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to Obstacle Problems with Non-standard
Growth Conditions
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Abstract. In this paper, we consider a class of obstacle problems of the
type

min{/ﬂf(ac,Dv)d:c Lve ICw(Q)}

where 1 is the obstacle, Ky () = {v € uo+Wy*(Q,R) : v > 1 a.e. in Q},
with ug € W'?(Q) a fixed boundary datum, the class of the admissi-

ble functions and the integrand f(z, Dv) satisfies non standard (p, q)-

growth conditions. We prove higher differentiability results for bounded

solutions of the obstacle problem under dimension-free conditions on

the gap between the growth and the ellipticity exponents. Moreover,

also the Sobolev assumption on the partial map z — A(z, ) is indepen-

dent of the dimension n and this, in some cases, allows us to manage

coefficients in a Sobolev class below the critical one W™,
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1. Introduction

We prove higher differentiability results for solutions to variational obstacle
problems of the form

min{/ﬂf(x,Dv) de s ve m(m}, (1.1)

where 2 is a bounded open set of R™, n > 2, ¢ : Q +— [—00,+00) belonging
to the Sobolev class Wli)cp(Q) is the obstacle and

Ky (Q) = {v € up + Wy P(Q,R) : v > ae. in Q}
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is the class of the admissible functions, with ug € WP(Q) a fixed boundary
datum.

We shall consider integrands f such that ¢ — f(z,¢) is C? and there
exists f : Q x [0,00) — [0,00) such that

f(@,8) = f(=,[&]).
Moreover, we assume that there exist positive constants 7, f/, exponents

p,q with 2 <p < g<p+1< +4oo and a parameter 0 < y < 1 such that the
following assumptions are satisfied

(Dee f(, N A) > 0(p® + [€2) "7 | A2 (F1)

~ —2 -2
|Deef (2, ) < L[4 + 677 + (2 + €))7 (¥2)
for almost every z € Q2 and every &, A € R™.
Note that, following [11], the assumptions (F1) and (F2) and the de-

pendence on the modulus imply that there exists a positive constant ¢ such
that

SEP =) < @8 <TG +1EPE+ G2+ )] ()

for almost every z € Q and every & € R™, i.e. the functional f has non-
standard growth conditions of (p, ¢)-type as defined and introduced by Mar-
cellini [43,44] and then widely investigated (see for example [5,22,23]) and
more recent [45,46].

Concerning the dependence on the x—variable, we assume that there

42
exists a non-negative function k(z) € L7 a1 such that

Daef(@,€) < k(@) (12 +16)"7 + (W2 + 167 ] (FY)

for almost every x € 2 and every £ € R™.

Let us observe that, in case of standard growth conditions, u € Wli)cp(Q)
is a solution to the obstacle problem (1.1) in Ky (£2) if and only if u € Ky (€2)
and u is a solution to the variational inequality

[ (At Du@), Dlg@) ~ u@))de 20 Vo € WEF(@)andp = v,
Q
(1.2)
where the operator A(z, &) : Q x R® — R™ is defined as follows
A(z,§) = De f(2, ).

It is clear that, in case of standard growth, a density argument shows
the validity of (1.2) for every ¢ € Ky (2). Here, dealing with non-standard
growth, it is worth observing that (1.2) holds true also for solutions to (1.1).
More precisely, due to our assumptions ¢ — p < 1 on the gap between the
ellipticity exponent p and the growth exponent g, the validity of (1.2) can
be easily checked as done at the beginning of the proof of the Theorem 1.1
below.

We want to stress that this is not obvious in case of non-standard growth
conditions: already for unconstrained problems, the relation between minima
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and extremals, i.e. solutions of the corresponding Euler Lagrange system,
is an issue that requires a careful investigation (see for example [6] and for
constrained problems see the very recent paper [19]).

From assumptions (F1)—(F4), we deduce the existence of positive con-
stants v, L, £ such that the following p-ellipticity and g-growth conditions are
satisfied by the map A:

(A(2,8) — A(z,m),& —n) > vI€ —n” (W + [€* + Inf?)

p—2
2

(A1)

|A(,€) — Aw,m)] < LI — ] [(1? +16P + 1n?) " + (2 + 1€ + 1nf?) ]
(A2)
A0l €[+ 17T + (24167 T . (43)
DA, )] < k(@) (1 + 1637 + (4 + €)' (A1)

for almost every z € Q2 and for every £,n € R™.
Thanks to a characterization of the Sobolev spaces due to Hajlasz [37],
2

- _pt2

we deduce from (A4) that there exists a non-negative function k € L7 _*"* (Q)
such that

Az, ) — AW, O] < (x(@) + £ @) [ — o] [(® + |£2) "= + (4 + %) T ] (A4)
for almost every z,y € Q and for all £ € R™. As far as we know, regularity
results concerning local minimizers of integral functionals of the Calculus of
Variations under an assumption on the dependence on the z-variable of this
type, have been obtained, for the first time, in [38,39].

The study of the regularity properties of solutions to obstacle problems
has been the object of intense interest in the last years and it has been usually
observed that the regularity of the obstacle influences the regularity of the
solutions to the problem: for linear problems the solutions are as regular as
the obstacle; this is no longer the case in the nonlinear setting for general
integrands without any specific structure. Hence along the years, there has
been an intense research activity in which extra regularity has been imposed
on the obstacle to balance the nonlinearity (see [2,3,20,21]).

Here, as we already said, we are interested in higher differentiability
results since in case of non-standard growth, many questions are still open.
In [4,8,9,18,24-26,29,30,35,36,42,47,51] the authors analyzed how an extra
differentiability of integer or fractional order of the gradient of the obstacle
provides an extra differentiability to the gradient of the solutions, also in
case of standard growth. However, since no extra differentiability properties
for the solutions can be expected even if the obstacle ¢ is smooth, unless
some assumption is given on the x-dependence of the operator A, the higher
differentiability results for the solutions of systems or for the minimizers of
functionals in the case of unconstrained problems (see [1,10,12,17,27,28,31—
33,49,50]) have been useful and source of inspiration also for the constrained
case. Differentiability results for solutions defined by duality when the coef-
ficients are in W1 can be found in [41].
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For higher regularity results for solutions to non-autonomous elliptic
problems, we also refer to [40], and to very recent paper [15], where both un-
constrained and constrained problems are treated and the optimal assump-
tion for the obstacle is given to get the Lipschitz regularity for the solutions.

Tt is well known that, for unconstrained problems with (p, ¢)-growth, the
boundedness of the minimizers can play a crucial role to get regularity for the
gradient, under weaker assumptions on the gap between p and ¢ and on the
data of the problem (see [5]). Here, we will prove that the same phenomenon
happens for the bounded solutions to obstacle problems with (p, ¢)-growth.

More precisely, we prove the following

Theorem 1.1. Let u € Ky (€2) be a solution to the obstacle problem (1.1) and
let A(xz,&) satisfy the assumptions (A1)—(A4) with 2 < p < ¢ < min{p +
1,p* = %}' Then, if ¢ € L2.(Q) the following implication holds

loc

p—2

p+2

Dy e Wl Q) = (1 +|Duf’) T Due W),

C

with the following estimate

c(1¥)|3e + llull? ,-
/ DV, (Dua? da < “WNE= 1 )
Br R

./BR {1+ )DQw(x)

4
p+2

P D) |77 0 4 ket + | Du(a)[P| da

(1.3)

We first observe that the assumption of boundedness of the obstacle v is
needed to get the boundedness of the solutions (see Theorem 2.4). Therefore,
if we want to remove the hypothesis ¢ € L*°, it is sufficient to deal with a
priori bounded minimizers. In this case, we can remove also the hypothesis
q<p*

Let us compare, now, our result with the previous ones. All previous
higher regularity results for solutions to obstacle problem in case of non-
standard growth have been obtained under a Sobolev assumption W17 ()
with » > n on the dependence on x of the operator A, some of them reveal
also crucial to prove local Lipschitz results for the obstacle problem, see for
instance in [7,14]. Dealing with bounded solutions, we are able to prove our
result assuming that the partial map x — A(z;¢) belongs to a Sobolev class
that is not related to the dimension n but to the ellipticity and the growth
exponents p and ¢ of the functional and this assumption in case pf jﬁl <n
(ie.p<n—2and g < ”T_lp—i— "T_Q) improves the higher differentiability result
obtained in [26]. Moreover, our result is obtained under a weaker assumption
also on the gradient of the obstacle, indeed previous result assumed @ €

Wh24=P (see [26]) while our hypothesis is ¢ € Wl’%, and under our
assumption on the gap, i.e. ¢ — p < 1, it results W124=P whatea,

Note that for p = ¢ we recover exactly our previous result [8] concerning
the obstacle problem with standard growth.
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On the other hand, our result extends to the solutions of constrained
problems the higher differentiability result obtained in [12] for the solutions
to unconstrained problems in case of the integrand f is uniformly convex only
at infinity.

To prove Theorem 1.1, we first verify the validity of the variational
inequality also in the case of non standard growth and then we combine an a
priori estimate for the second derivatives of the local solutions, obtained using
the difference quotient method, with a suitable approximation argument. The

local boundedness of the obstacle, and then of the solutions, allows us to use
2(p+2)
two interpolation inequalities that give the higher local integrability Ltz

for the gradient of the obstacle and the higher local integrability LP*2 for the
gradient of the solutions. Such higher integrability is the key tool to weaken
the assumption on x that is the function that control the dependence on
x-variable of the operator A .

We conclude observing that, if the minimizer v is assumed a priori
in a Lebesgue space L" with r > —P— instead of assuming u € L* the
interpolation inequality of Lemma 2.1 still gives a higher integrability result

for Du, i.e. Du € L7z Such higher integrability allows us to obtain the

v (p+2)
same higher differentiability result of Theorem 1.1 assuming x € LT-») PoaFT
We'd like to point out that for p <n—2and ¢ < L(n—)p+ L(n—2-1)

r—p r—p
we get (7:1)) p(f ;ri)l < n that means that we obtain the regularity result again

under a Sobolev assumption on the dependence on the z-variable below the
critical one W1hm,

2. Notations and Preliminary Results

In this paper we shall denote by C' or ¢ a general constant that may vary
on different occasions, even within the same line of estimates. Relevant de-
pendencies on parameters and special constants will be suitably emphasized
using parentheses or subscripts. With the symbol B(z,r) = B,(x) = {y €
R™: |y — | < r} we will denote the ball centered at x of radius r. We shall
omit the dependence on the center when no confusion arises.

Here we recall some results that will be useful in the following.

The main tools in the proof of Theorem 1.1 are the following Gagliardo-
Nirenberg-type inequalities that we state as lemmas. The proofs of inequal-
ities (2.1) and (2.2) can be found in [5, Appendix A]. For the proof of (2.3)
see for example [48].

Lemma 2.1. For any ¢ € C}(Q) with ¢ > 0, and any C? map v : Q — RV,
we have

[ 70 @) Do) |0 g
Q
1

<w+2? ([ oD @pPras)
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m
1

( 674 (0 | Do) | Do(e) P dx)
Q

m

e ([ o705 @) Do 2ot )

] . (2.1)
for any p € (1,00) and m > 1. Moreover, for any u € [0, 1]

2 2_\p 2

| @ (42 +1Dv(@)P)

pP—2
2 2
< cllolf~ upp(a)) /Q&(x) (42 + 1Do(@)?) 7 |D2u(@)| deo

P
2

|Dv(x)|* da

+C||U‘|%°C(Supp(¢))/ﬂ (¢2(x) + \D¢(x)|2> (N2 4 |Dv(z)|2)% dr,
(2.2)

for a constant ¢ = ¢(p).

Lemma 2.2. Let u € LP(Q)NW2"(Q) with 1 <p < oo and 1 <r < co. Then

, 1_1(1,1
u € WH4(Q) where q is such that 173 (5 + ;) and

1 1
[1DullLe < Cllullgy . [[ull £ (2.3)

The following is an higher differentiability result to the solutions to (1.1)
when the energy density function f satisfies standard growth conditions. The
proof can be found in [§].

Theorem 2.3. Let A(x,£) satisfy the conditions (A1)—(A4) with p = q¢ > 2
and let u € Ky (Q) be a solution to the obstacle problem (1.2). Then, if ¢ €
L2 () the following implication

p—2

1,242 2 2\ 4 1,2
Dy Wt (@) = (k2 +[Du) T Due W),
holds true.
Next result has been proved in [7, Theorem 1.1]

Theorem 2.4. Let u in K () be a solution of (1.1) under the assumptions
(Al) and (A2) with 2 < p < ¢ such that

p<q<p = Eifp<n

p<q<o0 ifp>n

If the obstacle ¥ € L (£2), then u € L2 (Q) and the following estimate

loc loc

. Y
sup ful < swpol + ([ Juta)"ar) | (2.4
Brys Br Br

holds for every ball B € Q, for v(n,p,q) > 0 and ¢ = ¢(¢,v, p,q,n). We'd
like to remark that in a very recent paper [16] the same result has been proved
under sharp assumptions on the gap between p and q.
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We will use the auxiliary function V}, : R™ — R", defined as

p—2
Vp(&) = (W + [€") T &, (2.5)
for which the following estimates hold (see [34]).

Lemma 2.5. Let 1 < p < co. There is a constant ¢ = c¢(n,p) > 0 such that

—1q 2 2 n 25 IVp(f)fV},(n)\Q
(P 1EP + [nl?) STEE

p—2
<c(E+ P +n?) 7,
(2.6)

for any £&,n € R™ and & # 1. Moreover, for a C? function g, there is a
constant C'(p) such that

p—2

C7H D" (1* +|Dg?) = < |D (Vi(Dg))]* < C|D%|” (u* + |Dgl?)

(27)

Now we state a well-known iteration lemma (the proof can be found for
example in [34, Lemma 6.1]).

Lemma 2.6. (Iteration Lemma) Let h : [p, R] — R be a nonnegative bounded
function, 0 <0 <1, A,B >0 and v > 0. Assume that

h(r) < Oh(s) + —+B

A
(s—r)
forallp<r<s<Ry<R. Then
cA
hip) < —— +¢B,
)= By

where ¢ = ¢(6,7) > 0.

2.1. Difference Quotient
To get the regularity of the solutions of the problem (1.1), we shall use the
difference quotient method. We recall here the definition and basic results.
Definition 2.7. Given h € R", for every function F' : R” — R the finite
difference operator is defined by
F(x) = F(x + h) — F(x).
We recall some properties of the finite difference operator that will be

needed in the sequel. We start with the description of some elementary prop-
erties that can be found, for example, in [34].

Proposition 2.8. Let F' and G be two functions such that F,G € WhP(Q),
with p > 1, and let us consider the set

Q| = {x € Q: dist(x,00) > |hl}.
Then
(d1) T F € WHP(Q,) and
D;(thF) = m,(D; F).
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(d2) I{l at least one of the functions F' or G has support contained in §
then

/ F(z) mG(x)de = / G(z) T—pF(x) dx.
Q Q
(d3) We have

h(FG)(z) = F(x + h)1G(x) + G(z)m, F ().

The next result about finite difference operator is a kind of integral
version of Lagrange Theorem.

Lemma 2.9. If0 < p < R, |h| < £2, 1 < p < +o0, and F,DF € LP(Bg)

then
/,

M F @) dz < c(n, p)|hIP? / \DF(2)[P da.

Br
/,

We conclude this section recalling this result that is proved in [34].

P

Moreover

[Pz + h)|? de < / F(2)|? da.

P Br

Lemma 2.10. Let F : R® — RN F € LP(Bg) with 1 < p < +o0. Suppose
that there exist p € (0, R) and M > 0 such that

3 / 7o n F(2)|Pdz < MP|hJ?
s=1 Bﬂ

for every h < %. Then F € WYP(Bgr,RN). Moreover
||DF||LP(BP) < M.

2.2. Approximation Lemma
We report a Lemma which will be the main tool in the second part of the
proof of our main result. For the proof of this Lemma we refer to [13].

Lemma 2.11. Let f: Q x R™ — [0,00) be a Carathéodory function such that
€ flx,€) is C? and there exists f : Q x [0,00) — [0,00) such that f(z,&) =
f(z,|€]). Moreover, let us assume that f satisfies assumptions (F1)-(F4).
Then there exists a sequence (f-)e of Carathéodory functions fo: Q x R™ —
[0,00), monotonically convergent to f, such that

(i) for a.e. x € Q, for every & € R™ and for every 1 < 9, we have

féz(xag) § f€1 (1”75) S f(x,ﬁ)

(ii) there exists v > 0 depending only on p and U such that

—2
(Dec fo(a, ONA) 2 (u® + [€) "= A
for a.e. x € Q, for every £ € R™,



MJOM Regularity Results for Bounded Solutions Page 9 of 29 270

(iii) there emist Ko, K1 independent of ¢ and K, depending on € such that

Ko(lgl” = 12) < folw,€) < K [ + 1€ + (a2 + g2 ]
fs(xvg) < Kl(g)(ﬂz + |£‘2)%7
for a.e. x € Q, for every £ € R™,
(iv) there exists a constant C(g) > 0 such that

Dacfo(,6)] < k(@) [(4 + %) + (2 + %) ']

|Dzef (2.6)| < Cle)h() (1 + |E*) =
for a.e. x € Q, for every £ € R".

3. Proof of the Theorem 1.1

The proof of the theorem is obtained in two steps: first we establish the a
priori estimate and then we conclude through an approximation argument.

Proof. Step 1: The a priori estimate.
To get the a priori estimate we first need to prove the validity of the
variational inequality (1.2) also in the case of non-standard growth conditions.
Suppose that v is a local solution to the obstacle problem in Ky (€2) such
that

p—2

DueW'Q)  and (;ﬁ + \Du|2) T DuewliQ).  (3.1)

Thanks to our assumptions on the exponents p and ¢ we can deduce from
Theorem 2.4 that the solution u to (1.1) is bounded. Such boundedness, with
the a priori assumption (3.1) on the second derivatives of u, allows us to
apply Lemma 2.1 to get the higher integrability Du € LP? (Q).

loc

Concerning the obstacle 1, by the assumptions ¢ € L°(2) and D%y €
L7773 (Q), applying Lemma 2.2, we have Dy € L () — LPT2(Q).
Note that Du € LVT?(Q) (and then, obviously, u € W,24(Q2)) implies

loc
that the variational inequality (1.2), by a simple density argument, holds true

for every ¢ € W,29(Q).

loc

Indeed, since u € KCy(2), for every v > 0 and every ¢ > 0 it results
u + ev > 1, therefore if v € VVI})CQ (©2) by minimality of u
/Qf(sc,Du(m)) dz < /Qf(:I:,Du—l—EDv(a:))da?
or equivalently
/Q [f(x, Du(x) + eDv(x)) — f(z, Du(z))| de > 0.

Hence, we have

1
6/9/0 (De f(x, Du(z) + 8 Dv(z)), Dv(z)) df dz > 0
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and also

/9/01<D§f($,Du(x) + 0zDv(z)), Du(z))ddda > 0

where we divided both side of previous inequality by €. We observe that
1
0< / / (De f(x, Du(x) + 8 Dv), Dv) df dx
Jo
1
< // |De f (2, Du + e Do(x))|| Do(x)| d6 da
aJo

g/ﬂ/o (? + |Du + 0Dv(x)|?) = |Dv(z)| df dz
<e / (42 + |Du(@) 2 + 2| Do(@)) ' [Do(a) [ de,  (32)

where in the last inequality we used Lemma 8.3 in [34].
Therefore, since v € Wli’f(ﬂ), by the growth assumption (A3), assuming
without loss of generality € < 1, we get

/0 (D¢ f(x, Du(z) + 0 Dv(z)), Du(x)) df < p? + |Dul? + |Dv|? € L*(Q).

Then, applying dominated convergence theorem in (3.2), we have

Jim /Q /O (De f(2, Du(x) + 0= Dv(x)), Do) 6 dx

e—0
= /Q<D€f(x,Du(x)),Dv(x)>dx >0

for every v € Wol’q(Q), v > 0. At this point it is standard to verify the
inequality (1.2)

[ (Des @, Dut@)). Do) ~ Duta)y a > 0

Now we have to choose suitable test functions ¢ in (1.2) that involve the
different quotient of the solution and at the same time satisfy the conditions
pE Wﬁ)cq(Q) and ¢ > 1 in Q. To do this, we proceed similarly to what has
been done in [8,18].

Let us fix a ball Br € 2 and arbitrary radii g <r<s<t<aAr<R,
with 1 < A < 2. Let us consider a cut off function n € C§°(B;) such that
n =1on By and |Dn| < . From now on, with no loss of generality, we
suppose R < 1.

Let v € W, '%(Q) be such that

u—1Y+71v>0 v € [0,1], (3.3)

and observe that ¢ = u + 7v >4 for all 7 € [0,1]. For |h| < %, we consider

vi(z) =7 (@) [(u = ) (z + h) = (u—¥)(2)],
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so we have v; € W, P7(Q), and, for any 7 € [0,1], v; satisfies (3.3). Indeed,
for a.e. x € Q and for any 7 € [0, 1]

u(@) = (@) + Tvi(2) = u(@) = (@) + (@) [(u—P)(z + h) = (u—1) ()]
= (@) (u—¥)(x +h) + (1 = m*(2))(u — ) (z) > 0,

) >
since u € Ky () and 0 < n < 1. Therefore, from g—p < 1 we have LP*2(Q) —
L%(0) and so we can use ¢ = u + Tv; as a test function in inequality (1.2),
thus getting

0< /Q<A(l’, Du(x)), D [1*(z) [(u = ¥)(z + h) — (u— ¥)(x)]])dz. (3.4)
Similarly, we define
va(x) = n*(x = h) [(u—¥) (& — h) — (u =) ()],

and we have v, € WPT%(Q), the inequality (3.3) still is satisfied for any
7 € [0,1], and we can use ¢ = u + Tvy as test function in (1.2), obtaining

0< /Q<A(x, Du(x)), D [*(z = h) [(u = ¢)(z = h) = (u — ¥)(2)]])da,
and by means of a change of variable, we have
0< /Q<A(w +h, Du(z + h)), D [n*(z) [(u — )(2) = (u—)(z + h)]])dz.
(3.5)
Now we can add (3.4) and (3.5), thus getting

0< / (e, Du@)), D [12(@) [(u — ) (& + ) — (u — ) ()] e
+ / (A(z + h, Du(z + b)), D [?() [(u — $)(@) — (u— $) (& + h)]])da,

that is
0< / (A(x, Du(z)) — A(x + h, Du(z + h)),
Q
D [72(e) [(u ~ )z + b) — (u ) @)] ),
which implies
0> /Q<A(¢L‘ + h, Du(z + h)) — A(z, Du(x)),n*(2)D [(u — ¢)(z + h) — (u — ) (z)])dz
+ /Q(A(:c + h, Du(xz + h)) — A(z, Du(x)), 2n(x)Dn(x)

[(w = ¥)(z +h) = (u—)(z)))dz.

Previous inequality can be rewritten as follows

0= /Q<A(w + h, Du(z + h)) — A(z + h, Du(z)),n”(z)(Du(z + h) — Du(z)))dz
- /Q<A(”‘ + h, Du(z + h)) = Az + h, Du(x)),n* (#)(Di(z + h) — Dib(x)))dz

+/S;<A(x+h,Du(x+h))fA(erh,Du(m)) n(xz)Dn(x) 1y (u — ) (z))dx
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+ /Q(A(x + h, Du(z)) — A(x, Du(x)), 172 (z)(Du(x + h) — Du(x)))dx
- /Q<A(5L’ + h, Du(z)) — A(z, Du(z)),n*(z)(D¢(z + h) — Dip(x)))dx
+ /Q<A(ir + h, Du(z)) — A(z, Du(z)), 2n(z) Dn(z) s (u — ¥) (z))dz
= I+ II+IIT+IV+V4VI, (3.6)
so we have
I < ||+ 111 + [IV] + [V| + |V1]. (3.7)

The ellipticity assumption (A1) implies

p—2

1> u/ ()| Du(z) 2 (,ﬁ+ |Du(a + h)[? + |Du(x)|2) > dr. (3.8)
Q
By virtue of assumption (A2), we have
<L /Q 7 (@) Du(@)] [(4? + [Du(@)” + |Du(e + b)) 5"
+(* + |Du(@)* + |Du(z + )T | [ Dy (@)l de
= L/Q772(:6)IThDU(%’)I(u2 + |Du(@)? + [Du(z + h)[*) = | D(z)|de
+L /Q 0 () |7 Du() | (4* + | Du()[* + | Du(z + h)[*) = |7 D) [da

=111+ 1. (39)

Let us consider the term I1;. If we apply Young’s inequality with expo-

nents (2,2) and Holder’s inequality with exponents %2, g—g), we get

1h <= [ @l Du@) + Du@) + |Dute -+ ) da
+ CE/ n* (@) DY (2)|* (1 + [Du()|* + [Du(z + h)\z)p%?d:c
Q

< 5/Q772(5U)|ThDU(x)\2(u2 + | Du(z)|* + | Du(x + h)|2)’%2dx

p+2 7z
+ ¢ (/ |ThD1/1(x)2dx>
By
p+2 %
- ( [ w2+ 1w + |Du<x+h>|2>¥dx) 7
B

1, p+2
where we also used the properties of 7. Since Dy € W /F™*77(Q2) and 2 <

ocC

pt2
p < q<p+1, we also have Dy € VVliC 2 (), and using both estimates of
Lemma 2.9, we get

I < 6/ n*(2) 7 Du(@)|? (12 + | Du(@)? + | Du(w + h)[*) "7 de
Q
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Fedlh? ( / D%Wzgdx)” ~ ( I |Du<x>2>"2“dx)”2 .
(3.10)

To estimate the term I1s, applying Young’s inequality with exponents

(2,2) and Hélder’s inequality with exponents (2@%22_(1), %), we get

I < 6/ n*(2) [ Du(@)|? (1 + | Du(@)? + | Du(w + h)[*) "7 de
Q

29—p

+ ce /Q n?(2) [ D) 2 (4 + | Du(@)|? + [Du(z + b)[2)“# da

<e / n* (@) Du(x) *(1* + [Du(@)|” + [Du(z + b))% de
Q
2(p+2)—2q
p+2

+c5< |mp¢@)ﬁfim0
By

2g—p—2
p+2

: (/B (1® + |Du(z)|* + | Du(x + h)|2)p2+2da;>

pt2
Tpt+2—q

1
where we used also the properties of 7. Since Dy € W, (), we may
use the first and the second estimate of Lemma 2.9, thus obtaining

D2(0) s

r

Il < 6/ (@) |7 Du(@)[? (1 + | Du(x)[* + | Du(z + h)|*) "= da
Q
2q—p—2

2(p+2—aq)
2 p+2
+ce |h| </
B
12

([ v+ ipuwpyFar) T (3.11)

Plugging (3.10) and (3.11) into (3.9), we get

(1] < 25/ 0’ (@) [n Du(@)[* (4 + | Du(@)|* + [Du(z + h)]*) 7 da
Q

4 p—2
+cs\h|2(/ |D2w<m>|"'fﬁzdx)” (/ <u2+|Du<az>|2>"T“da:)”
By, Bir

2(p+2—q)
+ce|h|? (/ |D2¢(m)|7piﬁqu) .
By,
(/(fﬂamwﬁ%op“. (3.12)
By,

Arguing analogously, by virtue of assumption (A2) we have

111 < 2L [ )\t D) [(;ﬁ T |Dule + W) + [Du(@)P) T

L (2 + [Dule + WP+ |Du<x>|2>ﬂ 7 (u — ) ()| d
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-2

= C/Qn(m)an(z)HThDU(z)l (12 + [Du(z + h)[? + | Du(x)]?) =
|70 (u =) (z)|dz
+ /Q n(@)| D) |7 Du()| (42 + | Du + h)? + [ Du(x)2) 7

|70 (u =) (z)|da
.= II1) + 1. (3.13)

Using Young’s inequality with exponents (2, 2), Holder’s inequality with

exponents (’%‘2, 1’;—1‘3), and the properties of 7, we have

15 << | @l Du@)? + [Du@)f + Dute + 1)) da
e [ Imlu= 0@ IDn@) P + 1Du(w) + |Duta + 1)) 5 da

< [ PElmDu@ (e + 1Du@)? + Dute + 1)
Q

+ (tji:)z </B,, Th(u—¢)(m)|p;2dx>ziz

([ 624 DutaP + put + oy Far)

and Lemma 2.9 implies

p—2

)

11 < 6/ n?(2) 7 Du(@)|? (12 + |Du(@)? + | Du(w + h)[*) "7 do
Q

i U, 'D<u—w><x>%2dx>ﬁz

: (/B (u? + |Du(x)|2)”¥2dx) o . (3.14)

Similarly, using Young’s inequality with exponents (2,2), Holder’s in-

equality with exponents (2(1)%22_(1), qu_f_g), the properties of 7 and

Lemma 2.9, we get

I < g/ (@)l m Dua) 2(42 + | Du(z)? + |Dulz + h)[2) "2 do
Q

|h|2 2(p+J2r)272q
C p+2 3
+-—= / D(u—1 p+2—qu>

(t—s)? ( Ba = )

r

2q—p—2
2

(/Bk (up+2+|Du(x)|p+2)dx> e (3.15)

Plugging (3.14) and (3.15) into (3.13), we get

[IT| < 25/ n*(2) | Du(@)|? (12 + | Du(@)? + | Du(w + h)[*) "7 de
Q
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(:5_|hs|j (/BA ID(u — ) ()| zdx>pi2

p—=2
([ s iuor)Fa)
By,

pT2
ce|h|? (/ p+2 )
+ D(u—)|rrz=adz
=) BM\ ( )|

2q—p—2
p+2

. (/BM (up+2 + |Du(x)\p+2) dx) . (3.16)

For what concerns the term IV, assumption (A4) implies

V] < Jhl / 7 (@) (5 + h) + 5(2))

N‘«}»

2(p+2)—2q
p+2

[(,LLQ + |Du(:1@)|2)pz;1 + (,u2 + |Du(z)|2)q21} |7h Du(x)|da
= |n| / n?(z) (k(z + h) + k(z)) (1* + |Du(ac)|2)p2;1 |70 Du(z)|d
Q

R / 72(@) (5(z + 1) + 5(2)) (i + [Du(@)?) " 7 Du(z)|dz
= IV} + IVh. (3.17)

If we use Young’s inequality with exponents (2,2) and the properties of
7, we obtain

IV, < |h|/ K@+ ) + 5(@)) (12 + |Du(@)?) T |rDu(e)|da

< a/ 7 (@) [ Du(@) [ (42 + | Du(z + h)[? + | Du(x)[2) 7 dz
Q

29=p
FeelhP [ (et b+ (@) (2 + [ Du@)?) T da.
By
Using Holder’s inequality with exponents (m, 2q+2p) and

Lemma 2.9 we have

pP—2

Vs < 5/9772(3:) |7 Du()|? (,f + |Du(z + )| + |Du(x)\2)T da

2p—2q+2 29—p
+ce|h)? (/ polatl (m)dx) R (/ <up+2 + |Du(x)|p+2) dx) e
B, By
(3.18)

Cpin
Analogously, since k € L7 " (Q) — L2 (Q), using Young’s inequal-

loc loc

ity with exponents (2,2) Holder’s inequality with exponents (’%‘2, p#), the

properties of  and Lemma 2.9, we get

v <e / 02 () [ Du(z)|? (12 + | Duz + h)? + [Du(x)?) T dz
Q
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2 p
P+2 p+2
+ce|h? </ /@p+2(z)dz> . </ (12 + | Du(x)[P?) d:z:)
B)\T Bt

(3.19)
Plugging (3.18) and (3.19) into (3.17), we obtain

-2

V] < 2 /Q 7’ (@) I Du(@)* (1 + |Du(w + 1) + [Du(@)”) * da

2p—2q+2 29—p

+ce|hf? (/ s (x)dx) S (/ (up+2 n |Du(:c)|p+2> dm) e
B, By
2 »
sednf® ([ w@an) ([ (0t 4 pur ) as)
Bir By

(3.20)

The condition (A4) also entails
VI < |n| / 2) (5(x + h) + () (42 + |Du(@)|?) "= |7 Dip()| da

+|h|/ (@) (5(z + ) + 5(2)) (42 + | Du(@)|?) = 7 D) da

p—1

< |h| </Bt (k(z + h) + r(z))PT? da:) s ) </B¢ (172 + | Du(a)|”+?) dz)m

_2
~ ( [ b dx)
B,
pP—q+1 g—1

+lAl ( /B (k(z + h) + K(2)) 7ot dw) (/B (472 + | Du(a)[P+2) dm)

t t
2

([, v ar) ™
Sclh\2</B W2 )(/B (up+2+\Du(w)|p“)dx>”i

([, 10w as)

p—agtl g—1

+c|h|? (/ s (:v)dx) LA </ (uP*? + | Du(z)[P+2) dm) 2
By, B

2

. (/B |D24(a)| 5 d:r) e (3.21)

where we used Holder’s inequality with exponents (p—!— 2,2t p— = ﬂ) and

p—1' 2
(ppﬁ-l’ 54‘?, u) the properties of n and Lemma 2.9.

Finally, using again assumption (A4), the properties of n, Holder’s in-
equality and Lemma 2.9, we have

IVI| < 2[h]| /Q n(x) [Dn(@)] (s(z + h) + 5(@) (1 + [Du@)?) T 7 (u— ) (@)] dz

+2/h| /Q 0(z) | D) (s(x + h) + £(2)) (42 + |Du(@)|?) ‘5 7 (u— ) (2)] de
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el ([ PR e
< s\, (k(z + h) + Kk(x)) dz
n ' p—1
: (/B (172 + |Du(z)|?) d:c) e
t
. 7 (u — V) (x pTHd:c e
B
c|h| _pt2 e
+— (k(z 4+ h) + &(z))r—att do
t—s J B,
q—1
: (/ (1?2 + | Du(z)|P?) dx) e
B,
2
. 7h (u — V) (x zjdm e
B
t
clh|? p+2 = p+2 p+2 =
< — k(z)PT4dx . (w + |Du(z)|PT?) do
- S By, B,
2
. D (u—1)(x i dz )"
B
o
clh|? _p+z e =
+— (/ w(z) p*q“da?) 4 (/ (u?*2 + |Du(z)[P+?) dx)
t—s \JB,, /B,
2
(/ D (u— ) (2)] "5 d:c) " (3.22)
B,

Inserting (3.8), (3.12), (3.16), (3.20), (3.21) and (3.22) into (3.7) we infer

v [ P @ImDu@) (42 + | Dua + W) + | Du(w)?) 5 da

< 6c [ P@ImDu@P (2 +[Du@)? +Due + W) F da
Q

p—2

_4 pP=2
+ee| 2 |D2p(w)| " dx )" (42 + | Du(x)|?) % dz ) "
B B
Ar AT

2(pt2—aq) 29—p—2

_p+2 p+2 2 p+2
+ca\h|2(/ |D?¢<x)|v+2—qdz) ' (/ <u2+|Du(x>\2>’de) '
B, B,

2

ce|h? p+2 e piz s
ol ([ pe— @ Fan) ([ iDu ) )

2(p+2)—2q
ce|h|? (/ _p+2 ) P
+ D(u — )| r+2-adax
i [ pw—w
2q—p—2
( /B (up+2+|Du(x)|p+2)dx) "
Ar

2p—2q+2 2q—p

ot e .
petl? ([ @ae) ([ e pu@p ) an)
B, B,

2 _p_
teelhf? ( / Wz(x)dx) L ( [ 2+ put)e?) dm)
By, B,

p—1

st ([ @) ([ pu@r?) a )
B,y B,

r
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. (/ |D21/)(:c)|PT+2 dm)p?
B,

p—g+l ga—1

_p+2 P 2

+c|h|? (/ e (m)d:c) B (/ (1?2 + | Du(z) [P 2) dx) +2
B B,

2

([ 2o a)
B,

2 L =2
+—c|h| (/ fi(x)P'i'de) e (/ (uP*2 + |Du(x)|P1?) dx) "
B, J By

t—s

2

' (/B D (u— ) (2)| "% dm) o3

»
p—gtl a=1

h? z -
+c| | (/ Iﬂ(m)ﬁdao 2 (/ (’up+2 + |Du(m)|P+2) d:c) T2
t—s B B

(/B |D<u—w><x)\’“ffdx)”%

”

Choosing ¢ = 15, we can reabsorb the first term from the right-hand
side to the left-hand one, thus getting

v [ @lm Du@) (i + [Due + W +Du(a)) 5 da

_4 p=2
<o ([t Fan) ([ e v ipuwn )
Ar B,
2 2 2 2(p:+22_q) 2 2, 2t2 R
+clh| . |D=4p(z)|p+2-ada \U, (1™ + [Du(z)|”) = dz
Ar AT
c|h|? : pi2 = ' 2 gy 222 e
s ([ 1pe- @ as) 7 ([ o+ puop) ¥ e
2(p+2)—2q
c|h|? (/ _pt2 )T
+ D(u — r+2—adx
oo U, IPw=w
(/B (up+2+|Du(a:)|p+2)dm) e
AT

2p—2g+2 . 2q9—p

welnf? ([ wi@an) ([ e pu@le)ac)
B, B,

weln? ([ wrr@ae) (e pu ) a )
B, By

1 p=1
welnf? ([
J B

wr2an) ([ s Du@) ar)
Ar J By

B

7‘

p—gqtl g—1

welnf? ([ s @ac) ([ e s pu@r)ar)
A By

r

By

-
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1

h|? e P
Ll (/ n(a:)p+2da:) o (/ (1?2 + |Du(z)|P+?) dx) +2
B, By

t—s

2

- (/ 1D (u— ) ()] 5 dm)
B,

2 )2 > P
4 <l (/ n(w)ff[*:Tlda:) I (/ (uP T2 + \Du(az)lp“)dm) -
t—s \/g,, B,

| </B 1D (u =) (@)% dx) =

Now we apply Young’s inequalities and since u € Ky (€2), we have

p—2

v [ P@InDu@P (4 + Du(e+ W + Du()) * do
Q

p+2

< 105|h|2/ (1 + |Du(z) )= dx
B)\r

+@mh/ w%uw¥m+%mﬁ/ D)7 da
B, B

AT
C€|h‘2
Ca‘h|2
(t—s)75a

—|—ce|h|2/ )P (z)dz + cE|h|2/ KPT2(2)dz. (3.23)
B)\,- BAr

/‘|Dw—wme¥¢z
B,

¥ [ Do)
Bxr

By Young’s inequalities of exponents (p—I— 2—gq, iﬁig) we can esti-

mate the thirdlast integral appearing in the right hand side of the previous
inequality as

hl? »
B [ D) 0
(t— )itz Jp,,
hl? p hl? p
< [ puEa [y
(t — S)W B (t — 3)p7q+2 B
2 42 Ce|h|2
chm‘/ Du(@)"2de + —U By
By, (t — s)p—at
h|? p
s [ Dy a,
(t —s)p—at2 JBa,
c.|h|? c.|h|?
< Bal e [ Dut ) e
(t - S) p-atl Bxr (t — S) p—q+2

/'|Dwmw%%dm
B,
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and similarly, using Young’s inequality with exponents (2,2), we get

2
i/ ID(u — )| da
(t—s) = JBi,
Cs|h| 2/ 42 42 CE|h|2
< —————|Bg|+¢lh PP 4 [Du()|P7) de + —————=
sl Brl el [ IDu@)P*) de+ =5
p+2
| 1pua)
B)\T
So, from (3.23), we get
2 2 2 2 2 %
v [ @) Du@)? (4 + |Due + h)P +[Du(@)*) * da
Q
< 12¢[1]? / (% + | Du(z)?) "+ dx
B,
c.|h|? p+2 c.|h|? pi2
s [y U [ Dy
(t —s)p-a+2 /By, (t—s)z JBa,

e lf? /
B

+c.|h|? kP q+1( Ydx + cg\h|2/ KPT2(2)dz

ID%)(z)| "2 dz + cE\hF/ |D(2) |75 7 dw
A

s

B, B
ce|h[? ce|h|?
+———= |Brl+ 77—, /Br 3.24
o) D G gy Bl (324

Using, in the left hand side of the previous estimate, the right-hand side
of the inequality (2.6) in Lemma 2.5 | we get

v / 72 () |7V (Du(a)) P dz
Q

< 125|h|2/ (1? + \Du(m)|2)p7+2dx
B,
h|? ) hl? P
L el [ 1Dt ear el | e as
(t — s) p—a+t2 JBy, (t — S)T B,

veil [ 0P doeln? [ D) de
B B,

+Cs|h|2/ o= q+1( )d:z:+cs\h|2/ KPT2(2)dx
B)\T B/\r

ce|h|? ce|h|?
| |p+z |BR+—|5)|P+2

_ Br]|.
(t—s)P q+1 (t ‘ R|

Dividing both sides by |h|? and using Lemma 2.10 and the properties
of n, we have

y/ |DV,, (Du(z))|* dz

s
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< 126/ (4% + |Du(z)?)* d
Bxr

Ce Ce

+7p+2/ \D¢(m)|7pgiqu+7p+z/ D) "2 da
B (t_S) B

(t — 3) P—q+2 2

2
+c5/ |D2¢(x)|¥dx+c6/ |D*y(z)| 777 dz
B)\.,. B)w-

+ee / )P (z)dzx + c. / KPT2(x)dx
B)\T Bkr

C
+(t )6 wz | Brl+
— §)p—a

(3.25)

CE
W\Blﬂ-

Now, by virtue of left-hand side of inequality (2.7) of Lemma 2.5
252 .
/ (/ﬂ + |Du(sc)|2) |D*u(z)|” da < / |DV,(Du(z))|? dz
B, B,

< 125/ (u? + |Du(x)\2)pT+2dx
Ba»

Ce

+7p+2/ \Dw(z)|piﬁqu+ Cispi“/ ‘Dw($)|p7+2d$
(t —s)p-a+2 /By, (t—s)z JBa,

—l—ce/ |D2w(x)|¥dx+cg/ |D2w(x)|pi%q dz
Bxr B

+e. / R PET (x)dz + ¢ / KPT2(2)dz
B Bxr

C C
= |Br| + W\Bzﬂ-

(3.26)
(t — 3) p—q+1

By virtue of the local boundedness of u, the second interpolation in-
equality of Lemma 2.1 yields

/ n*(x) (MQ + \Du(as)|2)g |Du(x)\2dx
N —2
<l unpioy [ 7) (124 1Du@)) T [DPule) da

ya
2
o+ cllul ~ (suppiny /Q (In(@)I? + 1Dn(@)) (42 + |Du(@))  da.

and so, combining this last estimate with (3.26), and using the properties of
n, we get

[ (i +10u@P)* 1Du()? az

»
< 12eceul2e 5y, / (12 + |Du(z)?) *F da
B,
el eellul2 o 5.

/ Dy ()| P de 4+ L= Ba) / Dy ()] "5 d
B, (t z JBa.

(t — s)r—at2 —s) 2
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p+2 p+2
teelul2ea,) /B D2 ()| " dz + celfull2 (5. /B | D24(a) |75 da

AT AT
+Ce||u||ioc<BM)/ K7 (2 )d:c+ca||u\|%oo(3w/ KPP (z)da
B B
+CE||’U‘||%DC(BM)‘ r|+ cellu ||L<>C(er)‘ |
P
cellull o, H
+(tf75§f*" /B (ﬁ + |Du(x)\2) ? da. (3.27)
-
Now let us notice that, since 2 < p < ¢ < p+ 1, we have p—“ < pqu

p+2
and p+2 < P
2

. 5 - . . 2
So using Young’s inequality with exponents (ﬁ’ m +27q), we get

[ vl Far < el ([ po@a)
B B,
p+2
<clBal+c [ Do),
B)\’l"

p+2—q
2

and similarly

| I0t@ e <l ve [ Do)
Bir

AT

pt2
p—q+1’

Moreover, since p + 2 <
(# %>, we have

by Young’s inequality with exponents

q—p’ p—q+1

iz p—q+1
/ kPT2(z)dz < ¢|Bg|?T? </ KP—atl (sc)da:)
B)\,,- B)\'r

< ¢|Bg| + c/ k7o (2)da.
Bxr

So, since t — s < 1, (3.27)becomes

[ (s +10u@)?) " IDu@) do < 12 fullt oo,y [ 0F 4 Du(e)?) o
B, B

2 _p+2 2 p+2
celileinn [ [ et [ D@
B B

r

cellullz~ z pt2
=B U (4 + IDu(@)?)* do +/ | Do) 7555 da + |BR\} ,
(t - S) p—a+tl Bir B

and since 0 < p < 1, we get
[ pu@pac< [ (44 1Du@)?) " Du@) do
B, B,

< 1zgc€||u||ix(3w/ (1? + |Du(z))?) = dz
JB

AT

el 5, [ /
B

@t [ D)

B

s
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2

Ce |[|U||T oo 2 p+2

pelliz ) e [/ (;ﬁ + |Du(x)|2) *dz +/ |Dip ()| 7523 da + \BRq
(t — 3) p—aq+1 B, B,

< 12ece ul2 5y, / | Du() | 2de
By,

AT

pt2
+Ca|\u\|iw(3m [/ KP—a+l (x)dx+/
B

B

celul?- :
S [ (124 Du@)?) ao+ [ IDu@)FE s+ 8]
Ar AT

(t — s) pfj;il

ID* (o))

Choosing ¢ such that 12¢ H“”%w(BR) < 1, previous estimate becomes

/ |Du(z)|P"? dx < %/ | Du(z) P2 dx
B

a Ar

+2
-‘rC”uH%oo(er) |:/ Kpgq-{—l (aj)dﬂ? +/
Bixr

Bir
C”u”%m(ls’ ) 2 o0 &
+ A= | [ D)) e+
By,

(t — 8)PoatT Ba,

|D2w<x>|*p5¥3qu}

| Dy ()| 757 dar + IBRl] ,

(3.28)

where ¢ = ¢(p, ¢, L, v, ) is independent of ¢ and s.
Since (3.28) is valid for any & < r < s <t < Ar < R < 1, taking the
limit as s — r and t — Ar, we get

1
/ | Du(x)|PT2 da < 7/ | Du(x)|PT2 da
B 2 /By,

”

_pt+2 _p+2
+c||u||2Lm(BR) [/B |D24p(x)| v+2—a dax + /B /Qp—Jr;Jrl (m)dm}
R R

ellullZ~ 5
(Br) [|BR|+ [ puta)
Bp

p+2
rr—ati ()\ — 1) p—q+1

o da +/ (1? + |Du(m)|2)% dz
Bp

(3.29)

Now, setting

h(r) = /B |Du(a)[P*2 da,

T

A= C||u||2L°o(BR)

Bal+ [ Du@FEdrs [ (i pu) da]

R

and
B = cllull} (5, [ / |D2p(2)| 75 da + / p7tarT <x>dx} ,
BR BR
we obtain
1 A
h(r) < ih()\r) + —= - +B
rp—q+1i ()\ — l)pﬂﬁl

Thus, we can apply Lemma 2.6, with

1 2
0=— and VZL,
2 p—q+1
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obtaining

/ |Du(z)[P*? da

i

2 2 —pt2
< cllullz (B . | D% (x)|p+2-adz +
R

p+2
Kp—atl (m)dx—i—}
Br

C”“‘H%OC(BR)

_p+2 P
p+2 {|BR| +/ |D’l/)(x)‘p+2—q dz +/ (/12 + |DU(I)|2) 2 dx:|
Br Bn

Rr—a+1
Since R < 1, the previous estimate can be written as follows

cllull? .
/ | Du(z)["" d < i~ om ||Lp+§BR)/
Br RP‘F?*Q Br
2

_pt2 »
{1 + ’D%/J(ac)‘wzfq + ‘Dzﬂ(@“%ﬁ, + /{;P*ij;il(x) + Du(m)|p] de.

(3.30)

Plugging the last inequality in (3.25) and choosing n € C§°(B §) such
that n =1 on Bg we get

2 C”“H%oo(BR)
[DVy(Du(z))|" dow < ——5—
BE RP+2*¢I Br

2 - _pt2 _pt2 p
L+ |D*9() |77 + [Dp()|7#277 + k=1 (2) + [Du(z)|” | da.
that by virtue of estimate (2.4), gives us the a priori estimate with

([l + 1ull7o- 5,)

p+2
Rr+2z—q

/ DV, (Du(a))? d <
ox

9 PT‘FE p+2 p+2 p
' L+ [D*p(2)[ 77270 + [ Dip(a)|7#277 + k=t () + [Du()|” | dz.
Br

(3.31)

with ¢ = ¢(p,q, L, v, i).

Step 2: The Approximation. Now we conclude the proof by passing to
the limit in the approximating problem. The limit procedure is standard see,
e.g., [12].

Let u € Ky (€2) be a solution to (1.1) and let f. be the sequence obtained
applying Lemma 2.11 to the integrand f. Let us fix a ball B € ) and let
ue € u+ Wy (Bg) be the solution to the minimization problem

min{ | Je@ Du@)ida: ve K¢(BR)} .

By Theorem 2.3, the minimizers u. satisfy the a priori assumptions at (3.1),
p—2

ie. (,u2 + |Du€|2> " Du. € VV&)CQ(Q), and therefore we are legitimated to
use estimate (3.31) thus obtaining
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(¥l + lluell7or 5,)

p+2
Rr+2—q

| 1DV, (Du@) do <
Bq

2 _pt2 p+2 p+2 p
[ 102 o@D )| o
Br

(3.32)

By the first inequality of growth conditions at (iii) of Lemma 2.11 and
the minimality of u. we get

/B |Due(x)|P de < C(Ky) fe(x, Duc(x)) dx
< C(Ky) fe(x, Du(zx)) dz

< C(Ko) | f(x, Du(z))dz,
Br
where in the last estimate we used the second inequality at (i) of Lemma 2.11.
Since f(z, Du) € L] () by assumption, we deduce, up to subsequences,

that there exists @ € Wy?(Bg) + u such that
u. — @  weakly in Wy*(Bg) + u.

Note that, since u. € Ky for every € and Ky is a closed set, we have
U € KCy. Our next aim is to show that u is a solution to our obstacle problem
over the ball Bg.

To this aim, fix £g > 0 and observe that the lower semicontinuity of the
functional w — [ By oo (2, Dw) dz;, the minimality of u. and the monotonicity
of the sequence of f. yield

feo(x, Du(x)) dz < lim feo(x, Duc(x)) do
Br £=0./Bg

< feo (@, Du(x)) dz < f(z, Du(zx)) dzx
BR BR
We now use monotone convergence Theorem in the left hand side of previous
estimate to deduce that

f(z,Du(z))dz = lim / feo(x, Di(x)) dz < f(z, Du(z))dz
Br c0—0 /g, Br
Therefore, we have proved that the limit function # € WYP(Bgr) + u is a

solution to the minimization problem

min{/ f(x, Dw(x))dz : w € Wy (Bgr) + u, w € /C¢}.
Q

Since by the strict convexity of the functional the solution is unique, we
conclude that u = @. It is quite routine to show that the convergence of u.
to u is strong in WL (Bp).

The strong convergence of u. to u in W'P(Bg) implies also that u.
converges strongly to u in LP (Bgr) and hence the conclusion follows passing

to the limit as € — 0 in estimate (3.32). O
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