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Abstract

We study universal features of defect correlation functions in supersymmetric
defect CFTs, focusing on four-point functions of the displacement supermulti-
plet. By perturbing the leading-order correlators at strong coupling, we derive
constraints that identify the operators exchanged at next-to-leading order. From
this, we determine the conditions under which four-point functions of defect in-
sertions across different theories are equivalent, thereby establishing universality.
We confirm these features in examples including the 1/2 BPS line in N' = 4
SYM, N = 2 gauge theories and ABJM, up to the first subleading order in the
strong-coupling expansion. We further analyze the 1/2 BPS line in 3d N = 2
Chern-Simons-matter theories, identifying the preserved defect algebra and the
superdisplacement multiplet. Exploiting universality, we find the superdisplace-
ment four-point functions of defect operators and extract the conformal data
at first subleading order. Finally, we comment on the 1/3 BPS Wilson line in
ABJM, presenting initial results from the strong-coupling analysis.
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1 Introduction and summary

The study of conformal field theories (CFTs) in the presence of extended defects has de-
veloped over the years into a thriving field, providing a powerful framework for modeling
systems with applications across many areas of physics. Defects, which may appear as dy-
namical extended operators, generically break part of the symmetry of the bulk CFT while
preserving a residual conformal subgroup. This structure defines a defect conformal field
theory (dCFT) [1I 2], describing the localized degrees of freedom on the defect and their
interactions with the bulk CFT. The discussion is further enriched when supersymmetry
is present. Superconformal defects, which preserve a portion of the bulk supercharges, ex-
hibit enhanced protection of their data, such as operator dimensions and operator product
expansion (OPE) coefficients, and impose stronger constraints on their correlators.

One of the most notable realizations of a line defect is the Wilson line in supersymmetric
gauge theories [3H7], which provides a powerful laboratory for probing nonperturbative dy-
namics at strong coupling. In fact, when a holographic dual is available, correlation functions
of local operator insertions along the line can be computed using Witten diagrams [§]. A
well-known example is the 1/2 BPS Wilson line in A/ = 4 super-Yang-Mills (SYM), where
the bremsstrahlung function of the theory is determined by the coefficient of the two-point
functions of protected operator insertions on the Wilson line [7, ©]. Further insight into
these operators has been gained through the computation of their four-point functions [§].
In the strong coupling regime, these correlation functions can be evaluated via the AdS/CFT
correspondence [10]. Here, the dual string model corresponds to an effective field theory on
AdS,, enabling the calculation of correlation functions using Witten diagrams [§].

However, a holographic realization of Wilson lines is not always available, and even in
cases where it is known, computations via Witten diagrams quickly become demanding at
higher orders. To address the limitations of standard perturbative holographic computations,
which depend on detailed knowledge of the dual theory, the conformal bootstrap program
[11, 12] has been extended to 1d dCFTs [I3]. By constructing an ansatz and enforcing
constraints such as crossing symmetry, internal consistency, and mild growth conditions on
anomalous dimensions at large scaling dimensions [14-16], one gains access to correlation
functions at strong coupling. Moreover, this approach can be algorithmically applied to
study higher-order subleading corrections.

The 1/2 BPS Wilson line in A/ = 4 SYM was the first case studied through an analytical
bootstrap approach, carried out up to next-to-leading order (NLO) in the strong-coupling
expansion [I4]. This laid the groundwork for a more detailed understanding of Wilson lines
in this theory [I7HI9] and paved the way for numerous applications to other defects, includ-
ing the 1/2 BPS Wilson line in N' = 2 gauge theories [20]. Then, the same framework was
extended to lower-dimensional settings, such as the 1/2 BPS Wilson line in ABJM theory
[21] and in AV = 4 Chern-Simons-matter (CSm) theories [22], which naturally serve as lower-



dimensional analogs of the higher-dimensional examples.

In this work, we investigate universal features in four-point functions of defect insertions
and delineate the conditions under which such universality can be identified. By universal
we mean that the expression for a four-point function, up to the tensorial structures given
by the representations under the preserved symmetry, takes the same form regardless of the
specific theory to which the defect operators belong.

The expectation of universal features comes from the fact that many dCFTs have a
very similar structure when studied at strong coupling. A key role is played by correlation
functions of the displacement supermultiplet, which contains the basic operators tied to the
broken (super)currents. Because these operators are connected to the bulk currents through
Ward identities, their scaling dimensions are protected. In the case of line defects, the
displacement operator associated with broken transverse translations always has A = 2.

At weak coupling, these defect operators can be directly related to the fields in the
weak-coupling Lagrangian. At strong coupling, however, this connection is no longer ac-
cessible, and the defect operators are characterized only by their quantum numbers under
the preserved symmetry. This shows that, at strong coupling, the particular weak-coupling
realization of the bulk theory does not play a central role. The dependence on the par-
ticular theory is captured entirely by certain constants that encode information about the
bulk dynamics. One example is the overall normalization of the two-point function of the
superdisplacement, which is related to the bremsstrahlung function [9].

A second observation suggesting universality is that, at leading order in strong coupling,
all these defect Wilson lines are described by a generalized free field (GFF), as consequence
of the large N limit [23]. It then follows that all four-point functions of operators with a
given scaling dimension take the same functional form in a GFF, up to possible differences
in tensor structures.

Thus, the interplay between protected conformal dimensions, the loss of weak coupling
realizations at strong coupling, and the emergence of a GFF description naturally leads to
the universality of defect correlators at leading order.

Evidence that this general structure persists at subleading orders comes from the study
of the dual string theory realizations of these setups. In particular, when analyzing the
bulk string description of Wilson lines via Witten diagrams up to NLO, one finds that the
structures arising from the tree-level expansion of the Nambu-Goto action are equivalent.
This is, for example, the case for the 1/2 BPS Wilson line in SYM and ABJM, [8, 21].
A concrete example is provided by the four-point function of the orthogonal fluctuations,
which are dual to displacement insertions. In these cases, the tree-level interactions never
mix with the elementary excitations associated with fluctuations along the compact manifold.
This shows that different theories produce equivalent structures, i.e. equivalent four-point
functions, see Sec. [f



Motivated by this evidence, we investigate how far these observations can be extended
to more general cases. Since holographic arguments are not always available, we focus on
the study of universal sectors purely from the dCFT perspective, finding, interestingly, that
many defect theories exhibit universality.

Results

Most of our analysis relies on the observation that, when perturbing around a given leading-
order theory, the spectrum of operators that can be exchanged at the first subleading order
can be constrained by studying mixed correlation functions. We briefly introduce here the
line of reasoning that is discussed completely in Sec. [2.2] In this regard, we consider a CFT
toy model with two protected operators, that we call D(¢) and O(), and towers of higher-
particle operators built by these fundamental words, e.g. [DD]E=2. As we will see these will
play the role of defect operators. We are interested in studying the four-point function of a
given operator such as

CQ
(D(t1)D(t2)D(t5)D(ts)) = 55545 f04(2)
112 sy
where C is an overall normalization constant and z = % is the cross-ratio. We also

assume, for later convenience, that the function f(z) is expressed as an expansion about a
given leading-order theory by

F(2) = f52(2) + e f52(2) + O,

where f(©(z) represent the leading-order theory and f()(z) represent a small deviation from
that. In the following, we take f(°(z) to be that of a GFF, which thus allows us to consider

IO MCYOFNOP
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where ga(z) are the 1d conformal blocks and )\(AO) = )\(D%TA denote the OPE coefficients asso-
ciated with the exchanged operators, here generically called Ta. The spectrum of operators
that can appear at this order can be easily identified by performing Wick contractions, which
show that only [DD]~=2 operators are exchanged at leading-order. One can then move to the
more interesting case in which interactions are included. In this case, the OPE coefficients
receive next-to-leading-order corrections parametrized by )\(Al) and the conformal dimensions
acquire anomalous contributions ya. The conformal block expansion of f()(z) can therefore
be obtained by perturbing the GFF expansion, leading to

ef50(2) = 2o (20 + (A1) 9a (=) + (A1 18 (9a () log(—2) + 8 2))



with ga(z) representing a particular derivative contribution of the conformal block ga(z),
(2.14])).

However, at this order the identification of the exchanged operator is not straightforward.
In this respect, the issue can be addressed by analyzing mixed four-point functions and rein-
terpreting the resulting expressions as constraints on the order in € of the OPE coefficients.
We introduce this idea by studying the 1d mixed four-point function of D and O. At NLO
one finds

€ [ (2) = D _ODAL +AVA) 94 (2) + AT A g (2) + AV AT YR (94 (2) log(—2) +84(2)) |
A

arising from perturbing the leading order conformal data. In order to distinguish the OPE
coefficients, we further introduced S\X) = )\gg)TA. As anticipated, this expression can be read
as a constraint on the OPE data, allowing us to identify the minimum order in e at which
these contributions can appear consistently with the expansion.

For instance, consider a single contribution associated with a particular Ta« such that
the two leading OPE data satisfy A(AOE = 0 while S\(AOZ = 0. This is the case, for example, for
the multiparticle operators [00]5=2. In this situation, consistency requires Ay} ~ O(e), as
follows from matching the orders in € on both sides of the relation. We can thus, in a sense,
bootstrap the order of the individual OPE coefficients.

Although this conclusion may appear innocuous, this information becomes particularly
valuable when inserted into the expansion of e f&) (z) discussed above. This is because, given
the hypothesis )\(AOZ = 0, the only contribution that can appear associated to the exchange of
Ta« is the quadratic term ()\(AIZ)Q. Since we have identified A§) ~ O(e), such contributions
are of order O(e?) and therefore do not appear up to NLO. See Sec. for a more detailed
discussions.

This approach provides a powerful tool for identifying universal properties within a given
system. At the same time, it is not restricted to the specific setup considered here and can be
easily extended and applied to other contexts. We therefore expect it to remain applicable in
more general settings and to provide useful insights elsewhere as well, as discussed later. In
the present case, we apply these methods to supersymmetric defect CFTs at strong coupling.
Under additional assumptions, one can show that four-point functions built from repeated
insertions of a given component of a supermultiplet do not exchange operators from different
families up to NLO.

In this sense, the correlator factorizes: in a four-point function with identical external
operators—such as four tilt or four displacement operators—the exchanged spectrum consists
only of multiparticle operators constructed from the external one.

Consider, for example, two defect operators with the same protected scaling dimension in
two different theories. If their four-point functions receive no contributions from multipar-
ticle operators or from fundamental operators associated with other fields in the respective



supermultiplet, the resulting four-point structures would be equivalent, provided these have
similar three-point interactions. In this sense, the corresponding correlation functions are
universal. See Sec. [3] for the full discussion.

Beyond providing the physical insight of uncovering such features, the main advantage of
identifying universal sectors is that it allows for the determination of a four-point function up
to NLO directly, bypassing the standard bootstrap strategy of postulating and constraining
an ansatz. Once universal sectors have been identified, subsequent analyses can build on
established results rather than rederiving them from first principles. This way, it is possible
to obtain four-point functions even in systems that cannot be fully constrained, either due
to limited supersymmetry or an insufficient set of constraints. For recent developments in
this regards see [24], 25].

Moreover, identifying the parameter € is in general a complicated task, as it cannot be
determined by bootstrap arguments alone. Its identification can therefore be achieved only by
explicitly matching to holographic theories, when available [14] 21], or alternatively through
purely CFT-based arguments [26], 27]. In the present case, we exploit the identification of the
universal sector to determine the form of the parameter € by relying on previously studied
examples in which it has already been fixed. Indeed, once a correlation function is identified
in a given case, all correlators within the same universal class can be straightforwardly
determined. In this way, the problem of explicitly computing these quantities is reduced to
demonstrating that two different theories belong to the same universal class.

We verify these arguments by showing that universal features are indeed present in a
variety of known defect theories. When the defects have the same codimension, the iden-
tification for the four-point function of the displacement is straightforward. All the others
follows by requiring consistency with supersymmetry. For instance, the displacement four-
point functions of the 1/2 BPS line in ABJM [21I] and in N' = 4 CSm theories [22] fall
within the same universality class, as shown in Sec. [£.I Up to NLO one finds the universal
expression

2

n+C+)2 7
(nrC7)” (—16—22—%—223—1&4

1
tiatsy Am*Cr

+<6 — 1?6 +62* — 1625> log(1 — 2) + 22*(82 — 3) log(—2)>] ;

(D(t1)D(t2)D(t3)D(t4)) 7 = 142+

where now D(t) is the actual displacement operator while C'r and ny are theory-specific
constants, related to the particular bremsstrahlung function and to the preserved supersym-
metry, respectively. By 7 we mean the 1/2 BPS line ether in ABJM or in N' = 4 CSm
theories.

When considering defects of different codimension, one must also account for the distinct
representation of the displacement operator under the preserved rotational symmetry. Once
these considerations are included, one can relate correlation functions of defect theories with
different codimensionality, such as the 1/2 BPS Wilson line in ABJM and in A/ = 4 SYM.

6



Explicitly, one can consider the four-point displacement insertions on the Wilson line in SYM
. , 02
(D*(t1)D’ (t2)Dk(t3)Dl(t4)>WSYM _ 4SYM G”kl( ),
tiat3s

where 7, 7, k,l = 1,2, 3 and all the overall constant and the superprimary normalization Cgyy
have been collected in Csyy. By studying the function up to NLO [8| [14] one finds

G (z) = |096M G (2) + (698" — 6167) G (=) + (6% + 616 — 2/3.576H) G (=) +
+——————(5”Mﬂegkz)+(&h¢’—5%WQG§M2)+(6*&1+5%Vk—2/3&aﬁﬂagkzﬂ].

47 2 C SYM

By properly dealing with the tensorial structure, 7.e. taking the embedding, one obtains an
expression for the displacement insertions in the ABJM Wilson line given by

0,
(D(t1)D(t2)D(t)D(E4) s, _ct?;m 68'(:) - G ) + GT:),( '+
1 1 b Gr'G)
Oy (080 = 0+ =)

which, when explicitly evaluated, agrees with the previous result as well as with the findings
of [21], as discussed in more details in Sec. [1.2]

Although the above arguments were illustrated for the displacement operator, they extend
to any four-point function of the supermultiplet components. An especially interesting case
arises when considering the four-point function of the superprimary of the 1/2 BPS Wilson
line in N' = 2 gauge theories in 4d, discussed in [20]. In this setup, universality does not
extend to the entire displacement supermultiplet, but one can still identify subsectors in
which it applies. In Sec. [4.3] we show that this is the case for the superprimary four-point
function. By showing that this correlator does not receive contributions from other sectors
up to NLO, we are able to identify it explicitly. Furthermore, we find consistency with the
results of [20] by fixing the free parameters left undetermined in the bootstrap approach to

C1:CQI—4,

thereby fully determining the superprimary four-point function to be

_ C3 22 1 (1 — 2+ 2?)?
(P(PEIP P wyes = gt [+ 7+ o+ () (o
log(1—2) 232 —4z+ 922 — 723 + 22%)

+ (=4 + 22+ 2° — 42%)

4z * 2(z—1)3 log(—z))] '

Through these explicit values, we finally fix the anomalous dimensions [20] to

WW—4—A—A2
,y[l ,0] A — A2



In Sec. , we use a similar approach to identify a universal sector for the 1/2 BPS line in
AdS3 x S3 x T |28, 29] with purely Ramond-Ramond flux, finding consistency with previous
analysis and fixing the overall two-point normalization of the displacement supermultiplet
in terms of the bulk coupling.

We then provide brief general arguments supporting universality from the holographic
perspective, in Sec. [5

In line with previous analyses of 1/2 BPS Wilson lines at strong coupling in 3d SCFTs,
such as ABJM [2I] and N/ = 4 CSm theories [22], we investigate the case of N'= 2 CSm
theories, in Sec. [0l We examine the preserved defect algebra, identify the superdisplacement
multiplet (D), and employ superspace methods to express the four-point functions in terms
of cross-ratios. We study the OPE structure for the superdisplacement in the two different
channels: the chiral-chiral D x D channel, which contains one short multiplet and infinitely
many long operators with unprotected, higher dimensions, and the chiral-antichiral D x D
channel, where only long multiplets appear [21, B0]. We thus derive the corresponding
superblocks by diagonalizing the superconformal Casimir.

By identifying the universal sectors, we determine the four-point functions of the superdis-
placement up to leading- and next-to-leading order at strong coupling. For the superprimary
we find

] _ ) 1
( (t1) (t2) (t3) (ta))Wi—zcsm ~B., 120,

(52 522 1 9:") log(1 — 2) + (5 92)2" low(~2))]

2
(co42-2 poy

1_3
[Z+ 27 72

with Cp the normalization of the superdisplacement two-point function. We then extract
the CFT data of the exchanged contributions. For the long multiplets appearing in the
chiral-antichiral channel, we find

5+ 6n + n?
A, =3 -,
n 41 20@
where n is associated with the derivative contributions of the GFF length-two multiparticle
states [ ]£=2. For the chiral-chiral channel we find instead
4+ 5n + n?
A, =3 -, dd,
+n 12 n o

with n associated with the multiparticle states [ ]£=2.

Sec. [7|concludes this work with preliminary results for the 1/3 BPS Wilson line in ABJM
at strong coupling, discussed in detail in [31]. In particular, we argue that universal features
can also be identified in this case, allowing for the determination of the four-point functions
of the displacement and tilt (tlit) supermultiplets, respectively. The analysis of the displace-
ment will be equivalent to that of the Wilson line in A/ = 4 CSm theory. Therefore, we focus

8



on the tilt multiplet which four-point function is specified by that of the superprimary
Ct

(F(t)F(t2)F (ts)F (ta))w, ,, = .

Exploiting universality we can identify f(z) up to NLO to be

(1-2)°

z

1
f(z) = [1 —z+ yrTen (z — 14 2(3 —2)log(—=2) — log(1 — z))] ,
where C7 is the tilt two-point normalization, [31]. While the expansion in the chiral-chiral
channel can be related to the results of the ABJM superprimary [2I], being in the same
universal class, the chiral-antichiral lead to a new expression, essentially due to the different
preserved algebra, and hence different superblocks. Extracting the conformal data, we find

for the long multiplets

3 —3n—n?
A, =1 -
o 47T20T

with n the label of the GFF multiparticle states [FF]2=2.

Outlook

A natural extension of this work would be to study higher-point correlation functions at
strong coupling. By applying procedures similar to those discussed here, one can investigate
the existence of universal sectors and relate the n-point functions of different theories in
a similar ways as discussed for four-point functions. This approach has the advantages of
being computationally convenient, avoiding some of the difficulties of direct bootstrap com-
putations, while also providing access, in principle, to a variety of interesting configurations
also for cases in which the bootstrap would not lead to a completely fixed answer.

While universality is not expected to hold beyond NLO, it is still plausible that higher-
order corrections to four-point functions contain universal contributions mixed with theory-
specific ones. In such cases, one can decompose a given correction into a universal part
and a nonuniversal remainder. Identifying and isolating these universal sectors can provide
valuable input for bootstrapping higher-order four-point functions.

From an applications perspective, a natural next step is to apply these techniques and
the identification of universal sectors to a broader range of line defects, such as lower-BPS
examples, with the aim of analyzing their four-point functions up to NLO in the strong
coupling expansion.

Finally, while the present discussion has focused primarily on Wilson lines and line de-
fects, the underlying philosophy of constraining the order of possible exchanges is more
general and can be generalized and applied to higher-dimensional defects, as, for example,
surface defects [32], or perhaps even to strongly coupled CFTs beyond defect theories.



We leave these questions for future investigations.

The paper is organized as follows. Sec. [2] introduces the general structures of supersym-
metric defect CFTs and sets the stage for constraining the order in which OPE coefficients
enter the block expansion. In Sec. |3| we discuss what are the assumptions under which a
defect CFT may feature universal properties. We comment on the universal sectors when
relaxing some of these assumptions and, finally, we provide the structure for the full NLO
order contributions. We verify the universal property in a wide spectrum of supersymmetric
defect CFTs realized by BPS Wilson lines in Sec. |4 and we give a brief argument of uni-
versality from an holographic point of view in Sec. 5] We conclude the work with a full
analysis regarding the 1/2 BPS Wilson line in Chern-Simons theories in Sec. [6] and in Sec.
we initiate the study of defect correlators of the 1/3 BPS Wilson lines in ABJM at strong
coupling. Appendix |A| contains further details on the osp(2|4) superalgebra, the symmetry-
breaking pattern associated with the 1/2 BPS line, and the orthogonality conditions entering
the (super)block expansions.

2 Defect correlation functions

We begin by setting our conventions and outlining the general structure of defect super-
multiplets that typically arise for 1/2 BPS line defects. In particular, we focus on their
realizations as Wilson lines and review the features common to this class of defects.

2.1 Wailson lines as defect CFTs

Wilson lines are a central example of line defects in supersymmetric CFTs, and are generically
defined at weak coupling by

oo

W = Tr [73 exp(—i/

where L£(t) denotes a theory-dependent (super)connection]] and ¢t = z° € (—o0,00) the

E(t)dtﬂ ,

o

Euclidean time direction parametrizing an infinite straight line in R?. The presence of
such a line defect breaks the superconformal symmetry of the ambient theory, reducing it
to a smaller subgroup. This residual symmetry generically includes, at least, the bosonic
subalgebra $0(1,2)conr @ $0(d — 1)1, where d is the spacetime dimension of the ambient
Euclidean theory. In supersymmetric settings, only a part of the full supersymmetry algebra

n 3d theories, constructing 1/2 BPS Wilson lines requires superconnections. For instance, in ABJM the
1/2 BPS Wilson line is defined as the holonomy of a u(NN|N) superconnection [33]. For other realizations,
e.g. in N = 4, see [34H30]
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remains intact. Defects of this type are classified as 1/n BPS according to the fraction of
supercharges they preserve.

Central features in the study of any CF'T are the correlation functions. In the presence
of a line defect, this naturally extends to the study of defect correlators, which involve the
local operators O;(t;) inserted along the line, defined by

<T1" P[W—oo,tl (91 (tl)WtthOQ (tz) e On<tn)th,oo]>

(O1(t1)Os(t2) - .. Onltn))w W) :

n+1

where W,, ;.. is the untraced Wilson link W,, .., = exp(—i fti"“ L’(t)dt). It is common
to shorten the notation by defining the insertions by

WI[O1(t1)Oa(ts) - .- On(tn)]) '

(O1(01)O(t2) - Onlta)w = W)

In defect CF'Ts, a particularly distinguished set of defect operators are those related to
the breaking of the bulk symmetries. When considering supersymmetric defects CF'T, the
breaking pattern of supersymmetric currents leads to additional operators. Crucially, one
can identify them by exploiting the Ward identity

[QM:%WE/M%W@ (2.1)

that explicitly relates broken generators to local insertions on the line. We will refer to this
set of defect operators obtained from Ward identities as fundamental (or elementary). One
can then further characterize the local operators by finding the representations under the
preserved supergroup. By exploiting (super-)Jacobi identities like

[G’ [G7 WH + [G7 [Wv GH + [Wv [G7 GH =0 = [G7 [G’ WH = [[Ga G]a W] )

one can explicitly read the charges of defect insertion G(¢) by the algebra involving preserved
G and broken G generators.

A particular example that will be always present in the line defects is the displacement
operator which is associated with the breaking of the translations orthogonal to the line.
This is thus given by

[WWF/WW@W, (2.2)

where the index runs up to the codimension of the defect i = 1,...,d — 1, as expected from
the s0(d — 1),0]

In general, defect operators arrange themselves into multiplets according to the pre-
served supersymmetry. Of particular importance is the displacement supermultiplet (or

2For related discussions and a manifestly local realization of the displacement operator, see [9].
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superdisplacement), which contains the displacement operator among its components. In
what follows, we will denote this multiplet, as well as its superfield realization, by D.

To keep the discussion as general as possible, we denote by D(t) the displacement opera-
tor, and by O(t) a generic fundamental operator, distinct from the displacement, appearing
in D. When O(?) is specifically the superprimary, we will instead write P(¢).

Crucially, in these preliminary remarks we refrain from making explicit reference to sym-
metries, as their precise realization is theory dependent. In specific models, symmetries
naturally impose further constraints.

Our purpose here is instead to present a general and schematic description of the correla-
tion functions of the displacement supermultiplet, particularly the four-point function. This
is done in order to highlight the universal features common to all such defect theories. The
following discussion should therefore be understood as theory independent and schematic,
to be refined when applied to concrete cases.

In a superfield representation we can schematically consider the two-point function in

superspace as
Cr

Here, the y; denote the supersymmetric coordinates constructed from ¢;, the coordinate along

(D(y1,61)D(y2,62)) =

I

the line and 6;, the fermionic coordinates. The quantity (ij) is a supertranslation-invariant
distance, whose precise form depends on the superspace, and thus on the specific theory,
that the correlation function describes. All components except t; are theory dependent; for
an explicit example see Sec. [6.2] The overall C7 is a physical theory-dependent constant
related to the bremsstrahlung function [9].

For the four-point function one schematically has

ez

(D(y1,01)D(y2, 02)D(ys3, 03)D(ya, 04)) = (12)%57 (349

a5/ (2). (2.3)

Here, Z denotes a superconformal cross-ratio. For chiral correlators, this is, for example,
. More generally, the function can be expressed in terms of nilpotent invariants con-
structed from the Grakmann coordinates. Expanding in this basis yields a larger set of
independent functions contributing to the correlators; see for example [20]. By expanding
the left-hand side in superfield components and the right-hand side as a Taylor series in the
fermionic coordinates, one can relate, term by term, the correlation functions of the multiplet
components to derivatives of the superconformal invariant function.

The first contribution comes from the four-point function of the superprimary, i.e. P(t),
for which the identification is immediate being the top component of the displacement mul-
tiplet. Generically, this is given by

02
(P(t1)P(t2)P(t3)P(ts)) = tQAP—Tfm(Z) :

2Ap
12 t34
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where Ap = Ap and z is the bosonic contribution of Z. In one dimension, the two invariant
cross-ratios are not independent. Defining t;; = t; — t;, they are given by

t1ot t1ot
p=2 e (20,0), y=-22€(0,1) (2.4)
t14t32 t13t24

and are related through
z=—"—.
x—1
In the following, we will be interested also in dealing with all the other four-point func-
tions of the multiplet components. For example, we will deal with the four-point of the
displacement operators
npCr)?
(D()D(D(1)D(1) = T2 pou2) (25)
tiat3y
and with the mixed four-point with two displacement and two other generic operators in the
multiplet
(NpoCr7)?
A
thytss®

Here np and npo are theory dependent constants that originate from the supersymmetric

(D(t1)D(t2)O(t3)0(ty)) = fp202(2) . (2.6)

structure of the problem. While the two-point function of the superprimary is fixed solely
in terms of Cy, with np = 1, the inclusion of ()-descendants generally introduces additional
constants, which arise from the action of the supercharges.

As anticipated, the functions fpa(z2), fpa(2), and fpz02(2) are all related by supersymme-
try. Particularity for chiral theories, both fp4(2z) and fp202(z) are specific combinations of
polynomials and derivatives acting on fpa(2). For example, one has generically

for(2) = 3 pal2)0% fou(2), (2.7)

for some theory-dependent set of polynomials {p,(z)}; see for example ([6.8). When has
nilpotent invariants, one has also additional contributions coming from the higher number of
independent functions. These types of relations are exact and therefore hold at any order in
perturbation theory. In particular, they remain valid when expanding around the generalized
free-field limit at strong coupling. In this regime, the leading behavior of the correlators is
determined by the GFF, while higher-order corrections account for deviations.
Consequently, the functions appearing in the correlators can be systematically expanded
as
__ % (0o 1) 2
(P(t)P(2)P(t3)P(ta)) = 34, 255 (fp4 (2) +erfpi () + O(eT)) : (2.8)
12 U34
where, as we will see, fé,ﬂ)(z) is the GFF contribution, fF(,i)(z) is the next-to-leading order
one and €7 is a theory-dependent perturbation parameter. Similarly, one can consider the
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expansions for (2.5)) and (2.6) given by

PR = T (6 e v o) 29)
and
(D(t1)D(t2)O(t3)0(ts)) = % (f<%>02<z> +er i (2) + 0(87)) . (2.10)

Crucially, supersymmetry ties these correlators together, so consistency requires that the
constants Cr and e appearing in (2.8)), (2.9), and (2.10)) are identical.

So far, our discussion has focused on the expansion of the four-point function. One can
also analyze the consequences of this expansion within the conformal partial wave decom-
position in terms of conformal blocks [37]. In particular, given the preserved subalgebra
50(1, 2)cont, €ach contribution can be expanded in 1d conformal blocks

9a(2) = (=2)% 2 F1(A, A, 24 2).
At leading order one would find for 1'
foi (= ZA(O)M ga (2.11)

for some )\(AO) = )\S)E),TA representing the leading order three-point coefﬁcient of a generic
conformal primaries Tao having dimensions A. In order to be exchanged we assume that
it lies in the displacement OPE, i.e. Tpo € D x D. The sum runs over all the conformal
dimensions allowed by the OPE. Similarly one could do the same for , thus obtaining

Foee(2) = 3" AR ga(2), (2.12)
A

with S\(AO) = )‘g)(%TA' Exploiting the orthogonality for the conformal blocks, one can obtain
explicitly the LO conformal data.

The analysis can then be extended to the study of the NLO, which is obtained by per-
turbing the leading order conformal data. In the case of the four-point function discussed
above, this implies that

A—>A+7(1)
AD A\ (2.13)

5O 530 450,

3In the CPW expansion, the coefficients appearing are related to the three-point one by )\(AO) =
kppT A)\(DO%TA/ (coperT), where kppr, denotes the normalization of the three-point function, and cpp, crr
those of the two-point functions. However, for brevity, we neglect these normalization constants, specifying
them explicitly only when necessary.
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where W(Al) are the anomalous dimensions corresponding to the exchanged operators of di-

mension A. In this first instance, we keep the order in e in the definitions of the NLO data.
This leads to the identifications

@) + eyl ) =300 +AD0L + 2D g5 0 (=),

A
02 + e = SO0 4 AOL + 5 0,0 ).
A

By expanding the conformal blocks as

901 (2) = 9a(2) + 798 (98(2) log(—2) + 8a(2)) + O((A)?).

where we defined for brevity
, (2.14)

we obtain the expressions

&) +erfSl(2) =3 AVAY ga(2) + 3 ODAL + AVAD)ga () + AVA ga(2)+
A A
AN D (ga(2) log(—2) + ga(2))
(2.15)

FSoe (2) + e fia (2 Z AVAY ga(2) + 3" OVAY + 2A0AD) ga (2) + AW A ga(2)+
A
FAVAD D (ga(2) log(—2) + ga(2)) .
(2.16)

If the functions of the left-hand side are known explicitly, one can obtain the NLO conformal
data just by projecting on the conformal blocks.

2.2 Consistency constraints

In this section, we highlight some general consequences that follow from the identifications
in (2.175) and (2.16). This line of reasoning will be systematically exploited in the next
section to study the possible exchanged operators that can appear at NLO where, with
additional assumptions, one can identify universal features. Before this, however, we first
derive constraints that can be obtained from more general considerations.

We begin by noting that the expansion of correlation functions, together with their
conformal block decompositions, imposes nontrivial constraints order by order. In particular,
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the generic form

erfD(2) =Y OWAY +AVAD ) g (2) + AP A g (2) + ADAD Y (9 (2) log(—2) + ga(2))
A
(2.17)

can be interpreted as a constraint on the ey order of )\(Al) and S\(Al). Crucially, as discussed
above, the sum runs over all operator dimensions that may appear in the OPE. Operators
that do not contribute at a given order have vanishing OPE coefficients, although they are
still formally included in the sum.

Consider, for example, the case in which we look only at a given primary Ta« for which
the three-point coefficients at leading order are

A —o, ]

If we compare with the previous discussion by taking A(AOZ = AS?,TN and X(AOZ = AE%TA* this
means that, in principle, Ta+ appears in both the D x D and O x O OPEs, but it is actually
exchanged at GFF only in the O sector, and not in the D one . For this particular
choice of leading order coefficients, the expression simply reads

erfV(2) 3 A gar (2) + AU g (2) .

Excluding the trivial case in which the function vanishes, consistency requires that the er-
order of the products must be

AN o) and  AUXY ~ O(er), (2.18)

where by O(er) we mean that the order of the OPE can be either e or higher [f| Given that
/\(AO) is constrained by the nonvanishing condition at GFF, )\(0 ~ O(1), consistency with the
order in e of the left-hand-side leads to the requirement that either

)\(Alz ~ O(e) or )\(Alz =0.

So, when considering the CPW expansion of correlators with external insertions, of the same
type, as in (2.15)), the contributions associated with the Ta« exchange given by

ASALAA) g8+ (2)FARNAR ga- () AN L) (ga- (2) log(—2) +ga (2)) = AXAR g4+ (2)

will be either vanishing, if )\(Alz = 0, or of higher e7 order, since (A(AlZ)z ~ O(e%). In either
case, one can conclude that Ta« is not exchanged up to NLO.

4For clarity, with a slight abuse of notation these expressions can be interpreted as AW %AOZ 2 O(e) and
)\(Alz X(All > O(e) to stress that the order can be higher. This is equivalent to say that, for example, if a
function is bounded by O(€?), then it is also bounded by O(e) contributions
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Another possible situation arises when
A =0, M=o,
In these cases one can impose only the second condition of . This implies that
A ~ 0(er) = AV ~ A0 ~ O(/er).

However, this may simply reflect an unfortunate choice of correlators. By instead considering
correlators with different external insertions, one could further constrain the OPE coefficient
through the procedure outlined above. On the other hand, if no such possibility arises,
the er order obtained should be regarded as the correct one. For these cases, one may
also note that if the A* is smaller than any A of the other exchanged operators, then
the log(—z) contribution is absent. This implies that the exchanged operator must have
vanishing anomalous dimension, thus pointing toward protected operators; see discussion in
B.2.11

These arguments have been presented for 1d dCF'Ts, but they can be extended to higher-
dimensional defects and, under appropriate conditions, to general CFTs beyond the context
of defect theories.

We conclude this section with a brief discussion on a subtly that can arise when the NLO
contributions are obtained from the expansion of the leading order one, without further
discussions. In this case we adopt the standard definition of the expansion in terms of the
quadratic OPE for which the expansion up to NLO order is given by

A‘—éll%—ervg),

a(AO) — a(AO) +er a(Al) , (2.19)
with the quadratic OPE coefficients ag) of a given channel. Comparing with the previous
discussion these are related by

WA D 2 a0 o W® 0, WD a0 (220)
With these definitions, (2.15) would read

fd () +erfil(z) = Y al galz) +er Y aWlgalz) + a9k (9a(2) log(—2) + ga(2))
AeGFF AeGFF
(2.21)

Here, the sum runs over all A € GFF, i.e. over all scaling dimensions of the free theory.
We are explicitly perturbing the leading-order data to NLO. The main difference with the
previous analysis is that the sum does not include all operators that can formally appear in
the OPE. The limitation of arises when the spectrum of allowed operators changes at
NLO. In such cases, to include all possible exchanges, A must be extended to run over all

17



contributions allowed by the OPE, rather than being restricted to A € GFF. This subtlety
does not generate inconsistencies when the dimensions of the higher-order exchanges remain
within the set of free-theory scaling dimensions. However, the situation changes when some
of the operators appearing at NLO have classical dimensions outside the GFF set. If one
does not account for this effect, the analysis that follows is restricted only to a partial sector.

Consider the following example. Suppose there exists an operator T, absent at leading
order, with dimension A* < min{ A € GFF }. In the expansion (2.21]), where the sum runs
over GFF dimensions, the contribution of T~ is excluded from the NLO contributions since
A* ¢ GFF. This is equivalent to setting the corresponding CFT data to zero in (2.15)),
thereby restricting the set of operators that can be exchanged.

If the exchanged operators are only multiparticle states built from the external insertions,
in the excluded contributions there would be also the exchange of the external field itself.
Such a contribution, however, is only present when it is allowed by the OPE, e.g. D € D x D
and it is related to the explicit breaking of the Z, symmetry at NLO. At leading order the
sum runs over {A € N | A > 2Ap}. Keeping this bound at NLO is equivalent to setting
Aopp = 0 in ([2.15)). Importantly, as we discuss in Sec. [3.2.2] this coefficient controls all Z-
odd exchanges. Thus, setting it to zero automatically decouples these contributions, leaving
the NLO analysis to consider only the Zy-even sector.

3 Universal sectors

The purpose of this section is to identify the operators that can be exchanged in the superdis-
placement four-point functions, up to NLO. Building on the considerations of Sec. 2.2, our
goal is to determine whether these correlators exhibit universal behavior. By universal we
mean that, independently of the details of the ambient theory, such as the amount of su-
persymmetry, the four-point function of operators with a given conformal dimension always
takes the same functional form, modulo eventual tensor structures.

As we will see, universality ultimately traces back to the constraint that the leading order
must correspond to a GFF theory and that the spectrum is restricted to the displacement
supermultiplet and its composite operators. As discussed in Sec. [2.2] one can exploit the
leading-order data of the GFF to identify the ey order of the exchanged operators at NLO.
This allows one to reduce the possible operators that can be exchanged in a given four-
point function. Indeed, in principle, all operators compatible with symmetry can appear.
However, if one can demonstrate that only operators built from the external fields are actually
exchanged in the four-point, while all other operators that could in principle appear are
excluded, then the correlator becomes independent of the other supermultiplet components,
thereby exhibiting universality.

In this regard, we begin by setting some assumptions on the generic theories that we
analyze, then we will discuss features that arises when we relax some of them. In particular,
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we start from theories that are consistent with the requirements
1. The 1d dCFT is described at leading order by a Generalized Free Field theory.
2. The only elementary operators are those in D
3. D does not appear in the OPE of D x D

The first requirement implies that in all the case we will consider the leading order as
completely defined by taking Wick contractions of the operator insertions. Moreover, being
a 1d dCFT, the so(1,2)cons subalgebra will always be present regardless from the case in
hand, hence one can always express the four-point functions as a sum of s[(2,R) blocks.ﬂ
The second condition implies that we exclude all theories having additional contributions
coming from other elementary fields, e.g. tilt supermultiplets, that could in principle lead to
nontrivial interactions with the displacement multiplet. The last requirement is a simplifying
assumption. While it may appear specific, we will see that many theories of interest naturally
satisfy this property. The implications of relaxing these assumptions will be discussed at a
later stage.

3.1 Generalized Free Field

We therefore begin with the analysis by studying the leading-order generalized free field
theory, where correlation functions can be computed via Wick contractions of the n-point
insertions. The lack of interactions makes this framework particularly restrictive. In fact, the
only nonvanishing three-point functions involving two fundamental fields are those in which
the third operator is built from the fundamental field itself. In particular we are interested

(D(t)D (1) DI (1)) # 0, (3.1)
(D(11)D(t)0(t))” = 0, (3.2)
(0(t)0(12) 0]k 2(t)) ™ # 0. (3.3)

We use the notation [¢]k, for composite operators built from the fundamental operator
¢, of length L and with a total of M derivatives. We will not be interested in the particular
expression of these operatorsﬂ but rather on the length of these. Working in such a basis,
which in general is not the same in which the dilatation operator is diagonal, allows in general
to have a better control on correlation functions of operator having a well-defined length;
see [19] for a complete discussion.

5This is true even in the case in which one considers superblocks, as they can always be decomposed in
a finite sum of conformal blocks.

6Even at the level of a GFF computation, generic operators such as DJ'D are not primaries in one
dimension, and one must construct appropriate linear combinations to obtain them. See [I8] for the explicit
realizations.
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What matters for our purposes is simply to identify the order of the three-point constants.
The task of identifying all these quantities explicitly can be posed when specific cases are
considered, or, in any case, pursued at a later stage. From the three-point functions, we can
thus conclude that the leading-order OPE coefficients are

)
Aooipjt-2

~O(1),

0
)‘I(DI%O =Y,

(0)
Noporiez ~ O(1).

Moreover, given that also the mixed three-point function vanishes

(D)D) [0 (1)) =0 = AL 2 =0,

]]\/I

we conclude that in the displacement four-point function at leading order, , only mul-
tiparticle operators of length L = 2 built out of the displacement can be exchanged. All
other exchanges do not appear at leading order. A similar analysis holds also for all the
other four-point functions in the multiplet.

Therefore, one can conclude that the sectors are actually decoupled and so the expressions
for fF(,g) (2), ég)(z) and fég) (z) are hence universal. Clearly, this is a well-known fact of GFF.
In the following, we will look up to which extent this feature is preserved at next-to-leading
order.

3.2 Next-to-leading order

We can now proceed with a similar analysis by considering the first nontrivial contributions
arising from interactions. Just for reference, we will focus in the following on the four-point
of the displacement operator, which, as discussed, is always present in the multiplet as it
is related to the breaking of orthogonal translations. However, the same analysis can be
performed for each component of a given supermultiplet.

We begin with , which, in principle, is not guaranteed to vanish also at NLO. At this
point, we make use of the starting assumption, namely D ¢ D x D, which directly implies
that

(D(t1)D(t2)O(t3)) =0 = Appo =0 (3.4)

at all orders.
However, interactions and symmetry may also allow for additional operators to appear in
the OPEs. To verify that no other sector mixes with the displacement four-point function at

"We stress that these statements are true modulo global symmetries. These, indeed, can introduce
tensorial features dressing the functions with indexes. For example, if the displacement is charged under a
global symmetry, e.g. D — D® then fps(2) — f5i"*****(2). However, one can always decompose to relate

two different four-point functions; see Sec. FI:ZI
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this order, we must check that all OPE coefficients Appt, where T are a generic multiparticle
operator built from O, either vanish or are suppressed as O(er).

As an example, we focus on the exchange of the multiparticle operators T = [0]{72. In
the conformal partial wave expansion we can isolate the contribution associated to them by

(NpoC'7)?
To(Z /\DD[OL 2)‘OO[O]L 2 92A0+M( ) + ) ,

tzlth M=0

(D(1)D(t2)O(t3)0(t4)) =

where the dots represent other exchange of which we are now not interested in. When taking
into account the expansion in e7 of both sides, as discussed in Sec. [2] one gets and expression
like ( . Given that /\I(Z)D[O 1—» = 0, the relevant contribution associated to these exchanges
at NLO is given by

(1) (0) 1) (1)
€7 [p202(2) 2 Z( poojt=>A 0001t~ T Abpjojt=2A00j0)t= 2>92A0+M(2)'
M=0

~ O(1), consis-

Exploiting the discussion presented in Sec. and knowing that )‘oo ojk=>

tency with the e7 order implies that

(1) (0)
ApbiojE o)t )‘00[0 ~ Oler) = )\DD o= ~ O(er).

We can now look back at the CPW expansion of the displacement four-point function
(2.15). With the pieces of information that we collected for the OPE coefficients
(0) _ (1)
)\DD[O}%FQ =0 and )\DD[O ~ O(er),

the contribution associated to the exchanges [0]%=2 in ([2.15]) will be simply given by

€TfD4 Z )\DD[OL 2)\|(3|;[O]L 2 92A0+1VI( ) (35)

where only the quadratic NLO three-point data contributes. Since these contributions are
overall of order O(e%), we can conclude that the operators [0]%72 do not get exchanged up
to NLO.

One can then use the same logic to show that all other three-point coefficients are O(er),
and thus do not contribute to the NLO expansion of the displacement four-point function, as
they enter quadratically. A selection of these cases is presented in Table[l] It follows that the
only operators which can be exchanged up to NLO in the displacement operator’s four-point
function are those built from the displacement itself. While this statement is made for the
displacement, the same logic applies to all other operators in the displacement multiplet.

We can therefore conclude that no interaction mixes the various sectors, and consequently,
all four-point functions can be discussed independently. As we will later see with explicit
examples, this implies a universality in the structure.
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Before moving on to cases where some of the assumptions are relaxed, it is worth com-
menting on the mixing problem. A key advantage of the analysis presented in Sec. and
in the present discussion is that the identification of universal sectors provides direct control
over mixing: it allows us to exclude not only mixing between different components of the
same multiplet, but also the exchange of higher-length operators within each sector. As a
result, the exchanged operators up to NLO are restricted to multiparticle operators with
length L = 2.

The importance of this observation is twofold. On the one hand, universal sectors capture
features that are independent of the specific realization of the theory, on the other, they
automatically guarantee the absence of mixing up to NLO.

Operator Four-point GFF (O(1)) Excluded at NLO
0] (D(£1)D(t2)0(t3)0(t4)) Aot Aol
[DOJL=2 (D(t1)D(t2)D(t3)0(ts)) Ag)g[DO]L:2 Agg[DO]H
[DJF=F>2 | (D(#1)D(t2)[D]*~" (¢5)[D1F=* (t4) ) 4ok | Mpji—ripiosipitlris=t | Abpipois
0= | (D(#1)D(t2)[0]"=" (t)[O]"=*(t4))|r-s=r | Nigjiriomsiopimrlrist | Avpiojics

Table 1: Examples of the identification of OPE coefficients that can be excluded
up to NLO, involving two displacement operators and one exchanged operator.

3.2.1 Relaxing the third assumption

Much of the discussion so far has relied on the identification of nonvanishing GFF three-
point functions. Combined with the vanishing of the three-point function involving two
displacement operators and a third one, this allowed us to constrain the minimal order at
which the latter interaction can appear. While many of these constraints followed from
consistency, the condition in (3.4) was instead imposed as an assumption.

In what follows, we relax this assumption by allowing D € D x D. In this case,
remains valid, but no longer holds. We can therefore consider, in general,

(D(t1)D(t2)0(t3))" # 0 (O(t1)O(t2)O(ts))™” # 0.

Crucially, given that at the GFF order )\(Dogo = )\g)c))o = 0 and the expansion up to NLO
(2.16)), consistency requires

1) (1 1 1
Asporaso ~ Oe7) = Ao ~ Aogo ~ O(Ver). (3.6)
In a holographic setup, this means that diagrams of cubic exchange interactions contribute

at the same order as quartic ones.
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In the CFT language, this translates into the fact that a given four-point function also
exchanges other fundamental operators belonging to the supermultiplet. Being that these
are theory dependent, the resulting four-point functions will in general differ from one theory
to another. Notice, however, that the discussion regarding multiparticle operators remains
the same as in the previous case. It then follows that the only source of mixing between
different sectors is precisely the one described above.

We must also recall that in all this analysis we kept symmetries implicit. In specific
situations, when symmetry constraints are also taken into account, one might find additional
simplifications.

Consider, for example, that one finds Appp = 0 and A\ppp # 0 as arising from symmetry
discussion. In that case, the displacement operator four-point function would again receive
no contributions from other sectors. Nevertheless, this situation would still differ from
the previous one, precisely because of the additional allowed interaction. In this case, the
expansion ([2.9)) will factorize as

F5(2) = 12) + OS2 V(=) (3.7)

where f&) (z) is the full NLO function with the factorized four-point function of the previous
analysis, f&)(z), and the additional contribution summarized by f()(z) with OPE coefficient
)\SE),D = \/GS\SE),D. If also Appp = 0, the system has again universality, even though it is just
for this sector.

Indeed, it is important to stress that these conditions do not necessarily imply the van-
ishing of Ao,0,0,- S0, even if D € D x D, when analyzing the three-point functions of the
supermultiplet components, together with the constraints imposed by symmetry, we may
still find either /\DDO = O, )\DDD = 0 or both.

We stress that the difference from the earlier case is that, while before all sectors were
completely decoupled from one another, here other sectors may still interact through the
exchange of fundamental fields.

Although the discussion has been framed around the displacement operator, it applies
more generally to any other choice of defect operator in the multiplet. This will be, for
example, the case of the 1/2 BSP Wilson line in N’ = 2 gauge theories, [20], discussed in
Sec. where it is the superprimary that disentangles from the rest of the multiplet.

3.2.2 The Zs-odd sectors

We aim to better understand the operator content exchanged at NLLO when the Z; symmetry
is broken. As in the Zy-preserving case, where length L = 2 operators are exchanged at
leading and subleading order, we may expect additional contributions from the Z,-odd sector.
In particular, the fundamental operators associated with nonvanishing three-point functions
are naturally expected to appear, but higher-length operators may also be exchanged as
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a consequence. To keep the discussion clearer, we restrict our discussion to displacement
correlators and assume that they receive no contributions from the other sector. In this
setup, we therefore allow for a nonvanishing three-point function

(NoCT)* A58

(D()D(1)D(t)) = o s (33

In this case we explicitly restore the normalization, so that the coefficient )\(D%D denotes the
normalized OPE coefficient appearing in the CPW expansion.

Our first goal is to identify the additional Z,-odd multiparticle operators that may appear
up to NLO, and to show that their three-point coefficients at this order are determined by
Aopp- We first explain why this statement, while natural to expect, is not entirely obvious.

Unlike the Zs-even case, where contributions can be analyzed via Wick contractions in
the free theory, no analogous procedure exists for the Z,-odd sector. Indeed, the Zs-odd
n-point functions vanish in the GFF and become nonvanishing only when interactions are
included. Consequently, one cannot directly exploit the GFF analysis to study these three-
point functions. The operators appearing in this context are therefore inherently interacting
and cannot, in general, be regarded as simple products of fundamental fields, unlike in the
GFF case.

Specifically, when studying correlators in the GFF, one can rely on the standard defi-
nition for the point-splitting regularization, which provides a straightforward way to define
composite operators and compute their three-point functions. This is given by

, (3.9)

L
D]X(t) = D (0y,) ( H D(t;) — pairwise contractions)

pale ti—rt
where D,, 1.(0;,) collects all derivative contributions, whose precise form is fixed by requiring
[DJE(t) to be a primary. Once again, we are not interested in the explicit form of these
operators, also because, as we are about to see, not all of them actually appear in the
expansion at NLO.

In this context, if one naively inserts such operators into Z,-odd n-point functions and
attempts to compute them, one finds that the singularities do not cancel and the result
diverges, yielding an ill-defined correlator. As anticipated, this reflects the fact that one
is effectively probing the compositeness of the multiparticle operator, which is intrinsically
interacting and must therefore be regarded as a single irreducible operator.

In order therefore to keep a similar structure of , we have to account for possible
mixing with other operators that one would find when dealing with corrections of away from
the GFF theory. The extension of to consider such contribution is given schematically
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byt

, (3.10)

t;—t

[D]%(t) = Dr..(0;,) (H D(t;) — nested OPE contributions>

where we subtract all the operators that can appear in the nested OPEs so that they com-
pensate all the divergences that can appear from the limits in the point-splitting. The
advantage of exploiting these expression is that it allows us to easily relate the OPE coef-
ficients of [D]£(t) to those of the OPE of its components and extend also away from
the GFF. Moreover, one does not actually need the entire OPE, as higher-dimensional ope-
rators will just contribute with regular terms. In order to make sense of the regularization
in (3.10), we focus, for clarity, on the simplest multiparticle operator [D]5=3(¢), noting that
the generalization to arbitrary L follows similar steps. In this regard, let us first consider

the three-point function

(nDCT)5/2)\(1)

ta P thP 1o

(D(t1)D(t2)[Dlg > (ts)) = (3.11)
We already considered the contribution to appear away from the GFF, so we labeled it by
)\SS[D} s and we neglected the additional contributions coming from the anomalous dimen-
sions in the denominator, keeping just the lowest NLO contribution. Our purpose is now
to compute the same three-point function by exploiting (3.10]), which specified to this case

reads

(npCy)
DJE=3(t <DtDtDt ik DTk; Tt) 3.12
DI§~(t) = (P(t)D(t2)D(t) - Z > ko Tw)|, o 61)
where ¢¥/* account for all the permutations of the OPE couples and T are the Z,-odd opera-

tors appearing in D x D. The kppt coefficients give the contribution that subtract the diver-
gences and (NpC'r) is the two-point normalization that comes from the identity exchange.
From this expression we can see that only operators with At < 3Ap give contributions that
are divergent and compensate the one that arises from the point-splitting. We consider now
the three-point function

(D(t1)D(t2)[Dg~*(t3)) =((D(h)D(tz)D(tz)D(t4)D(t5)>— (3.13)

. Z zykz ;?ADDCZTkDDT<D(t1)D(t2)T(tj>>>

1,7,k=3

ti—t

Under the assumption that this sector is decoupled from the others, we can see that the only
contributions in D x D that are Z, odd are those coming from the conformal family of D. By

8Notice that there is not a unique way to define the regularization which, in general, will be scheme
dependent.
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taking the contractions and comparing with (3.11]) we identify

)\(1)

1
DolE=s ~ Abdp (3.14)

By similar arguments one can study all the higher-length operators. However, these will
require a higher number of expansions thus leading to higher powers of /\I(D%D and hence
negligible at NLO. Therefore only multiparticle operators that can actually be exchanged
in the four-point function up to NLO are the L = 3 ones. Moreover, since we show that
their three-point function is controlled by )\(D%D, by setting this to zero remove all the Z,-odd
exchange to the four-point function. This is why we can consider the NLO function f()(2)
as factorized in Zy-even and Z,-odd parts , with the Zy-odd contribution controlled by
ApDD-

As usual, here we focus on the D-sector; however, this discussion can be generalized to all
the other possibilities and also for the mixed composite multiparticle operators. For example
one may expect that if we have mixing with another sector, e.g. O € D x D, then

(D(11)D(£2)0(ts) ~ Appo = (D(t1)D(t2)[D*0];=") ~ Aoppprojp=s x Apdo ~ (3.15)
and so on. We can therefore, in general, expect the four-point function up to NLO to be like

(D(#)D(t2)D(t5)D(1)) = FO(2) +ef D (2) + 3 (6po, ) fo, (), (3.16)

where (A(Dlgof (()1)(2) collect al the contributions coming from the additional interactions.

3.2.3 Relaxing the second assumption

In some cases, the theory contains additional fundamental operators, which we denote by 7;
for some 7 € N. One must then consider all possibilities for whether D and 7; appear in the
OPEs D x D and 7; x T;. By repeating the analysis outlined previously and using arguments
similar to those in Sec. [2.2] one can determine the minimal order at which exchanged
operators appear and identify whether a given four-point function exhibits universal features.

Notably, in these enriched scenarios, the analysis applies not only to the superdisplace-
ment but also to the other multiplets that are considered. Given the large number of possible
cases, we restrict our discussion to specific examples, such as the 1/2 BPS Wilson line in

AdS3 x §% x T in Sec. and the 1/3 BPS Wilson lines in ABJM in Sec. [1
3.2.4 Relaxing the first assumption

For all the cases discussed here and in the following, relaxing the first assumption will not
be of particular utility. However, we discuss this possibility, leaving an in-depth study for
future works.
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First of all, the first thing one could do is to consider still a GFF theory at leading order,
but instead of a 1d dCFT, one could study a higher-dimensional defect. As Wilson lines
provide a realization for line defects, surface defects find many interesting applications. A
known example is the 1/2 BPS surface in 6d (2,0) theory at large N [32] [38]. The main
philosophy of the discussion presented here may be extended to discuss also these cases.
Moreover, the knowledge of this theory up to NLO order provides a stating point to study
other surface defects by the identification of the universal sector.

Another way to relax the first assumptions is to consider the leading order not to be
a GFF. In this case, the whole analysis discussed in this section will not apply. However,
by studying the new OPE data of the leading order, one may still consider the discussion
presented in Sec. to study and constrain the NLO order OPE that are allowed by
consistency with the strong coupling expansion.

3.3 Obtaining the full NLO contributions

We must point out that, precisely because we are not making any assumption on ey, this
approach leaves the overall normalization of f()(z) unfixed. Indeed, in all expressions the
combination ey f(!) () appears. Hence, if we modify the ansatz by an overall constant factor
a € R, we can always reabsorb it through a redefinition of the perturbation parameter

eI = (T) (@f (=) = erlaf (=)

Therefore, with the above method alone, we cannot determine whether the correct con-
tribution is given by e7fM(z) or by ér(af™M(z)). Without knowing the explicit expression,
this redundancy, in principle, would always persist in all applications.

To completely fix the problem, one must compute e independently by other means. This
can be done, for instance, by exploiting the holographic dual description (when available),
or by using purely CFT-based techniques [26], 27].

That said, the results of such an analysis can still be incorporated into the previous
discussion. In particular, if we manage to determine the correct normalization in a single case
for which universality applies, ér f (%), we immediately identify the correct combination
that can be applied consistently in all other situations.

Consider the scenario where considering explicitly a theory and we managed to fix ér,
by one of the above methods, to be é = ﬁ. This will be the actual one; see Sec. .
The expression for the superprimary four-point function would be

2
POIPEIPIP)) = ol (7861 + (g ) 1802+ 0(0),
where now fé,g)(z) and f&)(z) are explicitly known functions. Notice that now it is not
anymore possible to rescale freely féi)(z) as such a factor cannot be absorbed in €7 being
everything explicit.
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Notice also that the parameter of the expansion must be, for consistency, the same for all
the superdisplacement components. This implies that if we consider a four-point function of
the ()-descendants in the supermultiplet, these are related by supersymmetry to fég)(z) and
f&)(z) Thus one can write explicitly the four-point function as given by

(D(t1)D(t2)D(t3)D(ty)) = (:Zjﬂ (78 + <47T2107_>f&)(2)+0(€%-)>. (3.17)

What we may notice is that e depends only on C'+ and not np. This is true also for
all the other four-point functions in the multiplet. So, e7(C7) is universal too and can be
identified together with f&)(z).

This implies, for example, that if the theory 7 is such that it satisfies all the three
conditions, if we have another theory having another line defect, say T, also satisfying all
the conditions, its displacement four-point function must be specified by

(NpC7)? 1 1 A1)
D(#1)D(£2)D(#3)D(t4)) = ( ( s 0(&)).
(B(1)D(E)DED() = T T (151() + (g ) 60 () + O(eh)
differing from (3.17)) just by the different constants ny and Cr.
When the defects have the same codimension this identification is typically straightfor-

ward, when instead the codimension of the two line defects, 7 and T, is different, the
equivalence is true upon decomposing the tensor structures; see Sec. [£.2]

The same holds also for all the other defect four-point functions when D ¢ D x D and
can be generalized for other cases, as discussed before, when relaxing either the second or
the third condition.

It is worth adding a concluding remark regarding the holographic interpretation of dual
theory, when available. Recall that we fixed the product erf™)(z) through explicit eval-
uation. However, due to the freedom of rescaling it may well be that the true parameter
matching the holographic analysis is not e (Cy) itself, but rather aer(C7) up to a rescal-
ing by some constant a. What is guaranteed to match in explicit computations is not the
parameter alone but the product of the two contributions ér f M (2).

Having established these universal features, the purpose for the remainder of the article
will be twofold: first, to verify these properties in known examples, identifying in such cases
universal sectors, and second, to apply them to new cases where, thanks to this argument,
we can immediately fix the NLO contributions without relying on any additional technique.

4 Universal sectors in 1/2 BPS line defects

In this section, we apply the framework developed so far to identify universal four-point
functions in several examples of 1/2 BPS Wilson lines. To make this universality explicit,
we will always work with examples in pairs, comparing two different theories to demonstrate
the equivalence, and hence the universal nature, of the identified four-point functions.
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4.1 The 1/2 BPS Wilson lines in ABJM and in N' = 4 CSm theories

As a first example, we consider line defects of the same codimension. In particular, we
take the 1/2 BPS Wilson line in ABJM theory [2I] and in N/ = 4 Chern-Simons-matter
theories [22], under the framework discussed in Sec. . The defect operators appearing in
the two theories are characterized by the preserved superconformal algebra on the line. More
precisely, they are classified by the quantum numbers of the bosonic subalgebra $06(2, 1)conr ®
su(3)r @ u(l)y, for the ABJM line, and $0(2, 1)cont ® su(2)r & u(1),, for the N' =4 CSm
one [39].

We can now begin by verifying that all the required conditions are satisfied. First, let us
recall that in both cases the only elementary operators that appear are those belonging to
the displacement supermultiplet. Schematically, these are specified by

D in ABIM B — 21— [3157 — 13
2 2
(4.1)
Din N =4CSm Y — [y — Y,

3
2

where the charge assignment is schematically written as [jo](AR), with (R) standing for the
Dynkin labels of the considered representation and j, the Abelian charge. For the two cases
the labels for the R-symmetries refer to the su(3) for the line in ABJM and su(2) for the
N =4 CSm case. The arrows represent schematically the action of the supercharges in the
respective theories.

It follows, from the discussion in Sec. [3] that both theories satisfy the three assumptions
we required. Hence, in both cases, when considering the four-point function of a single
defect operator, no operators from the other component of the multiplets is exchanged.
Consequently, the four-point functions are universal up to NLO and hence the correlation
function of one theory can be directly mapped to that of the other.

This observation is particularly useful when bootstrapping the four-point functions in
N = 4 CSm. Indeed, imposing standard constraints such as crossing symmetry and con-
sistency conditions does not suffice to completely fix the correlator, essentially due to the
reduced supersymmetry that limits the problem. By contrast, once one notices the univer-
sal feature, one can bootstrap the full function up to NLO without resorting to the usual
ansatz-driven bootstrap procedure.

For concreteness, let us consider the displacement four-point function . We focus
on this case because the displacement operator is neutral under the R-symmetry in both
theories, which makes the identification particularly transparent. The discussion, however,
applies more generally to correlation functions of compatible operators, namely operators
with the same conformal dimension but transforming in different representations, e.g. the
tilt operators. In such cases, one must first choose an appropriate embedding in order to
place the correlators on the same footing as discussed in the next sections.
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In the presence of chiral and antichiral superdisplacement multiplets, the displacement
operators are naturally organized into complex combinations that make the U(1) symme-
try manifest. From this perspective, while the two displacement operators differ by their
Abelian charge, this distinction plays no role in the D x D OPE, which involves only neutral
combinations. With this in mind, we can now look at the four-point function that reads

_ _ 12 2 2
D(#,)D(#5)D(#3)D(t4)) Apsn _ (12Cana)” 14+ 2 £ eapiu 169 93 160
444 3
1234
16
—|—<6 — — 462" — 1625> log(1 — 2) + 22*(82 — 3) log(—z)> + O(Epm) | 5
Z

(4.2)

for the line in ABJM. For the line in N' =4 CSm (SCSm) theories the four-point function
will be, besides overall theory-specific constants, the very same expression

6Cscsm)? 72’
—( t4scti ) [1 + 24 + escsm(—16 — 2z — % — 22 — 162"
12034

—|—<6 - ?—1-6,24 — 1625) log(1 — z) + 22*(82 — 3) log(—z)) + O(e%csm)} :
(4.3)

(D(t1)D(t2)D(t3)D(t4)) scsm =

In [22] the same conclusion was reached by observing that certain N'= 4 CSm theories can
be obtained from ABJM through specific orbifold constructions. Here we strengthen this
result by showing that it indeed holds for all such 1/2 BPS line in o0sp(4|4) theories, that
also satisfy the three requirements outlined in Sec. [3]

Moreover, as discussed, we can also identify the perturbation parameter e7(C7). This
has been explicitly evaluated for ABJM in different ways [211, 26], giving

1

_— 4.4
472Cagin (4.4)

€EABIM —

where Capyu is superdisplacement and superprimary normalization. Also in NV = 4 CSm
theories the expansion parameter has been computed in [22] and, after matching the con-

ventions, one has
1

42 Cscsm
where now Cscsy, is the normalization of the superfield and superprimary of the 1/2 BPS
defect of N'= 4 CSm theories. For both of them we have, as anticipated

1
= 4.
67'(07‘) 471'207’ y ( 6)
where T can be seen either as 7 = ABJM or 7 = SCSm.

In this case, we have preformed the identification for the displacement operator, but a

€SCSm — (45)

similar analysis applies also for all the other four-point functions of defect operators in (4.1])
that have the same conformal dimension.
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4.2 The 1/2 BPS Wilson line in N =4 SYM

We now turn to another interesting case, namely the exploration of universality across defect
lines of different codimensions. In particular, we consider the 1/2 BPS Wilson line in ABJM
and in A/ = 4 SYM, building on the results obtained in [, 14, 18| 19, 21]. The Wilson line
in /=4 SYM preserves the bosonic subalgebra §0(2, 1)cont B $0(3)r0r B 50(5 E]

In this case, the dual holographic description is well understood, and much of the discus-
sion can indeed be supported by direct arguments from the bulk perspective. In this regard,
one can perform very similar considerations to those presented in Sec. [f] Here, however, we
restrict the discussion to a purely CFT-based analysis.

We begin by collecting the superdisplacement multiplets associated with the two 1/2
BPS lines.

Din ABIM B0 — Y — [319 — B
(4.7)
Din SYM 0 — [ — 21,

As previously introduced, the Dynkin labels in round and square brackets refer to the rep-
resentations of su(3)z and u(1);, for the Wilson line in ABJM, while they correspond to
50(5)r and 50(3) for the Wilson line in SYM[' Crucially, by studying the OPE relations
for the superdisplacement multiplet [I8, [19], one finds again that D ¢ D x D, so all the
required conditions are satisfied.

However, in contrast to the previous case, there is no straightforward identification be-
tween the two theories, even for the displacement operator. Being different codimensional
defects, the displacements transform under different rotation groups. To enable a meaningful
comparison, one must first rearrange the expressions.

We therefore make the SO(2) structure explicit by rewriting the displacements of the
line in ABJM as

D(t) (1) =

1 1 ) _ _~ ! —3 2
= OO +iD(1))  and D) = Z(D}(1) —iD*(1)),

such that Di(t) transforms in the fundamental of SO(2). The four-point function can thus
be expressed as

(D(t1)D(t2)D(t3)D(t4)) aBsm = —Zaukl i(t1)D! (to)D"(t3)D'(t4)) aBoM (4.8)

where 1,j,k,1 = 1,2 and ojju = 0. + dudjx — 00y, and the correlators on the right-hand
side can be written as

(D'(t1)D'(t2)D*(t3)D'(t4)) ABom = Ct%f;JM FM(z), (4.9)

9n [39] 50(2, 1)cont ® 51U(2)r0t @ usp(4)r. At the level of algebra this is equivalent given that, we recall,
usp(4) ~ s0(5) g and s1(2),01 >~ $50(3)rot
10See [39] for a detailed discussion of the representations.
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for some function FU(z). For convenience, here we have absorbed all the overall factors in

CaBIM-

Following the analysis in [§], it is convenient to reexpress (4.9)) in terms of the singlet
Fs(z), the symmetric traceless Frr(z), and the antisymmetric F4(z) contributions associated
with the two pairs of indices. This is done by taking the decomposition

FM(z) = 6955 Fg(z) + (0164 — 6167) Fa(2) + (0767 + 616% — 696 Fr(2).  (4.10)

Now we move to the four-point insertions in the 1/2 BPS N = 4 SYM line. The correlator
of the displacement, for this case, reads

i ; Cévmt ikl
(D¥(t,)D? (t5)DF(t5)D' (t4))sym = t;;élliGgo(g)(z) : (4.11)
where 4,75, k,l = 1,2,3 and all the overall constant and the superprimary normalization

Csy ar have been collected in Cgy . Also in this case Gggl(g)(z) can be decomposed in singlet
Gs(z), symmetric traceless Gr(z) and antisymmetric G4(z) contributions, thus leading to

Gl (2) = 0968 Gs(2) + (596" — 6" 67%)G a(2) + (6707 + 6"67F — 2/3676")Gr(2) . (4.12)

Crucially, in order to compare the two expressions we need to decompose (4.12)) into SO(2)
representations. This can be done by using the standard embedding of SO(2) into SO(3),
realized as rotations about the third axis. This leads to the expression

Gglg(g)(z) = 095 (Gg(2) + 1/3Gr(2)) + (896" — 8105)G 4 (2) + (656" + 65" — 696G (2),
(4.13)
which is precisely on the form of (4.10]), upon the identifications

Fs(z) = Gg(z2) +1/3Gr(z2), Fr(z) =Gr(z), and Fa(z)=Ga(z).

Based on the preliminary considerations, we expect universal features up to NLO, which
implies a matching between the two four-point functions F¥¥(z) = ngol(2)(z).

We can verify this by substituting (4.9) in (4.8) with the identification (4.13)), thus
obtaining

B N _C/QxBJM (0) (0) GEFO)(Z)
(D(t)D(12)D()D (1)) ot =22 [ (2) — 6 (=) + ST ELy
t12t34 3
G(l)
remne(G8) ~ () + CLEN) o] (g

This expression for the four-point of the displacement in the ABJM line is fully specified by
the functions obtained by the analysis for the line in SYM.

The last step is thus to explicitly evaluate the four-point functions with the results
obtained in [8, [14] and compare the outcome with the bootstrap result of [21].
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At leading order they read

(0) 2 ~(0) 0) Lo, X 0) L. X
GS(X):1+§GT<X)7 GT(X):§ X‘i‘m g GA(X):§ X—W )

and at the next-to-leading order they are found to be

GW(y) = 2 (24x® — 90x7 4 125x° — 76x° + 125x* — 306x* + 438x* — 288 + 72)
5T 9(x —1)*
4(4x5 — x® — 6y + 12
X
Axd (4x® — 21x5 + 45x* — 50x3 + 302 — 6 + 2)
+ 3(x— 17 log(x) , (4.15)
48x* — 198x* + 313x? — 230x + 115) x*
G (x) = - ( 60— 1)1 X (8x —5)x"log(1 — x)
8x% — 45x° + 105x* — 130x® + 90x2 — 30 + 10) x*
+ ( (= 1) ) log(x) , (4.16)
GV(y) = — (x — 2) (48x% —90x° + 91x* + 4x® — 17x* + 18x — 6) x
. 6(x —1)*
— (8" = 3x* +2) log(1 — x)
—2) (8x* — 27x% + 412 — 28y + 14)
Tt Mt X X x+14)x log(x) , (4.17)

(x —1)°
where we kept x = —%; for keeping the expression concise
By substituting explicitly these expressions in one obtains the displacement four-
point function . We can thus conclude, also in this case, that the 1/2 BPS line in SYM
has universal features.

We end this section with the explicit check that, through this analysis, we obtain not only
the NLO function but indeed also the full NLO contribution, including the correct expansion
parameter. From this perspective, let us consider the full expressions in the form of ,
where we explicitly take e as given in . These are

(DX (14)D7 (12) D (1)D (1)) s = A2 (RN )+ (o — ) F() + ). (4.18)

t%2t§4 47T20ABJM
, , C2 . 1 iy
7 7 k l — SYM ijkl ijkl
(D ()0 (12)0 1) () hsvas = 3233t (G(O) (2) + (—W OSYM>G<” (2) + ) (4.19)

For notational convenience, we use the subscript to denote the order of the expansion and
set Gkl (z) = Gggl(Q)(z). From the discussion above, we have the identifications
ijkl ijkl ijkl ijkl
F(é) (2) = G({)) (2) and F(f) (2) = G(]1) (2)-

HCompared to [8, [14] we have rescaled these function by a factor of 2 to have the discussion more
straightforward. See (4.20))
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In the case of N' = 4 SYM, the bremsstrahlung function at strong coupling is known,
[7,@). We can thus explicitly write the two-point constant Csyy in terms of the 't Hooft
coupling which is given by

VAsym

Csym = 2B(Asym) = 52

Accordingly, Eq. (4.19) can be written explicitly as

(D)0 (D (10D 1) = (22 (G ) +

ijkl
WSYMG (2)+ ).

which, when evaluated explicitly, matches the expressions in |8, [I4] which are written equiv-
alently in terms of szll;l(z), under the following redefinition:
ijkl
1 1 G’V (2 1 .
——G() = R ) (4.20)
2V syt VAsym 2 Asym

As argued at the end of Sec. [3], this reflects the fact that, through the identification of

the universal sectors, we are matching the entire NLO contribution rather than isolating

the expansion parameter er itself. The latter can always be rescaled by a constant, which
can then be absorbed into the definition of the NLO function, as illustrated in the example
above.

4.3 The 1/2 BPS line defects in N' = 2 gauge theories

We now turn to the case of 1/2 BPS Wilson lines in A/ = 2 gauge theories, investigated in
[20], where we examine the possible presence of universal sectors in the displacement super-
multiplet four-point functions. These theories are characterized by the preserved osp(4*|2)
subalgebra of the ambient su(2,2|2) superconformal algebra in 4d. Accordingly, the defect
operators are classified by the quantum numbers of the preserved bosonic subalgebra, namely
50(2, 1) cont, BSU(2) 101 D 5U(2)R.

Among the examples studied so far, this is the first case in which the third condition is
not satisfied, since the explicit analysis shows that D € D x D.

Nevertheless, as discussed in Sec. [3| one may still expect that some universal subsec-
tors can be identified if, by symmetry constraints, some of the three-point functions of the
individual components vanish. Indeed, it turns out that this is the case, leaving room for
universal structures to emerge.

As before, we begin by analyzing the displacement supermultiplets. To make the com-
parison clearer, we shall again draw a parallel with the 1/2 BPS Wilson line in NV = 4 SYM.

34



From [39], the displacement multiplets are specified by

Din SYM 0)%Y — 10— 12100
(4.21)
D in N = 2 theories [0] §0) — [1](

where, also in this case, the arrows represent the () actions and the Dynkin labels refer to
the corresponding preserved algebra. For the displacement in SYM this is the same as in
Sec. , while for the osp(4*|2) one, the only difference is on the R-charge Dynkin labels
associated with su(2)x.

Hence, we define the defect operators as

—

Vo, R D).

o

" =P, [

N|w

Given that the displacement enters on the three-point functions we cannot be generic on the
sector to study, but we have to identify the ones that do not mix. In particular, one may
notice that the three-point functions

(P(t)P(t2) 4(ts)) =

ts (4.22)
P(t1)P(ty)D'(t3)) = 4

23)

vanish at all orders. This constraints are given purely by symmetry preserving argument.
Thus, even if the superdisplacement appears in its OPE and its three-point is nonvanishing,

0,
0,

—~

one can still find some vanishing contributions by studying the three-point functions of the
components. In this case, a dual theory is not known, but the constraint would imply that,
in any Lagrangian description of the holographic dual, the fluctuations associated with P(t)
admit no cubic interactions with the duals to ¢(¢) and D(¢).

Although Z5-odd contributions may arise, as the three-point function of P is not gener-
ically zero, we shall not pursue their analysis here and will only comment on them at the
end. We thus set as a working hypothesis A\ppp = 0.

We now use the methodology developed up so far to obtain the contributions up to NLO
of the four-point function

C3 1 )
(P(t)P(2)P(t5)P(t2)) = 555 (FO(2) + (15 ) PO () + ) (4.24)
41 20 P

42 42
t12t34

where Cg is the two-point function normalization of the superdisplacent multiplet.

As in the previous case, we begin from the known expressions for the line in N’ = 4 SYM
and we deduce the result from them.

We start then from the superprimary four-point function of SYM, given by

Céyu ( bed 1
Ga C ( )Gabcd > ’
2,8, 0 ) ¥ g, ) 60T
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with a,b,c,d = 1, ..., 5 where now G‘(lg)c‘j(z) and G‘(llbfd(z) are the leading and next-to-leading
ijkl
order of Gy ;) (2) defined as

G858 (X) = Savdea Gs(x) + (6apFea— Saadhe) G a(X) + (OacOpa+Saadbe —2/5 danbea) Gr(X) - (4.25)

In the present case, Gs(z), Gr(z) and G4(z) are the singlet, symmetric traceless and anti-
symmetric contributions of G‘gg‘é)(z).
In order to extract the full trace, we define the projectoﬂ

1
7Dabcd - %(&zb(scd + 5ac5bd + 5ad5bc) .

By contracting with (4.25)), we just get
8
F(2) = Pabed G%%C(IE))(Z) =Gs(2) + gGT(Z)

and so (4.24)) can be simply rewritten explicitly as

2

PUOPIP)P(L)) = 5ot [68() + 56 + () (6900 + 5682) + -]
(4.26)

The expression (4.28)) makes manifest the relation between the Wilson line in N' = 2 gauge

theories and the one in SYM. This allows us to rely on the explicit evaluation of the cor-

responding functions of the line in SYM [8], [14] to compute the four-point function in the
present case. These are given by

X X
P =1+26P0 . =4+ 2] =t -2

for the leading order andE

G(l)(X) _ 2 (x* — 4>+ 9x* — 10y + 5) N X2 (2x* — 11x3 + 21x2 — 20x + 10) log(x)

5 5(x — 1) 5(x — 1)3

2 — 53 — 5y + 10
_ X TN T OXE log(1—x) ,
oX
2 2 4 2

1 X°2x* —=3x+3)  x*(x*—3x+3)

G0 = 5T T oy s M les(1 ). (4.27)

2 +5x° =3x+2)  X*OC -4 +6x—4) 3 2
+ 1 1) log(1
2(x —1)2 (x — 1)3 og(x) — (x” — x ) log( X)

for NLO. Again we have kept the expression in terms of y =

Gy () = xd

z
z—1

just for conciseness.

12The normalization can be either fixed so that it matches the GFF results or by group theory arguments,
e.g. Pijkléijékl =1 and so on.
13 Also in this case we have rescaled by a factor of 2; see footnote [11{ and the corresponding discussion.
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By the explicit evaluation, we conclude that the final expression for the superprimary
four-point correlation function up to leading order is

(P(t1)P(t2)P(t3)P(ts)) = tft [1 X (xﬁ e <47r210<1>> (_4<1<;>j>§< |
2¢%(2 — Ay + 9x2 — TX3 + 2¢Y)
Ty log(x)ﬂ

+

4
+(2 - N +2x? — 4x*) log(1 — x) +

which in terms of z simply red{"]

B 02 22 1 (1 —z4+ 22)2
(PPEIPUEIP() = 5t [1+7+ g+ (g ) (o
+ (% - % + 2= ) log(1 - 2) + (24 ;(jz_ 1_)372 +22) log(—2) )] -

(4.28)

Having the expression for the superprimary four-point function explicit, it is interesting
to perform then a direct comparison with the results obtained in [20]. Mapping to our
convention the NLO ansatz

2

1”00 = B 00 Tog00) + T e 00 og(1 =0 + @4 (),

the explicit bootstrap procedure allowed us to reach the expression

HY(x) —C2<1(;f BQXQ)Q + (CIX Fealx — 12(x + X7 2)) log(1 — x)—
x> 2T+ x (=7 + 2y
(o ey ) st

for two unfixed parameters ¢; and c;. Exploiting the analysis above, the universal sector
allows one to fix, by comparison,, the previously undetermined bootstrap parameters, leading
to ¢ = ¢ = —4. With this identification, the theory can be completely solved up to
NLO, as all conformal data become determined. For completeness, we report the anomalous
dimensions evaluated for these fixed values of the constants

OO =4 A~ A%
M =2-A - A%
Notice that, according to the argument above, this result holds universally for any line.

Moreover, the analysis shows that the coefficients ¢; and ¢y are theory independent, with
the only theory-specific input in the correlator being Cy. As in the case of the NV = 4

“Notice indeed that (4.24)) is braiding invariant g(z/(z — 1)) = g(2)
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CSm theories, the presence of unfixed parameters is simply a consequence of an insufficient
number of constraints being available or employed to fully constrain the bootstrap ansatz.

We recall, however, that we have set as an initial condition the superprimary three-point
function to vanish. The reason why consistency with the bootstrap result is nonetheless
obtained follows from the discussion at the end of Sec. 2.2l In the bootstrap procedure,
the four-point function was computed by perturbing the GFF data to NLO as in and
. As discussed, under certain circumstances, this procedure automatically decouples
all contributions arising from the Z-odd sector. Indeed, in this case min{A € GFF} = 2
in (2.21), and excluding Ap = 1 implicitly sets A\ppp = 0. Given that the three-point
function controls also all the Z;-odd OPEs; it follows that, effectively, the four-point function
considered in the bootstrap is restricted to the Zs-even contributions, in accordance with
what is shown. It is possible, however, that the three-point coefficient vanishes for other
reasons. We leave this, along with the study of these additional features of the correlator,
for future work.

4.4 The 1/2 BPS line in AdSs; x S3 x T*

We conclude this section with a brief analysis of the cases studied in |28, 29], focusing on the
comparison between the bootstrap and holographic results of [28] and the universal sector
analysis. In these setups, both the second and third assumptions of Sec. fail as one
finds D € D x D as well as the presence of a tilt supermultiplet 7, with D € 7 x T but
T ¢ D x D. The bootstrap analysis further shows that the displacement four-point function
matches precisely the structure in . For the remainder of this discussion, however, we
restrict our discussion to the simplified case where all three-point functions are set to zero,
which corresponds to a dual configuration with purely Ramond-Ramond (R-R) background
flux [28]. We note, however, that the full expression remains useful for further studies, as it
provides a representative example of its universality class. In particular, it can be applied to
other setups where universality arises, provided the operator content is consistent with that
of the present case.

By setting A\ppp = 0, the four-point function can be derived directly by exploiting univer-
sality as discussed in the previous examples. Concretely, we focus again on the displacement
four-point function and, analogously to the analysis of Sec. [4.3] we take the full trace of
in order to match the representation of the correlators.

We introduce then the projector

1
Pijr = E(@ﬂkz + 0ik0ja + 0iadk) -
By contracting with (4.11]), one obtains
ij 4
FV00 = Pigna Gy (0 = Gs(0) + 5Gr(x)
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where Gg(z) and G7(z) are those defined in (4.15) and (4.16]). The explicit evaluation gives

(1 — 2
FO(y) = —%(m — 36y + 25x2 + 10x3 + 25x* — 36x° + 12¢°)
8x* 2 3 4 5 6
_ WQ — 6x + 20x* — 30x° + 25x" — 11x° + 2x°) log(x)
8
- ;(2 —x — X"+ 2x%) log(1 — x), (4.29)

which is consistent with the bootstrap results, up to an overall normalization whose precise
expression cannot be predicted by symmetry considerations. In this perspective, the key
advantage of exploiting the universal sector is that it grants access to the complete NLO
structure, including the expansion parameter. This, in turn, enables a direct match with
the holographic analysis and allows us to extract the coupling dependence of the two-point
constant of the supermultiplet, related to the bremsstrahlung function. In this regard, we
consider the identity between the NLO defect CFT result obtained above and its holographic
counterpart,

1 1
(1) _ @
<47T2Cq>>f (X) gﬂ_fbulk(X) )
where féﬂk(x) denotes the result obtained in [28] from the holographic computation in the
case where only the R-R flux is turned on, g is the bulk coupling constant and fM () is
that in (4.29). By the explicit comparison one finds that

FO0) = 4£0.00)

thus leading to
Co=2.
i

5 Universality from the holographic description

As discussed, Wilson lines can be consistently studied within the framework of supersym-
metric defect CFT, treating the line as a defect in a given SCFTy. In this section, we briefly
comment on the holographic evidence supporting the analysis of the previous sections. The
discussion applies only to cases that admit a string realization of the Wilson line [3] [6].
However, within these setups, the relation between different types of Wilson loops becomes
more transparent and intuitive.

The discussion will largely follow the standard procedure outlined in [8,21]], while keeping
the reference to the specific theory as general as possible. For clarity, however, we focus on
line defects in 3d theories [40-45], although the analysis extends straightforwardly to other
codimensions, for instance in 4d theories [§], leading to analogous conclusions.
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In this perspective, we begin with the M-theory background AdS; x S7/Q, where Q
denotes a generic discrete quotient of S7, such as Q = Z;, [46-48] or Q = Z,, x Z, [49,[50]. As
known, the ten-dimensional type ITA description emerges by shrinking the M-theory circle,
which can be realized in practice by taking the limit k& — oco. For instance, in the standard
case one finds

S"/Zkoe — CP3.

More generally, we denote by M the resulting internal manifold obtained in the limit. The
corresponding type ITA background then takes the form AdS, x M specified by

ds* = R*(dsiqs, +4dsy,),

leaving implicit all quantities that are strictly dependent on the theories or fluxes that can be
present, assuming they do not change the following considerations. Employing the standard
description, we consider a Poincaré patch for the AdS, metric

dz? + dx'dz’
22

where, specialized to the Euclidean, we have x' = (2°, 2!, %) and z for the radial coordinate.
The bosonic contribution of the Polyakov action for the superstring reads

1 1 . .
S5 = 5T / d*ovVh b [5 (0u2' 0" + 0,20,2) + 4 Gofy Y MY N

where T is the effective tension, o = (¢, s) are the Euclidean worldsheet coordinates and we
have split the embedding AdS coordinates from the compact ones. The 1/2 BPS solution
which has the Wilson line as boundary condition is achieved by considering the solution
corresponding to the minimal AdS, surface specified by

z=35, r =t, =0,

with all other coordinates vanishing.
The insertion of operators in the line can now be mapped to the fluctuations of the

transverse coordinates. From the identification within the AdS/CFT dictionary [46], we
1
2
around the 1/2 BPS solution of AdS,; by considering a Nambu-Goto action for the string

have for bosons m? = A(A — 1) and for fermions m? = (A — 1)2. We can therefore expand

worldsheet. We define the AdS, transverse coordinates as X = \/Li(xl +iz?). These are free

to fluctuate, while the z and 2 are static. The AdS; metric can be casted as [8], 21]

,  (Hyxp)? 2dXdX

_2aafr 5.2
(11X 2

where the AdS, metric is



Compactly we can just write
d5124d54 = g;w<X, X>d0'ud0'1j .

This parametrization makes manifest the SU(1, 1) line conformal symmetry, and endows the
transverse directions X, X with a U(1);, charge. The contribution for the compact manifold
can be stated implicitly as

ds3 = gap(w, w)d"dw®

where {w} and {w} are generic parametrization of the metric of the compact manifold
gap(w, W) which can be, for example, CP3 for the ABJM case. These quantities are chosen
such that they preserves a subgroup of the isometries of M that match with the preserved
R-symmetry expected from the dual description. E The Nambu-Goto action can be written
compactly as

2 _
Sp = T/d2(7 det [(1 * %|X|2) AdS3 28,uXaVX

VIR padse y SO0y (@)
(1-ixp)™™ =X

AdS> —
%
fundamental string stretching from the center of AdS, to the boundary, located at z = 0,

where ¢ %0, and gy, (w, ) is the pullback of ge(w,w). This is interpreted as a
where the CFT; lives. By expanding in terms of the fluctuations one obtains various terms
which schematically are

Sg=T dZU\/ gAdS: <L2 + Lyx + Lay + Lox 2w + ) )

where Ly is the free term, and the other are the quartic interactions, [21]. If we focus on
the four-point function of the transverse fluctuations up to NLO, only the contribution from
Lyx is needed and explicitly it reads

_ 1 o
Lox = 2X[" + |XP (¢"8,X0,X) = 5 (9" 9,X0,X) (9" 9,X0,.X)

Crucially, Ly is structurally independent of the specifics of the compact manifold. There-
fore, the evaluation of the Witten diagrams for the four-point functions of the transverse
fluctuations X and X always yields the same result, as the only relevant contribution to the
connected part comes from L,x.

From the defect CFT perspective, this implies that the displacement insertions share
the same structural form irrespective of the bulk theory. Moreover, since supersymmetry
relates the four-point function of the displacement to those of the other operators in the
supermultiplet, the functional form of all such correlators is thereby constrained, up to

15For example, see chapter 5 of [21]
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NLO, and different correlation functions can be related as in the previous sections; see Sec.
41l

While the discussion above has been developed for defects in 3d theories, the same reason-
ing applies, modulo symmetry considerations, to different line defects in higher-dimensional
setups, such as the 1/2 BPS Wilson line in A/ = 4 SYM [8]. The main difference lies in
the tensorial structure of the transverse fluctuations z° related to the different embedding
of AdS, in AdSs, instead of AdS, as for the cases discussed above. However, the nature of
the L4, interaction, discussed in [8], will be qualitatively equivalent to that discussed here.
Therefore, the four-point interactions can be identified leading to an analysis analogous to
that presented in Sec. [4.2]

6 The 1/2 BPS line in N/ = 2 Chern-Simons-matter theo-
ries

We now apply the approach for the identification of universal sectors, developed in Secs.
and , to the study of 1/2 BPS superconformal lines in 3d N' = 2 theories. These cases
are relevant in the context of 1/2 BPS Wilson lines in A/ = 2 Chern-Simons-matter theories
[30, 45]. Moreover, since the preserved symmetry algebra in this case is a subalgebra of that
preserved by the 1/6 BPS Wilson line in ABJM [30], the two setups are closely related. In
fact, the identification of universal sectors can be exploited also to gain insights into the 1/6
BPS Wilson line at strong coupling. However, for the 1/6 BPS line one must also take into
account the additional defect supermultiplet, following an analysis similar to that outlined
in Sec. Bl

As already noted, once the universal sectors are identified, the entire discussion of con-
structing an ansatz and performing the bootstrap can be bypassed. We therefore begin by
defining the displacement supermultiplet, its four-point functions, and the corresponding
OPE rules. After that, once the appropriate (super)conformal block expansion has been
identified, the conformal data up to next-to-leading order can be extracted directly by pro-
jection, exploiting the orthogonality of the (super)blocks. Since the analysis proceeds in
close analogy with the more supersymmetric cases of 1/2 BPS lines, namely, those in ABJM
and N = 4 CSm theories |21} 22],we shall, for brevity, outline only the essential points.

6.1 Supermultiplet

The identification of the displacement supermultiplet builds from the observation that broken
generators of the bulk theory are related to local defects section by the Ward identity .
In this case the 1/2 BPS line breaks the superalgebra osp(2]4) thus preserving half of the
supercharges . For the broken ones, Q = —~Q, and Q = —i*(@Q_, one can associate
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the fermionic insertions
QW= [aw @), QW= [aw( @),

Associated to the broken orthogonal translations, P = P, + iP, and P = P, — iP,, one
instead defines the displacement operators

[P, W) z/dtW[D(t)], [P, W) :/dtW[D(t)].

By exploiting the preserved superalgebra, one can read out the charges thus obtaining the
displacement multiplet

2 2 2

Here, the operators are labeled by [jo]a, where A is the scaling dimension and j, is the
charge under the preserved Abelian R-symmetry, (A.9)). To refer to the entire multiplet, we

will also use the notation of [39], indicating whether the multiplet is long L (L) or short at

threshold A (A) with respect to @ (Q)). The arrow represents schematically the action of
the supercharge @, (A.7)), and explicitly this is given by

{Q. y=20, [Q.D]=0. (6.2)

Exploiting super-Jacobi identities, one obtains the one involving the action of @, which
would correspond to the opposite direction of the arrow in (6.1)). Explicitly these relations
are

[@,D] =0, {Q. }=0.

6.2 Superfield realization and correlation function in superspace

In order to study correlation functions of the displacement supermultiplet (6.1), we are
interested in providing a superfield realization of the superdisplacement. So, we first proceed
by introducing the superspace coordinates

y=t+600, y=t-—00, (6.3)
and, correspondingly, the covariant derivatives
D:ag+9_at, D:5§+eat,

such that Dy = 0 and Dy = 0. This allows us to introduce the component expansion of
generic (anti)chiral superfields obeying the conditions DD(y,#) = 0 and DD(y,0) = 0. In
our case, this simply reads

(y,0) = (y)+20D(y),

D
D(y,0) = (y)+20D(y).
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The coefficients have been consistently chosen by consistency with the supersymmetry action
(6.2). The two-point function is given by

Cp

(D(y1,01)D (52, 02)) = (12)25°

where we defined the chiral invariant distance

Expanding in terms of the superfield component we obtain

( (t1) (t2)) = ©

3
t12

(D()D(t)) = 2.
t1o

where C' = Cp and Cp = 3C /2 = 3Cp/2. The four-point function is defined as in . In
this case, chirality prevents the existence of nilpotent invariants |21, [51], while still allowing
for two inequivalent orderings of the insertions. This arises because, in one-dimensional
theories, operator insertions are intrinsically ordered along the line. Therefore, we consider

(D31, 0)D (i, 8Dl ) D3, 1) = 71375507 (2) (6.4
and 2
(D(y1, 01)D (52, 02)D(Fs, 05)D(ya, 0a)) = —Wa@gh(x)a (6.5)
where, f(Z) and h(X) are functions of the cross-ratios of the chiral distances
~(12)(34) ~(12)(43)
“mEr T m) o0

By expanding in the fermionic coordinates, one can read the bosonic part of these cross-
ratios, which are those introduced in (2.4), which we report here for clarity

_ tiglag _ tiotsa

t1atsn’ " tistos

By expanding (6.4) and (6.5) in the Grafmann variables one can match the correlators
of the superdisplacement components to the term of the expansion. For the superprimary
one simply has

AR ) @) ) ()= ). (6)

tiaths

( (t1) (t2) (t3) (ta)) =
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where t; < ty < t3 < t4. The displacement four-point function is instead related to the
superprimary by

(DD(D(E)D()) = BB (07(2) 52 p/(2) +227(2) - (1) +2'1(2) (68)

tipt3, 9
and, as expected, it has the shape of .

Crucially, in 1d, although the operator insertions are ordered, it is still possible to ex-
change the second and fourth insertions (or, equivalently, the first and third), a process
referred to as braiding. This is essentially related to a sequence of exchanging insertions, ap-
plying symmetrization, and finally using cyclicity after having identified the point at infinity,
see [14]. This allows one to relate different configurations, such as

( (L) (t2) (ts) (ta)) = ( (1) (ta) (t3) (t2)), (6.9)

thus leading to
(1=x)*2h(x) = x*2h(1 = x), (6.10)
where, in this case, A = 3/2.

6.3 OPEs and block expansions

In order to properly study the correlation function of the displacement multiplet we study
in the following the OPE. Due to the similarities with the more supersymmetric cases, the
1/2 BPS line in ABJM and N' = 4 CSm theories [21], [22], here we summarize concisely the
OPE of this case.

First of all, given the correlators and we can see that we have different OPEs
to take into account and those are the chiral-antichiral D x D and the chiral-chiral D x D. In
[30], the selection rules governing the 1/6 BPS defect in ABJM theory were systematically
derived. The analysis revealed that, in the chiral-antichiral OPE of su(1,1|1), the only
allowed contributions are those of the identity operator and long multiplets. Thus we have

LA[-3]

2

x AL[3]s ~ T+ LL[0]a. (6.11)

N

For the chiral-chiral OPE, one instead can constrain it by chirality. This simply gives

LA[-3]y x LA[-}]

~ LA[-3]3+ LL[—3]a .

3
2

So in the superprimary OPE the exchanged operators are

We thus see that, contrary to the previous case, these are not the full multiplets being ex-
changed, but rather only a single component from each supermultiplet. Having identified all
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the OPE of interest, we can now discuss the partial wave expansion. For the chiral-antichiral
case, long multiplets contribute through all allowed superdescendants. Accordingly, the four-
point correlator admits a decomposition in superconformal blocks. These are obtained by
acting with the Casimir of the preserved superconformal algebra on the four-point function

(A.15)). The expansions read
F(z) =14 anGalz),  h(x) =1+ baGa(x),

A>0 A>0

where the superblocks solving the differential equations are
Ga(2) = (=2)2 2 F (A, A 2A + 1; 2) Galx) = X2 2F1 (A, A 2A + 15 y). (6.12)

These relations can be rewritten in the CPW expansion just by projecting on the 1d confor-
mal blocks. This leads to expressions like

Gal2) = gal2) + ﬁm)gma |

The quadratic OPE coefficients are
an =X 1A s ba= A T A

where Tp is the exchanged operator of dimension A. One can further relate the different
OPE coefficients by applying parity to the three-point function [21I]. In the case of fermionic
external operators, this yields to

A, = (DN 4 (6.13)

A
thus leading to the relation
an = (—1)7T b, (6.14)

where Pr is the parity of the exchanged operator. For example, when considering the ex-
change of multiparticle operators of the form Ta—3y, = [ ., one finds that Pr = n.

This leads to a functional equivalence between the expressions for the correlators. Indeed,
the combination as,,Gs,(z) can be mapped to b3, ,G3.,(x) under z — . This happens
precisely because of the factor (—1)**" in the definition of the superblock Gsy,(2) (6.12),
that compensates the corresponding sign in the parity relation . Since this argument
relies only on parity, the property remains valid perturbatively [21].

While for the first case in the superblock expansion discussed above is sufficient for
all the relevant channels, for the second one we must also take into account the chiral-chiral

OPE. Indeed, given the expression and (6.10) we get the conformal block expansion

h(1=x) =bsgs(1—x)+ > _baga(l—x),

where the conformal blocks are given by the standard one-dimensional expression [37, [52]

galx) = x* o Fi (A, A 27 ).
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6.4 Universal sectors

We now turn to the conditions that characterize the presence of universal sectors. The
analysis of the explicit OPEs shows that the displacement multiplet is never exchanged,
so all the requirements discussed in Sec. [2| are satisfied. We therefore conclude that the
superprimary and the displacement sectors remain decoupled up to NLO. The identification
of the NLO four-point function then becomes straightforward, allowing us to bypass the
standard bootstrap procedure of stating and fixing an ansatz. This case is very similar to
that discussed in Sec. [4.1} The four-point function of the superprimary can be obtained
directly from that of the first superdescendant of the N' = 4 CSm Wilson line superprimary
[22]. This leads to

2

- - _ O 3 z 7 3
() (1) (1) (0)) =3 [1-2+en(-0+ 2 - S +95%+

—|—<5 — g —52° + 924> log(1 — 2) + (5 — 92)2° log(—z)> + O(e%)] :
(6.15)

The displacement four-point function again takes the same structural form as in (3.17)), and
explicitly it reads

3Cp/2)? 7z
( 4D{1) [1+Z4+€D<_16—22’—i—22’3—1624
tialsy 3

+<6 — §+6z4 - 162’5) log(1 — 2) + 22*(82 — 3) 10g(—z)> + O(e%)} .(6.16)

(D(t1)D(t2)D(t3)D(ts)) =

In this case, the overall coefficient is fixed explicitly by the analysis in Sec. [6.2] and the
expansion parameter is again linked to the two-point normalization as in (4.6 by

1

‘> = 47TQCD .

6.5 Extracting the conformal data

Exploiting the (super)block expansion and the knowledge of the leading and subleading
strong coupling four-point functions, we can now extract the conformal data.

6.5.1 Leading-order data

As discussed in Sec. [3|the exchanged operators at leading order are those of the multiparticle

]L:2 ]L:Q
n n

sates: | in the chiral-antichiral channels and | in the chiral-chiral one, all having
dimensions A = 3 + n. We can thus extract the leading-order data by exploiting the

orthogonal relation for the blocks and superblocks discussed in the Appendix [A.I] We
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thus get
40 2720/ (n+1)(n+ 2)T'(n + 6)
" I(n+1)
and the b\ are related to these just by the relation (6.14). In the case of the chiral-chiral
channel one finds

Lo 2R ()04 200 +5)
" [(n+2)
b® =0 n even. (6.18)

n

n odd, (6.17)

6.5.2 Next-to-leading-order data

We now turn to the next-to-leading order of the expansion, beginning with the chiral-chiral
channel. In this case, the anomalous dimensions are extracted from the logarithmic con-
tributions of the NLO term in the correlation function (6.15)). Explicitly, they are given
by

W= § L o) (6 -922)0an(2).

2mi

where we used the orthogonality relations defined in (A.19). By taking the residue one
obtains
7,(Ll) =—5—6n-—n2.

From this explicit expression we highlight a crucial feature revealed by the universal sector
procedure: the mild growth of the anomalous dimension with n. This behavior is in fact
a standard requirement imposed in the bootstrap approach when fixing the ansatz up to
NLO [14, 20-H22] 53]. In the present discussion, it represents a universal feature that is
automatically inherited in all the cases discussed. The growth of the anomalous dimension
with A is holographically related to the nature of the interaction: the more irrelevant the
interaction, the faster the growth [15],[16]. The fact that, within the universal sector, the same
scaling behavior is observed indicates that, up to NLO, the corresponding bulk interactions
are effectively equivalent.

By the explicit evaluation we find that, as expected, the next-to-leading OPE coefficients
are consistent with the derivative rule [15, 16} 54]

al) = 9,(aV~yW)y (6.19)

n

which explicitly reads

1
afl) = al® |11 = 3n + 40 (¥(n + 6) = ¥(n + ) — 2log2 + m)} 7

where ¥(z) =T"(2)/T(2).
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Exploiting the relation under the map z — x discussed in Sec. [6.3 and the braiding
relation (6.10]), one can obtain the anomalous dimensions for the operators exchanged in the
chiral-chiral channel. These are given by

1 [ dx (1-x)° 9

and the explicit evaluation leads to

yg) =—4—5n—n? n odd,
VS) =0 n even.

Also for this case we find agreement with the expression

biY = 9, (b¥1)

n n

and, explicitly, the OPE coefficients read

1
b = b0 -9 = 30+ YD (w(n +5) = w(n + 3) — 2log2 + n—+2ﬂ n odd,

b =0 n even.

7 The 1/3 BPS Wilson line in ABJM

We conclude with a brief discussion of the 1/3 BPS Wilson line in ABJM, leaving a complete
analysis for future work. Our main aim is to emphasize that the considerations above can
also be applied to the study of other four-point functions beyond the superdisplacement
correlator. An in-depth weak-coupling analysis of the explicit realization of these Wilson
lines, including the relevant multiplets and their properties, was carried out in [31].

Here, we focus on the strong-coupling regime, analyzed through the framework of uni-
versal sectors. In this case, the 1/3 BPS line preserves the bosonic subalgebra $0(2,1)cont ®
su(2)r ®u(l)y, ®u(1)?, see [31,39]. In terms of representations, they can be obtained by
decomposing the 1/2 BPS displacement multiplet of ABJM, yielding

—~
—

LAY - LA 1) & LA L)Y

N
[N

The first term corresponds to the 1/3 BPS displacement multiplet, while the second is a 1/3
BPS supermultiplet associated with the broken supercurrents. As discussed in [31], there
are actually two sets of supermultiplets associated with the broken supercurrents, referred
to as the tilt and tlit multiplets, which should be regarded as separate contributions with
different normalizations. For brevity, in the following we focus on just one of these.
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We notice from the outset that the subalgebra preserved is consistent with the one pre-
served by the 1/2 BPS line in 0sp(4]4) theories. The crucial difference is that, in this case,
we have further fundamental defect contributions coming from the additional breakings. In
terms of the components, the decomposition explicitly reads

F: [%} (%0’0) — F: [%](%0)
{ {

or: 2" » R: 1] @ o [P
{ { {
Y-y e Ui
{ {

D:[3]Y — D:[1

where the vertical lines stand for the action of the preserved supercharges corresponding
to the considered theory and, for notation convenience, we also included the corresponding
operators (a = 1,2,3 and r = 1,2). As in the order case, the four-point of the tilt and of
the displacement (anti)chiral multiplet will be specified by the top components’ four-point
functions of R (R) and I (IF) respectively.

We now investigate the presence of the universal sector in both the displacement and
tilt four-point functions. Focusing first on the displacement supermultiplet, one can verify
exploiting the same arguments of Sec. [3| that the displacement sector does not mix with
the tilt sector and, moreover, that the individual defect operators within the multiplet do
not mix among themselves. It follows that the corresponding four-point function exhibits
universal features. Furthermore, since the algebraic structure coincides with that of the 1/2
BPS line in osp(4[4), the analysis leads to the same expressions of [22].

We now turn to the analysis of the four-point function of the tilt supermultiplet, which
is determined by that of its superprimary

(B (1 )F (1) F (t)F (1)) = —T

t1at34

f(2), (7.1)

where C7 denotes the two-point normalization of the tilt supermultiplet, which is distinct
from that of the displacement multiplet. Nevertheless, if the theory is controlled by a single
perturbation parameter describing deviations from the GFF, one may still expect C to be
related to the two-point normalization of the displacement supermultiplet, as indeed is the
case [31]. The relevant selection rules follow from the same argument presented in Sec.

for (6.11]), thus leading to

LAY x AL[-1 ~ T+ LL[0)Y .

—~
NS
—
[N >
=

In this case we must consider the mixing also with the displacement sector. This can be
again studied by looking at mixed four-point functions of tilt and the superdisplacement
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insertions. In order to show that multiparticle operators do not enter one can look, for
example, at

(D(t1)D(t2)F(t3)F ()M = A AW ~ O(e), (7.2)

DD[DD]4=2""FF[DD] {2
and similarly at the other mixed contributions. At this level of discussion, one could in
principle introduce distinct expansion parameters, not merely related by overall factors but
characterizing different deviations from the GFF in the various sectors. For simplicity,
we assume that all these parameters are related, e.g. through additional multiplicative
factors, so that deviations in all sectors are treated on the same footing, thereby avoiding
configurations in which part of the correlators are expanded while others remain at the GFF
level.
We can thus identify the universal four-point function and extract the leading and next-
to-leading OPE data. In this case, the expansion up to NLO reads

(F (1) (t2)F (£3)F (t4)) = f; 1oz ﬁ (21423 2log(—2) - T2 2)

log(1 — z))} .
(7.3)

This is equivalent to the expansion for the superprimary of the 1/2 BPS Wilson line in
ABJM [21]. As in the previous case, the expansion is in terms of superblocks. However, as
mentioned above, given the similarity with the lines in N’ = 4 CSm theories, the supercasimir
equation will be essentially the one discussed in [22], so one can exploit the relations defined
therein. Therefore we consider the expansion

f(z) =14 eaGalz)  with  Ga(2) = (=2)* 21 (A, A, 2A + 2)

and, from ([7.3), we can extract the leading-order data, thus obtaining

S0 _ 27240 /1 (2 + n)D(n + 1)
" I'(n+32) '

As before, we characterize the supermultiplets contributions by n, i.e. the total number of
derivatives of the multiparticle operators [FF],, with the corresponding dimension given by
A =1+ n. The NLO order data can be obtained again from the log(—z) contribution of
(7.3). The anomalous dimensions read

) = -3 —3n —n?

and the OPE data at NLO are found to be

1
oD = | =820+ 90 (b0 + 1)~ v(n +§) ~ 2log2+ — 1],

consistently with the general expression ((6.19)).
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We end this discussion with a last analysis on the other four-point function that can be
studied which is
ez

t12t34

(F(t1)F (t2)F (t3)F (ts)) =

Up to NLO this is given by

h(x) -

2

(F(t1)F (t2)F (t3)F (1)) = t5;4 1_X+47TQC7'

(1-x)°

1og(1—x)>}

(7.4)
and it is related by the mapping z — x to the other four-point function . As discussed
in Sec. [0 these correlation functions admit two distinct channels. For the chiral-antichiral

(x— 1+x(3—x) log(x)—

expansion, the analysis is equivalent to the discussion presented above, whereas in the chiral-
chiral channel one must consider the OPHY|
LAY x LAY ~ LA + LAY + LL[1)Y.

1 3
2 2

=

One can see that the quantum numbers of LA[1]§°) are consistent with those of the dis-
placement supermultiplet hence, in principle, it could appear in the exchange. However, this
expansion must be related by an analogous relation of to the one where the second and
fourth insertions are swapped, i.e. braiding. Thus, consistency with and allows
one to exclude the superdisplacement in the possible exchanges. One can see this explicitly
by considering the expansion up to NLO

%
t14ta3

where, as discussed for (3.7]), we collected all the contributions controlled by the three-point
exchanges in (1 — ). If now one considers the braiding relation for (7.5)), one would

(F(t1)F (t2)F (t3)F (ta)) =

@@u—xy+ MW1—m+hmu_X0, (7.5)

47‘(’207’

obtain an extra term, related to h(l)(l — X), which is not present in ([7.4)), and thus leading
to the conclusion that this extra term must vanish.

More specifically, another way to verify that the superdisplacement components do not
contribute in this four-point function is by studying the three-point function of two tilt
superprimaries and one component of D (D). First of all, we can exclude the appearance of
V, given that

(F(t,)F(t2) V' (t3)) = 0,

by symmetry preserving argument. The other nontrivial three-point functions are given by

(Ft)F(t2)R(ts)),  (F(t)F(t2)D(s)) -

Requiring invariance under the Z, parity transformation ¢ — —t imposes a selection rule on
the parity of the third operator in the three-point function containing two fermions. This is

16See [22] for further details
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essentially what has been discussed in (/6.13]), which applied to the present case leads to the
expression

MrrT, = (1) A\ppr,

This constrains the three-point function to be nonvanishing only for parity-odd contributions,
as also observed in Sec. |§] Specializing to the cases To = R and Ta = D, which both have
even parity, this immediately implies the vanishing of the corresponding three-point function
coefficients, thus obtaining

Arrr = 0, Arrp = 0, Arry = 0.

By recalling that these three-point coefficients also control the associated mixed multiparticle
states, setting them to zero removes all such additional contributions, as discussed in Sec.
[3.2.2l We thus find consistency with the results obtained from the braiding and we can
conclude that the superdisplacement contributions are not exchanged.

It should be noted, however, that this discussion does not, in principle, exclude all super-
multiplets with the quantum numbers of LA[1]§O>. Potential contributions associated with
the composite operators of the tilt, encoded in h(® (1 — ) and A" (1 — ), could in principle
appear. Nevertheless, by arguments analogous to those discussed above, these contributions
are absent, as they correspond to parity-even sectors; see Sec. |§] and [21].

One can thus proceed to extract the conformal data. This analysis leads to results
equivalent to those obtained in the chiral-chiral channel for the superprimary of the 1/2
BPS Wilson line in ABJM [21].

Under similar considerations, this analysis could be extended to the study of all other
four-point functions involving displacement, tilt and tlit multiplets. We do not pursue this
here and simply note it as a possible direction for further study.
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A The osp(2|4) algebra and its 1/2 BPS subalgebra

We collect here details about our conventions, the symmetries of the the bulk /' = 2 theory
and the one preserved and broken by the 1/2 BPS Wilson lines, working in Euclidean space
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R3. Some results about the defect algebra were already obtained [30] for the 1/6 BPS Wilson
line in ABJM. In this case we fix our conventions and explicitly show how the breaking
pattern from the A/ =2 CSm theory occurs.

The three-dimensional A/ = 2 superconformal algebra is 0sp(2|4). Its bosonic subalgebra
consists of the three-dimensional conformal algebra so(1,4) and of the R-symmetry algebra
50(2)g. The conformal generators are the rotations M, the translations P*, the special
conformal transformations K* and the dilations D, with p, v = 0,1,2 and algebra given by

[MH*Y MP7] = §7HMYP — 677 MHP + 6PY MHT — §PH MY

[P*, M) = 6" PP — 67 PV,

(K", MYP] = 6" KP — 0" K",

[P*, K" = —26""D — 2M",

[D,P"] = Pt [D,K" = —K". (A1)

The R-symmetry generator is R;; = —R;;, with I, J = 1,2, and obey

as expected from s0(2). The fermionic generators @7, and S¢, with spinorial indices oo = =+,
satisfy

{Qra: Qus} = 2i617(v")ap Py
{57,585} = 2i61,(1")*" K.,
{Qra, ST} = 015 (") My, + 265D) + 265 Ry 5, (A.3)

with (7#),” being the Pauli matrices satisfying {y*,7"} = 20" and v = L (y#7" —4"y*) =
1etPAP.
The remaining commutation relations are

1 1
[Dlea] = 5@[&7 [D,S]a] = _551047
1 1
[M*, Qo] = —5(7’“’)56216, [M*, 517 = 5(7“”)?35?,
(K", Qra] = i(V”)aﬁslﬁy [P, 8] = —'(7”)(15@15
[R17, Qka) = 01k Qo — 07k Q1o [Rrs,S%] = 0155 — 05k ST, (A4)
where spinorial indexes are raised/lowered with ¢ and e,s, such that et~ = ¢, = 1.

Contrary to other more supersymmetric cases, e.g. |21, 22], the 1/2 BPS Wilson line, thus
breaking half of the supercharges, does not break the so(2) R-symmetry. First of all, in order
to meet the definitions of [39], we define the combinations

Q. = %(Qmiz@m), tgo %(S?iiS;‘),
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where, to avoid any confusion with spinorial indexes, we use an up-left index convention for
the particular combinations. In terms of *@Q, and *S® the anti-commutation relations above
now read

{iQom :FQﬂ} = 2i(/yu)aﬂp;u
+ Qo . «
{£5%,75%) = 2i(4")* K,,,
{FQu. TS} = (v")a" My, + 205D) F 265 R, (A.5)

where now we defined R = ¢ R;s such that
[RyiQa] :iiQaa [R’isa] :iisa

The insertion of a 1/2 BPS Wilson line breaks the osp(2[4) of the bulk theory down to
su(1,1]1). The su(1,1) generators are those of the one-dimensional conformal group, i.e.
{D,P = Py, K = Ky}, satisfying

[P,K]=-2D, [D,Pl=P, [D,K]=-K. (A.6)

As discussed, the R-symmetry s0(2) ~ u(1) is fully preserved. As in [22] we choose (v#),° =
(0%,0%,0%),° as a basis and therefore (y"),5 = (0!, —0%,il) and (v*)*® = (—c?,03,il).
From the anticommutation relations one can identify the preserved fermionic charges, which
are

Q = +Q+7 S= 7:+S_7 Q = _i_Q—a S _S+7 (A7)

which obey the anticommuation relations

{Q>Q}22P7 {S,S}:ZK,
{Q,S}=2(D - Jy),
{Q. 8} =2(D+Jo), (A.8)

with
Jo =R — 1M, (A.9)

generating the u(1);, obtained by combining the contributions of the preserved rotations
50(2),0t and the s0(2) R-symmetry. The mixed bosonic/fermionic commutation relations are

D.Ql=3Q  [D.Q=3@  ID.S|=-35 D5 =-35
[KaQ]:Sa [K,Q]:S, [P,S]:—Q, [P,S]Z—Q, (Al())
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and

RQI=Q  DIQ=-i5Q. Q= 5@,

RS|=S, M2 =itS,  [JyS] =38,

[R> Q] = _Qa [M127Q] = Z%Q? [‘]OaQ] = _%Qa
RS = -5,  [M23] = %5 o, 5] = -%5*, (A11)

finding complete agreement with the analysis in [30], where also the classification of rep-
resentations is reported. We then move to the identification of quadratic Casimir of the
algebra, which is given by

€= D~ J{K.P}+ 11S.Q1 + 11501~ 7. (A12)
When acting on highest weight states of the su(1,1]1) it has eigenvalue
cay, =A% =52, (A.13)

With the (anti)commutation relations in hand, we can define the differential action of the
preserved generators which is given by

1 1 -
P=-0, D=t~ 00-500;-A,

K = —t20, — t0 0y —t0 05 —2tA — 25060 ,
Q=09 —0,0:,  Q=035—00,,
S = (t + 00) 9p —t000, — 2(A — jo)0 ,
S = (t — 00) 05 —t000, — 2(A + jo)o ,
1

Jo == 5(—9 89 +§5§ +]0) 5
R = —00, 400y, (A.14)
where 0, = 6t7 Op = and similarly 95 = 55.

A.1 Blocks and superblocks

Superblocks are obtained by solving the supercasimir equations

(9172 - cA,O) < (yla 91) (y27 92) (y37 93) (?/4, 04)) (A15>

where the Casimir is defined as acting on the first and second insertion by

531,2 - Df - {KS7 P} + [Ssa Qs] [ Qs] ) (A16)
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where the operators are taken as the sum, e.g. Dy = Dy + Dy with D, acting on the i-th
insertion; see |22, B1]. Given that only chargeless long multiplets are exchanged in this
channel, the eigenvalue is cng = A% By expanding in the Grassmann variables, one can
identify the second-order differential equation

22— 1) (@FA(z) + zagFA(z)) — A2FA(2) (A.17)
which, neglecting the shadow contributions, is solved by the superblocks
Ga(2) = (=2)2 23Fy (A, A 2A + 15 2) . (A.18)

The orthogonality are given by the expressions

f[ %“<Z>G"(Z)G—m(z) = Onm; j{ D )01 = X) g1l = X) = B, (A19)

where we also included the relation for the conformal block used in [6.5 The densities are
w(z) = ﬁ and p(x) = —ﬁ and the integration contours wind counterclockwise around
z=0and y = 1.
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