Math. Model. Nat. Phenom. 15 (2020) 41 Mathematical Modelling of Natural Phenomena
https://doi.org/10.1051 /mmnp/2019052 www.mmnp-journal.org

FATIGUE AND PHASE TRANSITION IN AN OSCILLATING
ELASTOPLASTIC BEAM*

MicHELA ELEUTERI™*, CHIARA GAVIOLI' AND JANA KOPFOVA?Z

Abstract. We study a model of fatigue accumulation in an oscillating elastoplastic beam under the
hypothesis that the material can partially recover by the effect of melting. The model is based on the
idea that the fatigue accumulation is proportional to the dissipated energy. We prove that the system
consisting of the momentum and energy balance equations, an evolution equation for the fatigue rate,
and a differential inclusion for the phase dynamics admits a unique strong solution.
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1. INTRODUCTION

Our present paper deals with a model for the cyclic fatigue accumulation in a transversally oscillating elasto-
plastic beam, which is based on the idea that the fatigue accumulation is proportional to the dissipated energy.
Temperature and phase transition effects, which usually accompany the process, are taken into account. The
full system of equations consists of the momentum balance equation coupled with the energy balance, fatigue
accumulation equation and a differential inclusion for the phase dynamics.

For our model we first use the results from [20], where by means of the Kirchhoff-Love method it was
shown that the 3D problem of transversal oscillations of a solid elastoplastic beam with the single yield von
Mises plasticity law can be transformed into the beam equation with a multiyield hysteresis Prandtl-Ishlinskii
constitutive operator.

The simplified model was first derived in [9] and its thermodynamical consistency was shown there.

The mathematical treatment of the model started in [11], where we considered the non-isothermal case and
a simplified setting — only the elastic component of the model depends on the fatigue parameter. We showed
existence and uniqueness of a strong solution in a time interval depending on the size of the data.

In [4] we presented a new phase field model under the additional hypothesis that the material can partially
recover by the effect of local melting. The system of equations was completed with a differential inclusion for
the phase dynamics.
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The mathematical treatment for the phase model for the beam started in [13], where we proved existence and
uniqueness of a strong solution under the simplified assumption that the elastic component of the model is inde-
pendent of the fatigue parameter while the plastic one depends only on the fatigue. We assumed proportionality
of the fatigue rate to the plastic dissipation.

The 2D case — the plate — was considered in [10], assuming that both the elastic and the plastic characteristics
change with increasing fatigue, under the simplified situation of fixed temperature. We obtained existence and
uniqueness of a solution locally in time; accordingly to the model indeed, material softening takes place under
increasing fatigue and material failure is manifested in finite time.

The non-isothermal 2D model has been considered in [12], where we proved existence of solutions for the
whole time interval, taking a perspective usually considered in engineering analysis, assuming that the fatigue
accumulation rate is proportional only to the plastic part of the dissipation rate. From the mathematical
viewpoint, the problem does not exhibit singularities anymore and the expected solutions turn to be global in
time.

In [14] also the dependence of the plastic dissipation on both the temperature and the fatigue parameter
was considered in the 2D case. It was mentioned that in principle it makes sense from the point of view
of modeling and applications to allow a further dependence of the Prandlt-Ishlinskii density on the phase
parameter and it was shown, assuming a new special flow rule for the phase variable, that the resulting model
is still thermodynamically consistent.

Here we start the mathematical analysis of this new problem, first in the 1D case, i.e. we additionally
allow this dependence of the Prandtl-Ishlinskii density function not only on the fatigue parameter, as was first
considered in [13], but also on the phase variable.

The aim of the present paper is to show existence and uniqueness of a strong solution of the underlying
system of equations, this brings non-trivial mathematical difficulties.

We remark that our viewpoint is different from the contributions already present in the literature: on one
hand we focus on the dynamics (compared, for instance, with [18, 26, 30] that go into the direction of rate-
independent damage processes in nonlinear elasticity and/or thermo-elasto-plasticity, see also [8, 28, 29]) and
also because the approach used in other papers, that interpret damage processes as a kind of phase transition
in the material (see for instance [1-3, 27]), is based on the idea that damage processes are driven by large
deformations. Moreover, the multiyield character emerging from our bending problem does not seem to have
been taken into consideration before, neither in the multidimensional setting: see for instance [5, 7, 21, 24].
Finally the methods of the papers [17, 22, 25] based on T'-convergence of energy minimizers have been only
recently refined in [23] to obtain the Prandtl-Ishlinskii model in the I-limit as well; this approach has the
drawback that it cannot be extended to the study of oscillating systems, and of nonequilibrium problems in
general. On the other hand, new approaches are constantly appearing in the literature to describe in the most
effective way the fatigue in materials, we quote for instance [31, 33].

The plan of the paper is the following: Section 2 deals with the Prandtl-Ishlinskii model and its properties;
in Section 3 we derive the model; Section 4 contains the statement of our main result and finally Sections 5-7
contain the proof of the existence part of our theorem, while Section 8 deals with the proof of the uniqueness.

2. HYSTERESIS IN ELASTO-PLASTICITY: THE STOP OPERATOR

Before presenting our model problem, we would like to recall some basic facts about an important hysteresis
operator which is widely used in modelling elasto-plastic processes: the Prandtl-Ishlinskii operator. Let us first
recall the definition of the stop. For more details we refer for instance to [19].

Definition 2.1. Let u € WH1(0,T) and a closed interval Z C R be given. We define the stop operator sz and
the play operator pz by the formula

2(t) = sz[2",ul(t),  &(t) =pz[°, ul(t), (2.1)
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where z(t) is the unique solution of the variational inequality

u(t) = z(t) +£(1) vt € [0, 77,
z(t) e Z
(2.2)
) - 1) 20 ae. ez,
2(0)=2"€ Z.
It is well known, see e.g. [19], that for each u € WH1(0,T) and each z° € Z the solution z(t) € WH1(0,T) of
(2.2) exists and is unique. For a canonical choice of Z = [—r,r]| with some r > 0 and for the initial condition
2(0) = @, (u(0)), where @, is the projection of R onto the interval [—r, 7], we simply write
2(t) = s [u](t), &) = pr[u] (D). (2.3)

A simple proof of the following easy properties of the play and stop can be found e.g. in ([19], Prop. II.1.1).

Proposition 2.2. Let ui,us € WH(0,T), a closed interval Z C R, and data 29, 29 € Z be given, z; = sz[29, ],
& =wu; — 2, i =1,2. Then z;,& € WHL(0,T), and

(1) (21(8) = 22(8)) (@ (t) —i2(t)) > %%(21()—22@)) a.e.;

(i) [€1(t) = Ea(8)] + %Izl( )= 2)] < i) —w()] ae;

(ifi) [21(8) = 22(8)] < |20 = 25| + 2 max x fur(7) —ua(r)| -Vt € [0,T];
(iv) &(t)a(t) = &(t)

The variational inequality (2.2) is also used to model single-yield elastoplasticity. In this case, the constraint
Z = [—r,r] is the admissible stress domain, the input u = ¢ is the strain, and the output z = o, := s, [¢] is the
stress. We can rewrite (2.2) equivalently in “energetic” form

00,0 = 3 (5920 + i) (2.4

Indeed, £(t)o,(t) is the power supplied to the system, part of it is used for the increase of the potential %of (1),

and the rest 7|£(¢)] is dissipated.

The Prandtl-Ishlinskii model is constructed as a combination of stops with all possible yield points > 0. Here,
given a measurable function ¢ : [0,00) x [0,1] x (0,00) — [0, 00) satisfying Hypothesis 4.1 (i) below, we define
the Prandtl-Ishlinskii operator, dependent on the fatigue and phase variable, P : (W(0,7))3 — Wb1(0,T)
by the integral

Pl = [ " o(m(), x(0).7) s, [£]() dr- (2.5)

Equation (2.4) enables us to establish the energy balance for the Prandtl-Ishlinskii operator (2.5). Indeed, if we
define the Prandtl-Ishlinskii potential

Vim, x.el() = - / " pmxar)s2l () dr, (2.6)

and the dissipation operator

Dm, x,¢€](t) = /OOO r(m, x, ) lpr el ()| dr, (2.7)
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we can write the Prandtl-Ishlinskii energy balance in the form

£(6)Plmsx,€)(0) = VI, . €](8) + Dl . €](0)
1

- /0 " o (X, 7)s2[E](8) dr — %Xt A T oo, dr ae. (28)

As a consequence of Proposition 2.2 (iv), we have
Dlm x,el(t) (0] [ rotmxor) (29)
0

3. THE MODEL

In this paper we deal with a transversally inhomogeneous beam of length 1; we denote by z € [0,1] the
longitudinal variable, by t € [0, 7] the time variable, by w(z,t) the transversal displacement of the point = at
time ¢, by e(x,t) = wgy(x,t) the linearized curvature, and by o(z,t) the bending moment. The new thermo-
visco-elasto-plastic scalar constitutive relation can be written in the form

o = Be + P[m, x,e] + ver — B(0 — Oret), (3.1)

with B > 0 the elastic modulus, m > 0 a scalar time and space dependent parameter which accounts for the
accumulation of fatigue, v the viscosity coefficient and § the thermal expansion coefficient related to a layered
structure of the beam. Moreover 6 > 0 is the absolute temperature, 6, is the melting temperature, which is
considered as a fixed referential temperature. As we already outlined the main novelty is the dependence on
x of the Prandtl-Ishlinskii constitutive operator of elasto-plasticity P[m, x,¢], see (2.5), extended in a natural
way to a space continuous dependent input.

Following [20], we can write Newton’s law of motion as

PWit — OWgqtt + Ogg = F(xa t); (32)

here o = pl?/12 with [ > 0 the thickness of the beam, p is the mass density, which is assumed to be constant,
and F' the external load.
The following free energy operator is associated with the new constitutive law (3.1)

B
]:(m797X7€) = 09<1 - log(9/9r6f>) + 552 + V[ma X7E]
L
Href

*5(9 — eref)E — (6 - oref)X + I[O,l] (X)7 (33)
where V[m, x, €] is the fatigue dependent Prandtl-Ishlinskii potential introduced in (2.6) while the specific heat
capacity c and the latent heat L are given constants; moreover I|g ;) denotes the indicator function of the interval
[0,1]. The entropy operator S and internal energy operator U consequently have the form

oOF L
8(9, X 5) = - = Clog(a/grcf) + 65+ X (34)
00 eref
B
U(m,0,x,e) = F(m,0,x,e) + 050, x, ) = cf + 552 + VIm, x, €l + Bbrere + Lx + Ijo1y(x).  (3.5)

We consider the first and the second principles of thermodynamics in the form

u(ma 03 X5 Z':)t + 4z = €10+ g, (36)
q g
SO+ (3) =9, (3.7)
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where ¢ = —k6,, is the heat flux with a constant heat conductivity x > 0, and g is the heat source density. Note
that (3.6) is the energy conservation law, and by (2.8) it is equivalent to

1 o0
O — Ky = D[m, X, Weg] + vw2,, — BOWge — §mt/ P (M, X, 7)5% [Wag] dr
0
1 o 9
— 5)@ Oy (m, X, 7)87 [Was] () dr — Lx: + g(0, z,t). (3.8)
0

On the other hand, (3.7) is the Clausius-Duhem inequality, and we will check in Section 4 after stating Hypothesis
4.1 that the system is thermodynamically consistent.

The evolution of the phase variable y is assumed to be of “phase-relaxation” type, i.e. governed by the
inclusion —yx; € 0, F (see e.g. [16, 32]), that is,

L

—yx¢ € 9ljo,1)(x) — Orer

o0

00+ 5 [ enlm sl ar (39)
where v > 0 is a characteristic time of phase transition and 0|y 1 is the subdifferential of the indicator function
I10,1)- Indeed, we necessarily have x € [0, 1], and we interpret x = 0 as the solid phase, x = 1 as liquid, and the
intermediate values correspond to the relative liquid content in a mixture of the two.

Let D[m, x, ] be the dissipation operator defined in (2.7) associated with the Prandtl-Ishlinskii operator
P[m, x, €]. The analysis of the so-called rainflow method of cyclic fatigue accumulation in elastoplastic materials
carried out in [6] has shown a close relation between accumulated fatigue and dissipated energy, similarly as in
[15]. Here, we assume in addition that partial recovery of the damaged material is possible under strong local
melting. Mathematically, this is expressed in terms of the evolution equation for the fatigue variable m

1
e, 1) € —0lig ey (m) — h(xa(t)) + / Az — 9)Dlm, x. €)(y. ) dy, (3.10)

where h is a nonnegative nondecreasing function vanishing for negative arguments, see Hypothesis 4.1 (vi), A is
a nonnegative smooth function with (small) compact support and D[m, x, €] is the fatigue dependent dissipation
operator, see (2.7). The subdifferential 91|y ) of the indicator function I|p o) ensures that the fatigue parameter
remains nonnegative.

The meaning of (3.10) is simple. If no phase transition takes place or if the material solidifies, that is, x; < 0,
then fatigue at a point = increases proportionally to the energy dissipated in a neighborhood of the point x.
On the other hand, under strong melting if x grows faster than the plastic dissipation rate, the fatigue may
decrease until it possibly reaches the unperturbed state m = 0.

Observing that the variational inequality (2.2) can be rewritten in an equivalent way as the inclusion 2(t) +
OI7(z(t)) 2 u(t), we can interpret the differential inclusions (3.9) and (3.10) for the phase variable y and fatigue
variable m with a choice x°(z) € [0,1], m"(x) > 0 of initial conditions in an equivalent way in the form

x(z,t) = 510y [x° (), A=, )] (1), (3.11)
m(m>t) :5[0,00)[m0(x)’s($7')](t)5 (3'12)

where

Az, 1) ::/0 1( L g_6.0- ;/OOO o (m, v, 7)52 [ (1) dr) (2, 7) dr, (3.13)

Y oref
t 1
St = [ (—h<xt<7>>+ / A(x—y)D[m,x,eKy,T)dy) (2.7) dr. (3.14)

The advantage of this representation is that now, x and m are defined by equations involving, by virtue of
Proposition 2.2, only operators that are Lipschitz continuous in W11(0,T).
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4. STATEMENT OF THE PROBLEM

For any T' > 0, we set

Qr :=(0,1) x (0,7), u(x,t) = /0 o(x,7)dr, flz,t) = /0 F(z,7)dr + pwi(z,0) — qwgee(z,0).

We rewrite the equations (3.1), (3.2), (3.8), (3.9), (3.10) as the system

U = BwaLI +P[m7X7wl.L] + YWyt _6(9_0ref)a (41)
PWt — QWgygpt = —Ugy + f(mv t)a (42)
1 o0
by — K0y = DM, X, Waa] + Vw02, — BOWszt — §mt/ Om(m, X, 7)52[Wee] dr
0
1 o0
x| om0 dr - L + 9(0.2.0), (4.3
0
L 1 [
—IXt € aI[O,l] (x) — (0 — Orer) + 5/ pr(m X>T)5 [www](t) dr, (4.4)
re 0
1
me € ~0llg () = () + [ Az =)Dl X, i (,t) d, (45)
0

for unknown functions u, w, 8, m, x, with initial conditions

m(z,0) =m’(x) =0,
0(2,0) = 0°(x), (46)
x(@,0)  =x"(x),
and boundary conditions
w(0,t) =wu(0,t) =w(l,t) =u(l,t) =0,
0,(0.8) = 0,(1,¢) = 0. } (4.7)

The zero initial conditions for w and m are motivated by the fact that it is difficult to determine the initial
degree of fatigue for a material with unknown loading history, and the most transparent hypothesis consists in
assuming that no deformation (and therefore no fatigue) has taken place prior to the time ¢ = 0.

The data are required to fulfill the following hypotheses:

Hypothesis 4.1.

(i) P is a Prandtl-Ishlinskii operator (2.5) with a measurable distribution function ¢ : [0,00) x [0,1] x

(0,00) — [0,00), locally Lipschitz continuous in the first two variables, and there exist @, ¢* € L1(0,00)

such that QO(m,XaT) < QZJ(T), 0< _me(maXﬂﬁ) < 90*(7‘)7 _90*(7“) < pr(maXﬂn) < 90*(70)’ |50mm(m7X’T)| <

©*(r) a.e., [pxm(m, x,7)| < @*(r) ae., [y (m,x,7)| < @*(r), with M := [7°r@(r)dr < co and also

JoS (L4 r?)e*(r) dr < 2L, being L the latent heat of the process.

(ii) B, v, B, 0w, p,a,c, k, L,y are given positive constants.

ili) A\: R —[0,00) is a C’1 function with compact support, and we set A := max{)\( )+ [N ()], = e R}

(iv) f € L?(Qr)isa glven function for some fixed T' > 0, such that f,, fi, for € L?(Q7r).

(v) 90 € L>(0,1) and X0 e wh 2(0 1) are such that 00 >0, > 0, 0% € L2(0,1), x°(z) € [0,1] for all z € [0,
i) z) <aae.and h(z) < bz
for z € R, Where a, b are positive constants; in particular b is such that bL S ~v/2, where L is as in (i) an

«v is the relaxation coefficient from (4.4).

(vii) g :[0,00) x Qr — R is a Carathéodory function such that go(z,t) := g(0,z,t) > 0, go € L*(Qr), and

lgo(0,z,t)| < g1 a.e. with g1 a constant.

1
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The assumptions required on the function h are needed for the proof of the thermodynamic consistency of
the model, for more details see [4]; moreover the assumption of boundedness of the derivative of h in (vi) is
used to show the positivity of the temperature.

The assumption that ¢(m,x,r) decreases with increasing fatigue m corresponds to the observation that
the stiffness of the material decreases with increasing fatigue. Moreover, the assumptions on ¢, allow us to
conclude that the last summand in (3.9) is bounded by the latent heat, which is physically reasonable. Also the
assumption that go(z,t) > 0 makes sense. Note that g is the heat source density, so that at zero temperature,
we cannot remove heat from the system.

We now check that regular solutions to (4.1)—(4.7) satisfy (3.7) with € = wy, and o given by (3.1). Indeed,
we have by (3.4), (4.3), and (4.4)

SOxe+(5) ~8="r 2 (D[m,x,ew) ~gme [ onlmox 0 dr s W?)-

By Hypothesis 4.1 (i) and (4.5)
1 e 1
Dim.x.&l) = g [ pulm o elel(0) dr+ i = 9 = 5 2Lh), (4.9

hence, by Hypothesis 4.1 (vi)

2 2

q g _ KO3 vel | X
SOt (5), - 5= + 5+ 5 =0

provided we check that the absolute temperature 8 stays positive. In Subsection 6.1, we will find a positive lower
bound for the discrete approximations of the temperature, which is independent of the discretization parameter,
and therefore it is preserved in the limit and it implies the positivity of the temperature.

The main result of this paper reads as follows.

Theorem 4.2. Let Hypothesis 4.1 hold. Then there exists a unique solution to the system (4.1)—(4.7) in Qr
such that 6(z,t) > 0 for all (z,t) € Qr, and with the regularity

2
® Wggat, Wratt, 9t7 91:9:7 Utt, Ugzt € L (QT);

° G,mt,xt (S LOO(QT)

The proof of the existence result is carried out in three steps: approximation, a priori estimates and passage
to the limit. We will follow the lines of [13], trying to focus on the main differences, due to the presence of the
new terms.

5. APPROXIMATION

From now on, the values of all physical constants are set to 1 for simplicity, with the exception of v, L, O,ef
in order to emphasize the role of the phase transition.
Let us choose an integer n € N and consider an equidistant partition of the interval [0,1]. Let us take the
space discrete approximations of (4.1)—(4.5) for k=1,...,n—1:
Uy, = e + Plmy, xi, ex] + €k — Ok + Oer,
Uy, — € = —n*(upy1 — 2up + ug—1) + fr,
er = 0 (Wrp1 — 2wk + wi_1),
O = n?(Os1 — 201 + Op_1) + 100 i + X (My — L) + D + €2 — Opér + gr(0k, 1),

L7 L
Xk = 50,0 X0 Ak, Ax(t) = / (9 5 (01 — Orer) + Mk) (r)dr, (5.5)
0 re

~ o~~~
N I N
~— N N N
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me= 500,50 Su0) = [ (<Al +Dp)(r)ar, (5.6)

where

0) = =5 [ el xul0) s 0

M0 = =5 [ nlmalo) (0,082l 1)

Do = [ " i) xe (1), ) 50 e8] (8) ek — 5 ex])e (1) dr > 0,

n—1
. 1
Dy (t) = - 2:1 Ae—;iDj(t) >0,
iz
s = Ai/n),

k/n
Fult) = n/( (o, t)da,

k—1)/n

k/n
n/ 9(0,z,t)dx for § > 0,
gr(0,1) = (k=1)/n
9x(0,1) for 6 < 0.

Let us notice that, by Hypothesis 4.1 (i), we have K (t) € [0, L], M (t)| < L for a.e. t € [0,T].
We prescribe initial conditions for k =1,...,n—1
wi(0) = u(0) = 0,
0x(0) = 03 == 0°(k/n),
my(0) =0, (5.7)
k/n

xi(0) =10 =1 / ) de,

(k—1)/n

and “boundary conditions”

(5.8)

wo = Wy, = Ug = Uy =0,
90 = 913 en = 9n71~

This turns to be a system of ODEs for the unknowns ug, wyg, 0, X%, Mk, with a locally Lipschitz continuous
and locally bounded right hand side. This follows from the properties of the stop operator, namely Proposition
2.2 (ii). Therefore, from the standard theory of ODEs, it is possible to deduce the existence and uniqueness
of a local solution in an interval [0,7;,] and the solution belongs to W1°°(0,T},). We will show at the end of
Subsection 6.2 that the solution exists globally, and actually T,, = T.

6. A PRIORI ESTIMATES

This section is divided into 4 subsections:

e Positivity of the temperature: it is important for the thermodynamical consistency of the model;
e Discrete energy inequality: it constitutes the basic a prior: estimate giving the first minimal regularity
(which is however not enough to pass to the limit);
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e Discrete Dafermos estimates: it provides additional regularity for the temperature, necessary to deduce
further a priori estimates;

e Higher order estimates: this subsection provides the necessary estimates to be able to proceed with the
passage to the limit.

In the sequel, we will systematically use the “summation by parts formula”

n—1 n

ka(nkﬂ =2+ M—1) + Y (& — Ee—1) Mk — Me—1) = En (M — Nn—1) — Eo(m — o) (6.1)
=1 =1

for all vectors (£o,-.-,&n)s (M0, - Mn)-

6.1. Positivity of the temperature

First of all it is important to prove that all f; remain positive in the whole range of existence. We test (5.4)
by —8, , where 0, is the negative part of 6, getting on one hand

n—1

—= Z 0,0, = %Ed z_:(e-)?

Moreover, by (6.1) we also deduce

n—1 n n
1Y (Oks1 — 20k + 0x_1)0; =n > (0k — Op_1)(0 —0;,_;) < — Z 6, —6,_)><0.
k=1 k=1 n=1

On the other hand, having Dy (t) > 0 and g(0,t) > 0 for § < 0 by Hypothesis 4.1 (vii), it follows that
— (Di(t) + €7(t) + gr(6x,1)) 6, <0.
By Hypothesis 4.1 (i) for the phase term we have

xx(t)0, (t) =0 if xx(t) =0,

(B0 () = ariv(ek(t)—eref)e ()+M79 () <0 otherwise, (6.2)

E

therefore
= (M = L)xk(t)8;, (t) < 0.
Finally, (6.2) and Hypothesis 4.1 (vi) allow us to show that if 72, (¢) # 0
=1k (K (80 (8) = (h(xx (1)) = i (1)) O ()Kk (1) < h(xx(8)0 (H)Kx(t) < 0.
Putting together the previous estimates and setting
K, :=max{lex(t)] : k=1,...,n—1, t €[0,T,]},

we come to

d 1 n—1 B 1 n—1 K n—1 B
Ton Z(‘gk )? < - (00 )lex] < —" i Z(ek ).
k=1 k=1 k=1

Gronwall’s argument now allows us to obtain 6, (¢) = 0 for all k and ¢ € [0, T},].
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At this point we prove that in addition 6y (t) are bounded away from 0 for all £ and all ¢ € [0,7,,]. More

precisely, if p is the solution of the differential equation

p+(p) =0, p(0) =06,

(6.3)

with 6, > 0 from Hypothesis 4.1 (v), and where % is a suitable function of polynomial kind we will choose later,

then we are able to show that 0 (¢) > p(t) > 0 for all k and all ¢ € [0,T},].
First of all, if xx # 0 then

. L Lo
— Xk = — = (O — Oref) — My > ———5
eref eref
so that
Lo, 2L2
\ —L)> —L)> — 0.
XMy = L) 2 G M = L) 2 =5 O
On the other hand
Lab
i > —h() 2 —ax = — 57—,
ref”Y
from which we deduce
2
mEplkr > — a 0.
gref’y
Moreover, by Hypothesis 4.1 (vii)
mozn [ (gt - g0 t) dozn [ (gide = g0
(k=1)/n (k—1)/n

We additionally have
) 1
— 9k€k Z 719]%

Summing up all together we deduce from (5.4)

O — 1% (11 — 205 + O—1) > —(6y,)

with
o) =2 [ v
z) = 4z Brory a gi| 2.
On the other hand we have from (6.3) that
1l e Ht ) 1 L?
p(t) 0.0 wi 1 W 9ref’7( +a)+q

At this point we compare 6, and p. We have

(5= ) = 02 ((p = Ors1) = 2(p = 1) + (p = O—1)) + P(p) — P(68) <0,
so testing (6.7) by (p — 6;)" and using (6.1), we deduce

de:

LS (g +n22 ((p— 60" — (p— 1) ")? + (¥(p) — ¥(60))(p — 01) " < 0.

(6.4)
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But 9 is nondecreasing for positive arguments, so

S0 0020 < 30— 00 (0) =0,
k=1 k=1

which yields the desired result.

6.2. Discrete energy estimate

We obtain the usual energy estimate by testing (5.1) by €g, differentiating (5.2) in time and testing it by wy,
summing then the result over k =1,...,n — 1. From (5.3), with a repeated use of (5.8) and (6.1), we obtain

n—1
d 1
i (o 2t Yot -
n—1 nl

1
+- Z Ex(er + Plmuy, Xk, ek] + €k — Ok + Orer) = Z it (6.9)
[t

Adding (6.9) to (5.4) allows us to obtain, by virtue of (2.8),

d (1 1 1
( Z( ex + VM, X, €k + Oreter + wk+9k+xk)

dt 2 2
k=1
n n 1 n—1
— b —wp_1)2 | == i . 1
+5 ;(wk We—1) ) n;(fkwk + gr) (6.10)

Estimating the right hand side of (6.10) using a discrete version of Holder inequality, and using Hypothe-
sis 4.1 (vii) together with Gronwall’s lemma, we conclude

n—1 n
1
=Y (wz+sz+ak)(t)+n2(wk —i1)2(t) < C. (6.11)
"= k=1
In particular the approximate solutions exist globally and T;, = T.

6.3. Discrete Dafermos estimate

We test (5.4) by 9,;1/3 and obtain for all t € [0,T], after summing up from k =1,....,n—1

n—1 n—1
= 3060, 02> (O — 201+ 041) 6,7
=1 k=1

n—1 n—1
+Z 'kKk9;1/3+ZDk9;:1/3
k k=1

=1

n—1
DTSR
k=1
+ Xk(My — L) 9,;1/3+ng 9,:1/3
k=1 k=1
=:T1 T2+T3+T4+T5+T6+T7+T8.

<
[
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Observe that T4 > 0, hence
T+ T+ T3+ T5s+1g+17 +1Tg <O0. (6.12)
We estimate the remaining terms. Using the summation by parts formula (6.1) and the elementary inequality
-1/3  ,—1/3 1/3 1/3
~(O = )07 - 0.17) 2 30,7 - 0,17,

we deduce

n—1
:nQZ Or_1— 20 + 0_ 1)9 1/3
k=1

n

0t S0 OO~ ) 00— 0 = 0701~ )
k=

Y0 — 6%
k=1

\%

where the term n2[6,, 1/3(971 —Op_1) — 00_1/3(01 — 0p)] vanishes due to (5.8).
Concerning the term T3, we observe that T5 > 0 if 12, > 0 while in the case 1y < 0, by (6.5)

n—1

. - aL
T3 = Z mleka 1/3 ; Z 02/3

k=1

The same happens for the term 7% noticing that, by (6.4)

L L
VXK = Tek — L+ My < —0,

ref eref
therefore
n—1
_ 2 L?
Tr = Xk(Mi — L)b, 2> f292/3
k 1 re

Concerning the term Ty, by (6.6) we have

n—1 n—1
To=> b, > -0 > 077,
k=1 k=1

By estimating the terms 77 and Ty from above, dividing the final inequality by n and integrating in time we
finally get

n n—1
/ (?mZ( 6,/* — 1/3) +izs'iek1/3> dr

k=1
1 / 3n—1/ tln—l/
< [ =N g0 ar + = 023t+0/— 0>/3 ar, 6.13
_/Onkz_;uu P ILACETN DI (6.13)

where the constant C' depends on L, v, M, 6., g1 but is independent of n and where also the term T3 + T7 + T§
integrated in time, due to the minus sign, goes to the right hand side of the estimate.
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The last two terms on the right hand side are bounded by virtue of (6.11). The conclusion now comes in a
similar way as in the paper [13], by means of discrete versions of Holder and Gagliardo-Nirenberg inequalities,
in order to estimate the first term in the right hand side of (6.13). This gives

t 1 n—1
/ =30 (ndr<c, (6.14)
O n
k=1
and
t 1 n—1
/ ) &(rdr<cC. (6.15)
o "3

6.4. Higher order discrete estimates

Before continuing, we need to extend the validity of (5.1), (5.5), (5.6) to k = 0 and k = n. For this purpose for
k = 0 we solve the system of these three equations in the unknowns g, xo,mg, and for k¥ = n in the unknowns
€ns Xn, Mn. By Proposition 2.2 both systems admit Lipschitz continuous right hand sides, which implies that
€0, X0, Mo and &y, Xn, My, are determined uniquely. In this way (5.1) makes sense for all k = 0,...,n; thus we
can take space increments as follows

U — Up—1 = €k — Ep—1 + Plmp, Xi, €x] — PlMa—1, Xk—1,€k—1] + €k — Ep—1 — Ok + Or—1, (6.16)
for all k = 1,...,n. The summation by parts formula (6.1) gives
n n—1
HZ(Uk —g_1)* = —n Z U (Upg1 — 20k + Ug—1),
k=1 k=1

hence, by (5.1)—(5.2) and (6.16),

n
n> (ex — k-1 + Plmw, Xn, ek = Plmr—1,Xe—1,x-1] + Ex — b1 — Ok + Ox_1)
k=1

n—1
> (i — & — fi)(ek + Plimk, Xe, €] + Ex — Ok + Orer). (6.17)
k=1

3=

Using the implication (a +b)%? = X = a?/2 < 3b®> + X, Va,b, X € R, we estimate the first term in the left hand
side of (6.17) as follows

n

n;«sk e ) e ) o

nZ(é“k Ek_l)Q]

k=1
=nY ((er— k1) + &k —€5-1))° < 61 > ((Plmi, xor€k] = Plmr—1,Xe-1,65-1])* + (0 — k1))
k=1 k=1
n—1 )

(W — €k — fir) (e + Plmw, Xk, k] + €k — Ok + Orer).  (6.18)
-1

+

Sl

=

On the other hand we have
n—1

1 .. . ; .
- > (i — & — fi)(ek + Plmw, xe, k] + Ex — Ok + Orer)
k=1
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n—1 1

) _
= (g — €x)ér + EZ Wy — ) (e + Plmi, Xk, k] — Ok + Orer)
=1 k=1
1 n—1 .
_Eka(Ek‘f'P[mkanﬁfk]‘i'ék_ek“‘eref)- (6.19)
k=1

In particular, using (5.3) we deduce

1 s n—l 1 d n—1
ﬁZ(wk—zik)Ek—Zwkn(wk+1—2wk+wk -5 lz_: ]

k=1 k=1
d n n 1 n—1
=_—— —Z(wk—wk 1 *Z ) (6.20)
di <2k—1 2n k=1

where we exploited integration by parts and the boundary conditions for wy. Putting together all the estimates
we finally obtain

(if( Z(’wk*wk 1 +—Zsk+nz €k — €k—1 )

k=1

+n Y ((ek —ex-1)” + (= €-1)°)

Plmy, Xk, k] — Plmi—1, Xe—1,€r-1]) + (0 — 05-1)?)

|/\
/\
M:

k=1

12 ,
+ = | fullex + Plmi, x: k] + éx — Ok + Oret]
k=1

3

d (1«
E (nz k—Ek €k+P[mkan7Ek} _9k+eref)>
k=1
1= '
EZ k*€k||5k+P[mkaxk35k] 9k|> =: Hi + Hy + H3 + Hy. (621)
k=1

Let us deal first with the last three terms. Note that we have

oo
| Plm, xi, exlel < [ / O (s X, )50 1]
0

+

T / " o mie x50 en])e dr

Xk / @X(m}’m Xk T)ET [Ek] dr
0
By (2.2) we have |s,.[e;]| < r, and Proposition 2.2 (iv), together with (5.6), (5.5), (2.9), and Hypothesis 4.1 (i),
(iii), (vi) yield
lsp[er]el < [€x], (6.22)

k| < | =h(ke) + Dkl < C (lel + = Z |€kl> (6.23)

"=
x| < C(1+6k) ae. (6.24)
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From Hypothesis 4.1 (i) we thus obtain the bound

n—1

1
P <C|1+6 - : 2
| Plmu, Xk, ekle] < ( + k+n2|5k|>a (6.25)

and this enables us to obtain the following estimates for the last three terms on the right hand side of (6.21):

n—1
H, _/ Z‘fk||5k+P[mk7Xk75k]+€/€_9k+9r6f‘d7—< c, (6.26)
=
Hy = EZ W — k) (ex + Pk, Xrsex] — Ok + Orer)
k=1

IN

1 n—1 1/2 n—1 1/2
1+ (= -2 :
Cl1+ (n;ek> ( Zek> (6.27)
1 n—1 +tn—1 /2
MZ&§+C<1+ /Z@kdr> :
k=1 0

where we used Holder’s inequality together with the a priori estimates obtained before (6.11), (6.14), (6.15)
and Hypothesis 4.1 (i), (vi), and also

IN

byl o ) tqnzl 1/2
Hy I=/ ﬁZ‘wk—5k||5k+P[mk»Xk»5k]t_0k|d7—SC 1+(/ 529%7) . (6.28)
0 k=1 0" k=1

where we used in addition also (6.25). Here and in the sequel the constants C' are independent of n.
It is a bit more complicated to deal with the term H;. First of all we have by Proposition 2.2 and Hypothesis
4.1(1)

|Plm, Xk, €x)(t) — Plmig—1, Xk—1,€k—1](t)]

/Ooo (@(mu, Xk, 7)8r[ek] — @(Mp—1, Xk—1,7)8r[E—1]) dr

/OOO <(<ﬂ(mk,xw) — (mg—1,Xx,7)) 5r[ex] (6.29)
+ (p(mi—1, Xk, 1) — P(M—1, Xk—1,7)) 5r[Ek] d?">

+ /Oo P(me—1, Xk—1,7)(sr[ek] — srlek—1]) dr (6.30)
0

t
<c <|mk — ] + Ik — xol +/ e (r) —s'k_1<r>|df),
0

where we have by (5.6), Proposition 2.2 (ii), Hypothesis 4.1 (i), (iii), (vi), (2.9), (5.5) and the discrete version of
the Holder inequality that
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t 1?7,71
—mp_1] < C Xk — Xk— — Ak—j — Ae—j—1|D; d
my — my—1| < /0 <Xk Xk 1|+n2| k—j = Me—j—1|Dj(7) | dT

k=1

t ) . 1 n—1 '
< C/ (Xk—Xk—1|+nZ|5j|)\k_j —/\k—j—1| dr
0 k=1
t 1 tn—1
<C /O Xk — Xk—1]d7 + ﬁ/o kz::l &5 dr | . (6.31)

Moreover by (5.5), Proposition 2.2 (ii) and Hypothesis 4.1 (i) we have
. . d
Xk — Xk—1] + E'Xk = Xk-1] < C(|9k — k1]
+/ (ox (mie, X, )57 (€8] (T) = Dx (M1, Xi—1,7)57 [eR—1] (7)) d7">
0
< C[Wk = Op—1] +/ (|<Px(mkana7') — ox(ME—1, Xk, ) + @x(Mr—1, Xk, T) (6.32)
0
o1 e SHen)) + i e — st ()) o
< C(|9k = Ok—1] + [my — mp—1] + [xk — Xp-1] +/ Ox(mi—1, xk—1,7)(s [ex] — 57 [er—1])(t) dT) .(6.33)
0

After integrating, we estimate the second term on the left hand side using Hypothesis 4.1 (i), Proposition 2.2 (iii)
and finally Gronwall’s lemma as

t T
e =l < -3l + € [ <9k bl =i+ [ et e‘k_l(r')|dr'> ar.
0 0
Plugging this back into the right hand side of (6.32) we have
. . d
IXk — Xk—1] + ab{k —xb-1] < C (Ixk = X0_1] + 10k — Op—1| + |mr — mp_1])
(6.34)

t
+/ (160 = Bs] + e — ma1| + |25 — 25_1]) dr.
0

Integrating (6.34) in time and exploiting (6.15), estimate (6.31) becomes

t . ' 1 tn—1 .
[my —my_1] < C </ IXk — Xp—1|dT + E/ Z lg;|dr
0 0 =
t 1
<O =%y +/ (106 = Op—1] + |y — mp—1| + |Ex — Ep—1|) d7 + 1 (6.35)
0

We now integrate (6.21) in time. The bound for the initial condition

n—1 n n
% D E0)+nd (ek —en1)*(0) + 1Y (g —1in-1)*(0) < C,
k=1 k=1 k=1

can be derived as follows: for the last term, we use (6.11); for the second term we use the initial condition
w(z,0) = 0 and (5.3); finally for the first one, we consider equation (5.2) for ¢ = 0 (together with the initial
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conditions (5.7)) and test it by £,(0), then we use once more (6.11). At this point, we conclude from the above
considerations that

n—1

% z_: )+ nZ(gk — o)’ (t) + / nZ(ék —ép1)?(r)dr
k=1 k=1 U —
n—1 t4 n—1 1/2 . n
: i 1 2 (1) dr n _ 201 dr
SC<1+n,;9k(t)+</0”kZ:19k()d> —I—/O ;(ek Or_1)%(T)d
t T n o - /
+/0 /0 nkZ:l(5k €p—1)" (") dr dT).

Gronwall’s argument and (6.14) then yields

% z_: G0+ ) ek — -0 + / ny (éx—ék-1)’(r)dr
k=1 k=1 ——]

n—1

1/2
t 1 . t n )
<cf1+ (/0 nkz_lak(r)dr> +/0 n;(ek—ak_l) (r)dr | . (6.36)

We need now more regularity for the temperature. To this aim we now test (5.4) by 6. The presence of the
additional term in (5.4) this time provides no further difficulties, due to the fact that the term (My — L) is
bounded (in absolute value), therefore we can use Hypothesis 2.1 (i) and (vii) and (6.22)—(6.24) together with
(2.9) to obtain

d (1, - 2 13- -
dt (n;9k> +n;(9k_9k71) §C<1+n;(€k+9k+|5k(1+9k))9k :

The estimate of the right hand side of the previous inequality follows exactly as in [13], getting at the end
1 n—1 t n t 1 n—1 1/2
— 02 (t +/n Op — 0, ) (T)dr<C |1+ /f etdr . 6.37
LS 0+ [ 03000 13 (64)

Finally, we test (5.4) by 0 and obtain from Hélder’s inequality that (also in this case the additional term brings
no major difficulties)

T n—1 n t n—1 t n—1

1 . 1 1

=N (YA +n Y (O —0r1) (1)< C 1+/ - a’4d7+/ =) gldr 6.38
/On;_l: R D (0 — 0-1)*(7) ( On;:l:k On;:l:k (6.38)

k=1

for any 7 € [0,¢] and for some C; > 0 that will be needed in a moment. The last term in the right hand side
can be estimated using the discrete Gagliardo-Nirenberg inequality

_ 1
[V]q §0(|v|s—|—|v\§79|Dv|§), 0= N _q , v = (V0, V1, .-, Un), (6.39)

+ |
w |
Q=

where we set

1 n 1/p n 1/1)
[v]p == (n Z |vk|p> , |Dv|p = (n”l Z |vg — vk1|p> ifl<p<oo
k=1

k=0
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and

|V]oo i= | max |vg| if p = o0.

ooy

Applying (6.39) with the choices ¢ = 00, s =1, p =2, o = 2/3, we get

B 4/9
t 1 n—1 n

/ - 29,% dr < C max max Hf/B(T) <C max] 1+ (n Z(Gk - 9k1)2(7)>
o "4

T€[0,t] i=1,...,n T€[0,¢t

T€[0,t]

4 n
<CH — | max n Y (O — Or_1)*(7)
9C4 |

with Cy as in (6.38), and where we employed also (6.11), (6.14) and Young’s inequality. Passing to the max [y 4
in (6.38) and absorbing the last term of the previous inequality in the left hand side, we thus obtain

tq n-1 n tq n—1
/0 5292(7) dr+n) (0, — 0—1)*(t) < C 1+/0 st'ﬁ dr
k=1 k=1 k=1

which in turn gives, by (6.36),

n—1 t n t n—1 1/2
1 1
—Zéz(t)Jrn/ > (G —ér1)’(n)dr < C | 1+ / =3 epdr
"= 0 k=1 o "4

The last term in the right hand side can be estimated using once more the Gagliardo Nirenberg inequality (6.39)
with the choices ¢ =4, p = s =2, o = 1/4. Absorbing the resulting terms in the left hand side, we finally get
that there exists a constant C' > 0 such that

LY+ /t w3 (e — ) dr + /t LS e v ebmar< o (6.40)
" 0 k=1 o "3
t n—1 n

/0 % DO+ dr+n) (0 = 01)*(t) < C, (6.41)
k=1 k=1

for ¢ € [0,T]. From (6.41) it follows that

hence

ma. mas C (1) < C
te[o,}:ﬁ] i:1,,,}fn|X1( )| <

and so finally

max max (6:(t) + [ (1)] + i (1)) < C. (6.42)

By comparison of the terms in (5.4), we also have

n—1

t
/ >y (Opsr — 20k +0,_1)*(7)dr < C, (6.43)
0 k=1
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and similarly for ug by (5.2). Finally, we differentiate (5.1) once in ¢ and test by &, (5.2) twice in ¢ and test by
Wy, and sum the two equations up. The dependence of P upon Yy this time brings no additional problems due
to the fact that we already estimated this term in (6.25). Therefore using (6.40)—(6.41) and treating the initial
conditions as in [13], we get the final estimate

n—1 n t n—1

1 .9 . . 2 / 1 )
— Wi (t) +n Wy, — Wi— t) + — g(r)dr <C. 6.44
DI ORI SCAL IR I (6.4

7. PASSAGE TO THE LIMIT

Let us set App = n(pr — pr—1) and AZp = n?(pr41 — 20k + @r—1), for a given sequence {py : k =

0,1,...,n} with the aim to define correspondingly piecewise constant, piecewise linear and piecewise quadratic
interpolations
n VK for xe[k—,ﬁ),kzl,...,nfl,
7" (a) = o (7.1)
on-1  for xe [2=L 1],
p(@) = proit (=) Ak for ze [ E) k=1...n, (7.2)
$(or—1+or) + (z = =L Avp + 3 (= ) AZp
~(n) for xe[knl,g), k=1,....n—1,
P ) = 1 n—1 1 n—=1\2 A2 (7.3)
3(Pn-1+@n) + (@ = 25 Anp + 3 (z — 252) A7 0
for z € [”T_l, 1].
We also define
k—1 k j—1 7
A =Xe—j — 2. 7.4
(I,y) k] or (xay)e[ n 7n)x|: n ”I’L) ( )

In the previous section we derived a priori estimates for the functions &), () (™ @) () q) - a0)
6 @ 5™ (6.40)-(6.44) that we rewrite in the form

|§§")(t)|z+/0t e (r |2d7+/0t (e @y + ™)) ar < €. (7.5)
/0 t (18 ()5 + 160 (7)[3) dr + \é;m(t)@ <, (7.6)

/ |0 (r)], dr < C, (7.7)

i ()5 + [l ()5 + /0 e (nfdr < ¢, (7.8)

10() ™ oo + 1% (8) ™ o0 + [me(8) | < O (7.9)

=

moreover by (5.2)—(5.3),

t
[ (G + a2 < c. 710)
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and by (5.8), (6.42)

5 (& + 0,3)(7) dT) <C. (7.11)
k=1

/t|é (T)}2d7<0(1+/t2
o IR = on

On the other hand, the system (5.1)—(5.5) can be expressed in the form

a™ =g 4 pim™ ™ &M 4 & (60 — g,), (7.12)
2™ — &M gl 4 F (7.13)
g = g{n), (7.14)
6" = 00 + M K™ 4 3 M 4 DO 4 (5M)2 — gl
+g™(0™) - Lx(", (7.15)
X (1) = 510, (X" (0), AT (2, )] (2), (7.16)
(™ (2, 1) = 5(0.00)[0, S™ (2, )] (1), (7.17)
_ 1/ L _
AW (1) = / p” ((9(") — Orer) + M(")> (x,7) dr, (7.18)
0 ref
_ 1 [
MO t) = =5 [ om0 ety dr, (7.19)
0
t 1
50,0 = [ (-Had @) + [ A @)D" ) (o7) o (7.20)
0 0
D(")(x,t) = / gp(m("),g("),r) 5T[é(")](é(") —sT[E(")])t(J;,t) dr, (7.21)
0
(n) L% ) o) s27)
K (Qﬁ,t) = _5 ‘pm(m » X 7r)5r[€ ] dr, (7'22)
0

with x(™)(0) chosen according to (5.7). Sobolev embedding theorems together with (7.5), (7.11) allow us to infer
the existence of a function e € W'2(Qr) such that e,¢, ¢4+ € L?(Qr), and a subsequence of {£"} still indexed
by n, such that

") 5 ¢ strongly in cQr), ég") — & strongly in LP(Qr)
for all p > 1. Moreover
e = &P (1) < ler — e P(0)

for z € [(k — 1)/n, k/n], so that

t 1 t n
,(n)_A(n)Q < l . 2 <£
| [ —arpanaar < | PICEERGLE

and
é,(gn) — &; strongly in L*(Q7). (7.23)
In an analogous way we can deduce that

g™ s ¢ strongly in L™®(Qr) (7.24)



FATIGUE AND PHASE TRANSITION IN AN OSCILLATING ELASTOPLASTIC BEAM 21
and we can also infer the existence of functions u,w,# € C(Qr) such that, up to subsequences when necessary,

(;_,3 — & = Wyt , ugm) — Uyy strongly in L2(Qr), }

" 0, 05 — 0, weakly in L2(Q7), 0 — 0 strongly in L>®(Qr).

The main complications come when dealing with the phase terms. This time indeed we have by Proposition
2.2 (iii), for all n,l € N

|¢M—XWMaw§/W¢“ %)@, 7) dr
t
sc{/ﬂwm—WWHmw—mWMmﬂww»%ﬂAM—AWum>+WW—xMumy (7.26)
0 T7€(0,t

On the other hand, by Proposition 2.2 (ii) and by (7.17)—(7.21) we have, for all z € (0,1) that
t
|Mm—m%mws/NM”—m%ummT
< C/ " = x|z, ) dr (7.27)

*///PWwMWWWMWmm
0 0 0

2Dz, y)pm®, xO, )60 (y, t,r)| dr dy dr,

(7.28)

where we denote

60 =6 (y,t,r) = s, [EMNED — 5, [E]i(y, 1) = rlpe[E ey, 1)

Now (7.27) implies
t
m) =m0 < € [ mi® w7y dr
0

t
<C U (16 — 0D + |m™ — mO))(x,7) dr + max |g) — Oz, 7)| + [x"™ = xW|(x,0) (7.29)
0 T7€l[0,t

t 1 oo
s [ A @m0, 16 - 60 (gt ardyar
0o JOo JO

t 1 )
+1/{/ /" A (2, 9)[p(m®™ 5™ ) — o(m®, ¥, 1[50y, ¢,r) dr dy dr
0 0 0
t 1 ')
+///|WWM—”@mwwx”nwmwwww
0 0 0

Proposition 2.2 (ii) allows us to conclude that

t
/|5 50|y, ﬁhﬁrélém*émwmﬁh
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hence
t 1 o) t 1
[ [ a0 metn® . - 50 ardydr < ¢ [ e - ) dydr
0 0 0 0 0

by Hypothesis 4.1 (i), (iii). In a similar way, exploiting again Hypothesis 4.1 (i), we have
t 1 ')
L[ [0 e, x0.r) = o, 50,0l drdy ar
o Jo Jo
t 1
<c [ ([ Ewnlan) max () - mO o)+ KO0 - xOwnl) dn (730
0 0 x ’

Combining (7.26)—(7.31) and the pointwise bound

4A
A -0 < — 7.31
A (2, y) @ﬂ”—mmmn (7.31)
we obtain the following inequality:
max (| — 0|z, ) + X" = x|(z,1))
z€(0,1)
t
_(n _ (1 —(n —(
< e [ (il =m0l + 15 - 1)) dr
a:E(O,l) 0
t 1 .
<qu+C / ( / & )(yﬁ)ldy) max () —m|(e,7) + X~ x|, 7)) dr, (7.32)
0 0 z )

with

1 _ _
= O T 0) = O (0| + (8™ — GO+ [IE™ — D =) _ 20y )
oot = (g X0 = X0 0+ oo + 2™ = 20 + 12 — 20

Arguing as in [13], it is possible to prove that ¢,; is small if n,l are large, hence, m(™ and ¥ are Cauchy
sequences, and this gives

m™ S m strongly in L>(Qr),

X(”) — x strongly in L*(Qr),
and, by (7.32),

mﬁn) — my strongly in L>(0, 1; Ll(o’ 7))

Xﬁn) — x¢ strongly in L>(0,1; L'(0,T)).

By virtue of (6.42), mﬁ") and ;zg") are uniformly bounded in L (), hence

mﬁ”) — my, Xin) — x¢ in L™ (Qr) weakly star.
Also in this case when the Prandtl-Ishlinskii density function depends on yx, using the convergences (7.23),
(7.24), and Proposition 2.2, we are able to conclude that D™ (x,-), K (z,-) converge for all 2 € [0,1] to
D[m, x,€|(z,-), K[m,x,€](z,-), respectively, strongly in L?(0,T). By the Lebesgue Dominated Convergence
Theorem, passing in L?(Qr) to the limit in (7.12)—(7.22), we conclude that (u,w, 6, m, ) is a strong solution to
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(4.1)—(4.4) with the regularity indicated in Theorem 4.2 and satisfying the initial conditions (4.6). The boundary
conditions (4.7) hold by arguing exactly as in [13].

8. PROOF OF THE UNIQUENESS

Let (u,w,8,x,m), (4,0, 0, %, m) be two solutions to (4.1)—(4.7), with the regularity as in Theorem 4.2, and
with the same initial conditions and the same right hand sides.
We take the difference of (4.3) for 6 and @ obtaining

C(at - ét) - H(Gzz - ozm) = (D[ma X7wzz] - D[ﬁ%f(,ﬁ)m])

+V(w12;wt - wixt) - /609 Wyt — éwzm)

1 e 1 e
- <2mt/ @m(m7X7r) 5%['“)19:] dr — 5’/7%/ (pm(maféar) 53[U7m] d?‘)
0 0

1 o 1 e
- <2Xt/ @X(m7X7T) 57%[’“}19:] d?" - iit/ @m(ﬁ%féﬂ“) ﬁg[wzx] d’l")
0 0

_L(Xt - Xt) + g(e’x’t) - g(@,x,t).

We integrate the previous inequality in time and estimate the terms in the right hand side. First of all we have

t
/ |D[m7 X wm?] - D[mvi,@m]l (va) dr
0
t [e'e]

-,
/Ot

+ / F(p(17 X ) — (17, % 7)) lpr[waa]e] dr + / F (1, %) Py [Waalt — pr[mae] dr| dr

dr

/ T(p(m7X7’r)|pr[wl'l']t‘dr - / T‘)D(ma>27r)|p7‘[w$7é]t‘ dr
0 0

/0 " rp(m, xor) — i, X, ) lpe[twsale] dr

¢
0
where we used Hypothesis 4.1 (i) and Proposition 2.2 (ii) and (iv). Furthermore,
t ~
[ Bt = Gt (.7 0
0

t t
g/ (et 10 — (2, 7) dr+/ 10 [want — tBane| (2, 7) dr
0 0

t 1/2 t R 1/
< (/ |wmt|2(x,7')d7') </ |9—9|2(x,7')d7'>
0 0
. ¢ ) 1/2
/ |Wezt — Weat|(x, 7) dT + (/ |0 — Q\Q(x,T) d7> 1
0 0

where we used (5.3), (6.15) and the regularity part of Theorem 4.2. Similarly

2 t
+ 181l / 0ot — Base|(z, 7) dr
0

<C

t t t 1/2
[ W= @l dr = [t = el [ + 0l 37) 7 < c( [ Wt = i) dr)
0 0 0
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On the other hand, using again Hypothesis 4.1 (i) and Proposition 2.2 (ii),
1 [t

2,

1/t

- /0

dr

my / Pm (m, X 7“)5? [wwm] dr — mt / Pm (’I’h, )27 T) 53 [wwz] dr
0 0

m [ (O o) — o, o7 0] dr / (G171 Xs7) — (7, %o )52 10] I
0 0

+my / @m(ma X5 T) (572" [waca:] - 53 ['Lb:cac]) dr + (mt - mt) / Pm (ﬁl, Xs 7’)5120 ['bex] dr|dr
0 0
t
< 0 [ (Imdim =  + x= 0+ e = ) + s = ] ) 7).
0
Arguing in a similar way
1 t [e'e] ) [e'e] )
§ / Xt / @X(m7 X T)Sr[w:m:] dT - Xt / QOX (Tﬁ, )2) T) 57. [wll] d?" dT
0 0 0
1 t oo ~ ) o) ~ o )
=5 | e [ tentmoen = eyt msthn dr x| o) = ol xr)sun) dr
0 0 0
+Xt / <)0X (ﬁl, )27 T) (572" [wxx} - 572" [ﬁ)xﬂt]) dr + (Xt - )NCt) / <pX (ﬁlv )Za T’)ﬁ? [’be;c] dr dT
0 0

t
< c/ <xt|<|m—m+|x—>z|+|wm—wm>+|xt—>zt|)(:m) ar.
0

Our aim is now to estimate |m; —m;| and |x;: — X¢| in terms of the corresponding quantities without derivatives,
with the purpose to apply Gronwall’s lemma. Arguing in a similar way as we did in (7.26) we deduce

t t
X = 7 t) < / Xt — %l (@, 7) dr < © / (16— 8] + [m — 73] + |woat — Towe) (. 7) A7, (8:2)
0 0
while, by Proposition 2.2 (ii) together with (3.12), (3.14) and (8.1),
t
/ Im¢ — | (z, 7) dr (8.3)
0

t 1
C / (lXt - Xt'(xﬂ—) +/ (|m - m'lwa:a:t| + ‘X - )Z||wwwt| + |wzzt - wmmt')(i‘/?T) dy) dr.
0 0

IN

|m — m|(x,t)

IN

We observe that, again by (5.3) and (6.15),

2

t 1 t 1 1/
/ / |m — m||wege| dy dr7 < C / </ |m — m? dy> dr
0o Jo 0 \Jo

t 1 t 1 1/2
/ / IX — X||wezt| dy dT < C/ </ |X>2|2dy> dr,
0 0 0 0

Plugging this back into (8.3) together with (8.2) we have

and in a similar way



FATIGUE AND PHASE TRANSITION IN AN OSCILLATING ELASTOPLASTIC BEAM 25

IA

¢
/ |me — mg|(x, 7) dr
0

m — m|(x,t)

IN

¢ 1
C / (|6‘ — 0|+ |m —m|(z,7) + |Wezt — Waat]) (2, T) +/ | Wzt — Waat| (Y, T) dy) dr
0 0

1/2

t 1 1/2 t 1
+C’/ (/ |m — m|? dy) dT+C/ (/ |X—)~<2dy) dr.
0 \Jo 0 \Jo

Then (8.2) and (8.4) imply

t
Im —m*(z,t) + [x = X|*(z,t) < C (/ (10 = 0F +[m — > + [weat — Wout|*) (2, 7) dT
0

t 1
+/ / (m_m2+X_>2|2+wmzt_wwwt|2)(y77—)dyd7->'
0o Jo
Integrating in space and exploiting Gronwall’s argument we deduce

/01 (Im—m* +Ix —x°) (w,t)dy < C (/01 /Ot(|9 — 01 + |waat — Buae|*) (y, 7) dy dT> : (8.4)

We now go back to (8.2) and (8.4), which together with the above estimate imply
t t
|m —m|(z,t) < / |my — my|(z, 7)dr < / (Ime — | + Ixe — X)) (2, 7) dT
0 0

t
<C (/ (10 = 0] + |m — M| + |Wagt — Wage|)(z, 7) dT
0

t 1 ) 1/2
+/ (/ (09|2+|wmmtwmmt|2)(y,7')dy) dT)
0 0

A further application of Gronwall’s lemma to the term |m — m| produces the desired inequality

t

t
/<|mt—mt|+\xt—>zt|><w,r>drs 0(/ (16 = 8] + [waat — g ]) (2, 7) dr +
0 0

t 1 5 1/2
+/ </ (|9_0|2+|wwwt _wma:t|2)(y,7'> dy) dT)
0 0

We finally observe that, by Hypothesis 4.1 (vii),

t t
/Ig(&x,r)—g(é,m)ldrg C/ 0 — 6| dr.
0 0

Now the conclusion comes arguing as in [13]: indeed we integrate in time from 0 to ¢ the difference of (4.3) for 6
and 6 testing the result by 0(x,t) — 6(xz,t), and then we integrate in z. Taking into account the above estimates
we get

1 ~ 1 d [t t ~ 2
/ 10 —02(z,t) do + = — </ (0 — 0)(x,7) dT) dz

t el
<C / / (|lweat — ﬁ)mt|2 +16 — 0|2)(:c,7') dz dr. (8.5)
0o Jo
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Next we test the difference of the time derivatives of (4.2) for w and w by w; — wy, the difference of (4.1) for
w and 4 by Wyyt — Weer and sum up. The only difference with [13] is that now the Preisach operator depends
also on y, thus by Hypothesis 4.1 (i) and Proposition 2.2 (ii) we get

|P[m7X7leZD} - P[m7>~<7wmw]|

/OOO (90(77% X T)sr [wmm] - (p(’ﬁ’L, >~(7 T)sr[wzw]) dr

/OO ( (@(m’ X T) - @(ma X T)) 5y [wll}
0

+ ((p(ma X 7”) - gﬁ(ﬁl, >~(a T)) Sy [wmm] d?“)
+/0 (M, X, 1) (8r [Waw] — 87 [Wep]) dr

t
SC<|m—’I’7’L|—|—|X—)~(+/ |wth_7«ba:xt|d7') .
0

Arguing as above, after integration in space we obtain using (8.4)

1d

1 1
oo | (= 00 (= B (= D) (08 o+ [ e = 1)
0 0

1 t 1
<C </ 10— 0)%(x,t) da +/ / [ Wewt — Waee|* (z,t) dz d7'> . (8.6)
0 o Jo
We now multiply (8.5) by 2C and add the result to (8.6) to get

1
/ (tsat — ase? + C18 — 6P ) (1) da
0

1d [t

-|—§E ; [26’ (/Ot(ez —0,)(z,7) dT)2 + (wy — W) + (et — Wat)® + (Woa — Waz)” | (2, 1) A

t ol
< (C+20?) / / (et — Wamtl? + 10 — 6?)(,7) da dr.
o Jo
Hence applying Gronwall’s lemma we infer that w = w, 6 = é, and the proof of Theorem 4.2 is complete.
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