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Interfacial cracks: Stroh formalism

pH(x1) Material (1)

crack W l/ interface

-

1D :

p ) Material (2)

Quasi-static semi-infinite plane interfacial crack with general
loading acting on the faces;

Displacements and tractions in terms of functions of complex
variable 2j = T1 + [;T2:

ui(z1,x2) = 2Re|Ag(z)], T (z1,x2) = 2Re|Bg(z

),

Assuming Stroh representation:
Qir + (Rir + Rki)ﬂj + quk,u?]Akj =0
iBas = [ Fips =F s Wi ) Al
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Riemann-Hilbert formulation

Traction-free crack problem:

e Outline

e Interfacial cracks:
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formulation Material (1)
e Mirror traction-free
problem

e Weight functions crack .
. interface
@ Decoupling plane and 7 -

antiplane strain and X
stress

® Stress intensity /

factors evaluation (1)_ (2)

=0 v =t

® Plane strain in
orthotropic bimaterials | Material (2)
® Plane strain in

orthotropic bimaterials Il

S ler et -Free traction condition at| 1 < O |;

orthotropic bimaterials:

weight functions -Tractions and displacements continuity at| z; > 0 |;
® Asymmetrc loading -Boundary conditions at the interface yields to a R-H problem:

® Plane strain: SIF
® Symmetric vs
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e Antiplane strain: h+ (afl) —+ ﬁ—th_ (xl) = T(xl) for xr1 > 0

weight functions

e Antiplane strain: SIF h+ (371) _|_ ﬁ—th_ (le) — O fOr 331 < O

® Symmetric vs
skew-symmetric SIF

® Conclusions Where H = YO + Y& and Y = iAB™
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Mirror traction-free problem
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Material (2)
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Weight functions

Symmetric weight functions:

Ul (1)

— U(le,mz — O+) — U(Il,ﬂfg — 0_)

Skew-symmetric weight functions:

(U) (1) =

1
2

—(U(a:l, To = O+) -+ U(xl, = O_))

Mirror traction-free problem is solved in Fourier space;
A Wiener-Hopf-like equation is derived:

Ul (¢) =

1
el

{ReH — ¢ sign(&) ImH}ﬁ]_(g),

The skew-symmetric weight function become:

() = ——

- 20¢]

Where H = Y Y2 and W = YO — ?(2);

{ReW—z sign(&) ImW}fJ_(ﬁ), £ €R.
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Decoupling plane and antiplane strain and stress

e Outline ;

oM e e Materials where A, B and Y and then H and W have the
Stroh formalism : : .
e following structure are considered:
formulation

® Mirror traction-free k ok O
problem

e \Weight functions X X O
® Decoupling plane and

antiplane strain and O O *
stress

® Stress intensity
factors evaluation
e Plane strain in

e Uncoupled inplane and antiplane strain and stresses;

orthotropic bimaterials | e Monoclinic and orthotropic materials have this property;
® Plane strain in
orthotropic bimaterials 1 ° Physical tractions:
® Plane strain in :
SRS 1 1€

orthotropic bimaterials: T = Re (Kx*w) = [Mode | and Il
weight functions T( 1) V2Tx ( 1 )
e Asymmetric loading T K3 d

Plane strain: SIF 1) = — | Mode llI
e 3(21) = Torar

skew-symmetric SIF
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e Antiplane strain: SIF ® K3 iS a real Scalar;

e K =K;+iKj,andw = (w1, ws) is a complex vector;

® Symmetric vs

skew-symmetric SIF e Same behaviour for the singular solution (32, U);
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Stress intensity factors evaluation

Betti integral’'s theorem relates (u, 7)) to (U, Z(7)):

K =

For plane strain:

UFTRT T -3 Rla|

—[U]""R(p) —

Where R is the rotation matrix:
R =

For antiplane strain:

—10
0 1

Us|T;F —

A

Y3

fbg]_

—[Us] (ps) —

A

(Us)|p3

)

Integral formulas for stress intensity factors:

271

K3 =

Where K =

Mt

[ O @Re) @) + O (R

1

2m1kC33

(K, K)*
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Plane strain in orthotropic bimaterials |

2D vector problem in orthotropic bimaterials;
Symmetric bimaterial matrix:

H:( Hyy —z‘WHHHm)
i8v/ Hi1Hoo Hos

Bimaterial parameters:

Hii = [2nA7 (811822) 2] + [2nA7 (811892)2] @,
Hay = :271)\_%(511522)%](1) - [2’n>\_i(§11§22)%](2)7
 (5150)E 4 50D (511 Ea) s - gD
By Hi1Hoo = [((811522)2 + 512)] [((811522)2 + §12)]V,
1
oy _ 3 128,943 1 1
Where: A = z-, p_—ﬁj — (5(1+p))2,

Generalized Dundurs parameter connected to oscillatory index:
1 1 1—p
E=—In| ——
2 1+

Homogeneous material = 3, = 0, no oscillations;
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Plane strain in orthotropic bimaterials Il

Skew-symmetric bimaterial matrix:

01H11

wzym_?@:(

Bimaterial parameters:

01

—ivv/ Hi1Hoo

Z'7\/1711111722>
02 Hoo

[271)\% (511522)%](1) — [Qn)\i (511522)%](2)

Hq

09 =

1

)

[27’&)\_% (511522)%](1) _ [Qn)\_4 (511522)%](2)

Hos

I

[((511522)2 + 512)]® + [((B11822) 7 + 512)]®

’y:

v Hi1Hoo

Homogeneous material = 01, d2 = 0, but

V70

Y

then even In

homogeneous case we have non-zero skew-symmetric weight

functions;
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Plane strain in orthotropic bimaterials: weight functions
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e Mirror traction-free ~ = 20S1gN n
oroblem [U]—|— _ _\/H11H22 Hoo 5 g (f) 3

e Weight functions g : / H22

e Decoupling plane and ‘g‘ _?’/BSIQn(f) Hll

antiplane strain and

stress

® Stress inten;ity Hll . )

S emann vy _ _VHuHy [ 0/, —ision(d) ) o
orthotropic bimaterials | <U> - 2 <£)7
@ Plane strain in 2‘6’ —|-7/}/Slgn(£) 52 %

11

orthotropic bimaterials Il
® Plane strain in

orthotropic bimaterials: e Inverting these expressions we get [U] and (U).
weight functions )
o Asymmetric loading e Since Mode | and Il are coupled:

e Plane strain: SIF
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skew-symmetric SIF (]11 U]? E% Z%
e Antiplane strain: U — 1 D) , Z — 1 2
weight functions U2 U2 22 22

e Antiplane strain: SIF

® Symmetric vs ~

skew-symmetric SIF e |U]= Wiener-Hopf equation;

@ Conclusions
® References
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Asymmetric loading

Asymmetric point forces acting on the crack faces:

F/2

I

F/4 Fl4

Symmetric part

+

X1 F/2
F/2 F/2

Asymmetric loading F/4 F/a

Anti-symmetric part

(p2)(x1) = —%5(:1:1 +a) — %5(3:1 +a+b)— %5@:1 +a—b)
p2] (1) = —Fdé(x1 +a) + ch(:L‘l +a+b)+ gé(xl +a—0)

Symmetric and skew-symmetric components = K = K° + K*4;
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Plane strain: SIF
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@ Interfacial cracks: " a . i

Stroh formalism B K 25r
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formulation i PRy i
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weight functions r '/ ! r ;!

e Asymmetric loading E 0.2 7 P /’ ’,/ % 02 7 o . ,,/

@ Plane strain: SIF v r =" = i - :_,»’

® Symmetric vs MH 0.07 ‘-ﬂf_;__ .......... MH 0.0 J""i“-':'-_;__\ ........

skew-symmetric SIF |§ r = p=-12 ~., T, \g _— =-112 B .

e Antiplane strain: —02r ---p=-1/4 N . % a2 8 o B=-1/4 \

weight functions . —pB=0 AV T —B=0 Y

e Antiplane strain: SIF -0 4? """" p ~ 1/4 \ E 0 4; -------- B=1/4 \

® Symmetric vs —0.6" A—\P\_l\/zA L A R R P A —0.6L A\_\p\ZI\/Z\ L L Ll A‘\:i

skew-symmetric SIF 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

e Conclusions bla bla
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Symmetric vs skew-symmetric SIF
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e Antiplane strain: e AsS b/a — 1 increase, K? ~ 40% — 50% of KIS ;

weight functions

® Antiplane strain: SIF e Skew-symmetric part of the loading is not negligible and needs to
® Symmetric vs .
skew-symmetric SIF be taken into account;
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Antiplane strain: weight functions

e Anisotropic materials with symmetry plane at x3 = 0 are

considered,;
e Fourier transform of weight functions:
: Hss ¢ - Mo
Us|(§) = _EZS(‘S); (Us)(§) = §[U3](§),

e Inverting we obtain:

Us)(1) = 2202, (Us)(21) =

o Hjz3 = [\/544555 -~ 54215] v [\/844855 — 84215} - ;

— ([\/544555 845] [\/844855 845]( )> /Hss

e Homogeneous material = 1 = 0, Mode IIl is symmetric;
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Antiplane strain: SIF

30

2.5¢

20r

N

MLL15
@ 5l

10r

0.5¢

Mo T w1

e Same loading configuration directed along x3:
(p3)(x1) = —%5(%1 +a)— %5(3:1 +a+b)— %5(:1:1 +a—0b)

p3] (z1) = —Fdé(x1+a) + 50(z1 +a+b)+ 56(x1 +a—0b)

e Homogeneous material = 1 = 0, K3 is symmetric;
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Symmetric vs skew-symmetric SIF
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® Asymmetric loading P
e Plane strain: SIF a
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R —— e As for plane strain, §4 increase with b/a, expecially for
weight functions ‘TI‘ > 1/2
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* Symmetiovs e [or b/ a > 0.5, skew-symmetric part of the loading is not
skew-symmetric
e Conclusions negl|g|b|e,
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Conclusions

e A new general approach for deriving the weight functions for 2D
Interfacial cracks in anisotropic bimaterials has been developed,;

e For perfect interface conditions, the new method avoid the use of
Wiener-Hopf technique and the challenging factorization problem
connected,;

e Both symmetric and skew-symmetric weight functions can be
derived by means of the new approach;

e Weight functions can be used for deriving singular integral
formulation of interfacial cracks in anisotropic media;

e The proposed method can be applied for studying interfacial
cracks problems in many materials:monoclinic, orthotropic, cubic,
piezoelectrics, poroelastics, quasicrystals;

Furter developments:

-Applications to steady state moving cracks and wavy cracks;
-Analysis of inclusions effects of interface cracks propagation;
-Extension to 3D case;
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