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Abstract

We characterize the functional structure of deformations that describe the occurrence
of possibly irrecoverable sharp folds and cusps in shell-like bodies, while they avoid
self-penetration of matter. The combination of special bounded variation maps with
one-dimensional jump set and atomic measures provides a functional environment
in which it is possible to represent configurations not otherwise described by special
bounded Hessian maps, often used for energy minimization of shells. The introduction
of atomic measures provides necessary control over the singular component of the
generalized gradient measure, ensuring the robust compactness required by the direct
method. In the proposed framework, we prove the existence of minimizers under
Dirichlet boundary conditions for a class of energies that are appropriate for an ambient
setting foreseeing large strains. Although we treat a traditional topic, the analysis goes
beyond the classical format of nonlinear elasticity.

Keywords Continuum mechanics - Calculus of variations - Shells - Energy
minimization
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1 Introduction

To be determined along the deformation of thin shells, possibly irrecoverable sharp
folds and cusps require large strains at least locally, namely at least in some of
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their ‘small’ neighborhoods. The adjective “irrecoverable" refers to permanence after
unloading.

We look at shells in terms of Gauss graphs; that is, we consider the “middle surface"
and the associated normal vector field. Thus, we do not account for through-the-
thickness shear, which we neglect due to the smallness of the thickness considered.
So, we refer to two-dimensional bodies with additional structure embedded in three-
dimensional space.

We give a functional characterization of pertinent deformations that avoid self-
penetration of matter and may describe the formation of cusps and sharp folds, granting
compactness.

Two-dimensional models of shells with additional structure, as the one provided
by the normal vector field, can be justified in different ways. One is ‘top-to-bottom’:
It means that we collapse a body ‘around a surface’ evaluating the energy. Plates
are a paradigmatic case: Appropriate pertinent descriptions emerge by shrinking a
parallelepiped up to a plane. More precisely, consider a domain € C R? and the
‘thick’ region 2, := Q X (—h /2, h/ 2), with 4 > 0 the thickness. Thus, deformations
are maps i : 2, — R3 assumed to be one-to-one, differentiable, and such that they
preserve the local spatial orientation. For the elastic energy, we then write

En :=/ e (Du (x)) dx ,
Q2

with e (-) the energy density; it is objective in the sense that e (Du) = e (Q Du) for any
Q € SO(3). (Under large strains, objectivity renders the energy density physically
incompatible with a quadratic dependence on Du alone.) A possible program is then
to think of plate models as the result of an energy limit by letting / to zero in the
sense of De Giorgi’s I'-convergence. A key factor is the scaling, that is, how the ratio
&h/h behaves. Another essential role is the scaling of the applied loads, that is, the
ratio between force densities and shell thickness. In-plane and out-of-plane energy
components must be evaluated differently. The result for homogeneous materials has
been obtained in Friesecke et al. (2006), based on analyses in Friesecke et al. (2003)
and Le Dret and Raoult (2000). Precisely: (1) For (&3,/h) ~ 1, the membrane theory
emerges. (2) (&,/h) ~ h? gives the energy pertaining to shells that bend without
stretching 2. (3) Condition (&, /h) ~ h* leads to the nonlinear von Karman’s theory.
(4) The scaling (&;,/h) ~ h”, with y > 4, yields the linearized version of case
(3); when the material is linearly elastic and homogeneous, a biharmonic equation
describes equilibrium. (5) Finally, the scaling (&, /h) ~ h?, with 2 < y < 4, implies
non-standard theories of plates. For analogous analysis in the heterogeneous case, see
(Schmidt 2007); see also (Neff 2010; Saem et al. 2023, 2025).

Else, as before we can shrink to the plane a parallelepiped made of a second-grade
elastic material: This means that the energy density is a function of the first and second
deformation gradients, namely
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Epp = / e (Dy (x), D2y (x)) dx .
Q2

When (&j,2/h) ~ 1, the shrinking process leads to a surface with out-of-tangent-plane
directors that can rotate independently from each other (Bhattacharya and James 1999)
(see also (Anzellotti et al. 1994; Le Dret and Raoult 1996)), a Cosserat surface indeed.

Beyond elasticity, I'-convergence analyses leading to plate and shell models have
also been carried out considering deformations as special bounded Hessian (SBH)
maps (Demengel 1984, 1989), which may represent peculiar aspects of elastic—plastic
behavior (Percivale 1990; Acerbi and Percivale 1992; Tomarelli et al. 1992; Carriero
etal. 1992, 1994; Percivale and Tomarelli 2002). Clearly, such a variational view does
not account for plastic flows unless the related minimization problems are inserted
in De Giorgi’s minimizing movements procedure. Also, resorting to SBH maps does
not account for the possible formation of cusps, those we describe here in terms
of atomic measures. For example, when looking at cuspidate prismatic shells, con-
centrated actions may appear, as pointed out from a completely different path in
Chinchaladze et al. (2011).

Always in variational terms, we also have a bottom-to-top approach to shell models
based on a superposition of atomic layers. The result is still a Cosserat surface but
with multiple out-of-tangent-plane directors, one for each atomic layer (Friesecke and
James 2000). (An analysis that foresees a growth to infinity of the atoms in each layer is
in Schmidt (2008); see also (Schmidt 2006).) If we assume that the n-tuple of directors
is defined pointwise to within a permutation, we obtain a scheme that is adequate for
the representation of shells or thin films made of solid mixtures, because it accounts
for the unknown component mixing (Mariano 2018).

Beyond I'-convergence, pointwise asymptotic procedures can be adopted to derive
plate and shell models (Ciarlet 2001; Ciarlet and Mardare 2019; Steigmann 1999).
Another efficient way is to exploit the theory of internal constraint in the 3D setting
(Podio-Guidugli 1989; Antman and Marlow 1991; Lembo and Podio-Guidugli 2007).

It is also possible to derive a model for the mechanics of shells by looking only at
the geometry of surfaces embedded in a 3D Euclidean point space, which is Koiter’s
proposal (Koiter 1966, 1960). Such an approach, however, does not account for the
through-the-thickness behavior that is at least roughly incorporated in the Cosserat-
surface-based view, which can be adopted directly, as Ericksen and Truesdell made
first in 1958 (Ericksen and Truesdell 1958), opening a fruitful research path, the one
of so-called direct models (e.g., (Simo et al. 1988; Simo and Fox 1989; Di Carlo
et al. 2001; Steigmann 2013, 2018; Mariano and Mucci 2023b); a wide view on shell
models is in the treatises (Antman 1995; Ciarlet 1997; Villaggio 1997)).

The viewpoint adopted here falls within the context of direct models (Ericksen and
Truesdell 1958). We consider deformations of the middle shell surface as continuous
maps with sufficiently regular derivatives. However, detaching from a pure SBH set-
ting, we consider conical points (cusps) that can emerge in the folding. As already
mentioned, to characterize cusps, we consider atomic measures supported by a count-
able set of points. To our knowledge, existential analyses of minimum problems for
shell models that account for the emergence of cusps under large strains do not appear
to have been considered so far in the available literature. The normal vector field is
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Fig. 1 Typical geometries considered in the paper: from smooth shell configurations to sharp folds and
cusp-like singularities associated with concentrated curvature measures

considered to be given by a special function of bounded variation (SBV). So, at every
point along a sharp fold, we only consider the two normal vectors that limit the normal
cone of a fold.

The energy class we look at is surface polyconvex; also, it involves the gradient
of the normal, considered as an SBV map with jump set endowed with peculiar line
energy; the possible presence of an external potential is considered to cover cases
in which there is activation of shape morphing. For this energy class, we prove the
existence of minimizers under Dirichlet-type boundary conditions, intended in the
sense of traces, in the functional setting that we propose.

The conceptual path that we follow is summarized in Fig. 1: from smooth deforma-
tion, to those with nonzero singular one-dimensional set, to the introduction of atomic
measures.

Shell singularities emerge in dimensional reduction and energy scaling in terms of
I'-convergence. Cusps are seen as results of metric incompatibility associated with
embedding, scaling energy and relaxation (Lewicka 2020; Lewicka and Miiller 2011).
These scaling approaches to shells are linked with the hierarchy analysis proposed in
Friesecke et al. (2003).

Always in the scaling perspective, a question tackled in Miiller and Olbermann
(2014); Olbermann (2016, 2017, 2018) concerns the amount of energy that we need
to pay in order to get a cusp. We tackle another question: What’s the functional structure
that is necessary to represent cusps, maintaining compactness?

We adopt tools from geometric measure theory. On one side, it is a technical conve-
nience: It allows us to avoid cancellations, control limits of the Gauss map and, at the
same time, folds and cusps, obtaining compactness and eventually using the Federer—
Fleming theorem. However, there is something more at the interplay of analytical and
mechanical aspects. These tools allow us to select a subspace of W7, with p > 1, of
maps that avoid the non-required presence of holes, as the very concept of elasticity
imposes. (Otherwise we were referring to elastic-brittle materials.) These maps have
the minimal analytical regularity needed to formulate the mechanical setting. These
aspects point out that the choice of a functional class has per se constitutive character.
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Notions from geometric measure theory are necessary tools for analysis; we recall
them in Sect. 2. Then, we first analyze smooth deformations in Sect. 3, clarifying how
we impose a condition that avoids self-penetration of matter and how our approach pre-
vents a possible cancelation in the Gauss graph when two distant shell parts come into
contact with opposite orientation. Then, in Sect. 4 we prove summability properties of
not necessarily smooth deformations that form cusps but are convex in a neighborhood
of the cusps themselves; the analysis, however, is not reduced to such deformations,
although they have a special status. In Sect. 5, we describe possibly irrecoverable folds
in terms of vector-valued measures concentrated on 1-dimensional sets where jumps
of the unit normal to the deformed shell may appear. The representation of cusps in
terms of atomic measures supported by a countable point set is discussed in Sect. 6. An
energy functional that accounts for the above-mentioned geometries and the energy
weight of each of the corresponding features is introduced in Sect. 7; for it we prove
the existence of minimizers.

2 Background Material

Basic tools of geometric measure theory and the theory of smooth surface Gauss
graphs are recalled below for the sake of reader’s convenience.

2.1 Special Functions of Bounded Variation

Let  C R” be a bounded open set, and let .2 and 7 be Lebesgue and Hausdorff
measure, respectively. We denote by BV (2, RY) the class of summable functions
v : Q@ — RY whose distributional derivative Dv is an RY*"-valued finite Borel
measure. Denoting by S(v) the complement of the set of Lebesgue’s points of v, a
mutually singular decomposition holds,

Dv=Vv2"LQ+ D+ D'v, 2.1

where Vv e L'(, RV*") is the approximate gradient function, D€ is the Can-
tor component that satisfies |[D€v|(B) = 0 for every Borel set B C  such that
A"~V (B) < 00, and the jump component is given by

D'v=plon#" LS, (2.2)

where the jump set S(v) is countably (n — 1)-rectifiable, n is a unit normal to S(v),
and [v](x) := v (x) — v~ (x) € RV is the jump of v at 5"~ !-almost every (shortly
a.e.) point x € S(v), where v*(x) are the one-sided limits of v at x with respect to the
normal n(x). Then, the total variation | Dv| of Dv is given by

|Dv|(R2) = / |Vv|dZL" + |Dcv|(52) ~|—/ |[v](x)|d%"_l(x) . 2.3)
Q Sv)
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If, in particular, DCv = 0, the map v is called a special function of bounded variation,
and we write v € SBV (2, RN), see (Ambrosio et al. 2000).

The case considered deals with n = 2, N = 3, while v is identified with the unit
normal to a sufficiently smooth parametric surface, so that v : Q@ — S?, where S is
the Gauss sphere S?:={zeR3: |z = 1}. For X = C%, W', BV, or SBV, we
thus denote

X(Q2,8Y) = e X RY: px)| =1 for L*ae. x € Q).
2.2 Rectifiable Currents
For U C R™ anopenset,and k =0, ..., m, we write Z (U) for the dual to the space
2%(U) of compactly supported smooth k-forms in U. Elements of Z(U) are called

currents. Notions of mass and boundary current are associated with them. Precisely,
the mass M(T) of a current T in & (U) is defined to be

M(T) := sup{(T, ) | w € ZX(U), |l < 1},
while (when k > 1) the boundary of T is the current a7 in Z_1(U) given by
(0T, n) :=(T,dn), ¥ne 2"1),

where dn is the exterior differential of 1. The weak convergence T, —~T in the sense
of currents in Z (U) is defined through the formula

lim (T}, 0) = (T, ®), VYoe P*U).
h— o0
If T, ~T, by lower semicontinuity we also have
M(T) < liminf M(T}).
h—o00
For k > 1, a k-current T with finite mass is called rectifiable if

(T,a)):/ 0 (w, E)dH*,  Voe MU,
N

where ./ is a countably k-rectifiable set in U, & : A — /\k R™ isa %L .4 -
measurable function such that £ (w) is a simple unit k-vector orienting the approximate
tangent space to .4 at #*-a.e. w € A, and 0 : A — [0, 400) is an KL N -
summable and nonnegative function, called a multiplicity. Thus, for T a rectifiable
current, we have

M(T) =/ 0 dA#* < o0,
M
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and the short-hand notation T = [ .4, &, 6 ]| is commonly adopted. The size of T is
defined by

S(T) := #w e N | 6(w) > 0}.

When 0 is integer-valued and T is rectifiable, we say that T is an integer rectifiable
(in short i.m.) current, a class indicated by % (U) (Giaquinta et al. 1998a).

More generally, T is called a size bounded currentif T = [ 4, &, 6 ] is rectifiable
and with finite size, S(T') < oco. We indicate by .%; (U) the pertinent class. Any current
T in %y (U) satisfies S(T') < M(T), and therefore, it belongs to .7 (U).

2.3 Basic Examples

If .4 is a smooth, oriented, and compact Riemannian k-manifold embedded in U, a
current [ A4 ] in Z (U) is naturally associated with .4 by setting

A1, ) :=/ w, we I*QU).
N

In that case, we have M([ A4 ) = s2K(A) < 0.

Let Q@ C R? be a bounded open connected set and u € C 2(Q,R3. With U =
Q x R?, and ¥, the naturally oriented graph of u, the graph current G, := [ ¥, |
belongs to %> (2 x R3), and by the area formula we get

M(G,) =/ V14 [Vul2 + 1911 x dul?2ds? < 0o (2.4)
Q

where dju and dru are the column vectors of the gradient matrix Vu. Notice that
[01u x du| = |adj, Vu|, where adj, Vu is the vector in R with entries given by the
determinant of the 2 x 2 minors of Vu. Also, Stokes theorem implies the null-boundary
condition

(3Gu,n) =0, Vne2'(QxR. 2.5)

More generally, if u € W'P(Q, R?) for some p > 2, the graph current is defined
by G, := (Id 0< u)#[[ 21, where (Id < u)(x) := (x, u(x)) is the graph map. More
precisely, the pullback being defined .#2-a.e. in £ in terms of the approximate gradient
of u, we set

(Gy, ®) = / Id <)o, ©e 2%(Q x RY).
Q

Since dju x du € Lp/z(Q, R3), where p/2 > 1, it turns out that G, belongs to
%> (2 x R?), and the mass formula (2.4) still holds true. Moreover, a density argument
implies that the null-boundary condition (2.5) is still valid.

If v e BV(S2,S?) is such that 9;v x dv € L1(Q, R3), the graph current G, is
defined as in the Sobolev case, in terms of the approximate gradient Vv, and actually,
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by Federer’s flatness theorem, G, € (2 x S?). Its finite mass is given again by
formula (2.4), with © = v. However, even in the Sobolev case, in general the null-
boundary condition (2.5) is violated.

Thus, we have M(0G,) = oo if |Dcv|(§2) > (. A necessary and sufficient condi-
tion ensuring that a BV map v : @ — S? belongs to SBV (2, S?), with a jump set
of finite size, namely 7' (S(v)) < oo, is given by the requirement that the currents
G, in Z (2 x R) carried by the graph of the component BV functions v/ have finite
boundary mass (Giaquinta et al. 1998a), that is,

M(@0G,;) <oo, Vje{l, 2,3}. (2.6)

Furthermore, if (2.6) holds, a result by Ambrosio et al. (1998) implies that the trace
functions v* : S(v) — S? are approximately differentiable .7 -almost everywhere
on the jump set S(v).

2.4 Size Bounded Vector-Valued Currents

We will exploit R3-valued size bounded rectifiable currents defined on a bounded
domain U C R?® ~ R3 where x = (x1, x2, x3) (compare (Mariano and Mucci
2023a)).

First recall that k-forms @ in [.@k (U )]3, with 0 < k < 3 integer, are triplets
o = (w1, w2, w3), where w; € @k(U), for j = 1, 2, 3. More precisely, vector fields
¢ in C°(U, R?) agree with 0-forms @ in [2°(U)]?, say » = a)g)). A l-form w €
[2'(U)]? is identified by a fully covariant tensor-valued field ¢ € C2°(U, R3*3) with
components ¥ ;4 by lettingw; = Z3A:1 ijdxA for j =1, 2, 3. Inthis case, we write

w= a)f/} ) Inasimilar way, a2-forma € [22(U)]? isidentified by a tensor-valued field

¢ € CU,R*>3) with components ;4 by letting w; = Zizl(—l)A’lng@,
wheregc7 is the 2-vector that complements dx* to complete dx' A dx? A dx3, so
that dx4 /\@ = (—=DA ldx! A dx? A dx3. In this case, we write @ = a)éz).
Finally, a 3-form @ € [2°(U)]? is identified by a covector field n € C°(U, R?) with
n = (n1, M2, n3), by letting w; = 77jdx1 A dx? A dx3, and we write @ = w,(73). We
thus have

0) (N (1 2) 2) 3)
da)¢7 = wyy dww = Woyrl g » da)C = Wgiye

and hence, the identities curl V¢p = 0 and div(curl /) = 0 are equivalent to the closure
relations d o d = d> = 0 for O-forms and 1-forms, respectively.

For k = 1,2, a size bounded current T € [.% (U)]? is identified by a triplet
(AN, b, &), where & C U is a k-rectifiable set of U satisfying s (") < oo, the
R3-valued multiplicity function b : A4~ — R3is /%X L .4 -summable, and £ : 4 —
/\k(R3 ) is an €% L #/-measurable function such that & (w) is a simple unit k-vector
yielding an orientation to the approximate tangent k-space to .4 at w, for J#*-a.e.
w € /. Without loss of generality, we assume b(w) # O3 for Hrae.we N, s0
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that the size of the current 7T is equal to the k-measure of .4/,
S(T) = #%(N) < 0.
The action of T is defined componentwise by the formula
3
(T.@) =Y (T, w)), ®e[Z"U)7P,
j=1

where T/ = [V, |bj|, ajé]] if b = (bl, b2, b3), and ¢/ := 1if b/ > 0, whereas
o/ := —1if b/ < 0. Therefore, we have

(TV, ;) =f b/ |(w;, 07 E) dA*, VYo; e Z"U).
N
We thus assume that every component 7/ has finite mass, namely
M(T/) =/ b/ |dA* <00, j=1,2,3,
N

and the mass of T is given by M(T) := Z;zl M(T/). With the previous notations,
we thus write 7 = (T}, T2, T3 = [ .4, b, £ 1.
Finally, setting do := (dw;, dw,, dws), the boundary current is defined by

(0T, @) :=(T,dw), Voel[2" ' U)].

2.5 Gauss Graphs of Smooth Surfaces

Given a smooth (say CZ), bounded, and oriented surface .# C R3, with smooth
boundary 9.4, the Gauss map v : .# — S? associates with each point y € ./ the
unit normal v(y) € S?. The graph of such a map, or Gauss graph, is the 2-dimensional
surface in R® given by

g%::{(y,z)|y€///,z:v(y)}C///xS2CR3x]f€3’_\'R6,

where R3 is the isomorphic copy of R? in which we consider embedded the sphere
S?. We are interested in the case of a parametric surface

M= M =uQ) u:QCR>—> R,

Therefore, we shall denote by (¢1, €2) and (eq, e, e3) the canonical bases of R2 and
R3, respectively, and by (81, 82) and (el,ez, e3) the natural dual bases defined by
ei-e/ =8/ and ey - e = 8, where the interposed dot means dual pairing. In
particular, with x = (x1, x2) and y = (y1, y2, ¥3), we will identify the covector bases
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in the cotangent spaces to Q and R? at every x € Q and y € R? with (dx!, dx?) and
(dyl,dyz, dy3); they are naturally dual to the bases (%, %) and (Biy" %, 3%
in the pertinent tangent spaces. We also correspondingly denote by (€1, €2, €3) the
canonical basis of R3, and by (dzl, dz2, dz3) the associated covector basis, where
z = (21, 22, 23).

Referring to Anzellotti et al. (1990) or Anzellotti (1988) for further details, we only
recall that if & : .# — R3 x R3 is the graph map ®(y) := (v, v(y)), the rangential
Jacobian J;b// is given by

1/2
1= 1+ &2+ kD + ®k?) L yes

where k| » = ki 2(y) are the principal curvatures at'y € .#. Mean curvature and
Gauss curvature are given by

1
H:=§(k1+k2), K :=kk;,
so that kj » = H & ~/H2 — K. Therefore, we equivalently have

(JH)? =1+ 2H)? — 2K + K? = 4H? + (1 — K)?

and hence, by the area formula, the area of the Gauss graph is

%2(%//)2/ (1+(k12+k22)+(k1k2)2)1/2d%2
: @7

= [ V1+@H2-2K)+K2d#? <00
M

It agrees with the mass of the current [ .7 || = ®4[[ A || in %> (R> x S?) carried by
the Gauss graph.

We finally recall that the curvature functional ||.# || of a smooth surface .# C R3
is defined in reference (Anzellotti et al. 1990) to be

PAES %2(///)+///k%+k§d%2+/ﬁ kiko|d#? . (2.8)

It can be equivalently written as

P74 :=f (1 +V4H2 — 2K + [K]|) d.#?,
M

so that by formula (2.7) we obtain bounds such as

1
5 1211 < HHGM) <\ A, AHGM) =MAGAT).
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3 Smooth Shell Deformations

Let © C R? be a smooth bounded domain, h > 0 a fixed small thickness parameter,
and

U=Uy :=Qx1Iy, Iy=(h/2,5/2).

We adopt the notation x = (x1,x2) € R? and x = (x1,x3,x3) € R} = R? x R,
with R3 an isomorphic copy of R, the isomorphism being simply the identification.
This choice is justified by the will of maintaining distinguished, although identical,
the space in which we select the reference configuration with the one in which we
detect the deformed configurations. We also identify dx with d.#? or dx with d.#3
inside the integrals defined over €2 or U, respectively.

Consider a deformation u : € — R3 of class C2(£2, R3) such that

d1u(x) x du(x) # Ops 3.1

for every x € Q. The unit normal to the oriented deformed surface ., := u(2) at
y = u(x) is given by

_ . diu(x) x dru(x) 2 A3
z=v,x):= 10(x) X 920 (0)] e S cCR’. 3.2)

3.1 Avoiding Self Penetration

When we consider the deformation of a 3D body into 3D space, two equivalent
conditions express a constraint that avoids self-penetration of matter. One is due to
Ciarlet and Necas (1987), the other to Giaquinta et al. (1989) (see also (Giaquinta et al.
1998b, Sec. 2.3.2)).

For a sufficiently smooth map v : U — R? with det Vv > 0 a.e. in U, the global
invertibility condition above mentioned reads

/ f(x,v(x)) det Vo(x) dx < / sup f(x,y)dy 3.3)
U

R3 xeU

for every compactly supported smooth function f : U xR3 — [0, 4-00). Itis preserved
by weak convergence in terms of currents and implies .#3-a.e. injectivity (Giaquinta
et al. 1989).
For a given parameter 0 < s < 1, we thus denote by v,, s : U — R3 the deformation
map
Uy, s (X) 1= u(xq, x2) + 5 x3 vu(x1, x2) . 3.4

@ Springer



90 Page 120f43 Journal of Nonlinear Science (2026) 36:90

Writing u = (ul, u?, u3) and v, = (v;, v,f, vi), we have

81u1 + 5 x3 Blv,i Bzul + 5x3 821); s v,i
Vu, s = u? + s x3 811)3 Du? + 5 x3 821),1 s v,f , 3.5)
81u3 + 5 x3 811)3 82143 + sx30v3 S vg
so that |
lim —/ Vu,sdx =0 f Gdx, 3.6)
s—>0t 8 Ju Q
where G € C®°(Q, R3*3) has components
j aul(x) if A=1,2 .
Jooy.— )04 , _
GA(x)._{O i A=3, j=1,2,3. 3.7
We thus compute for each s
det Vv, (x) = s [(91u x du)(x)] + 5% x3 AP (x) + 53 x2 2P (x) , (3.8)
where
A,Sl)(x) = v; (81u2 321)3 — du? 81\)3 + 811)3 dud — 82\15 81143)
+ vé (81u? Bzv% — 82u? 311),% + 811),? 8214; — 82‘}‘? 81u;)
A(Z)( | + vq((§1u2 2;')21}3“ —(;92142 ;11)3,4)4— 01v, Oou” — dv, d1u ), (3.9)
u (X) =y, 01y, 02y, — 02V, 01V,
+ v2(31v] v} — v d1v))
+ vi(alv; dv2 — vl 81113) ,

so that we have

1
lim —/ detVu, dx =19 / |01u x dpu|dx . (3.10)
U Q

s—0t §

Furthermore, since the functions )Lf,k) (x) are bounded, we get the uniform convergence
s~ det Vu, s = |01u x dulass — 0% on U, and hence, we find

det Vv, 4(x) > 0, Vxe U,

if s > 0 is sufficiently small. Therefore, injectivity is recovered by requiring property
(3.3), with v = v, 4, for s > 0 sufficiently small (Mariano and Mucci 2023c)

3.2 Gauss Graphs of Smooth Parametric Surfaces
In the present setting, the Gauss graph of the surface ., is described by

G, ={Dy(x) | x € Q}, (3.11)
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where @, : @ — R? x R3 is the (smooth) Gauss graph map

D, (x) = (u(x), v, (x)). (3.12)

The mean curvature of .#,, at u(x) becomes

1
H, = > (18101203 Hu + [02ul* 07 ju — 2(1u ® Dou)dT yu) ® v , (3.13)

u

where
gu = |01u x dou|* = |adj, Vu|? (3.14)

and the interposed bullet means scalar product. The Gauss curvature K, reads
_ L (i 2 _ (92 2
K, = PR (07 ju 0 v,) (35 1 @ vy) — (7 pu @ V)7 ) . (3.15)
u

The tangent space at a point (y, z) = (u(x), v,(x)) in the Gauss graph Y.# , is
oriented for every x € Q2 by the wedge product

2 «
£,(x) 1= 01Dy (x) A DDy (x) € /\ (R? x RY). (3.16)
According to the basis chosen, we can write the stratification

b= +8+87,

where on account of (3.12) we have:

) _ a]M' azl/l'
&, = Z det(aluJ 82u/)e,/\e],

1<z<]<3
(1) 81u 2ui
Su Zl det (811),/ vy’ >el N 3-17)
ij
@ — det ( O1Vu azv”~>e'/\e-.
&, 1<§<3 (awu/ v, ) N

Moreover, by the expression (2.7), the area formula implies that the Gauss graph
area (G4 ) is equal to

/ Va1 + @HZ —2K,) + K2 dx =
Q

(3.18)
/ \/1+(4H5—2Ku)+K5djf2=/ €l dox .
My Q
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Furthermore, on account of (2.8), the curvature functional ||4.# || coincides with

Eu) = /Q @(1 + /402 — 2K, + |Ku|) dx .

We thus get
Ew) = /Q (169 + 1£0] + 1£2))) dx . (3.19)

where by (3.17) we obtain

0 .
1EP12 = g, = |01 x dou|? = | adj, Vu|?
3

62 = g (B2 —2K,) = > (dyu’ dpv,7 — dou 91v7)”
i,j=1
|E,§2)|2 = 8u K,% = Z (81\),/ dvy! — davy' aqu]) .

1<i<j<3

(3.20)

Let us now consider the 2-forms ® and ©, in R3 x RR3 given by

1
O1:= 5 ('@ Ade’ —dy* Ad?) + 2@y A dz! —dy' nd2)

+23dy' Adz? —dyr AdZh), (3.21)
®) :=z'dz? Ad2? + 22d2 A dz! 4 27de! Ade?,

the latter a volume form in S%. The pullback through the graph map ®, is given by
— 0,0, = Vg H,dx! Adx?, 0,70, = /g K,dx!' Adx?, (3.22)
where g, is in formula (3.14).

Finally, on account of properties (3.5), (3.8), (3.9), definition (3.12), and relations
(3.20), we readily obtain the estimate

|Vous| + | adjy Vous| + | det Vo < ¢ (ID®ul + 5] + 16,71+ 1571) (3.23)
where ¢ > 0 is some absolute real constant not depending on u.

3.3 Absence of Cancellations

Assume now the shell thickness to be vanishing, namely infinitesimal. Consider also
the circumstance in which two distant pieces of the deformed shell .Z,, = u(2) are
in contact, with the same or opposite orientation. In that case, we have two pairwise
disjoint and connected open sets A, B C €2 such that both the restrictions u|4 and ug
are injective, but u(A) = u(B).
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Therefore, one of the two following alternatives holds: either ux[[ A = ux[ B 1,
so that the image current ug[[ A U B ] has multiplicity two, or us[[ A = —us[ B,
whence uz[[ A U B ]| = 0. In the second case, a cancellation occurs and actually

M (ux[[ 1) <f ED1dx, 18] = 1811 x drul.
Q

However, since the unit normal v, at corresponding points in #(A) and u(B) has
opposite sign, by the expressions (3.17) it turns out that no cancellation occurs in the
Gauss graph current [[ 4.4, ]| (Mariano and Mucci 2023c). In conclusion, even in the
presence of cancellations for the current ug[[ 2 ], we always have

MG, 1) = X GM ) =/ &, dx < oo (3.24)
Q
and hence, on account of the expression (3.19) and (3.24),

S W < MALAD < 6w,

4 New Summalbility Properties

Relevant to what we discuss here is the class of convex surfaces. For them, a summabil-
ity result of the Gauss graph map holds (Theorem 4.1) together with some properties of
conical points recently analyzed in Mucci and Saracco (2024). These results motivate
the assumptions we shall adopt.

Since we use local arguments, we restrict to the nonparametric case, where the
deformation is given by the graph map x +— u(x) := (x, g(x)) of some concave,
positive, and bounded function g : B> — R defined on the unit disk B2. The image
u(B?), that is, the graph G ={(x,gx)) | x € B?} of g, may be seen as a piece of
the boundary of a convex set

K(g) :={(x,n eR*|xeB% 0<t<g)

The function g is continuous, it belongs to the Sobolev class W1 (B?), and its gradient
Vg := (018, 028) is a vector-valued function of bounded variation, that is, Vg €
BV (B2, R?). By the chain rule formula, the outward unit normal in (3.2) is given for
L?-ae.x € BZby

(—=018(x), —028(x), 1)

V1+|Vg))?

and actually v, € BV (B2, S?). However, we cannot conclude that v, is a special
function of bounded variation, in general.

v (x) = 4.1

Example 4.1 If V : (0, 1) — R is the classical Cantor—Vitali function, and v(p) :=
fop V (¢) dt, the positive function g(x) = 1 — v(]x|) is concave on B2, and Vgx) =
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—V(|x|) x/|x| for x # Op2. We thus have

1)u(x)z(V(p)xl,V(p)xz,p), p=Ixl x %0,
o1+ V(p)?

so that by the chain rule formula D€y, # 0, and hence, v, ¢ SBV(Bz, S2).

Using known results (Anzellotti et al. 1990; Anzellotti and Ossanna 1995; Mucci
2021), we obtain new summability properties concerning the approximate derivatives
of the unit normal v,,.

Theorem 4.1 Given g : B2 — R a bounded, positive, and concave function, let ®,,
denote the Gauss graph map in (3.12), where u(x) = (x, g(x)) and v, is given by
(4.1). Moreover, let &,(x) be the 2-vector given for L% q.e x € B2 by (3.16). Then,
&, € LY(B?, /\Q(R3 X ]f@)). In particular, we have

i) d1gdvi — d2gd1vi € L'(BY), for j =1,2,3;
ii) vl v — a0l 81v2 € LY(B?), for 1 < ji < jo < 3.

Proof For h € N*, denote by K (g);, the set of points in R3 whose distance from the
convex set K (g) is lower than 1/k. Its boundary 0 K (g)y, is a surface of class cht. By
setting Br2 = {x € R?: |x| < r}, we have

K@n={(x,0) eR’ | x € B}y, —on(x) <1< Bu(x)},

where o (x) = 1/hif |x| < 1, and o5 (x) = \/h_2 —142x| = |x]2if 1 < |x| <
1+ 1/h, whereas gy, : 312 ih R is a smooth, positive, concave function.

Therefore, the currents X, carried by the Gauss graph of the (naturally oriented)
smooth surfaces d K (g)y, are i.m. rectifiable currents with equibounded masses and
zero boundary. By Federer and Fleming’s closure theorem, a subsequence of {X;}
weakly converges to a current ¥ (compare (Anzellotti et al. 1990)). On the other hand,
setting g5 := By p2, the sequence {g} of Lipschitz-continuous functions converges
to g uniformly in B2.

As a consequence, by the relationship between Xj and gj, it turns out that the
concave function g has finite relaxed energy in the sense of Mucci (2021), and hence,
the assertion readily follows. Expressions (i) and (ii) in the theorem follow from (3.17).
Further details are omitted. O

Something more can be said concerning conical points of the convex surface given
by u(BZ) = ¥,. To this end, we recall that g is differentiable at .¥’ 2 ae. pointx € B2,
and that the unit normal at regular points is given by the Lebesgue value v, (x) € S?,
see (4.1).

If g is not differentiable at x, a weak notion of unit normal at the point P = u(x) =
(x, g(x)) is given in Mucci and Saracco (2024). Denote by ¢ p the geodesically convex
spherical curve obtained by intersecting the tangent cone to u(B?) = 9, at P with the
unit sphere centered at P. By exploiting (through approximating inscribed geodesically
convex polygonals) a polarity argument concerning the curve ¢ p, it is possible to define
a function vp : [0, 2r[— S? satisfying the following properties:
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e vp is a function of bounded variation, vp € BV ((0, 27), Sz);

e the geodesically convex hull of the rectifiable image of vp in S? gives a good
notion of normal cone .A4p to u(B2) = Y, at P;

e with &/2(P) the area of normal cone .#p, also called an angle defect, if P is a
ridge or a regular point, &/Z(P) = 0 and &/%Z(P) > 0 otherwise, that is, at any
conical point P;

e forevery P € u(B?), we can find a sequence { X} of smooth surfaces converging
in Hausdorff distance to the tangent cone to u(B?) at P and such that, denoting
by K}, the Gauss curvature of Xj, we have

lim K| dA#? = A9 (P).

h—oo J3,

Referring to Mucci and Saracco (2024) for further details, it turns out that at every
point P = u(x), a Dirac measure with weight equal to the angle defect &/Z(P) is
well defined, and /2 (P) = 0 if and only if P is either a regular or a ridge point.

5 Possibly Irrecoverable Sharp Folds

We consider the occurrence of possibly irrecoverable sharp folds. For them, we propose
a description in terms of vector-valued measures concentrated on 1-dimensional sets
where jumps of the unit normal to the deformed shell may appear. Such measures
are introduced in terms of size bounded currents 7 in [AU )]3, where U ¢ R3isa
bounded open set.

To this purpose, we first point out that a tensor-valued measure F = F(T) in
Mp(U, R¥3) is naturally associated with a current T € [.%5(U)]?, by letting

(F.0):=(T.0f), VieCPWU, R¥).

With the previous notation, we denote T=1[.4,b, EN,where & = £1epgne3+Ere3 A

&1 + &3&1 A &2, with (8,4)?4:1 the canonical basis in R3. Then, writing @ = a)gz) we

have

3
(o) = [ 0130 Teaendn®, =123,
b A=1

Therefore, recalling that & = Z3A=1 £a€ 4, where * is the Hodge operator in R3, we
get

F=b@m?L. 4 m:==xE.
Finally, for every ¢ € C2°(U, R3X3) we have:

(curl F,y) := (F. curl ) = (T, 0oy ,) = (0T, 0},) . 5.1
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5.1 A Relevant Example

Definition 5.1 Let 2% be the class of triplets (.7, n, ®) endowed with the following

properties:

(1) .# is a 1-rectifiable subset of Q;

(2) n: .# — R3isan ! _ .#-measurable unit vector field that is normal to the
approximate tangent 1-space to . at J#!-a.e. (x1, xp) € .Z;

B)0O: 75— R3 is s#1 L #-summable, with components ® = (91, 62, 93), such
that |®| < 2.

For a given triplet (.#, n, ®) in %, we denote by t = n* the unit vector
t:=(11,02) = (—nz,n1) if n=(ny,ny), (5.2)

that is tangent to .# at /! L .#-a.e. point.
An R3*2_valued rectifiable measure 7.l e is naturally associated to the triplet
(#,n, ©), with u s 41 ¢ defined by

Lynleo =000 #"L.7.

More precisely, a test function f € C}?(Q, R3*2) is given by f = ( f] A), where
j=1,2,3and A = 1, 2, and each fjA is a bounded and continuous function on .
With t = n+, we have

(Mﬂ,ni,(a’ f_) = Z

3
j=1

2
Z/ 07 fiatadst". (5.3)
a=1"7

Moreover, for any open set V' C €2, the total variation of it s nle is bounded, namely

|m“qmm=/

10]d#! < 00.
vny

For0 <s < l,welet Ty = (T}, T2, T}) == [ A, b5, £] € [S(U)]?, where
N = x Iy, bs(x1, x2, x3) 1= s O(x1, x2), and £ := *m, where m := (n, 0), so
thaté = njeyAnez+nyezner,and € = m. In particular, the tensor-valued measure
in ., (U, R¥*3) naturally associated with T} is given by

F=sx300mu7 L (5 xIy). (5.4)

Finally, we choose a smooth test function ¢ € C2°([y) that satisfies the constraint
'/Ih @(x3) dx3 = 1, so that

(/mdmwm=—/wmwm=—L (5.5)
Iy Iy
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for a given f € C,?(SZ, R3*2) we introduce the notation ¢ = fo if Viax) ==
fia(x1, x2) (x3), when A = 1,2, and ¥ 3(x) = 0, for j = 1,2, 3. Notice that
fo € CRWU, R if f e CX(Q, R3>*?).

Theorem 5.1 With the previous notation, for any (%, n, ®) € LF we have

1 - _ _
(curl Fy, fo) = (ynto. f) YV FeCHQ R,

s
Proof Using that 7{ = [ .4, 5 |67], o7& ], if @ = wf), we get
(Tsjawj> =S[WX3 07 (n1¢j1 +nagjo) d?
for j = 1,2, 3, and hence, taking w = a)f//l) € [QI(U)P, we compute
0T/, wj) == (T, doj) = S/JV x3607 (ny (curl ¥ ) + n (curl v )?) d#?

where (curl ¥ ;) = 9y, ;3 — 0x3 ¥ jo and (curl Y )* = 8y, ;| — Ox, ¥ 3. Therefore,
with ¢ = fo, since fj3 = 0, we get

(3T3j,a)j) = S/JVX3 6/ (—n1 szgﬂ/ +ny fjl(p/) d?.

Recalling that 4" = .# x Iy, by Fubini’s theorem and (5.5) we obtain

2
BT, wj) =s Z/JQJ‘J‘J'AIAd%ﬂ1 vVji=1,273.
A=1"

On account of equations (5.1) and (5.3), we have just shown the thesis when f €
cx(, R3 xz). Since the involved measures have finite total variation, the assertion
follows through a density argument. O

5.2 Possibly Irrecoverable Sharp Folds in the Deformed Surface

Let now u :  — RR3 be a continuous function such that

(D) ue WhH(Q, R3);

(2) property (3.1) holds true for Lae.x €

(3) the unit normal v, given by (3.2) belongs to SBV (€2, S?);

(4) the jump set of v, is a 1-rectifiable subset of €2, that is 7 L(S(vy)) < o0;

(5) with @, the Gauss graph mapin (3.12) for ,,S,”Z—a.Ae. x € Q,and &, the corresponding
2-vector in (3.16), then &, € L' (2, A’(R? x R3)).
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As already shown, properties (1)—(5) are automatically verified if Q2 = B%andu(x) =
(x, g(x)) for some bounded and concave function g : B> — R, provided that condition
(2.6) holds, with v = v,. Moreover, if (1)—(5) hold, the distributional derivative of
v = v, satisfies the decomposition formula (2.1), where n = 2 and D€y, = 0, the
approximate gradient Vv, belongs to L'(€2, R3*?), and the jump component D7 v,
satisfies (2.2), where n = 2 andn = n, € R%isa given unit normal to S(vy).

For 0 < s < 1, we denote by v, s : U — R3 the deformation map defined for
PRaexelU through the expression (3.4). Since V&, € L1($2, R%*2), it turns out
that v, s € SBV (U, R3), so that we can write

Dv,s =V, LU+ D'v,.

The approximate gradient Vv, s € L' (U, R33) is given by the expression (3.5), for
Z3-ae.x € U, so that the limit (3.6) holds, with G € L' (2, R3*3) given .#3-a.e. in
2 by formula (3.7). Moreover, the jump component satisfies

D'vy s =sx3 vl @my, 2L (S(v,) x Iy), my = (n,,0).

The triplet (S(vy), ny, [v,]) belongs to the class Z2% (see Definition 5.1) and we thus
introduce the measure

Hi = s = ] @1 LS. (5.6)
According to (5.2), with n = n,, by (5.3) we have
2

3
Wl =3 /S( Il Fiaa ! ¥ e Cha
j=1A=1Y°>Wu

With the latter choice, on account of (5.4), we also have Fs = D/ vy, s. Therefore,
Theorem 5.1 gives for each s > 0 the equation

1 _ _ _
< feurl £y, fo) = (vl @my ' LSO, [, Fy = Dvs, (5.7)
for every f € CS(Q, R3*2), where, we recall, ¢ is any function in CZ2°(/y) that
satisfies || 1y @(x3)dx; = 1.

Theorem 5.1 allows us to describe the occurrence of possibly irrecoverable sharp
folds in the deformed surface.

To this aim, we fix a triplet (., n, ®) in £F; based on definitions (5.3) and (5.6),
we require the validity of the total variation bound

Wl 1(V) < lngntel(V) YV CQ, V open. (5.8)
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By the Borel regularity of the involved measures, property (5.8) implies that the jump
set S(vy) is A 1—essentially contained in the 1-rectifiable set .#, that is,

AN S\ F)=0. (5.9)

Therefore, without loss of generality we can require thatn = n,, at 77 Lae.x € S(w).
It suffices to replace ® with —® at points in S(v,) where n = —n,,.
Since [v,] = v,j — v, , with vff € S?, the angle o between the one-sided normals,

a(x) := 2 arcsin W

describes the emergence of a wedge on the deformed surface u () at u(x), for #!-
a.e. x € S(v,). Since property (5.8) implies that [[v,]| < |®] at Hl-ae. x € S(v),
we obtain the angle bound:

|®

a <2 arcsin7| < %|®|, A -ae. on S(vy).

The inequality 7 I \ S(vy)) > 0 may describe the occurrence of irrecoverable
sharp folds at previous steps of a process, where at the present stage the deformation is
unfolded. No sharp folds appear in the case 72! (S(v,)) = 0,sothatv, € WI1(Q, S?),
a sufficient condition to its validity being given by equation .2#! (.%) = 0.

5.3 A Multiplicative Decomposition Formula

For the sake of completeness, even if we shall not pursue the pertinent path, we finally
point out a multiplicative decomposition formula (see (5.10)).

Assume that u € C($2, R?) satisfies properties (1)—(5). Then, det Vv, s(X) is given
for .#3-a.e. x € U by formula (3.8), with )L,(Ak) (x) given for £?-a.e. x € Q by (3.9),
for k = 1, 2. Therefore, det Vv, ; € L' (U) provided that 1" € L1(Q) fork = 1, 2.
More generally, it turns out that the pointwise inequality (3.23) holds true .#-a.e.
on U, where ¢ > 0 is some absolute real constant. Therefore, besides the validity of
the limit (3.10), property (5) gives the summability of all minors of the approximate
gradient Vv, ;.

Assume now that the gradient matrix Vv, , is invertible PBae.onU,fors >0
small. We have already seen that this property holds true if u is smooth. In this case
(compare (Mariano and Mucci 2023a)), we can write the distributional derivative
measure Fy = Duv,  through a multiplicative decomposition:

F,=FF, F =G, 2% U. (5.10)

The vector field G; € L'(U, R3*3) appearing in the factor F¢ satisfies G4(x) =
Vo, 5(X) for £3-ae.x € U\ A, with A := S(v,) X Iy,and Gy(x) =L ifx € A,
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The plastic factor is given by the sum
Fl =)' LPLU+ F, (5.11)

with F; the measure in ., (U, R3*3) given by (5.4), where ©® := [v,] and m := m,,.
Therefore, in general curl F; = 0, but equation (5.7) implies that curl F{ # 0 and
curl F # 0, if 221 (S(v,)) > 0, that is, if v, ¢ WE1(Q, S?). In this sense, from a
purely kinematic perspective, in the presence of (possibly) irrecoverable sharp folds,
we are reasonably entitled to call F¢ and F the elastic and plastic components of
deformation gradient.

6 Cusps

The occurrence of cusps in the deformed shell .#), = u(£2) can be described in terms
of atomic measures. Our starting point is the assumption that any physically plausible
configuration is obtained as the limit of a sequence of smooth deformations. Through
a minimum energy principle, we then describe the situation when the deformed shell
has folds without wrinkles. We also require that the folding in the deformed shell does
not degenerate. Under such ansatz, the theory of currents carried by Gauss graphs
implies that there is an essentially unique way to “fill in the jumps” of the unit normal
Vy.

As an example, we analyze concentration phenomena of the Gauss curvature, in
the case of convex deformations. The basic idea is that around a cusp the deformation
is locally convex.

6.1 Deformed Shells as Weak Limits of Gauss Graphs

Let v :]0, +oo[— R™ be a positive and convex function with linear growth at +o0
and such that ¥ (p) — 400 when p — 0%, as, for example, ¥ (p) = p~' Vv p. For
any smooth map u : Q@ — R3, we correspondingly define

Fpu) = f (IVul? + (19 1u x dul))dx, p>2. 6.1)
Q

Moreover, Dirichlet-type conditions are established through the choice of a smooth
and injective function @ € C?(2, R3) defined in an open set 2 C R? such that the
closure of the domain €2 is well contained in 2. As usual, ||#| oo denotes the L norm
of u in Q.

Definition 6.1 Let p > 2. A function u : Q — R3 is said to belong to the class
o, (K2), if u is the pointwise Z?-ae. limit of a sequence {u;} C C*(Q,R3) of
smooth functions that satisfy the following properties:

e every function u;, can be smoothly extended to € so that uj, = o on & \
e every function uy, satisfies (3.1) for all x € 2;
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e on account of (3.19) and (6.1),

sup (oo -+ Fp ) + 8 en) +1Dviy | D) < 00

e for each £, there exists s, € (0, 1) such that the deformation map vy, 5, given
by (3.4) satisfies the global invertibility condition (3.3), for every f € C°(U x
R3, [0, 400)).

Arguments taken from Mariano and Mucci (2023c) imply what follows:
Proposition 6.1 Take u € 7,(2), with p > 2. Then,

o uc WhP(Q,R3), and the property (3.1) holds true for £*-a.e. x € Q;

o the unit normal v, given by (3.2) belongs to BV (2, S?);

e with ®, the Gauss graph map in (3.12) for £*-a.e. x € €2, and §, the correspond-
ing 2-vector in (3.16), we have &, € LYy, /\Z(R3 x R3)).

By Proposition 6.1, for every u € 7,(2) we can define the energy .7, (u) by (6.1),
but in terms of the approximate gradient. Moreover, if {u;} is any smooth sequence
from Definition 6.1, arguing as in Mariano and Mucci (2023c) we also obtain a lower
semicontinuity inequality:

lulloo + Fp ) + & (u) + [Dry|(R2) <

timinf (s lloo + 7 @) + E i) + 1D, @) <00, 2
—00

If u € 27,(R2) and {u} is taken as above, on account of the definition (3.4) of the
deformation map v, s, we could assume in addition that

sup/ |det Vuy, 5,17 dx, r >0,
n Ju

for some sequence {s;} C (0, 1) such that s, > § > 0 for every &. We thus obtain
det Vv, 5(x) > Ofor.Z 3.a.e.x € U.However, since in general v, fails to be a Sobolev
map, unlike the case analyzed in Mariano and Mucci (2023c), we cannot conclude
that v, 5 satisfies the global invertibility condition (3.3).

The approximation process described by Definition 6.1 admits the occurrence of
wrinkled folds: a concentration excess of total variation of the unit normal along
its jump set is allowed, indeed. Therefore, folds without wrinkles are obtained by
requiring energy minimality.

To describe this aspect, for a given map v € BV (2, S?) that admits the decompo-
sition formulae (2.1) and (2.2), with n = 2, we consider the variation of v with respect
to the geodesic distance dist g2 in S2, that is,

Varg (v) :=[ |Vv|dx+|DCv|(Q)+/ dist o (v (x), vF () d# (x) .
Q S(v)
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By (2.3), we have
2 2
— Varge (v) < |Dv|(R) < Varge (v) Vv € BV (L, S)
b4

and the strict inequality |Dv|(€2) < Varg2(v) holds as soon as the jump component
D’ v is non-trivial.

Definition 6.2 Let p > 2. We denote by %pOO(Q) the class of maps u in 7, (2) for

which we can find a sequence {u;} C C 2(©2, R?) as in Definition 6.1 that satisfies in
addition the identity

h—o00

lim / [V, |dx = Varg (v,) . (6.3)
Q

6.2 Weak Limit Currents

Take u € MPOO(Q) and a smooth sequence {uy} as in Definition 6.2. By Federer and
Fleming’s closure theorem, we find a (not relabeled) subsequence such that G,, —T

weakly in 2, (2 x S?) to some Cartesian current T in cart(Q2 x S?), with underlying
function equal to v, (see (Giaquintaetal. 1998a)). Denote by .7, the class of currents in
cart($2 x S?) obtained in this way. Additional notations are instrumental for analyzing
the structure of currents 7 in .7, . They are here in order.

Any 2-form w € 2%(Q x S?) is decomposed into the sum & = 0@ + M 4 »?
according to the number of differentials dz/. Then, a generic current T € Z5(Q x S?)
is equal to the sum T = T(o) + T(1y + T(2), where we define

(Tiy, ©) := (T, 0®), Yo e 22 Qx$H,

for k = 0, 1, 2. We also recall that dx! is the covector in R? such that dx! A dx! =
(—l)idx, fori = 1,2, where dx := dx! A dx2.

If vy is the unit normal to a given map u € </;7°(2), we have denoted by G, the
current in %> (2 x S?) carried by the rectifiable graph of v, (see Sect.2.3). Moreover,
a current va in 2,(Q2 x $?) is naturally associated with the Cantor component D¢y,

of the derivative of v,,. It satisfies va o= 0, va o= 0 and
(TC, ¥(x, ) dxf Aded) = (~1) / Y vl () dD V), (6.4)
Q

for any test function ¢ € C2°(2 x ]R3), i=1,2,j=1,2,3, where v,(x) is a precise
representative. Indeed, we have

M(T) = |D v, |(Q) < c0. (6.5)

Finally, concerning the jump component D” v, we denote by T a generic current in
D>(22 x S?) such that T({)) =0, Té) = 0, and for any choice of v, i and j as above
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we write

(TJ? W(X,Z)d/;/\dzj) = —/

( w(x,z)dzj)f;(x)djfl(x), (6.6)
S(vy) Ty

where T, is a rectifiable and oriented arc in S? from v, (x) to v (x), for A Lae.
x € S(vy). In formula (6.6), referring to (2.1) and (5.2), we considered 1=t =n
and #, = t; = —n,. We thus obtain

M(T’) = AT d A (x). (6.7)
S(vu)

The following result motivates the previous notation.

Lemma 6.1 Let T be a current of the form T = Gy, + Tvi + T7. Then, for every
n € 212 x S?) such that n = n© we have (3T, n) = 0.

Proof We show that 7 (dy) = 0 when 7 = (—1)~'o(x, y) dxi, where i = 1,2 and
p e C°(Q2 x S?). The assertion follows by linearity. Since

3
dn = 05, p(x, ) dx + (=)' Y0y, 0(x, y) dxl Ady/,
j=1
using that for £?-a.e. x € Q

3

e 06, ()] = By o, v () + 3 8,0, 1, (0) B0 ()
j=1

and by the chain rule formula

3
(Do (e, v (D = ) By (x, v, (1)) (D)
j=1

whereas for .#!-a.e. x € S(vy)
3 .
/ D o0, y)dy! = e(x, vl (x) — o(x, v, (1)),
e i3
in terms of the BV function v(x) := ¢(x, v,(x)) we obtain
(T,dn) = / 3y, v(x) dx + / d(D%v); + f (vF () — v~ (%)) n; dA (x)
Q Q S(v)

and the assertion follows from the chain rule formula of v. O

@ Springer



90 Page 26 of 43 Journal of Nonlinear Science (2026) 36:90

The following structure result holds:

Theorem 6.1 Assume T € 7, for some u € szpoo(Q) (see (6.12)). Then, T is an i.m.
rectifiable current in %> (2 x S?) that satisfies the null-boundary condition

(T, n)=0 Vne 2'(Qx$S?. (6.8)
Moreover, we can decompose T as T = G, + va +T7 + St so that

M(T) = M(G,,) + M(TS) + M(T”) + M(S7) < 00, where  (6.9)

G, is the current carried by the graph of v,;
va is the Cantor component defined as above, see (6.4);

T7 is the jump component given as above, where in (6.6) we have

Iy is a geodesic arc from v~ (x) to v (x) for Hlae x e S); (6.10)

St € (22 x Rz) is completely vertical, that is, St ) + St (1) = 0.

Proof For a given current R € %5(Q x S?), we let

Z1(R) ;= sup (R, w)

we.F!
where .Z! denotes the class of 2-forms w € 22(Q x S?) such that w = »» and
lw|l < 1. We thus equivalently have .#1 (R) = M(R(1)).
By the properties of the class cart($2 x S?) (Giaquinta et al. 1998b), we infer that

T € % (2 x S?), the null-boundary condition (6.8) holds and there exists X7 €
(2 x S?) such that X710 =0and

T =G, +Xr, where M(T)=M(G,,) +M(Zr) < cc.

Let {u,} C C*(R2, R?) be the approximating sequence from Definition 6.2. Possibly
passing to a not relabeled subsequence, we can assume that Gvuh —T and that the
strict convergence (6.3) holds. Since v, is a BV function, by the structure properties
of the class cart($2 x S?) we can decompose 7 into the sum of three terms, namely

ETZTU€+TJ+ST,

where va and T are given as above. With the previous notation, we thus have
F1(Gy,) = / IVuuldx, FUT) =MTS), AT =MT"),
Q
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where all terms are finite. Moreover, the null-boundary condition in Lemma 6.1 implies
that

FUTE +T7) + F1(S1) < F1(37).

In addition, according to (6.5) and (6.7), by the mutual singularity of the measures
D€y, and D’ v, we obtain the decomposition

FUTE +T)) = F1(TE) + F(T) < o0,
where by the definition of the component T/ we clearly have

/ diste (v, vH) d! < Z(S7). 6.11)
S(vu)

Since Gy, —T', by lower semicontinuity we have
F1(Gy,) +F1(Zr) = A(T) < liminf F,(Gy,, ).
h—00 h

where the first equality follows from the mutual singularity of the measures associated
with the components G, and X7 of T. Moreover, since

F1(Gy,,) = / |V, |dx VA,
Q
the strict convergence in (6.3) is equivalent to the limit

lim Z1(Gy, ) = Z1(Gy,) +34*1(Tf)+/ dist o (v, v) .
h— o0 h u S(vy)

Since .#1(G,,) < o0, by the previous properties we obtain the inequalities
FUTE) + F1(TT) + F1(S1) < F1(Sr) < FUTE) + F1(T7) < o0,

and hence .71 (S7) = 0. Recalling that S7, = 0, the identity .7 (S7) = 0 gives
Sty = 0 and hence ST = S7(2). As a consequence, the property (6.9) holds true.
Finally, since .%; (va) < 00, the equality sign holds true in (6.11). Therefore, we
have s#1(I',) = dist s2 (v, (x), vf (x)) for H?-ae. x € S(v,). Recalling that T is
an oriented arc in S? from v, (x) to v,j (x), the property (6.10) holds and the proof is
complete. O
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6.3 Mass Minimizing Currents

Take u € «7;°(€2). By Federer and Fleming’s closure theorem and Theorem 6.1, there
exists Tmin € -7}, such that

M(Tin) = min {M(T) | T € Z,} . (6.12)

Localized possibly irrecoverable strain in a small neighborhood of discrete points and
cusps will be described in terms of a mass minimizing current in .7, . However, we
now see that it fails to be unique, in general, even in the case when the unit normal v,
is a Sobolev map.

Example 6.1 Let = B2 and u be such that the deformed shell u(B2) forms a cusp,
ie., u(x) = (x1, x2, f(|x])), where

fp):=1-+y2p—p>, pel01], (6.13)
in such a way that with p := |x| > 0 we have

(—f' ) x1/p, —f' () x2/p, 1) .

vy (x) =

1
V14 f'(p)?
The unit normal v, belongs to the class leq(Bz, SZ) for every ¢ < 2, and around
the origin Og: it describes the circle S! := {z € S? | z3 = 0}, which can be oriented
in such a way that

3G, L B> x §* = =8y, x [S'].

Denote by S1 := {z € S? | £z3 > 0} the naturally oriented upper and lower half
spheres, so that

SLT=08"1. arsz1=-[s"1.
Then, both the currents

T, =Gy, +80, x[S11. T-:=G,, —d, x[S*]

are mass minimizers in the class .7, .

We have (see Theorem 6.2)
T, —T_ =380, x [S*].
Moreover, if @, the 2-form in S? given by (3.21), we obtain
(T, 9(x) ©2(2)) = £([SL 1, ©2) - (0, ¢) = £7 9 (O2) (6.14)
for every ¢ € Cfo(Bz)—see definition (6.18).
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Example 6.2 Let Q = B? and u be such that the deformed shell u(B?) forms a sharp
fold, i.e., u(x) = (x1, x2, f(|x1])), with f given by (6.13), so that

(—f'UxiDxi/Ixil, 0, 1), x1 #0.

vy (x) =

1
VIt f(xi)?

The unit normal v, belongs to the class SBV (B2, S?), with jump set S(v,) = BInN
{x; = 0} and one-sided limits vui = (£1, 0, 0), if we choose n = (1, 0). Any mass
minimizer in .7, is equal to T = G,, + T, where in the jump component we can
take ', equal to any fixed geodesic arc of S? from v, tovt.

However, in Theorem 6.2 we shall see that the arc Iy must be orthogonal to the
orienting unit vector to the fold u(S(v,)) of the deformed shell at u(x), and definitely
it is parameterized by ®(¢) = (—cost, 0, sin?), t € [0, 7], for every x € S(v).

The latter property applies when the sharp fold does not degenerate. An opposite
circumstance is described in the following example.

Example 6.3 Let Q@ = B% and u € W1 (Q, R3) be given by

u(x) = <x1|x2|, x2|x2|, 0) , o x=(x1,x), x#O0,

|x] |x|

so that the continuous representative satisfies u(x;, 0) = Og3. Thus, we have dju x
du = (0,0, x2]x2|/|x|?) for xo # 0, whence v, (x) = (0,0, 1) if xo > 0, and
vu(x) = (0,0, —=1) if x2 < 0, so that S(v,) = BZN{xy = 0}. Also, u(S(v,)) = {OR3}
and u maps the half disks B> N {£x, > 0} onto the disk

D={yeR |y’ +(2—1/2" < 1/4, y3 =0},
but with opposite orientation. In particular, with t = (1, 0) the unit tangent vector to
S(vy), we have dgu(x) = 0 for every x € S(vy).

We aim at excluding situations like the previous one. So, foru € ﬂlf" (R2), wedenote
by G, the current carried by the graph of the map &, given by (3.12), and we notice
that if it is endowed with finite mass, G, € #»(U), where U := Q x R3 x SZ. We
recall that the unit vector t = t(x) = n, (x)" fixes the orientation to the approximate
tangent 1-space to the jump set S(v,) at s#'-a.e. x € S(v,,).

Theorem 6.2 Letu € ,Qipoo(Q) be such that

M(Go,) + M(0Go,) < 00. (6.15)
Then, u is approximately differentiable 7 -a.e. on S(v,). Assume in addition that the
tangential gradient dgu # Ops for 7€ La.e. x € S(v,). Then, for any couple Ty, T of

mass minimizing currents in ., we can find a current L € %y(2) such that

T\—Th=Lx[S*]. (6.16)
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Proof Setting S := T1 — T, it suffices to show that S is a completely vertical integral
2-cycle; that is, S € Z>(Q2 x S?) satisfies 85 = 0 and § = S(2). Indeed, following
(Giaquinta et al. 1998b), any completely vertical 2-form w = 0® € 2%(Q x S?) can
be written as

0@ (x,2) = ¢(x)O2(2) + d;n(x, 2),

where ¢ € C2°(2), ©, is the volume 2-form in (3.21) and n € 212 x S?) is of the
typen = n(l).Writing dn = dyn+d;n, we have (dxn)(z) = Oandhence (S, dyn) = 0.
Therefore, we obtain:

(S,dzm) = (38, ) = (S, dxm) =0,

whence the action of S is possibly nonzero only on the term ¢ ®», and definitely (6.16)
holds.

By Theorem 6.1, for £ = 1,2 we can write Ty = G,, + va + T,/ + Sz, so that
S=387 -8+ le - TZJ . Therefore, if we show that the jump components are equal,
that is,

T/ =71, (6.17)

we obtain that § € Z»(Q x S?) satisfies 3S = 0 and S = S2)-

The property (6.17) is trivial if v, € W 1(Q, $?). More generally, if (6.15) holds,
a result by Ambrosio et al. (1998) implies that ®,, is a function in SBV whose trace
functions are approximately differentiable .7 -almost everywhere on the jump set of
®,. Since u € WhP(Q, R?), with p > 2, the first assertion follows.

Assume that oy # Ops for S -ae. x € S(v,). Then, the unit vector T(x) :=
ogu(x)/|0¢u(x)| provides an orientation to the fold u(S(v,)) of the deformed shell
u(Q) at u(x), for 7 -ae. x € S(vy).

By the properties of weak limits of the Gauss graphs (see (Anzellotti et al. 1990;
Mariano and Mucci 2023a)), it turns out that, for s#'-a.e. x € S(v,), the arc T
appearing in the definition (6.6), for T = T,, must belong to the great circle obtained
by the intersection of the Gauss sphere S? with the 2-space H)J; orthogonal to the
vector T(x), and the orientation of I'y is consistent with the one induced by T(x)
on IT}. Indeed, when v, (x) # —v}(x) we have T(x) = A(v; (x) x v} (x)) for
some A > 0. Instead, when v, (x) = —v,j (x), up to a rotation in R3 we may assume
that v (x) = (—1,0,0), v;(x) = (1,0,0), T(x) = (0, 1, 0) and the oriented arc
I'y is parameterized by ®(¢) = (—cost,0,sint), t € [0, r]. As a consequence, the
geodesic arcs I, only depend on the deformation map u and on its normal v,. We thus
definitely obtain equation (6.17), and the proof is complete. O

6.4 Need for Atomic Measures
Let 7' be a mass minimizer in the class .7, for some u € «7,;°(€2). Recalling that ©

is the volume 2-form in (3.21), we denote by py the Borel regular signed measure on
2 generated by the finite mass distribution

(@) = (T, ¢(x)02(2)), ¢€CT(RQ). (6.18)
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If the minimizer T in .7, is unique, we shall write u,, :== pty. In general, we decom-
pose gy into mutually singular components, namely, py = . + py., where u% is
absolutely continuous with respect to the Lebesgue measure .%%. Hence, we have

1T (P) = (Gy,, $(x) ©2(2)) V¢ € C(Q).

Since it only depends on the unit normal v, to u, we shall write u{ = p7.. On account
of (3.22) and the area formula, we have

i ($) = /Q 00 v/gn ) Ky () dx

with K, (x) given by (3.15) for Z?-a.e. x € Q, and we may say that the measure T
describes concentration of the Gauss curvature energy of the shell surface. Indeed, in
the smooth case we have uy = p%, so that since [ 4.4, 1| = ®,4[ 2 ], we obtain

| K= [ JmKir= [ 002 = @9.4,0.02)
My Q Q
On account of Theorem 6.1, the singular part satisfies

17 (9) = (Z7,¢(x) ©2(2)) V¢ € CZ(Q).

We finally denote by ;L‘}t the atomic component of wr. Since the measure w1 has finite
total variation, the Schwartz theorem implies that [L?f is concentrated on a countable
set of points.

To avoid deformed surfaces with spread wrinkles, we require that the singular
component iy be concentrated on a 1-rectifiable set of 2. However, in general this
is not the case even for convex shells. Indeed, as in case of the map u from Example
4.1, with T = G,, + va, it turns out that u% is concentrated on the set ¥ = {x €
B? : |x| € C}, where C is the Cantor middle-thirds set, whence ¥ has Hausdorff
dimension 1+ log; 2. Therefore, we shall work with deformation maps whose normal
v, is a special function of bounded variation.

By Theorem 6.1, we have

BT (@) = (ST, 9(x) O2(z)) Vo € CZ(Q).
Therefore, if v, € SBV (2, SZ), under the hypotheses of Theorem 6.2, by (6.17) and

(6.16), since M(T1) = M(T»), we obtain what follows:

e the component % — ' does not depend on the choice of the mass minimizing
current 7' in .7, and it is concentrated on the jump set S(v,);

e the total variation |u§'| of the atomic component does not depend on the choice
of the mass minimizing current 7 in .7, ,—see eq. (6.14).

@ Springer



90 Page320f43 Journal of Nonlinear Science (2026) 36:90

As a consequence, with an abuse of notation we shall write u§’ = p%', independently
of the choice of T = T in (6.12). Indeed, if 77 and 7> are mass minimizers in .7}, ,

we have
g, |(V) = |pp,|(V) YV CQ, V open.

We thus introduce a nonnegative and finite Borel measure m, whose atomic part m‘;’
is concentrated in a given countable set of points in €2, in such a way that the atomic
part of the measure u,, is concentrated in the support of mg’f , hamely

m,|(V) <m,(V) VV CQ, V open. (6.19)

We call mZ’ the atomic component of a deformation implying possibly irrecoverable
strain. We have

1) 2= lim | (B ) =c>0 = mif(ehze.  (620)

At some x € €2, we could have |pug'|({x}) = 0 but m}/({x}) > 0. In that case, u(x)
may be interpreted as a plastic nucleation point where the deformed surface presents
no cusps.

6.5 Examples

In all the examples below, we have 2 = B? and u(x) = (x, g(x)) for some bounded
and concave function g : B2 — R such that v, € SBV(B 2 Sz). Moreover, the
mass minimizer in .7, is unique and will be indicated by T, . Qualitatively different
behaviors of the singular measure u;, appear.

In the first example, the measure u;, is a Dirac mass at the vertex of a cone, with a
weight equal to the angle defect (that is, to the area of the geodesically convex set of
S? determined by the solid tangent cone at the vertex; see Fig.2).

Example 6.4 Let g be of the form g(x) = —mp, where m > 0 and p := |x/|, so that
for p > 0 we have v,(x) = (mx;/p, mx2/p, 1)/~/1 + m?. Therefore, the image of

vy, 1s a one-dimensional set given by the parallel ', := {z € S? | zz = (1 —{—mz)_l/ 2}.
Moreover, since as currents in .%’2(32 X Sz)

anu = _SORZ X [[Fm]]ﬂ

with ¥,, the set defined by ¥,, := {z € S? 1 z3 > (1 +m?)~1/2), using the identity
[Tyl =00%,]1 wegetT, =G,, +S,, where

Sy = 80R2 x [ %, 1.
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Q=R

Fig.2 Conical singularity and atomic Gauss curvature concentration

Hence, we have

1
s _ . — -
(”’uv §0> - QD(ORZ) Uy s Oy = 27T (1 1 n m2) .

We thus have uy = pj’ = am do_,. The deformed shell u(B?) has no sharp folds,
since v, is a Sobolev map in W7 (B2, S?) for every p < 2.

The second example describes a developable surface. We have u,, = 0, even if the
jump component of the distributional derivative of v, is nonzero. A sharp fold in the
deformed shell occurs; it is a straight segment (see Fig. 3).

Example 6.5 Let g(x) = —m|x;|, where m > 0. Then, we have v, = a if x; > 0
and v, = a,, if x; < 0, where anf := (£m, 0, 1)/+/1 + m?. The deformed surface
u(B?) has a sharp fold given by the straight segment I x {0} in R3, where I := {x €
B? | x; = 0}. Moreover, since

90G,, =[11x (Sa,; - (Saj,l')’
we can write T, = G, + S, with

S, =—-[MI11xT,

where I' € % (S?) is associated with the oriented geodesic arc in S? from a,, to a;},
whence p, = 0.
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QO = B2

Fig.3 Developable fold with vanishing Gauss curvature measure

The third example shows that when D v, # 0, it may happen that the singular measure
1} is concentrated on a one-dimensional set .. In this case, the sharp fold pertaining
to the deformed shell is a line of R3 with nonzero curvature (see Fig.4).
Example 6.6 Let g be of the form g(x) = —|x1| — x3/2, so that
sgn , X, 1
(sgn(xy), x2 )’ 1 £ 0.

vy (x) =
,/2+x22

The deformed surface u(B?) has a sharp fold given by the support of the curve y () =
O, 1, —2 /2), where t € [—1, 1], whose curvature is nonzero at any point. We have:

3Gy, =W, [—1, 11— WS —1,11,

where Wt : (—=1,1) — B? x S? is given by

VE0) = (00 a0), et im D
SRR T

Therefore, we infer that 7, = G,, + S, where

5 (A, 1, 1)
Su:F#[[[_]sl] :”1 F(t’)\‘) = (0’t’ ﬁ>
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Q=B

atomic curvature
concentration at Q.

o-

Fig.5 Combined fold-cusp configuration with atomic concentration

As a consequence, the singular measure u; is non-trivial; it is concentrated on the
segment [ := {x € B? | x| = 0}, and we obtain 14 = 0 whereas

ui(B%) = AHF(-1,11%).

In the last example, both the measures p&' and !, — p%' are non-trivial (see Fig. 5 for
a situation falling in the same class of the following example.).
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Example 6.7 Let g be a function given by

—Jxi 4+ =1/ if x>1/2

gx) =1 —|xi if ol <1/2 .
— X2+ 2+ 1/2)2 if x < —1/2

For x1 # 0, we have

( X1 xy—1/2
V=122 [ 4 - 1722

(sgn(xl), 0, 1) if x| <1/2

( X1 x2+1/2

\/xf + (24 1/2)2 \/x% + (x2 4+ 1/2)2

,1) if x> 1/2

vy (x) =

SI=S- Sl -

: 1) if x<—1/2

and hence v, € SBV(B2, SZ). Moreover, setting a+ = (£1, 0, 1)/«/5, 1 ={x¢€
B2 | x1 =0, |x2] < 1/2}, O+ := (0, £1/2), y*(8) := (cosb, sin¥, 1)/«/5, and
Y~ (0) := (cos(@ + m), sin(0 + m), 1)/\/5, we get

3Gy, =11 x (8a. —8a,) =80, x v [0, 71 —8p_ x ¥, [0,7]

where d[ I ]| = dp, —J¢p_ and 8y;|[0, 7wl =684_—38a, = —0yy [0, m ]|. Therefore,
we have T, = G,, + S, with

Su==[ITx0J1+6p, x[Ds1+6p_ x[D_1
where J is the oriented geodesic arc in S? from a_ to a4, whereas Dy is the
geodesically convex subset of S* enclosed by the curves J and y*([0, 7]), that is,
Dy :={z € S? | z3 > 1/ﬁ, +z2 > 0}. As a consequence, the singular measure
u3 has a 1-dimensional component uf, — u9 concentrated on the segment /, and an
atomic part given by

pit = A*(Dy) 8o, + A*(D-) x 8¢ .

Further combined fold-cusp configurations can be considered, as those in Fig. 6.

7 An Existence Result

Here, we consider shells equilibrium configurations free of spread wrinkles but with
possibly irrecoverable sharp folds and cusps. So, we discuss energy minimization. To
this aim we require that the unit normal v, field over the deformed shell is free of
the Cantor component. Thus, on the basis of Theorem 6.2, along energy minimizing
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Q=B

Fig. 6 Combined fold-cusp configuration with atomic concentration

sequences we need to have weak convergence in L' of all the minors of approximate
gradient V&, of the Gauss graph map @, in (3.12). Also, we need to apply the
closure-compactness theorem in SBV (€2, S?). We thus introduce a further subclass
of competitors in ,proo(Q).

Definition 7.1 For p > 2, we denote by ,Q%;OO(Q) the subclass of maps u € /7 (2)—
with MPOO(Q) introduced in Definition 6.2—such that

e the approximate gradient Vv, belongs to the Lebesgue space L? (2, R3*?);

e the boundary of the graph current G ¢, has finite mass, M(0G¢,) < 00;

o for #'-ae. x € S(v,), the approximate tangential gradient is non-trivial, that is,

otu #~ Ops.
By the parallelogram and by Holder inequalities, a deformation map u in the class
,proo (R2) satisfies &(u) < oo, where the energy & (u) is given by (3.19)—(3.20), and also
the mass bound M(G¢,) < 00, so that Theorem 6.2 guarantees the existence of d¢u for
H'-ae. x € S(vy). Finally, the bound M(dG¢,) < oo implies that M(0G,,) < oo,
whence v, € SBV (2, S?) and #1 (S(v,)) < 0.
Four basic ingredients are chosen:

a class 42?;00(9) as in Definition 7.1, for some exponent p > 2;

e areal constant K > 0 yielding a uniform bound of the deformation maps;

e atriplet (Z, n, ©) in the class 227, according to Definition 5.1: It accounts for
the potential occurrence of possibly irrecoverable sharp folds;

e a nonnegative and finite regular measure m, whose atomic component m?,’ is

concentrated in a countable subset of 2: it accounts for the potential occurrence

of possibly irrecoverable localized strains in ‘small’ neighborhoods of isolated

points.
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Definition 7.2 We denote by ,@Z, (2) the class of functions u in ,;A?;,Oo (€2) satisfying the
following properties:

e according to the notation in (5.3) and (5.6), the total variation bound (5.8) holds,
so that inequality (5.9) is satisfied;

o the measure p,, satisfies the local bound (6.19) with respect to the measure m,, so
that the relation (6.20) concerning the atomic measures p4%' and m?,’ is satisfied;

o |lulloo < K < +00.

A class of energies that agree with the peculiarities of deformations in JZZU(Q), to
within dimensional constants, is given by

Ep(u) = ﬁp(u)—}—/ [V, |P dx+M(@03Go,)+ Y (|ogul) d<%”1+/ e(u(x))dx
Q Q

7.1
where, we recall, the function ¥ :]0, +0o[— R is convex, nonnegative, with linear
growth at 400, and such that 1 (p) — 400 when p — 0. The term Fp(u) is given
by (6.1); it is an adaptation to shells of an energy proposed by Hadamard (1903).
The fourth addendum guarantees that the non-degeneracy assumption dgu # Op3 is
preserved in the minimization process. Finally, ¢ : R} — R is assumed to be a con-
tinuous density function, so that the last addendum represents (in a sense not specified
here) the action of external bulk forces. By construction, according to Definitions 7.1
and 7.2, the class &7, (2) always contains functions u with finite energy, namely those
such that &, (1) < 0.

S(vu)

Theorem 7.1 With the previous notation, the infimum of the problem
inf{&,w) | u € o,(Q)}

is attained.

Proof We repeatedly pass to not relabeled subsequences. In fact, we recall that the
weak convergence of i.m. rectifiable currents with support contained in a compact set
is metrizable.

Let {ux} C /,(2) be an energy minimizing sequence. By applying Proposition
6.1 to each ug, and on account of the lower semicontinuity inequality (6.2), we find
the existence of a function u € ,Qipoo(Q) such that ||u||cc < K and

F,(u) < liminf Z,(uz) < 00.
k— 00

Moreover, since for every k
A (S(vy)) <2M(3G,y, ) <2M(0Ge, ) < C < o0,

we have

sup([1vig oo + / (Vv |? dx + A (S(0y))) < 00
k Q
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and the compactness theorem in SBV applies, see (Ambrosio et al. 2000). It implies
that

/ [V, [P dx < liminf/ [Vvy,|P dx
Q k—oo Jo

and that

lwl (V) <liminf |u! [(V) YV CcQ, V open
" k— 00 Uk

so that property (5.8) is preserved in the limit process.

Furthermore, using that p > 2, by the parallelogram and Holder inequalities we
obtain the weak convergence in LY(Q) of all the minors of the gradient 6 x 2 matrix
V®,, to the corresponding minor of V®,,. Therefore, using that

sup (M(G%k) n M(aG%k)) < oo,
k

by Federer and Fleming’s closure theorem we infer that G, — G ¢, weakly as currents

in 2,(U), where U := Q x R3 x S2, and by lower semicontinuity of the mass we
have

M(G¢ ) < liminfM(G(p ) < 00, M(8G¢ ) < liminfM(3G¢ ) < 00.
" k—o00 Uk u k— 00 ug

As aconsequence, by the first assertion in Theorem 6.2 we infer that u is approximately
differentiable 571 -a.e. on S(v,).

Furthermore, denoting by 9y, 1 the approximate tangential gradient of uy to S(v,, ),
the weak convergence 8G¢uk —0Gy, in Z1(U) implies the weak convergence in the
sense of measures

|9g k] S LS ()=

to some nonnegative Borel measure w greater than |dgu| 7 1 S(vg). Therefore, using
a lower semicontinuity result due to Reshetnyak (1968), we have

S(vu) o0

VU (|0u|) d! < liminf/ V(|0 ux]) d < oo,
k=00 J vy
Recalling that ¥ (p) — +o00 when p — 0™, we thus obtain that dgu # Ops for 7 L
a.e.x € S(v,), and hence, u € %,fo (£2). In particular, the second part of Theorem 6.2
applies to u.
Letnow Ty be aminimizing current in '%uk ,sothat|p,, | = |, | forevery k. Again
by Federer and Fleming’s closure theorem, a subsequence of {7} } weakly converges to
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a Cartesian current T in the class .7,. Therefore, denoting by 7' a minimizing current
in .7, we obtain

[, (V) = |pr|(V) < |rpl(V) < liklgioréflﬂrkl(V) VYV CQ, V open.

As a consequence, property (6.19) is preserved and definitely u € JJ?;,(Q). Finally, by
putting the energy terms together, we obtain the lower semicontinuity inequality

&p(u) < liminf &, (uy) < o0,
k— 00

the term u +— fQ e(u(x)) dx being continuous. m|

8 Concluding Remarks

We have provided a functional characterization of shell deformations admitting pos-
sibly irrecoverable sharp folds and cusps while maintaining compactness. In this
functional setting, we have considered a class of energies accounting for the peculiar
characteristics of these singular behavior, proving for it the existence of minimiz-
ers. Our results can be generalized to shells with additional through-the-thickness
microstructure described by phase fields taking values on a finite-dimensional geode-
tic complete differentiable manifold not embedded in any linear space. Besides this
potential extension, the results collected here underline once again that the selection
of a function space for an admissible class of deformations is per se a constitutive
choice.
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