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ABSTRACT 13 

Energy harvesting from kinetic ambient energy is particularly effective to power 14 

autonomous sensors. This work proposes an innovative energy converter based on 15 

two counteracting Belleville springs and exploiting their peculiarity, for a height to 16 

thickness ratio equal to 1.414, of nearly zero stiffness over a wide deflection range. 17 

After analytical and numerical modelling a prototype is developed and experimentally 18 

investigated. The sub-optimal geometry of the commercial springs used in the 19 

prototype, together with a non-ideal response makes the operating frequency for the 20 

prototype higher than analytical and numerical predictions. Nevertheless, the 21 

harvester exhibits a significantly large bandwidth, together with a high output power, 22 

compared to similar solutions in the literature, for all the examined configurations and 23 

input excitations. 24 

 25 
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INTRODUCTION 1 

 2 

The work deals with the development of an innovative energy harvester exploiting 3 

Belleville springs. Kinetic ambient energy, which is the most common source for energy 4 

harvesting, usually occurs in the form of vibrations or random forces, being intrinsically 5 

frequency-variant in a low frequency range [1]-[6]. Therefore, it is challenging to 6 

develop energy harvesting systems able to efficiently harvest energy in the low 7 

frequency range and with a large bandwidth. Among the available conversion 8 

techniques, electromagnetic and piezoelectric are surely the most promising in terms 9 

of simplicity, output current and voltage [4]-[5]. Many harvesters either relying on 10 

electromagnetic [7]-[17] or on piezoelectric [18]-[35] technique have been presented 11 

in the literature. In particular, energy harvesters can have either a linear [18]-[31] or 12 

non-linear [32]-[55] response. Among non-linear energy harvesters, particular interest 13 

deserve those using Duffing oscillators [36]-[55], which have the peculiar feature of a 14 

broadband response. Some hybrid harvesters have been proposed in addition, 15 

combining piezoelectric and electromagnetic technology [56]-[57]. 16 

 17 

Two are the limits of many solutions proposed in the literature: first, their relatively 18 

high operating frequency; second, a low quality factor, i.e. the typically high 19 

conversion efficiency of the harvester abruptly decreases as the excitation frequency 20 

does not match the system eigenfrequency. In case of electromagnetic harvesters, the 21 

operating frequency usually falls in the range from 10 Hz to 100 Hz, while in case of 22 

piezoelectric harvesters, apart from few exceptions [23], [29]-[31], it is typically in the 23 

range from 50 Hz to 300 Hz. 24 

 25 

This work aims to overcome these limitations by proposing an innovative 26 

electromagnetic energy converter operating over a large bandwidth. This new solution 27 

is based on two counteracting Belleville springs and exploits their peculiarity, for a 28 

height to thickness ratio equal to 1.414, of nearly zero stiffness over a wide deflection 29 

range. 30 
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The paper is organized into four steps. In the first step we introduce the force-1 

displacement characteristic of Belleville springs and some engineering applications. In 2 

the second step, we propose and examine a conceptual solution for an energy 3 

harvester relying on Belleville springs. The innovative nature of the solution is its 4 

simple and compact structure, which can be organized either in series or parallel in 5 

order to improve the output power or achieve a multi-frequency behaviour. In the 6 

third step, the harvester is modelled analytically. The fourth step presents the 7 

prototype development and experimental validation of the harvester. 8 

 9 

The experimental assessment on the prototype, which was manufactured using off the 10 

shelf springs, highlights a remarkably large bandwidth of the harvester, together with 11 

high conversion efficiency, also in comparison with similar solutions reported in the 12 

literature [58] or commercial products [59]. By contrast, due to secondary effects, the 13 

operating frequencies are higher than expected from analytical and numerical 14 

predictions. Compared to non-linear energy harvesters presented in the literature, and 15 

in particular to those relying on Duffing oscillators [36]-[55], the proposed solution is 16 

quite simple and innovative. The elastic system featuring two counteracting Belleville 17 

springs can have either a linear or a non-linear and bi-stable response depending on 18 

the preload applied to the springs. The harvester can include either electromagnetic or 19 

piezoelectric transduction but also a hybrid of both, thus enhancing efficient energy 20 

conversion. 21 

22 
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1. BELLEVILLE SPRINGS RESPONSE AND APPLICATIONS 1 

Patented by J. F. Belleville in 1867, Belleville springs (Figure 1) are coned disk springs 2 

which have been extensively used in many engineering applications, due to their 3 

peculiar characteristics. Belleville springs are compact along the loading axis, enable to 4 

obtain a wide variety of load-deflection characteristics by simply changing geometric 5 

proportions, and provide the possibility to vary the load-capacity and deflection range 6 

by using multiple springs in series and/or parallel. Some examples of applications in 7 

industrial and machine constructions are spring suspensions, valves actuation, 8 

overload and slip clutches (to achieve the desired preload between friction discs), 9 

holding brake, backlash compensation, and in general applications involving energy 10 

storage or, more recently, impact energy dissipation [60]-[61]. 11 

 12 

An accurate analytical model for Belleville springs was proposed by Almen and Laszlo 13 

[62], which provided formulas for stresses and displacements calculation. According to 14 

this analytical model, the force-deflection relation of a Belleville spring (Figure 1) is 15 

given by the following formula: 16 

 17 

4

2
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E s
P K

D
  (1) 

 18 

where E is the Young’s modulus of the material, s represents the spring thickness, D 19 

the outer spring diameter, K is defined as: 20 

 21 
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 22 

being c the ratio between the outer and inner diameter of the spring (= D / d ), and 23 

finally  is defined by the following formula: 24 

 25 
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In the above formula,  is the Poisson’s ratio of the spring material, f is the axial 2 

deflection of the spring, and h is the free height of the conical spring measured as the 3 

elevation of the truncated cone formed by either the upper or lower surface (Figure 1). 4 

By assuming 
0P  as the load which flattens the conical spring producing a deflection f = 5 

h, equation (1) yields the following dimensionless relationship between load and 6 

deflection: 7 

 8 
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 9 

The above relationship highlights that the spring rate of a Belleville spring can be easily 10 

varied over a wide range by simply changing the height to thickness ratio (h/s) of the 11 

conical disc. 12 

 13 

The normalized force-deflection curves in Figure 2 show to which extent the 14 

characteristic of a Belleville spring can vary from linear to largely non-linear by 15 

increasing the height to thickness ratio from 0 up to 2. The curves corresponding to a 16 

low height to thickness ratio are approximately linear. For a ratio h/s = 1.414 (dashed 17 

line in Figure 2) the curve shows a nearly constant load for a deflection range which 18 

extends symmetrically across the flat position, from a ratio f/h ranging from about 0.6 19 

up to 1.4. This almost zero stiffness across the flat position can be usefully exploited to 20 

develop structures for energy harvesters. Values of the height to thickness ratio higher 21 

than 1.414 provide highly non-linear curves (Figure 2), where the load reaches a local 22 

maximum and minimum respectively before and after the flat position. 23 

 24 

 25 

26 
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2. CONCEPTUAL HARVESTER SOLUTIONS 1 

Figure 3 shows the conceptual solution of an energy harvester exploiting Belleville 2 

springs. Two counteracting Belleville springs (B1 and B2), having the base of the cone 3 

on the outer side, are enclosed into an external tubular frame (F), and separated by a 4 

tubular spacer (S) interposed in between. By means of a couple of tubular fixtures (R), 5 

exactly fitting into the frame (F), the Belleville springs are preloaded up to their flat 6 

configuration. According to the curves in Figure 2, for an h/s ratio of the Belleville 7 

springs equal to 1.414, this elastic system features nearly zero stiffness up to a stroke 8 

(on each side of the equilibrium configuration) nearly equal to 20% of the height h of 9 

the coned spring. 10 

Through the axial rod (T) supported by the Belleville springs (B1 and B2), we obtain a 11 

simple one-degree of freedom mechanism, which can be exploited both for 12 

electromagnetic and piezoelectric energy harvesting (Figure 3). On the one hand, a 13 

simple electromagnetic energy harvester can be obtained by applying a permanent 14 

magnet (M) to each end of the sliding rod (T) and enclosing each magnet in a coil (C). 15 

The oscillation of the elastic system across the equilibrium configuration originates a 16 

relative translation between the magnets and the coils, thus converting kinetic energy 17 

into output voltage at the ends of the coils. On the other hand, the system can include 18 

also a simple piezoelectric converter obtained by bonding piezoelectric patches (P) to 19 

the surface of the Belleville springs. As the springs deform due to dynamic excitation of 20 

the system, the strained piezoelectric patches provide an output voltage on their 21 

opposite surfaces. 22 

By combining these solutions we have a hybrid electromagnetic and piezoelectric 23 

harvester, featuring a symmetric configuration with respect to the cross mid-plane of 24 

the structure. 25 

 26 

27 
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3. ANALYTICAL MODEL OF THE HARVESTER 1 

3.1. Elastic response 2 

Assuming an elastic behaviour of the Belleville springs, Figure 4 shows the model of 3 

the equivalent mass-springs system corresponding to the converter in Figure 3. 4 

Differently from Figure 3, in order to be able to describe a more general configuration, 5 

the equivalent mass-spring system in Figure 4 is vertically oriented. This configuration, 6 

which can occur in practice depending on the set-up of the system, allows to takes into 7 

account the weight load of the suspended mass, due to gravity (g). 8 

The total force on the sliding rod (T) comes from two different contributions: i) the 9 

sum of the opposite elastic forces exerted by each of the counteracting Belleville 10 

springs, which are provided by equation (1); ii) the weight load of the rod itself, acting 11 

downward. It comes that, in the equilibrium configuration, the Belleville springs have a 12 

different deflection f, summing up two contributions: i) a deflection equal to their free 13 

height h, due to preload; ii) a deflection  due to the weight load of the oscillating 14 

mass, which increases the deflection of the bottom spring (B1), while decreasing that 15 

of the top spring (B2). Therefore, the resulting deflection f for Belleville springs B1 and 16 

B2 respectively is given by: 17 

 18 

1   Bf h u   (5) 

2   Bf h u   (6) 

 19 

From equation (1) the expression of the elastic force is: 20 

 21 

 
4
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 22 

where B1 and B2 refer to the Belleville springs B1 and B2 respectively, and according 23 

to equation (3), (5) and (6) their expression is: 24 

 25 
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 2 

By replacing equation (8) and (9) into equation (7) and rearranging the terms, the 3 

following expression of the total elastic force on the sliding rod (T) is obtained: 4 

 5 
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 6 

Equation (10) highlights that the elastic force on the rod (T): (i) is strongly non-linear 7 

with the displacement, (ii) due to weight load it acts downward when the rod is in the 8 

central equilibrium position (u = 0), and (iii) increases in modulus as the stroke u of the 9 

rod increases. 10 

 11 

3.2. Fundamental eigenfrequency 12 

The fundamental eigenfrequency of the system can be found from the differential 13 

equation of motion [63], which governs the free motion of the undamped system. By 14 

equalling the inertial forces to the elastic ones (equation (10)) we have the following 15 

expression: 16 

 17 
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 18 

where m is the mass of the rod (T). Equation (11) is a second order differential 19 

equation from which the first derivative is absent, and it does not have a closed-form 20 

solution. In case either the weight load is negligible or the system is oriented 21 

horizontally (thus  = 0), this equation reduces to the following form: 22 
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 2 

which, according to [64], can be simply reduced to the following dimensionless form, 3 

known as Duffing equation: 4 

 5 

     * * *3 0u t u t u t    (13) 

 6 

where u* is the dimensionless displacement and  is a dimensionless parameter which 7 

measures the strength of the nonlinearity. According to the exact solution proposed in 8 

[64], the fundamental circular frequency  of equation (8) is a function of the degree 9 

of nonlinearity . 10 

For small displacements across the equilibrium configuration in Figure 3, the non-linear 11 

(cubic) term of equation (12) can be neglected, giving the following simplified linear 12 

equation of motion: 13 

 14 
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where: 16 
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 18 

By assuming a harmonic and symmetric dynamic excitation applied to the system 19 

(    0 sinu t u t ), equation (14) provides the fundamental circular frequency : 20 

 21 
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 1 

Accordingly, equation (16) yields the fundamental frequency f0 , which is equal to: 2 

 3 
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 4 

 5 

3.3. Output power  6 

According to Williams and Yates [65], the maximum power that this device can 7 

generate is given by: 8 

 9 

3 2

max max t nP m f Z  (18) 

 10 

where m is the mass of the oscillating equipment (rod and permanent magnets), t is 11 

the damping ratio, fn is the resonant frequency of the harvester, and Zmax is the 12 

maximum relative displacement between the coil and the permanent magnet (Figure 13 

3). 14 

 15 

 16 

3.4. Case study 17 

To provide an example of the system peculiar features, we assume to use a Belleville 18 

spring, with outer diameter D equal to 50 mm, inner diameter d equal to 20 mm, 19 

thickness s equal to 0.5 mm, and height h equal to 0.707, so as to match exactly the 20 

desired height to thickness ratio of 1.414. In addition, we consider a steel rod, having a 21 

diameter of 20 mm and 40 mm long, rigidly connected to the Belleville springs. 22 

 23 
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Figure 5 shows the absolute load value acting on the rod by the counteracting 1 

Belleville springs as a function of the rod stroke. The curve highlights the stable 2 

equilibrium position for the device in its centre configuration and the relatively wide 3 

displacement range (about 25% of the stroke) characterized by a nearly zero stiffness. 4 

According to the simplified equation (17), the eigenfrequency of this elastic system 5 

results equal to 4.35 Hz, thus being very low. 6 

 7 

On the basis of these encouraging results, the following section presents the 8 

development and assessment of a prototype, to provide experimental validation of the 9 

concept. 10 

 11 

 12 

 13 

14 
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4. HARVESTER PROTOTYPE DEVELOPMENT 1 

This section presents the development of the harvester prototype with regard to 2 

Belleville springs selection and characterization, system design and finite element (FE) 3 

simulation. The use of commercial components for the development of the prototype 4 

was the main guideline in the design of the energy harvester. 5 

 6 

4.1. Belleville springs selection 7 

The selection of the Belleville springs for the prototype involved two main criteria: (i) a 8 

height to thickness ratio h/s equal to 1.414, (ii) commercially available springs.  9 

A research on commercially available Belleville springs pointed out the unavailability of 10 

off the shelf springs having a height to thickness ratio h/s exactly equal to 1.414, and 11 

dimensions close to the tentative values proposed in the previous section example, 12 

which would allow to build a small prototype. 13 

Table 1 reports the dimensions of two commercially available Belleville springs that 14 

were initially taken into account. These springs are made of C75S cold rolled steel with 15 

a Young’s modulus of 206 GPa, a Poisson’s ratio of 0.3, a tensile strength equal to 1170 16 

MPa (at a 15% elongation). The force-deflection response of these two springs was 17 

experimentally investigated through quasi-static compression tests performed using 18 

conical fixtures. 19 

 20 

Finally, spring #1 in Table 1 was chosen since, as shown in Figure 6, it provided a force-21 

deflection response quite close to the requirements, as expected from the h/s ratio. 22 

However, three main discrepancies appear between the experimental measurement 23 

(dashed line in Figure 6) and the analytical prediction (solid line in Figure 6). First, a 24 

slightly lower stiffness of the spring compared to the analytical prediction. This may be 25 

imputed to the measurement through the displacement transducer on the 26 

tensometer, which is installed far from the specimens, thus including the compliances 27 

of the whole kinematic chain of the machine. Second, a small hysteresis between the 28 

loading and unloading curve, which is caused both by friction between the spring and 29 

the fixtures and by plastic strains that locally occurs in the spring cross section (see 30 
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Results section). Third, since the value of the h/s ratio is not the optimum one, the 1 

stiffness is slightly negative in the central part of the curve, giving a bi-stable 2 

behaviour. 3 

 4 

4.2. Harvester prototype 5 

The energy harvester prototype was designed on the basis of the commercial Belleville 6 

spring chosen in the previous step (Section 4.1). Accordingly, the dimensions of the 7 

elastic system and of the electromechanical converter relate directly to the diameter 8 

of the Belleville springs, in order to obtain a compact harvester and to allow a simple 9 

assembly and calibration of the system.  10 

Figure 7 shows the technical drawing of the energy harvester prototype that was 11 

inspired by the conceptual solution in Figure 3. Compared to that configuration, the 12 

present architecture is slightly different, in order to simplify the assembly and make 13 

easier the tests on the prototype. First of all, the prototype in Figure 7 has a vertical 14 

axis, in order to allow a simple set-up on the electromagnetic shaker available in the 15 

laboratory. In addition, the prototype is not symmetric, with respect to the cross mid-16 

plane of the mechanical system: the energy converter is on the top. Finally, only 17 

electromagnetic conversion was implemented in this first prototype, since the 18 

Belleville springs are quite small in the radial direction, so there is not enough room for 19 

piezoelectric patches. The counteracting Belleville springs (1), corresponding to #1 in 20 

Table 1, are supported between the male and the female part of commercial spherical 21 

washers (2) having an appropriate diameter. These spherical washers ensure a uniform 22 

contact both with the upper and lower base of the Belleville spring for the whole 23 

device stroke; in addition, they allow an easy assembly and enhance auto-alignment of 24 

the system when preload is applied. A tubular rod (3), acting as the spacer (S) in Figure 25 

3, is interposed between the Belleville springs. This elastic system is assembled and 26 

preloaded through four angularly equispaced M5 bolt-nut fasteners, acting on the 27 

outer spherical washers. An additional M5 bolt (4), equivalent to the rod (T) in Figure 28 

3, is rigidly connected to the axis of the tubular rod (3): this element transfers the 29 

dynamic excitation received by the oscillating mass of the system (spherical washers 30 
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(2) plus tubular rod (3)) to the electromagnetic conversion unit of the prototype (on 1 

the top). 2 

 3 

The electromagnetic conversion was implemented using a NdFeB flat disc magnet (5) 4 

35 mm in diameter and 5 mm thick (S35-05-N42 from Supermagnete [66]). The magnet 5 

is bonded to a nylon insert (6) which is screw fixed to the axial bolt (4). This nylon 6 

insert shields the magnetic field toward the metal core of the mechanical system, thus 7 

avoiding negative interactions, which could lower the performance of the system. A 8 

commercial PVC pipe (7) with an inner diameter equal to 36 mm was bonded to the 9 

frame top washer, and used to enclose the magnet (5) and support the copper coils 10 

(8). The whole system can be easily assembled, calibrated and fixed to a vibrating table 11 

for the tests. In addition, the electromagnetic conversion device can be simply 12 

equipped with additional magnets or the number of coils increased. 13 

 14 

15 
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5. HARVESTER PROTOTYPE SIMULATION AND RESULTS 1 

The FE modelling of the harvester prototype involves two steps. The first step 2 

evaluates the modal response of the converter prototype and the stress field in the 3 

Belleville springs, respectively through a mass-spring model and an axisymmetric 4 

model. The second analysis step investigates the electromagnetic converter through 5 

an axisymmetric magnetostatic model. 6 

 7 

5.1. Mass-spring finite element model 8 

Figure 8a shows the mass-spring FE model which describes the oscillating equipment 9 

(tubular rod (3), female part of the spherical washers (2), M5 axial bolt (4), magnet (5) 10 

and Teflon insert (6) in Figure 7) as a plane rigid body of equal mass (about 250 g). To 11 

reproduce the Belleville springs, the model includes two counteracting non-linear 12 

spring connectors which link the plane rigid body to the ground. The force-13 

displacement characteristic of these connectors was defined according to equation (1), 14 

assuming the Belleville spring dimensions reported in Table 1. Built in constraints 15 

applied to the free end of each spring reproduce connection to the ground.  16 

 17 

The analysis involves five static and one modal analysis steps. In order to preload the 18 

system to its equilibrium configuration, the first static analysis step compresses each 19 

free end of the springs of a quantity equal to the Belleville spring free height h. The 20 

subsequent four static analysis steps move the spring-supported mass from its central 21 

equilibrium configuration to the displacement value h, 0, -h and again 0 respectively, in 22 

order to describe a whole load cycle. The final modal analysis step, where the rod is 23 

free to oscillate across its central equilibrium configuration, involves the Lanczos 24 

algorithm. The FE model was implemented through the standard options of the 25 

ABAQUS/Standard package (version 6.12-3) [68]. 26 

 27 

5.2. Axisymmetric finite element model 28 

Figure 8b shows the axisymmetric FE model of the harvester prototype which 29 

reproduces the Belleville springs (B1 and B2) through solid axisymmetric elements 30 
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(CAX4R [68]), while the inner oscillating mass (T) and the outer parts of the support 1 

spherical washers (W) are described as axisymmetric analytical rigid surfaces. For the 2 

Belleville springs, the linearly-elastic Hooke model described the behaviour of C75S 3 

cold rolled steel up to the yield stress Sy , which was assumed equal to 0.75 times the 4 

ultimate tensile strength Su. The post-yield behaviour was described by a classical 5 

metal plasticity model, which uses a Mises yield surface. The yield strength, 6 

independent of the hydrostatic stress component, was defined as a function of the 7 

equivalent plastic strain. 8 

Frictionless contact was enforced between the Belleville springs and their counterparts 9 

(the oscillating mass and the top and bottom conical supports). 10 

The analysis involved the same five static analysis steps as in the mass-spring FE model 11 

defined in the previous section. Similarly, the FE model was implemented through the 12 

standard options of the ABAQUS/Standard package (version 6.12-3) [68]. 13 

 14 

5.3. Electromagnetic finite element modelling 15 

Figure 8c shows the axisymmetric magnetostatic FE model of the harvester prototype. 16 

The model, which is focused on the electromagnetic converter, describes a spherical 17 

region of the system having its centre on the permanent magnet, up to a radius equal 18 

to three times that of the PVC pipe. Thus, in addition to the permanent magnet, also 19 

the PVC pipe, the coil, and part of the mechanical conversion device are included. 20 

Therefore the model provides both a detailed analysis of the electromagnetic 21 

conversion system and its interaction with the mechanical part of the converter. 22 

A linear response described the permanent magnet material, with a maximum energy 23 

product equal to 40 MGOe (according to the data from the manufacturer [66]). A 24 

copper wire 0.2 mm in diameter was used for the coils. The PVC pipe, the Teflon insert, 25 

and air were described with the same linear properties since they have nearly the 26 

same relative permeability. A nonlinear soft magnetic material property described the 27 

steel components of the mechanical part of the converter. Asymptotic boundary 28 

conditions were applied on the sphere surface.  29 
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The mesh involved 5929 nodes and 11459 triangular elements. This model was 1 

implemented through the free Femm 4.2 software [67]. 2 

 3 

5.4. Results from the analytical and finite element simulation 4 

Figure 10 shows the load-stroke curves of the rod (T) provided by the analytical model 5 

(solid black line), by the mass-spring FE model (empty red squares), and by the 6 

axisymmetric FE model (empty blue circles) for the harvester prototype in Figure 7, 7 

which involves the Belleville spring #1 in Table 1. 8 

 9 

The fundamental frequency retrieved from the simplified analytical model (equation 10 

(17)) is equal to 6.03 Hz, while that from the mass-spring FE model is equal to 6.00 Hz. 11 

Figure 11 shows the Von Mises equivalent stress in the Belleville springs, deformed up 12 

to h/2 beyond their flat configuration. The close-up view highlights in grey the region 13 

where the stresses overcome the yield stress of the material (about 877 MPa). 14 

 15 

Figure 12 displays the contour map of the flux of the magnetic field B in the converter 16 

and a close-up view of the interaction between the permanent magnet and the coil. 17 

 18 

 19 

 20 

21 
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6. EXPERIMENTAL VALIDATION 1 

Figure 9 shows the prototype of the energy harvester which was experimentally 2 

validated. Through an accurate calibration of the preload on the counteracting 3 

Belleville springs the harvester was set up in the central equilibrium configuration. 4 

The experimental validation involved two steps. First, a quasi-static force-stroke 5 

characterization of the energy harvester. Second, the assessment of the modal 6 

response and of the output power of the energy harvester over a frequency range, 7 

from about 0 Hz up to 250 Hz, in order to obtain a comprehensive characterization of 8 

the dynamic response. The electromagnetic converter involved a 1000 coils 9 

configuration and three levels of permanent magnets: one, two and four, in order to 10 

clearly assess their effect on the output power. Since the coils resistance amounts to 11 

about 70 , the following five resistive loads were examined: 68 , 82 , 100 , 180 12 

, and open circuit. To assess the effect of the input acceleration on the system, two 13 

levels were investigated: 9.81 m/s2 and 19.62 m/s2. 14 

 15 

6.1. Test set-up 16 

The quasi-static force-stroke characterization of the converter involved only the frame 17 

of the converter implementing the elastic system. By fixing the frame of the converter, 18 

a quasi-static motion law (1 mm/s) was applied to the M5 axial bolt (5 in Figure 7) in 19 

order to reproduce the same cycle as in the FE simulation (0, h, 0, -h, 0). The test was 20 

performed through an electromechanical testing machine (Galdabini SUN 500). 21 

All the experimental tests aimed at assessing the modal response of the harvester 22 

were performed through an electro-dynamic shaker (Data Physics BV400 [69]). In 23 

order to implement a closed-loop control on the system, a miniature accelerometer 24 

(MMF KS94B100 [70]) was applied to the vibrating table of the shaker. An identical 25 

accelerometer was fixed to the oscillating mass of the converter (Figure 9), in order to 26 

seek the eigenfrequencies of the system. The shaker was managed by an 8-channel 27 

Abacus controller and the whole testing apparatus was controlled by the Signal Star 28 

software, installed on a PC that was also used for data acquisition. 29 
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A 16-channel data acquisition module (USB 6251 from National Instruments [71]) 1 

registered the output voltage on the coil ends of the harvester prototype. The data 2 

acquisition module was managed by a notebook, equipped with the Labview 3 

SignalExpress software [72]. 4 

 5 

6.2. Results of the experimental validation 6 

Figure 10 shows the load-stroke curve of the rod (T) measured experimentally (dashed 7 

black line) on the harvester prototype in Figure 7. 8 

For a 100  resistive load, Figure 13 displays the ratio of the output acceleration on 9 

the moving mass over the input acceleration on the frame, as a function of the 10 

excitation frequency. The diagrams are organized according to the input acceleration 11 

(9.81 m/s2 on the left column, and 19.62 m/s2 on the right column), and to the number 12 

of magnets (1 in the first row, 2 in the second row, and 4 in the bottom row). 13 

 14 

With the same layout, Figure 14 shows the diagrams of the output voltage from the 15 

converter as a function of the exciting frequency. 16 

 17 

Table 2 reports the peak output voltage and the corresponding peak output power 18 

registered experimentally for the harvester with 1 magnet, as a function of the 19 

resistive load level and of the input acceleration. 20 

Similarly, Table 3 gives the experimental peak output voltage and power for the 21 

harvester with 2 and 4 magnets respectively, considering two input acceleration levels 22 

and a 100  resistive load. The values in both tables refer to an input excitation tuned 23 

on the resonant frequency. 24 

For a 100  resistive load and two input acceleration levels, Figure 15 clearly compares 25 

the peak output voltage (Figure 15a) and the peak output power (Figure 15b) for 26 

different configurations of the harvesters in terms of number of magnets. Regarding 27 

the peak output power, the experimental results (white and blue column) are 28 

compared to the analytical prediction (dotted column) given by equation (18) 29 

presented in Section 3.3. 30 
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7. DISCUSSION 1 

The load-stroke curves in Figure 10 highlight a quite close agreement between the 2 

analytical and FE prediction, in particular for the mass-spring FE model. The curves 3 

exhibit a nearly zero stiffness of the harvester across the central equilibrium position 4 

(Belleville springs deformed at flat position), since the Belleville springs reciprocally 5 

counteract each other. The prediction provided by the axisymmetric FE model, in the 6 

range from –h/2 to h/2, slightly differs from the analytical model and mass-spring FE 7 

model predictions. This disagreement can be imputed to a slightly different 8 

constraining of the spring in the axisymmetric FE model compared to the analytical 9 

model. A remarkably different response was registered experimentally. First, the 10 

converter prototype provides a significantly lower load than analytical prediction 11 

towards the ends of the loading cycle. Second, across the central equilibrium position 12 

the experimental response exhibit a non-monotonic behaviour with two local maxima 13 

and a negative stiffness in-between. This peculiar response fully complies with that 14 

from the single Belleville spring (Figure 6) and highlights a bi-stable response of the 15 

system. 16 

 17 

According to the analytical and mass-spring FE model, the fundamental frequency of 18 

the converter is quite low, with a very close agreement between the models. 19 

 20 

The Von Mises equivalent stress contours in Figure 11 show that plastic yielding occurs 21 

locally in the Belleville spring section in the flat configuration. This local yielding, which 22 

increases with the stroke, contributes to the hysteresis observed both in the 23 

experimental test on the spring (Figure 6) and in the experimental test on the 24 

converter (Figure 10). 25 

 26 

Figure 12 highlights that the flux of the magnetic field originated by the permanent 27 

magnet converges on the coils and is only minimally deviated by the steel frame of the 28 

elastic conversion system. 29 

 30 
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By examining the frequency response functions (FRF) in Figure 13, first of all it appears 1 

that the experimental resonant frequency of the prototype is completely different 2 

(largely higher) than the analytical and numerical predictions and exhibit non-linear 3 

effects. Such a difference between theory and practice can be imputed first of all to 4 

the two strong simplifying assumptions underlying the analytical model. First, in order 5 

to obtain a closed-form solution for the dynamic equation of motion (11), the model 6 

neglects the weight load of the system, thus leading to equation (12). However, due to 7 

the experimental equipment available in the laboratory, the prototype was set-up and 8 

tested along the vertical axis: it comes that the higher its mass, the larger the 9 

discrepancy between the experimental and analytical results. Second, the linear 10 

behaviour assumption for the elastic system, leading to the fundamental frequency of 11 

equation (17), proved to be far from the real response of the Belleville springs (see the 12 

experimental dashed curve in Figure 10). On the one hand, the springs stiffness is not 13 

zero across the initial equilibrium position; on the other hand, the springs exhibit a 14 

significant hysteresis between the loading and unloading cycle. In addition, also the 15 

electromechanical coupling affects the system dynamics, but, at this point in the 16 

development, its effect was not incorporated in the analytical treatment of the 17 

fundamental frequency. According to different authors from the literature [73]-[79], a 18 

simple estimate of the electromechanical coupling coefficient for the prototype 19 

converter configuration (Figure 7) is given by the following formula: 20 

 21 

rK N B l  (19) 

 22 

where N is the number of turns in the coil, Br is the radial component of the magnetic 23 

induction evaluated at the radius of the coil, and l is the circumference of the coil loop. 24 

In case of a 1000 loops coil enclosing four magnets (the largest configuration in Figure 25 

13), by retrieving the radial component of the magnetic field from the electromagnetic 26 

computational model (Section 5.3), the coupling coefficient K is equal to about 0.3 27 

(N/A). Thus, in the author opinion, electromechanical coupling can be assumed as a 28 

second order effect compared to the weight load effect and to the linear assumption 29 
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behaviour discussed in the two above points. On the whole, Figure 13 highlights a wide 1 

frequency response of the prototype, since the FRF curves show a large peak, in 2 

particular in the configurations involving 2 or 4 magnets. This is due to the higher mass 3 

of the system that increases the deflection of the bottom Belleville spring, while 4 

unloading the top spring. By referring to Figure 10, it comes that the equilibrium 5 

configuration of the system displaces leftward and the useful stroke of the device 6 

increases. In particular, this gives a bi-stable response of the system between the local 7 

maximum on the left and the local minimum on the right (see the dashed experimental 8 

curve in Figure 10): over a large frequency range, above a given input acceleration 9 

value, the system can jump between these opposite local equilibrium points. It comes 10 

a noticeable conversion efficiency of the system. 11 

 12 

Figure 14 shows that the proposed harvester provides a significant output voltage in a 13 

wide frequency range, in particular for configurations involving 2 or 4 magnets. The 14 

output voltage value is nearly the same for both input acceleration levels, but the 15 

bandwidth significantly increases doubling the input acceleration. The largest 16 

bandwidth, from 120 Hz up to 180 Hz, was registered for the 4 magnets configuration 17 

with an input acceleration equal to 2g (Figure 14f). This peculiar effect of the input 18 

acceleration on the bandwidth of the harvester can be attributed to the bi-stable 19 

characteristic exhibited by the harvester itself, as discussed above. 20 

 21 

Focusing on the peak resonant frequency of the harvester, from Table 2 it appears that 22 

the peak output voltage depends almost linearly from the resistive load and the peak 23 

output power from the input acceleration. 24 

A similar observation can be made from Table 3 where the number of magnets and the 25 

input acceleration remarkably affects both the peak output voltage and the peak 26 

output power. However, these responses reach saturation when both the number of 27 

magnets and input acceleration are set to the highest level. 28 

 29 



23 

 

The bar charts in Figure 15 provide a comprehensive summary of Table 2 and Table 3. 1 

On the one hand, both the peak output voltage (Figure 15a) and the peak output 2 

power (Figure 15b) linearly increase with the number of magnets. On the other hand, 3 

the effect of the input acceleration is significant but sub-linear, confirming the 4 

saturation of the harvester. In addition, the good agreement between the analytical 5 

prediction (dotted bars) and the experimental measurements (solid bars) of the peak 6 

output power (Figure 15b) testifies a remarkable energy conversion of the system. 7 

 8 

By comparing the performances of this harvester to those existing in the literature for 9 

similar techniques, as those reported by Beeby et al. [58], or commercial products like 10 

Perpetuum [59], it appears that the proposed harvester: 11 

(i) performs much better in terms of power generation, which is up to two times the 12 

higher value reported in [58]; 13 

(ii) has a quite large bandwidth, compared to the single resonant frequency of the 14 

devices reported in [58]; 15 

(iii) needs an input acceleration in the same range as the values reported in [58]; 16 

(iv) involves a significantly higher mass and volume than those in [58], but, in the 17 

author’s opinion, the whole system can be easily scaled down without remarkably 18 

affecting the above performances. 19 

As additional observation, compared to non-linear energy harvesters presented in the 20 

literature [32]-[55], the proposed solution is quite simple and innovative since it can 21 

provide either a linear or a non-linear and bi-stable response, depending on the 22 

preload applied to the counteracting Belleville springs. 23 

 24 

In conclusion, the proposed energy harvester appears as a promising solution to 25 

efficiently harvest ambient energy on a large bandwidth. Further investigations will be 26 

performed in order to develop a smaller configuration and also with ad-hoc springs, 27 

featuring the ideal zero stiffness response across their flat configuration. 28 

 29 

30 



24 

 

8. CONCLUSIONS 1 

The work proposed and investigated an innovative electromagnetic energy harvesting 2 

concept based on two counteracting Belleville springs. By exploiting their peculiarity of 3 

an ideally zero stiffness across their flat configuration (for a height to thickness ratio 4 

equal to 1.414), a low frequency system can be obtained. The experimental validation 5 

of a prototype, involving non-optimal commercial Belleville springs, highlighted a bi-6 

stable characteristic of the harvester and a completely different frequency response. 7 

For different resistive loads and input accelerations, the prototype exhibited a 8 

remarkably large bandwidth, extending continuously in the range from 120 Hz up to 9 

180 Hz. In this frequency range, all the examined configurations provided a significant 10 

output voltage and a remarkable output power, also in comparison with similar 11 

literature solutions or commercial electromagnetic harvesters. These encouraging 12 

results support further investigations in order to fully exploit the peculiarity of this 13 

solution, which can feature either a non-linear or a linear response according to the 14 

preload applied to the springs. 15 

 16 

17 
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Figure 1 Section view of a Belleville spring. 12 

 13 

14 

D 

d 
h
 

s 



36 

 

 1 

 2 

 3 

 4 

 5 

 6 

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

P
/P

0

f/h

h/s=0

h/s=0.5

h/s=0.75

h/s=1

h/s=1.25

h/s=1.414

h/s=1.5

h/s=1.75

h/s=2.0

h/s = 0

h/s = 0.75

h/s = 0.5

h/s = 1.25

h/s = 1.0

h/s = 1.414

h/s = 1.5

h/s = 1.75

h/s = 2.0

 

 7 

Figure 2 Dimensionless force-deflection curves for height to thickness ratios from 0 to 8 

2. 9 
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Figure 3 Conceptual solution for an energy harvester. 10 
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Figure 4 Equivalent mass-spring model of the elastic system. 16 
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Figure 5 Absolute load on the rod versus rod stroke as provided by the analytical 15 

model. 16 
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Figure 6 Analytical (solid line) and experimental (dashed line) force-displacement 12 

response of the Belleville spring # 1 in Table 1.  13 
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Figure 7 Technical drawing of the harvester prototype. 9 
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Figure 8 Mass-spring (a), axisymmetric structural (b) and axisymmetric magnetostatic 3 

(c) FE model of the harvester prototype. 4 
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Figure 9 Harvester prototype on the vibrating table 10 
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Figure 10 Load-stroke curves of the rod (T) as provided by the analytical model, FE 13 

model, and experimental tests. 14 
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Figure 11 Von Mises equivalent stress on the Belleville springs, beyond their flat 10 

configuration. 11 
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Figure 12 Flux of the magnetic field B in the converter, with a close up view of. the 9 

interaction between the permanent magnet and the coil. 10 
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(e) (f) 

Figure 13 Ratio of the output acceleration on the moving mass over the input 2 

acceleration on the frame as a function of the exciting frequency for a 100  resistive 3 

load. 4 

5 
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(e) (f) 

Figure 14 Output voltage from the converter as a function of the exciting frequency for 2 

a 100  resistive load. 3 

4 
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Figure 15 Peak output voltage (a) and peak output power (b) at resonant frequency 

with a 100  resistive load. 
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Table 1 Dimensions of selected commercial Belleville springs 5 

# 
Outer diameter, 

D (mm) 
Inner diameter, 

d (mm) 
Heigth, 
h (mm) 

Thickness, 
s (mm) 

h/s 

1 34.6 22.4 0.70 0.50 1.400 

2 67.5 50.5 1.00 0.70 1.428 

 6 

 7 

 8 

 9 

 10 

Table 2 Peak output voltage and peak output power for the energy harvester with 1 11 

magnet 12 

Input acceleration 9.81 m/s2 19.62 m/s2 

Resistive load 
Peak output 
voltage (V) 

Peak output 
power (mW) 

Peak output 
voltage (V) 

Peak output 
power (mW) 

Open circuit 0.78 -- 0.80 -- 

180  0.50 0.694 0.75 1.563 

100  0.38 0.722 0.61 1.860 

82  0.30 0.549 0.55 1.844 

68  0.22 0.356 0.43 1.360 

 13 

 14 

 15 

 16 

Table 3 Peak output voltage and peak output power for the energy harvester with 2 17 

and 4 magnets and a 100  resistive load. 18 

Input acceleration 9.81 m/s2 19.62 m/s2 

n.° of magnets 
Peak output 
voltage (V) 

Peak output 
power (mW) 

Peak output 
voltage (V) 

Peak output 
power (mW) 

2 0.8 3.2 1.2 7.2 

4 1.5 11.25 1.75 15.31 

 19 

 20 

 21 


