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Abstract

We study a system of particles in the interval [0,e 1] NZ, e~! a positive integer. The
particles move as symmetric independent random walks (with reflections at the endpoints);
simultaneously new particles are injected at site 0 at rate je (j > 0) and removed at same
rate from the rightmost occupied site. The removal mechanism is therefore of topological
rather than metric nature. The determination of the rightmost occupied site requires
a knowledge of the entire configuration and prevents from using correlation functions
techniques.

We prove using stochastic inequalities that the system has a hydrodynamic limit,
namely that under suitable assumptions on the initial configurations, the law of the density
fields € d(ex)€.—24(x) (¢ a test function, () the number of particles at site = at time
t) concentrates in the limit € — 0 on the deterministic value [ ¢p;, p; interpreted as the
limit density at time . We characterize the limit p; as a weak solution in terms of barriers
of a limit free boundary problem.

1 Introduction and model definition

This paper is inspired by the analysis in [12] and we are indebted to Pablo Ferrari for discus-
sions and in particular for suggesting the inequalities in Section [6] This is a first in a series
of three papers where we study a particle system whose hydrodynamic limit is described by
a free boundary problem.

Our system is made of particles confined to the lattice [0, e ~1]NZ, for brevity in the sequel
we shall just write [0, e~!]. In this notation e~!
and we will be eventually interested in the asymptotics as € — 0. The evolution is a Markov
process {§¢,¢ > 0} on the space of particles configurations £ = (£(z)),¢[0,e-1], the component

is a positive integer denoting the system size



&(z) € N is interpreted as the number of particles at site . The generator is denoted by
L=L°+Ly+ L, (1.1)

(the dependence on ¢ is not made explicit). LY is the generator of the independent random
walks process, it is defined on functions f by

e 11
L5€) =5 3 1001 f(©) (12)
=0
10,01 F(O) =€) (FE) — [©) + €+ 1) (FET) - f©))  (13)

where £%¥ denotes the configuration obtained from £ by removing one particle from site x
and putting it at site y, i.e.

£(2) if 2 # 2,y,
E9Y(2) =% &(z) -1 ifz=u2,
E)+1 ifz=y.

Namely L° describes independent symmetric random walks which jump with equal probability
after an exponential time of mean 1 to the nearest neighbor sites, the jumps leading outside
[0, ¢71] being suppressed (reflecting boundary conditions).

The term L in is
Ly f(&) = je (F(€7) = £(€)), &7 (x) = &(x) + Lo (1.4)

It describes the action of throwing into the system new particles at rate €j, j > 0, which then
land at site O; instead L, removes particles:

Laf(g) = je (f(f_) - f(g)) ) f_(l') = 5(1‘) - lx:R(E) (15)

namely a particle is taken out from the edge R¢ of the configuration & defined as

£(y) >0 fory=Re

(1.6)
&(y) =0 fory > Ry

R¢ is such that: {

L.f(§) =0 if Re does not exist, i.e. if £ = 0.

We interpret L as the generator of a system of independent walkers with “current reser-
voirs” which impose a positive current €j at site 0 and at the edge of the configuration. See
[9, 10] for a comparison with the density reservoirs used in the analysis of the Fourier law.
Here is a list of the main issues which are studied in this and in the other papers in this series.

e The interaction described by L, is highly non local as R¢ depends on the positions of
all the particles. This spoils any attempt to use the BBGKY hierarchy of equations for
the correlation functions, as customary in e perturbations of the independent system,
see for instance [§].



e The L, interaction is “topological rather than metric”, as the influence on a particle ¢ of
a particle j only depends on whether j is to the right or left of 7 and not on their distance.
Topological interactions appear often in natural sciences as in population dynamics, in
particular the motion of crowds of people [6], or of animals [1I]. Our result shows that
there are natural examples in physical systems as well. The relative simplicity of our
model allows a rigorous analysis of such an interaction.

e To the left of R¢ the particles do not feel the L, interaction and move freely, but R
depends on the configuration of particles and hence on time as well. Ours therefore
is a microscopic model for a free boundary problem and one may thus guess that the
hydrodynamic limit is also ruled by a free boundary problem. In such a case the
hydrodynamic equations would be the linear heat equation in an open, time dependent
space interval with suitable boundary conditions complemented by a law for the speed
of the right boundary.

e The action of L and L, is to add from the left and respectively remove from the right
particles at rate €j. They act therefore as “current reservoirs” [I1], [0 [10] because they
are imposing a current €j (recall that for density reservoirs [7), 4] the particles current
scales by €). Supposing the validity of Fick’s law the stationary macroscopic profiles are
then linear functions with slope —2j: there are therefore infinitely many such profiles
(as here the boundary densities are not fixed). Two scenarios are then possible: either
there is a preferential profile or there is a second time scale beyond the hydrodynamical
one, where we see that such profiles are not stationary.

We shall give answers to most of the above issues, our main results being stated in the next
section.

2 Main results

Macroscopic profiles are functions v € L*°([0,1],R) that we also regard as positive Borel
measures on [0, 1] via the correspondence u — wudr. For any Borel positive measure p on
[0,1] we define

1
F(rsw = [ (@), re oy
setting, by an abuse of notation,
1
F(r;u) = / u(r')dr', re|0,1] (2.1)
We then say that u € L>°([0,1],R,) has “an edge” R(u) if
R(u) = inf{r: F(r;u) =0} <1 (2.2)

The definition extends naturally to Borel positive measures p on [0, 1].



Definition 2.1 (Assumptions on the initial macroscopic profile). We denote by pinit the
initial macroscopic profile, we suppose that pinis € L>([0, 1], Ry).

Remark. For some results we will need extra assumptions, namely that pi,i € C([0, 1], Ry)
and/or that it has an “edge”.

We shall next discuss in which way particle systems and evolution of macroscopic profiles
are related.

Hydrodynamic limat.

[0,e71]

Particle configurations £ are elements of N which may be regarded as positive measures

pe on the real interval [0, e7!] by setting

=0

where D,, the Dirac delta at z, is the probability measure supported by the point . Analo-
gously to ([2.1]) we set

—1

Fu(w;6) = / pelde’) = SO€(w), we0,¢Y (2.3)

y>w

and, as for the macroscopic profiles, we say that £ has an edge Ry if
Re = inf{x: F(2;¢) =0} < e (2.4)

which means that R¢ < ¢! is the largest integer  such that &(z) > 0, in agreement with
(1.6). To compare macroscopic profiles and particles configurations we shall use the functions
Fe(x;€) and F(r;u). We define in particular the local averages:

r4+0—1

Au(e,§) = 3 (Rl ©) - Fa +-1:9) =5 Y &) (25

with £ a positive integer and x € [0,e~ — £+ 1]. The corresponding quantity for macroscopic
profiles v € L*°([0,1], R ) is

Aj(z,u) = é(F(ex; u) — F(e(x + £); u)) (2.6)

Definition 2.2 (Assumptions on the initial particle configuration). We fix b < 1 suitably
close to 1 and a > 0 suitably small, for the sake of definiteness we set b = 9/10 and a = 1/20.
We then denote by £ the integer part of e ~? and suppose that for any e the initial configuration
¢ verifies

max )Ag(ﬂl’, 6) - ./4/@(1', pinit) <€ (27)
z€[0,e~1—0+1]
and moreover that if pin;y has an edge R(pinit), see (2.2), then
[eRe — R(pinit)| < € (2.8)

with Re as in (2.4)). We shall denote by Pg(e) the law of the process {{;,t > 0} in the interval
[0, e71] with generator L given in (1.1)) and started at time 0 from a configuration ¢ as above.
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Thus the initial configuration £ converges to pinit as € — 0 in the sense of (2.7)). Our first
result proves that the convergence extends to all positive times (but in a weaker sense).

Theorem 2.1 (Existence of hydrodynamic limit). Let pinix € L%°([0,1],Ry) and £ as in
Definition . Then there exists a non negative, continuous function p(r,t), t >0, r € [0, 1],
such that for any r € [0, 1]

hm E(rs p(-, 8)) = F (73 pinie () (2.9)

and such that for any t > 0 and { > 0

lim Pg(e) max |eF(x;& —2;) — F(ex;p(-,1))] < (| =1 (2.10)
e—0 z€[0,e1]

Moreover, if pinit € C([0,1],R) then p(r,t) is continuous in [0,1]x {t > 0} and p(r,0) = pinit.

The above convergence implies weak convergence of the density fields against smooth test
functions ¢:

lim Pf)
e—0

1
ergf2t(aﬁ)¢(ex) _/0 gzﬁ(r)p(r,t)dr‘ < C] =1, forall (> 0.

The free boundary problem.

Theorem states the existence and some regularity properties of the hydrodynamic limit,
but does not say about its qualitative features: in particular which equation is satisfied by the
limit and which equation rules the motion of the edge, if it exists. The continuum analogue
of our particle evolution is
2
(3;):;275 +jDo—jDpgr,, j>0 (2.11)
where the first term (on the right hand side) corresponds to the random walk evolution, j Dy
to the addition of particles at the origin and jDpg, to the removal of the rightmost particles.
In [2] a suitable notion of quasi-solutions for in R, is given and it is proved that
the limit of such quasi-solutions coincide with the hydrodynamic limits found in Theorem
The main ingredient in the proof is established here and it is based on the notion of upper
and lower barriers. These are “approximate solutions” of which bound from below
and from above the hydrodynamic limit p(r,t), the inequalities being in the sense of mass
transport.
This is defined as follows: two positive Borel measures p and v on [0, 1] are ordered with
u<wvif
F(r;p) < F(r;v) forall r €[0,1] .

We shall apply the notion to measures in & defined as follows:

Definition 2.3. (The set i and the partial order). U is the set of all positive Borel measures
w on [0, 1] which have the form u = ¢, Do + py(r)dr, ¢, > 0, p, € L*°(]0,1],R;). By an abuse



of notation we shall also write the elements of U as u = ¢, Dy + p,,. For any u,v € U we then
set
u<wv iff F(rju) < F(r;v) forall re0,1]. (2.12)

We also write |u — v| = |ey, — ¢y|Do + |pu — po| € U so that

1
u = vl = F(0; Ju —v]) = Icu—cv+/0 |pu(r) = pu(r)| dr (2.13)

is the total variation of the measure uv — v.

Definition 2.4. (The cut and paste operator). We define for any § > 0 the subset Us C U as
Us == {u=cyDo+ py: F(0;py) > jo} (2.14)
and the cut-and-paste operator KO : Us — U
K = j6Dg + Loco pyuyts Rs(u) = inf{r : F(r;u) = j&} (2.15)
Observe that F(0; K@) = F(0;u).

In the following definition of barriers we use the Green function G§*"™ (r,7’) (for the heat
equation in [0, 1] with Neumann boundary conditions):

e—(r—r/)2/2t
V2t

7. being the images of 7' under repeated reflections of the interval [0, 1] to its right and left
(see for instance [14] pag. 97 for details).

We denote by

Gy (r,r') = ZGt(T, ) Gi(r,r') = (2.16)
k

and observe that F'(0; G3*"™ % u) = F(0;u) and G5 x u € L>([0,1];R4).

Definition 2.5 (Barriers). Let w € L*([0, 1], Ry) be such that F'(0;u) > 0. Then for all §
small enough u € Us and for such § we define the “barriers” Sﬁ%’i) (u) € Us, n € N, as follows:
we set S(()&’i)(u) =u, and, forn > 1,

677 neum 677
57(15 )(u) = K(6)G5 * S((n—l))é(u) (2.17)

61 neum 67
S5 (u) = Gy K((S)S((njl))é(u)

The families {ST(L%+)(U)}5>0 are called upper barriers and {ng’_)(u)}bo lower barriers.

The functions Sf:;’i) are obtained by alternating the map G3**™ (i.e. a diffusion) and
the cut and paste map K (which takes out a mass jé from the right and put it back at
the origin, the macroscopic counterpart of Ly and L,). It can be easily seen that unlike the

) )

original process &; the evolutions Sffgi conserve the total mass, that ng’Jr maps L into
C*° while 57(1%,) has a singular component (jéDy) plus a L® component (which is C* inside
its support).

The name “upper and lower barriers” is justified by the following theorem:



Theorem 2.2 (Separated classes). Let u € £°([0,1],Ry), F(0;u) > 0, then

SO w) < S () for all 6,8t such that u € Us \Us and t = ké = k', with k, k' € N
(2.18)
where the inequality is in the sense of Definition [2.3

It thus looks natural to look for elements which separate the barriers:

Definition 2.6 (Separating elements). For a given non negative u € L, the function u =
u(r,t), r € [0,1], ¢ > 0, is below the upper barriers {Sf:;’ﬂ (u)} if

u(-,t) < S’t((s’ﬂ (u)(-) for all 6 >0 and ¢ such that t = kd, k € N (2.19)
It is above the lower barriers {Sfl%_)(u)} if
u(-,t) > St((s’_)(u)(-) for all 6 > 0 and ¢ such that t = kd, k € N (2.20)

If it is both above {ST(L%_)(U)} and below {SS;’JF)(U)} then w(-,t) separates the barriers

{Sp" () ()}
Observe that if u(-,t) separates {Sfl%i) (u)} then u(-,0) = u(-).

Theorem 2.3 (Existence and uniqueness of separating elements). Let u € L*°([0,1],R4)
and F(0;u) > 0. Then there exists a unique function u(r,t) which separates the barriers
{S(é jE)( )}, wu(r,t) is continuous on the compacts of [0,1] x (0,00) and u(-,t) converges
weakly to u(-) ast — 0.

More properties of the separating elements are established in Section [8] in particular we
show that they can be obtained as monotonic limits of the upper or the lower barriers.

Theorem 2.4 (Characterization of hydrodynamic limit). The hydrodynamic limit p(r,t) of
Theorem separates the barriers {Sﬁ‘fgi) (Pinit) }-

Super-hydrodynamic limit and further results.

In [3] we shall study the stationary solutions of , they are linear functions with slope
—2j. We shall prove that any weak solution (in the sense of barriers) converges as t — oo
to a linear profile, the one with the same total mass as the initial state. We shall also prove
that at super-hydrodynamic times, i.e. times of order =3 the particle processes is “close” to
the manifold of linear profiles performing a brownian motion on such a set.

We conclude the list of results in this paper by a last theorem where we identify the limit
equation for p(-,t) when piyi(-) has no edge:

Theorem 2.5 (Hydrodynamic limit in the absence of an edge). Let pinit such that F(7; pinit) >
a(l—=r), a> 0, then there exists T > 0 such that p(1,t) > 0 fort € [0,T] and p(r,t) is given
by
t
p(r,t) = GP"™ % pinit () —l—j/ {G"™(r,0) — G5 (r,1)}ds, t € [0,T] (2.21)
0

GP"™ (r,1") being the Green function of the heat equation in [0,1] with Neumann conditions,
see (2.16)).



Strategy of proof.

The key observation is that if we anticipate/posticipate the addition and removal of the
particles which occur in the true process in a given time interval then we stochastically
increase/decrease the final configuration (in the sense of mass transport to the right, i.e. the
microscopic version of (2.12)).

To implement this we introduce the processes fl(i’i)é, k € N. If for the true process the
number of added and removed particles in the time interval [ke=24, (k + 1)e~26] is equal
to Nj.+ then f k +1 _24 1s obtained from fl(i’_;)(; by letting it evolve with generator LY and

at the end addlng Nk+ particles at 0 and then removing the rightmost Nj,_ particles. In
+)

e-25 is obtained by reversing the order of the operations: first the
addition/removal and then after the free evolution. We then have for all 6 > 0 and all £ € N

a similar fashion f (et1)

f,gi’;)é < Epe2s < §I(€i’f2)5 stochastically (2.22)

(see Section |§| for details, in particular the definition of microscopic notion of partial order).

The probabilistic part of the paper is essentially concentrated in the analysis of the hy-
drodynamic limit of the process §k T 5' in Sectlonwe prove that it converges to ) @, jE)(u) (if
the initial £ “approximates” u) where convergence is in the sense of . This is 1mportant
because it implies that the inequalities are preserved in the limit.

The hydrodynamic limit for the independent random walks process is easy and well known
in the literature, but in our case there is an extra difficulty related to a macroscopic occupation
at the origin, £(0) ~ ¢!, due to the cut and paste operations. This severely limits the choice
of the parameters (b close to 1, a close to 0 which in normal situations have a much larger
range of values) but luckily some room is left. Instead the convergence of the microscopic cut
and paste to its macroscopic counterpart is easy, as the variables Nj.+ are modulo negligible
deviations independent Poisson variables with mean je~16.

Once we have convergence to S,if;’i) (u) we are left with the analytic problem of studying
the limits of the latter as § — 0. We first prove some regularity properties uniform in ¢, see
Section [7] and then complete the proof of all theorems.

Sections content.

In Section [3| we introduce the J-approximate processes {f’td’i)} and prove that the law of the
total particles number process |&| is a symmetric random walk on N with reflection at the
origin (a result which follows directly from the definition of the process &). We then state
some consequences of such a result which will be used in the sequel.

In Section [4] we prove that if the initial configuration £ approximates a profile u € U then
f(fgik)é converges in law to S,(“S +) (u) as € — 0. The proof exploits duality for the independent
process but is not a consequence of well known results on the hydrodynamic limit for inde-
pendent particles because we need to take into account the case when there is a macroscopic
occupation number at the origin. As a consequence the bounds are not as strong as those
which appear in the literature.

In Section |5 I we introduce a probability space (€2, P) where we can realize simultaneously
6,%)
e 2k6

In Section |§| we relate the true process &.-2;5 and the auxiliary ones 5 _2 P 5 by stochastic
inequalities, in the sense of mass transport theory, exploiting the reahzatlon of the process

all the processes & and 5 for all e.



of Section |5l By using the convergence proved in Section [4] the inequalities extend to flows
Sli%i), thus proving Theorem

= . . .
,i 5 ) which are uniform in ¢.

In Section |7] we prove regularity properties of the flows S
In Section [8] we prove we first prove existence and uniqueness of the separating element
of barriers (Theorem [2.3) and then deduce our main results (Theorems and [2.4). We

conclude by giving the proof of Theorem

3 The j-approximate particle processes

In this Section we define the stochastic processes fl(i’i)5,
barriers S ,gfs’i) of Definition As we shall explain below, these processes are defined in such
a way that the number of added and removed particles in the time interval [ke =25, (k+1)e~26],
denoted by Nj.+, are the same as those in the true process {&}.

The variables Nj.1, k € N are determined by the increments of process |&| yielding the
particles’ number at time ¢. This last process, despite the complexity of the full process &, is

very simple:

k € N which are analogous to the

Theorem 3.1 (Distribution of the particles’ number). |&| has the law of a random walk
(n¢)e>0 on N which jumps with equal probability by £1 after an exponential time of parameter
2je, the jumps leading to —1 being suppressed.

Proof. For any bounded function f on N we have

Lf(lgh = .7'6{(f(|§| +1) = f(IED) + Lgso(f(IE] = 1) — f(lf!))} (3.1)

which coincides with the action of the generator of the random walk (n:):>0 on the function
f(n). This proves that the law of |&] is the same as that of the random walk. O

To introduce the d—approximate process we define
Ni.y = number of upwards jumps of |&/| for ¢ € [ke™ 2, (k + 1)e 2] (3.2)

Nj._ = number of downwards jumps of |&| for t € [ke 25, (k + 1) 4] (3.3)

Definition 3.1 (The d—approximated processes). The processes fgé’i) are defined succes-
sively in the time intervals [ke ™24, (k 4+ 1)e~28], k > 0. We first distribute the variables Nj.1
as the increments of the Markov process (|&|):>0 starting from |£((]6’i) |. Given such variables we
use an induction procedure and suppose §](€i’,_2)6 = £ given. Then é’f‘s’_), t € [ke 26, (k+1)e20)
has the law of the process ¢ with generator Lo defined in starting from ¢ at time ke 26.
&
removing the Vj._ rightmost particles.

t(6’+), t € (ke 26,(k + 1)e28]], is defined as the independent random walk evolution

starting at time ke 28 from ¢: ¢ is obtained from & = £](€i’f2)5

the origin and then removing the Nj._ rightmost particles.

_25 1s then obtained from {?,H_l)g,gé by adding NNVj.; particles all at the origin and then

by adding N, particles all at



Thus in the §§5’i) processes births and deaths are concentrated at the times ke 2§, in
between such times the particles are independent random walks. While the analysis of the
true process (&)i>o is rather complex due to the non local nature of L,, the study of the

hydrodynamical limit for §t(6’i) is much simpler because the number of rightmost particles to
delete is macroscopic and becomes deterministic, the analysis will be carried out in the next
section.

We shall often use in the sequel the following explicit realization of the random walk
process (1¢)¢>0-

Definition 3.2 (The probability space (Q, Pp)). We set Qo = {wo = (tg,00)}, where t, =
(1.0, t2:0,--.), 09 = (01:0, 020, -..) are infinite sequences of increasing positive “times” ¢5,0 and
of symmetric “jumps”, op,0 = £1. (Qo, ) is the product of a Poisson process of intensity
2je for the increments of the time sequence £, and of a Bernoulli process with parameter 1/2
for the jump sequence g,.
Given ng € N and wy € Qo we define (n¢)¢>0, iteratively: we set ny = ny, , in the time
interval [th.0,th41:0), h > 0, (to,0 = 0) and define
" )t om0 i ng, +opp10>0
thito = .
b0 0 if Niy.o + opt10 < 0

It is readily seen that the law of (n¢):>0 as a process on (2o, Py) (for a given initial value
np) is the same as the Markov process of Theorem and hence of the particles’ number |&|
in our original process once ng = |£g|.

When realized on (o, Py), Ni+ = Ny +(wo,n0) (no the initial particles’ number) is the
number of times t.o € [ke 26, (k + 1)e 28] where o9 = 1 (which does not depend on ng) ,
while the number of times t € [ke =26, (k + 1)e 28] where 04,0 = —1 is an upper bound for
Ny — = Ni,_(wo,n0) as the values 05,0 = —1 do not produce a jump if Nty = 0 (hence the
dependence on ny).

Under the assumptions on the initial datum &, see Definition the process of adding
and removing particles becomes quite simple. For any integer k& > 0 define on g

BY(wo) = Y Loyo=t1 Liy oelhe26,(kt1)e-20] (3.4)
7

AR(@0) =D Loy g=—1 Loy oelhe26 (et 1)e-26) (3.5)
I

Bg and Ag are independent Poisson distributed variables with average e~156.
Definition 3.3 (Good sets). Given T' > 0 and v > 0 we define for any 0 and € positive

G = {wo € Qo |4 (wo) — €140 < €37 [ BO(wo) — € 1jo| < €73, kit ko < T} (3.6)

10



Theorem 3.2 (Reduction to Poisson variables). Given £ as in Definition T >0 and
v > 0 there is §* > 0 so that for any 6 < 6* and any € > 0 small enough the following holds.
For any wo € G (see (3.6)) ) and any k such that k6 < T,

Nig,—(wo, [€]) = AP (wo), Nie+(wo, [€]) = Bl (wo) (3.7)

where Nj +(wo, |£|)) denote the variables Ny + when realized on .
Finally, for any n there is ¢, so that

Py[G] > 1 — cpe” (3.8)
Proof. By Definition the initial number of particles |£| is bounded from below by
€ [ pinit —€e T4 > e 1C, C > 0. We choose §* := C/(24) and shall prove by induction that

for any d < 6* and all € small enough we have in G

1
N, > e 10— k27277, k<

Sl

, tp = ke 28

Suppose that the inequality holds for k and let us prove it for &+ 1. Since Nj _(wo, [¢]) <
A (wo)

ng > ny, — € 58— ez > e H(C —j6%) — (2k + 1)6_%_7, t € [th, thii]
which is strictly positive for any k < T'/6 if € is small enough. Thus (3.7]) holds and
1
Niyyy = i, — AR(wo) + Bp(wo) > nyy, —2e 277

because wy € G. This proves the induction hypothesis and for what seen in the proof, (3.7))
holds as well.

The variables A% (wp) and BY(wp), k < T/§, are independent Poisson variables with mean
¢~ 146 hence (3.8). O

Once restricted to G the processes fga’i), 0 <t < € 2T, become quite simple. The particles
move as independent random walks in the finitely many intervals [ke =2, (k + 1)e28], while
births and deaths at the times ke 2§ are “essentially deterministic” like in the d-approximated

evolutions St(&i) of Definition Such considerations are made precise in Section |4 where

6,£

we prove convergence of ft( B to S,F(S’i) (pinit) in the hydrodynamic limit.

4 Hydrodynamic limit for the approximating processes

The main result in this section is in Theorem below. It states that the J-approximate
processes f,fé’i) of Deﬁnition converge in the hydrodynamic limit to the evolutions St(é’i)()
of Definition 2.5

Here we exploit duality to prove convergence in a very strong form of the independent

system to the heat equation.
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For any fixed § and T' > 0, the processes §§§’i) , t < € 2T are obtained by alternating inde-
pendent random walk evolutions to cut and paste operations. The latter involve macroscopic
quantities and can be controlled by means of Theorem once we have the hydrodynamic
limit for the independent process. This is well studied and very detailed estimates are avail-
able but in the present case we have the extra difficulty that the initial configurations may
have a macroscopic occupation number at the origin £(0) ~ e~!. This is because in the the
cut and paste we actually paste ~ jde~! particles at the origin. This is not a case studied
in the literature (as far as we know) and indeed it affects greatly the decay of correlations in
the hydrodynamic limit.

As in our iterative procedure we have initial data with macroscopic occupation at the
origin, we may as well take more general initial conditions (than those in Definition with
macroscopic occupation at the origin, this will be actually useful in the sequel. Thus the
“macroscopic initial profile vg ” is here taken in U, namely it is the sum of a non negative
L% function plus ¢Dy, with ¢ either equal to 0 or to jd, we suppose that [vg = F(0;v9) > 0.
Analogously to for any € > 0 we choose the initial configuration &y so that

! a
zE[O,eHE%}EZ—H] Ag(x, &) — Ag(x,vo)‘ <e (4.1)

Theorem 4.1. Given any T > 0 for any 6 > 0 small enough, any k : k6 <T and any > 0

lim P(E)[ max |€Fe($;§,£i’_iz)5) — F(ex; Ség’i)(vo)ﬂ < C} =1 (4.2)

e—0 &0 z€[0,e7 1]
where vy and & are as above; Pg(;) as in Definition ' F and F; as in (2.1).

The theorem is proved at the end of the section, as we shall see stronger results actually
hold but what stated is what needed for Theorem [2.1l In the course of the proof we shall
introduce several positive parameters: b, a, a*, v: b should be close to 1 and the others close
to 0, for the sake of definiteness we take:

R 10" T 100 (4.3)

We prove the theorem only for the process §§6’_), the analysis of §§6’+) is similar and omitted.
The first step is a spatial discretization of the flow S,gg’_):

Definition 4.1 (The discrete evolution). Denote by pY(z,y), t > 0, z,y € [0,e"}], the
transition probability of a continuous time, simple symmetric random walk with reflections
at 0 and e~ ! (i.e. the random walker jumps by 41 with equal probability after an exponential
time of mean 1, the jumps which would lead outside [0,¢~!] are suppressed). For ¢ small
enough we define functions ug(x), = € [0,e"!] N Z, with the property that mass is conserved:
F(0;ug) = Fc(0;up) for all k. The definition is iterative, we set wug(x) := vg(ex); then
supposing that ug_1 has been already defined and that F.(0;ur_1) = Fc(0;up) we define wuy
as follows. We first call

up(z) = pla,yur1(y),  pla,y) = plas(z,y) (4.4)
)

12



u is then obtained from ug by adding particles at 0 and removing particles on the right. To
make this precise let Ry be an integer such that Fi(Ry; u%) > ¢ 158 while F.(Ry + 1; ug) <
€ 1j3. The existence of Ry, for § small enough follows from the assumption F,(0;ug) > ce™ !,
¢ > 0, observing that F.(0;u?) = F.(0;ug—1) = F.(0;up) by the inductive assumption and
F(0;up) = € 1F(0;vp). We then set vg(z) = ul(x) for z < R, vg(x) = 0 for z > Ry, and

’Uk(Rk) = FE(Rk,’U,g) — 671_]'(5

We can then finally define u; as
U = Vg + 671]'(510 (45)

where 1¢ is the Kronecker delta at 0. To complete the induction we observe that F(0;uy) =
€130+ F(0;v01), Fe(0;01) = FE(O;ug) — €146 so that F.(0;u) = F.(0; ug) = F.(0;u_1)-

In the next proposition we show that in (4.2)) we can replace S,(cg’_)(vo) by the sequence
u with a negligible error:

Proposition 4.2. In the same context as in Theorem [].1]

. . . (57_) —
lgr(l) xer[r(l)i)&] |eFe(x;up) — Fex; Si5 ' (vo))| =0 (4.6)

Proof. In this proof we shorthand by g(r,r’) the Green function G§*™(r,7’), r,7" € [0,1],
defined in (2.16]) and also write for brevity p(x,y) := pg,z 5(,y), as in Definition Let ug,
ug and Rj be as in Definition We define for any real r between 0 and e,

Di(r) =[S (vo) — j6Do](er)

Analogously to (L.6) we denote by Rj the real number in [0,e"!] such that ¢y (r) > 0 for
r < R and ¢(r) =0 for r > R;. We also call

VY(r) = jdg(er,0) + /01 dr'g(er, ripp_1 (")
so that .
R =i < B [ o) =lis
k
Claim. There are strictly positive constants C'+ which depend on § so that for all k,
O < <0y Co<u<Ci il <Oy
-1
Y -tz [R@ed- [ <o )
2€Z:xE[Ry e~ 1] z

The proof of the claim follows from classical estimates on random walks and Green func-
tions:

7 <g(rr') < NG 7 <p(z,y) < 7 (4.8)
G0 < S lpley) =y + )] < (S5



The crucial step in the proof of the proposition is the following statement:
There are & > 8 > 1 so that [ul(z) — ¥0(z)| < %ak, IRy — R| < Bok (4.9)

We prove (4.9) by induction. We thus suppose that it holds for £ — 1. Calling R} the largest
integer smaller or equal than Ry, and R},

[uR(x) — ()| < jole™ p(z,0) — g(ex, 0)]

e(y+1) 0 o
+ Y el - [ gt
y<Rp_4 i
Ry 1 eR,_, )
+ Y pedaw+ [ gl )
y=R;_ +1 eRp_y
We use the local central limit theorem to bound:
6562
‘p(fc,y) - eg(ex,ey)‘ <5 (4.10)
Thus
. ~Cr€
lup(z) — PR(z)] < jo=5 +max lup_1 (z) — PR ()]
e(y+1) 0 .
+ Y pewtaw - [ stennit @
y<Rk 1 €y
Co€
+27|Rk 1 — Ry_4|Cy
We write

A 0 1 0 2
[ sten i s ) — eqlen, ), ()] < coe
€y
and get using the induction assumption

. € o C2€
uf () — YR(2)| < jese + —=ak ! 4272

VY

6562

0

ﬁ k— 1C+
+e Hege? +C

Choosing a > 1+ jVdcs + 2¢2C1 B+ V6{c + C+ L}, we have

o~ 1(J\f05+1+2c26+6+\f{c6+c+6}) < S aoF

0
[ui (@) — ¥i(x) 7

€
=7
AS a consequence:
FL(z;u?) — Fu(z;90)] < (67 — 2+ 1)%0/6 (4.11)
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Recalling that ¢?(z) > C_ and ul(z) > C_ we get

\FE(R;;ug) —j5671| <Cy+ (671 — Rl + 1)—04’“

Sie

F.(R:ul) — F.(Ry;ud)| < 2C —i—e_l—e %
‘ ( k k) ( k k)|— + \/5
k

«
C_|Ry, — Ry| < |F(Ry;u) — Fe(Ry; up)| <20 + 7

which is smaller than Ba¥ if 8> C~1(2C, + 6~'/2), thus completing the proof of (&.9).
Using (4.11)) we then conclude the proof of the proposition, details are omitted.

O
The proof of Theorem is thus reduced to showing that: for all n so that nd < T,
hmP [ |Fe(x; 5(5_25) Fe(z;up)| < ¢ forall x € [0,671]] =1 (4.12)

which will be done in the sequel. Both sequences {gfi’;)d} and {u,} are determined by
alternating free evolution and a cut and paste procedure. We first study the free evolution
part proving that the independent random walk configuration 58,2 5 18 well approximated by
its average. Call Py and F¢ law and expectation of the independent process starting from &,
define for z € [0, e !]

w(z|€) = Eel€)25(x pr WEW),  pl@,y) =p og(@,y) (4.13)

with p? the transition probability used in Definition

Proposition 4.3. Let ¢* and a* be strictly positive and

Xpoge = {g el < ¢!, maxé(z) < e*“*} (4.14)
#£0
Then for any § € Xex o+
coc*

max w(x|f) < 4.15
max, () < 2 (1.15)

(co as in (4.8)). Moreover let c*, a* and b be strictly positive and such that

b

a* < 2’ b+a* <1 (4.16)

(a condition which is satisfied by the choice (&.3)). Let £ be the integer part of €= and Ay be
as in (2.5)), then for any integer n there is c,, so that

Pg[g s € Koo g ] >1- e (4.17)
Finally there is a constant ¢ so that
4
sup  Be[|An(z, £ 25) — Ao, w(:[€))]] < ce® (4.18)
r<e 1441
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Proof. For brevity in this proof we shall write w(x) instead of w(x|{). Recalling that p(z,y)
is defined in (4.4) and bounded in (4.8)), we have for any £ € X 4+

> p(@,v)Ely <= Z& 026 *e‘l (4.19)
)

hence (4.15)). The proof of (4.17) and (4.18]) uses in a crucial way duality:

Duality. Given ¢ € NON and a labeled configuration z = (w1, .., mp), n > 1, 2; € [0,e71],
we define

2) = [ [ due)(€(@)),  di(m) =m(m —1)---(m—k+1), do(m) =1 (4.20)

n

xZ «T) = Z ]—mi:m
i=1
di(m) are called Poisson polynomials. We then have:

E¢[D(&),z)] = Ex[D(¢,17)] (4.21)
where 2! is the independent random walks evolution.

e Proof of (4.17). Call z = (x1,..,z9x) with z; = x for all ¢ = 1,..,2k. Then by (4.21)) and
@.19)

Ee[dor (€2 25(2))] = El[Hdgg_z () (&0(@))] < B Hg JZe-25())
2k coel€|\ 2k ot 2k
- [;p@c,y)g(y)} s( 5 < (%) (4.22)

By (4.22) we have that for any k there is ¢} (independent of €) so that

zen[(l)aixl]Eg [{ as() ] <d (4.23)

Moreover by the Chebishev inequality and (4.22)

Pg[zerﬁ]zixl]ﬁ _ag5(x) < e_a*] >1—c,e" (4.24)

which proves (£.17) because [€% 4] = [¢] < e tc*.

To prove (4.18) we shall use again duality but also several maybe non totally straightfor-
ward algebraic manipulations. We start by expanding the product in the expectation:

B[ et €2) - Auta )] = 5 3 e[ T (6w — wa)] (4.25)
i=1

zeBy

where z € [0,¢ ! — £+ 1] and By = {z = (v1,..74) : 7; € [v, 2+ £ —1],i = 1,..,4}.
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Call Béi), 1 =1,2,3,4, the set of x € By such that there are ¢ mutually distinct sites. We
then have for 7 < 2:

4

i 30 1B TT (€ apt) — wla) |1 < et~ (126)

QGB?) i=1

as the expectation of products of 58_2 s(+) is bounded, which is proved using (4.23]).

We are thus left with the sum over x € Béi) with ¢ = 3,4. When i =4, z = (z1,..,24)
with the entries mutually distinct. Call o = (071, ..,04), 0; € {—1,1}, and |o|_ the number of
—1in o, then

4
[ (€es@i) —w(@) = ()D&l egi{zizos=1}) [ wlay) (4.27)

i=1 o jioj=—1

and using duality:

4
B[] (&025(@) —w(@)) =Y _pla.y) D (-DI- D& {yi s 0 = 1})
i=1 y P
xIL(&; {y; - 0j = —1})
(&5 {y; 105 = —1}) - H f Yj) (4.28)

J: Oj=—
Suppose there is a singleton h, namely such that vy, # y; for all j # h, then
> (D)ITDE s {yi s o = INI(E {y; 10 = —1}) =0 (4.29)

Indeed let o a sequence with o, = 1 and ¢’ the one obtained from o by changing only oy,
then

(_1)|0|_D(§S—25§ {yi:oi = 1IN {y) : 05 = —1})
= (=)D 5 {yi s 00 = 1,1 # WD {yn, vy 05 = —13)
= — (D7D i of = I {y; : o) = —1})

We have thus proved that calling X, . the set of all y with no singletons then

-

B[] | (€2-25(zi) — w(as))] = @a(a) (4.30)

1

)= > pz,y) Y (DD {yi o = IHI(E {y; 05 = —1})

EEXI’LS. o

-
Il

=

Dy (

(3,%)

A similar property holds also when z € B, which is the set of all x such that z1 = x9,

(3) (3»*))

x3 # x4,21 and x4 # x1 (modulo permutation of labels all z € B, are in B, . We write

(6) — (@) = (€@ — 1] - 20@EE) +w(@)’} + {66) — w(@) + ()
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Then analogously to (4.27)) but with z € va*),

4
H§ g(r) —w(x)) = Y (=)D {zn o =1} [] wlay)

oe{-1,1}4 jioj=—1
+ Y (YD froi =102 [ w(ey)
0=(02,03,04) j>2:05=—1
+w(r) Y (DD {ri o =123} [ w(zy)
o=(03,04) j>3i0;=—1
(4.31)
4
EE[H (58725(532') - w(xl))] = Oy(x) + P3(x2, 23, 24) + w(x1)Po(23, 24) (4.32)

=1

where

4
Oy(wg,x3,24) = Y [[p@sy) Y (DD {yi 0= 1,0 > 2})

(y2,y3,y4) EXn s, 1=2 02,03,04
&5 >2:05 =—1)

1
Oy(wg,za) = > [[p@ow) D, (DD {00 =1,i>3})

(Y3,Y4) EXn s, 1=3 o=(03,04)
xI(&j>3:0=—1)

with ®4(z) as in (4.30).
Going back to (4.25)), using (4.26]) and (4.15])

4 c 6
Eg[‘/lg(x,ﬁg,z&) — Ag(z,w)] } < 75+ max @i(z) + €(| max ®y(z)|
zeBl* zeB)
coc*
+ max D3(x0, 23, 24)| + — max Po(x3, ) 4.33
‘(mg,mg,m;l):distinct 3( 23 4)| \/g’(:vg,x4):distinct 2( 3 4)‘ ( )

Let us bound one by one the functions ®; starting from ®4. Recalling (4.30) the condition
Yy € Ans. is realized (modulo label permutations) in only two cases: (i) y1 = y2 # y3 = y4;

(i) y1 = ... = ya.

E(y1)€(ys), in case (i)

3(n)? — 66(y), i case (if) )

D DD i o0 = I {y; 2 05 = —1)) = {

[

so that from (4.8)) and since £ € Xy 4+

1y (2)| < (%)4(6(0*6—1)2 + 3(c*e—1)2) < ce? (4.35)

The condition (y2,ys3,y4) € Xys. in 3 implies yo = y3 = y4 and for such a y:

> ()D& i o =10 2 2PI(& 5 > 21 05 = —1) = 2(1a) (4.36)

0=(02,03,04)
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so that from (4.8) and since £ € Ao+ o

B3 (0, 73, 24)| < (%)32(0*51) < ce? (4.37)

Finally if (y3,y4) € Ans. then y3 = y4 and for such a y,

> ()D& {yioi =1, = 3PI(& =305 =—1) = —E(ys) <O (4.38)

o=(03,04)

Thus (4.18]) follows from (4.33) together with the above inequalities.
O

The cut and paste sequence of operations which appear in the definition of {ft(g’*), k< k*},

k* the largest integer such that 6k* < T, t;, = ke 29, is independent of the motion of the
particles so that we have a rather explicit expression for the law of the variables {ft(é’f),

k < k*}, see (4.42)) below. We first write (with & below the initial condition in Theorem {4.1))
p({ni k= 1,..,k°}) = P [Nk_lv_ =g Ny_14 =ni k< k:} (4.39)

where Ny, 1 are defined in (3.3)) and (3.2)), their law depends only on |p].
We also write

m(€16) = Pe[eas = €], lel =g, as. (4.40)

(¢? the independent random walk process). We finally denote by K (”_’"+)§ the configuration
obtained from ¢ by adding n' particles at 0 and then removing the n~ rightmost particles
(the definition requires that |{]| +n™ —n~ > 0, condition automatically satisfied below as the
variables n* are the increments of the particles’ number n;). Then, writing

B
Pl ) k=1, k] = p({nif b < kD) T 7€l )
k=1

&, == Kmomie) (4.41)
with nojE := 0, we have
0,— C. * *
PO =g k=1 kY = Y g g i e PInfel k< kY] (442)
i &9, k=1,..k*

By (3.8]) for any n there is ¢, so that

Z p({nf b <K} > 1 —cpe” (4.43)
{nki7 kil?vk*}eg

g = {niu k == ]., ..7]{3* : |n% _ 6_1j6| S 6_%_'7}

The strategy now is to fix {nj{t, k=1,.,k*} € G and prove estimates uniform in the choice
of {nf,k = 1,.,k*}, as the contribution to (4.2)) of the complement of G has negligible
probability. We have

max \5,(;2’__26] <ce !, forall {nf k=1,.,k'}€g (4.44)
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where ce~! > [&] 4+ 2k e 277

Recalling (4.41)) for notation and that w is defined in , having fixed {nk, =
1,.,k*} € G, see (4.43)), with nat =0, we call

= {52, k=1,.,k": kman max|./4g(x §k) Ap(x, w(-|€k—1)] < €%

[RAS}

max &l < (4.45)
Then by Proposition and (4.43) after using Chebishev with the fourth power,
P[{nf,gg, k=1,..,k"}egn C} > 1 — ce T — 1 _ (6/10 (4.46)

The proof of (4.12) continues by showing that in the set G N C, & (as defined in (4.41))) is
“close” to uy (as in Definition E More precisely call X and Ry the integers such that

F( Xy + 1;§k) < nk < F, (Xk,gk) F(Ry + 1;u2) <eljs < Fe(Rk;ug)
(see again Definition for notation). Then the analogue of (4.9) holds:

Proposition 4.4. There are o > 3 > 1 so that if {nf,fg, k=1,..k*} € GNC then for all
k=1, k*
max | Ay (z, €)) — Ag(z,ul)| < oFe, | X — Ry| < BaFette (4.47)
x

Proof. By
Aoz, ) — Ae(z, up)| < € + [Ae(e, up) — Ag(z, w(-[€—1)] (4.48)

Supposing for instance that Rx_1 < Xp_1 we get

(g 1) |—|pr WIgk-1(y) — wp ()]

< p(x,O)\nk_l —e sl +1 >0 pla )1 (y) —u_1 ()]

y<Rp_1

+p(, Re-) [y (Re-) +ug o (Re)]+ > plz,9)E)1(y)

Ry 1<y<Xp_1
(4.49)

By [.8)

p(z,0)|nj | — €156 < Zoema

We decompose the interval [1, R;_1 — 1] into consecutive intervals [z;, z/] of length ¢ with the
last interval which may have length < ¢ and get using (|4.8])

| Z p(xvy)[flg—l(y)_ug—l(ym

O0<y<Rr_1
* C9E€ *
s}j{p@c,zi e+ 3 (e z) — pla,y) 2+ 2202
2 <y<z}
626 71 k-1 _a C3€\2, —q* €€, _pq* k-1 _a —b—a*
< a" e + (—=)"2e Y 4+ —=2¢ < —=aF e 4 el
= Vs Vs \/3
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We also have eac
p(z, R—1)[)_1 (Re—1) + up_y (Ri—1)] S‘;EQE*“

By (4.8)) and (4.15)) and decomposing as before the interval [Ry—1 + 1, Xj—1] into consecutive
intervals of length £,

o pEwiaw< Y pay)w(ylés)
Ry 1<y<Xp_1 Ry _1<y<Xp_1

Y pa )& (y) — w(ylée-o)]]

Ry 1<y<Xk-—1

Co€ CQC Co€ k—1 a C3€. .9, _g* C€ | _p_g*
< X, R 1|+ —=|Xr_1 — Ri_1]a" " €* + (—)"2¢ + —2¢
\[\f|k1 k-1l \/g|k1 k-1l (\/3) 73
< C(€|Xk—1 — Rp_1| + El_b_a*)
By collecting the above bounds and using the induction hypothesis:
0 C2€ _1_ oFlea 1—b—a* | ©2 o 1-a* k—1_a
w(x|ér_1) — up(x §—627+ + 2ce + —2¢ + cBa” e
w(z[§e—1) — up()| 7 ﬂ 7 B
k—1 a(ci2 1l _y—qa 1-b—a*—a 672 1—a*—a)
< o' e €2 + +cO} + 2ce + 2¢
Vs N Vs
< ozk_le“< 2 +cB} + € C)
< {ﬁ 8}
where o’ = min{ —v—a,1 —b—a*—a,1—a* —a} > 0. Hence
Ao, &) — Al u)] < [+ " ({5 + e} + ¢ C)]
Vo
For ¢ small enough Ce? < 1,
|Ag(, €)) — Ag(z,ul)| < e, a=2+ {\[ +cf} (4.50)
By (4.50))
Fulw;€0) — Fu(aud)] < (7! — w)aket + 20 (4.51)

hence, recalling (4.7)),

e(figiuy) —goe 7| < Oy, e\ AL; —Joe fﬁ_*+€_%_ = €3

F.(Rp;uld) —jde | < Cy,  |F(Xp; €)) — joe | < e @ T <22

F, Xk;uo —j5€71 < 267%77—% F, Xk;uo — Fo(Xg; N < 267%7’y+6 Irapk 4 9eb
k k k

C_|Ry — Xi| < |Fo(Rp;ud) — Fo(Xp;ul)| < Cy + 272 e Magh 4 4 oemba”

which proves (#.47) with 8 = C~1(5 + C4). O

Proof of Theorem We need to prove (4.12)). By (4.46]) we can reduce to configurations
in G NC and want to prove that in such a set

lim max €|F(z;&) — Fe(z;ug)| =0 (4.52)

e—~0zel0,e71]

21



Let us suppose for the sake of definiteness that R, < Xj. Then for x < Ry,

Ri—1
ol &) — Fulwu) | < | 30 (€0 — )| + 5" &+
y=z y=Rg

Calling R;, < Ry, the largest integer so that Rj — x is a multiple integer of ¢, we get from
(4.47):

’ Z (€0 — u?) ‘ (Rp — 2)abe? 420" b < ke 1+1/20 | 9—1+1/10-1/100

Call X}, the smallest integer > X}, such that X, — Ry, is a multiple integer of ¢, then
X

Y@ <X - Rk’<%+€)”€ “ <efe Y < 20

Analogous bounds hold for x > Ry, and (4.52)) then follows. O

y=Ry

5 Realization of the process

Following [I3] we introduce a graphical construction of the process. It is also convenient to
enlarge the physical space [0, e1] by adding two extra sites {—1, e~ '+1} so that configurations
¢ are functions on [—1,e~! + 1]. We denote by X the subset of all configurations ¢ such that
£(—1) = oo while £(x) is finite for all x € [0,e! + 1] By default in the sequel ¢ denotes
elements of X, thus ¢ is determined by its values for x > (0. Physical configurations are
recovered by restricting £ to [0, ¢1]. We shall often work in the sequel with labeled particles:

Definition 5.1 (Ordered configurations in the enlarged space). We denote by X°™ the space
of ordered sequences x = (21,22, ..,Tn,..), T; > Tir1, with values on [—1,e~! + 1], such that
there are finitely many entries with x; > 0, their number is denoted by N (z), so that x; = —1
for i > N(z) and z; > 0 for i < N(z). We also define M (z) as the largest integer n such that
r, = e ! 4+ 1. To each z we associate the configuration &, € X

= 1y forallzef0,e!'+1], &(-1)=o0 (5.1)
i>1

Viceversa, given any { € X we define z, by labeling the particles of § consecutively starting
from the right. Finally, given a sequence y with finitely many entries in [0,e~! + 1], say
Yiy ---Yip,» its re-ordering is the sequence z where z1 is the largest element in Yiy---Yip,, T2 the
second largest and so on; z, = —1 forn > k + 1.

We shall be exploiting the fact that the physically relevant quantities are the unlabeled
configurations and we are therefore free to label the particles as we like.
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Definition 5.2 (The probability space (€2, P)). We set

o=][wu P=]]r

120 >0

where ; = {w; = (¢;,0;)}, t; = (t1;4, t2y,...) are infinite sequences of increasing positive
“times” ty,; and g; = (015,02, ...) infinite sequences of symmetric “jumps”, oy; = £1. For
1 > 1 P; is the product probability law of a Poisson process of intensity 1 for the time sequences
t; and of a Bernoulli process with parameter 1/2 for the jump sequences g;. (o, Pp) is the
probability space introduced in Definition [3.2]

Graphical representation. For each label i > 0 we draw a vertical time axis R4 (called the
i-th time axis) and on each of them we put “marks” (with values +) as described below. For
any element w; € ;, i > 1, we draw on the i-th time axis a sequence of arrows, at heights
tr pointing to right or left if oy, = £1 respectively (the oy.; are called marks). The marks
on the 0-time axis are specified by wg: they are + or — crosses which are put at the times
tr.0 with £ being the value of 0}.0. To each arrow we associate a displacement operator and
to each cross a creation or annihilation operator. Roughly speaking an arrow on the ¢-th axis
indicates the displacement at that time of the i-th particle, provided it is in [0, '] before and
after the displacement (otherwise the displacement is canceled). The creation operator moves
a particle from —1 to 0, while the annihilation operator takes to e ! +1 the rightmost particle
in [0,e!] (if such a particle exists, otherwise the operation aborts). The precise definitions
are given below:

Definition 5.3. Creation, annihilation and displacement operators on X°*4, denoted respec-
tively by ag and a;t, i>1.

e Let ¢ > 1. Then aiig =x, x € Xord, if z;, = —1 or if z; = ¢! + 1. If instead
x; € [0, Y] then aiig is the re-ordering (see Deﬁnition of y where y; = x; for j # i
and y; = x; £ 1if 2; £ 1 € [0,¢7!] while y; = ; if 2, £ 1 ¢ [0,e71].

e ajz =: y* is defined as follows: y;“ =zxj for j # k = N(z) + 1 and yr, = 0, (see

Definition . Thus N(ajz) = N(z) + 1.

e ayz =:y~ is defined as follows: y~ =z if N(z) = M(z) (i.e. no z; € [0,¢!]), otherwise

let m := M(x) +1 < N(z), so that x,, € [0,e"!]. Then y,, = ¢! + 1; while y; =
for j # m; thus N(ayz) = N(z) and M(agz) = M(z) + 1.

The enlarged space has been introduced to make simpler the proof of the inequalities of the
next section, but in the end what is relevant is the restriction z N[0, €71] of the configuration
to the physical space. To this end we shall use the following lemma:

Lemma 5.1. Let z and 2’ be such that N(z) = N(2') and M(z) = M(2') then
N(afz) = N(al2'); M(alx) = M(al2');  for anyi >0 and any af (5.2)

)

N(afz) = N(z); M(ajz) = M(x); for any i >1 and any af (5.3)
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and for any sequence a?;j, j=1..n,
n o n o n n o
w(fTae) =3 (Teton). a(flase) - a(ltos) o
j=1 j=1 j=1 j=1

Proof. afz, ¢ > 1, differs from z only if z; € [0, ¢7!] and in such a case it is obtained by
rearranging the particles in 2 N [0,e!], hence . Thus is a consequence of for
i > 1. Wheni = 0, aj z increases N(-) by 1 leavmg M( ) unchanged. agz = zif N(z) = M(x)
while if N(z) > M(z) then M(agz) = M(z)+ 1, N(agz) = N(x). follows by applying

repeatedly ([5.2)).
O

Definition 5.4. Fix ¢ > 0. Then with P probability 1 ¢, N [0,¢] has finitely many elements
which are all mutually distinct. We define

Ct(w()) = card {tlc,O Ety:tgo <t oo = +} (5.5)

and given z € X' let n > Cy(wp) + N(z). Thus it is well defined (with P probability 1) the
sequence t = (t1,..,t;), 0 < t; < tj11 <t of all times t,; € [0,¢], k> 1,7 =0,..,n. We call i;,
Jj =1, ...k, the label of the time axis to which ¢; belongs and o; the corresponding + mark.

Definition 5.5 (The time flows). T(z,w) and Tj(z,w), t > 0, z € XY and w € Q, are
defined (P almost surely) as follows. Let ¢ be as in the previous definition, then using the

same notation,
k k

T(z,w) = [[(@7) >0z,  Tiz,w) =]]e7z (5.6)

=1 i=1

To define T](V(S ,)2( w), N a positive integer, we split ¢ (defined as in Definition with
t — Née2)in N groups: t™M, ... t(N) where t™") =t N [(h — 1)e~26, he 5] (with P probability

1 we may suppose that all such times are mutually distinct). We then set

(6.-) A R - S O
1 (@) = TL{TT@ )= [Tl ) }e (57)
h=1 i=1 i=1
N k k
T](\;S(;j_)Q([L‘ OJ) = H {ﬁ(as'gh))li>0 ﬂ(a?ih))lizo }E (58)
h=1 =1 i=1

We finally define Tt(é’_)(g, w), t € (N —1)e 28, Ne=25) by dropping from the product in (5.7)
all operators of the last group with t(N) > t, 1 > 1, as well as all the creation-annihilation
operators of tV). Also for T](V(S ,)2( w), t € (N —1)e 25, Ne26) we drop from the product

in (5.8) all operators of the last group with th) > t, i > 1, but we retain the creation-
annihilation operators of t(V).
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In other words in T](\;S(’SE_)Q
time (N — 1)de~2, while in T](\i’sz_)g they occur at time Nde~2, thus the above rule for defining

Tt(a’i)(g,w) means that we drop all the operators which appear at times larger than ¢.

the creation-annihilation operators of the N-th group occur all at

It is easy to see that the marginal over unlabeled configurations of each one of the processes
(T (z,w), Ty(z,w), Tt(é’i)(g, w)} has the law respectively of the free process £, the interacting
process & and the auxiliary processes §t(5’i). It also follows from (5.4)) that

N(TOE (2.w) = N(Tpe2g(z,w)), M(TOL) (2,0)) = M(Tye25(zw))  (5.9)
X1 X3 X3 X3 X5 Xg X; Xg Xg .. 0 1 2 3 4 5 6

‘ 54221 1-4-1-1.. 1t 22 oo

|5T2210-|i-:1-i 0.0.8.1.0.0

| ‘5 zl 2 Il 0 01 1 .......... Q ..... : [ ]
| T [ I I R L 1ol

|54z1100-}-1 %80 ®

I 7 T 21100 1 a. ::Q ®
JHHLT | e

‘ 74211100-1. | : _________ e @

time

Figure 1: Graphical construction of the flow T; (left panel) and of the process with generator
(right panel) for a system of size e~ = 6. The legend for the left panel is as follows: continuous vertical
line denotes the clocks of the particles involved in the dynamics; the clock of the boundaries is that on
the left; the clock that rings first is depicted with a bold line with color red if it has associated a jump
+1 and color black if corresponds to a jump —1. After jumps particles are re-ordered (if needed). On
the right panel the motion in the physical space [0, 6] is displayed.

6 Mass transport inequalities

In this section we introduce a partial order among measures based on moving mass to the
right, we are evidently in the context of mass transport theory from where we are borrowing
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the notions used in this section. We work first in the space of particle configurations ¢
regarding £ as a distribution of masses and then in the space U, considering u € U as a mass
density (which may have a Dirac delta at 0), the notions are the same except for a change of
language.

The main goal is to prove inequalities between &; and the auxiliary processes fgg’i) (recall
that the hydrodynamic limit of the latter is known since Section [4)) and then derive analogous
inequalities for St((s’i)(u) and their limit as 6 — 0.

We tacitly suppose in the sequel that the configurations £ are in X as specified in the
beginning of Section

Definition 6.1 (Partial order). For any &,& € X, we say that £ < ¢ iff

F(x;6) < Fo(2;¢) forallz €[0,e 1 4+1]. (6.1)

Observe that £ < ¢’ has not the usual meaning, i.e. {(x) < &'(x) for all z ! The notion of
order has rather to be interpreted in the sense of “the interfaces” Fe(x;8) = >_ 5, &(y), see
Definition and Figure 2 for a visual illustration. One can easily check that the above “<”
relation has indeed all the properties of a partial order. Same considerations apply to the
case of continuous mass distributions as in where the notion is well known and much
used in mass transport theory.

The equivalence with the previous statement about moving mass to the right is established
next. We first introduce a partial order in A by saying that z < 2’ iff 2; < 2/ for all i.
Since there is a one-to-one correspondence between X (see Definition and X°'d this
defines a priori a new order in X, but the two orders are the same as proved in the following
Proposition.

Proposition 6.1. The conditions: (1) £ <¢&'; (2) xz <z (see Deﬁm’tion are equiva-
lent. Moreover, let x = (21, .., ) and 2’ = (2, .., z},) be sequences with values in [0,e ! +1]
then & < & (see (0.1)) iff n > m and there is a one to one map i; from {1,..,m} into
{1,..,n} so that :c;-j >z forallj=1,..,m

Proof. Equivalence of (1) and (2). Shorthand z = z¢, 2’ = z.
Suppose (2) holds, then

Zlm>w<21x>x— V() forallz >0 (6.2)
i>1 1>1
hence (2) = (1).

Suppose (1) holds and let = (z1,..,2p) and 2’ = (2, ..,2)). Then n > m because
otherwise F¢(0;&) > F¢(0;&’). We also have that =; < x} for i« < m: suppose by contradiction
that z;, > ) then F(xy; &) > k while Fi(x; &) < k, hence the contradiction. Thus (1) = (2).

Let 2 = (x1,..,2,) and 2’ = (2, ..,2},) be sequences with values in [0,e~! + 1] such that
n > m and with a one to one map i; as in the text of the proposition. Then

Fe(;62) 21x>x<213y o < Fe(r:6w) (6.3)

j>1 j>1
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Figure 2: An example of two particle configurations (£,&’) related by the inequality £ < & for
e~1 = 10. Note that for the sites z € {1,2,8,9} one has £(x) > ¢/(x). However the interface of ¢ is
below the interface of &’ for all = € [0, 10].

hence & < &y. To prove the converse statement we suppose that z = (z1,..,2,) and
z' = (z1,..,2;,) are such that § := & < ¢ = {y. Then y := 2, <y =z, and there are
one to one maps ¢; : {1,..,m} onto itself and 6} : {1,..,n} onto itself so that y,, = x; and
x},h =1y;. Then z; < l‘;-j with i; = Elgj.

]

As a corollary we have
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Lemma 6.2. If x < 2’ then

(6.4)
"if N(z) <N(z') agz <z’ if M(z)<M()

Proof. The inequality z < a(jfg’ holds trivially because a(jfg’ does not decrease the entries of
/. Let us next consider the other inequalities involving aj . Let k = N(z)+1, then y := ajz
has yj, = 0, while zj, = —1 (all the other entries are unchanged). If N(z') > N(z) then z}, > 0
and the last inequality in is satisfied. If N(z') = N(z) then 2}, = —1 but y; = 0, where
y' = a2, hence the first equality in (6.4)).

Let us next consider ay. If M(z) = N(z) then ayz = x and therefore is < 2/ < ag2’.
Let then m = M(z) + 1 < N(z). Then y := agz has y,, = ¢ 1 + 1. If M(2/) > M(z), then
z, = e 1+ 1. If instead M (z') = M(z) then x,,, <z, hence 2/, € [0,e 1] and ¥/ = ay 2’ has
Y, =+ 1. -

Let next y = az?tg and 3/ = af@’ with ¢ > 1 and for the sake of definiteness let us just
consider the + case. y = z if i < M(z) and i > N(z). In the former case 2} = ¢ ' + 1
is also unchanged, in the latter z; = —1 and again the inequality holds trivially. Let us
then suppose that M(z) < ¢ < N(z) and suppose that this holds as well for z’ (otherwise
zi =€ 1+1). Then min{z; +1,e '} < min{a}+1, e 1} hence the desired inequality applying
the last statement in Proposition [6.1 O

As already mentioned we ultimately need inequalities for the restrictions z N[0, e~!] of the
configurations to the physical space. We shall use the following simple observation:

Lemma 6.3. If x < 2’ then N(z) < N(z') and M(z) < M(z'), however (x N [0,e7!]) <
(' N [0,e71)) requires that M (z) = M(z'). In particular if x < z':

(@n[0,e7Y]) < @' N[0,e71) if N(z)=N(2'), M(z)=M() (6.5)
Definition 6.2 (Stochastic order). A process (& )¢>0 is stochastically smaller than a process

(&})t>0, writing in short & < & (stochastically), if they can be both realized on a same space
where the inequality holds pointwise almost surely.

We shall prove stochastic order by realizing the processes on the same space (€, P) of
Definition [5.2]

Definition 6.3. A map f: X°"d — X" preserves order if z < 2/ implies f(z) < f(a).

The first inequality in (6.4]) proves that all the maps a;t preserve order and since all the
flows have been defined in terms of products of such maps:

Theorem 6.4 (Stochastic inequalities). All the maps Trgi’jfg(s(-,w), T(-,w) and Ti(-,w), pre-
serve order.

To compare the flows Tt(é’i) and T; we shall use the following lemma:
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Lemma 6.5. Leti > 1, then
ay’al’z < al'al’z (6.6)

Proof. Let o9 = +. Call y = ag z, then by the second inequality in (6.4), z < y. Since
aj* preserves order: aj‘z < aj'y and since N(y) = N(z) + 1 we have (having used the

third inequality in (6.4). Let o9 = —. Call y = agy z, then by the second inequality in (6.4)),
2z < y. Since a]’ preserves order: aj'z < aj y and since M(y) = M(z) + 1 we have again
(6.6) (having used the fourth 1nequahty in (6.4)). O

Corollary 6.6. Let {(ij,0;)} a sequence of n > 1 pairs with i; > 0, o; € {+,—}. An
exchange at (h,h + 1), h+1 < n, is the new sequence {(i},0})} where (i}, 0%) = (ij,0;) for
J # h,h+1 and (i}, 0}) = (ih+1, Oht1)s (Zh+17 0h41) = (in,on). We then say that an exchange
at (hyh+ 1) is “allowed” if i, = 0 and ip11 > 0.

Then if 7 is a permutation obtained by applying repeatedly allowed exchanges starting from

{(ij,04)} so that the final sequence is {(ir(;), on(j))}

n n
I | 93 | I I )
aij]g 71'(]]) (6'7)
j=1 j=1

Call {(a;,0;)} the sequence associated to Tr(,i’igé(g,w) and {(a},07%)} the one associated

to T( ,225( w), § = kd’: then the latter is obtained by repeated allowed exchanges from the
former hence

(z,w) < T (2, w)

(6.-)
T 6

,26
Also the sequence {( aj, o)} associated to T,.—25(z,w) is obtained by repeated allowed ex-
changes from {(a},07%)}, hence

& -
T7§L6_225(£7 w) < Tme*%(gﬂ"})

The sequence {(a}’,0%")} associated to T}, (6 ,225 (z,w) is obtained by repeated allowed exchanges
from {(a”,0”)}, hence

45,95
&’
Tpe—25 < T( Ltzs(:c w)

Finally the sequence {(aj,o7)} associated to T( _3 s(x,w) is obtained by repeated allowed

exchanges from {(a’,07")}, hence

) (z,w) < T(5 ) (z,w)

me—2§ €26

We have thus proved:

Theorem 6.7 (Stochastic inequalities). Denotmg by § _2 5 and §§6’i) the configurations

o ) (@) and &,y o) restricted to x € [0, €] we have for any 6 = k&', k a positive integer,
7n5_ 5

5535*26 < éy(nefhs < 5m6—26 < 6 —25 < 552:925 (68)
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Proof. We have already proved the inequality for the configurations on [—1,e~! + 1], thus

the proof of follows from (6.5)) and (5.9). O

The theorem has its continuum analogue which can be proved directly, see Section 4 of
[3], but it can also be deduced from Theorem as we shall see.

Theorem 6.8 (Macroscopic inequalities). Let u € L>®([0,1],Ry), F(0;u) > 0. Let § : jo <
F(0;u) and 0" such that § = k&' with k a positive integer. Then

SO ) < S0 < g0 < g0 (6.9)
Moreover the maps K©), G}« and St(a’i) on Us, see (2.14)), preserve order.

Proof. follows from and (4.2). Proof that K@y < KOy, u,v e Us. We have
K((S)u - K((S)U = (CU - C’U)DO + (pu - pU)ITSR,;(u) - p’U]-R,;(u)<T§R5(v)

where Rs(w) : F(Rs(w);w) = jé. Hence

(6) (®) oty
F(T; K u) - F(T’; K U) = (F(T; U) - F(T; U)) 1r§R5(u) - 17">R5(u)/ py(’l“ )

which is therefore < 0.
The property that G}“"™x preserves the order is inherited from the same property for the
independent flow 7. As a consequence of the two previous statements we have that also

Sfé’i) preserves the order (see the definition in (2.14))). O

7 Regularity properties of the barriers

In this section we shall prove some regularity properties of the barriers St(é’i) (u), u €
L>([0,1],Ry), F(0;u) > j6 (the barriers are defined in Definition [2.5)).

By the smoothness of GP*"™(r,r"), t > 0, it is easy to prove that for any n > 0, ST(L%’JF) (u)
is in C'*° while ng’_)(u) is equal to joDg plus a function which is C'*° in the interior of its
support. Such a smoothness however, being inherited from G35, depends on ¢, while we
want properties which hold uniformly as 6 — 0.

The properties of the Green functions that we use in this section are:

neum / neum / ./ C(l + \/E) d neum / c
e < = — < - .
Gt (T,’I”) Gt (T,T‘)_ \/7? ) |ert (T7T)| = ¢ (7 1)
/ dr' G (') = 1 (7.2)
/ dr' G5 (r,r') < V2e XU x>0 (7.3)
[r'—r|>X
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(7.3) is proved by writing
e—(r=r")?/(2t)
/ dr' G (r, 1) < / dr'Gy(r,r'),  Gi(r,r') = ——=—=—
[r/—r|>X [r'—r|>X 2t
and then bounding
o2/ (41)

VAart

Such bounds are verified also by the Green function for the Neumann problem in [0, ¢] for
any £ > 0 and £ = oo as well, so that the analysis in this section extends to all such cases.
Observe that if £ is finite and positive the bound on the derivative is much better:

/ dr'Gy(r,r") < €_X2/(4t)\f2/dr
[r'—r|>X

Ce—bt

t )

Ghewm ;. 0)‘ < b>0,¢>0

‘i
dr
but we shall only use (7.1)), (7.2) and (7.3) to have what follows valid also in the spatial
domain [0, 00).

The main results in this section are:

Theorem 7.1 (Space and time equicontinuity). Let v € L*([0,1],R4), F(0;u) > 0. Then

o F(0; Sg‘s’i) (u)) = F(0;u) for all § > 0 such that F(0;u) > j§ and all t =nd, n € N.
e There is a constant ¢ so that for any § > 0: F(0;u) > jo

(6,4) < J+|uflee  forallt € 6N, t <1
1567 (oo _C{ j+ FO;u) forallt€dN, t>1 (7.4)

Same bounds hold for {St((s’_)(u) —jDo}.
e Guwen any time o > 0 the following holds. For any ¢ > 0 there are 7¢ > 0 and d¢ > 0 so

that for any 0 € (0,0): F(0;u) > j, for anyt > o in ON, for anyt’ € 6N, t' € (t,t+7¢)
and for any r and v’ such that |r —r'| < d¢,

1S @) (r) = SO W) < ¢, 1S9 () (r) = SO ) (r) < ¢ (75)
e For all 6 > 0 such that F(0;u) > jo and all t > 0 in 6N

F(0: 180 () = 57 (w)]) < 456 (7.6)

Proof.

. F(O;St(a’i)(u)) = F(0;u) because by (7.2) GE®™ preserves the mass, as well as K(9),
by its very definition, see (2.15])).

e Proof of (7.4). Let t = nd, n a positive integer, then

S w)(r) < / dr' G (r, 1) S () (1) + J6GE (1, 0)
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The inequality is because we are not taking into account the “loss part” in the action of K ().
Iterating we get for s = md, m < n a non negative integer,

S(5+ /dT‘ Gneum )5(5 +) + jé Z neum r,0 (77)

Let ng be the smallest integer such that dns > 1 and suppose that in t < dngs and s = 0.
By (7.2) the integral in is bounded by ||u|/« whereas by the sum is bounded by
d'jv/né < ¢'j. Thus is proved for t < 1.

Let us next take ¢t = dns and s = 0 in . Then using we bound the integral
in by ¢ F(0;u)(0ns)~ /2 < ¢F(0;u). As before the last term in is bounded by
c"jv/dns < 2¢"j so that (we may suppose ¢ < 2¢”)

1S (@)l < 26" (F(05) + )
By the same argument for any integer k£ > 1
s, . .
[Smis (Wl < 26 (0: 5615, () + 5} = 26" (F(0:) + ) (7.8)

the last equality because we have already proved that mass is conserved. Thus ([7.4]) is proved
for t € (0ns)N. Let now m = kns and kns < n < (k+1)ns k a positive integer. The last term

in (7.7) is bounded again by 2¢”j, whereas the integral is smaller than HS,(C?T?( )||oo- Thus

(7.4) follows from (7.8]) when ¢ > 1.
We next prove the analogue of (7.4) for

p) = 8 () = j6Dy,  t>0€ 0N (7.9)
Let t =nd, s =md, n > m in N, just as before. Recalling the definition ([7.9)), we have
51_ neum 67_ - neum 5
Py = KOG 5((,1,1))5@0)] —J0Do = 1p0 g G5 [pg ))5 +jdDo]

where 1y p) is the characteristic function of the set [0, ] and R is such that

/R G [0+ 5D () = 48
Then
o7 (1) = Lo<r (JIGE(r,0) + G5 5 07 (1)
< JEGREM (1, 0) 4 GO pg‘s })5( ) (7.10)

After iterating ([7.10)) we get
t(s’ ) <46 Z Grs™™(r /dr’G?f‘;m(r, r')pg‘57_)(r’) (7.11)

which has the same structure as ([7.7). The analysis after ([7.7)) extends to the present case
and yields the proof of (|7.4)) for pt5’_

The proof of (7.5 and ([7.6)) will be given after the following lemma.
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Lemma 7.2. There is a constant ¢ so that the following holds. For all § > 0 such that
F(0;u) > jo and for all0 < s <t, s,t € 0N, t —s < 1, we write

wdP(r) = / dr' G2 (r, ) SCH () (1), oG = 80 (w) — w (7.12)
Then | /‘
d, d, r—
sup iy (r) —w ()] < ellulloo (7.13)
r,r'€(0,1]
F(O; 105 < 25t —5), [0 oo < cjvE—s (7.14)
Proof. By (7.4) and the second inequality in ([7.1]) we get
(6, d, neum neum T/ - TH
0l ) — w0 < 180D @)l [ 632 - G, ) de < e

which proves (|7.13]).

We already have an upper bound for S((S Jr)( )(r) as given by (7.7) and want to find a
lower bound. We first define for any 7 € 6N

o) = LarSE@0), Re [ o0) = (7.15)
By (7.4)
[Pl <€, € =c(j + llull) (7.16)

By neglecting the contribution of jDg we get:

S, neum d, 1
SO (u) > Gaenm 4 (5(7? (u) — ”Q&)

t

and by iteration:

S () > Gy 5§ (u Z Gl uf)

Combining the upper and the lower bound and recalling (|7

6 6 neum neum neum
8P = 150 () — Gy r<ZGnk>5*vk5+yézG (7.17)
By (7.15) and (7.1)

n

|32 Gl vis oo < cJVoVR=m = cjvi=s

k=m+1

and by ([7.1))
138 37 G (1, 0)lloo < cjVoVn —m = ejv/i—s
k=1
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so that HUS,;H loo < ¢jv/t — s and the second inequality in ((7.14]) is proved. To prove the first
one we use (7.17), (7.12]) and (7.2)) to write

n—1
F(O0s oy 1) < ot — )+ F(0: D Gpeys vy ) < 250(t = s)
k=m

which concludes the proof of ([7.14]).

We resume the proof of Theorem by proving:

e Proof of the first inequality in (7.5) (space equicontinuity). Recalling that 6 < o we
may suppose (with no loss of generality) that

(<2dVo -6, d:=c(j+]uls) (7.18)
with ¢ the constant in (7.13)—(7.14). Then, given any such ¢ > 0, we must find d¢ > 0 so that
sup |5 (w)(r) = 5" () < ¢, tedN 20 (7.19)
|r—r'|<d¢
By (713) and (7.19)
-
158 (wy(r) = SO (u) ()| < c/|7; — L dviTs (7.20)

We shall prove (7.19) with

1 1
d¢ < ¢% min {40/(20/)2 ; 720)? } (7.21)
where ¢ is a constant which will be specified later.

We first consider the case when (2¢/)25 < (2. We then choose s < t as the smallest time
in 6N such that 2¢/\/t —s < (. Since t — s = kd, for s to exist it must be that (2¢')%6 < ¢?
which is indeed the case presently considered. On the other hand by , s > 0. Then, by
the minimality of s, 2¢/v/t — s + 0 > ( so that

C2

2Nt —s)>t— >
(t—s)>t s+5_(2c,)2

By choosing d¢ as in (7.21]) the first term on the right hand side of (7.20]) is bounded by

22/2
,22d)

CQ d<<*

2

hence |5\ (u)(r) — 5O (w) ()| < ¢.
It remains to consider the case when (2¢/)2§ > (2. Observe that

SO () = GEF x (joDo +v), v = LecSF () (7.22)
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where R is such that fR 5(5 ) (u) = jo. Hence by (7.1)) the space-derivative of S§6’+)(u)(r) is
bounded by

C//

5
with ¢ = ¢(j6 + F(0;u)), having used that F(0; Ss(é’ﬂ(u)) = F(0;u).
By (7.21]) we then get

S (6 + F(0; 527 (u))) =

2
S w0 = S < e | < ) e < ¢ (72

e Proof of the second inequality in (7.5) (time equicontinuity). Let ¢/ > ¢ > o, t' —t < 1.
Then by (7.17)) with ¢ — ¢’ and s — ¢,

6 neum 6:
1S90 (w) — G« S (w)|

IN

Z Gnneunlg) 5 * Uk;(S + j5 Z Gneum
< C]\/t/ —t

Hence calling ¢’ = (/4 and with C' > ||LS’,5(6’+)(U)HOO (see (7.4)),

185 ) (r) — 89D () (r)] < / CEREm (Y i’ 1 ¢! cj /T

rir—r'|>d
We choose 7¢ = a(®, a a positive constant whose value will be specified later. If § > 7¢ there

isno t': t <t <t+ 7 and the second inequality in ([7.5) is automatically satisfied. Let then
d < 7¢. We choose a so that c¢j/a¢* < ¢’. By the decay properties of the Green function, see

3.

—cd?, /(4
/ mews () dy” < /e o/ (00
[r—r'|>ds

Since d¢ = c¢? (see the proof of space continuity) for a small enough the above integral is
< (" as well.

We shall resume the proof of Theorem after the following lemma:
Lemma 7.3. Let u and v be both in Uy, see , then

F((); IK®)y — K<5>v|) < F(o; lu — v|>, F(o; IK®)y — uy) <2j8 (7.24)

Proof. Supposing Rs(u) > Rs(v), see )

Rs(v) Ry (u)
F<0;\K(5)u—K(5)v1) = / \u—v\—i—/ u
0 Rs(v)

= F<0;|u—v|)+/ (u—|u—v|)—/ lu — |
Rs(v) Rs(u)
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We have
00 00 o0 Rs(u)
[zl [ wewi=gs- [ e= [

Rg(u) Rg(u) Rs (u) R(;(U)
so that

F(O; |K @)y — K(‘S)v|) < F(O; lu — U|) - /RR;(:)(U —u+lu—vf) < F<0; lu — U|)
5(v

The second inequality in ((7.24)) follows because
K(‘S)u —u= j(SD() — 1r>R5(u)u

O]

e Proof of (7.6). The proof is actually a corollary of Lemma and the maximum
principle
F(O; |GE™ x u — G % v) < F(O; lu — v|)

Shorthand G for the operator G5°"™x and
¢:=K9G. .. KOGy, ¥ i=GK®...GKO)y
so that we need to bound the total variation of ¢ — . Call
v:K((S)u, vn:GK(‘S)---Gv, u, = GKYW ... Gu

Thus u, and v, are obtained by applying G(K )G to u and respectively v. Since
G(K® @)™ is a contraction we get, using (7.24),

F(0; | — o)) F(0; | K@y, — vy]) < F(0; KOy — wn]) + F(0; [vn, — un))

<
< 250 4 |vp —uplt <256+ |u—v]p <456

The proof of Theorem [7.1]is concluded.

In the proof of Theorem [2.5] we shall use the following Lemma.

Lemma 7.4. Let 0 > 0. Then there is ¢ > 0 such that, for any § and for anyt € 6N, t > o,

150 (u)(r) — S5 () ()] < emax{|r —+'[3, v/} (7.25)

Proof. It is clearly sufficient to bound the left hand side of (7.25) when |r — 7/| and ¢ are
such that:
26 < o, or —r'[?P < o

We first consider the case when |r — 1/|?/3 > §. We then have

r =723 &
1< < —--1
- ) )
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Then there exists a positive integer k* such that £*§ < o and

‘7“ o 7“/’2/3 <1t < ‘7“ _ 7“/’2/3
) - T )

We then apply (7.20) with s =t — k*0 getting

15 (w) (r) = SO (w) ()| < c/<|7“—7“' V34— |23 + 5) < d(14+V2)lr—'|V/* (7.26)

Suppose next |r — /|>/3 < §. Choose s =t — § then (7.20)) gives:

+1

\st(‘*“ (u)(r) = S (W) (") < 2V (7.27)
so that ( - ) follows from and (| - O

We conclude the section with a corollary of the proof of Theorem

Theorem 7.5. Let u € C([0,1],R4), F(0;u) > 0. Then for any ¢ > 0 there are 7 > 0 and
d¢ > 0 so that for any 0 : F(0;u) > jd, for any t € 0N, for any t' € 6N, t' € (t,t + 7¢) and
for any r and 1" such that |r —r'| < d¢,

S @) - 5P @) <6 187w - s <¢ (728)

Proof. It follows from (2.16) and the continuity of u that for any ¢ there is dz so that for
any t > 0

|GPE"™ % u(r) — GPE™ * u(r')| < g, lr — 7| < d¢ (7.29)
Recalling ((7.21]) we then set

¢ } (7.30)

d¢ < min {dZS 40’(26')2 ) C”(QC/)Q
As in the proof of Theorem we first consider the case when (2¢/)26 < (2. We then choose
s < t as the smallest time in 6N such that 2¢'v/t — s < (; in the present case where ¢ is not
bounded away from 0 it may happen that s = 0; if not the analysis is just as in the proof of
Theorem If instead s = 0 we use ([7.29)) to replace the bound in (7.13|) with s = 0. Then

we can replace ([7.20]) by
15 () (r) = SO (u)(r')] < 2 +c'xf t<¢ (7.31)

The proof for the case when (2¢/)26 > (2 is just as in the proof of Theorem so that the
first inequality in (|7.28]) is proved.

The second inequality in follows from the first one by the same argument used in
the proof of Theorem and since the first one has been proved without restrictions on ¢ the
second one has also no restriction in ¢. O
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8 Hydrodynamic limit

Proof of Theorem We fix an element u € L*>([0,1],Ry) such that F/(0;u) > 0. We

first restrict to 0 € A; := {27"7,n € N}, 7 > 0 and prove convergence of S§§’+)(u) as 0 — 0in
A, when t is restricted to the interval [0, S], 0 < o < S. More precisely we define a function
Y™ (r,t) on [0,1] x [0, S] by setting

b, t) = SE Ty (r), re[0,1], te oSN (@2 "N

and defining ¥ (r,t) when t € [0, S] by linear interpolation.

By Theorem the family {w(”)} is equibounded and equicontinuous hence by the Ascoli-
Arzela theorem it converges in sup norm by subsequences to a continuous function (r,¢) on
[0,1] X [0,S]. On the other hand for any r € [0,1] and ¢ € [0, S] N {k27 "7, n,k € N}:

lim F(r; St(TmT’Jr)(u)) = F(r;9(-,t))

m— 00

because, by (6.9), F(r; S’t(TmT”L)(u)) is a non increasing function of m which thus converges
as m — oo. Thus all limit functions ¢ (r,t) agree on t € [0, S] N {k27"7, n,k € N} and since
they are continuous they agree on the whole [0, S], thus the sequence (™ (r,t) converges in
sup-norm as n — oo to a continuous function ¥ (r,t).

By the arbitrariness of o and T' the function ¥ (r,t) extends to the whole [0, 1] x (0, 00)
and summarizing we have

lim |57 () — (-, )]le =0, t>0,t€ (277N (8.1)

n—o0

the convergence being uniform in ¢t € {(27"7)N} when it varies on the compacts not containing

0.

Proposition 8.1. For any r € [0,1]

lim F(r;9(, 1)) = F(r;u) (82)

Proof. Let t = k277, k and n positive integers. Then by

F(r;9(,t)) = lim F(r; 87 7 () < F(r; S (u)

n—o0

Let X > 0, rx := max{r — X, 0}, then

F(r; St(t’ﬂ(u)) < F(rx,u) + F(0;u) sup/ G (r,r") dr
[r—r!|>X

T./

By (7.3)
F(r; S8 (w)) < Frsw) + [[ulloo X + F(0;u)v/2e X410

By choosing X = /4

F(r; St(t’ﬂ (u)) < F(r;u) + ||ulloo <t1/4 + \/ie*t_m/‘l)
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To prove a lower bound we write

F(r;9(t)) = lim F(r; 87 ™ () = F(r; S (u))

n—oo
and have
F(T‘§ Sét,—)(u)) > F(T + X, U) — F(O; u) sup/ G?eum(r’ 7“/) dr
v S r—r|>X
F(r; S () > Flriu) — ||UHoo<t1/4 . \@B_t_l/%)
Thus

b 1)) — Flru)| < [l (1744 V29), = k277 >0

By the continuity of ¢(-,t) and because the set {k27"7, k € Ny, n € N} is dense in R, it
follows that e
sup [F(rs (-, 1)) = F(rw)] < [[ulloo ($Y/* 4+ V254

t<S
hence . O
Proposition 8.2. For anyt € {k27"7, k € N;,n € N},
Jim [ drf(r,t) = S @) =0 (53)
F(r;g(-,t) > F(r; S 7 (w), re0,1] (8.4)

Proof. (8.3 follows from (g8.1)) and (7.6). By (8.3)
F(r(,t) = lim F(r; S ()

n—oo

which implies (8.4)) because, by , F(r; St(TnT’_)(u)) is a non decreasing function of n. [

By we then have for all r € [0,1] and all § and ¢ in {k27"7, k € N;,n € N},
F(rsp(,1) = Frs 807 W), Flrv() < Pl 5100 () (8.5)

does not yet prove that 1 separates the barriers because we have to consider all ¢ and
0 and not only those above. To this end we observe that the function ¢ (r,¢) that we have
defined so far actually depends on the initial choice of 7, to make this explicit we write ¥, (r, t).
Of course we have for all 7 > 0:

F(r; S 7 (w) < F(rie (1) < F(r; S0P (w), 6t e (k2" rkeN,neN}  (86)

so that we only need to show that ¢, does not depend on 7. To prove independence of 7 we
use the following lemma:

Lemma 8.3. There is ¢ so that for any 0 <0 < ', u € Us andn > 1

5— 5 — )
|S1(16 () - 57(1,6’ ()], < C|U|1HW (8.7)
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Proof. In order to compare S(gé’_) and S§§/’_) we shall use the following bounds:

c(0" = 9)

’K((S)(w) _ K(é’)(w)h < 2](5/ —9), ’Ggleum W — Gg/eum s wlp < —5

together with |K©)(w) — KO (w)|; < |v — w1, see (7.24). Indeed we can bound |S§6’7)(w) —
5 —
Sy (W) by

< |KO{GER™ s — G s v}|1 4 [(K©) — KO)GR™ x 0},

<G xw — G x v|y + 25(8 — 6)

< |GREU y qp — GRONT |y 4 |GRO 4 g — GEE ]y 4 25(67 — 6)
getting

!

5,— 5 — ) .
1587 (w) = S8 (W) < fw— vy + e |0l + 25(8 — ) (8.9)
By using with w = S((i’:l))(;(u) and v = S((il_l))(;, (u), then, by iteration, we get (8.7). O

Theorem 8.4. i, is independent of T.

Proof. We shall prove that for any 7 and 7/
F(T;%(wt)) :F(T;%'(wt))» re [07 1]7 t>0

and this will prove Theorem We suppose that 7" ¢ {k727" k,n € N} (otherwise the
statement trivially holds). We fix ¢/ = nd’, &' = 7/27™. Let 6 = k7279, § < §'. By the
previous lemma, for all r € [0, 1]

5 s 5 —6
F(r;: 8y () < F(r; 5,57 () + eF (0 0)n= -

Write 6 = k,727P so that k, = k2P77 is a positive integer for p large enough. Then by
0,— T27P,—
Frs 87 () < Firs 835777 (w)
By taking p — oc:

! ! B
F(r; 857 (w) < F(r; . (-,n0)) + cF (0; u>n653/;5

We then let § — & on {k727" k,n € N}. In this limit nd — ¢’ and by the continuity of
¥r(+,8) in s we get
5~
F(rs S (w) < F(rsv (1)
We next take m — oo, recall & = 727™, and get
F(r;gpp (1) < F(rya, (1)), for any t' € {k7'27", k,n € N}

In an analogous fashion we get

FE(r;v-(+,t) < F(ry (-, 1)), for any t € {k727",k,n € N}
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Then 9. (-,t) = 9 (+,t) for all ¢ in a dense set, hence they are equal everywhere being both
continuous. 0

The proof of Theorem [2.3]is concluded. O

Proof of Theorem It follows from the reasoning above and the use of Theorem
with the choice m = 2™ and § = t27". O

Proof of Theorem The proof of Theorem [2.1]is an immediate consequence of Theorem
B.4l O

We are left with the proof of Theorem that we explain in the remaining part of this
section. We fix pinit such that piyit(1) > 0 and we call p; the function of Theorem
For any a > 0 arbitrarly small we define

Ty =sup{t > 0: py(1) = a}
Lemma 8.5. For any a > 0 there exists 0 < a’ < a such that

Sg;’ﬂpmit(l) >ad for any n  such that én <Tj, (8.10)

Proof. Let t € N with t < T, then p;(1) > a. From Theorem 2.4} for any r € [0, 1],
t € 0N we have 5 5
F(r: 8" (pini)) < F(ri ) < F(r: S (pine)) (8.11)

On the other hand, from (7.6)), for any r € [0,1], ¢t > 0,
5,— 5, .
[F (s S (i) = P 5 (o)) | < 455 - (8.12)

(6,4) . — 5(5 +)(

As a consequence, writing p; pinit) and choosing r =1 — V8, we have

1 1
/ p§5’+)(r) dr > / pe(r) dr — 450 (8.13)
1§ 1§

From Lemma for r € [1 —+/6,1],

1P = 7 (1)] < emax{1 = rfF, VB < eo?

hence )
/1 fpi‘”’(r) dr < (p* (1) + c69) Vo (8.14)
Combining (8.13]) and - we have
1 M
p§§’+)( )+c<56 >/ (6+ _% : \/gpt(r)dr—élj\/g (8.15)
thus .
pg(s Jr)(1) > \}S 1 \/gpt(r) dr — 6% (8.16)
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From the space continuity of p; obtained in Theorem for any a > 0 there exists § > 0
small enough such that, for [r — 1| < /3,

pu(r) > pi(1) — af2 > a/2

where the last inequality }%olds for all t < Tj,. Then the statement of the Lemma follows from
(8.16) with a’ = a/2 — /45 which is positive for § small enough. O

Lemma 8.6. For any a > 0 there is Cy > 0 such that for any t € 6N, t < T,

Rs(S™ (pmin)) > 1= C,6 (8.17)

Proof. Fix C > 0 and denote pgé’ﬂ = SIS‘S’JF) (Pinit). From Lemma we know that there is
¢ > 0 so that for any r € [1 — C§,1], t € 0N,

A ) 2 o (1) — o8 (8.18)
then, from Lemma for any a > 0 there is 0 < a’ < a such that
1
/ p£6’+) (rydr > Cé(a’ — C(S%) vVt < T, (8.19)
1-C9o
now it is sufficient to chose C' = C, > (a’ — ¢d %) /7, 0 small enough to get
! é
/ Py dr > j5 Yt < T, (8.20)
1

—Cad

that gives (8.17)). O

Proof of Theorem We define the dynamics

S%H (u) = G5 x-ox Q‘SGEQ“‘“ % Q%u n times
neum &(0,
= GF*™x Q‘SS((nfl))(;(u) (8.21)
with
Q%u =u+ jéDy — j6D; (8.22)
then
n—1 n—1
Sr(%—&—) (u) = G?L%um * U+ ](SZ Gps*x Do — jo Z Grs * D1 (8.23)
k=0 k=0

hence gt(5’+)(u) converges as  — 0 to the dynamics defined by (2.21)). It remains to prove
that ST(L%JF)(u) - 5'(%’+)(u) converges weakly to zero for nd < sup, T.

n
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From (8.21)) and (2.17]), we can write

S5 () = S5 () =
— Gueum (Ka (Z+1) — o3l s 1)5> (u) =
— Guenm (K5 —Q ) St s(u) + Gy 4 @ (5(5 = 5'((5;*)) ) (u) =
= Gy (KT Q) 50 () + G QG s (KIS0 = Q80 ) (u) =

(n2

=Y R QUG QUG (K0 — Q°)S(t) s(u) (b iteration) (8.24)
k=1

where the G§°*™ appears k times in the k-th term of the sum and
(K° — Q%)v = j 6 D1 — L(py(v) 1] v (8.25)

Then, in order to prove the convergence of (8.24) to 0 we prove that each term in the sum
(8.24) converges to 0 as 6 — 0. This is true since for any n : nd < sup, T,

(K° = Q)8 Pu 50 weakly as § — 0 (8.26)

The proof of this last statement follows form the following argument. We first fix a > 0
arbitrarily small, then, from (8.17)), there exists C, > 0 so that

supp( Ry(s5®) )S(§+) ) < Oy, for any n: nd <71, (8.27)

Then for any test function ¢, nd <7T,,
1 1 s,
‘]5/ Ry(50H) )S’("“;H ulr) 'Qf)(T)dr—(;S(l)‘

L (3,+)
15 o 5570 00000
< s e oD < sup o) — o(1)] (8.28)

re[Rs(S M u),1] [r—1]<C4é

that vanishes as ¢ is continuous. Hence, for any a > 0,

1! (6,4)
! - — — < .
%IH(IJ 73 /R 56 Sy u(r) - o(r)dr (;5(1)’ 0 for k6 <T, (8.29)

then (8.29) is certainly true as long as nd < sup, Ty, this yields the convergence in distribution
to equation ([2.21) for any time t such that pi(1) > 0. We know that the convergence of

St(tTn’Jr) (pinit) to pr as n — oo in the sense of the interfaces (see Theorem implies
weak convergence against smooth test functions. This and the uniqueness of the weak limit
univocally characterizes p; as the function given by for t such that p;(1) > 0. Then the
Theorem is proved. O
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