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Introduction

Despite years of investigation higher-spin field theory (see [1–7] for a review) is still not a
completely understood subject. In particular the introduction of interactions has turned
out to be a formidable task. Thus, in order to clarify such difficult problem it may be
fruitful to investigate the subject from different perspectives such as the first-quantized
approach offered by some spinning particle models.
Particle models constitute an alternative to conventional (second-quantized) field theories in the study of quantum field theory by means of the worldline formalism [8] and
can also be applied in the study of higher-spins field theory; in particular O(N )-extended
spinning particle models [9–11] turn out to be related to the geometric formulation of
higher spin field theory. In the context of second-quantized field theory, geometric equations of motions for totally symmetric higher spin fields (see [17] for a recent report and
an updated list of references) were proposed in [12–16] (using linearized higher spin geometry constructed in [18, 19], further developed in [20] and generalized to mixed symmetry
tensors in [21, 22]) in order to relax the algebraic constraints present in the conventional
formulation of higher spin equations of motion in terms of Lorentz-covariant second-order
(first-order for half integer spins) differential equation of the field potential. For integer
spins, lagrangians for totally symmetric tensors in flat space and (A)dS space were first
constructed by Fronsdal [23, 24] and later generalized to mixed symmetry tensors in [25–
29], whereas for half-integer fields, lagrangians for totally symmetric (spinor)-tensor fields
in flat space were first proposed by Fang and Fronsdal [30] and Curtright [31], whereas
extensions to (A)dS spaces were soon later obtained in [32]. (Fang)-Fronsdal equations of
motion are characterized by (gamma)-trace constraints which must be satisfied by fields
and gauge parameters and can be obtained by partial gauging of the unconstrained (compensated) geometric equations of motion.
Geometric equations of motion are a natural outcome of spinning particles: the canonical quantization of locally-supersymmetric O(N )-extended spinning particle models
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Constraint algebra in flat space and (A)dS space

In order to obtain the quantum O(N )-extended supersymmetric particle algebra (with
N = 2r + 1) in flat space, from the classical constraints of (1.1), one only needs to specify
the correct ordering in the definition of the SO(N ) generators Jij , as there are no ordering
ambiguities associated with the hamiltonian H and susy generators Qi . Taking that into
account, the quantum constraints are given by
1
H = pµ pµ ,
2

Qi = pµ ψiµ ,

–2–

Jij =

1 µ
[ψ , ψjµ ]
2 i

(2.1)
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yields equations of motions for spin- N2 fields (wave functions) in terms of the corresponding
linearized curvatures. For flat external backgrounds the correspondence is well established
(see [33] for a recent very detailed analysis) and one-loop path integral results were also
obtained [34]. The coupling to external arbitrary backgrounds is possible for N ≤ 2,
corresponding to worldline descriptions of spin ≤ 1 particles coupled to gravity [35–39].
However, for N > 2, the coupling of the above models to external arbitrary backgrounds
is problematic [10, 11], reflecting the aforementioned difficulty of introducing interactions
in higher spin fields. A partial way-out to such problem was given in [40] where (using the
manifestly conformally-invariant formulation of [41–45]) it was shown how to consistently
couple O(N ) spinning particles to AdS backgrounds. In [46] spinning particle models with
O(N )-extended local supersymmetry were further analyzed and coupling to a more generic
set of backgrounds, conformally flat spaces, was proposed: linearized higher-spin curvatures
and geometric equations of motion of integer higher-spin fields (with N = 2s, s ∈ N) in
(A)dS spaces were derived and studied, from the canonical quantization of the models
(higher-spin de Wit-Freedman linearized curvatures for totally symmetric potentials in
AdS were constructed in [47–49]).
The present manuscript is a generalization of the results obtained in [46] to halfinteger higher-spin fields, in (A)dS. Here we restrict our study to the link between O(N )
spinning particles and fermionic higher spin fields. However, it is worth mentioning other
particle models relevant to higher spin physics, such as twistor-like superparticles [50–52],
U(N ) spinning particles [53, 54] and Sp(2r) models [55, 57, 58] (obtained from gauging
orthosymplectic models [59]) whose BRST detour quantization [60, 61] describes higher
spins of mixed symmetry type [21, 22, 62–72] (symplectic algebras in the study of mixedsymmetry higher spin field theory also appeared in [56]). The structure of the paper is as
follows: in section 2 we describe the quantum constraint algebra associated to the flat space
particle action (1.1) and its quadratically-deformed (A)dS version (quadratic algebras have
already appeared in the study of higher spin fields [73–75]; in [76] higher spin constraint
algebras in AdS(D) were studied by directly working in the R(D+1) hyperboloid). The
geometric equations of motion for fermionic higher spin fields in flat space and (A)dS
space are obtained in section 3 and section 4 respectively, by imposing the constraint
algebra onto the physical wave function, hence establishing a dictionary between the present
particle formulation and the conventional second-quantized formulation. In section 5 we
provide some conclusions and future investigations that may be undertaken within the
present approach.

with {ψiµ , ψjν } = η µν δij . They satisfy the quantum algebra
[Jij , Jkl ] = −δjk Jil + δik Jjl + δjl Jik − δil Jjk

(2.2)

[Jij , Qk ] = δjk Qi − δik Qj

(2.3)

{Qi , Qj } = 2δij H

(2.4)

which is first class. The above (multi)-Clifford algebra can be realized using gamma matrices as follows [10, 11]

with the wave function written as a multispinor Ψα1 ···αN and with γ being the chirality
matrix; throughout the paper we work with a generic even dimension D = 2d. In fact for
D = 2d + 1, N > 2 the present models are empty due to a global anomaly [10, 11]. In
D = 4, the above constraint algebra yields Bargmann-Wigner equations [77] for a spin- N2
field (BRST quantization of the models is described in [78, 79]).
Here, in order to study the spin-s (s = N/2 = r + 1/2) equations of motion, we use
a different basis taking complex combinations of the first 2r indices of SO(N ) and define
(for I, i = 1, . . . , r)
1
µ
ψIµ = √ (ψiµ + iψi+r
),
2
and

1
µ
ψ̄Iµ¯ = √ (ψiµ − iψi+r
) ≡ ψ Iµ
2

1
µ
ψ2r+1
≡ √ γµ .
2

(2.5)

(2.6)

More specifically, in order to set the antisymmetry between (2.5) and (2.6) we define them as
ψIµ → ψIµ ⊗ γ ,

ψ Iµ → ψ Iµ ⊗ γ ,

γµ → I ⊗ γµ .

(2.7)

In the “coordinate” representation one can realize ψIµ as multiplication by Grassmann
variables and ψµI = ∂ψ∂ µ (we use left derivatives). This realization keeps manifest only the
I
U(r) ⊂ SO(2r + 1) subgroup of the internal symmetry group, but will be quite useful in
classifying the constraints and their solutions. In this representation the left space in (2.7) is
µA
ν
the space of antisymmetric multiforms ψ1µ1 · · · ψ1 1 · · · ψrν1 · · · ψr Ar , whereas the right space
is the fermionic space where the (2r + 1)-th Clifford algebra is realized as gamma-matrices.
In terms of those operators we have
{ψIµ , ψ Jν } = η µν δIJ

{γ µ , γ ν } = 2η µν .

(2.8)
(2.9)

Henceforth we can avoid to explicitly write down the tensor product as its only effect is
the aforementioned antisymmetry; we will only need to take care of imposing it.
The susy charges in the U(r) basis take the form
QI = ψIµ pµ ,

QI = ψ Iµ pµ

–3–

(2.10)
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1
1
1
µ
ψ1µ = √ γ µ ⊗ γ · · · ⊗ γ , ψ2µ = √ I ⊗ γ µ ⊗ γ · · · ⊗ γ , ψN
= √ I · · · ⊗ I ⊗ γµ
2
2
2

and
P
/ = γ µ pµ =
is nothing but the Dirac operator.
bra (2.4) reads

√

2QN

(2.11)

Hence, the non-vanishing part of the susy alge-

{QI , QJ } = 2δIJ H ,

P
/

2

= 2H .

(2.12)

JI J = ψI · ψ J − d δIJ ,
µ

LI = γ ψIµ ,

KIJ = ψI · ψJ ,
I

L =

γ µ ψµI

K IJ = ψ I · ψ J ,

∼

(2.13)
(2.14)

so that when I = J, JI J is a hermitian operator with real eigenvalues; the above generators
can be written in terms of the Clifford basis by means of (2.5): for example LI = γ µ ψIµ =
JN i + iJN i+r . The SO(N ) algebra (2.2) breaks up into the SO(2r) subalgebra generated
by (2.13) [46]. The remaining non-vanishing relations of the SO(N ) algebra, involving
L’s are
J
[JI J , LK ] = δK
LI ,
J I
I J
[K IJ , LK ] = δK
L − δK
L ,

[LI , LJ ] = −2JI J ,

[JI J , LK ] = −δIK LJ

(2.15)

[KIJ , LK ] = δJK LI − δIK LJ

(2.16)

[LI , LJ ] = −2K IJ ,

[LI , LJ ] = −2KIJ . (2.17)

Finally, it is useful to list in the same basis the remaining part of the constraint algebra
corresponding to eq. (2.3)
J
[JI J , QK ] = δK
QI ,
J I
I
[K IJ , QK ] = δK
Q − δK
QJ ,

[JI J , QK ] = −δIK QJ

(2.18)

[KIJ , QK ] = δJK QI − δIK QJ

(2.19)

[LI , QJ ] = δJI P
/ ,

[LI , QJ ] = δIJ P
/
[LI , P
/ ] = −2QI .

[LI , P
/ ] = −2QI ,

(2.20)
(2.21)

As explicitly worked out in [46], the deformation of the above flat algebra to (A)dS spaces
Rabcd = b(ηac ηbd − ηad ηbc ), is obtained by generalizing the constraints to
 b
1 a
π πa − iω a ab π b + Jij Jij − bA(D) ,
H=
2
4


1
1
bc
a
a µ
(2.22)
,
Jij = [ψia , ψja ]
Qi = ψi πa = ψi ea pµ − ωµbc M
2
2


with M ab = 2i ψia , ψib being the multispinor representation of the SO(D) Lorentz genera2
tors, A(D) = (2 − N ) D8 − D8 and
1
πµ = pµ − ωµbc M bc ,
2

–4–

πa = eµa πµ

(2.23)
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In the complex basis defined above, the SO(N ) generators split as Jij
(JI J¯, JIJ , JI¯J¯, JN I , JN I¯) ∼ (JI J , KIJ , K IJ , LI , LI ), which we normalize as

the covariant momentum. With these operators equations (2.2)–(2.3) hold unchanged,
whereas the susy algebra (2.4) gets modified as
{Qi , Qj } = 2δij H +

b
(Jik Jjk + Jjk Jik − δij Jkl Jkl ) .
2

(2.24)

 b
{QI , QJ } = b KIL JJ L + KJL JI L + (LI LJ + LJ LI )
4 

1
{QI , Π
/ } = b KIK LK + LK JI K + LI
2

b
LK LK + LK LK
Π
/ 2 = 2(H0 − bA(D)) +
2

 b I J
L L + LJ LI
{QI , QJ } = b −K IL JL J − K JL JL J +
4

b
{QI , QJ } = 2δIJ (H0 − bA(D)) +
LI LJ + LJ LI
4

b
K
J
J
− JI JK + JK JI K − KIK K JK − K JK KIK
2

1 I
I
K
I
IK
{Q , Π
/ } = b −L JK + K LK + L
.
2

3

(2.25)
(2.26)
(2.27)
(2.28)

(2.29)
(2.30)

Higher spin equations of motion in flat space

The equations of motion for the higher spin wave function are obtained by imposing that
the above operators (constraints) annihilate the first-quantized physical state. A generic
state in the Hilbert space where such operators act can be written as
|Ri ∼ ar

D
X

Ai =0

µA1

ψ1µ1 . . . ψ1

ν

· · · ψrν1 . . . ψr Ar Rµ1 ...µA1 ,··· ,ν1...νAr ;α |χα i

(3.1)

where |χα i is a generic state of the fermionic space, γ µ |χα i = γαµ′ α |χα′ i, and ar is a
numerical prefactor that will be fixed shortly (cfr. eq. (3.5)). In particular we impose a
minimal set of constraints on the physical state; the remaining constraints are automatically
satisfied thanks to the above algebra. The set of constraints we impose is the following
1. JI J |Ri = 0; for I = J, these constraints yield irreducibility conditions and pick-out
from the Hilbert space the tensor Rµ1 ...µd ,··· ,ν1 ...νd ;α , that is antisymmetric within each
block of d of indices and symmetric in the exchange of two blocks. For I 6= J, the
constraints impose algebraic Bianchi identities R[µ1 ...µd ,ν1 ]...νd ,··· ,λ1 ...λd ;α = 0.
2. QI |Ri = 0; these constraints impose integrability conditions on the physical field.
One can thus solve such conditions by writing the ”curvature” |Ri in terms of a

–5–
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In the above complex basis we have QI = ψIa πa , QI = ψ Ia πa and Π
/ = γ a πa and the susy
algebra in the same basis can be obtained from (2.24) in a simple way by noting that the
complexification in the internal indices (cfr. eq. (2.5)) implies the transformation of the
flat metric as δij → (δI J , δI J , δN N ). Hence,

”potential” |Ri = q|φi where q is a differential operator written in terms of the algebra
operators. In terms of the potential the above constraints now become differential
Bianchi identities.
3. LI |Ri = 0: these constraints correspond to “gamma-tracelessness” of the higher-spin
µ
curvature γαα
′ Rµ...µd ,··· ,ν1 ...νd ;α′ = 0.

Higher-spin curvature.
QI ’s anticommute. Hence

In flat space it is easy to solve the integrability conditions since

|Ri = q|φi ,

q=

1 I1 ···Ir
ǫ
QI 1 · · · QI r ,
r!

(3.2)

with JI J |φi = −δIJ |φi and
µ

ν

(3.3)

Rµ1 ...µd ,··· ,ν1 ...νd ;α = ∂µ1 · · · ∂ν1 φµ2 ...µd ,··· ,ν2 ...νd ;α

(3.4)

|φi ∼ ψ1µ1 . . . ψ1 d−1 · · · ψrν1 . . . ψr d−1 φµ1 ...µd−1 ,··· ,ν1 ...νd−1 ;α |χα i .
In components it reads

with implied antisymmetrization among each block of indices and symmetrization between
exchange of two blocks. Above we fixed
ar =

(

1,
−i ,

r even
r odd

(3.5)

in order to obtain a real-valued normalization for the curvature.
For spin 3/2 (r = 1) there are no traces. In this case it is easy to prove that γ µ1 Rµ1 ···µd = 0 ⇒
γγ
Rµ1 ···µd = ǫν1 ···νd µ1 ···µd γν1 Rµ1 ···µd = 0. The first term and the last term are respectively
1
L |Ri = 0 and L1 |Ri = 0 expressed in components.
1

ν2 ···νd µ1 ···µd

–6–

JHEP09(2010)113

The remaining constraints are automatically satisfied. The trace constraints K IJ are satisfied thanks to the first equation in (2.17); KIJ are satisfied because they are trace constraints for the dual curvature obtained using the dual basis for the operators labelled by
I and J: it is easy to convince oneself that such dual trace constraints are satisfied if K IJ
[ν ···ν ]
are, because of the relation ǫµ1 ···µd ǫν1 ···νd = δµ11···µdd . In turn LI are satisfied thanks to the
/ is satisfied thanks to (2.20) and in turn H is satisfied thanks
second equation in (2.16), P
to the second equation in (2.12). Finally QI are satisfied thanks to the first equation
in (2.19).1
For D and N arbitrary, the above constraints correspond to the free equations of
motion of a conformal particle in flat D dimensions [42–45]: the algebraic constraints pick
out a representation of the conformal group SO(2, D) represented by the rectangular Young
tableau with d = D2 rows and r columns.

Higher-derivative equations of motion and their gauge invariance. The gammatrace conditions imposed upon the curvature yield the higher-curvature equations of motion
satisfied by the associated gauge potential. By rewriting the curvature operator as
1
q = QJ q J = Q1 q 1 ,
r

qI ≡

1
ǫII2 ···Ir QI2 · · · QIr
(r − 1)!

(3.6)

the gamma-trace constraints read
L1 q|φi = L1 Q1 q 1 |φi = 0

(3.8)

where in the last equality we used the nilpotency condition of the QI ’s, so that
q I F|φi = LI q|φi = 0

(3.9)



/ + QK LK
F = (−)r−1 P

(3.10)

LI |Ri = q I F|φi

(3.11)

where

is the Fang-Fronsdal operator [30] that is the higher-spin generalization of the Dirac and
Rarita-Schwinger operators and the expression

is the half-integer higher-spin generalization of the Damour-Deser identity [20].
By defining the gauge transformation
δξ |φi = QK V K |ξi

(3.12)

where V K = V µ (x)ψµK and |ξi being a tensor of the same species as |φi, we have
δξ F|φi = (−)r−1 QI QJ V J LI |ξi

(3.13)

that is not trivial provided r ≥ 2 (s ≥ 5/2). From (3.13) the gauge invariance of the
higher-derivative equations of motion (3.9) immediately follows
δξ q I F|φi = 0

(3.14)

thanks again to the nilpotency of QI ’s. Such a property also yields
F|φi = QI QJ W J W I |ρi

(3.15)

as generic kernel of q I in (3.9). The latter is gauge-invariant provided the “compensator”
field transforms as
δξ W J W I |ρi = (−)r−1 V [J LI] |ξi .

–7–

(3.16)
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and, using the above algebra, it reduces to




/ + QK LK |φi = 0
/ + Q1 L1 |φi = (−)r−1 q 1 P
(−)r−1 q 1 P

(3.7)

Fang-Fronsdal equation of motion: partial gauge fixing.
equation of motion

The Fang-Fronsdal linear

F|φi = 0

(3.17)

for a free spin-s field can be obtained from the compensated linear equation (3.15) by
gauging away the compensator V [J LI] |ξi = −W J W I |ρi. This condition, and in turn the
Fang-Fronsdal equation, are preserved by a gauge symmetry, given by (3.12) subject to the
algebraic constraint
(3.18)

that is non-trivial when r ≥ 2 (s ≥ 5/2) and corresponds to gamma-tracelessness of the
gauge parameter
LI |ξi = 0 .

(3.19)

In turn, the gauge potential must satisfy algebraic constraints. After a little algebra
one obtains
!
2
(3.20)
0 = QI LI P
/ + QI QJ LI LJ F|φi = (−)r QI QJ QK LI LJ LK |φi
3
that is non-trivial when s ≥ 7/2 and corresponds to triple gamma-tracelessness of the
gauge potential.
We thus see how neatly the present complex basis of the SO(N )-extended spinning
particle constraint algebra reproduces all the known features of free higher spin field theory
in flat space.
An example: spin- 72 in four dimensions. To make contact with the standard notation
we specialize to the lowest spin that develops all the features described above, spin- 72 . In
such a case the curvature is given by
|Ri = Q1 Q2 Q3 |φi

→

Rλ1 λ2

µ1 µ2 ν1 ν2 ;α

= ∂λ1 ∂µ1 ∂ν1 φλ2 µ2 ν2 ;α

(3.21)

with implied antisymmetrization within pairs of indices (e.g. λ1 ↔ λ2 ) and symmetry
between exchange of pairs (e.g. λ1 λ2 ↔ µ1 µ2 ). The cubic equation of motion following
from gamma-tracelessness is
L1 |Ri = q 1 F|φi = 0


→ ∂µ1 ∂ν1 ∂/φλ2 µ2 ν2 − ∂λ2 γ λ φλ µ2 ν2 − ∂µ2 γ µ φλ2 µ ν2 − ∂ν2 γ ν φλ2 µ2 ν = 0

(3.22)

where spinorial indices have been suppressed and φ is a totally symmetric tensor; here
Damour-Deser identity and Fang-Fronsdal linear operator are self-evident. The latter equation is gauge invariant under the unconstrained gauge symmetry
δ|φi = QK V K |ξi

→

δφλ1 µ1 ν1 = ∂λ1 ζµ1 ν1 + ∂µ1 ζλ1 ν1 + ∂ν1 ζλ1 µ1

–8–

(3.23)
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QJ QK V K LJ |ξi = 0

thanks to the above antisymmetry; here ζµ ν = −iV λ ξλ µ ν . The cubic equation of motion
can be reduced to a compensated linear equation
F|φi = QI QJ W J W I |ρi
↓

λ′

µ′

ν′

∂/φλ µ ν − ∂λ γ φλ′ µ ν − ∂µ γ φλ µ′ ν − ∂ν γ φλ µ ν ′

(3.24)


= −2 ∂λ ∂µ σν + ∂ν ∂λ σµ + ∂µ ∂ν σλ

′

′

′

∂/φλ µ ν − ∂λ γ λ φλ′ µ ν − ∂µ γ µ φλ µ′ ν − ∂ν γ ν φλ µ ν ′ = 0

(3.25)

is consistent provided γ λ γ µ γ ν φλµν = 0 (cfr. eq. (3.20)) and it is gauge invariant provided
′
γ µ ζµ′ ν = 0.

4

Higher spin equations of motion in (A)dS space

Similarly to the flat space case discussed in the previous section, geometric equations
for higher spins in (A)dS can be obtained by imposing the SO(2r + 1) spinning algebra
generators as constraints on the wave function. In the present case, as discussed in section 2,
the algebra is a quadratic deformation of the flat Lie algebra: it is no more a Lie algebra
but is still first class. In order to better solve such constraints, we found it convenient to
“rotate” the SO(2r) susy generators
√
b
(±)
QI = QI ±
LI
(4.1)
2
that satisfy the anti-commutation relations
(+)

(−)

QI QJ

(+)

(−)

+ QJ QI


(−) (+)
(−) (+)
= b KIL JJ L + KJL JI L = QI QJ + QJ QI .

(4.2)

and have the same commutation properties with the SO(2r) generators (JI J , KIJ , K IJ )
as had the original susy operators QI .
The set of independent constraints we now impose is:
1. JI J |Ri = 0; irreducibility conditions + algebraic Bianchi identities: it selects the
same GL(D) Young tableau as in flat space.
(−)

2. QI |Ri = 0; integrability conditions: it yields a gauge-invariant curvature.
3. LI |Ri = 0; gamma-tracelessness: it yields higher-curvature equation of motion and
Damour-Deser identity.
All other constraints are satisfied thanks to the (A)dS-deformed spinning particle algebra
described in section 2.

–9–
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with σν = W λ W µ ρλµν being the compensator field. The latter is gauge-invariant with
′
unconstrained parameter if the compensator field transforms as δσν = γ µ ζµ′ ν . Hence the
Fang-Fronsdal equation

Higher-spin curvature. The explicit expression for the linearized higher-spin curvature in (A)dS, a polynomial in the (A)dS scale b, can be obtained by solving the above
integrability condition
(−)

(4.3)

(−b)n rn (r)qn (r)|φi

(4.4)

QI |Ri = 0
and reads

|Ri =

X

n=0

where the operators qn (r) are now given by (recall that r = s − 1/2 = [s])

qn (r) =


(−)
(−)
 KI1 I2 · · · KI2n−1 I2n Q(+)
I2n+1 QI2n+2 · · · QIr ,

1 I1 ···Ir
ǫ
×
(+)
(−)
(+)

r!
KI1 I2 · · · KI2n−1 I2n QI2n+1 QI2n+2 · · · QIr ,

r = 2p
(4.5)
r = 2p + 1

and with rn (r) numerical coefficients recursively given in terms of the Pochhammer function
P (r, k) ≡ r(r − 1)(r − 2) · · · (r − k) as follows
n

1 X
rn (r) =
rn−k (r) a2k (r − 2(n − k) + 1) ,
2n
k=1

r0 (r) ≡ 1

(4.6)

where

a2k (r) = fk P (r, 2k) = fk

2k
Y
l=0

(r − l)

(4.7)

and the r-independent coefficients fk are generated by the Taylor expansion of the tangent
P
2k+1 .
function, tan(z) = ∞
k=0 fk z

In the integer spin case [46] the anti-commutation relations of susy generators QI were
precisely the same as (4.2) and, along with the irreducibility conditions JI J |Ri = 0, were
the only needed relations to solve the integrability conditions in (A)dS and obtain the higher
spin curvatures. Hence, due to the anti-commutation relations (4.2) the above operators
qn (r) satisfy the same identities as did their integer spin counterparts (see appendix B
of [46]). Therefore linear combinations of operators qn (r) with the same coefficients rn (r)
as in the integer spin case (with the replacement s → r) must satisfy the above Bianchi
identity. In summary, the correspondence between the integer case and the present half-
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[r/2]

integer case amounts to the replacements
Spin

Operators qn

s∈N
1 I1 ···Is
KI1 I2
r! ǫ

· · · KI2n−1 I2n QI2n+1 · · · QIs

eq. (4.5)

rn (s)

rn (r)

Bianchi identity

QI |Ri = 0

QI |Ri = 0

Gauge transf.′ s

δξ |φi = QK V K |ξi

eq. (4.9)

(−)

Equations of motion and their gauge invariance. In the previous section we solved
the curvatures in terms of their potential, thus explicitly implementing differential Bianchi
identities. Now we can impose gamma traces upon the curvatures to get higher-derivative
equations of motion
[r/2]
I

X

(−b)n rn (r)LI qn (r)|φi = 0

(4.8)

Gauge transformations of the gauge potentials are given by
 (+)
 QI V I |ξi , r = 2p
δξ |φi =
.
 (−) I
QI V |ξi , r = 2p + 1

(4.9)

L |Ri =

n=0

The latter difference may appear bizarre but it is simply due to the fact that the number
of ψ’s in the two cases above differ by one. Hence, if we write the transformation in
components, when the ψ’s pass to the left of the gamma matrix the sign difference cancels,
giving rise to the same gauge transformation as given in [30].
Once again the gamma-trace constraint yields the equation of motion for the field
potential
LI |Ri = q I Fr |φi = 0

(4.10)

where q I is the (A)dS counterpart of the operator defined in (3.6) and the (D-dimensional
generalization of the) Fang-Fronsdal differential operator is expected to be
 √b

K
r−1
+
Π
/ + QK L
Fr = (−)
LK LK
2
 √

(ε )
(4.11)
/ + QKr LK + bJK K ,
= (−)r−1 Π
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Coefficients

s = r + 1/2, r ∈ N

with εr = (−)r−1 . In fact we note that, using (4.9), the gauge transformation of Fr |φi reads


(−) (+)
(4.12)
δξ Fr |φi = (−)r−1 Q[I QJ] − bKIJ V J LI |ξi
and is D-independent. Morevoer, for r ≥ 2 (s ≥ 5/2), it vanishes only if the gauge
parameter is gamma-traceless, LI |ξi = 0.

(i) Spin 3/2. With r = 1 we simply have
|Ri = q|φi = Q(+) |φi

(4.13)

so that Bianchi identity and gauge invariance
Q(−) q|φi = qQ(−) V |ξi = 0 ,

∀ξ

(4.14)

are obvious thanks to the identities Q(−) Q(+) = Q(+) Q(−) = 0. The Damour-Deser
identity in this case is trivial
L|Ri = F1 |φi = 0

(4.15)

as the gamma-trace of the curvature is linear in derivatives and it is thus identically
equal to the Fang-Fronsdal equation of motion.
In order to make contact with conventional notation let us re-write the previous
Q
expressions in components: we just need to pull out the fermionic coordinates ψ µ .
Equations (4.13)–(4.14) read
Rµ1 ···µd = ∇[µ1 φµ2 ···µd ]

∇[µ1 ∇µ2 φµ3 ···µd+1 ] = ∇[µ1 ∇µ2 ζµ3 ···µd ] = 0

(4.16)
(4.17)

√

where ∇µ = Dµ + i(−)d 2b γµ is the so-called (SO(2, D − 1)) SO(1, D) covariant derivative in (A)dS (Dµ is the standard covariant derivative in (A)dS) and
ζµ1 ···µd−2 = −iV µ ξµµ1 ···µd−2 . The commutator of two ∇’s acts trivially on the spinor
index whereas it acts as the standard commutator on space-time indices. Hence,
differential Bianchi identity and gauge invariance (cfr. eq. (4.17)) are guaranteed
thanks to standard algebraic Bianchi identity obeyed by the (A)dS Riemann tensor.
The gauge-invariant Fang-Fronsdal equation (4.15) in components reads
√
˜ [µ γ · φµ ···µ ] = 0
D
/ φµ2 ···µd + i(−)d b φµ2 ···µd − (d − 1)∇
2
3
d
√

(4.18)

˜ µ = Dµ − i(−)d b γµ . In four dimensions, d = 2, the previous equations reduce
with ∇
2
to the known gravitino equations in (A)dS.
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Examples. In the remainder of the section, in order to test our results, we explicitly
prove the gauge invariance of the higher spin curvatures and obtain the Damour-Deser
identities for the simplest cases, r = 1, 2.

(ii) Spin 5/2. This case is the simplest case where most features appear non-trivially.
For the curvature, from equations (4.4)–(4.7), one explicitly obtains
!
1 I1 I2
(+) (−)
(4.19)
QI1 QI2 − bKI1 I2 |φi
|Ri = q|φi = ǫ
2
whose gamma-traceless conditions yield
LI |Ri = q I F2 |φi = 0 ,

(4.20)

as kernel of q I , that is gauge-invariant provided

δξ W J W I |ρi = −V [J LI] |ξi

(4.22)

that has the same form as its flat counterpart (3.16); the Fang-Fronsdal equation
of motion F2 |φi = 0, obtained by gauging away the compensator, is preserved by
gamma-traceless gauge transformations.
(iii) Spin > 5/2. The explicit forms of the higher spin curvatures are again given
by (4.4)–(4.7). Although for these cases we do not have an explicit form of the operator q I appearing in the Damour-Deser identity (4.10), we do know the Fang-Fronsdal
operators in (A)dS spaces and their gauge transformations (cfr. eq.’s (4.11)–(4.12));
we can thus infer that equations (4.21) and (3.16) hold unchanged for generic spin
in (A)dS.

5

Conclusions and outlook

In the present manuscript (a generalization of [46]) we used locally supersymmetric
O(2r+1)-extended spinning particle models in maximally symmetric D-dimensional spaces
to compute higher spin linearized curvatures for some half-integer spin fields (those corresponding to Young tableaux with D2 − 1 rows and r columns) and we used them to analyze
higher spin equations of motion for some specific cases. Equations (4.4)–(4.7) are the main
results of the manuscript.
The O(N )-extended spinning particles are easily seen to be Weyl invariant for all N :
using this property in [46] it was shown how they consistently propagate in generic conformally flat spaces. In fact the associated constraint algebra keeps being first class, though

– 13 –

JHEP09(2010)113

(+)

with q I = ǫIJ QJ . Above the first equality is the Damour-Deser identity and the
second is the higher-curvature equation of motion for the spin-5/2 in (A)dS. The
(−)
expression (4.19) is by construction Bianchi-identical with respect to QI , and it
not difficult to check that (4.19) and (4.20) are gauge invariant with respect to (4.9),
with unconstrained parameter. In turn, this yields the unconstrained compensated
equation of motion


(−) (+)
(4.21)
F2 |φi = QI QJ − bKIJ W J W I |ρi
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