite (d + 1)-colored graph such that ωG(Γ) < d!
2

, then |K(Γ)| ∼=PL Sd ([8, Proposition

9]). �

Remark 6. Statements (a) and (b) of the above theorem improve, for d ≥ 4 and within

the set G
(s)
d+1, the results of [8, Proposition 8] and [8, Proposition 9] respectively. We point

out that there is no possibility of similar general improvements for d = 3, since the minimal

4-colored graph representing RP2× I (and also the associated singular manifold) - described

in [14] - has G-degree 2. However, as shown in Proposition 9 below, an analogue of Theorem

7 can be stated for particular classes of 4-colored graphs and 3-manifolds.
9



5. The 3-dimensional case

As already pointed out, in dimension 3 all 4-colored graphs represent singular 3-manifolds.

Hence, the study of the properties concerning singular 3-manifolds covers all the elements of

the 1/N expansion of formula (5), in the 3-dimensional tensor models framework.

For 3-dimensional closed manifolds, it is known that the G-degree coincides with the gem-

complexity ([8, Theorem 16]). In the case of singular 3-manifolds with only one singular

vertex, the relation between the G-degree and generalized gem-complexity involves also the

genus of the singularity, i.e. the genus of the boundary of the associated compact 3-manifold.

For sake of notational simplicity, the following proposition as well as all results of the

present section will be stated in terms of 3-manifolds with boundary, even if - in virtue of

Remark 1 - they may be obviously re-stated by involving the associated singular 3-manifolds.

Proposition 8. For each 3-manifold M3 with connected non-spherical boundary,

DG(M3) = k̄(M3) + g∂ where g∂ =

genus(∂M3) if ∂M3 is orientable

1
2
genus(∂M3) if ∂M3 is non-orientable

Proof. Let (Γ, γ) be a 4-colored graph realizing DG(M3). By Proposition 4, we can suppose

Γ to be contracted and hence, since ∂M3 is connected, gî = 1 for all i ∈ ∆3.

Therefore, by applying formula (6) (with d = 3), we have

ωG(Γ) = p− 1 +
∑
i∈∆3

ωG(Γî) = p− 1 + g∂

where the last equality comes from recalling that the G-degree of a bipartite (resp. non-

bipartite) 3-colored graph equals the genus (resp. half the genus) of the represented surface.

It is now clear that Γ must realize the generalized gem-complexity of M3, too, hence the

claim is proved. �

In the case of a compact 3-manifold M3 with h ≥ 2 (non-spherical) boundary components,

the total number of 3-residues in a contracted (vertex-)minimal graph representing M3 is

not a priori determined. However, in all known situations, generalized gem-complexity is

realized by graphs with the minimum possible number of 3-residues, i.e. max{4, h}. This

fact suggests the following

Conjecture 1. For each compact 3-manifold M3 with h ≥ 2 non-spherical boundary com-

ponents ∂M1, . . . ,
∂Mh,

DG(M3) = k̄(M3) +
h∑
i=1

g∂i where g∂i =

genus(∂Mi) if ∂Mi is orientable

1
2
genus(∂Mi) if ∂Mi is non-orientable

10



In [8] the classification is given of 4-colored graphs representing closed 3-manifolds up to

G-degree 5. Proposition 9 of the same paper, for d = 3, proves that any bipartite 4-colored

graph with G-degree less than 3 does represent the 3-sphere.

The following proposition extends the result to a wider class of graphs.

Proposition 9. Let (Γ, γ) be a 4-colored graph with the property that each 3-residue is

bipartite. Then, either ωG(Γ) ≥ 3 or Γ represents the 3-sphere.

Therefore, no non-orientable 3-manifold M with empty or orientable boundary exists, such

that DG(M) < 3.

Proof. The proof, as in the case of Theorem 7, is a direct consequence of Lemma 6 and [8,

Proposition 9]. �

In the particular case of orientable manifolds with no spherical boundary components, the

classification can be extended up to G-degree 6. In the following propositions we will denote

by Y3
g the 3-dimensional orientable genus g handlebody, by D2

2 the disk with two holes and

by MS the Seifert manifold with base D2 and Seifert parameter (2, 1), (2, 1).

Proposition 10. Let (Γ, γ) be a 4-colored bipartite graph representing an orientable 3-

manifold M with non-empty boundary and no spherical boundary components. Then:

ωG(Γ) = 3 =⇒ M = Y3
1

ωG(Γ) ∈ {4, 5} =⇒ M ∈ {Y3
1, T2 × I}

ωG(Γ) = 6 =⇒ M ∈ {Y3
1, T2 × I, D2

2 × S1, Y3
1#Y3

1, MS, (S1 × S2)#Y3
1, RP3#Y3

1, Y3
2}

Proof. Let h > 0 be the number of connected (non-spherical) boundary components of M .

By Lemma 3 and Remark 4 we can suppose that Γ is contracted; therefore, as in the proof

of Theorem 5, we have
∑

i∈∆3
gî ≤ h+ 3.

On the other hand, with the notations of Conjecture 1, we have∑
i∈∆3

ωG(Γî) =
h∑
j=1

g∂j .

Then, formula (6) for d = 3 gives

ωG(Γ) = p+ 3−
∑
i∈∆3

gî +
∑
i∈∆3

ωG(Γî) ≥ p− h+
h∑
j=1

g∂j = p+
h∑
j=1

(g∂j − 1) ≥ p.

Note that Lemma 3 ensures that there exists a 4-colored graph Γ′ still representing M ,

such that Γ′ is contracted and without 2-dipoles, ωG(Γ′) ≤ ωG(Γ) and p′ ≤ p, where 2p′ is

the order of Γ′.

Now the statement is proved by taking into account the catalogues of all contracted bi-

partite 4-colored graphs with order up to 12 and without 2-dipoles, that are presented in

[14] and [12]. More precisely, there are no such graphs up to order 4 and the only graphs (of
11



order 6, 8 and 10) having G-degree less or equal 5 represent either T2 × I or the genus one

handlebody.

Moreover, irreducible and boundary-irreducible compact 3-manifolds with toric boundary

represented by graphs of G-degree 6 and order 10 and 12 are among those classified in [12],

while reducible manifolds with toric boundary are easily identified by making use of the

program 3-Manifold Recognizer5. In this way all graphs of G-degree 6 and order up to 12

have been considered, except five graphs {Γ1, . . . ,Γ5} of order 10 all having only one singular

3-residue representing the closed orientable surface of genus 2. However, an easy computation

yields ρ(Γi) = 2 for each 1 ≤ i ≤ 5 and therefore G(Mi) ≤ 2 for each manifold with boundary

Mi represented by Γi.

On the other hand, by a well-known result of [10], we have G(Mi) ≥ G(∂Mi) = 2, where

G(Mi) denotes the regular genus of Mi (see Remark 2). Since the generalized regular genus

and the regular genus coincide for 3-manifolds with connected boundary (see again Remark

2) and, hence, G(Mi) = G(∂Mi) = 2, Mi is proved to represent the 3-dimensional genus 2

handlebody by the main result of [3]. �

Formula (6), together with the results described in the proof of the above proposition,

allows to state the following classification according to G-degree.

Theorem 11. Let M be an orientable 3-manifold with non-empty boundary and no spherical

boundary components. Then:

DG(M) > 2 and DG(M) 6= 5;

DG(M) = 3 ⇐⇒ M = Y3
1;

DG(M) = 4 ⇐⇒ M = T2 × I;

DG(M) = 6 ⇐⇒ M ∈ {D2
2×S1, Y3

1#Y3
1, MS, (S1×S2)#Y3

1, RP
3#Y3

1, Y3
2}.
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