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ABSTRACT: Higher spin fields in four dimensions, and more generally conformal fields in
arbitrary dimensions, can be described by spinning particle models with a gauged SO(N)
extended supergravity on the worldline. We consider here the one-loop quantization of
these models by studying the corresponding partition function on the circle. After gauge
fixing the supergravity multiplet, the partition function reduces to an integral over the
corresponding moduli space which is computed using orthogonal polynomial techniques.
We obtain a compact formula which gives the number of physical degrees of freedom for
all NV in all dimensions. As an aside we compute the physical degrees of freedom of the
SO(4) = SU(2) x SU(2) model with only a SU(2) factor gauged, which has attracted some
interest in the literature.
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1. Introduction

The study of higher spin fields has attracted a great deal of attention in the search for
generalizations of the known gauge theories of fields of spin 1, 3/2 and 2. This search has
proved to be quite difficult, and several no-go theorems have been discovered restricting
the possible form of such generalizations. Positive results have been achieved as well, the
most notorious being perhaps the Vasiliev’s interacting field equations, which involve an
infinite number of fields with higher spin [, but an action principle for them is still lacking.
Also, many studies of free higher spin fields have been carried out, trying to elucidate the
problem further [-[]. Additional interest in higher spin fields arises from the study of
the AdS/CFT correspondence in the limit of high AdS curvature, where string theory
seems to reduce to a tensionless string model with an infinite tower of massless higher spin
fields [f, [j]. For a review on related topics and additional references see [f.

We consider here a different perspective by studying the higher spin fields from a first
quantized point of view. It is known that spinning particles with a SO(N) extended local
supersymmetry on the worldline, constructed and analyzed in [§, [], describe the propaga-
tion of particles of spin N/2 in four dimensions. In fact, a canonical analysis produces the
massless Bargmann-Wigner equations as constraints for the physical sector of the Hilbert



space, and these equations are known to describe massless particles of arbitrary spin [[L(]].
More generally, the SO(IN) spinning particles are conformally invariant and describe all
possible conformal free particles in arbitrary dimensions, as shown by Siegel [L1]].

We study here the one-loop quantization of the free spinning particles. Our purpose
is to obtain the correct measure on the moduli space of the supergravity multiplet on the
circle, which is necessary for computing more general quantum corrections arising when
couplings to background fields are introduced. As mentioned before, the introduction of
couplings for such higher spin fields is a rather delicate matter. Nevertheless a positive
result for the SO(INV) spinning particles has been obtained in [[J], where the couplings to
de Sitter or anti de Sitter backgrounds are constructed.

In this paper we restrict ourselves to flat space, and calculate the path integral on the
circle to obtain compact formulas which give the number of physical degrees of freedom of
the spinning particles for all N in all dimensions. In addition, we look at the SO(4) model
introduced by Pashnev and Sorokin in [[J], where only a SU(2) subgroup is gauged. We
compute the corresponding physical degrees of freedom and resolve an ambiguity described
there. The particular cases of N = 0,1,2 coupled to a curved target space have been
discussed in [[[4-[[6], respectively. Some aspects of the path integral approach to the
SO(N) spinning particles have also been studied in [L']—R(].

We structure our paper as follows. In section 2 we review the classical action of the
SO(N) spinning particle and remind the reader of the gauge invariances that must be
gauge fixed. In section 3 we describe the gauge fixing on the circle, and obtain the measure
on the moduli space of the SO(N) extended supergravity fields on the circle. In section
4 we compute the integrals over the SO(N) moduli space using orthogonal polynomial
techniques, and obtain the formulas for the number of physical degrees of freedom. In
section 5 we apply our techniques to the Pashnev-Sorokin model and find that in D = 4
the model has five degrees of freedom, corresponding to a graviton and three scalars. We
present our conclusions and future perspectives in section 6. We include in three appendices
a brief discussion on the gauge fixing of the SO(N) gauge fields on the circle, a review of
the relation between the Van der Monde determinant and orthogonal polynomials, and
some technical details on the gauge fixing of the Pashnev-Sorokin model.

2. Action and gauge symmetries

The minkowskian action for the SO(N) spinning particle in flat target spacetime is given
by

S X, G :/l dt

i [lel(ﬂb“ —ixat')? + %W(@‘j@t — ai)Yju (2.1)
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where X = (z#,9!") collectively describes the coordinates z# and the extra fermionic de-
grees of freedom !" of the spinning particle, and G = (e, x;, a;j) represents the set of gauge
fields of the N-extended worldline supergravity, containing the einbein, gravitinos and
SO(N) gauge fields. The index = 0,...,D — 1 is a spacetime index while i,j =1,..., N
are internal SO(N) indices. The gauge transformations on the supergravity multiplet G



are described by the gauge parameters (&, €;, o;;) and read
de = £+ 2ixiei
OXi = € — aijej + QijX;
baij = Gij + Qim@mj + Qjmim - (2.2)
In the following we prefer to use euclidean conventions, and perform a Wick rotation to

euclidean time t — —i7, accompanied by the Wick rotations of the SO(N) gauge fields
aij — ia;;, just as done in [[[q] for the N = 2 model. We obtain the euclidean action

S[X,G] —/1 dr Fe‘l(fc“— <w“)2+lw“(6<-6 — a;;); (2.3)
I A 5 Xi¥; o Vi \0ijOr ij )Wjn .

with the gauge symmetries on the supergravity multiplet given by

de = &+ 2x;€;
OXi = & — ajj€j + aijX;
0a;j = G4j + Qimamj + Qjmim (2.4)

where we have also Wick rotated the gauge parameters ¢; — —i¢;, & — —i€. These are the
gauge symmetries that will be fixed on the circle in the next section.

3. Gauge fixing on the circle

Here we study the partition function on the circle S*

DXDG
7~ —S[X,G] ] 1
/51 Vol (Gauge) ‘ (3:-1)

First we need to gauge fix the local symmetries. We use the Faddeev-Popov method
to extract the volume of the gauge group and select a gauge which fixes completely
the supergravity multiplet up to some moduli. In particular, we specify a gauge where
(e,xi,aij) = (3,0,a;5) are constants. The gauge on the einbein is rather standard, and
produces an integral over the proper time [ [@] The fermions and the gravitinos are
taken with antiperiodic boundary conditions. This implies that the gravitinos can be com-
pletely gauged away as there are no zero modes for the differential operator that relates
the gauge parameters ¢; to the gravitinos, see eq. (2.4). As for the SO(N) gauge fields,
the gauge conditions a;; = @;;(6)) can be chosen to depend on a set of constant angles 6y,
with k = 1,...,r, where r is the rank of group SO(N). This is reviewed in appendix [A.
These angles are the moduli of the gauge fields on the circle and must be integrated over
a fundamental region. Thus, taking into account the ghost determinants, we find that the
gauge fixed partition function reads as

[

T df ) - )
XKy [ H / ’“} (Det (0, — aveC)ABC> Det’ (0y — tag) ppe (3.2)
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where K is a normalization factor that implements the reduction to a fundamental re-
gion of moduli space and will be discussed shortly. This formula contains the well-known
proper time integral with the appropriate measure for one-loop amplitudes, and the space-
time volume integral with the standard free particle measure ((2776)_%). In addition, it
contains the integrals over the SO(N) moduli 6 and the determinants of the ghosts and
of the remaining fermion fields. In particular, the second line contains the determinants
of the susy ghosts and of the Majorana fermions /! which all have antiperiodic boundary
conditions (ABC) and transform in the vector representation of SO(N). The last determi-
nant instead is due to the ghosts for the SO(N) gauge symmetry. They transform in the
adjoint representation and have periodic boundary conditions (PBC), so they have zero
modes (corresponding to the moduli directions) which are excluded from the determinant
(this is indicated by the prime on Det’). The whole second line computes the number of
physical degrees of freedom, normalized to one for a real scalar field,

D
?71

T 21 de . .
Dof(D,N)= Ky [ H /0 2—;] <Det (0r — aveC)ABC> Det' (0r — Qadj) ppe (3:3)
k=1

In fact, for N = 0 there are neither gravitinos nor gauge fields, Ky = 1, and all other terms
in the formula are absent [[[4], so that

Dof(D,0) =1 (3.4)

as it should, since the N = 0 model describes a real scalar field in target spacetime. We
now present separate discussions for even N and odd N, as typical for the orthogonal
groups, and explicitate further the previous general formula.

3.1 Even case: N = 2r

To get a flavor of the general formula let us briefly review the N = 2 case treated in [[[f].
We have a SO(2) = U(1) gauge field a;; which can be gauge fixed to the constant value

. 0 6

where 6 is an angle that corresponds to the SO(2) modulus. A fundamental region of
gauge inequivalent configurations is given by 6 € [0,27] with identified boundary values
and corresponds to a one-dimensional torus (a circle). The factor Ko = 1 because there
are no further identifications on moduli space, and the formula reads

N~

27 d@ X %*1 ,
Dof(D,2) = / s (Det 0, — aveC)ABC> Det’ (9,),,
0 m —1,_/

(2cosg)2
(D—2)!
_ ] e e D (3.6)
0 odd D

This formula correctly reproduces the number of physical degrees of freedoms of a gauge
(% —1)-form in even dimensions D. Instead, for odd D, the above integral vanishes and one



has no degrees of freedom left. This may be interpreted as due to the anomalous behavior
of an odd number of Majorana fermions under large gauge transformations [RJ]. In this
formula the first determinant is due to the D Majorana fermions, responsible for a power g
of the first determinant, and to the bosonic susy ghosts, i.e. the Faddeev-Popov determinant
for local susy, responsible for the power —1 of the first determinant. This determinant is
more easily computed using the U(1) basis which diagonalizes the gauge field in (B.§). The
second determinant is due the SO(2) ghosts which of course do not couple to the gauge
field in the abelian case. A zero mode is present since these ghosts have periodic boundary
conditions and is excluded from the determinant. This last determinant does not contribute
to the SO(2) modular measure.

In the general case, the rank of SO(N) is r = % for even N, and by constant gauge
transformations one can always put a constant field a;; in a skew diagonal form

0660 0.0 0
0,0 0 0 . 0 O
00 06 .0 0
aj=] 0 06,0 . 0 0 (3.7)

0 000 . 0 6
0 0 00 .-6,0

The 6 are angles since large gauge transformations can be used to identify 0 ~ 0y + 27n
with integer n. The determinants are easily computed pairing up coordinates into complex
variables that diagonalize the matrix (B.7). Then

Det (9; — vec) = | [ Det (9r + i6) Det (9r — i6,) (3.8)
k=1
and thus
L r 6, \ P2
<Det (0r — &VeC)ABC> = H <2 cos E) . (3.9)
k=1
Similarly

Det’ (07 — Gagj) ppe = | | Det’ (9-)
k=1

x [ [ Det (9; +i(0x + 6,)) Det (9 — i(0x + 6))

k<l
x [ [ Det (9r + i(6x — 6;)) Det (9 — i(6x — 6))
k<l
2 2
=11 (2 sin 2k ; 91) (2 sin 2k 5 91) . (3.10)
k<l



Thus, with the normalization factor Ky = 27,, one obtains the final formula

2 doy, O
Dof(D,N) = o [ | | / <200$ 5) }
2 2
O+ 0 . Ok — 0
X k|<|l (2 sin T) (2 sin — ) . (3.11)

The normalization Ky = 23, can be understood as follows. A factor % is due to the

fact that with a SO(IV) constant gauge transformatlon one can permute the angles 65 and
there are r angles in total. The remaining factor 7 can be understood as follows. One
could change any angle 0 to —0; if parlty would be allowed (i.e. reflections of a single
coordinate) and this would give the factor 7. Thus we introduce parity transformations,
which is an invariance of (B.11), by enlarging the gauge group by a Zs factor and obtain
the group O(N). This justifies the identification of 8 with —6j and explains the remaining
factor 2; equivalently, within SO(N) gauge transformations one can only change signs to
pairs of angles simultaneously. It is perhaps more convenient to use some trigonometric
identities and write the number of degrees of freedom as

2 d), 0.\ "2
Dof(D,N) = 5 H/ ( 2)

2 2 2
xg [<2(:os —) - <2cos %) ] . (3.12)

The case of odd N describes a fermionic system in target space. In fact, the simplest

3.2 Odd case: N =2r-+1

example is for N = 1, which gives a spin 1/2 fermion. It has been treated in [[J] on
a general curved background, but there are no worldline gauge fields in this case. For
odd N > 1 the rank of the gauge group is r = % and the gauge field in the vector
representation a;; can be gauge fixed to a constant matrix of the form

06,0 0.0 00
—6,0 0 0.0 00
00 06,.0 00
0 06,0 .0 00
dij = 2 : (3.13)
00 0 0.0 60
00 0 0 .-6,00
000 O0.0 00

Then, in a way somewhat similar to the even case, one gets

Det (9, — divec) = Det (9;) | | Det (8 + i6y) Det (9, — i6y,) (3.14)
k=1



and thus
D_

2 D " Qk b-2
(Det (0r — dVGC)ABC) =231 H <2 coS 5) . (3.15)
k=1

Similarly for the determinant in the adjoint representation

Det’ (0, — Gagj) ppe = | | Det’ (9r) Det (9r + i) Det (9 — i6),)

k=1

x| [ Det (9- + i(6x, + 6,)) Det (- — i(0y + 6;))
k<l

x] [ Det (8- + i(6), — 6,)) Det (- — (65 — 61)) (3.16)
k<l

which gives
Det' (9r — adj) ppe H <2 sin —)
O + 0\ O — 0\
><H<2sin ’“; l> <2sin ’“2 l) . (3.17)

k<l

Thus, with a factor
1

Ky = 2Tyl

(3.18)

one gets the formula

2"1 2 d), O \"2 02
Dof(D,N) 5] H/ < 2) (2511&?)
0}, + 0 0, — 0,\>
><H<2sin "“; l) <2sin ’“2 l) . (3.19)

k<l

In the expression for K the factor 2 that appeared in the even case is now not included,
since in the gauge (B.13) one can always reflect the last coordinate to obtain a SO(N)
transformation that changes 6, into —0.

For explicit computations it is perhaps more convenient to write the number of degrees

o I 5 (2o s) (2ns)
X kH<l [(2008 —>2 - (2 cos%>2]2 . (3.20)

of freedom as

Dof (D, N)

4. Degrees of freedom

We now compute explicitly the number of physical degrees of freedom for the spinning
particles propagating in arbitrary dimensions. In the previous section we have obtained



the expressions which compute them, eqs. (B.1J) and (B.20), which we rewrite here for
commodity

2 do), 0, \ P2
Dof(D,2r) = = 3 H/ ( 2)

0\ 0:\?]
X H [<QCOSE> —<20085>] (4.1)
1<k<i<r

T

D
251 27 dg 0\ " 0\
Dof(D,2r +1) = 22”7“' H/o 2—; <2 cos éﬁ) <2Sin 516)
T k=1

0\ 0:\*]"
X H [(2008%) —<200s§>] (4.2)
1<k<i<r

with N = 2r and N = 2r + 1, respectively. It is obvious that Dof (D, N) vanishes for an
odd number of dimensions

Dof(2d+1,N)=0, VN >1 (4.3)

as in such case the integrands are odd under the Zs symmetry g — T — g Only for
N = 0,1 these models have a non-vanishing number of degrees of freedom propagating in
an odd-dimensional spacetime, as in such cases there are no constraints coming from the
vector gauge fields. Also for N = 2 these models can have degrees of freedom propagating
in odd-dimensional target spaces, provided a suitable Chern-Simons term is added to the

worldline action [[J]. However, Chern-Simons couplings are not possible for N > 2.

To compute (1)) and (f.J) for an even-dimensional target space we make use of the
orthogonal polynomials method reviewed in appendix [B. In order to do that, we first
observe that the integrands are even under the aforementioned Z5 symmetry, and thus we
can restrict the range of integration

Dof(D,2r) = de’“ 2eos )
of ( r) = 'H cos 7
2 272
X H [(2008%) —<200s9—2k>] , (4.4)
1<k<I<r
2_71 ! d@k 0 D=2 . O 2
Dof(D,2r +1) H/ ( 2) <281H5>
2 272
X H [<QCOS%> —<20080—2k>] . (4.5)
1<k<I<r
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Now, upon performing the transformations x, = sin” 3, we get
22(d=1)r+(r—1)(2r-1)
Dof(2d,2r) = ]
Tl
—-1/2 _
<1 [ doa 0o - m?, o)
k=1"0 k<l
9(d—1)+r(2r+2d-3)
Dof(2d,2r +1) = =
XH/ dxkx 1—3: d3/2H~"31—~"3k . (4.7)
k<l

We have made explicit in the integrands the square of the Van der Monde determinant: it is
then possible to use the orthogonal polynomials method to perform the multiple integrals.
Note in fact that in ([L) and ([7) the prefactors of the Van der Monde determinant have
the correct form to be weights w®% (z) = 29-1(1 — x)P~9 for the Jacobi polynomials G,gp’q)
with (p,q) = (d—1,1/2) and (p,q) = (d, 3/2), respectively. The integration domain is also
the correct one to set the orthogonality conditions

1
lAMwmwm@mzmm@@ (48)

with the normalizations given by

E'T(k+qT(k+pT(k+p—q+1)

hi(p,q) = (2k + p)T2(2k + p) ’

(4.9)

see [RJ] for details about the known orthogonal polynomials. Since the Jacobi polynomials

Gép D are all monic, the even—N formula reduces to

92(d—1)r+(r—1)(2r—1) 7=1

Dof(2d,2r) p H hi(d —1,1/2)

oradg D(2d — 1)
_ o) (2r+2d 3)(1“2T7T7" . Hhk ~1,1/2) (4.10)

where in the second identity we have factored out the normalization of the zero-th order
polynomial. It is straightforward algebra to get rid of all the irrational terms and reach
the final expression

1:[ (2k — 1)! (2k +2d — 3)!

Dof(2d,2 :2’"1 .
of (2d, 2r) 2k +d—2)! (2k+d—1)!

e (4.11)

We have checked that these numbers correspond to the dimensions of the rectangular
SO(N) Young tableaux with (D — 2)/2 rows and N/2 columns.



For odd N we have instead

o(d—1)+r(2r+2d—3) "1

Dof(2d,2r + 1) = 2
of (2d,2r + 1) p kl;[()hk(d,?)/ )
9(@2-d)+r(2r+2d-3) (2d _ 1)
= y SR Hhk (d,3/2) (4.12)

which can be reduced to

Dof(2d,2r +1) = (4.13)

2d—2+r 1:[ (k+d—1) 2k +1)! (2k + 2d — 3)!
d E Pt (2k +d—1)! (2k + d)!

and again we have checked that these numbers correspond to the dimensions of the spinorial
rectangular SO(NN) Young tableaux with (D — 2)/2 rows and (N — 1)/2 columns.

From these final expressions we can single out a few interesting special cases

() Dof(2N)=1, WN (4.14)
(i) Dof(4,N)=2, VN (4.15)

(i) Dof(2d,2) — [Efzd—%;)]!? (4.16)

d—1 _
(iv) Dof(2d,3) = 27% (4.17)
1 2d)1'\ 2

() Dofdd) = iy <([ d!])2> (4.18)
: B 3.24-2 (2d +2)! \?

() Dof(2d.5) = o+ a1 12 ([(d+ 1)!]2> (4.19)
N B 12 (2d 4 2)! \?

(vii) - Dof(2,6) = o0 5a T 6)d + 12 2d + 172 ([(d+1)!]2> - (420)

In particular, in D = 4 one recognizes the two polarizations of massless particles of spin
N/2. The cases of N = 3 and N = 4 correspond to free gravitino and graviton, respectively,
but this is true only in D = 4. In other dimensions one has a different field content
compatible with conformal invariance.

5. The case of N =4 and the Pashnev-Sorokin model

For N = 4 the gauge group is SO(4) = SU(2) x SU(2). Pashnev and Sorokin in [[L[J
considered the model with a factor SU(2) gauged and the other SU(2) left as a global
symmetry. In the analysis of Pashnev and Sorokin the model corresponds to a conformal
gravitational multiplet, and it was left undecided if the field content in D = 4 is that of a
graviton plus three scalars (five degrees of freedom) or that of a graviton plus two scalars
(four degrees of freedom). Thus, we apply the previous techniques to compute the number
of physical degrees of freedom to clarify the field content of the Pashnev-Sorokin model. As

,10,



discussed in appendix [J] the number of degrees of freedom of the Pashnev-Sorokin model

is given by

1 y2m 2(D—2) 2
Dof(D,PS) = 5/0 % <2 cos g) (28in9> . (5.1)

This can be cast in a form similar to those obtained in section |, and computed explicitly

2D 1 _ I
Dof(D,PS) = 2 [ du (1 — 2)P-3/251/2 — op-1 (2D =31 (5.2)

27'(' 0 D'
producing Dof(D,PS) = (1,2,5,14,42,132,429,...) for D = (2,3,4,5,6,7,8,...). Thus
in D = 4 one gets 5 degrees of freedom, which must correspond to a graviton plus three
scalars. Notice that the Pashnev-Sorokin model contains physical degrees of freedom also

in spacetimes of odd dimensions. Possible couplings of this model to curved backgrounds

have been studied in [B4].

6. Conclusions

We have studied the one-loop quantization of spinning particles with a gauged SO(N)
extended supergravity on the worldline. These particles describe in first quantization all
free conformal field equations in arbitrary dimensions and, in particular, massless fields of
higher spin in D = 4.

We have considered propagation on a flat target spacetime and obtained the measure on
the moduli space of the SO(N) supergravity on the circle. We have used it to compute the
propagating physical degrees of freedom described by the spinning particles. These models
can be coupled to de Sitter or anti de Sitter backgrounds, and it would be interesting to
study their one-loop partition function on such spaces. Also, it would be interesting to
study from the worldline point of view how one could introduce more general couplings,
giving a different perspective on the problem of constructing consistent interactions for
higher spin fields.
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concerning orthogonal polynomials.

A. Gauge fixing of the group SO(N)

Let us review how the SO(NN) gauge fields on the circle can be gauge fixed to a set of constant
angles taking values on the Cartan torus of the Lie algebra of SO(/N). We parametrize the
circle described by the worldline by 7 € [0, 1] with periodic boundary conditions on 7.

— 11 —



Let us start with the simpler SO(2) = U(1) group. For this case the finite version of

the gauge transformations (R.4) looks similar to the infinitesimal one

ad =a+da
=a+ %gilg, g=¢*cu(l). (A.1)
One could try to fix the gauge field to zero by solving
a+da=0 = a(T) :—/OTdta(t), (A.2)
but this would not be correct as the gauge transformation

g(r) = e~tJo dta(t) (A.3)

is not periodic on the circle, g(0) # g(1). In general this gauge transformation is not
admissible as it modifies the boundary conditions of the fermions. Thus one introduces the

constant .
0= / dta(t) (A.4)
0

and uses it to construct a periodic gauge transformation connected to the identity (“small”

gauge transformation)
g(1) = et Jo dta(t) gioT (A.5)

This transformation brings the gauge field to a constant value on the circle
a(r)=20. (A.6)

Now “large” gauge transformations (") with a(T) = 2mnt are periodic and allow to
identify
0~ 0+ 2mn, n integer . (A.7)

Therefore 6 is an angle, and one can take 6 € [0,27] as the fundamental region of the
moduli space for the SO(2) gauge fields on the circle.

The general case of SO(N) can be treated similarly, using path ordering prescriptions
to take into account the non-commutative character of the group. Finite gauge transfor-

mations can be written as
d =g ltag+ %gilg, g=e“, a € Lie(SO(N)) . (A.8)
One can define the gauge transformation
g(r) = Pe~Jo dtal®) (A.9)
where “P” stands for path ordering. This path ordered expression solves the equation

9rg(r) = —ia(7)g(7) (A.10)

- 12 —



and could be used to set a' to zero, but it is not periodic on the circle, §(0) # g(1), and
thus is not admissible. Therefore one identifies the Lie algebra valued constant A by

e = pe—ilo dtalt) (A.11)
so that the gauge transformation given by
g(r) = Pe—i o dtat) jiAT (A.12)
is periodic and brings the gauge potential equal to a constant
d(t)=A. (A.13)

Since the constant A is Lie algebra valued, it is given in the vector representation by an
antisymmetric N x N matrix, which can always be skew diagonalized by an orthogonal
transformation to produce eq. (B.7) or eq. (B.13), depending on whether N is even or odd.
One can recognize that the parameters ; contained in the latter equations are angles, since
one can use “large” U(1) gauge transformation contained in SO(V) to identify

0; ~ 0; + 2mn; , n; integer . (A.14)

The range of these angles can be taken as 6; € [0,2x] for ¢ = 1,...,r, with r the rank of the
group. Further identifications restricting the range to a fundamental region are discussed
in the main text.

B. The Van der Monde determinant and orthogonal polynomials

In this appendix we briefly review some properties of the Van der Monde determinant and
the orthogonal polynomials method. Further details and applications of the method can
be found in Mehta’s book on random matrices [Rg].

The Van der Monde determinant is defined by

x0 - 967»0
IR xrl
Aw)= J] @w—-=)=]| . : (B.1)
1<k<I<r ’ ’
xlr—l xrr—l

where the second identity can be easily proved by induction, observing that: (i) the deter-
minant on the right hand side vanishes if x, = x;, i = 1,...,7 — 1, and (ii) the coefficient
of x," 1 is the determinant of order » — 1. Furthermore, using basic theorems of linear
algebra the Van der Monde determinant can be written as

po(r1) - polxr)

Alz) = p1(5361) pl(jﬂr) (B.2)

prfl(xl) ce prfl(xr)
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where py(z) is an arbitrary, order—k polynomial in the variable z, with the only constraint
of being monic, that is py(z) = 2* + ap_12F 1+ -,

Interesting properties are associated with the square of the Van der Monde determi-
nant, which can be written as

po(x1) -+ pr—1(z1) po(r1) --- po(zr)
A2(z;) = det po(fﬂz) Prfl.(ﬂh) Pl(fﬂl) pl(.ﬁﬂr)
pO(xr) te prfl(xr) prfl(xl) ce prfl(xr)

= det K (z;, ;) (B.3)

where the kernel matrix K reads as
r—1
K(zi,25) =Y prl@i)pr(z;) - (B.4)
k=0

The above polynomials can be chosen to be orthogonal with respect to a certain positive
weight w(x) in a domain D

/ dx w(z)pn(2)pm(z) = hp O - (B.5)
D

However, monic polynomials cannot in general be chosen to be orthonormal. Of course,
one can relate them to a set of orthonormal polynomials py,(z)

pn(x) = Mﬁn(x) (B'6)

and the square of the Van der Monde determinant can be written in terms of a rescaled
kernel

r—1
A*(z;) = [ ] b det K (2;, ;) (B.7)
k=0

with an obvious definition of the latter kernel in terms of the orthonormal polynomials.
Thanks to the orthonormality condition, the rescaled kernel can be shown to satisfy the

property
[ dz 0@k @ 2R () = Rlaw). (B5)
D
that can be applied to prove (once again by induction) the following identity
/ dz, w(:cr)/ dr,—q w(zpe—1)-- / drpi1 w(zpy) det K (zi, x;)
D D D
= (r — h)!det KM (a;, z;5)

where K (xi,x;) is the order—h minor obtained by removing from the kernel the last
r — h rows and columns. In particular

/1)de w(xy) - /del w(zy) det K (25, 2) = (r — 1)!/de1 w(z) K (x1,21) = r!(B.9)

— 14 —



and

1

7“' dl'r ( 7») e / dr1 w 1‘1 AQ H hk (B.lO)
D

C. Gauge fixing of the Pashnev-Sorokin model

To derive formula (B.1]) for the physical degrees of freedom of the Pashnev-Sorokin model
we take the action (R.3) and consider the gauging of a single SU(2) factor of the SO(4) =
SU(2) x SU(2) symmetry group. In order to do that let us consider the change of variables

W — ,l/}ac'v (Ui)aa (C.l)
where
(6i)da = (_ilv U)daa (Ui)ad = (il, U)ozd = _Eaﬁﬁdﬁ (5i)6ﬁ . (02)

The transformation (C.I) can be inverted as!

fe%6 1 i (= G
v =Y (G:i)" . (C.3)
The reality condition on 9, along with the expressions (C2), allows to write it also in the
form
P = Yaa (6:) (C.4)
with
Yas = —€ap Gdgi/)ﬁﬁ : (C.5)

Thus, the fermion part of the lagrangian can be written as

%W(ézj — i) = g (56“55& 0, — A% gd ) WL (C.6)
where
A%y .ﬁ = %aij (Uz)aa (Uj)gﬁ (C.7)
and
aij = % (01) o (7777 A°5% 5 . (C.8)

The SU(2) x SU(2) gauge invariance of the action is now manifest. To gauge only a SU(2)
subgroup one may choose

. 3 1
A% =0B%; = aij = ;tr(0:B7)) (G9)

'Here we make use of the well-known properties (U'Ej —‘rO’j&i)aﬁ = 2096.°, (6iaj +6jai)dﬁ- =
26196%,, (0%) . (3:)"° = 28.°84".
[e7e%
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and gauge fix B to

B%; =26 (503)‘5‘5 =i (o) (C.10)
which gives
00 0 —1
00-10
=0 C.11
i 010 0 (C-11)
10 0 O
so that
1 A } , .
/D¢ exp <—§ /1%(875@-]- — aij)¢i> = Det? (0, + i9) 1 e Det? (0, — i9) 1 pe
9\ 2D
= (2 cos 5) . (C.12)

The Faddeev-Popov determinant associated to the gauge-fixing of the SU(2) gauge group
reads

Det (9, 1agj — Bagj) ppe = (25in6) (C.13)
since eq. ([C.10) in the adjoint representation becomes

0-10
Bagj=20100]. (C.14)
00

Finally, the Faddeev-Popov determinant associated to gauge-fixing the local supersymme-
try reads

—4
Det ™1 (0:6ij — aij) ype = <2 Ccos g) . (C.15)

Assembling all determinants one gets (b.])), where the factor 1/2 is due to the parity
transformation § — —46.
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