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Abstract

We study the existence and regularity of minimizers of an energy functional which in
the physical 3D dimension corresponds to the so—called generalized Varga materials
and includes an additional term accounting for surface tension. Due to the linear growth
of the strain energy, we relax the problem in a suitable class of extended graphs of
radially symmetric functions of bounded variations. Besides cavitation at the origin,
a new phenomenon due to the occurrence of a spherical fracture inside the body is
observed.
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1 Introduction

In this paper we provide an analytic justification for the occurrence of nucleation
of radially symmetric minimizers of materials subject to a strain energy that in the
physical dimension N = 3 describes the so called generalized Varga materials.

Our analysis shows also that these materials may exhibit a new phenomenon: due
to the linear growth of the volume term, besides nucleation, energy minimizers may
present a fracture at a positive radius.

The general framework we consider deals with the minimization of the energy

E(u) :/ W(Vu(x))dx D
BN
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among (sufficiently smooth) radially symmetric deformation u: BY — RV

u(x) = v(|x)) |;C—| 0<fxl <1, @)

of the reference configuration BY, the open unit ball of RV centered at the origin,
subject to the boundary displacement condition u#(x) = Ax for [x| = 1 with A > 1.

The radially symmetric deformation u# given by (2) is uniquely determined by its
profile function v: (0, 1) — R which is assumed to be strictly increasing and to satisfy
0 < v(0) < v(1) = A where, here and in the sequel, v(0) = v(0™) and v(1) = v(17)
are the right and left limits at the endpoints of the interval (0, 1).

The existence of radial minimizers u of E with profile function v such that v(0) > 0
for large enough displacement A corresponds to the occurrence of a spherical fracture
— a cavity — inside the body. This behaviour is actually observed in experiments with
elastomers, see for instance [10, 15] and [16], and the existence of minimizers u with
cavity has been widely studied starting from J. Ball’s seminal paper [3], see also [17,
20, 22, 23] and more recently [19]. See also [7] for an analysis of cavitation in the
nonconvex setting of the so—called Blatz—Ko elastic materials.

Throughout the paper we assume that the strain energy density is an isotropic func-
tion W: M_/X *N 5 R defined on the set M_]X *N' of matrices with positive determinant
such that W(A) — 400 as detA — 07 or det A — +4o0. Therefore, W can be
written as a symmetric function of the singular values A,(A) (n = 1, ..., N)of A, i.e.

W(A) = @(hi(A), -, An(A), AeMN,

where @ is areal-valued function invariant under interchange of the entries and defined
on the set of vectors of RV with positive components and, for profile functions v as
above, the corresponding deformations u in (2) are differentiable almost everywhere
in BN with gradients Vu(x) given by

Vu(x) = v(||;||)]IN + <v/(|x|) - v(||;||)> x|j§|>2x fora.e. x € BY

(see [3] or [23]) where Iy is the N x N identity matrix and with singular values or
principal stretches of Vu(x) given for a.e. x € BN by

v(lx])

A (Vux)) =v(x]) and 1, (Vu(x)) = N n=2,.

.., N, 3)

so that
W (Vu(x)) = @ (V' (x), v(|x])/Ix], - -, v(|x])/|x])  forae.x € BY.

In the so called generalized Varga materials that we are going to consider here, the
strain energy density features a special, simple structure for which a closed form of
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solutions of the equilibrium equation can be found, at least formally. More precisely,
in view of (3), assuming N = 3, setting £ := A; and n := A, = A3 and writing

@&, n) =&, n.n, §&,n>0,

for the ease of notation, the function @ associated with the strain energy of generalized
Varga materials is given by

D& ) =1 +20) +2Qn+n) +wEnd),  £.n>0, “)

for suitable coefficients c1, co > 0 and some nonnegative, smooth and strictly convex
function w: (0, +00) — R satisfying w(J) — +ooas J — 0" and as J — +o0.
The recession at infinity of w is defined by

w*® = lim % € (0, +o0] 5)

J—400

and the cases 0 < w™ < 400 and w* = +o0 correspond to the commonly named
cases of linear and superlinear growth of the volume term at infinity respectively.

In the superlinear case, radially symmetric minimizers of E exist and turn out to
be smooth with a profile v satisfying

(v(r)) "ry =rc, O<r<l1.

i.e. det Vu(x) = c for every x € B>, x # 0. This is consistent with the analysis in
[15] where the existence of smooth, radially symmetric critical points of E is taken
for granted and their properties are investigated.

1.1 The Surface-Tension Term

In this paper, we focus on the existence and qualitative properties of minimizers of the
energy with density @ as in (4) in the case when the volume term w has linear growth
at infinity and satisfies

w(J) > w™J + wy, J >0, (6)

for some constant wg € R. Hence, due to the linear growth of @ with respect to
|Vu|, the natural functional setting for the minimization of E is the set of (radially
symmetric) BV functions.

The materials described by this choice of @ and w can be named elasto—plastic
brittle materials. Assume in fact that uj, : B> — R3 (h > 1) is a minimizing sequence
of E among radially symmetric smooth maps, subject to the boundary displace-
ment condition. Due to the linear growth, the minimizing sequence in general has
a subsequence which converges in L' (B3, R?) only and the limit function u is a radi-
ally symmetric map with an increasing profile function v: (0, 1) — R satisfying
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0 < v(0) < v(1) < A. Therefore, besides the occurrence of cavitation v(0) > 0 ana-
lyzed in [15] in the superlinear case w™ = +o0, in the linear case 0 < w™ < 400
considered here these materials may present one of the following three behaviours or
a combination thereof:

— fractured body: the profile function v(r) fails to be continuous in (0, 1), but no
energy concentration appears at the discontinuity points;

— plasticity: energy concentration may appear at R = 0, if v(0) > 0, or at some
shell |x| = R, where 0 < R < 1;

— diffuse fractures: it cannot be excluded a priori that v(r) behaves like e.g. v(r) =
A—=1r+vc(r)for0 <r <1 (A > 1) where vc is the usual Cantor—Vitali
function.

Roughly speaking, in the linear growth case considered here, as the parameter A of
the boundary displacement condition u(x) = Ax grows from A = 1 to infinity in
time, elasto—dynamics suggests that a threshold Ag exists such that, for A > Ag, the
trivial configuration u(x) = A x fails to be energy favorable and the body brakes in
two possible ways: at the origin, so that cavitation appears, or at a shell |x| = R for
some positive radius R € (0, 1).

In order to exclude the other phenomena, that we call plasticity and diffuse fractures,
we postulate that the body under scrutiny is subject to a positive surface tension. From
the mathematical point of view this physical assumption is described by adding to the
energy functional (1) a surface-like term proportional through a positive constant u
to the total area of the boundary of the graph

Gu = [(r,u()) | x € B and x # 0]

of the deformation map u. Assuming that the profile function v associated with u is
continuous and 0 < v(0) < v(1) = A, itis given by the term

e [(1 +22) + v(0)2] :

where ;> 0 is a constant which depends on the material. If instead the increasing
profile function v(r) is discontinuous at some point R € (0, 1) and v(R¥) denote the
left and right limits of v at » = R, the boundary of the graph of the corresponding
deformation u contains two further SO (3) x SO(3) invariant surfaces and the total
area of the graph of u features an additional term given by

a7 [(R2 n u(R*)z) + (R2 n u(R+)2)]

for every discontinuity point R € (0, 1) of the profile function v.

The very same surface term is considered in [18], where the minimization is not
restricted to radial deformations. However, the results of [18] apply to the so—called
neohookean materials, i.e. require that the volume term w be superlinear and that the
energy density control the L”—norm of the gradient with p > N — 1 and hence do
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not apply to the case of generalized Varga materials considered here. See also [9] and
[14] for related results in the limiting case p = N — 1 and also [12, 13] and [5] for
further results. We also mention [2] for a regularization approach to problems with
linear growth.

1.2 Admissible Profiles and the Energy Functional

On the ground of the previous arguments, we consider deformations u as in (2) with
possibly discontinuous profile functions v. Since the fracture that may appear inside the
body is conceivably unique, from now on we assume that all profile functions may have
at most one point of discontinuity » = R and, in addition, that this discontinuity point
is located in the interval (0, Ro], i.e. R € (0, Ry], for some positive parameter Ry €
(0, 1). This latter mathematical assumption is physically justified by the observation
that, in any possible experiment, the specimen must be clamped in some region (R, 1)
and no fractures can appear in the clamped portion of the material. Then, we define
the set of admissible profiles v as follows.

Definition 1.1 Let A > 1. The admissible profiles are the functions v: I — R (I =
(0, 1)) with the following properties:

— v is nonnegative, strictly increasing and such that v(1) = A;
— eitherv e Wh(I) orv e WhI(I \ {R}) for some R € (0, Ry] and v(0) = 0;
and the set of all such functions is denoted by A(A). O

Therefore, a profile function v in A()) is either a Sobolev function in w1(I) whose
value at » = 0 may be v(0) = 0 or v(0) > 0 or v has a unique discontinuity point
R € (0, Rol,i.e. v(R™) < v(R™), and is a Sobolev function in each interval (0, R)
and (R, 1) with v(0) = 0. The condition v(1) = A encodes for the profile function v
the Dirichlet boundary condition u(x) = Ax for |x| = 1.

For generalized Varga materials in the physical dimension N = 3, the energy of
a radially symmetric deformation u with an admissible profile function v € A(A) is
thus given by

Eu(u) = f  W(Vu@) dx + £ H? (0 Ga). ©)
B,
where W is associated with @ given by (4) and > denotes the 2—dimensional Haus-
dorff measure. The energy E,, can be rewritten in terms of the profile function v by
means of the functional

E (u)=F,(v) :=FQW) +uXv), veAQ), (8)

where, for any function v € 4()), we have set

rormtn [ fa [V 42"
(v) :=4rm r v (r)+2—
0
2 2
+co |:2v( )—( r) (—UE’F)> i| +w (v/(r) (_vir)) )}dr
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and, recalling the definition of v in A()), for the area term X' (v) we have set
S(v) :=dx [[v(0)12 + (1 + xz)}
when v € A()) is continuous and

S(v) = 4r {(R2 + [v(R_)]2> + <R2 + [v(R+)]2) + (1 + A2>}
when v € 4()) has a discontinuity point at r = R € (0, Ro].

1.3 Hypotheses on w and Normalization Conditions

In the physical dimension N = 3, let @ (£, 1) be the strain energy of generalized Varga
materials defined in (4).

For the volume term, we assume that the function w: (0, 4+00) — R satisfies the
following hypotheses:

(H1) w € C%(0, +00);
(H2) w is strictly convex in (0, +00) and w”(J) > O for every J > 0;
(H3) lim w(J) = 4o0;
J—0t
(H4) Jlim w(J)/J = w>* € (0, +00) and w(J) > w>J + wy for every J > 0;
—+00
(H5) there exist 0 < é < 1 and C > 0 such that

t—11<8 = @HWEH <Clwl)+1] YJ>D0.

We notice that hypotheses (H2) and (H3) imply that w’(J) — —oo as J — 07 and
that hypothesis (H4) expresses the property that w has linear growth at infinity and
rules out convex functions as J € (0, +00) — J — log J. Moreover, in view of the
strict convexity of w and (H4), we have w'(J) < w® for every J > 0 and it is not
restrictive to assume in addition that

wo = 0 (10)
and to extend the definition of w to the whole real line by setting
w(J) = +o0, J <0.
As regards the hypothesis (HS), it is a structure hypothesis on w which is satisfied
for instance by suitable perturbations of the model case w(J) = aJ +b/J%, J > 0
(a,b > 0 and @ > 0), see [4]. It implies in particular that

0<Jw'l=Clw+1], J=>0. (11)
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As to the coefficients ¢y, ¢ > 0 in (4) which are so far undetermined, we choose
their values by imposing for physical reasons that the profile function v(r) = r of the
undeformed configuration u(x) = x is stable with respect to outer variations v + 8¢
with smooth test functions ¢ not necessarily compactly supported in 7. As we shall see
in Sec. 5, for generalized Varga materials in dimension N = 3 this gives the equation

c1+2c+w'(H)+21 =0 12)

which corresponds to the first normalization condition assumed in [15], when u = 0.
Here, since u > 0 and the coefficients ¢; and c¢; are nonnegative, we must have
w’(1) < 0 which means that the unique critical point J¢; of the function w is strictly
greater than 1.

We notice that in [15] it is further assumed that the energy density vanishes in
the undeformed configuration. Here, as a consequence of (H4) and (10), we assume
instead that w(J) > 0 for every J > 0. From the point of view of minimization of F,
this difference from [15] is immaterial.

As a model example, for any choice of the coefficient © > 0 of the surface-like
term, we consider the function

b
w(J):aJ—i—;, J >0, (13)

where a, b are positive numbers, Then, this function w satisfies the hypotheses
(H1),...,(H5) with w*> = a > 0 and, since c¢j,c; > 0 and u > 0, the normal-
ization condition (12) requires that w'(1) = a — b < 0,i.e. b > a > 0 and this is
fulfilled by taking e.g.

cir=c=0b-a—-2w)/3 and b—a>2u>0.

For this choice of the parameters, the strain energy density corresponding to general-

ized Varga materials in dimension N = 3 is

1
2

b—a-2
e = [E 2+ Qe D) ek b (9

3

for every &, n > 0 and the lower bound (6) holds with wy = 0.

1.4 Main Result: Existence of Minimizers

In the next sections, we extend the definition of generalized Varga materials to any
dimension N > 3 and we prove that for every N > 3 and for every choice of the
parameters A > 1 and © > O the minimum of the energy of generalized Varga
materials

Eu(u) = E@) +pH" (3G,

among radially symmetric maps u with a profile function v € A(}) is attained and
that a complete description of minimizers u is available (Theorem 4.4).
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v(l) =X v(l) =X v(l) =X
A A A
v(0) v(RY)
v(RT)
0 1 s 0 1 T 0 R 1 T
linear cavitation fracture

Fig. 1 Possible minimizers v € A(%) of F), in Theorem 1.1

Since we have not given the definition of generalized Varga materials in arbitrary
dimension yet, here we state the result for the case N = 3 and we postpone the case
of arbitrary dimension N > 3 to Theorem 4.4.

Throughout the paper, all results are stated in terms of the equivalent energy F), in
(8) as a function of the profile functions v.

Theorem 1.1 Let F,, be the energy functional defined by (8) where c1, c2 > 0 and w
satisfies hypotheses (H1),...,(H5). Then, for every A > 1 and > 0 the minimum
problem

inf {F, (V) | v € A}

has a solutionv € A()). Moreover, the minimizer v(r), r € 1, is of one of the following
three types:

(a) linear: v(r) = Ar;
(b) cavitation: v(r) = (Jr3 + k)" with v(0) =k > 0 and J = 23 — k > 0;
(¢) fracture:
Kr if0<r <R
v = {(Jr3 —i—k)l/3 ifR<r<1

with R € (0, Rgl, K >0, JR?+k > (KR and J =13 —k > 0.

The possible three types of solutions are represented in Figure 1.

This theorem is proved in Sec. 4 for arbitrary dimension N > 3 and in the last Sec. 5
we analyze the occurrence of cavitations and fractures in the model case (14) and we
compare our results with those obtained by Horgan in [15].

2 Notation and Preliminary Results

In this section, before defining the energy functional for generalized Varga materials
in any dimension N > 3, we gather notation and preliminary results. In particular,
we review some basic facts on one—dimensional functions of bounded variations and
lower semicontinuity of integral functionals in the same setting.
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Throughout the paper we use standard measure and functional analytic notation; in
particular, we denote the Lebesgue and Borel o —algebras of R and 7 by L(IR) and B([)
respectively and we denote the Lebesgue measure in R by £! and the o —dimensional
Hausdorff measure by H* respectively.

2.1 Functions of Bounded Variation and Lower Semicontinuity in BV

The Banach space of real-valued, bounded Borel measures w: B(I) — R in [
endowed with the total variation norm || il A4(7) = |1¢|(1) is the dual space of Co([)
and is denoted by M (]). If u is any such measure, its Lebesgue decomposition into
the (mutually singular) absolutely continuous p“¢ and singular part «* with respect
to £ is
M:Mac_i_us:@[:l_i_us,

where § € L'(I) is the Radon-Nikodym derivative of p with respect to £!. We
denote also by BV (1) the Banach space of functions of bounded variation, i.e. those
functions v € L°(I) whose distributional derivative Dv is a real-valued, bounded
Borel measure in /:

1 1
/0 v(rg'(r)ydr = _/o @(r)d(Dv)(r), Vg e (),

endowed with the norm [|v|[gv 1) = [Vl 1) + 1 DVIIM©)-
In this one—dimensional setting, the precise representative

r+h

1
v(r) = lim — v(p)dp, rel,
(r) o], (p)dp

of a function v € BV (I) is defined at every point in / and in the sequel we shall
always use the precise representative when dealing with functions in BV (I). With
this convention, every function in BV (/) is the difference of two increasing and
bounded functions, the left and right limits v(r*) of v exist at every point » € I and
the discontinuity set S(v) of v is countable. Moreover, v is (classically) differentiable
at Ll-ae. point in I with (classical) derivative v’ € LY(I) and the Lebesgue decom-
position of the distributional derivative Dv is

Dv = Dv + D’v = v'L! + D*v

and the singular part D%v can be further decomposed into the (mutually singular)
Cantor and jump parts

D*v = D% + D’v =D+ [v(r") —vr)]HL S(v),

where Dv(B) = 0 for every countable set B C 1.

Finally, we recall that, if {v,}, C BV (/) is a bounded sequence in BV ([), i.e.
lv.llpv ) < C for every n, by Helly’s selection theorem there exist a subsequence
Um = Up,, (m > 1) and a function v € BV (1) such that
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o v, (1) = v(t) asm — +ooat L!-ae. pointr € I;

e Dvy,—Dvin w*~M(I) asm — +o0.

Moreover, ||v,|[r=) < C for every n and v, — v in L'(I). In this case, we say
that v,,—v weakly* in BV (/) as m — +oo. This remark applies in particular to
sequences of functions in A(A) because we have

|Dv|(I) = Dv(l) =v(1l) —v(0) <A

for any such function v. We refer to [1] and [11], Sec. 4.4.1, for the other properties
of BV functions that will be used in the sequel.

Next, we turn to the (sequential) lower semicontinuity of integral functionals with
respect to the weak*— BV convergence. To this aim, consider a function f: I x R —
[0, +0o¢] such that

(F1) f is lower semicontinuous in / x R;
(F2) the function p € R+— f(r, p) € [0, +0oc] is convex for every r € [;
(F3) there exists pg € L(I) suchthatr € I — f(r, po(r)) is in L°°(I);

and let f°°: I x R — [0, +o0] defined by

720 py = tim TEPROED e,

be the recession function of f (see [21]). The recession function f*° is clearly £(I) ®
B(R) measurable and its definition does not depend on the choice of py.

Then, we recall the following Goffman—Serrin’s type (sequential) lower semicon-
tinuity result in weak™— BV ( [6], Theorem 3.4.1 and Corollary 3.4.2).

Theorem 2.1 Let f: I x R — [0, +00] be a function such that the hypotheses (F1),
(F2) and (F3) hold. Then, the functional

DSv
" d|Dsv|

veBV(I)|—>/f(r,z/(r))dr—}—/foo (r (r))d|DSv|(r)
I I

is (sequentially) lower semicontinuous in weak*— BV (I).

2.2 Generalized Varga Type Integrals in Higher Dimension

In any dimension N > 3 the principal invariants Iy, ..., Iy of a matrix with pos-
itive determinant A € Mf *N are the symmetric and n—homogeneous functions
I, = I,(A,...,An) (n = 1,..., N) of the singular values Ay, ..., Ay of A. In
the sequel, we shall adopt the shorthand notation

J=INA1,...,AN) = A1 AN
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for the determinant. For matrices A € Mﬁ *N whose singular values are & := A and
n =Xy =...= Ay asin (3), the principal invariants are given by the formulas

N -1 N—1
1ﬁ=IA£n)=<n_1)€W“+< ; )Wﬂ J=JEm=5"" a5

forn =1,...,N — 1. In particular, for N = 3 we get [, = & + 21, I = 260 + 1?
and J = £7? as in the definition (4).

Therefore, the general form of the strain energy density corresponding to general-
ized Varga materials in dimension N becomes

N-1

PE ) =Y clnE M) +wlE ), £ >0,

n=1

for non negative coefficients ¢, (n = 1,..., N — 1) and for a smooth, nonneg-
ative and strictly convex function w: (0, +00) — [0, 4-00) satisfying hypotheses
(H1),...,(H5). In particular, for N = 3 we recover formula (4).

For any radially symmetric map u: BY — RY with profile function v € A(}), the
corresponding energy functional (7) can be written as the sum of two terms as in (8)
and the first term F reduces to

1 N—1
F) = oy_1 / rN—l[chln(v%r),v(r)/r)+w(J<v’<r),v(r)/r>)}dr, (16)
0 n=1

where oy denotes the HY ~!—measure of S¥ !, the unit (N — 1) —sphere centered
at the origin in RY. For N = 3, recalling that I} = & + 25, I, = 2&n + n* and
J = 5772, we recover the definition of F'(v) in (9).

As to the other term X appearing in (8), we notice that, if the deformation
u: BN — RV is the radially symmetric map associated with a profile function v in
the class A()) the graph G, of u is connected to the graph G, of v by the formula

Gu = h(Gy x SN,
where 1: R x R x RY — R x R is the map defined by
h(r,p,z) = (rz, pz),  (r,p,2) e Rx R x RV, (17)

In a similar way, the boundary d G, of the graph of u is the SO (N) x SO (N) invariant
(N — 1)—surface given by

3G, = h(@®Gy, x SV,
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where, recalling the definition of v in .A(%), the boundary of the graph G, is given by

G — {(0,v(0)), (1, )} if v is continuous
0,00, (1,2, (7 v (R, (r v (RT))if S() = (R).

As a consequence, the (N — 1)—dimensional measure of the boundary of the graph
G, is given by HN~1(8G,) = X (v) where X (v) is either given by

2

SO) =0y {[U(O)]Nl + (1+A2)_} (18)

when v € A(A) is continuous or it is given by

N-1 N-1 N-1

T():=on_| {<R2+[v(R_)]2) Ty <R2+[v(R+)]2> Ty (1+/\2) 2} (19)

when v € A(X) has a discontinuity point at r = R € (0, Rg], since in such case we
have v(0) = 0 by definition.

Therefore, for generalized Varga materials in any dimension N > 3, we define the
energy Fy, (v) of aradially symmetric deformation with an admissible profile function
v € A(A) as follows.

Definition 2.1 Let A > 1 and u > 0. The energy F),: A(A) — [0, +-00] is defined by
F,v):=F@)+uX, veA®),

where F(v) and X' (v) are defined by (16) and by either (18) or (19) respectively. O

For N = 3, the energy F), defined above reduces to the definition given in (8). We
also remark that, by setting w(0) = 400, the functional F is actually well defined for
every non negative and increasing function v: I — R, regardless of v enjoying all
the properties stated in the definition of A(A).

Finally, we assume also that w satisfies the normalization condition which ensures
the stability of the undeformed state v(r) = r with respect to outer variations as
discussed in the Introduction in the case N = 3. In Sec. 5, in dimension N > 3, we
obtain

& N-1
Z <n_l)cn—l-w’(l)—i—(N—1)2<N—3)/2u:0 (20)
n=1

which reduces to (12) for N = 3.
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2.3 Extended Integrands and Derivative Measures

By elementary computations, for every nonnegative and increasing functionv: I — R
the principal invariants 7,, given in (15) satisfy

N—-1 ’ _1 N\ d N—n n
r In(v(r),vm/r)—N(ﬂ)—rr(r ") @

for a.e. 7 € I and every n and hence, writing ¥ ~"v" as a shorthand for the function
relw rN""v@)]" (n=1,..., N), the functional F in (16) can be written as

1
F)=oy-1 Y /0 f,,(r,(rN—"v")’)dr, ve AR, (22)

1<n<N

where the integrands f;,: I x R — [0, +00] are defined by

0 ifrelandp <0

, pr— N .
Jn(r, p) C_”( >p ifrelandp >0
N\n

and

+00 ifrelandp <0
Sn@r. p)= N1y, (p/(NrN*I)) ifr e Iand p > 0.

These functions f; satisfy hypotheses (F1), (F2) and (F3) with recession functions
(r, p) € I x R f>°p with coefficients f,>° given by

0 for p <0 0 forp <0
Jo=q e (N N =1 w® (23)
i f O; - .
e or p > N for p > 0;
forn =1,...,N — 1 and n = N respectively and for every r € . In this way, the

functional F in formula (22) is actually well defined for every function v in BV (1)
and the extended integral functional

1
F) =oy1 Y {/0 fn (r,(rN‘”v")’)dr+fn°°DS(rN—"v”)(1)} (24)

1<n<N

is (sequentially) lower semicontinuous with respect to weak*— BV (I) convergence
(Theorem 2.1).
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For functions v € 4()) the original functional F defined by either (16) or (22) and
the extended integral (24) are connected by

F() = F(v) — Frole(v), v €EAQ), (25)
where the additional term Fple is defined by

0 ifS) =@
Froe@) = 1 3™ RN (R — (RDI"} if S(v) = (R}  (20)

1<n<N

and accounts for the possible (negative) energy contribution due to the hole in the
graph of v.

Finally, we notice that the action of the extended integral functional F can be
described in terms of the total variation of measures.

In fact, for a given nonnegative and increasing function v: I — R such that
v(l) < A or more generally for every function v € BV(I), we can decompose
the derivative measure D(+V="v") (n = 1, ..., N) into its absolutely continuous and
singular components, i.e.

D(rN—nvn) — DHC(rN—nvn) + DS(rN—nvn).

For every function v as above, from formula (21) we get

1
ffn(r,(rN*"u”)’)dr=fnwD“C(rN*"u”)(I), n=1,....N—1, (7
0

for the absolutely continuous component and, writing here and in the sequel for the
sake of brevity

v(r)

N—-1
Ju(r) ==v'(r) (T) forae.r €l (28)

for the Jacobian and noticing that we obviously have

(1Y
N

1 )LN
f erlJv(r)drS < —,
0 N

we can prove the following result.

Proposition 2.1 Let v: I — R be a nonnegative and increasing function such that
v(l) < A. Then,

F) =oy-1 Y. fEDCN ")) + Fua(v), (29)

1<n<N
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where the volume term F o) is given by
o 1
Fuoi(v) = aN_1/ N Hw( ) — w®Ju(r)] dr. (30)
0

Proof In view of the definition of F in (24) and (27), we have

Fw)y=oy1 Y, fXDEN""0")(I)+
1<n<N-1

1
+oN-1 {/0 N (I’, (UN)/) dr + fﬁODS(UN)(I)}

and, for the last two summands, from the definitions of fy and f 130 in (23) and from
the definition of Juv(r) in (28) we have

1
| v (@) ar+ sepr @y =
0

o0

1
:f Nl dr + 2—D* V)1 =
) N

1
= DM+ [ [wee) — w*dum)] dr
0

whence the conclusion follows. O

At last, we notice that, if fvol(v) < +00, in view of (H3), v must be strictly increasing
and, since

DM =D — O  and  DENT)U) = [v(1)]
forn=1,..., N — 1, if the boundary condition v(1) = A is satisfied, we obtain

F(v) = C(N, ) + Fyol(v) — w“%[v(onN,

where C (N, A) is a positive constant depending only on N and A.

3 Relaxation and Existence of Generalized Minimizers
In this section we consider the minimum problem

inf {F,,(v) | ve AW}, 31)
where F,, (1 > 0) is the energy functional defined in Definition 2.1 for generalized

Varga materials in dimension N with coefficients ¢, > 0 (n = 1,..., N — 1) and
volume term w satisfying hypotheses (H1), ...,(HS).
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Our goal is to apply the direct method of the Calculus of Variations and we recall that,
due to the monotonicity and the constraint on the values, the set of admissible functions
A()) is bounded in BV (I) and therefore every minimizing sequence {v;};, C A(A)
has a subsequence which converges in weak*— BV (I) to a nonnegative and increasing
function v such that v(1) < A. Yet, due to the linear growth of the strain energy density
with respect to the principal invariants, nothing ensures that the limit function is in
A(X): the limit function v need not satisfy the boundary condition v(1) = A, neither
be strictly increasing nor have at most a unique point of discontinuity and be Sobolev
off that point. In principle, the limit function v might have a countable dense set of
points of discontinuity and have a nontrivial Cantor part as well. Moreover, even if
{vn}n is a minimizing sequence such that vy, — v in weak*~ BV (I) with v € A(}),
it can be proved that F'(v) < liminf;, F (vy,) but the functional F), fails to be lower
semicontinuous along the sequence {v,}, due to the presence of the area term X
(Example 3.2).

In order to overcome these difficulties, we proceed by relaxation: we extend the
functional F, to a functional ,, defined on more general objects that we call general-
ized graphs. Technically speaking, these generalized graphs are (integer multiplicity)
rectifiable 1—currents in R x R. The relaxed functional F, turns out to be lower
semicontinuous with respect to a suitable notion of convergence of generalized graphs
(Theorem 3.1) and has a minimizer among generalized graphs (Theorem 3.2). Finally,
we prove that this minimizer is the graph of a function v € A(%) as in Theorem 1.1
or in Theorem 4.4, depending on the value of N > 3.

Before introducing the generalized graphs and the relaxed functional F,, we first
give an elementary example in the physical dimension N = 3 which describes the onset
of fractures and the consequent energy concentration in the weak limit process. The
same example shows that the energy functional F), fails to be lower semicontinuous
on A(%) with respect to weak*— BV (I) convergence.

3.1 Energy Concentration and Lack of Lower Semicontinuity

The following example shows that energy concentration may occur at discontinuity
points: if the admissible profile v € A(%) has a discontinuity point at » = R, the limit
of the energies F'(v,) of smooth approximating profiles v, may be strictly larger than
F(v).

Example3.1 Let N =3 and,for0 < R< Ryp,0<e<l—Rand0 <o < f8 < A,
let v, € A(A) be the continuous and strictly increasing function which is linear on
each interval (0, R), (R, R+¢) and (R + &, 1) and is such that v, (0) = 0, v.(R) = «,
ve(R + &) = B, ve(1) = A. Clearly, {v.}, converges in weak*~BV (I) as ¢ — 07 to
the discontinuous and strictly increasing function v € A(X) which is linear on each
interval (0, R) and (R, 1) and is such that v(0) = 0, v(R™) = o, v(R) = (¢ + B)/2,
v(RT) = Band v(l) = A.
Setting for the sake of brevity

/ p—a Ve (1)
Ve (r) =& (r) = and  —— =1,(r) == (B—a)(r = R) + ae]

— I
er
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for R < r < R + ¢, by elementary computations we obtain

R+e¢
lim 471/ r2[E:(r) + 2ns(r)] dr = 47 R*(B — );
R

e—071

R+e
tim 4 [ 72 (26000 + 0P | dr = 7 RO — o
R

e—0F

and, recalling that w® is the recession of the integrand w, we also get

R+¢
lim 471/ P2w (sg(r)[ng(r)F) dr = (83 — o).
R

e—071 3

Therefore, we have

lin(r)1+F(v5)=F(v) +4r {cl R*(B — a)+ca R(B* — 062)4-@

3 3
5 B —a)}- (32)

The terms R3~" (8" —a™) which are the contributions to the total energy of the singular
part of D(r¥~"v") (n = 1, 2, 3) account for the energy concentration phenomenon
occurring in the limit process. O

The functional F is lower semicontinuous along weak*— BV ([) convergent
sequences in A (1). However, this is not the case for the area term X.

Example 3.2 Let N = 3 and let v and v, be as in the previous example. For the area
term given by (18) and (19), we clearly have

X (ve) = 4w (1 + 12), e>0;
2 (v) = dx [(1 +22) + R2+ > + (R* + ﬁ2)] :

since v is discontinuous at 7 = R witha = v(R™) < v(RT) = B. Therefore, we have

Y () > lim X (ve)
e—0F

sothat the functional v — X' (v) fails to be lower semicontinuous along weak*— BV (I)
convergent sequences of functions in A() and this affects the lower semicontinuity
of F,, as well. In fact, from (32) we have

lim F,(ve) = F(v)+
lim Fy(v0) = F(v)

+ 47 {cl R*(B—a)+cy R(B> —a?) + %w“(fﬁ - a3)} + 47l + 2%,
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v(1) v(1) v(1) v(1)

R=0and 7~ =+t R=0and 7~ <7t R>0and 7~ =71 R>0and 7~ <771

Fig.2 Prototypical generalized graphs (v, €, R, ) e ()
whereas F, (v) is given by
Fu(v) = Fu) + 4mp [(R2 +a?)+ (R + ,82)] +amu(l + 22

and, taking v, = v, with g, — 0%, we see that the functional F 1 fails to be lower
semicontinuous for suitable choices of @ and 8. O

3.2 Relaxation and Existence of Generalized Minimizers

In the minimization problem (31) we have not taken into consideration the contribution
of the area term at r = 0 which plays a fundamental role in the cavitation phenomenon.
Moreover, since we only have weak*— BV (I) convergence, the Dirichlet condition
v(1) = A is not preserved in the minimization process.

For these reasons and on account of the lack of lower semicontinuity of F),, we
now extend the energy functional F, to a new energy functional F,, defined on more
general objects which takes into account the contributions to the total energy at» = 0
and r = 1. These more general objects are defined as follows.

Definition 3.1 The generalized graphs are elements of the form (v, ¢, R, ri) where
v: I — Ris anon negative and increasing function with v(1) < X and the parameters
R € [0, Rg] and &, TF € [0, A] satisfy one of the following alternative conditions,
depending on the value of R:

— R=0andeither0<e<t =1T <v0)or0=¢<1" <7 <0(0);

— Re(0,Rpl,e=0andv(R7) <t~ <t™ <v(RY");
and the set of all such elements is denoted by 1" (A). O
The four prototypical generalized graphs are represented in Figure 2.
We emphasize that the non negative and increasing function v of a generalized graph
(v, &, R, ) has no further regularity other than monotonicity: it may have countably

many discontinuity points besides the possible discontinuity at » = R and may also
have a non trivial Cantor part.
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Remark 3.1 We associate with the generalized graph (v, ¢, R, ri) the rectifiable set
y* defined by

{({0} x [&, vO)D U (9SG, N (1 x R) U ({1} x [w(1), AD}\ ({R} x [z, 77])

where SG, denotes the subgraph of v, i.e. SG, = {(r,p) € I xR | p < v(r)}.

The set y* may be seen as the support of an oriented curve y connecting the point
(0, &) to (1, 1). If v is smooth with v(0) = ¢ and v(1) = A, it agrees with the cartesian
curve r € I — (r,v(r)). When 1~ < t7T, the last term in the definition of y*
represents a “hole” in the support of the curve y . O

We define the functional F: I"(1) — [0, 400] by the formula
Fv, e, R, t5) :=F(v) = Frole(R, 75) + Fo(v(0), &) + Fi((1))  (33)

for every generalized graph (v, €, R, ™) € I'(1) where F (v) is given by (24) and we
have set

N
Fuote(R, 75) :=on—1 ) fERY " ([z71" = [z 71");

n=1

Fow©), e) = on—1 /3 (v(1" —eV);

N
Fiw) i=on-1 ) f° (W = D]");
n=1
with coefficients f,*° defined in (23). In this way, in view of Remark 3.1, the term Fole
represents the (negative) energy contribution of the possible “hole” in the support of
the curve y above the point at ¥ = R (see Remark 3.1) whereas the term Fy(v(0), ¢)
accounts for the possible contribution of the term at r = 0, when v(0) > ¢, and the
term F1(v(1)) contains the relevant information of the boundary condition at r = 1,
when v(1) < A.
Similarly, we extend the area term X to generalized graphs (v, &, R, t¥) € I'(})
by setting

(N=1)/2
S(v, & R, ) i= oy_ {sN_l + (1 - AZ) } (34)
iftT— =77 and,incase T~ < 1T, by
ON_1 {[r+]N—1 + (1 +x2)

S, &, R, ‘L’i) = B a
{z (R +102) " (1402) " ”/2}

k=%

(Nl)/2}

(35)

where the first formula applies when R = 0 and ¢ = t~ and the second one in all
other cases.
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Finally, we obviously set
Fuv, &, R, ) := F(v, &, R, t5) + 1 S(v, &, R, ¥), (36)

for every (v, €, R, e ().

We notice that to the profile function v € A(X) corresponds the generalized graph
(v, &, R, %) with R = 0 and ¢ = t* = v(0) when v is continuous in / and with
e =v(0) = 0and t* = v(R*) when R € (0, Ro] is the unique discontinuity point of
v. In the latter case, Fhole(R, T¥) coincides with Fiope(v) defined by (26). Therefore,
if v e A(}X), the equalities

F,e,R, 15 =F@) and S, e R t5)=2(v)
hold so that we definitely have the equality
Fulv, &, R, 75 = Fu(v),  ve A,

when (v, &, R, ™) is the generalized graph associated with the admissible profile

ve Ar).

Remark 3.2 In the language of currents ( [11], Sec. 4.1.5) the generalized graph
(v, &, R, ) is the rectifiable 1 —current T in R x R given by integration of compactly
supported smooth forms in R x R along the naturally oriented rectifiable set y* defined
in Remark 3.1. These currents naturally arise as weak limits of sequences of currents
carried by the graphs of functions in A(L). Moreover, the term S(v, €, R, ‘L':t) is the
mass of the push forward through the map 4 given by (17) of the current 3 7 x SV~!
where 0 T is the rectifiable O—current given by the boundary of 7 ( [11], Sec. 4.2.6).
In fact, we have

T = (8.3 — 80.6)) = (St — Srr)) » (37

where §p denotes the Dirac measure at a point P € R x R. O

We now introduce a notion of convergence of generalized graphs.

Definition 3.2 Let (vy, €1, Ry, rf) e I'(W)(h>1)and (v, &, R, %) € I'(A) be gen-
eralized graphs. The sequence {(vj, 5, Ry, ‘L';:)}h converges weakly to (v, €, R, ri)
in I"(A) as h — 4-oo0 if the following properties hold:

— vy — vinweak*~BV (I) as h — +oo;
- 8;,—>8,Rh—>Randr,jteriash—>~|—oo;

and in that case we write (vy, &, Ry, rf)—\(v, & R, ‘L’i) weakly as h — 4-00. |

Since the functions v of generalized graphs (v, ¢, R, ‘L’i) in I"(A) are increasing,
non negative and such that v(1) < A, it follows easily that the set I"(A) is closed with
respect to this type of convergence and we notice that, in the special case of generalized
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graphs associated with functions v;, and v in A(A), we are thus requiring, besides the
weak*— BV (I') convergence of v, to v, the pointwise convergence of v, (0) — v(0)
and vy, (Rhi) — v(R¥) too. Therefore, we are considering here a stronger convergence
than the usual weak*— BV convergence.

For the functional F, the following lower semicontinuity property holds.

Theorem 3.1 Let F,, : I'(L) — [0, +00] be the relaxed functional defined by (36) and
let (v, €, Ry, ‘L'hi) (h > 1)and (v, &, R, T¥) be generalized graphs in I" ()) such that

(Vn, €n, Ry, t,it)—\(v, &, R, ri) weakly as h — +00.

Then,
Fu(v, e, R, v) < liminf F, (vp, en, Ry, 5.
h— 00

Proof From the definition of weak convergence of generalized graphs it is easy to
check that for the area term S defined in either (34) or (35) we have

S(v, &, R, ri) < liminf S(vy, &1, Ry, rhi)
h—+00

because T~ < T implies T, < t;r eventually. Hence, we only have to prove that

F(v,e,R, %) < Liminf]—'(vh, ens Ry, l';:)
— 400

and we can assume that the right hand side is finite and, possibly passing to a (not
relabeled) subsequence, we can also assume that the lim inf at the right hand side of
the previous formula is actually a limit, i.e.

lim  F(va, en, Ri, ;) € [0, +00).
h—+00

Moreover, recalling the definition of F in (33), we see that the term Fjle iS obviously
continuous because R, — R and rf — 1% ash — 400 and we are left to prove that

F(v) + Fo(v(0), &) + Fi(v(1))

< tim(Fwn) + Foun ), e0) + Fi(wn(1)} (38)

Possibly passing to a further (not relabeled) subsequence, we have

v, (0) = v
ash — 4+ooand 0 < vg < v(0) < v(l) <v; < A.
vy (1) = v

Assume first that vy < v(0) and v; = v(1) so that (38) reduces to

F(v) + Fo(v(0), &) < hEr—ir-loo {F ) + Fo(wn(0), &)} (39)
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because of the continuity of Fj. By the almost everywhere convergence v, — v as
h — 400 and by the monotonicity of the functions v, and v, by possibly passing to
a (not relabeled) subsequence we can find numbers p; € (0, 1) (k > 1) such that

— for every h > 1, the function vy, is continuous at all points r = p (k > 1);
— ok # Ry forevery k and pp — 0" as k — +oo;
— vp(pn) = v(0) as h — +o0.

For every h we define the increasing function v, : I — R by setting

1/N
(JhrN—i—e,]lV) forO <r < pp

vy (r) =
v (r) forp, <r <1
where N
o)1V — &}
Jh = - N
Pn

Then, v, (0) = &, for every & so that for these modified functions vy we obviously
have
Fo(v,(0), ep) = 0.

Moreover, Jv,(r) = Jp for every r € (0, py) and for every h and, since ¢, — ¢
and v, (pp) — v(0) as h — +oo with vg < v(0), we conclude that J, — +00 as
h — +o0.

Since vy, is smooth in the half open interval (0, p;] and vj, = v}, in the open interval
(pn, 1), the equality

DN o) (1) = DS (PN o) (o, 1)

holds for every & and, recalling the definition of F in (24), we can write F (vj,) as

F(p) = on-1 Z (App+ Bup)., h=1,
1<n<N
where we have set
Ph
Ann :/ fn (;», (rN—"vz)/) dr
0

1 n=1,...,N,
B :/ fn (r, (rN_”vZ)/) dr + 2D Nl (on, 1)
)

h

for every h and we separately compute the limit of A, 5 and B, , as h — +oo. For
n=1,...,N — 1 we have

o
A= [ 5 VT ) ar = £ DY = 10 o) — 0
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ash — +oosince N—n > 1and [v;,(pp)]" < A" forevery h whereas for the remaining
term Ay j, recalling that Jv, = J, in the interval (0, p,) and that J, — +o00 as
h — +o0, we get

o= 1 w(Jp)
AN g = Nlwnydr = —pJ =
N.h fo r " w(Jp) dr NP Ih 7
1 J x
= 3 [t = e} 51 B o - &)
as h — +o00. We have thus proved that
m oy_1 Y Awn= Fo((0), e). (40)

h—+o00
1<n<N

We then turn to the terms Bj, ;. For fixed 0 < n < 1 we have 0 < p, < n eventually
and hence the inequality

1
Bz [ (ro 0V ) dr 4 DN )
n
holds for the same k. Letting i — +o00, from Theorem 2.1 we get
1

timint B, = [ (r 0V ) dr o+ 72D N0, )

h—+o0 n
and then, letting n — 0T, we obtain

lim inf oy_ B,n > F(v
lim inf o Y Bun=F)

1<n<N

and, combining the previous inequality and (40), we conclude that

F ) + Fy(v(0), &) < liminf F (7). 41)
h— 400
Finally, we claim that
lim sup [f(vh) - f(vh)] < lim Fy(uy(0), &) 42)
h—4-00 h— 00

so that the lower semicontinuity inequality (39) follows from (41).
In order to prove (42), we notice that, since v;, = v, in t_he intervil (on, 1) and vy,
is smooth in the interval (0, p,) for every h, the difference F'(vj) — F (vy) reduces to

F(vp) — F(vp) = on—1 (Al,h +...+ AN,h) ,
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where forn=1,..., N

Pn

Anp = /0 fo (r N ) ar +
oh N / N
- {/0 S (r N Y dr + 2D N, ph)} .
Forn=1,..., N — 1 we have
on N / N—
/0 Fo (r GV ) dr = £ o))" =
Ph N ,
= /0 o (r, (r *"UZ)/) dr + £ D (rN "), o)

forevery h since N —n > 1 and v, (o) = vn(pr) whence we conclude that A, , = 0
for such n for every h whereas for Ay j, recalling that r € I — N1, (r) is
integrable and that v;,(0) = ¢;, and arguing as in the computation of Ay 5, we find

o 00
Anp = fo AN ) — ] dr = D)0, pi) =

on Ph
= / PN lw(ay) dr — / PNl [u)(fvh) - wokoh] dr+
0 0

—w®D)(0, pp) =

_ Lonem]Y — &y w(y)
- N T

Pn
/ pN-1 [w(Jvh) - wOOJvh] dr+
0
o0

w

= 2 oY = w1
N

for every h. In view of (H4) and (10), we have w(Jv,) — w*®Jv, > wo > 0 and

hence the last two summands are negative. Therefore, recalling that J, — +o00 as

h — 400, we conclude that

Ay < woo{[vh(ph)]N —82’} n (w(]h) B woo) {[vh(,Oh)]N _8;;\]} _
N Jn N
_ RO
ON-1

as h — +o0 and this completes the proof of (42).
We have thus proved that F is lower semicontinuous along weakly convergent

sequences of generalized graphs such that v9 < v(0) and v; = v(1). The same
argument works for sequences of generalized graphs such that vg = v(0) and v(1) <
v1 and for the general case as well. O

Since the set of generalized graphs I"(A) is clearly (sequentially) compact with
respect to the weak convergence of generalized graphs, we immediately conclude
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that the relaxed functional 7, has a minimizer (v, ¢, R, ri) € I'()). Moreover, since
F(v) < +00, the corresponding function v: I — R is positive and strictly increasing.

Theorem 3.2 Let 7, : I'(A) — [0, +00] be the relaxed functional defined by (36).
Then, there exists a generalized graph (v, ¢, R, ti) € I'(L) such that

‘EL(U7 &, R’ Ti) = min fﬂ'
r®

Moreover, the function v: I — R is positive and strictly increasing.

4 Regularity of Generalized Minimizers

In this section, we investigate the regularity properties of generalized minimizers
(v, &, R, t¥) in I"(1) of the relaxed energy functional ¥, (Theorem 3.2). We prove
that every such element (v, ¢, R, %) is given by a function v € A(A) with ¢ = v(0)
and either t* = v(RT), if R € (0, Ry], or t* = ¢ = v(0),if R = 0. In particular,
the function v is one of those listed in Theorem 1.1 for N = 3.

4.1 Inner Variations and the Euler-Lagrange Equation

In this part we explore the optimality conditions satisfied by the positive and strictly
increasing function v: I — R associated with a generalized minimizer (v, €, R, ¥)
of the relaxed energy functional 7, (Theorem 3.2).

We perform inner variations of the positive and strictly increasing function v: 1 —
R of a minimizer (v, &, R, t*) € I'(%) of the relaxed energy JF,, and we derive the
Euler—Lagrange equation satisfied by v in every open interval (a, b) C I such that
either R ¢ (a,b) or R € (a,b) and T~ = t7. In the language of currents, see
Remark 3.2, this condition means that the rectifiable 1 —current 7 given by integration
along the naturally oriented rectifiable set y* defined in Remark 3.1 has no boundary
in the vertical strip (a, b) x R, compare (37).

To this aim, let v: I — R be a strictly increasing function with 0 < v(0) < v(1) <
A and let (a, b) be an open interval in /. For every smooth function ¢ € CZ°(/) with
support spt () C (a, b) and for every small enough §, the function

Ys(r)=r+y(r), rel,

is a strictly increasing, smooth diffeomorphism of I onto itself and hence, for every
small enough §, the functions vs: I — R defined by

vs(p) = v (Wg_l(p)> . pel,

are strictly increasing in / with 0 < v5(0) < vs(1) < A as well. We call such functions
vs inner variations of v in the interval (a, b) and we notice that for small enough &
the original function v and the inner variations vs coincide in I \ (a, b) and also that
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the equalities v(a™) = vs(a™) and v(b™) = v5(b™) hold. For the inner variations vs
of v in the interval (a, b) the following result holds.

Lemma4.1 Letv: I — R be a nonnegative and increasing function such that v(1) <
A and let vs be inner variations of v in the interval (a, b) C I for small enough 4.
Then,

1 1
(a) / ,ON_lJU(s(,O)d,O =/ N u(r) dr < 4o00;
0 0

(b) there exists C > 0 such that

1 1
f pN‘lw(Jvm))dpsCU rN_lw(Jv(r))dr+1};
0 0

for every small enough §.

The constant C > 1 in (b) depends on the function ¥ which defines ¥s but can be
taken to be independent of §.

Proof Let y € C°(I) with spt(y) C (a, b) be the smooth function that defines the
inner variations vs.

The equality in (a) comes from the area formula applied to the functions u# and
us associated with v and vs by formula (2) and from the equality of the images
u(BN) = us(B"). In fact, since v is (classically) differentiable almost everywhere in
I, in view of the definition of ¥s, by elementary computations we get

Jus(p)

_ v'(r) |: v(r) :|N_1 B Jv(r)( 1 )N—l 1
=i WO LB ] Trou)r)  TEeD

for a.e. r € I and hence, by the change of variable formula with p = W¥s(r), by
elementary computations we obtain

1
/0 pN " Tvs(p)dp =
1 1
:/ (s (N~ Tvs (Ws(r)) q/g(r)er/ N vy dr <AV /N
0 0

which establishes (a).
As to (b), exploiting again elementary computations based on the binomial and
Taylor formula, we obtain

1 N-1 1
(1 +6w<r>/r> TFogy 0w rel. *3)

where @5 € C°(1) is the smooth function defined by
@s(r) = (N = Dy () /r +4'(r) + o5(r), rel, (44)
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and w;(r) — O uniformly for 7 € I as |§| — 0T. Thus,

= Ju(r) [1 - dgs(r)] (45)
p=Ws(r)

Jvs(p)

for a.e. r € I so that, from the intermediate value theorem and (HS5), we get

w(Jv(r) [1 = 8ps(r)]) —w(Jv(r) ‘ =

= [sw' (Ju(MI1 = B85 (M]) Ju(r)es(r)| =

/ los ()]

= |8 (Ju()I1 — 88¢5(r)]) w' (Ju(r)[1 — 6595 (r)])| |1+8(p5(r)| -
03 (r)]

< ClI[wve) + 1] g

fora.e.r € I and for some & = 0(r, §) € (0, 1) with a constant C > 0 which depends
on w only. Since the function

ws(r)
1 —08¢s(r)

rel —

is bounded on the interval / uniformly for every small enough 8, we get
w(Jvr) [1 = 8ps()]) —w(Jv@) | < CI8| [w(Tv(r) + 1] (46)

for a.e. r € I with a constant C > 1 which depends on the smooth function ¥ but can
be taken to be independent of § and this obviously yields

w(Jv() [1 = 8¢s(n]) < C [wlv(r) +1]

for a.e. r € I with a constant C > 1 which depends on the same quantities as before.
Finally, by the change of variable formula with p = W;(r) and the previous inequality,
we obtain

1
/O PN w (s (p)) dp =
1
= / [r+ 8w ] w(Jve)IL - 8@s)]) [1 + 89 (1] dr <
0

1
<C ([ Nl w(Tvr) dr + 1) ,
0

where, once more, the constant C > 1 depends only on the choice of . O
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Now, we consider the positive and strictly increasing function v: I — R associated
with a minimizing element (v, &, R, t*) € I" () of the relaxed energy functional Fu
(Theorem 3.2) and we look for the optimality conditions satisfied by v by performing
inner variations vg of v.

Theorem 4.1 Let v: I — R be the positive and strictly increasing function of a
generalized minimizer (v, €, R, t+) € I'(X) of the relaxed energy functional Fu and
let (a,b) C I be an open interval such that either R ¢ (a,b) or R € (a, b) and
1= =t Then,

(a) the function

re bV {wvr) — w' (Ju)Jur)]

isin L'(a,b) ifa > 0 and in L}
(b) the function

(a,b) ifa=0;

loc

r e (a,b)— PN [w(Jv(r)) —w (Jv(r))Jv(r)]

is in W\ (a, b) ifa > 0 and in W}/ (a, b) if a = 0;
(¢) the Euler-Lagrange equation (EL)

d [V (wve) = w T Tve) | =

dr 47)
= (N —1)rV=? [w(Jv(r) — w' (Jv(r)Jv(r)]

holds for a.e. r € (a, b).

Proof First, we notice that we obviously have F, (v, ¢, R, ri) < +00. Then, for small
enough § # 0, we let vs be the inner variations of v associated with the open interval
(a, b) and with a smooth function ¥ € CZ°(I) such that spt (1) C (a, b). We assume
throughout the rest of the proof that § is such that the previous condition holds.

The equality vs = v out of a compact subset of the interval (a, b) implies that
(vs, &, Rs, ) where Rs = Ws(R) is an admissible element of I" (1) and we compute
the limit as § — O of the (rescaled by oy _) differential quotient

_ +
AS) = Fulvs, €, Rg,tai 1(;7’-' w6, R, T ) 540, 48)

which must be zero because of the minimality of (v, €, R, T¥).
Since we have t* = t~ if R € (a, b), the very same reasoning implies that
S(vs, €, Rs, ‘L':t) =S, ¢, R, ri) and that

D(N"">(I) (N"")(I) n=1,....N
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and hence, exploiting (29) and (a) of Lemma 4.1, the (rescaled) differential quotient
A(S) reduces to the (rescaled) differential quotient of the volume part F'y, defined by
(30), i.e.

Fvol(”&) - Fvol(v) . l

A(S) =
@) ON_16 1)

1
/ PN w (s (r) — w(Jv(r)] dr.
0

Recalling (45) and (43) and arguing as in the proof of Lemma 4.1, we find

Lt w(Jur)[1 — 8ps(r)]) B
A(S) = E/(; r { = 50s(r) —w(Jv{)) ¢ dr =

1 1 N1
- ‘/O T {w (Tl = 8¢s(]) — w(Tv(r)] dr+

) 1 —8¢s(r)
1
N—1 @s(r) -
+ [) r T s 508 () w(J(v(r)))dr =

= A1(8) + A2(8)

for (small enough) § # 0 with ¢s(r) defined by (44).
We consider the term A1 (8) first. From the limit of ¢5 as § — 0 in (44), we get

) erl
(%E)I}) ET%(}’) {w(Jv(r)[l - 5%(”)]) - w(Jv(r))} =

= "W v Ju@r) [((n — DY) /r + ¥ ()]
for a.e. r € I and from (46) we have

1 pN-1

e lw(Jo(r)[1 = 8¢5(r)]) — w(Jv(r)| < Cr¥=! [w(Tv(r) + 1]

fora.e. r € I for every small enough § with a constant C independent of §. Therefore,
since the right hand side of the previous inequality is integrable in /, we can pass to
the limit within the integral as 6 — 0 and we find

1
8111% A1) = —/ N (Ju ) Tu @) [(N = Dy () /r + ¢/ ()] dr.
- 0

As to second term A;(§), by the dominated convergence theorem we obviously find

1
lim 45(3) = / PNl [(N = Dy () /r +9'(7)] dr.
g 0
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We have thus proved that the limit of A(8) as § — 0 exists and then it must vanish
because of the minimality of v. Therefore, the equation

1
/ P Hw o) = w (T[N = Dy () /r +9' ()] dr =0
0

holds for every function ¢ € CZ°(I) with spt(y/) C (a, b) from which, in view of
the integrability of the function

re 0,1 " wv) —w'(Ju@r)Jur)] (49)

which follows from the integrability of r rN=lyw(Jv(r)) and from (11), we get
the equality

1
f PN w ) — w' (Ju@E)Jo) | ¥/ () dr =
0
1
=—(N — 1)/ N2 [w () — w (Jur) Jv@) ] ¥ (r) dr
0

for every function i as before.

If @ > 0, the integrability of (49) obviously gives (a) which, together with the
previous equality, establishes the validity of (b) and (c). If a = O instead, from the
integrability of the function

re 0,b) > rN 2 [wvr) — w JvE)Jor) ] ¥ (r)

for every ¢ € CZ°(I) with spt(y) C (a, b) we can conclude only that the function

in (a) is in Llloc (a, b) from which (b) and (c) follow as before. O

4.2 Regularity of Generalized Minimizers

The Euler-Lagrange equation (47) implies that the function v associated with a
minimizing element (v, €, R, ) e ') of F,. is smooth with constant Jacobian
determinant in every interval (a, b) C I such that either R ¢ (a, b) or R € (a, b) and

1~ = 1. This is proved in the following theorem.

Theorem 4.2 Let v: I — R be the positive and strictly increasing function of a
generalized minimizer (v, €, R, t™) € I' (L) of the relaxed energy functional Fu and
let (a,b) C I be an open interval such that either R ¢ (a,b) or R € (a, b) and
v~ = 11, Then, there exist J > 0 and k > —Ja® such that

N 1/N
() = (Jr +k) . re(ab), (50)
In particular, Jv(r) = J for everyr € (a, b).
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Proof The derivative of the functionz € (0, +00) + w(t) —w’(¢)t is strictly negative
in (0, +00) because of (H2) and hence the function itself is invertible from (0, +00)
onto (g, +00) where
— H _ /
q = t_l)lrfoo [w(t) w (t)t]

and its inverse function is in C'(g, +00). By (b) of Theorem (4.1) we know that the
function
re(ab)— [wlvr) —w{Jvr)Jur)]

is either in W'1(a, b) or in le)’cl (a, b) depending on the value of a and hence the
Jacobian Jv(r) can be written as the composition of a W, witha C! function whence

loc
we derive that Jv € Wli;cl (a, b). Then, differentiating the (EL) equation (47), we find
that

—w'(JvE)(Jv) (#)Jv(r) =0 forae.r € (a,b)

which, on account of (H2) and Jv > 0 almost everywhere in I, gives
(Jv)(r)=0 forae.r € (a,b) (51

and this implies that Jv(r) = J for every r € (a, b) for some J > 0.

Finally, in order to integrate (51) and conclude that v is actually given by formula
(50), we must rule out the possibility that v has a singular part, i.e. we have to prove
that the singular part (Dv)* (a, b) vanishes. This can be proved by the following energy
argument which exploits the minimality of (v, €, R, ‘L’i) again. Set

vg = v(@h) < v7) = v
and let v,: I — R be the positive and strictly increasing function which agrees with

vin I\ (a, b) and is of the form (50) in (a, b) with v.(a™) = v, and v+ (b™) = vp,
ie.

") v(r) rel\(a,b)

V(1) 1= ,

: (1N + k)N e @, b)

where v;jv — ol vNpN — véVaN
a a

Then, Jv(r) = J and Jv.(r) = J, for every r € (a, b) and clearly (v, &, R, ) is
an admissible element of I"(1). We also have S(vy, ¢, R, ti) =S, ¢, R, ri) and
hence from the equality of the total variations

DN () = DN ()
for every n and from (29) we obtain

Fu(vi, 6, R, T5) = Fu(v,e, R, t5) = F(v,) — F(v) =
= 0 —a) {[wi) = w ] = [w) —w* ]}
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The minimality of (v, €, R, ri) yields F, (v, ¢, R, ri) < Fu(vs, &, R, ‘Ci) whence
we conclude that J, < J because the function ¢ € (0, +00) — w(t) — w™t is strictly

decreasing. On the other hand, from the equality of the total variations Dv" (a, b) =
DviV (a, b) we have

b b
N/ PN vy dr + (DY) (a, b) =N/ PN v ) dr
a a

whence, recalling that Jv(r) = J and Jv,(r) = J, forevery r € (a, b), we conclude
that
JON —aVy+ (DvM)(a, b) = J.BN —aV).

Since J, < J, it follows that (DvN )¥(a, b) = 0 which implies that the function v is
in Wlé’cl (a, b). Hence, we can integrate (51), thus concluding that v is actually given
by (50) for suitable J > 0 and k > —Ja". O

From the previous theorem we obtain also that the function v of a generalized mini-
mizer (v, &, R, ¥) of F, has the form

V() = (JrN +k)l/N, rel, (53)

for suitable numbers J > 0 and k > 0, when either R = 0 or R € (0, Ry] and
1~ = tt. Otherwise, if R € (0, Rg] and T~ < t, the point r = R is the unique
discontinuity point of v and v has the form

(J_rN +k_)1/N ifr € (0, R)

v(r) = 1/N
<J+rN +k+) ifre (R, 1)

(54)

for suitable numbers J1 > 0 and k_ > 0 and k; > —JR", provided that 0 <
v(R™) < v(R™) < A. In particular, v has at most one discontinuity point and has no
Cantor part.

Now, we analyze the real parameters ¢ and T corresponding to a generalized
minimizer (v, &, R, ri) of F.

Theorem 4.3 Let (v, e, R, %) € I'(L) be a generalized minimizer of the relaxed
energy functional F,,. Then,

(@) if R =0, then (v, &4, 0, ‘L';t) € I'(L) where ¢, = rf = v(0) is also a generalized
minimizer of F,,;

(b) if R € (0, Rol, then v(0) = ¢ = 0 and t* = v(RF);

(©) v(l) = A

In particular, this implies that the rectifiable set y* defined in Remark 3.1 correspond-
ing to the generalized minimizer (v, €, R, ‘L’i) has no “vertical” parts.
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Proof (a) Since R = 0, the parameters ¢ and r* satisfy either 0 < e <t~ = ttor
¢ =0and T~ < T by definition of generalized graph and the function v is of the
form (53) by Theorem 4.2 with J = [v(1)]Y — [v(0)]" and k = [v(0)]".

First, we suppose that the equality 7~ = 7 holds and we assume by contradiction
that & < v(0). For vy € [¢, v(0)], we consider the comparison function

N 1/N
v*(r)z(J*r +k*>  rel

where J and k. are given by (52) with v, = vg, vp = v(l) anda = 0and b = 1. Then,
vx(0) = vo and Jv,(r) = J, for every r € I with J, > J. Setting &, = rf = ¢, the
corresponding element (v, &, 0, ‘L'*i) is a generalized graphin I" (1) such that the terms
Fhole, F1 and S have the same values for (v, &, 0, ) and (v, &, 0, ‘L'*i). Moreover,
for the other terms we have D(rN—"v")(I) = D(rN_”v;’)(I) forn=1,..., N —1

and
Fo(0), &) + on—1 f*DWN)(I) = Fo(v(0), &) +on—1 f2 D) (1)

whence the equality

Fos(0), 8) +on-1 ) [XDEN ") =

1<n<N

= Fo(0), &) +on_1 Y fXDENT"v(U)

1<n<N
follows. Hence, from the definition of ,, and from (29) and (30) we compute

0 < Fpu(vi, &4, 0, 7) — Flu(v, 8,0, 75) = Fyo1(vs) — Frol(v) =
= 07\;‘ {[wZ) = w® ] = [w() — w®J]}

which gives a contradiction to the minimality of (v, ¢, 0, ri) because the function
t — w(t) — wt is strictly decreasing and J < J,. This proves that v(0) = & when
R=0and7t” =1Tt.

Next, we assume that 7~ < 71 and we notice that it must be T~ = ¢ otherwise, if
it were ¢ < 7, we could redefine T~ to be equal to & and this would make the term S
strictly smaller and the term Fjgle strictly larger whereas all other terms in F,, would
remain unaffected as they do not depend on 7. Also, it must be ™ = v(0) otherwise,
choosing vy € [tT, v(0)], we could repeat the very same argument of the previous
case T~ = T to get a contradiction. Therefore, we have ¢ = 7~ < 7 = v(0)
and the generalized graph (v, &4, R, tf) € I'(A) where ¢, = rf = v(0) is also a
generalized minimizer of F,, because F, takes the same values at (v, &, R, rf) and
(v, &, R, ™). This completes the proof of (a).

(b) First, we prove that v(0) = & = 0. By definition, it is ¢ = 0 and, if it were
v(0) > 0, we could choose vy € [0, v(0)] and repeat the very same argument of the
first part of the proof of (a) in the interval (0, R) to get a contradiction to the minimality
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of (v,0, R, ri). As to the equality = v(Ri), if 7~ = =T, then Theorem 4.2 yields
the continuity of v at » = R whence the equality v(R) = v(R*) = t* follows. If
77 < 7 instead, by the very same argument of the corresponding case of (a) we
obtain that v(R*) = t* and this establishes (b)

(c) In order to prove that the function v associated with a minimizing element
(v,¢&, R, ri) satisfies the Dirichlet boundary condition v(1) = A, regardless of the
value of R and the validity of the equality T~ = T or not, we assume by contradiction
that v(1) < X and, recalling that R € [0, Rg], we perform outer variations of the
function v in the interval (R, 1). For the sake of definiteness, we assume R € (0, Ro]
so that v is given by (54) in the interval (R, 1) and has constant Jacobian Jv(r) = J4
in the same interval. The same argument works in the case R = 0. Therefore, let

vs(r) =v(r) +ée(r), rel (BeR),

where ¢ € C°(R) is a nonnegative, smooth function such that spt(¢) C (R, 4+00)
and ¢(1) = 1. Since v’ is positive and remains away from zero in the interval (R, 1),
the outer variations v are positive, strictly increasing and such that vs(1) < A for all
sufficiently small |§] > O and we assume throughout the rest of the proof that § is
such that this holds, so that (vs, €, R, ‘L'j:) is an admissible element in I" (1) too. Then,
we compute the limit as § — 0 of the (rescaled) differential quotient A(8) defined by
(48) which vanishes because of the minimality of (v, ¢, R, ri). Since the generalized
graph (vs, €, R, %) and the minimizer (v, €, R, t™) share the same values of &, R and
7%, the area term S and the terms Fy and Fiole have the same values for (vs, €, R, ri)
and (v, &, R, ri) Moreover, we have

on—1 £DEN TV + Fi(vs(1)) = on—1 £ DN ") () + Fi(v(1))

forn = 1,..., N so that from (29) and (30) we see that only the volume term Fol
on the interval (R, 1) is involved in the computation of A(§), i.e.

fvol(vé) - fvol(v) _
O'N_13

A@S) =

1

1
s /R PN [ usr)) = we 5] = [wle) = w ]} dr

and hence, recalling that vs is smooth in (R, 1), we easily check that we can pass to
the limit as § — 0 within the integral to find

1
lim A(S) = on_1 [w'(J1) — woo]/ N1y dr =
§—0 R
=on_1 [w'(Jp) —w™] (V! =o.

Since v(1) > 0 and w’' () < w™ for every t > 0 due to the strict convexity of w, we
have got a contradiction and this completes the proof of (c). O
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4.3 Existence of Minimizers

At last, we can prove the existence of solutions of the minimization problem for
generalized Varga materials in arbitrary dimension in the class A(A). This theorem
extends to arbitrary dimension N > 3 the result stated for N = 3 as Theorem 1.1.

Theorem 4.4 Let F,, be the energy functional defined by (8) where F and X are defined
by (16) and by (18) and (19) respectively withc, > 0 (n = 1,...,N — 1) and w
satisfying hypotheses (H1), ...,(HS). Then, for every . > 1 and p > 0 the minimum
problem

inf {F, () |7 € AW} (55)
has a solutionv € A()). Moreover, the minimizer v(r), r € 1, is of one of the following
three types:
(a) linear: v(r) = Ar;
(b) cavitation: v(r) = (JrV¥ + k)" withv(0) =k > 0and J = 1N —k > 0;
(¢) fracture:

Kr if0<r <R

V) = (]rN—l—k)l/N ifR<r<1

with R € (0,Ryl, K >0, JRN +k > (KRN and J = N —k > 0.

Proof Let (v, ¢, R, ‘L’i) € I'(A) be a generalized minimizer of the relaxed energy
functional F, (Theorem 3.2). Then, the function v is positive, strictly increasing and
satisfies the Dirichlet condition v(1) = A (Theorem 4.3).

If R = 0, we can assume that v(0) = ¢ = ¥ (Theorem 4.3) and the function v
is given by (53) with J > 0 and k = " (Theorem 4.2). Therefore, v € A(}) and,
depending on whether ¢ = 0 or ¢ > 0, the function v is linear as in (a) or cavitating
as in (b). It is then easy to check that

Fu(v,0(0),0, 7%) = F(v,v(0), 0, t%) + u S(v, v(0), 0, t¥) =
= F) + 1 2() = Fy(v)

and, since

Fu(v) = Fu(v, (0,0, %) = ?n(i)g Fu <inf{F, (@) | 5 € AW},

we conclude that v is a minimizer of (55).

If R € (0, Ry] instead, then ¢ = v(0) = 0 and v+ = v(R*) (Theorem 4.3).
Therefore, v is linear as in (a) if v(R™) = v(R™) and features a fracture at r = R as
in (¢) if v(R™) < v(R™). In both cases, we have v € A()) and, recalling (25), (26)
and (18) and (19), it is again easy to check that

Fulv, & R, ™) =F W) — Froe(R, t5)  and  S(v,& R, t5) = X (v)

and this implies that v is a minimizer of (55) as before. O

@ Springer



82 Page360f43 Journal of Optimization Theory and Applications (2026) 209:82

5 Occurrence of Cavitation and Fracture

In this section we discuss the occurrence of cavitation and fracture (see (b) and (¢) in
the statement of Theorem 1.1 or 4.4) for generalized Varga materials, mainly in the
model case (14).

5.1 The Normalization Condition

Let v: I — R be a critical point of the energy functional F, such that v(0) = 0
and assume in addition that v is discontinuous at some point R € (0, 1) and that v is
smooth in the interval /r = (0, R). We look for necessary conditions in order that v
is a critical point of F, in absence of Dirichlet conditions.

Since v is smooth in /g, inner variations lead to the equation Jv(r) = J forr € Ip
whence v(r) = Kr for some K > 0 follows. We then consider the restriction of the
energy functional F), to the interval Ig which is given (up to the dimensional factor
on-1) by

= R (N=1)/2
S EDE a0+ [ e dr (R weR)
0

n=1

where v(R) = v(R™) and we exploit outer variations around v with test functions
@ € C°(1) such that p(R) = 1. Computing the derivative with respect to §, we obtain
the balance equation

N—-1
D nEERY T R ! (D (RN

n=1

(N-3)/2
T (N =1 <R2 + [U(R)]2> N2 Ry =0,

If v(r) = Kr, we have v(R) = KR and J = K" and hence, dividing by RN we
get

N-—1
(N=3)/2
3 nfEk 4w (KY) KN +%(N—])(1+K2> -
n=1
In case R = 1, letting K = 1, we obtain the equation
N—1
—w' ()= nf°+C(N)p=0 where Cy:=(N—12"N92
n=1

which, recalling the definition of the coefficients f° in (23), is the normalization
condition (20).
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In the physical dimension N = 3, letting 7 = K3, we obtain the balance equation
/ -2/3 —13 2 3
—w'(t) = gr(t) where gr(t) =cit + 2ot + Tt . (56)

Since gr(t) > g1(¢) forevery t > 0 and 0 < R < 1, by the normalization condition
—w'(1) = g1(1) we infer that the equation —w’(r) = gg(¢) has a solution 7z € (0, 1)
forevery 0 < R < 1 provided that —t>/3w’(t) — 400 ast — 0T. We notice that the
latter condition is satisfied in the model case (13).

5.2 Balance Equation for Energy Minimizers

As we have seen, energy minimizers v € A(X) of the energy functional F,, must be
of one of the three types listed in Theorem 4.4.
In the case of a solution v featuring cavitation, i.e.

1/N
v(r):(JrN—i—sN) , rel,

for suitable numbers J, s > 0 such that J +sV = AN, we can perform outer variations
of the energy functional F, around v with test functions ¢ € C*°(I) suchthatp(0) = 1
and ¢(r) = 0 for r > 1/2 as in Theorem 4.3 and we obtain the balance equation

N -1
(0)

w'(J)=n (57)

which relates the constant Jacobian Jv(r) = J of v with the radius of the cavity
v(0) =5 > 0.
Similarly, in the case of a solution v with fracture, i.e.

oo K7 itr € (0, R)
v(r) =
(7N + MY i e (R 1.

for some R € (0, Rp] and suitable numbers K, J, s > 0 such that
1/N 1/N
KR<<JRN—|—SN) <(J+sN) = A,

by performing outer variations of the energy functional F, around v with test functions
@ € C(I) such that (R) = 1, we get the balance equation
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N-1

Z nfooRN n ( v(R+)]n—1 _ [U(R+)]n—l) +

n=1

{0 ORI = w ROV =

= uv =) Y (R o) " ure),
k=%

where J_ = KV, J; = Jand v(R™) = KR < (JRY +5V)"V = v(r™).

5.3 Cavitation vs Linear Solution

Let & > 1 be fixed and assume that v € A(}) is a minimizer of the energy functional
F,, featuring cavitation. Then, denoting the radius of the cavity by v(0) = s € (0, 1),
the function v = vy is given by

Ve (r) 1= ((,\N — sV N +sN)1/N, rel, (58)

where J = AV — sV > 0is the constant Jacobian of vy and the balance equation (57)
becomes N —1
woN -y =p—. (59)
s

By hypotheses (H2) and (H3) of the energy density w, it turns out that the function
s€0,0) > woN —sV)is strictly decreasing and onto (—oo, w’(AN)) and hence
the balance equation (59) has no solutions s € (0, 1) if w' (AN < w(N —1)/x. In
particular, cavitation may occur only if w’(AY) > J; where J; is the unique critical
point of w. If we assume in addition that w’ is strictly concave in (0, +00), as it
happens for the model case (13), it turns out that there exists a threshold A9 > 1 such
that the balance equation (59) has no solution for & < A, has a unique solution for
A = Ap and has two distinct solutions for A > Ag. Assuming A > X and denoting the
two solutions of (59) by 0 < s_(A) < s4 (1), we easily compute

N-—1
ON—1
Fu(vs) =ON-1 X} fnoo)\” + TU)()»N - SN)+
n=

N—1)/2
tuoN_i {le +(1+A2> }

whence we get

d N -1
d_FM(US) = O’N—lsNi1 {,U« - w/()LN — SN)} >0
S S
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for every s € (0, s—_(X)) U (s+(A), 1) so that we obtain

Fiu(vs, ) < Fu(us_)-

Moreover, we can compare the energy of the linear function defined by vo(r) = Ar,
r € I, with the energy of the critical point v, corresponding to s = 1/21/N:

Fu(uy pin) — Fr(vo) =

On—1

AN —
Nw( ) > —0o0

_ . 5 \N-1
ZTW()\ /2) + pon—1 m -

as . — +o00. This shows that the critical point with cavity v, (5 is energetically
favorable if A is sufficiently large and that a cavity radius greater than the positive
number 2 /a occurs abruptly, when increasing the parameter A > 1 of the boundary
displacement condition.

5.4 Occurrence of Fractures

In this part we prove that, for suitable values of the parameters a, b > 0 in the model
case (13) in the physical dimension N = 3, there exists a threshold & > 0 such that, for
A > A, the energy functional F), has a minimizer v € A(A) which features a fracture
at a positive radius r = R.

To this aim, we consider the strain energy density of generalized Varga materials
in dimension N = 3 defined by (14) and we choose, for example, a = © > 0 and
b= 37,u sothatcy =co = (b —a—-2p)/3 = 30— 1) . Then, the balance equation
(59) becomes

1 3 2 60

( A3 — S3)2 T (60)

and it is easy to check that for A = 3+v/4 the unique solution of (60) is given by s = 3.

We set Ao = 3+/4 and so = 3 so that the Jacobian of the corresponding critical point
vy, of Fy in (58)is Jo = A — 53 = 3%,

For such values 19 = 3+v/4 and 5o = 3, we compare the energy of the corresponding
linear function vo(r) = 3+/4r with the energy of the unique critical point of F,  fea-
turing cavitation and satisfying the boundary condition vy, (1) = 3J/4 which is given
by

1/3 1/3
v3(r) = (Jor3 +s8) = (34r3 + 33> , rel. (61)
By elementary computations we get F,(vo) < F,(v3), i.e. the linear function
vo(r) = 3v/4r has lower energy than the energy of the unique critical point with

cavity vz given by (61). Yet, the linear function v fails to be a energy minimizer. In
fact, taking e.g.

_ 376, ifr e (0,1/2)
u(r) = 13 . .
3-47r ifre(1/2,1),

@ Springer



82 Page400f43 Journal of Optimization Theory and Applications (2026) 209:82

we get by easy computation

F@) — F(v) =
3 9 19
= 235 1) (31/6 1343 _ 4173 _ 3. 42/3 o(r.312 22
7 )( + )+ o M 4
and

HE® — u E(w) = mwp (24377 + 32 427)

so that we definitely obtain F, (v) < Fj,(vo).

As a consequence, it is conceivable that there exists a threshold 1 < A < Aq such
that for A < A < A¢ the minimal profile function vy, has a discontinuity point at
some radius R € (0, 1) and hence it is given by

Kr if r € (0, R)

v(r) = (J(r3 —RH+ [v(R+)]3>1/3 ifre(R, 1)’

(62)

where K = 1> < 1 with ¢ the smallest positive solution to equation (56). Moreover,
the balance system connecting the values J and K can be computed by performing
outer variations as in Sec. 5.2. Therefore, a fracture occurs at some radius R and the
minimal solution preserves the same fractured configuration as in (62) for A growing
from A with a slope K (and radius R) fixed independently of the parameter A.

5.5 The Super-Linear Growth Case

Assume now that w® = +o00 in (5). In that case, we consider the class WW(A) of
strictly increasing functions v € WL1(I) such that v(0) > 0 and v(1) = A. For any
sequence {v,} C W(L) satisfying

sup Fy, (vp) < o0,
h>1

we can find a subsequence converging in L' (1) to a function v in the same class W(1).
Therefore, for each ;> 0 the energy minimum

min {F,(v) | v e W)}

is attained. Moreover, since our analysis of critical points continues to hold, this time
we infer that the energy minimizer is continuous and hence it satisfies one of the
first two alternatives of Theorem 4.4, where in case v(0) > O the constant Jacobian
determinant J satisfies the balance equation (57).
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5.6 Comparison with Previous Results

A similar cavitation phenomenon is observed in [8], where a radially symmetric model
with an energy density containing a term with superlinear growth in the gradient is
analyzed.

In case u = 0, i.e. in absence of surface terms, the dynamics of smooth critical
points of generalized Varga materials in the physical dimension N = 3 is analyzed in
[15].

In that case, if a critical point v(r) is smooth on / and v(0) > 0, so that a cavitation
occurs at the origin, the balance equation of outer variations implies that the limit
at zero of the radial component 7} of the Cauchy stress tensor is equal to zero. As
a consequence, equation w’(Jv(r)) = 0 holds and hence Jv(r) = J, the unique
critical point of the energy density w(¢). This conclusion is consistent with (57) when

.- . . o 1/3 .
n = 0. Therefore, critical points with a cavitation occur for every A > J./~ and with
a positive cavity radius s (0) = (A> — Jer)'/3 such that 5, (0) — 0T as A — (JI3y+,
On the other hand, in the case u > 0 analyzed here, by taking e.g. the model case
(13), cavitation occurs abruptly, with a cavity radius greater than a positive constant,
namely v(0) > 2a/u, due to equation (57).

Therefore, the results in [15] are qualitatively different from those obtained here.
Dynamics of materials as in our model are influenced by the presence of an energy
term depending on the area 47 [v(0)]? of the surface of the cavity or on the area
47 (2R* + [KR)? + [v(RM)]?) of the boundary of the graph G, of the fractured
radially symmetric deformation u with a profile function v as in (62).

6 Conclusions

We have given in any dimension an analytical motivation to the existence and regularity
of minimizers of a wide class of energy functionals that in the physical dimension
N = 3 corresponds to isotropic deformations of generalized Varga materials. When
the volume term has a linear growth at infinity, due to the presence of an additional
term accounting for surface tension, we exclude plasticity phenomena and presence of
diffuse (Cantor—type) fractures, and we prove that minimizers may display cavitation
or appearance of a radially symmetric fracture. In the physical dimension N = 3
and for suitable choices of the coefficients in the model energy density we show the
existence of a threshold for the Dirichlet datum above which a fractured deformation
is energetically favorable with respect to both the solution with a cavitation and the
linear one.
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