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1 Introduction and summary

The study of holography in flat space has received new impetus in the past few years from
the study of scattering amplitudes in flat space. In contrast to AdS where one can follow
Maldacena’s construction, flat holography space lacks a general construction from string
theory, though some particular examples are known [1-3]. One way to try to make progress
is to take a bottom-up approach, leveraging the vast knowledge about scattering amplitudes
in flat space to try and glean some aspects of a putative holographic dual. There is now quite



some literature on this approach, see [4-6] for reviews. One of the central ideas emerging from
this approach is that the holographic dual should be defined on the sphere at null infinity,
where the Lorentz group SL(2,C) acts as conformal transformations, leading naturally to the
conjecture that the dual theory is some sort of CFT, dubbed celestial CFT. The relevant
quantities of interest in this context are the so called celestial correlators which, beside an
overall kinematical factor, are obtained by Mellin transforming the scattering amplitude. For
four external massless particles, it has the expression

_ _ Al2— A34
fai(z,2) =0(z = 2)(1 - 2) 9(B,2),
where z is the cross-ratio, A; are the external conformal dimensions, 8 = > ; A; — 4, and
the delta function is inherited from 4d bulk translational invariance. The function g(f, z)
crucially depends on the external kinematic considered. For example, for the s-channel
kinematics, i.e. 1,2 — 3,4, has

gn,(2,2) = 272-6,2 /OO dw wﬁ_lT(s, t) .
0 s=w?, t=—w?/z

where, 7T (s,t) is the stripped scattering amplitude and z is the cross ratio constrained to

z € [1,00). See section 2 and appendix A for more details.

In analogy to the standard discussion for scattering amplitudes in momentum space, in
this work, we exploit the Cauchy theorem to rewrite the celestial amplitude as a contour
integral. By proper contour modifications, we can exchanged and perform the Mellin integral.
This way we find the Mellin transformed expression given by

2% Fm dp 2-1
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where C~1(RT + ie) is a clockwise contour around the (shifted) positive real semi-axis. This
expression holds for the s-channel kinematics, but similar relations can also be obtained
for the other configurations. This procedure leads to a clear bridge between the analytic
properties of the scattering amplitudes and those of the celestial correlators. Under suitable
assumptions on the decay of the amplitudes, we obtain a dispersion relation for the celestial
correlator which reads

,3,/371,
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where p; and C; are the amplitude’s poles and cuts respectively.

The results of this paper make use of the Froissart-Gribov expansion, which can be under-
stood as an expansion in intermediate multi-particle states adapted to massless kinematics.
For instance, focusing on the s-channel, the Froissart-Gribov expansion reads

T(s,t) —2Zaj )Py (zs) .

where z; denotes the scattering angle, related to the cross-ratio by zs = 1 — 2/z.



From this expansion, one can derive a corresponding representation for the celestial
correlator, which is entirely determined by the partial amplitudes a;(s) and takes the form

Ajp—Dgzq 27 2-p 2
Fa(z,2) = 8(z — 2)(1 — 2) =52 sm7rﬁ/7; 2ZaJ <1Z>,

with
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Compared to other known expansions, such as the conformal block expansion and the

aj(B) =

s=p .

relativistic partial wave expansion, this relation provides a direct bulk origin for the coefficients
appearing in front of the partial waves. These contributions can be interpreted as resonances,
encoding the exchange of multi-particle states in the bulk amplitude.

The Froissart-Gribov expansion is also commonly used to extract the Regge behavior of
scattering amplitudes. In this case, one instead considers the t-channel expansion, which
is, however, not well-behaved in the naive s — oo limit, as it leads to a divergent sum over
spins. To overcome this issue, one first performs an analytic continuation in the angular
momentum, implemented via the Sommerfeld-Watson transform. Under suitable assumptions
on the analytic structure of the partial waves, the resulting contour can then be deformed,
allowing one to isolate the contribution of Regge poles, thus leading to the Regge limit of the
scattering amplitude. We can then apply our contour deformations of the Mellin transform
in order to define the celestial Regge limit in the bulk.

In order to better connect to the Regge limit in CFTs, which is typically associated with
small cross-ratio, in the above we consider the external kinematics of 1,3 — 2,4 where the
cross ratio is constrained to lie in the interval z € [0, 1] and the Regge limit is given by z — 0.
After an appropriate discussion we find and expression for the bulk Regge limit

+o00 o '
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where we considered contour modifications p = 1 + iv, the cross-ratio as z = "¢ taking
¢ < 1 and we collected the remaining terms in the o (v) coefficients by

Jinin/2 227 Tpt () (14 )21
7 sin(w3/2) sin(mwj(v)/2)

zﬂj(u)/Q 2 2)=A—1 p_( ) (1 + iy)ﬂﬂ_l
im sin(7f3/2) cos(mj(v)/2)

with p¥(u) being the residues at the Regge pole, i.e. J = j(t), of the analytically con-

at(v) =

a (v)=

tinued a;(t).

We then take a page from the Regge limit of CFTs [7-9] reviewing the main features
and expression. Given that this is limit emerges intrinsically from a Lorentzian, we discuss
ways to rotate back to Euclidean in order to compare the results with the celestial one,
thus obtaining the expression

+o0 L. .
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where fi(z, Z) is in this case is the reduced correlator of a D = 2 CFT, where we only
used the covariance under the global SL(2,C). The coefficients 7= (v) are related to the
CFT Regge pole o*(v) by

efiﬂ'j(u)/Z +() €Wi7A12_A34
4sin(mj(v)/2) im? Kaw)jw)

eI /2 6= (1)) griTiEp

T(v) =
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dcos(mj(v)/2) im? Kaw)jw)

For more details see section 5. This expansion is remarkably similar to the Mellin transform
of the bulk Regge limit presented above, and we can immediately read off a relation between
bulk partial wave coeflicients and boundary conformal data

22W)=B=SA()B/2=1  aiy-ag,

+ . 2mig (v +
ot (v) = im ™) Sn(75/2) e Kaw),jmp (V)

with A(v) = 1 4 av.

The article is organized as follows. In section 2 we define conventions regarding celestial
amplitudes and kinematics of the Regge limit. In section 3 we discuss the Regge limit
of amplitudes for to the massless case. Section 4 computes the Mellin transform of the
Regge amplitude by introducing a contour trick and provides the celestial Froissart-Gribov
expansion. Section 5 reviews the CFT Regge limit and adapts it to the celestial sphere.
Section 6 is a brief discussion of our results. The appendices review and expand upon
results used in the main text.

2 Preliminaries

We begin by recalling some properties and definitions of the four-point amplitude and its
relation to the celestial correlation function. Working on R'3, we write the four-momenta
in coordinates adapted to null infinity as

P (2, Zi) = miwiq) (2, Zi)

where 7; = + labels incoming (—) and outgoing (+) particles, and w; is the energy. The
complex variables z; are related to the azimuthal and polar angle of the stereographic
projection and determine the null-momenta

@' (2, Z) = (L + 2iZi, 2 — Zi, —i(2 — Zi), 1 — 2i%) -
In terms of these variables, the amplitude is written as

AW (wj, 235 ) —5(4)(211 )Tl (24, 2): )

where 7 (Pl (i, zi); ¢;) is the stripped n-point amplitude and ¢; represent the helicity of
the massless external legs.



The conformal action of the Lorentz group SL(2,C) on the celestial sphere can be made
manifest by rewriting the amplitude in terms of the boost eigenstates, which are related
to the plane wave basis by a Mellin transform

AW (24, 235 A, ) = (H /°° dwiwiAi_l)A(")(wi,Zi,ii;fi)-
=170

The Mellin transformed amplitude is covariant under the action of SL(2,C) which, acting as
global conformal transformations on the celestial sphere, it resembles a conformal correlator
of a 2d CFT [10, 11]. The Mellin conjugate to the energies, i.e. A;, can be regarded as the
conformal dimensions A; of the i-th external insertion. Together with /¢;, these quantities
define the (anti)holomorphic conformal weights

Ai El T Az - EZ
= i h; .

hi 2 ) 7 2

For the rest of the work we will be mostly interested with four-particles processes related
to the four-point correlation functions by

4 (o]
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Using the full Poincaré symmetry, SL(2,C) x R, the amplitude can be put in the form

h3—hy hi1—hs , _ iL3—iL4 _ 711—712
()" () ) ()
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AW (2, 25 0, ;) = fage(z,2). (2.1)
For simplicity, we will call all the overall contribution coming from the usual SL(2,C)
covariance K (z;, Z;, hi, hi). The additional R fixes

fAz‘,[i,m‘ (Z, 5) — (Z - 1)%(h1—h2—h3+h4) (2 - 1)%@1—&2—/}34—’34)6(2 _ 2) N (Z, 2) , (22)

with the conformal cross-ratio z and z = z*. We will refer to (2.1) as the celestial correlator,
as it should be the output of a putative dual theory on the celestial sphere. Compared to
the typical CFT correlators, one has additional constraints coming from the momentum
conservation [12]. These lead to a distributional four point correlator with support on the real
line, i.e. the equator of the celestial sphere. We also note that the function depends explicitly
on 7);’s, that is, on weather the momenta are incoming or outgoing. This implies that there
are three disconnected regions related to the three different kinematics. We consider first the
s-channel kinematics, 1 = 72 = —1 and 73 = n4 = 1, associated to the expression (2.2), where

S:_(pl +P2)2 :w2a t:_(pl +P3)2:_W2/Z,

such that s+t+wu = 0. Cross-ratios are related to the coordinates of the operator insertions by

212234 _ 212734
= —- = .
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Note that, being related to the scattering angle, the cross-ratio can be expressed in terms of
the Mandelstam variables. The domain is restricted for this configuration to

z=—s/te[l,00) CR. (2.3)

The reduced correlator fa, (2, z) can be expressed in terms of the amplitude by picking
the standard conformal frame, see appendix A. For the massless scalar case in the s-kinematics,
the explicit evaluation leads to

A12—As3g
2

a2, 2) = 8(z — 2)(z — 1) 5" 9262 /0 " VT (s, ) 2
where [ is specified by the dimensions of all external particles by
B=> A;—4.
We further define
ga,(2,2) = 2727852 /OOO dw W’ VT (s,1) ottt (2.5)

However, we will primarily be working in the t-channel kinematics, since this choice allows
for a more transparent discussion of the Regge limit. In particular, we will be interested in
obtaining the high-energy center of mass scattering s — oo at t-fixed. As we will see, the
analogous configuration of the Regge limit in CF'T is associated to small cross-ratios. This
configurations is excluded by the s-kinematics as z is bounded by the kinematical sector
considered. We thus perform this study in the more natural ¢-kinematics, where the limit
z — 0 is associated to s — oo.

With this in mind, we consider the kinematics where p; and ps are incoming so 7; =
ny = —1, ;2 = nu = 1, with

s=—(p+ps)?=w’, t=—(p1+p)’=—20".

In this configuration, the cross-ratio is restricted to the domain
z=—-t/s€[0,1] CR,

which is the crossed sector of the previous one. The explicit evaluation in this channel
(appendix A) leads to

A12—A3q

Fac(z,2) = 6(z — 2)(1 — 2) 23 928,542 /OO dw WP (s,1)
0

(2.6)

s=w?, t=—2zw?

and therefore

oo
9(z,2) = 2_2_5,2%”/ dw w1 (s,1)
0

(2.7)

s=w?, t=—2zw?



a) b) c)

Figure 1. Schematic representation of the Froissart-Gribov projections. A generic scattering,
represented in a) can be decomposed in terms of the exchange of multi-particle states of spin J in the
s- and t-channel, here b) and ¢) correspondingly.

3 Regge limit

In this section we discuss the Regge limit in the case of massless external particles. Although
the setup differs from the standard massive case, much of the analysis closely parallels the
usual discussion.!

We begin with the Froissart-Gribov projection of the stripped amplitude and, without
loss of generality, restrict our analysis to external massless scalars. The extension to external
particles carrying spin is qualitatively similar and differs mainly by the presence of additional

tensor structures. The resulting expansion in s reads

T(s,t)=2> as(s)Ps(zs), (3.1)
J=0

with ;
ze=14+2—.
S

For the Regge limit, we will be interested in the ¢-channel expansion, which reads

T(s,1) =2 i ay(t)Py(z) (3.2)
J=0

where
s
=142-.
Zt + ;

We stress that the two different expansion simply gives two different ways of expanding
the amplitude but they do not alter the external kinematics which is fixed, see figure 1
for a schematic representation.

Even though we are considering massless particles, we retain the standard notation. Here,
J denotes the helicity, and P;(z) are the partial-wave eigenfunctions of the little group SO(2),
see appendix B.1 for details. We refer to a;(s) and as(t) as partial amplitudes, with the
overall factor of 2 accounting for helicity degeneracy.

'For comprehensive treatments see [7, 8, 13, 14].



The coefficients as(t) encode the exchange of multi-particle resonance states with spin J.
Exploiting the orthogonality of the partial waves, we can invert (3.2) to obtain

— 1/1 dz T (s(2,1),t)Py(2)
2NJ -1 t m )

where A is a normalization factor, s is written explicitly in terms of

ay(t) (3.3)

-1
s(z,t) = ot 5 t

and the integral is taken over the physical region of the ¢t-channel, where s < 0 and ¢ > 0
and z € [—1,1]. So, even though we are interested in the Regge limit, defined by s — oo
with ¢ fixed (¢t < 0), the computation of a;(t) requires considering the amplitude in the
physical t-channel. Taking z; and ¢ as independent variables, the last Mandelstam variable
can be written as

t = s(—z,t). (3.4)

We now write the partial amplitude (3.3) in such a way that the contributions coming
from tree-level physics and from resonances are made explicit. For that, we can use Cauchy’s
theorem to write the amplitude as

T(s,t) = f[é ds' (s, 1)

(s) 2mi &' —s

where the contour C(s) encircle counterclockwise s. By modifying the contour, we can
rewrite it as

Tls:t) =2 m? 2 c2mi s’ —s (3:5)

-\ sy —u

M ! /
<rs<t> L Tul®) >+ ds' T(s',1)

Here, we assumed M massive exchanges, e.g. through some ", ¢?®; interactions. In order
to keep the expression as general as possible we also consider the residues of such exchange
rs(t) and 7, (t) to be potentially a function of t. We also take C(s) to be a counterclockwise
contour sufficiently close to the value of the given Mandelstam variable. Assuming that
the amplitude at infinity vanishes as

|T(s,t)] ~|s]7* for s— o0, (3.6)

with some a > 0, we can discard the contributions of the arcs at infinity, figure 2, leading
to the expression

M 0o / — !
T(s,t)=2< Ti(t) + Tf(t)u>+1/()+ PNELCEUNE Cag Dt (3.7)

— _ !/ !
S \mp—s  m; T s'—s T J oo s'—s

The discontinuity of the amplitude is given by

Dg(s,t) = 2%(7'(3(1 +ieg) +ie(1 —i€g), t,u) — T (s(1 +iep) — ie(1 — ieo),t,u)) ,
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Figure 2. Contour modification from C(s) to C in the complex s-plane. Setup with no massive
interactions and branch cuts are in red.

where we have considered branch cuts that are slightly tilted by a small parameter ¢ in
order to avoid the overlap with the on-shell poles. By setting ¢g = 0 we obtain the standard
expression for the discontinuity on the real axis, figure 2. For crossing symmetric amplitudes,
one can relate by crossing the discontinuity of the u-cut with the discontinuity of the crossed
amplitude by

Dg(s,t) = —Dy(u,t).

This allows us to rewrite the amplitude as

M [e'e) / 00 /
T(s.)=3 ( ) n:;@ﬂ) Ry R TN

— r_ _
= \m; —s s'—s T Jurp uw —u

where s and ur are the branch-point singularities associated with the thresholds in the s-
and u-channels. Differently from the standard massive case, the threshold point, and hence
the branch cuts in the complex s-plane, originate exactly at s = 0, i.e. there is no mass gap.

Another remark concerns the convergence requirement in (3.6). There is a loophole that
allows one to extend the discussion even when (3.6) is not satisfied. In particular, if the

amplitude grows as |7 (s,t)| ~ |s|V~¢, one can define
. N
T(s,t) = H(s —5) T (s,1),
i=1

introducing as many poles s;—; . n as required to ensure convergence, so that T (s5,t)] ~ |s]~%
see [13]. This procedure, however, introduces N unfixed constants that must be fixed by
other means. We will not need this construction for our current applications, but it may
prove useful in other contexts. In particular, exploiting this expression, the discussion on the
next section can be suitably extended as needed when dealing with other cases.

With the expression for the amplitude (3.8) in hand, we proceed by substituting it in the
definition of the partial wave coefficients (3.3). After some manipulations, see appendix B.2



for more details, we get

M1 20t Qu() 1204 (t) Qu(—2)
ay(t) = Z(NJ : (1_ ‘))1 N (1—2'6)2/2>+

) )QJ(zt Du(u(_zévt)7t)QJ(_Zé)’ (3.9)

2t
1 o0
d' (s(z, / dz;
WNJ/ 42_1 7TNJ 1 /242_1

with 2§ = 1+ 2m;/t and Q;(z) given by (B.3)

™ J 1+J 1 T 1 —J .y
QJ(Z):W2F1<2’2’1+J;z2>:2<1+ 1_z2) 2

See the appendix B.1 for more details. Using parity, Q;(—2) = (—1)’Qs(2), and (3.4)
which implies?

Dy (u(—z,t),t) = Ds(s(z,t),t),
one sees that the contribution from the discontinuity vanishes for odd J
as(t) =0, (3.10)

while for even J one has

1 2ri(t) Qu(zh) 1278 (t) Qr(—2h) (s(z,t),t )QJ<Zt)
ast)= Z(m TR TR o (1—z6)10/2> ) i

(3.11)

The fact that only even spins receive a contribution from the discontinuity is a consequence

of crossing symmetry, which allows to exclude the odd spin partial amplitudes. This can
be easily seen by expanding both sides of the crossing equation

T(s,t) =T (u,t)
a la Froissart-Gribov, while keeping the ¢-channel variable fixed. For 7 (u,t) this is
T(u,t) =2 as(t)Ps(—z) (3.12)
which follows from s(—z;,t) = u(z,t). We thus have
T (u,t) =T(s(—2.,t),t)
giving (3.12). Crossing is therefore simply given by
T (2t,t) =T (=2, 1)

Combining this with parity properties of the partial waves, i.e. Py(—z) = (—1)’/ P;(z), one
sees that only even spins partial amplitudes are allowed.

2Note that this simply follows from 2i Dy (u(—zt,t),t) = T(u(—zt,t) + i€, t) — T(u(—z:,t) — i, t) =
T (s(zt,t) + i€, t) — T(s(ze,t) — i€, t) = 26 Ds(s(2¢,t),t).

,10,



We now focus on the kinematic regime of large s at fixed ¢, corresponding to the Regge
limit. In this regime, however, the expansion (3.2) ceases to converge, since for large z;, or
equivalently large s, the partial waves scale as

a4

PJ(Zt) ~ 21—-J

The standard way to circumvent this issue is to perform a Sommerfeld-Watson transform,
which allows one to replace the explicit sum in (3.2) with a complex integral over the
analytically continued spin J. We treat even and odd spins separately by introducing partial
amplitudes with definite signature, so as to better organize the contributions arising from
the discontinuities. Besides making crossing properties manifest, this procedure improves
the convergence of the integral when large spins are involved, especially for non-crossing-
symmetric amplitudes. Indeed, from (3.9) one finds that the two integrals behave rather
differently upon analytically continuing .J to complex values, due to the analytic structure of
Qj(z). Working with definite-signature amplitudes allows these contributions to be properly
organized and combined so as to improve the convergence, as reviewed in appendix B.3.
Using (3.10) and (3.11) we define the definite spin contributions by

Mo 27”Z+ t) Qs(20) , Ds(s (zévt)’t)QJ(Zé)
Z (1— )1/2 NJ/ dz \/275,27_1 ’

where al(t) stands for even spins and r*(t) = ri(t) + ri(t). These definitions can be

exploited to split the amplitude into definite signature amplitudes
T(s,t) =T (s;t) + T (s,1),

which will be therefore have the corresponding Froissart-Gribov expansion

ZaJ )(Py(z) = Py(—2)).

It is on them that we perform the Sommerfeld-Watson transform which leads to

dJ
T560) = [ gy O (ol £ Po-20)

where C goes around the positive real axis so that the evaluation of the residues of 1/sin(w.J)
leads back to the sum above.

For crossing-symmetric amplitudes only the even-spin contributions need to be considered.
Nevertheless, in order to keep the discussion general, we will retain both even and odd
spins, see appendix B.3.

The final assumption leading to the expected Regge behavior is that af(t) are analytic
throughout the complex J-plane, up to isolated singularities. Under this assumption, the
contour C can be deformed to pick up the relevant residues, leaving a line integral, as discussed
in appendix B.4 and schematically depicted in figure 3. We therefore take

pE(t)

a?(t) = m7

— 11 —
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Figure 3. A simplified illustration of the contour modification from C to C’ giving the analytic
continuation on the spin with J = j(v) the Regge pole.

where p*(t) are the theory-dependent residues. By contour modification we get

T(s,t) = -7 p*(t)

Pj(t)(zt) + Pj(t)(—zt) / dJ
sin(7j(t)) ¢ 2isin(mJ)

By taking s > 1, which in turn implies |z;| > 1, we see that, in general, the first

aF () (Ps(z) £ Ps(~2)) . (3.13)

term dominates because the contour C’ is located to the left of the Regge pole and so
maxc Re(J) < Re(j(t)). Consequently, the background integral is subleading, and the
expression can be approximated by the residue of the leading Regge pole as

Zj(t) + (_Zt)j(t)
2=+ sin(mj(t))

TH(s(2,t),t) ~ —7 p™ (1)

As it will be useful in the following, we already notice that the amplitude depends
explicitly only in the transverse momentum ¢ and on the t-channel scattering angle. This
expression can be thus written explicitly in terms of the ratio z = —t/s, which we already
identified as the celestial cross-ratio and related to the z; angle by

2
thl—;

We can thus re-express the Regge limit in terms of z — 0, thus obtaining

2710 (1+ (-1 j(t))

Ti(z,t) ~ —T pi(t)(—l)j(t) 21—2;(t) Sin(wj(t))

(3.14)

The purpose of the following section is to translate this result into the language of celestial
CFT. As reviewed in the previous section, this is achieved by performing a Mellin transform.
However, a direct implementation of (2.7) is not feasible without an explicit expression for the
partial amplitudes. In the next section, we therefore introduce an alternative — yet equivalent
— procedure to carry out the Mellin transform while keeping all relevant quantities implicit.

— 12 —



4 Celestial Regge theory

In this section, we introduce a notion of the Regge limit on the celestial sphere, inspired
by the standard Regge limit in conformal field theories [7, 8, 15]. To this end, we begin
by introducing an alternative formulation of the Mellin transform, assuming only generic
analytic properties of the amplitude. The advantage of this approach is that it provides a
more direct connection to the Regge limit of ordinary CFTs, as we will see shortly.

4.1 Contour trick

Let us first start with a generic example where we take the definition of the Mellin transform
of a given function f(z) as

MU = [ de ).

We now rewrite the function f(z) by exploiting Cauchy’s theorem

_ [ dr f(r)
f@—ﬁ@

. 9
2mir — z

where C(z) is a contour centered in z and, substituting this expression in the definition of
the Mellin transform, we simply get

MM®=AWM£ dr o1 f(r)

Z)Tm' r—z

This procedure has the nice effect of removing the z dependence from the function, which
now depends on this auxiliary complex variable r. This would in principle allow for a
straightforward integration on z. However, in order to actually perform such integral, we
must remove the contour dependence on z, so that the two integral can be swapped.

At this stage we assume f(z) to be analytic with no poles or branch cuts on the domain
of integration. However, if that is not the case, one can just shift those contributions by a
small ie, as we will see later in the section. Under this assumption, we modify the contour
by pushing it to C(z) — C(R™) where C(R") is a counterclockwise contour that encircles
the positive real axis. In general we may assume it to be sufficiently close to the axis so to
exclude any feature on the complex plane coming from f(z), e.g. branch cuts or poles. We
are therefore effectively surrounding all the integration domain of the Mellin transform. This
allow us to swap and perform the integral in z, leading to

M) = ot [ en .

~ sin(ws) 2

As an example and check of this equivalent expression consider the function f(z) = e™%.
Using the original definition this gives the Gamma function Me *](s) = I'(s). In terms
of the contour integral we thus find the identity

i / ﬂ(—r)s_le_r =T(s).
C(R+)

~ sin(ws) 270
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This expression provides an alternative integral representation of the Gamma function, with
the contour C(R™) known in the literature as the Hankel contour.

This formulation of the Mellin transform is particularly useful, as it allows one to establish
a direct connection between the analytic properties of the function to be transformed and its
Mellin-transformed expression. The latter can then be evaluated by exploiting the analytic
features of the function and deforming the contour to pick up residues or discontinuities.

This manipulation can be applied right-away to the Mellin transform defined in (2.7).
In order to show the interesting features that emerge from this analysis, we present in this
subsection the discussion for both s and ¢ external kinematics, even though only the latter
one will be necessary for the next section.

To match the standard literature, we first start with the external s-kinematic where
s = —(p1 +p2)? and t = —(p; — p3)?. In this case, the Mellin transform can be rewritten
as (2.5), which we repeat here for clarity

g(B,z) =27270;2 /OO dw wP 1T (s,1)
0

s:w2

t=—w?/z

We also recall that for this kinematics we have z € [1,00) C R. We can then trade one of the
Mandelstam variables for the scattering angle or, analogously, for the celestial cross-ratio.
This gives us two possible choices, depending on which channel we wish to keep explicit.
Let us, for instance, take s and z as independent variables, with t = ¢(z,s) and u = —s — t.
Following the discussion above, we start from the integral

T(s,1) :}’{ dp T (p, (2, 1))
’ C(s+ic) 2L 1 — 8 — i€

where we have made explicit the dependence of ¢ in the other variables and we consider a
counterclockwise contour C(s + ie) around pu = s + ie. For compactness we define

T(1,2) = T(s,6)| 5=

t=t(z,1)

Given that typically we expect the scattering amplitude to have a non-trivial analytic
structure, as anticipated above, we have also introduced a regulator with £ > 0 to separate
in a clearer way the contributions that have different origins.

We can now take the Mellin transform

/°° dos 1 % dp T z)
0 C(s+ic) 2L pt — 8 — i€

where again the contour surrounds fully the domain of integration, which in this case is the

00 p—1
d—u‘T(,uj, z)/ dw—2 (4.1)
0 1%

s=w? /C(R++i5) 211 —w? —g¢’

slightly shifted positive real line. Here C(R* + ic) must be considered as a counterclockwise
contour sufficiently close to the given line. Note that in the right-hand-side of (4.1) the
Mellin transform actually acts on a contribution that resemble that of a tree-level massive
s-channel exchange.

Evaluating the w-integral one finds

_ dp —7(—p+ ie)ﬁ/2—1>
3:”22_ /c(u2++i5) 271 T, Z)( 2sin(7w3/2) '

t=—2zw

/oo dw WP 1T (s,1)
0
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CY(RY + ie)

»
|

(—p+ g2

<
«

@ w=m?—ie

Figure 4. Contour modification for the modified Mellin transform. We move from the contour
2

\/

C~Y(R* + ig) to the one around the pole at u = m? — ie.

The reduced correlator is then written as

25 P, dp - \B/2—1
95,9 = sz, e BT TG0 2), (4.2)
where we absorbed a sign in the orientation of the contour, which we called C~!. Even though
a contour integral formally remains, the Mellin transform has effectively been performed.
Thus, from (4.2) one obtains, implicitly® the Mellin-transformed correlation function. From
this expression, one can compute the reduced correlator by contour modifications.

As an example we can consider the simple case of a cubic interaction with the exchange
of a particle with mass m in the s-channel. The tree-level four-point scattering amplitude
is given by

1
s —m?2+ie’

T =—¢*

which has a pole at s = m? — ie. We can now use this as an input for (4.2) giving
273 fx dp —g?
_ LT M ey T
9(8,7) sin(m(3/2) : /(;1(|R++ig) 2m'( ot ie) <,u —m?+ z'e) ’

By contour modification, figure 4, we can now take the residue and send the regulators
to zero, leading to the known result

_ B8—2 mif/2
,2) = ———2°g°m" ‘e .
9(8, 2) sn(iD” ¢
This example illustrates why we began our discussion by introducing the regulator. Without
it, there would be an ambiguity as to whether the pole lies inside or outside the contour.
These regulator helps in separating the different contributions in a way that the pole of the
amplitude does not lie inside the region of the contour C~*(R* + ig). Thus, in general, we

3By “implicitly” we mean that, under our assumptions, this expression is valid for any amplitude considered
as input and directly yields the Mellin-transformed correlation function. In contrast, the standard Mellin
transform requires performing the integral explicitly and therefore an explicit expression for the amplitude is
required.
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can drop the regulator if we take the poles or discontinuity of the amplitude to be on the
complementary region of enclose by C™1(RT + ig).

Lastly, we note that this procedure also leads naturally to a celestial dispersion relation.
In particular, from (4.2), we can take contour modifications which, under the assumption
of vanishing arcs, leads to the expression

—3-8
0(3.2) = s () ReslT (e 2]+ 3 | ()71 Dise, [T 2))
C; 4

" sin(nf/2)” \4- o
43

giving a dispersion relation for the celestial correlator. In this expression we generically
assumed some poles at p; and branch cut C; contributions. Notice that on the second
contribution the (—u)?/2~1 lies outside the discontinuity as a consequence of the contour
modification. This expression tells us that the full celestial correlator can be recovered from
the knowledge of the analytic structure of the bulk amplitude only. Other dispersion relations
have appeared in the literature [16] which makes use of the bulk optical theorem.

Given the close similarity with the standard computation of the Mellin transform by
writing it as an integral over the whole real domain, we briefly comment on the main differences

between our definition and this procedure. The parity of

T(37t) s—w? T(Z7w2) = T(Zv (_w)Q) )

2

t=—2zw

can be exploited to trade the line integral with a contour integral. The reasoning goes as
follows: start by considering the Mellin transform

+o00
/ dww® 1T (2,0%).

—00

One can split the integral in the positive and negative regions to obtain

+00 +o0 0
/ AoV (2, w%) = / w1 (2, 0%) + / P 1T (2,07).
0 —00

—0o0
Sending w — —w in the second contribution gives

+o00 +o00 0
/ dwe® 1T (2, w?) = / doo® T (0% = [ dw(—w) 1T (z,0?)
0

—00 +o0

+o0
— (1 (—1)5)/ dww? 1T (2, w2)
0
, +o0
= —2ie™B/2 sin(ﬂ6/2)/ dww 1T (2, %)
0

One can therefore exploit the integration over the full real line by closing the contour and
picking poles and discontinuities, assuming the arc at infinity does not contribute. However,
the crucial difference with the contour trick discussed above is that this expression must
be still evaluated. It is just a different way of writing the Mellin transform while in our
case the Mellin integral has been evaluated and the leftover contour integral is crucially
not a Mellin integral. The advantage of the contour trick is that it allows to perform the
Mellin transform while keeping the expressions implicit. The integral in the complex p
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that we obtained by using the contour trick actually encodes, in a sense, the dynamical
information, as showed also by (4.3).

Another advantage of using (4.2) is that it allows us to discuss the analytic properties
of the celestial amplitude by relying on those of the bulk amplitude. This is typically not
the case when we express the amplitude in terms of w in the standard Mellin transform,
which leads then to discuss the analytic properties of the amplitude in the complex w space.
Of course the discussion would still be consistent with the analytic properties of the bulk
amplitude, however, the identification is not as straightforward since it appears on all the
Mandelstam variables quadratically, e.g. s = w? and t = —z2w?.

We conclude by observing that through (4.2) one obtains a natural prescription to
implement a cutoff and probe different energy regimes. Indeed, the expression (4.2) already
defines the Mellin-transformed correlator, and different kinematic regimes can be probed
through appropriate contour deformations. Rather than introducing an explicit cutoff on

the Mellin transform, for instance

o0 Aco
/ dw P 1T (W?, —20%) ~ / dw WP~ T (W2, —20?)
0 0

one can modify the contour in (4.2) instead.

4.2 Froissart-Gribov expansion in the celestial sphere

We now use the contour prescription to translate the partial wave expansions (3.1) and (3.2) to
the celestial sphere. Here we go back to consider the external scattering kinematics as specified
by the setup 1,3 — 2,4 with s = —(p; + p3)? and t = —(p1 + p2)%. In this regime, where
z € [0, 1], the reduced correlator is specified by (2.7), which we write here again for clarity

s=w2

t=—2zw

9(B,2) = 2*2*57;%“/ dwwP =T (s,1)
0

2

The discussion in the previous section goes essentially unchanged. However when discussing
the Regge limit and the Froissart-Gribov, as discussed in section 3, we trade the dependence
on s for s(z,t) or, in other terms, s = s(z,t) with z the cross-ratio of the CCFT. In this
context, we will be therefore interested in considering the contour trick applied to the ¢
dependence. So, differently than before, we consider

_ dp T (s(z: 1), 1)
T(s(0.0) = ¢ e e e

with the counterclockwise contour C(t + ie) around pu = t + ie. We again modify the contour
to completely include the relevant domain

00 00 B-1
[Caweprd I TEn ) [ ) [Fae
0 Clttie) 2mi pr — t — i€ lt=—202  JO(R- 4ie) 21 0 W+ z2w? —ie

and we perform the Mellin integral of the free-propagator, obtaining

d —B/2(_jz 4 )B/2-1
= / e, M)(” (Cie + 1) )
ST JO(R+ie) 2mi 2sin(7(3/2)

/OO dw WP 1T (s,1)
0
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where, similarly as before, we defined

T(Z7 :u) = T(S> t)|s:s(z,u) :

t=p
Collecting all the contribution we get
(5.5 = g [ Wi (4.4
2= 28483 sin(m3/2) Jo(®-+ie) 2mi pote s '

where the regulator shifts the discontinuity from the p%/2=1 slightly upwards. Notice that
now the contour is taken along the slightly shifted negative real line counterclockwise around
= R™ + e

As anticipated in the previous section, we leave the regularization implicit in the following,
with the understanding that the contour is always taken around the discontinuity and the
poles and discontinuity coming from the amplitudes lie in the complementary region.

We now apply (4.4) to translate the Froissart-Gribov expansions (3.1) and (3.2) onto
the celestial sphere. Notice that, since the partial waves depend only on z, the Mellin
transform acts solely on the partial amplitudes a, and we can therefore apply the contour
trick directly to them.

An important caveat, however, is that for this procedure to be well defined one must
exchange the sum over spins arising from the partial wave expansion with the contour integral.
As discussed in section 3, this step is highly non-trivial. In particular, the s-channel Froissart-
Gribov expansion generally converges for zs in the Lehmann-Martin ellipse, see [13] for further
details. By contrast, for the ¢-channel expansion one must rely on different techniques, such
as the Sommerfeld-Watson transform. This analysis will naturally lead us to the celestial
Regge limit discussed in the next section.

The Froissart-Gribov expansion (3.1) leads to the celestial expansion

B —2-8_ o
faa ) =0-2)(1-n) 52 LS ([ SR )
C(R—+ie)

sin(m/2) = omi! )PJ(I—Qz),

(4.5)
This expression provides a celestial Froissart-Gribov expansion for the correlator. When

t=p

comparing with the other known expansions, i.e. conformal partial wave [17, 18] and relativistic
partial wave expansions [19], this relation gives a precise bulk origin to the celestial data.
In other terms, the complete knowledge of the partial amplitudes completely determine the
celestial four-point functions on the celestial sphere.

Notice that all the dependence in u is contained in the partial amplitude. Therefore,
the expression can be rewritten compactly as

o

_ _ A10—A; 2~ 2- BTF
fadz2) =0z -1 —2) "7 02 = (57 2 Z B)Py(1-2z),

where a7 (/3) are just the contour integral evaluated partial amplitudes. A analogous discussion
leads to similar expression also for the s-channel kinematics; see section 1.
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4.3 Mellin transform of the Regge amplitude

Given the expression for the leading contribution to the amplitude in the Regge limit, (3.14),
we can perform the Mellin transform to obtain the celestial Regge limit. This procedure is
reminiscent of the early derivations of Regge theory in CFT [7]. Starting from correlation
functions in position space, one transforms to Mellin space, where the correlators take a form
resembling scattering amplitudes. In this representation, poles in the conformal dimensions
correspond to the exchange of operators.

In our case, we start from the amplitude in momentum space and perform the Mellin
transform to obtain a correlation function on the celestial sphere. In order to do so we
apply the Mellin transform using the alternative definition (4.4) to (3.14). The reduced
correlator in the Regge limit is then given by

g%(B,2)

22 dp 0 2 (1 (—1)I)
- e e s n\B2-1( . & 1))
25+3 5in(73/2) /C(DHM o ) ( o) U S s () )

where we explicitly reintroduced the regulator for clarity. We then rewrite the two contri-
butions in a clearer way by collecting in terms of sine and cosine

+ (= 1)1 1) et (1) /2
in(7j

(

) sin(mi(n)/2)
( 1)7() —j eimi(p)/2

)

3(w) — cos(mj(p)/2)
(

The reduced celestial correlator (2.6) can be put in a suggestive form by writing it in

&,
=]
—~
:]

terms of the norm of the cross-ratio z = €¢. The overall delta function is then

6(z—2) = 6(¢(e? — 7)) = §(2iC sin(0)) .

Assuming ¢ > 0, the delta is evaluated for § = {0,7,27,...}. We can restrict it to the
fundamental domain 6 € [0, 27). Moreover, note that for § = m, 2 = —( = z < 0, which
is not possible considered that we take Re(z) € (0,1). It follows that

1
0(z—2z)=—=0(0).
(== 7) = 5:000)
Putting it all together the Regge limit of the 4-point amplitude in Mellin space can be
written as
fa(e2) mo@)2mi [ dpem o () ¢ (4.6)
‘ C(R—+ie)

where the contour goes around the negative real axis and ot (p) are given by

2 29T ot () (—ie + )P/
msin(mj(p)/2) sin(xB/2)

P e
im COS(?T] (1)/2) sin(mw3/2)

at (1) = et (p

o () = &™)
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C(R™ +is) 1+iv

Figure 5. Contour modification from the discontinuity to the principal series. In blue the poles

in ot ().

This expression defines the leading Regge contribution on the celestial sphere. Interestingly,
as we will review in the next section, (4.6) closely resembles the leading contribution in
the Regge limit of a standard CF'T for the special configuration z = z, up to the different
contour prescription adopted.

Motivated by this analogy, we now consider an alternative deformation of the contour
that facilitates comparison with the standard CFT result. In particular, we focus on the
contour associated with the principal series, deforming C(R™ + i€) into a line parallel to the
imaginary axis, i.e. u = 1 + iv with v € R, as illustrated in figure 5.

In order to actually perform such contour modification, we must require some assumptions
on the analytic structure of the a®(u). We assume that p*(u) are holomorphic? and
exponentially bounded; see appendix B.4. Under this working hypothesis the only relevant
contributions come from the poles of the sine and cosine at integer values of j(u). Thus,
by contour modification of (4.6), we get

. . +o00 . .
F(202) = 0(0) (4> Y €900 Resfo® (), ] 900 — 27 [ dw et () (1)

m<1 e

(4.7)

where p; are the corresponding value for the pole at integer j(y;) = I. So far (4.7) is rather

general. We are interested in looking at which would be the leading contribution between

the two factors in the Regge limit of ( <« 1. For that, we consider, as a working hypothesis,
the spins to be arranged in linear trajectories that we parametrize as

j(,U,) :jﬂ +j1uv

for some jp,j1 € R. This is for example true in string theory, as it can be seen by the
Virasoro-Shapiro, but also in many phenomenological processes.” With this parametrization,
notice that the location of the poles is given by

. —jo + 1

Jm) =1 = = i lez,

1At least until Re(u) < 1.
®See chapter 5 of [13] for examples.
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where, for even signatures (+) [ is even and for odd ones (—) [ is odd. Notice that p; < 1
implies | < jo + Jj1-

As we will review in the next section, the leading contribution to the Regge limit in a
standard CFT can be identified with the second term of (4.7). We therefore study, in the
space of the parameters jo and ji, which are the conditions under which we can actually
disregard the first term.

We begin by noticing that since the u; can grow in the negative real plane, in order for
this contributions to be subleading in this limit, we must require that j; > 0 so that

lej(uz) — o~ (I=jo—g1u)[log({)] 7 (4.8)
when evaluated at large negative p; converges for ( < 1.

The second constraint thus comes by requiring that the second term grows as we lower
¢. By a similar analysis, when we evaluate for j(u) = jo + j1(1 + iv) we have

C1=3) — o= (1=jo—1=iv)] og(C) (4.9)

)

which, beside an oscillatory term the contribution grows if
I=J0o—5n<0.
We finally notice that (4.9) is leading by construction over (4.8) as the requirement
—1+4+jo+j1> -1+ jo+ jiu

is just the condition p; < 1. We thus see that the leading Regge term is given simply by

fi(z.2) ~ —5(0) 27 / i ™MW oE (1) (17T (4.10)
— 00
As we will see in the next section, this limit is closely related to that of the Regge limit
of CFTs and will lead us to the identification between bulk quantities, such as the p*(v)
and the conformal data.

There are other natural approaches one could pursue from (4.6), that we briefly discuss.
The first is to further deform the contour onto the branch cut and extract the corresponding
discontinuity. This procedure, however, essentially reduces to the standard Mellin transform
and the resulting integral cannot be computed without the explicit knowledge of the bulk
data, such as the functions p*(u).

The second approach is to exploit the analytic structure of the amplitude and attempt to
close the contour collecting all the residues of the poles and sum them. However, this strategy
is not viable, as already indicated by the Regge behavior A ~ s7®) since the contribution
from the arcs at infinity does not vanish and therefore cannot be neglected.

5 Partial amplitudes and OPE coefficients

In this section we will review the standard Regge limit of CFTs, we will apply it to the
celestial sphere and compare with the Regge limit of the celestial amplitude.
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5.1 Brief review of the Regge limit in CFT

As we discussed in section 2, the symmetry group that specifies the celestial CFT is that
of a standard CFT plus additional symmetries, i.e. the bulk translation invariance, which
further constraint fa,(z,Zz). Hence, we may expect that the discussion of the Regge limit in
celestial CFT should correspond to a particular sub-sector of that of a standard CFT having
SL(2,C) as defining symmetries. Therefore, we first briefly recall the analysis of the Regge
limit for CFTs [7, 8, 15] showing how this can be extended to the celestial correlator (2.1),
with some salient differences that we will note on the way.

Therefore, we may begin from the four-point function of scalars, which can be generically
expanded in conformal blocks.

(B, 1y (21, 20)bpy o, (22, 22) Dy 1y (23, 28) P, 1, (705 20)) = K (20 20y hay Bi) Y €h yGai(2,2)
AT

by using the SL(2,C) symmetry. Here, for simplicity, we define the s-channel OPE data by
CSAJ = A120, ;A340, ;, the functions Ga,j(z, %) are the conformal blocks, see appendix C
for further details. In Euclidean signature we have the reality condition z = z*, and this
expansion is convergent for |z| < 1. Indeed, for small values of the cross-ratios, the conformal
blocks have a leading contribution given by

for 0 € z < z < 1. In the following, we will be interested in a similar limit, but one
that is crucially defined in a different setup, i.e. in Lorentzian signature. After suitable
manipulations, this will lead to the conformal Regge limit.

Following the standard discussion, and in order to make the connection with the celestial
setup more transparent, we begin by briefly reviewing the analytic continuation of the partial-
wave expansion. To this end, we consider either a standard CFT configuration, where the
exchange of the identity operator is not treated explicitly, or a celestial CF'T setup, in which
the structure of the reduced correlator is fixed solely by imposing SL(2,C) invariance. In
either case, the conformally invariant function can be written as

14ico dA
(2,2) 2/1 —c(A,J)Fa j(2, %) (5.1)

2mi

where A = 1+ iv, ¢(A,J) encodes the OPE data through deforming the contour and
the Fa j(z,Z) are the combination of conformal blocks and shadows of the SL(2,C), see
appendix C for more details. This expression typically arises from the so-called harmonic
expansion. When evaluated at the poles in A of ¢(A, J), it reproduces the standard conformal
block expansion. In conventional CFTs, the appearance of complex conformal dimensions
is usually regarded as nonphysical and this representation is mainly used to expand the
reduced correlator in a single-valued, orthogonal eigenbasis of the Casimir operators of the
conformal group.

In celestial CFT, however, this basis has been argued to be physical, with exchanged
operators belonging to the principal series A = 1 4 iR [20]. By combining with (2.4) and
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Figure 6. Initial configuration where all operators are spacelike separated and 1 and 2 are inside the
causal diamond.

exploiting the orthogonality of the conformal waves, one can invert the expression, as argued
in [17], and obtain the celestial CFT data c(A, J).

So, starting from (5.1), we aim to study the Regge limit in order to connect with the
discussion of the previous section. Recall, however, that the Regge limit corresponds to an
intrinsically Lorentzian causal configuration. To describe it, we must first Wick rotate to
Lorentzian signature, i.e. we take z,z € R as independent variables, obtained via analytic
continuation of the Euclidean cross-ratios.

In order to better grasp the analytic properties, it is best to move to the radial, or
lightcone, coordinates p, p, [9, 15, 21]. In particular, we consider the standard configuration
where we take all the operators to be spacelike

x1 = (=p,—p),
x2 = (p; ),
xz3 = (1,1),
xg=(—-1,-1),

as depicted in figure 6.5 In terms of the cross-ratio, we have that

_ 4p - (1-p)? 1—-V1-2Z
Zz=-— 1-z=

1+p)2’ 1+p2 "T1yvioz’

SWe stress that this is not the diagram of the standard celestial discussion. This is the conformal
compactification of the 2d CFT and not of the 4d theory on the bulk.
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and similarly for z and p. In terms of these coordinates, the OPE converges for p and p
within the unit disc. From these expression, it will be clearer, later, how monodromies on z
or z, relates different configurations. For example, we see that taking (1 — z) — *™(1 — 2)
produces p — 1/p.

The procedure to obtain the Regge limit in CFT follows closely the discussion presented in
the previous section. In particular, as argued in [7], the analogy with the amplitude discussion
is also more evident when one performs the comparison in Mellin space. Therefore, we first
separate the contributions in definite signature and then we proceed with the Sommerfeld-
Watson transformation. Thus, by trading the sums for a complex integral we obtain

T(z,2) = — — (A, D) (G 2+ (-1)'@ z
fa.z2) /H-oo 377 Jo, TamegyS (&N (o) £ (-1 Cau(2)

where the ¢ (A, J) (¢ (A, J)) refers to the even (odd) spin contributions when J € Z,
A =1+ iv and the contour C; goes around the positive Re(J) axis. By assuming, just as
in the bulk discussion, the presence of a leading isolated pole

+
Ci(”? J) ~ Ji(y) )
J—jv)
we can modify the contour to pick the residue at J = j(v). Assuming that the contribution
from the line integral is subleading, [7, 8, 15], we obtain

/°° dv mo*(v)

to av mo—\V)
fx,(2,2) = —oo 2w sin(7j(v))

(G1+iy,j(1/) (2,2) & (_1)j(y)G1+iu,j(y)(Zv 5)) ;
where the overall minus comes from the clock-wise contour around the pole.

We consider now the analytic continuation. Since at the end of the process we want to
meet the celestial sphere where the correlator is evaluated on the real line, i.e. z = z, we
can analogously take the analytic continuation in z or z. After Wick rotating to Lorentzian
signature, we consider, as typical in this discussion, the counterclockwise continuation around
z = 1 thus obtaining

d £ (= 1)](V)G’“‘ z 2
SRS I ZaUbere o DR 52

This configuration corresponds to placing two operator insertions on the light cone of the
others while keeping the two pairs spacelike separated, as shown in figure 7. Operator 1 lies
in the past of 4, and operator 2 lies in the future of 3. We denote this causal ordering with
the notation 4 > 1 and 2 > 3, where > indicates causal separation, [15]. After the analytic
continuation, we can now take the limit for z,z — 0 at fixed ratio, figure 8.

The explicit evaluation of the monodromy, performed in appendix D.2, leads to

too 7\ A=A

dy &™) nE (1)) 515 () .
y ™) 2 (Z) T (5:3)

fi(z,é) R~ —277/

—00
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Figure 7. Lorentzian configuration where 1 and 2 are sent to the lightcones of 4 and 3 respectively.
In red, the effect of taking the monodromy (1 — z) — €*™(1 — %) or, equivalently, p — 1/p.

Figure 8. Causal configuration specified by 0 < p < 1 < p < co. In black the Regge limit associated
to small cross-ratios z, Z.
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where, in order to keep a streamlined expression, we keep some contributions in terms of
A(v) = 1+ iv. The coefficients y*(v) encodes the conformal data and are defined by

. Ajg—A
e*”J(”)/2a+(V) 6”2%

4sin(mj(v)/2) i Kaw)jo)
=TI ()12 5 (1) em’%

T ) = eos(mj0))2) in? Knwyiw) (5:5)

v v) = (5.4)

where Kp j is that defined in (C.6).

5.2 Connecting the CFT and CCFT Regge limits

In this last subsection, we connect the Regge limit in ordinary CFT with the Regge limit
in celestial CFT. Already from (5.3) one can observe a close similarity with the expression
obtained from the Mellin transform of the bulk Regge limit, i.e. (4.10). One of the main
differences with the standard CFT case is the additional constraint imposed by the bulk
momentum conservation. Nevertheless, since CCFT enjoys an enhanced symmetry structure,
it can be regarded as a constrained instance of a CF'T. In particular, the conformal invariant
function fa,(z,2) appearing in (2.1) is completely fixed by SL(2,C) symmetry, while the
full celestial correlator is further restricted by the R invariance. In both frameworks, the
correlator depends on the same cross-ratio. Consequently, analytic continuations in cross-ratio
space, such as those defining the Regge limit in CFT, must be mirrored in celestial CFT.
This observation motivates us to carry out the same analytic manipulations in both settings
in order to make their relation manifest.

Notice, however, that this construction is motivated purely by an educated guess. In-
deed, adopting a bottom-up approach and lacking an independent definition of a celestial
(distributional-like) CFT, the prescription one chooses in order to match the physical data is,
to some extent, arbitrary. Nevertheless, we remark that (4.6) still defines a proper Mellin
transform of the Regge limit. Thus, although different prescriptions may lead to different
overall multiplicative factors, e.g. phases, the similarities between the Regge behavior and
hence a final relation between the (residue) OPE data and the partial amplitudes is expected
to hold in general.

We can now apply all this discussion to our case of the celestial correlator with the
generic expression (2.4)

A19—A34

fa(z,2)=60(z—2)(1—2)" 2 g(z).

To relate the two Regge limits, we apply to (4.10) the same analytic continuation in cross-
ratio space that leads to (5.3) in the ordinary CFT setting. Since both expressions depend
on the same cross-ratio, consistency requires that the analytic continuation be implemented
in an identical manner.

The first obstacle of applying these arguments directly is the non-analytic nature of the
delta function. To address this issue, we adopt a prescription that allows us to define and
take the monodromy in the presence of the delta function, as discussed in appendix E.
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Therefore, after the analytic continuation to Lorentzian we take the monodromy on
each side

A12—A3zq

Mz=1[fai(2,2)] = 6(z = 2)Mz=[(1 - 2) 7 g(2)].

Here, g(z) is actually monodromy free because it is written from 7 (s,t) as an expansion
in Chebychev polynomials, which are monodromy free.
We thus have

Ajp—A3q

Moo fa,(2,8)] = 8(2 = )Mo [(1 - 2) 57 g(2)

which simply gives

A12—A3zq
2

Ms—1[fa,(2,2)] = 6(z — 2)elm(Br27R34) (1 _ 2)
From this the limit of small cross-ratio can be taken.

5.2.1 Going back to Euclidean

However, one final step is required in order to meaningfully compare the two results. Since
the two Regge limits are naturally defined in Lorentzian signature, obtaining a Euclidean
result requires analytically continuing back and restoring z = z*.

To this end, we first consider an analytic continuation that maps the configuration to a
causal setup in which all operators are spacelike separated. This is achieved by continuing
around z = 1, which, in terms of the radial coordinates p, p, corresponds to the transformation
p — 1/p. Together with the small-cross-ratio limit, this maps the Regge configuration, where
the two pairs of insertions are causally related, to a configuration in which all operators
lie on the real line and are mutually spacelike, as illustrated in figure 9. This continuation
sends operators 1 and 2 to i°, i.e. spacelike infinity, with one approaching from Z=* and
the other from Z7~.

From this configuration, the Euclidean setup can be straightforwardly recovered by a
Wick rotation.

A second crucial outcome of this analysis is that it removes the ambiguity in how one
analytically continues to Lorentzian time and in which of the two cross-ratios one performs
the (first) analytic continuation followed by the Regge limit. In standard AdS/CFT, this
choice is dictated by the physical setup under consideration, e.g. to match a bulk analysis or
a specific causal ordering. In our case, however, this continuation is merely an intermediate
step. Indeed, the final expression (5.3) cannot be naively Wick rotated back to Euclidean
signature, as this would break holomorphicity. As a consequence, the final Euclidean (C)CFT
result must be independent of whether one considers the intermediate ordering 4 > 1 and
2 > 3, or the opposite 1 > 4 and 3 > 2.

Notice that the same analytic continuation must also be implemented on the celestial
CFT side. However, from the explicit form of the leading term in the celestial Regge limit,
one can see that this final transformation does not modify the structure of (4.10). After this
step, we can rotate back to the Euclidean configuration.
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Figure 9. Effect of mapping back to spacelike configuration, p — 1/p, after the Regge limit.

Accordingly, after returning to Euclidean signature, we write z = ¢ €’ and we restrict
to the real line by setting z = z. We emphasize this feature by rewriting the expression in
a distributional vest, exploiting the relation (E.3), thus obtaining

5 (22) = 2m(0) [ a0 () (10,
—o
where fii(z, z) = fi(z, Z)|z=z with fi_(z, z) that of (5.3). The expression is thus evaluated
on the support of # = 0, essentially leading us to a Euclidean CFT Regge limit.

Summarizing, we started from the correlation functions of the celestial CFT and the
SL(2,C) CFT and we first rotated from Euclidean to Lorentzian signature. In the Lorentzian
setup, we then performed the analytic continuation associated with p — 1/p, namely
(1—2) — (1 —2)e?™, and subsequently took the limit z — 0 while keeping the ratio z/z fixed.
Next, we considered a second continuation, p — 1/p. This transformation did not modify the
expression for the Regge limit of the celestial CFT; rather, it affected the standard Regge
limit by mapping the causally ordered configuration to a spacetime configuration in which
all operators are aligned, thereby producing a Dirac delta. At this stage, the configuration
was still Lorentzian, so we finally rotate back to Euclidean signature. Since all operators
are spacelike separated, this last rotation is straightforward.

We can now compare the expression with that obtained from the celestial CFT (4.10),
finding a remarkable equivalence. This comparison allows for the identification between
the conformal data obtained by a CF'T discussion with the celestial data which are directly
related to the Regge residues of the bulk partial amplitudes

,)/Jr(y) _ 62'71'(A12*A34)05+(V)7 ’Yi(V) _ eiﬂ’(Au*AM)a*(V),
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which leads to the relations

—3 e”% e—imi(v)/2 ot (v) _ imiw)/2 22j(u)—5—7p+ (1) Hﬂ/Q—l eim(A12—Asy)
T2 KAy, jw) 4sin(mj(v)/2) msin(7/2) sin(mj(p)/2) ’
j812—A34

—p e T ef’iﬂj(y)/z o (y) _ eiﬂj(l.t)/Q 22j(u)7677 pf (M) /J)B/Zil @iﬂ'(AIQ*ASAL)

() 4i cos(mj(v)/2) i sin(mwf3/2) cos(mj(p)/2) '

where the right-hand-side is evaluated in the principal series p = 1 + tv. Simplifying we

7T2KA(V)

finally obtain

e UWBSANB2T a sy,
) = im O 5525 I K )t (). (5.6)

where, given that © = 1+ iv is the same as the expression for A(v) = 1 + iv, we wrote
it in the more suggestive way with A(v) = p(v).

Up to overall factors, which depend on the prescription adopted and on the two different
procedures used to obtain the Regge limit, we find an equivalence between conformal data
and bulk data. Moreover, p*(v) generically arise from quantum effects. As a result, this
expression encodes dynamical information beyond tree-level contributions, providing further
evidence that genuinely dynamical data are captured by the celestial CFT. Since these are
residues, we can reintroduce the poles in J = j(v) on both sides and write the matching as

22J-5_5A(V)B/2_1 riD12-A34
2
sin(m3/2)

with the caveat that the above is true up to possible terms that vanish at the poles. If

2miJ

tw,J)~ire K@y a5(v). (5.7)

we consider all the contributions, i.e. all the subleading contributions coming from the line
integrals, is not guaranteed that the equality holds. A full match requires the study of all
analytic properties of these quantities.

6 Discussion

Conformal partial-wave expansions and their associated OPE coefficients have been studied by
several authors [18, 22-26]. However, the relationship between bulk and boundary quantities
remains not fully understood. In this context, our results in (5.6) or, equivalently (5.7),
establish a relation between independently defined bulk and boundary quantities in the
Regge limit.

This equivalence follows crucially from the contour deformations employed to compute
the Mellin transform, introduced in section 4. We expect that these methods may also prove
useful in more general kinematic regimes.

For gravity, the Regge amplitude in the bulk is not the dominant contribution in this limit.
It is the eikonal amplitude that dominates and some studies on celestial eikonal amplitudes
have appeared in the literature [27, 28]. It would be interesting to find a relation between
them and the Regge limit on the celestial sphere as we have defined in section 5.

The CFT operators that are associated to the leading contribution in the CFT Regge
limit are the Lorentzian light-ray operators [15, 29]. Some of these non-local operators can
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be written as integrals of local fields along a light-like direction, which calls to mind the half-
shadow operators which have appeared before in the study of CCFTs [30-36]. We will address
the relation between half-shadow operators and the celestial Regge limit in future work.
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A Celestial four-point function

We briefly review how the celestial correlation functions are obtained from the bulk amplitude
in the different kinematics.
As for the standard CFT computations, we begin by setting up the correlator in the

conformal frame
z1=0 Zo =z, z3=1, z4 = A,

with A — oo, and similarly for the conjugate one. In this setup, we can explicit the delta in
the quantity: z, w1, wo and ws. In this respect, we have to rewrite the momentum conservation
in these variables. We do that by taking into account the Jacobian

i 3p€gt1

with 4,j = 1,...,4 and & = (w1,ws,ws,2) and ploy = SF_; pi. Given that
det J = 4iZ(Z — 1)mnanz wa

the delta can be rewritten as

5 (prot)

S(wy — W)g(m _ (2A+A2—(§_JS\732/\)774W4)5(W3 _ %)5@ _ %)

)

[4iz(Z — 1)mn3ns we|

where the denominator comes from the Jacobian of the transformation. If we take A, A > 1

we can keep only the leading contribution, thus obtaining

o “ (Ptot)

1 A/_\n4w4 A/_\774w4 /_\AT]4(,U4 _
= — 5 w1 + — 6 wo + I —— 6 —_ 6 Z—Z).
|4iZ(Z — 1)mn3ns we| ( ! Zm ) ( zZ(z — 1)172) ( (z — 1)173) ( )

Notice that the requirement of each energy being positive, produce the constraints

o (_ 774:1 ) @(_ 2(24221) ) o ( (Zﬁini))) :

— 30 —



so, for example, 1 = 13 = —1 implies z € [0, 1]. The Mandelstam invariants are

AA2A20202
s12 = —(p1 +p2)? = ———
z—1
4A2]\2772w2
_ 2 _ LWy
513_ (pl +p3) Z(]_—Z) )
AAZA 202002
s1u=—(p1 +P4)2 = #-

Keep in mind that here, as in the main text, we define s to be always the center of mass
energy, regardless of the kinematics. So in the s-kinematics s = s12, but in the t-kinematics
we call s = s713.

We can rewrite the integral

o 4
/ H dw; w716 (oot ) T (s, 1)
0 =1

by explicitly integrating out the Dirac deltas

Oodw4( _1)27A27A3 Z27A17A2A2(73+A1+A2+A3) 1-A1 1—-As 1-A3z —3+A1+As+A3
o 4AZ m Up) T3 T4

wA1+A2+A3+A4—57- 4A47ﬁwz 4A4niwﬁ%
1 z2—1 "z2(1—-2) )’

where we just took A = A. Depending on the channel one obtains different outcomes. If
we take the s-channel kinematics —n; = —n9 = n3 = n4 = 1, then

202wy

Vz—1"

with 2z > 1. We thus obtain

Aqjg—A oo
nl_Aiz_Al_A2A_2A45(z—2)(z—l)%2_2_522 dwwﬁ_lT(s,t)
4 S
i 0 s=w? t=—w?/z

where, given the considered kinematics, the prefactor is []; n,}_Ai = (=1)7217 %2, If we

normalize for the overall, we get the massless scalar celestial correlator

Aja—

P oo
7 2*27'322/ dwwP 1T (s,t)
0

AD (25,75 0;) = 2~ A1 B2 AT2R45 (5 2) (2—1)

)
s=w? t=—w?/z

—A

with z € [1,00). As we are about to see the prefactor z~21752 A=244 s the very same of

the conformal frame of the standard CFT. For the different t-kinematics we can perform

similar computations thus obtaining
AW (25, 73 Ay)

— oo
= MR A 284505 F)(1 - z)szAM 2_2_5,2%*2/ dw WP 1T (s,1)
0

s=w?, t=—2zw?

with now z € [0,1].
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We want now to relate with the standard expression of a 2d CFT where

(P, by (21, 21) Oy 1y (22, 22) By 14 (28, 28) Pp, 1, (24, 24)) =
1 <214)h34 <Z24)h12 1 (%4)’334 (524>’_“2f( 9)
=——(— — - = o Z,Z) .
2?21+h22§2+h4 213 214 Zf21+h22§2+h4 213 214 ’
If we evaluate the expression in the same conformal frame as above we get
<¢h1,]_11 (07 0)¢h2,}_12 (Za 2)¢h37}_13 (17 1)¢h47ﬁ4 (A7 A)> =

J14+Jo+D1+Ay  Ji+Jo—A]—A
71+2+2 1+ 22 1+221 Qf(Z,z).

_ (_1)*Al*A27A3*A4A*J4*A4/_\J4*A4 P

Evaluating on the real line one obtains
(D1, 3 (0,00, 7, (2 20, 1, (1L, D 1, (A AN
— (_1)7A17A27A37A4A72A427A17A2f(z Z).
We can therefore set the equation relating the CFT and CCFT result, thus leading to

(—1)_A1_A2_A3_A4A_2A42_A1_A2f(z, Z)

AL

B [0.9]
7o 2*275,22/ dww® 1T (s,t)
0

(1) A1mB2 = Bi=Be \=28a5(5 7 (2 1)

s:w2,t:—w2/z’
where we have on the left-hand-side the reduced correlator of a SL(2,C) CFT and on the
right-hand-side with the additional 4d bulk momentum conservation which produces the
delta. Notice that under this perspective the Euclidean correlator can be regarded as with
all incoming legs. If we normalize all the external operator by these (incoming) phases, we
have a clear match between the two sides where

Ai2—Aszg
2

flz,2)=(z—1)" 7 2727682 /Oo dw w1 (s,1)
0

s=w?, t=—w?/z '

We can perform the very same analysis now for the t-kinematics, i.e. with the first and third
particle incoming, thus obtaining a similar expression

Ajo—A o0
flz,2) = L~ A1=A A—2A4(1 _ 2)7122 34 2—2—52§+2/ dw wﬂ—l']'(s’t)
0

s=w?, t=—2w?

B Details on the amplitude techniques

In this appendix we collect some computations related to the amplitude techniques exploited
in the main text.

B.1 Froissart-Gribov expansion

For the massive case, the Froissart-Gribov expansion is done by going to the center of mass
frame and projecting on the little group the eigenfunctions of quadratic Casimir. Given the
little group SO(d — 1), in general dimension one gets”

a—d d

4—d a—2 d
(1=2)% (=7 —+J(J +d-3) Pz =0. (B.1)

"For a review of the massive case see [14].

- 32 —



Notice that in this appendix we used z just for simplicity, but it must be regarded as the
z¢ of the main text. If we want to discuss just massless particles, one must suitably modify
the above discussion accounting for the different little group, i.e. E(d —2). For d = 4 we
can consider the generators J3, Ny = K1 — Jo and Ny = J; + Ko

[N1,N2] =0, [J3,N1] =iNa, [J3, No] = —iNy .

However, in order to remove nonphysical continuous spin configuration, we set C? = N7 + N2,
i.e. the translations of E(2), to zero, thus leaving the little group just the compact SO(2).
This is then equivalent to solve the Casimir equation (B.1) for d = 3. It is convenient to
write the solutions in terms of Chebyshev polynomials

Ty(z) and V1 —22U;_1(2)

defined for z € [—1,1]. These play the role analogue to P}d)(z) in the massive discussion, [14],

so also in the main text we kept the notation Pj(z) = T;(z). The orthogonality relation
is given by

1 dz T
/_1 Vi Ty(2)Ty(2) =010 (5

7r
+ 5(5]’()): (5]7J/NJ.
Moreover, Tj(z) and U;(z) are related by

Pv/1 W)L Uy (2)
V. w =T _ .
171 —w? d w—z J-1

Crucially, there exist a relation that allows us to relate T);(z) with other solutions of the

Casimir equation. One of such relation is given by

1 1 dw \/22—1 TJ(’LU)

where
™ J1+J 1 ™ "7 _

as also discussed in [14].

B.2 Discontinuities and crossing

Here we collect some additional details concerning crossing symmetry and the relation
between the s- and u-channel cuts.When deforming the contour in (3.5), in addition to the
contribution along the positive real axis in the complex s-plane, one must also account for
the contribution along the negative real axis. This latter contribution can be reinterpreted
as the u-channel contribution associated with the physics of on-shell propagation in the
u-channel. We therefore rewrite the integral over the discontinuity explicitly in terms of
the u variable by a simple change of integration variable

—t / q —00 _
1 dsfw+1/ ay T —iet) /dS/D< >>

271 J— oo s’ +ie—s 271 J ¢ s’ —ie—s
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Now for t fixed, we consider s’ = —u/ — t thus leading to
1 [ D, (vt
f/ du/M' (B.4)
7 Jo u —u

We remark that here and in the main text we use the conventional notation
T(s,t) =T(s,t,u)

where the last dependence can be neglected due to the constraint s + ¢ + u = 0. Similarly,
we define the crossing symmetric one by

T(u,t) =T (u,t,s).

Crossing symmetry can be expressed as the invariance of the amplitude under the exchange
of channels. In particular, under the interchange of the s- and u-channels, one has

T(s,t,u) =T(u,t,s) = T(s,t) =T (u,t)
We this expressions we can rewrite explicitly the discontinuity as
2i Dg(s,t) = T (s + i€, t,u —i€) — T (s — i€, t, u + i€)

where the u entry gets a contribution too for consistency with the Mandelstam constraint.
We see, therefore, that if we explicitly assume the amplitude to be crossing symmetric,
we find the relation

Ds(s,t) = —Dy(u,t),

which, when substituted in the expression, it compensate the minus sign of the pole. This
contribution is the one associated with the discontinuity of the u-cut. We now rewrite it in
terms of the variable z; where, we recall, that u = —(z; + 1)t/2. We thus have

T(s(zt,t),t) =T (2,t) and  s(—z,t) = u(ze,t) = T (u(zg,t),t) == T (—2,t)

so, for example, T (u + i€, t) = T (u(z; — i€, t),t) = T(—z — i€, t). By recollecting all the
contributions we get

Dy (u(z,t),t) = =D, (=2, 1), (B.5)

where

D.,(—zt) = %(T(—zt e t) - T(—z —ie)).

In this perspective the different discontinuities are related by the analytic continuation. In
particular, we implement crossing by taking different boundary values for the amplitude. For
general complex values of z;, by defining z; = €|z, the different channels can be defined
as the different boundary values of the amplitude

T (21,1) (=T(al ) =T(s.t)  and T(a,t)  =T(=|alt) = T(ut). (B
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In the discussion, we drop the notation |z;| leaving it implicit from the definition of the
specific contour or integral domain.
Thus, by changing variable in (B.4) we just get

1 [—<° —D, —Z/,t
7/ dzgizf( o) .
mJ1 2z — 2

When we insert this expression on (3.3) we get

/ / dz PJ Zt 1 _Dzz(_zévt)
2N “ 2 T o2—z

By employing (B.2), we obtain

1 /—Oodz,—Dz;(—Zéat)QQJ(Zi)
27TNJ t /222 -1 '

We want now to relate this integral to the s-channel one. In order to do so, we need to
consider a complex rotation, as discussed in (B.6). Notice that, in doing so, we get a phase
coming from passing the branch cut of the density (22 — 1)~'/2. We thus get

! Zt(z7 )Q (_Zg)
71'/\/:]/ Az t/ ;]1 ‘

If we want to re-express this in terms of the discontinuity of w, just by considering (B.5),
we get D, (z¢,t) = —Dy(u(—2,t),t), thus obtaining

L Duu(=2,).0Qu (=)
WNJA dZt )

which will appear on (3.9).

B.3 Partial amplitudes at large spin

In the main text we discussed, for brevity, amplitudes that are crossing symmetric, where
contributions coming from the discontinuity appear only for even spins. Here, we briefly
comment why the splitting into definite spin signature must also be used in more general
contexts e.g. with no crossing symmetry, such as (3.7), to properly analytically continue to
complex spins. For further details we refer to [13].

We first start by re-expressing the partial amplitudes in z;. Neglecting pole contributions
we obtain

(2t )QJ(Zt D, (z,1)Q5(2) .

a dz D, / dz
J(t) WNJ/ “t 21 TI'N] “ \/237_1

(B.7)

As we are interested in performing the analytic continuation on J, it is crucial to consider the
behavior of such expressions at large J. In this regard one must pay particular attention on
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the domain (in z;) of the two contributions. In particular, when considering positive z; > 1,
i.e. the s-cut, we have that the first contribution grows as

Qu(z) ~ e 78 with  ¢(z) =log(z + /22 — 1)

as in the massive case, with £(z;) real and positive. If we call the integrand of the first
contribution (B.7), then one has schematically

a7t~ f(ar e,
where f(z,t) collects all the remaining terms. This expression converges for J — oo and is
bounded in the complex directions. When instead we consider the left-hand-side contributions
to the partial amplitudes, i.e. when z; < —1, one must take into account the analytic properties
of the function £(z;). This part of the partial amplitude would thus grow as

§(z) = &(lz) +im,

related to the other azt>1 by a half rotation in the complex plane. So, the left-hand-side
contribution has the asymptotic behavior of

a3 < f (g, t)e I

which diverges for complex directions, i.e. J — ico. This signals the necessity of first
rearranging the partial amplitudes expression before taking the analytic continuation. This
is precisely where the definite signature splitting comes to the rescue. By first taking
linear combinations of the two contributions, we obtain partial amplitudes that have better
behaviour.

So, let us first exploit crossing symmetry to relate the u-cut discontinuity to the s-one.
This leads to the expression

D, (21,6)Q (1) Dy (=21, 1) (1)~ JQJ(Zt)
as(t) o WNJ/ dz WNJ/ dz| (B.8)

22— 1 V2R -1

We can therefore first define definite signature contributions

DE(24,t) = Dy (2, 1) £ Dy (—21,1)
and the corresponding coefficients

D3 (z, )QJ(Zt)
7TNJ / dz z _ 1

From these expressions, we can consistently analytically continue in the complex J plane.

Moreover, when crossing symmetry is enforced by
th(ztat) = th(_ztvt)v

one finds only even contributions appearing, as discussed in section 3.
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B.4 Partial amplitudes in the complex J plane

Here we briefly provide additional details on the properties and motivation underlying the
partial-wave representation. For further details we see [13].
In particular, we note that the expressions for ajj(t) are well defined only when the

corresponding integrals converge. From (B.3), we know that for large z

(5 = 1)72Qu(z) ~ 2

N(t)

Assuming in full generality that Dg(s(z;),t) ~ z; *, the integral converges for sufficiently

large spin provided
Re(J) > N(t),

while it diverges otherwise. The first important observation is that, given convergence as
|J| = oo, the contribution from the arcs at infinity in the complex integral in J can be
safely neglected. We may then study what happens as J is lowered towards the critical value
Re(J) ~ a(t), where we identify N(¢) in the standard way.

In this regime, for z; > 1, the integral can be approximated as

o
£ _1—
/ dzt,zf()ztl I =
2

where z; is some cutoff to approximate the integral to high values of z;. We see that the

e(a(t)—J) log zf

alt)—J

partial amplitude exhibits a pole at J = «(t) in the complex J-plane. This is one of the
motivation for which one typically assumes the existence of the Regge pole. On the complex
plane there could be other singularities and branch cuts. However, we assume the Regge pole
to be the first singularity we find as we lower J, with all the other possible poles to give a
subleading contributions or branch cuts that can be avoided by key-hole contour modifications
in (3.13). Crucially, notice that the Regge pole comes from the discontinuity part of the partial
amplitude. These contributions are not present when we discuss theories at tree-level, so we
may regard these as loop contributions. Moreover, for crossing symmetric amplitude, since
only a}r(t) has the explicit dependence on the integral, only the even signature contributions
will feature this poles. The only exception to all this arguments is when the theory actually
has an infinite set of poles. This is the case of stringy amplitudes which exhibits Regge
trajectories already at tree-level.

C SL(2,C) CFT

In this appendix we briefly introduce the notations and we review the main features of the
SL(2,C) CFT conformal block expansion.

C.1 Review of the SL(2,R) algebra

We first begin from the real SL(2,R) and the complex case will simply follow. The algebra
is given by

[Ly, Lin) = (n—m) Lyt -
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It allows to identify the infinite dimensional representation for the generator
L, =—h(n+1)2" — 2""1g,

that satisfy the algebra. From this, we find the quadratic Casimir of the global part to
be given by

1
Co=L§— 5 (Loaln + LiLoa)
such that, when acting on test functions, it gives
Ca f(z:h) = h(h —1)f(z;h).

In order to obtain the conformal blocks, as usual, we insert the quadratic Casimir in a
four-point function. In this respect, in order to distinguish the action on different insertions,
we redefine

Lpi = —hi(n+ 1)z — 2"*1o,, |
which acts on the respective Op,(2;). By defining
Ly = Lp1+ Lpa,
we obtain
1
—T12_ =
Ci2=1Lg 5 (LflLl + L1L71) ;

which, acting on the first and second insertions of the correlator, allows to obtain the
differential conformal Casimir equation. We fix the conformal frame with z4 = 0o so that

z = % and the four-point function reduces to

213 213

h3z—hy
<Oh1 (21)0h2(22)0h3(23>0h4(z4)> ~ (212)h1+h2]{_24)h3+h4 <_Z4> G <212> .

Expanding G(z) in conformal blocks k,’;”(z) and acting with C; 2 we find the differential
equation

(221 = 2)82 = (1 = huy + hya) 220. + haohaaz ) i (2) = h(h — 1) kji(2),
which is solved by
/;:h(z) = (—Z)h2F1<h—hlg,h+h34,2h,z), (Cl)
ki_pn(z) = (=2)' "o (1 — h — hyg,1 — h + h3g,2 — 2h, 2) . (C.2)

The differential equation does not fix an overall constant. We fix it requiring that the behavior
of kp(2) near z ~ 0 is k() ~ 2" which is the leading contribution of the exchanged primaries
in the s-channel. So, we will consider

kn(2) = 2" 9F1(h — hig, h + ha4, 2h, 2)
]ﬁ,h(z) = l=h 2F1(1 —h—"hio,1 — h+ hsg,2 — 2h, Z) .

C.3)

/a/—\
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C.2 SL(2,C) blocks

Given that 8[(2,C) ~ 8[(2,R) x 81(2,R) we can build the conformal blocks by taking the
products of the one above, now with z € C and z = z*. By taking h = % and h = %,
the conformal blocks for SL(2,C) are given by the real combination

1
1+ 6]70

Ga, (2, 2) = (kAH( Yka—g(2) +ka—u(z )k?AH(E)),

where

At (A—i—J Appg+Jig A+J  Aszg+ Jay
2 b1 +

kA+J(Z):Z 2 2 - 2 ) 9 9 aA+JaZ>

This follows from the implicit assumption that h, h € R, so also A, J ¢ C. However, we will
be interested in consider cases with h, h € C and generically with h # h*, in order to make
contact with the celestial CFT discussion. Indeed, as known [20, 37], the basis for celestial
primaries operators is given by operator in the principal series A =1 4 ¢\, with A € R. We
thus consider the CFT conformal partial waves expansion [9, 38-40]

Fa(z,2) = %(GA,J(%E) + K[iv;’AJJGQA,J(Z’g)) ; (C.5)
where A+J+A A+J-A A+J+A A+J-A
Kag= He IQ;I;rgr:AZj)—F(m;(i f})r( ) (C.6)
This expression allows to expand the cross-ratio function as
(z,2) Z /IHZOO %C A, J)Fp (2, %), (C.7)

where the ¢(A, J) residues encodes the OPE information. Notice that given the property

c(A,J) _ c(2—-A,J)

Ka,y Ky ng

we simply obtain that
14+ico JA
(z,2) Z/ —c (A, J)GAg(2,2). (C.8)
1
D Evaluating the monodromies

We collect here some dettails on the computations for the monodromies of the conformal
blocks and hypergeometric functions.
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D.1 Monodromies of the hypergeometric functions

The hypergeometric functions have three branching points at z = 0,1 and z = oo. Since
these will play an important role when discussing the Lorentzian setups, we start with a
systematic analysis of these special points and their monodromies.
First of all, we start from the hypergeometric functions as solutions of the differential
equation
(z(l —2)0% +[c— (a+b+1)z]0, — abz)f(z) =0. (D.1)

The solutions are
f(z) =ci2F1(a,b,c, z) + 02(—2)1_C oFi(l+a—c,1+4b—c¢,2—c,z) =c191(2) + capa(z) .

These solutions form a basis for the monodromy matrix My, where the path is considered
around zero. In order to compute the entries we can either exploit the series expansion for
|z| < 1 or by directly solving the differential equation with the phase included. If we consider
¢ = (1, p2) the monodromy matrix is simply My = diag(1, e*™(1=¢)) or, equivalently

My = diag(1, e ™).

We may now consider the monodromy around z = 1, denoted M;. Given that the basis ¢ will
not diagonalize M7, we can first solve (D.1) for w = 1 — z around w = 0. The solutions to

(w(1 = w)d2 = [e = (a+b+ 1)(1 = w)]dw — ab(l — w)) f(w) =0, (D.2)
are the generic linear combinations of

f(w) =c12Fi(a,b,14+a+b—c,w)+ co(—w) * P9F (c—a,c—b,1—a—b+c,w)
= ai(w) + catha(w) .

Notice that these solutions are not simply ¢(z) — ¢(1 — z). In this basis, i.e. (¢1,12),
we can easily consider the monodormy around z = 1 i.e. z — 1 — e*™(1 — 2). This gives
M; = diag(1,e?milc—a=b)),

We will not use it, but for reference the last monodromy around z = oo has as basis

o1 =(—w)*2F1(a,1+a—c,1—a+bw),
P9 = (—w)bgFl(b,l+b—c,1+a—|—b,w),

with w = 1/z. Now, in this base, the diagonal monodromy matrix is
My, = diag(€2m‘a, eQm’b)_

We are mainly interested in relating the monodromy in one basis to the one in other
basis. In this perspective we first consider the following identity

I'(c)'(c—a—1b)

I'(c—a)l(c—0)

I'(e)l'(a+b—c)
I'(a)T(b)

oF1(a,b,c,z) = oF1(a,b,a+b+1—c1—2)+

(1—2)" " F(c—ac—bl+c—a—b1-2z).(D.3)
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For brevity we define the two coefficients

_ T(e)T(c—a—D) _Te)'(a+b—c)
M= Te—allc—b’ 2?77 T@rp

in order to write the expression more compactly as®

1(2) =M Y11 = 2) + y2102(1 — 2).

We can consider the action of M; on ¢; by exploiting the expansion of the latter in the
basis in which M; is diagonal. This gives

Migi(2) = m 11— 2) + 72 Ty (1 2) = 1 (2) + 7 (@) 1) n(z),
which explicitly means

M1[2F1(CL, b, C, Z)] = QFl(a, b, C, Z)+

, I'(c)l’ b—
+ (eQm(c_a_b) - 1) (C>I‘(<;)li_(b) ) (1—2)" " F(c—a,c—bl—a—b+c1—2)

By exploiting the relation

™

F(1+c_a_b)r(a+b_c):sin(w(a+b—c))’

we can rewrite the expression as

M1[2F1(a, b, C, Z)] = QFl(a, b, C, Z)+

2mi T'(c) eme—a=0) —a— (D.4)
- F(a)F(b);()1+c—a—b)(1 —z) boFi(c—a,c—bl—a—b+cl—2).

Notice, also, that given the triviality of the monodromy of 2Fi(a,b,a + b, z) around z = 0,
this is also equivalent to the double monoromy around both z = 0 and then z =1 so

MI[MO[QFl(aa b7a+ b7 Z)H = Ml[QFl(G,b,CL—i— b7 Z)] .

D.2 Monodromies of the conformal blocks

We can now analyze the monodromies of the conformal blocks exploiting the expressions
derived in the subsection above. Our focus will be on the monodromy around z = 1, while
keeping the ratio z/Zz fixed. As we shall see, the limit z < 1 corresponds to the Regge
regime of the CFT. From (D.4) and the expression for the conformal blocks (C.5), the direct
evaluation shows that the leading contribution in z is given by

J—A
it(A12—Agq+J12+J34) 1—-J( 2 2 FQ(A—‘,-J)
2 < (*) (I-J-A)

F( A+J+%12+J12 )F( A-i-J—%m—Jn )F( A-l-J-i-%34-&-J’34 )P( A-I—J—%34—Js4 )

2ime

z

ng(z, Z) &

8Notice that the relation is given, rather than w2, in terms of (—1)°"*%i 5. This sign can be either
absorbed in the definition of ¥ or in the factor 2. In the following we just redefined 2 with this factor.
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Evaluating for external spinless particles one simply gets

. J—A
W(A122*A34) 1-J(2\ 2 TI2(A+J)
z z —J—A)

I‘( A+J;—A12 )F( A+J2—A12 )F( A+J;A34 )F( A+J2—A34 )

2iTe

Gg”](z, Z) ~

Here we observe the characteristic 2!~/ behavior in the Regge limit. This contribution arises
from analytically continuing z around the branch point. For z < 1, it provides the leading
term in the partial wave expansion, precisely because of the divergent factor z'~/. It can be
rewritten by noticing that I'(A + J — 1)['(A + J) = T(A + J)?/(A + J — 1) thus leading to

im(A19—A34) 3

~2ime”E A (2) T DA+ T - DDA+ )
F(A+J;A12 )F(A+J2—A12 )F(A+J;-A34)F(A+J2—A34)

G27J(z, Z) ~

By exploiting (C.6) we can rewrite it in the more compact way

im(A19—A34)

. J=A
GR (8 m I (2) T (D.5)

T KAy z

Given the fact that block is symmetric under the real z and z, i.e. Ga j(2,2) = Ga j(Z, 2),
the evaluation of the monodromy in both variables will lead to an analogous result where
the two are swapped z < 2,

im(A12—A34) _

. J—A
o 2\ o~ L€ 2 S1-J(*\ 2 D
GR 5(2,7) ~ Koy (Z) . (D.6)

This is true provided we take the same path. Notice, that while the structure is similar,
the causal configurations associated with the two expressions are different. As known, [9, 15],
the characteristic behavior for small values of z (z) can be obtained by the expansion of
a block G1_j;1-A(2,Z%). This contribution is associated with the exchanged of a different
kind of operators called light-ray operators.

E Dealing with the distributions

We want to perform the same analytic manipulations on both sides of the expression (2.6)
where in the left-hand-side we perform the CFT procedure and in the right-hand-side the
celestial one. However, the first obstruction of applying directly this approach is the non-
holomorphicity of the delta function. We therefore begin by introducing a proper prescription
to actually consider analytic manipulations, such as monodromies, in this peculiar scenario.
We introduce these arguments with a brief example. Let us take then a generic distribution
f acting on the test function space

(f,d) = /dzdzf(z, 2o(z, 7). (E1)

where ¢ € D(C) i.e. smooth single-valued test functions on C. We consider now a particular
distribution that we define

f(z,2) =0(z—2) h(z). (E.2)
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From this, we can evaluate explicitly (E.1) thus obtaining

0 27 fe’e)
(f,¢>:/0 dr/o d65(9)g(r,0)¢(r,6):/0 dr h(r,0)6(r, 0) .

From this perspective, we see that considering the distribution f acting on D(C) is equivalent
to the action of a new distribution f, which we relate to h(z) by = h(r,0) = h(r). The
distribution f is now considered as acting on the space of test functions D(RT) c D(C).
We thus have the equivalence between

(f,9)=({f,¢), (E.3)

where now
) = [ drbe)e).

Essentially, (E.3) tells us that since all the information of the first distribution is supported
on the locus z = z, we may equivalently define a restriction homomorphism D(C) — D(R™).

This line of reasoning allows us to introduce a scheme that can be exploited to define
a different — yet related — distribution, which no longer suffers from issues related to
analyticity. In practice, this amounts to studying the analytic structure on top of the delta-
function support. A similar discussion also provides a consistent prescription for performing
a Wick rotation, mapping the celestial CFT to a Lorentzian configuration.

Based on these considerations, we can now make sense on what we mean by taking
the monodromy of a singular distribution such as (E.2). Indeed, as a consequence of the
equivalence relation (E.3), we define the monodromies of f(z,Zz) in terms of those of f(r).
Thus, with a slight abuse of notation we define

Moi[f] = Moalf],  Mz=a[f] = Mzaalf].

or, in other terms
M.=1[f(2,2)] = 6(z = 2) Moz [M(2)], M= [f(2,2)] = 6(2 — 2) Ma=a [R(2)]

where M,— (Mz-1) takes the monodromy on z (2) around the given value. Notice that an
equivalent result can be obtained from the Sokhotski-Plemelj formula where, after taking
linear combinations, one has

27id(z — z) = lim ( ! - ! ) .

e—=0t\z—2Z—1€ z—Z+1€

This is similar to the case discussed here, where one instead assumes that the monodromy
commutes with the limit, and so the monodromies would act only on the h(z) part.
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