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Abstract

Having been studied for a long time, simple and pure shear deformation models are well
known in elasticity. For small deformations, these two shear models differ only by a rigid
rotation. On the contrary, for large deformations, the two models do not differ only by a rigid
rotation. Therefore, in the latter situation, one cannot expect both models to fit the same con-
stitutive properties for a prescribed form of the stored energy function. The kinematic and
static differences between the two shear models, as well as their inadequacies for simulat-
ing experimental evidences, are discussed in this paper. To overcome these critical issues, a
study was developed, which led quite naturally to the definition of a new shear deformation
model, here called purely angular shear, based on the direct extension of the linearized pure
shear model. The new model, characterized by a simple and immediate physical meaning,
is particularly suitable for matching experimental tests.

Keywords Finite elasticity - Hyperelasticity - Shear deformation - Pure shear - Simple
shear - Purely angular shear - Compressible materials

Mathematics Subject Classification 74B20 - 74G75 - 74K10

1 Introduction

The concept of shear stress is a classic topic of elasticity, which appears to have been intro-
duced in 1713 by the French mathematician Parents [1, 2] and [3]. Later shear stress was
extensively developed by Coulomb for applications like beam bending and soil mechanics
[4]. His research on the shear strength of materials, originally for masonry and other brittle
materials, led to a fundamental understanding of how materials fail under stress, particularly
through sliding planes. Cauchy formalized the concept of shear stress as three components
of the stress tensor in 1822, laying the foundation for modern continuum mechanics [5-7]
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and [8]. This made it possible to analyze the mechanical behavior of solids to understand
how these deform under external actions that twist or slide them.

A general analysis for the finite shear deformations can be found in Boulanger and Hayes
[9] and references therein. Under arbitrary deformation, in [9], two main problems are
solved. The first is the determination of all pairs of material line elements which are un-
sheared. The second is the identification of the pairs of material line elements which exhibit
the maximum shear (see also [10]). Subsequently, the same authors produced numerous
contributions on the geometric aspects of shear deformations [11-17] and [18].

Response functions describing the constitutive behavior of materials subjected to shear
stresses have also been extensively studied. The most popular models are the simple shear
and the pure shear. Given his clear mechanical meaning in the linearized elasticity, Rivlin
(1948) [19] was the first to propose the strain formulation of the simple shear in the frame-
work of finite elasticity, considering a block of incompressible material. The simple shear
has since received much attention in the literature, because it has played a role as a ba-
sic pilot problem capable of illustrating some key features for the nonlinear theory, as the
presence of normal stresses in addition to shear stresses. Simple shear tests are not easy to
perform and consequently few experimental works are available (see the paper of Mooney
(1944) [20] and the more recent work of Brown (2006) [21]). This is because to maintain
a simple shear plane deformation, the corresponding two in-plane shear stress components,
but also all three normal stress components, must be applied to the sample. By inverting the
problem formulation,' it has been demonstrated that the (plane) pure shear stress state pro-
duces a deformation field that does not coincide with the simple shear deformation, but with
a simple shear deformation superimposed upon a triaxial stretch (see Moon and Truesdell
[23], Horgan and Murphy [24], Mihai and Goriely [25], Destrade, Murphy and Saccomandi
[26] and Thiel et al. [27]).

The pure shear model is technically accomplished by subjecting a sheet to axial extension
and evaluating the shear deformation with a reference system inclined at an angle of /4.
The first pure shear experiments on thin sheets of rubber-like material were performed by
Treloar (1944) [28]. Further experimental investigations have been carried out by Rivlin and
Saunders [29] and more recently by Sasso et al. [30]. For this model it can be observed that
the dimension orthogonal to the extension direction is preserved and this is not consistent
with what can be expected from a shear deformation. Furthermore (as will be shown below),
the pure shear model is not able to reproduce the linearized case.

In the case of small deformations, the simple shear can be considered as a pure shear
followed by a rigid rotation. When the deformations become large, the two shear models not
only do not differ by a rigid rotation, but they are really physically different. This is because
their application provides different deformation and stress fields (as will be shown below).

There are few studies in the literature regarding the comparison of the two shear models
under large deformations. For example, Segal [31], studying, from a continuum standpoint,
the deformation modes on structural evolution under severe plastic deformation, concluded
that all possible deformation states range from pure shear to simple shear. For the two shear
models, Morreira and Nunes [32], considering samples composed of silane modified poly-
mer, performed an extensive experimental campaign. Their results showed that the consti-
tutive law, giving the principal Cauchy stress as a function of the relative principal stretch,’

IThe stress formulation of the shear problem has been defined by Truesdell [22] as the "most illuminating
homogeneous static deformation".

2The data obtained satisfy the Baker-Ericksen inequality, which establishes that the greater principal stress
always occurs in the direction of the greater principal stretch [33].
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presents a divergence between simple and pure shear, which increases considerably for large
stretch values. Simple and pure shear deformation modes were studied by Pardis, Ebrahimi
and Kim [34], using finite element method. Considering plane samples of pure aluminum
deformed beyond the yield limit, they found that for these samples the deformation mode
is neither simple nor pure shear. Therefore, to evaluate the effective shear deformation, they
proposed to modify the simple shear model by means of additional increments of distortional
shear deformation such as to change suitable the geometry of the deformed sample.

This paper is devoted to the measure of shear deformation in finite elasticity and is orga-
nized as follows. After some reminders in Sect. 2 of the shear deformation in the linearized
theory, in Sect. 3 the simple and pure shear models are studied in detail, showing the kine-
matic and static differences. To avoid the difficulties encountered with these two models, the
purely angular shear model is presented in Sect. 4. The displacement field and deformation
tensors are determined. A Lagrangian analysis is then performed in order to formulate the
boundary value problem for a material cube. The Piola-Kirchhoff and Cauchy stress fields
were subsequently determined. Some applications are performed in Sect. 5. Section 6 closes
the paper by summarizing the results obtained.

2 Notation and Shear in Linearized Elasticity

Let us consider a hyperelastic body 3 composed of a homogeneous, isotropic and compress-
ible material. Reference is made to a Cartesian coordinate system {O, X, Y, Z} to identify
the body with the closure of a regular domain of the three-dimensional Euclidean space £.

The undeformed configuration B of the body is assumed as the reference configuration,
whereas the deformed configuration is given by the deformation f: B — V.3 As usual, de-
formation f is a smooth enough, injective and orientation-preserving vector field (in the
sense that det (Gradf) > 0). The deformation of a generic material point P can be expressed
by the well-known relationship

f(P)=s(P)+id(P), 1)
where id(P) and
s(P)=u(P)i+v(P)j+ w(P)k 2)

are the position and displacement vectors of the point P. In expression (2), the functions
u(P), v(P) and w(P) denote the scalar components of s(P), whereas i, j and k are the unit
vectors. The application of the material gradient operator Grad(-) to (1) gives

F=H+1I, 3

where F: B— Lint and H: B — Lin (*) are the deformation and displacement gradients,
respectively. The symbol I denotes the identity tensor. We assign the shape of a cube to the
body B (%)

B={X,Y,2)|]0<X<a,0<Y <a,0<Z<a},

where a is the length of the side.

3V is the vector space associated with £.
4Lin is the set of all (second order) tensors, whereas Lint is the subset of tensors with positive determinant.

SIn reality, because homogeneous deformations will be considered, the shape of the body is irrelevant.
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In the linearized elasticity, it is assumed that all nine (dimensionless) components of
the tensor H are very small quantities: |[H],-j| < 1 (with i, j = x,y and z). By applying
the theorem of additive decomposition to the above linearized displacement gradient H,
the skew-symmetric tensor of infinitesimal rigid rotation W and the symmetric tensor of
infinitesimal strain E are obtained (H=W + E)

0 —w, o

1 2
(W] = [5 (H- HT)} =l . 0 -—o /|, )
—w, W 0
{ . gV 3V
[E]= |:§ (H+H )] = ?VW 18.»' 2Vyz | ®)
Va2 3Vyz &z
where
1 /0w Odv 1 /0u ow 1 /0v Odu
Wy = — PR s a)v=— — - — ), W, = — ~ — 1> (6)
2\dy oz S 2\dz  ox 2\ox dy
ou ov Jw o)
=) & =—, &=—,
Tax Y ey YT oz
_8u+8v _8u+8w _3v+8w ®)
Yxy = dy ax Yxz = 9z 9y Vyz = 9z dy :

The components ; denote the infinitesimal rigid rotations, &; the infinitesimal normal
strains and y;; the infinitesimal shear strains, respectively.
The deformation of the simple shear (applied to the XY plane) is®

x=X+kY
y=Y , 9
=27

where k is a positive constant called the amount of shear.” These expressions indicate that
the displacement component u = x — X grows proportionally to the distance from the X
axis, which is measured by the Y variable. The other two displacement components, v and
w, are zero.

The displacement gradient computed for (9) has a single non-zero component: H,, =k,
and the rotation and strain tensors take the following forms:

0 1k 0 0 ik 0
Wl=| -3k 0 0|, [El=|3k 0 Of, (10)
0 0 O 0 0 O
where, since k is an infinitesimal quantity, tan y,, >~ y,, =k and w, = —%k. Considering a

cube with unit sides (@ = 1), the geometric meaning of these two transformations is illus-
trated in Fig. 1. In this figure, the first image displays the infinitesimal rigid rotation of the

6The variables (X, ¥, Z) indicate the coordinates of a generic material point P in the undeformed configu-
ration, while the triple (x, y, z) corresponds to the position of the same point in the deformed configuration.

7Obviously, similar definitions apply to the XZ and YZ planes.
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tan k= k

\ Ao

Fig.1 Simple shear in the linearized elasticity theory. Composition of an infinitesimal rigid rotation (a) with
a pure shear strain (b). Kinematics of simple shear(c)

unit plane element (understood as the base of the cube) and the second image shows the pure
shear strain® of the same plane element. Summing, the deformed configuration generated
by the simple shear is obtained (cf. Fig. 1c). It is important to note that this superposition
holds if and only if the constant k is very small.

Note that, since all the angles involved in Fig. 1 are very small, point A moves to A’, or-
thogonally to the Y axis. The shear strain y,, measures the variation of the initial right angle:
Yay = & — 67 (expressed in radians), where 6/ is the final angle formed by the two linear
sides (initially parallel to the reference axes X and Y) after the deformation (cf. Fig. 1b).
The shear strain y,, is positive when, due to deformation, the angle between the X and Y
axes decreases.

The in-plane principal strains of the strain tensor (10), are opposite, £, = —&; = %k,
and the out-of-plane principal strain is zero, 3 = 0. Therefore, both pure and simple shear
strains do not produce variations in area and volume’

da' —da = (g1 +&)da=0, dv' —dv= (e, +& +&3)dv=0. (11)

By substituting the strain tensor (10), into the linear Navier constitutive law: T =2uE +
A1, where p and A are the Lamé constants and, for the case considered, ¥ = trE = 0 (i.e.
absence of volume variation), the shear stress tensor is immediately evaluated

0 wk O
[Tl=|uk 0 O0]. (12)
0 0 0

This tensor, with only the T,, and T, components non-zero, represents a state of pure shear
stress. Therefore, a state of pure shear stress corresponds to a state of pure shear strain and
vice versa. In general, this property is not verified in finite elasticity.

@ Springer



12 Page6of 27 F.O. Falope et al.

Fig.2 Shear deformation
component yyy in the local
reference system {P,, &, n, ¢}

3 Simple Shear and Pure Shear Models in Finite Elasticity. Kinematic
and Static Considerations

Always remaining in the context of homogeneous deformations, below the assumption of
small deformations is removed and the definition of the large shear deformation component
Yxy is recalled. To evaluate y,, in finite elasticity, consider two elementary fibers oriented
along the X and Y axes as shown in Fig. 2 (see, e.g., [9])

(P— Py)=dXi, (Q—- Py =dYj. (13)
The deformed images of these two fibers, namely
(P'— Py)=dXFi, (Q — Py)=dYFj, (14)

subtend the angle 6/ defined by

cosff — (P'=Py) - (Q' = Py)

= . 15
(P = Pyl I(Q = Po)] (15

By introducing the (symmetric and positive definite) right Cauchy-Green tensor, C = FTF,
together with the Green-St. Venant tensor, 2E = C — I, which takes into account only the
pure deformation, and noting that cos 6/ = cos (% - yx,,) = siny,,, the previous expression
(15) can be rewritten as

2E

xy . 16
VI+2E,,/T+2E,, (16

Sin yyy =

It is useful to rewrite the Green-St. Venant tensor in terms of the displacement gradient
H, namely

E=_(H+H'+HH). (17)

| =

It is then evident that the tensor E is composed of a linear part, 5 (H + H"), formally similar
to the strain tensor of linearized theory (5) and a quadratic part, %HTH, which characterizes
the nonlinear kinematic effects.'® Since the linearization of the Green-St. Venant tensor

8Historically, the term pure has been used as a synonym for irrotational.
9The apex (-)’ denotes the corresponding quantity in the deformed configuration.

10Note how in the exact theory of deformation, the Green-St. Venant tensor E has terms, in the components
of H, of degree no higher than the second.
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provides the linear strain tensor, this tensor is suitable to describe the large/small transition
that the shear deformation component y,, undergoes when passing from the nonlinear to
linearized elasticity. For this reason, to denote the Green-St. Venant tensor we use the same
symbol E as the strain tensor (5).

The constitutive properties of a hyperelastic material are described by the stored energy
function w. If the function w is frame-indifferent, homogeneous and isotropic, then it de-
pends only on the principal invariants /;, with i = 1, 2 and 3, of the Cauchy-Green strain
tensors. With these assumptions, the constitutive law (Tg = dw/0dF) takes the following
form:

Te=2(22 4 1,22\ p_222gp 127, 22p 1
R= (8_11+13_12> BT + 38_13 ) (18)
where the tensor Tk denotes the (first) Piola-Kirchhoff stress tensor. In the above expres-
sion, B = FFT is the left Cauchy-Green strain tensor and BF = FC. Piola-Kirchhoff stresses
are the Lagrangian stresses (to be understood as nominal), while the corresponding Eulerian
stress measure is that of Cauchy, namely the corresponding stresses in the deformed con-
figuration (to be understood as true). The Cauchy stress tensor T can be obtained from the
Piola-Kirchhoff stress tensor T through the following well-known transformation:

Tz =TF*, (19)
where F* = (detF)FT is the cofactor of the tensor F.!!

3.1 Simple Shear Model

Presumably, the deformation in the linearized elasticity known as simple shear and illus-
trated by Fig. 1c induced initially Rivlin [19] to adopt the displacement field form (9) to
describe the simple shear also in finite elasticity. In this context, the simple shear has been
discussed and analyzed since Truesdell and Noll [33], Green and Zerna [35], Ogden [36]
and Gurtin, Fried and Anand [37]. However, this extension fout court to the nonlinear case
has raised doubts and shown substantial differences with the linear case. For example, Rivlin
[19] himself highlighted that, unlike the linear case, to maintain the simple shear deforma-
tion it is now necessary to apply (in-plane and out-of-plane) normal stresses in addition to
the shear stresses.

With the parameter k& assumed not to be small, from (9) the following deformation gra-
dient is obtained:

(20)

- o O

1 k
[F]=]0 1
0 0

Through its definition, from the above tensor F, the right Cauchy-Green tensor C can be
determined. The eigenvalues of the tensor C are

Af:%%—%m
PESETY Wy = @n
=1

UThe tensor F is invertible by its definition.
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which coincide with the squares of the principal stretches. From the first two expressions
we get: A%k% = 1, and furthermore: A1, = 1, being the stretches strictly positive. This last
relation shows that in the simple shear the in-plane stretches are reciprocal, A; = 1/X,. From
these considerations about the stretches, it follows that, similarly to the linear case (cf. (11)),
the simple shear in finite elasticity is an area and volume preserving deformation

da' =da |F'k

=da, dv' = dv (detF) = dv. (22)

This is a strong limitation for the simple shear model because it can only be applied to the
class of incompressible materials.
We continue to examine kinematic aspects by computing the Green-St. Venant tensor
1 0 k O
[El==|k k* 0]. (23)
2o 0 o0
In linearized elasticity, the strain tensor (10), contains only two shear strain components,
E.\ =E, = %k, due exclusively to an angular deformation. In the Green-St. Venant tensor
(23) the same components appear (now with large k), but in addition the quadratic com-
ponent E,, = 1 (24)” = 1x2 is present. This nonlinear term is due to an extensional defor-
mation. In fact, the material fibers, originally oriented along the Y axis, are inclined and
elongated. Thus, in finite elasticity, simple shear deformation produces combined angular
and extensional deformation effects. Moreover, the term E,, causes the loss of the pure
shear strain condition defined in the linearized elasticity through form of the strain tensor
(10),.
Using (23), formula (16) gives the sine of y,, for the simple shear model

k
NIy

The simple shear kinematics can be linearized by assuming that the constant & is an
infinitesimal quantity. Then, k? can be neglected, and (23) simplifies to (10),. Similarly,
(10); is retrieved by the decomposition F =1 4+ W + E. Furthermore, (24) reduces to:
Sin Yy 2 yyy =K.

For incompressible materials, Piola-Kirchhoff stress tensor cannot be evaluated with for-
mula (18), but the following constitutive equation must be used:

sinyy, = 24)

Tr=—pF T+2 aa)HaJ) F 28J)BF (25)
R=7P an, T oL oL

where the stored energy function @ depends only on the two principal invariants /; and I,
and p denotes the reactive pressure needed to satisfy the kinematical constraint of incom-
pressibility det F = 1. To apply (25) it is necessary to assign a specific shape to the function
@, calculate the tensors F~T and BF on the basis of the deformation gradient (20) and deter-
mine the invariants with the stretches (21): I} = I, = 3 + k*. The constant p is computed by
using boundary conditions.'? Once the Piola-Kirchhoff stress tensor has been obtained, the

1280me ambiguities in the formulation of the simple shear arising from the determination of the hydrostatic
pressure p were highlighted by Horgan [24].

@ Springer
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(@) (b)

I

Fig.3 Pure shear model of a plane rectangular sheet produced by the vertical extension of the clamped edges.
Identification of the central area (a). Deformation of two inclined linear elements (b)

Cauchy stress tensor can be evaluated using (19) and it takes the following form:

Ty To O
M=|Ty T, 0 |. (26)
0 0 T.

The comparison with the corresponding stress tensor (12) of the linear case shows that the
simple shear in finite elasticity generates, in addition to the two tangential components, also
of all three normal stress components.'*> These three diagonal component of T causes the
loss of the pure shear stress condition defined in the linearized elasticity through form of
the stress tensor (12). Destrade, Murphy and Saccomandi [26], to eliminate the three normal
components of T, suggest applying a state of triaxial extensions together with the simple
shear.

To maintain the displacement field (9) in a sample it is necessary to apply, in its de-
formed configuration, the five stress components of the tensor (26).'* 1t follows that, when
the amount of shear k is large, the simple shear deformation is extremely difficult to repli-
cate in the laboratory. This is the main reason why simple shear has little practical relevance,
despite its historical derivation and conceptual significance.

3.2 Pure Shear Model

Pure shear model is achieved in a sheet under uniaxial extension. Such a deformation is ob-
tained by stretching the sheet along the clamped edges, as shown in Fig. 3. Strictly speaking,
the deformation takes the form of a pure shear only in the central part of the sheet since the
lateral edges tend to curve and this effect propagates inwards to a certain extent [29, 36]
and [38]. The reference system shown in Fig. 3a is principal. The deformation gradient with
respect to it is

1 0 0
[FP]=]0 2, © (27)
0 0 2

3 The property of unequal normal stresses Txx 7# Tyy in simple shear is referred to as the Poynting effect
[25, 33] and [37].

14For a block of rubber subjected to simple shear, Rivlin [19] computed the normal and tangential surface
tractions to apply to the inclined faces.
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Unlike simple shear, for pure shear, area (being da’/da = X, # 1) and volume (being
dv'/dv = dA3 # 1) change. As a particular case, the pure shear model allows analyzing
incompressible deformations, in this case it is sufficient to assume: A3 = 1/A,. Figure 3b
illustrates how two linear elements, positioned along the axes of a reference system rotated
counterclockwise around the principal axis Z” by an angle of w/4, undergo, due to the
vertical extension, an angular distortion (as well as an elongation).

The deformation of the pure shear model, with respect to the rotated reference system
(cf. Fig. 3b), is

Xx=X+3X+Y)0a—1)
y=Y+3X+V0-1 . (28)
7=A3Z

This deformation provides the following deformation gradient: '3

%(1+x2) J0a=1 0
[Fl=| (-1 3(+1) 0 |. (29)
0 0 A

Even if generally it is not, for the pure shear, the tensor F is symmetric. Hence, from the polar
decomposition theorem, F = RU, rigid rotations are absent, i.e. R =1 (namely, the pure
shear deformation is irrotational), and the right stretch tensor coincides with the deformation
gradient, i.e. F=U.

From the deformation gradient (29), the Green-St. Venant tensor E is directly obtained

i %()é—l) %(Ag—l) 0
[E]=3 E(,\20—1) z(xzo—l) 1201 : (30)
2

Such a tensor contains the two shear strain components, E,, = E,,, but also two in-plane
components, E,, = E,,, due to extensional deformations. In fact, the two material fibers,
originally oriented along the X axis and Y axis (cf. Fig. 3b), are rotated and elongated.
Therefore, also the pure shear model (as well as the simple shear model) produces combined
angular and extensional deformation effects. Moreover, the two terms E, and E,, cause the
loss of the pure shear strain condition defined in the linearized elasticity through the form of
the strain tensor (10),.

It is important to note that the Green-St. Venant tensor (30) is substantially different from
the corresponding tensor (23).'¢ This means that the pure deformations, generated by simple

15A1ternatively, by imposing a rigid counterclockwise rotation of 7 /4 around the Z” axis on the gradient
deformation (27), the same tensor (29) is obtained (F = QTF Q)

V22 V2 2

2 0|t o 0% -4 o0
Fl=| _¥2 ¥2 o||0 22 0[] 2 2 4=

2 2 0 0 a 2 2

o 0 1 slLo 0 1

Taa-1 Ta+a

F(lﬂz) %(kz—l)
0 0 A3

(=i
|

16The two tensors are evaluated for the same reference system.
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shear and pure shear models, are physically different. Consequently, in general, there is no
possibility of applying a rigid rotation to the pure shear to obtain the simple shear (as instead
happens in linearized elasticity).!”

Using (30), formula (16) gives the sine of y,, for the pure shear model

-1

2 . 31
B+l Gl

sin yy, =

The pure shear kinematics can be linearized by assuming: A, 2~ 1 4 &,, where the princi-
pal strain &, is a (dimensionless) infinitesimal quantity. Then, &3 can be neglected, and the
components of the tensor (30) reduces to: E,, >~ &,/2, By, >~ &,/2 and By, >~ &,/2 =y, /2.
Substantially, (31) becomes sin y,, 2 y,, = &,. A rather surprising result is thus obtained.
Once linearized, the pure shear model does not reproduce the corresponding case of lin-
earized elasticity, illustrated by Fig. 1b.

Using, (18), (19) and (29), the Cauchy stress tensor for pure shear model can be deter-
mined. It takes the following form:

Ty Ty O
Tl=] Ty Tu 0 |. (32)
0 T,.

As in the previous case of simple shear, also for the pure shear model, all three normal stress
components are present in the stress tensor T. Therefore, even for pure shear model, the
pure shear stress condition defined in the linearized elasticity through the form of the stress
tensor (12) is not verified.

The shear model of linearized elasticity as kinematic effect only considers the angular
variation of two orthogonal material fibers, measured by the shear strain y,, . Differently, in
the two shear models considered in this Section, the stress tensor T depends on the defor-
mation gradient F (and on other tensors related to it), which describes, in a coupled way,
the kinematic effects due to both angular variations and extensions of material fibres. This
coupling can create uncertainties in constitutive modeling and generate difficulties in exper-
imentally investigating the shear behavior of a material.

4 Purely Angular Shear in Finite Elasticity

As seen in the previous Sect. 3, the deformations provided by the simple and pure shear
models in finite elasticity are physically different. Therefore, their adoption can lead to the
formulation of constitutive laws or stored energy functions that do not provide the same
material response. In addition, always in Sect. 3, some inadequacies for both shear models
were highlighted, which effectively limit their application.

To overcome the critical issues, a new shear model is proposed below, which satisfies the
following two basic requirements:

i. the shear model is based only on the angular variation of linear elements and not on
their extension;

17Unfortunatcly, the contrary has been erroneously stated in many classical texts. For example, Treloar [38]
(on page 85) “A simple shear is thus equivalent to a pure shear together with a rotation”; Love [39] (on page
71) “So that the simple shear is equivalent to a pure shear followed by a rotation through an angle .
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12 Page 12 of 27 F.O. Falope et al.

Fig.4 Displacements in the XY Y
plane. Geometric details of an A B
angular shear deformation 02/2 .
A B
W o 2
) LA 1
o ] 0./2
. : 4
<y X
>
1

ii. the linearization of the shear model must reproduce the corresponding shear model of
the linearized elasticity.

The simple shear model of finite elasticity was conceived by Rivlin [19] on the basis of
the analogous linearized elasticity model assuming that the only deformation parameter of
this model, the amount of shear k, can be a finite quantity. More directly, one can refer to the
pure shear model in linearized elasticity and assume that the shear strain y,,, defined as the
variation of an initial right angle, can be large. With this assumption and the satisfaction of
the two previous requirements, a new shear model in finite elasticity can be defined, which
we will call purely angular shear.

Consider the cube with sides a and to illustrate the (plane) purely angular shear deforma-
tion, as previously done, refer to the cross section of the cube belonging to the XY plane.
Similar to the case shown by Fig. 1b, this cross section (and all the sections parallel to it)
is transformed into a rhombus (whose four sides are equal) by changing only the angle yx,,
now of large magnitude.'® Unlike pure shear strain treated in linearized elasticity, now the
base section area, height and volume of the cube change with deformation.

The geometric details of a purely angular shear deformation are shown in Fig. 4. Unlike
Fig. 1b, points A and C move in A’ and C’ along circular arcs with a radius equal to a. By
introducing the displacements 6; and §,, shown in Fig. 4, and the uniform displacement 5
along the Z axis, the displacement field is

u=LLx4v)8 - L2L(x-1)s
v=L2lx 18 +2Lx-1v)s . (33)

—Z
w—a83

The diagonals of the base section, AC and OB, remain orthogonal to each other after defor-
mation. They are therefore principal directions. Using the principal stretches A, A, and A3,
the displacements §;, 8, and 83 can be expressed as

Si=av20u—1), &=av2(1—»x) and 8 =a(;—1), (34)

I8However, due to the impenetrability of matter, the following inequalities must hold: —%n < Yxy < %
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and the displacement field (33) transformed into

u=-X+3h+r)X+30-2)Y
v=-Y+i - X+i+r)y . (35)

Looking, for example, at the triangle O A’G’ of the deformed base section, we have:
0G = a%)\], A'G =a 4)»2 and OA’ = a, and from them a useful relationship between
the stretches can be easily obtained

1
5 (AM+2a3) =1 (36)

By calculating the gradient of the displacement field (35) and using (3), the deformation
gradient is given by

OuFr) FGi—2) 0
[Fl=| 301 —2) 30u+2) 0 |. 37
0 0 A3

Since F is symmetric, then R =1 and F = U. The eigenvalues of the tensor U are the princi-
pal stretches A, A, and A3 already defined, as is easy to verify by solving the characteristic
equation of U.

Once the deformation gradient F is known, the Green-St. Venant tensor E can be deter-
mined

0 i-a) o0
[El=| 1 (A —23) 0 0 . (38)
0 0 13-

Since the extensions along the X and Y axes are not occurring, the normal components E,,
and E,,, unlike the simple and pure shear models (cf. (23) and (30)), are zero. Usually,
in finite elasticity, in-plane deformation can generate out-of-plane deformation.'® Thus, in-
evitably, the E;, component also appears in E.

For the purely angular shear model, the expression (16) of the shear deformation y,,
reduces to (E,, =E,, =0)

ox 3y Taxar " axar

ou av du ou dv dv Jw dw 1
[ ] (AM—=23). (39

1 'y = 2EXV = — e = —
SYe=Se =gy tax T 2
By linearizing (39), the terms in square brackets vanish and sin y,, = yx,, thus definition (8);
of the linearized elasticity is recovered.”’ Therefore, expression (39) can properly describe

1970 avoid out-of-plane deformation, an orthogonal normal stress can be applied, but this in turn modifies
the in-plane deformation.

20with the hypothesis of small deformations: A% ~ 1+ 2¢ and Ml 2g7, and being €] = —¢7 in the
linearized pure shear, formula (39) gives

SYxy =€1.
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(@) (b)

Fig.5 Purely angular shear tests. Diagonal compression test [40](a). Picture frame test [41] (b)

Fig.6 Displacements with
respect to the principal reference
system

av2/2

» X7

1 L
3ol av212

52 8.2,

av212 t av2/2——

the "large/small" transition that the shear deformation y,, makes when passing from the
nonlinear to the linearized elasticity.

For the purely angular shear model, the form of the Green-St. Venant tensor (38) is sim-
ilar to that used in linearized elasticity to define the pure shear strain condition (cf. (10),),
using only two components, Ey, =E,, = %yxy, different from zero. In the tensor (38), given
(39), the two non-zero off-diagonal components hold: E,, =E,, = % Sin Yy .

In some experimental analyses, so-called diagonal compression tests are envisaged.
These are mechanical tests in which a sample is confined by stiffened beams connected
at the ends by hinges, on which static forces are applied. As an example, Fig. 5a illustrates
a diagonal compression test apparatus. Picture frame tests are similar experiments for char-
acterize the material behavior of textile composites (see Fig. 5b).

The sample, in these tests, undergoes a deformation completely similar to that discussed
up to this point. Figure 6 shows the geometric details to evaluate the displacement field with
respect to the principal reference system, with origin in the centroid of the square and axes
oriented according to the diagonals. Compared to the principal system, the displacement
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field becomes

Y =Y +Yh . (40)

To derive (40), (34) has been used. Obviously, system (40) is equivalent to (35), because
it trivially describes the same transformation of the square into a thombus. As is known,
the representation of the displacement field in the principal system is the simplest, in par-
ticular the field is now decoupled, in the sense that u depends only on the variable X, etc.
Consequently, the right stretch tensor U? is diagonal®!

A 0 0
Url=|0 2 0. 1)
0 0 i

For the purely angular shear model, stretches A; and X, must be connected by relation
(36). In this it differs transversally from a usual biaxial stretching problem, where these
two stretches can be arbitrary.

Having discussed the kinematics of the angular shear model, we now move on to the
evaluation of stress tensors with reference to the coordinate system of Fig. 4 and the defor-
mation gradient (37). To use the constitutive law (18) it is necessary to previously evaluate
the principal invariants of the Cauchy-Green tensors,

I, =2+ 22,
L =233+ 223, (42)
Iy = A3A3A3,
and the tensors BF and F~T,

FOu 22—kl 30 =22+ Aik] O

BF = | L0y — i) 24+ hda] Tntan2—aial 0 | 43)
3
0 0 23
1 Fu4A)As =1 (M—2)A; 0
[F_T]ZAAA —20a—=M)A Oa+ri)As 0 |, (44)
1A2A3

0 0 AlA2

210bvi0usly, by imposing on tensor (37) a rigid counterclockwise rotation of 7 /4 around the Z axis, the
deformation gradient F = U?, relating to the displacement field (40), is found again. This transformation can
be represented as follows (UP = QTuQ):

2 £ o][foisr - 0][E -2 0
(U]=|_32 2 o||fu-2) Tai+a) o] 2 2

2 2 2 2

0 0 1 0 0 A3 0 0 1

The rigid translation of the reference system involves constants that are irrelevant in the computation of
the deformation.
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With (37), (42), (43) and (44), the constitutive law (18) provides the following Piola-
Kirchhoff stress tensor:

[Trl=| Tk, Tk, O |, (45)
0 0 Tg
where
Tro = (i +22) [0, + (A3 + Aida) w2 +ridad o,z ],
Tr,y, = (o1 —22) [@.1 4 (3] = Miha) 0 —AidaA w3 ],
Tg,, =2A3 [a),1 +2w,, +A%k§w,3 ] ,
with w; = 22, for i = 1,2 and 3. Since for the purely angular shear the tensors F, BF and

L
F~T are symmetric, then the Piola-Kirchhoff stress tensor Ty, is also symmetric.

Using a Lagrangian analysis, it is easy to formulate the boundary value problem for the
equilibrium of a cube subjected to a purely angular shear deformation. Being the deforma-
tion homogeneous, the stresses also do not vary. That is, these stresses are the same for
every internal point of the cube and for its boundary. In particular, the stresses at the bound-
ary can be interpreted as the external surface forces necessary to produce the displacement
field (35).

In the undeformed configuration, equilibrium conditions require the following vectorial
equation to be satisfied locally:

DivTz +b=o, (46)

where the symbol b denotes the body forces. The boundary conditions, to be added to the
previous field equation, are

tp = TRIl, (47)

where tp denotes the Piola-Kirchhoff stress vector and n the outward unit normal. For the
three faces of the cube with positive normal, (47) gives

TRx,r Tny 0
[tr]l=| Tr,, |, [trl=| Tk, |, [trklI=| O |, (48)
0 0 Tr

2z

for X=aand0<Y,Z<a,Y=aand0<X,Z<a,Z=aand 0<X,Y <a, respec-
tively. For the three faces with negative normal, there are values opposite to the previous
ones. By setting b = o, the three scalar differential equations given by (46) are automatically
satisfied, because Piola-Kirchhoff stresses are constant. Based on the boundary conditions
(48)1,2, the normal stress component T, and the tangential stress component Tg,, must be
applied to the edges to obtain the deformation shown in Fig. 4. The third boundary condi-
tion (48)s, relating to the two faces of the cube with normals parallel to the Z axis, can be
used to impose the traction-free conditions for these two faces: Tg , = 0, which provides an
expression to calculate the principal stretch A3

w,1 20,7 +1 303 0,3=0. (49)
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Using (37), (45) and (49), the formula (19) gives the Cauchy stress tensor

T Ty O
Tyy

[T] = T., 0], (50)
0 0
with
T = —— [0+ (222 + 1)) w +222303 0,5 ],
A1A2A3
1
Txy = AAors ()“% - )“%) [CL),] +)“§a)’2] :

It can be observed that, to produce the finite purely angular shear deformation (38), it is
always necessary to apply a equibiaxial normal stress T, in addition to the tangential stress
T,y .22 Therefore, unlike linearized elasticity, a state of pure shear deformation is not asso-
ciated with a state of pure shear stress.

Using the displacement field (40), obtained for the principal reference system, the tensors
(43) and (44) take the diagonal form, and formula (18) yields the principal Piola-Kirchhoff
stresses>

Ty, 0 O
[TZ]=| 0 T, O [, (51)
0 0 Ti,

with

ng“ =2 [a),l +2w,0 +Mw,0 =A@, FA3A 0,3 ] ,

T%zz = 2)\2 [a),1 +20),2 +A%w,2 —)»%a),z —I—)»%)»%a),x ] ,
TI,;B = 2)\.3 [a),l +20),2 +)»%)»%a),g ] .

Obviously, the tangential stress components are zero and the third component is equal to
Tg,, in (45).

With the boundary condition (49), the above principal Piola-Kirchhoff stress components
can be rewritten as follows:

TI;?H =2 ()‘% - )‘%) [a),2 +)»%a),3]
Th =2k (M=) [wa+r}ws] . 52)
Th, =0

22Unlike simple shear model, for the purely angular shear model, the Poynting effect disappears.

23By imposing a rigid clockwise rotation of /4 around the Z axis to the principal Piola-Kirchhoff stress
tensor (51), the stress tensor (45) is recovered (that is, Tg = QT‘Z QT).
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n’(-sind, cosb, 0)
m’(cosb, sind, 0)

n(0, 1, 0)
f

da

Fig. 7 Evaluation of normal and tangential Cauchy stress vector components along the upper face of the
deformed cube

By applying the transformation (19) to (52), the principal Cauchy stresses are obtained>*

Tlpl = Mlzks ( 3 %) [w’2+)”%w’3]
ng = )»1)»2)\2 ( %) [(,(),2 +)\«%CU,3] : (53)
T, =0

Once the stress tensor in the deformed configuration has been determined, the distribu-
tion of stresses present in the inclined faces of the deformed cube can be evaluated. The
geometric shape of the deformed cube is described by the Eulerian coordinates (x, y, z),
which are derived using (1) and the displacement field (35)

x=§<A1+A2)X+$(A1—A2)Y
y=5M—A)X+5A +2r)Y. (54)

Z:)\.gz

We refer to the upper face of the deformed cube, the trace of which is illustrated in Fig. 7,
since similar results are valid for the other three lateral faces. The unit vectors n’ and m’ of
Fig. 7 have the following components: n" = (—siné, cos@,0) and m’ = (cos 6, sin9, 0),
where 60 = %yxy, sinf = % (A1 — X2) and cosf = % (A1 4+ X2), and they are orthogonal to
each other, that is n’ - m’ = 0. With these unit vectors and the Cauchy stress tensor (50), the
normal and tangential Cauchy stress vector components are calculated”

ty=n'-Tn' = A t®,0) + 20043 (0,0 +0,3), (GR))

2010
A3

24For the Cauchy stresses (50) and (53), a relation of the type T = QT”QT holds
P 14 P 14
T + T2, T —Typ) O
P P P P
T =T T +T») 0
0 0 0

By introducing stress components (53) into this tensor, stress tensor (50) is found again.

[T]=

D= BI|—
B— BI|—

25By multiplying t,/ and t,/,,, by k3a2 it is immediate to obtain the normal force and the shear force acting
on the inclined faces.
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(-2

3

ty =m - Tn' = (0.1 +M50,2). (56)
Excluding the infinitesimal case shown in Fig. 1b, where y,, >~ O (0), for a generic expres-
sion of the stored energy function w, there are no plausible reasons to presume t,» = 0. That
is, in general, normal stress accompanies tangential stress.

In Appendix A, an application of the Mohr’s circle to the plane stresses obtained for the
purely angular shear model is reported.

In Appendix B, through the linearization of the principal formulae obtained in this Sec-
tion for the purely angular shear model, the classic results of the infinitesimal elasticity for
the pure shear are found.

5 Applications

In the previous Sections, the expression of the stored energy function w was kept completely
arbitrary. In the following, to be able to perform numerical applications, it is necessary to
assign the form of w. For it the compressible Mooney-Rivlin law is assumed?®-?’

w(11,12,13)2511+b[2+CI3—(&+2b+C)lnl3, (57)

where the constants a, b and c are strictly positive quantities. It is well known that the above
stored energy function, which depends on all three deformation invariants, describes prop-
erly the constitutive behavior of rubbers and rubber-like materials. From (57), the following
derivatives can be computed:

a+2b+c

7 (58)

CU,]ZC_I, ws2:b7 w,3=C—

ow

where w,; = 3rs
1

become

for i = 1, 2 and 3. With these three derivatives, the stress components (45)

Tr.. = (b +A2) (1 _ ﬁ)a n (Ag A — ﬁ) b+ (A1k2A§ - ﬁ) I E.

Tr, = (i — A2) (1 n ﬁ) a+ (xg e ﬁ) b+ (ﬁ — /\lxzxg) el

a+2b+c
a—+2b+ AiAsc

To evaluate the normal and tangential stresses acting on the deformed faces of the cube
we use (55) and (56), which for a compressible Mooney-Rivlin material take the following
form:

t—2 MA ! a4 [ Aha 4+ Aran2 2 b+ 2 ar2 ! (61)
1= —— Ja - ——)cl,
n " 1A2 *ha 1A2 1A2A3 Ao 1A2A3 Ao

20This function is polyconvex and satisfies the growth conditions: @ — oo as A — 0 or A — +o0. It was
used, for example, in [42—44] and [45].

2TFor an extensive discussion of the terms related to the volume change in the stored energy function see the
recent paper by M. Pelliciari et al. [46].

while condition (49) provides
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Fig.8 Principal stretches A; 3.
versus the shear angle yxy -4
,/12
2.r— A3
|
1.
\
—
0.
0 ’Zf %r
Yxy (rad)
AT =23
trm! = M (C_l + l% b) . (62)

3

Note that, by virtue of the normalization carried out on the shape of the energy (57), in the
absence of deformation, A; = A, = A3 = 1, all the stresses (59), (61) and (62) vanish.

For the constitutive parameters, the following values are assumed: a = 19.43, b = 7.25
and ¢ = 79.799 kPa, which have been estimated experimentally by the authors for specimens
performed using the silicone rubber Dragon Skin FX Pro and subjected to uniaxial tension
and compression, torsion and unequal biaxial loading [47] and [48].

Figure 8 shows the values of the principal stretches A; as a function of the shear angle
Yxy- The stretch A, occurs along the bisector of the square displayed in Fig. 4, or, similarly,
along the horizontal axis of the principal system drawn in Fig. 6. The stretch A; describes
a monotonically increasing extension with the shear angle y,,, which varies in the range
[0, 7 /2). This stretch, whose values belong to the interval [1, V2), grows more rapidly in
the first part of the plot and then reaches the (unrealistic) limit value /2, for which an
extreme deformation occurs (the area of the initial square ideally collapses into a segment of
length 2a).?® Orthogonal to A1, the in-plane stretch A, describes a monotonically increasing
contraction. This stretch belongs to the interval [1,0). As yy, increases, the deviation (in
absolute value) from the unit value is greater for A, than for A;.2° The out-of-plane stretch
A3 describes a monotonically increasing extension. This stretch starts with a unit value and
horizontal slope®® and grows weakly in the initial part of the graph and then rises sharply,
highlighting a strong transversal dilation of the cube for large values of y;,.>!

28This deformation requires unlimited energy.

29This is because the stretch Ay governs a transformation that reduces the initial segment of length a+/2 to
zero, while the stretch A describes the deformation that transforms the initial segment still of length a+/2 to
the final segment of length 2a.

301n linearized elasticity, no transverse deformation occurs, A3 =1 or &; =0.

3 Fig. 8, the intersection point A3 = A{ = A13, between the stretch curves A3 and A, can be obtained
using (36) and (60) and evaluating the only admissible root

B} 1 4a+8b +5¢
AB:J_C+/£i_i;)
2 c

For ¢ — oo the material becomes incompressible and above root expression becomes ij3 =

%(1+\/§).
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Fig.9 Cauchy stress vector 2
components normalized with e
respect to the linearised shear 1 o\ /4
modulus ppsp
0
=1 = ty/umr
~tom/ HMR
) .
n s
0 3 P

Yxy (rad)

Figure 9 shows the normal and tangential components of the Cauchy stress vector (55)
and (56), that is the stresses that arise on the inclined faces of the deformed cube as the
shear angle y., increases. These stresses are normalized with respect to the linearized shear
modulus of the Mooney-Rivlin material py g = 2(a + b) [42]. The tangential component
tym, which occurs in the same direction as y, (or, similarly, that does positive work for
Yxy), initially has a linear trend (as happens in the linearized theory) and then grows rapidly
when y,, becomes large, denoting a strong nonlinear behavior. Given the normalization, the
slope of the initial section of the curve is unity. The normal component t,/ is compressive, it
starts from zero with zero slope (as happens in linearized elasticity) and grows rapidly with
Yxy- BExcept in the initial part of the graph, the normal component t, is, in absolute value,
greater than the corresponding tangential component t,,, .

Figure 9 further highlights that, in finite elasticity, to generate a shear angle y,, it is
necessary to apply in the xy plane both shear and normal stresses.

6 Conclusions

In this paper the large shear deformation of hyperelastic, isotropic, compressible materials
has been investigated from a continuum mechanics standpoint.

The two most popular models, simple shear and pure shear models, not only do not differ
by a rigid rotation (as occurs in linearized elasticity), but are actually physically different.
The deformation field of the simple shear model (applied to the XY plane) has a similar
form to that of the linearized elasticity, with the only difference that the amount of shear k
is now assumed to be large. The resulting deformation preserves area and volume. There-
fore, simple shear model can only be used for incompressible materials. The corresponding
Green-St. Venant tensor, in addition to the shear components E,, = E,,, also contains the
normal component E,,, which shows how, due to the nonlinearities, also extensions of the
material fibers along Y arise.

Pure shear model is achieved by subjecting a sheet to uniaxial extension. The deformation
is measured with respect to a reference system rotated by 7 /4 with respect to the direction of
extension. The corresponding Green-St. Venant tensor, in addition to the shear components
E,, =E,,, also contains the normal components E,, = E,, and E_,, showing how in the pure
shear model also arise the extensions of the material fibers along three directions X, Y and
Z.

The pure shear condition, defined in linearized elasticity through the particular form of
the strain tensor, which has only the two shear components other than zero, is lost in the case
of simple shear when moving to finite elasticity. In fact, the Green-St. Venant tensor, which
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represents the extension of the strain tensor to finite elasticity, also has a normal component.
The same happens for pure shear model.

Two more drawbacks of the classic shear models can be highlighted. In practice, the sim-
ple shear model is difficult to use for experimental tests. In fact, to maintain the deformation
of this model, five stress fields must be applied to the sample. Once linearized, the pure
shear model does not reproduce the corresponding case of the linearized elasticity, because
the in-plane components E,, = E,, do not cancel.

In any case, the main difficulty encountered with the two classical shear models lies in
the fact that both generate kinematic effects due to angular distortions but also to extension
deformations. This coupling can create uncertainties in constitutive modeling and generate
difficulties in investigating the shear behavior of a material.

With the purpose of evaluating the shear response function for hyperelastic, isotropic and
compressible materials, the purely angular shear model has been proposed in this paper. As
conceived for the nonlinear extension of the simple shear, the pure shear of the linearized
elasticity has been generalized by supposing that the shear strains can become large. The
purely angular shear model is based only on the angular variation of linear elements and not
on their extension. The purely angular shear model applied to a cube transforms the base
cross section, for example belonging to the XY plane, into a rhombus (whose four sides are
equal) by changing only the angle y,,, now of large magnitude. Unlike linearized pure shear,
now the base cross section, height and volume of the cube change with deformation.

For the purely angular shear model, the displacement field, deformation gradient and
Green-St. Venant tensor for large shear deformation have been determined. In particular, un-
like the two classic nonlinear shear models, the Green-St. Venant tensor has a form similar
to the infinitesimal shear strain tensor, with the two shear components E,, =E,, = % Sin Yy
different from zero, and all the others equal to zero, with the exception of the normal com-
ponent E_, (which inevitably is different from zero because of the orthogonal deformation
to the XY plane).

By representing the purely angular shear model in the principal reference system, the
typical displacement field of some well-known experimental tests, for example the diagonal
compression test and the picture frame test, are obtained.

Using a Lagrangian analysis, the boundary value problem for the equilibrium of a cube
subjected to purely angular shear has been formulated. In this way, Piola-Kirchhoff and
Cauchy stress fields were evaluated. The determination of the stress fields highlighted that
to produce a finite angular shear deformation it is always necessary to apply an equibiaxial
normal stress Ty, =T, in addition to the tangential stress T,,. Therefore, unlike linearized
elasticity, a state of pure shear deformation is not associated with a state of pure shear stress.
The normal and tangential Cauchy stress vector components on the inclined faces of the
deformed cube have been calculated.

In the analyses, the stored energy function was never specified, so that the results obtained
are valid for any hyperelastic, isotropic and compressible material.

To perform numerical applications, the compressible Mooney-Rivlin law has been as-
signed to the stored energy function. Numerical solutions has been obtained for the three
principal stretches as of the shear angle y., € [0, /2) varies. Similarly, the normal and the
tangential components of the Cauchy stress vector, acting on the inclined faces of the de-
formed cube, have been computed. After the initial phase, this application has shown that
the normal component, in absolute value, becomes greater than the associated tangential
component.
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Fig. 10 Mohr’s circle related to Cauchy stresses

Appendix A: Mohr’s Circle of the Purely Angular Shear Stresses

In this Appendix A, an application of the Mohr’s circle to the plane principal stresses (53),
derived from the purely angular shear model, is performed. This geometric construction is
equivalent to placing oneself at the origin of the principal reference system in Fig. 6 and
evaluating the stress pair (t,, t,/,/) for each direction exiting from this point. Although no
constitutive prescription has been formalized in Sect. 4, we assume on a purely qualitative
level that: T}, > 0, T5, < O and |T},| >T,. Figure 10 shows the Mohr’s circle drawn starting
from (53). The two solid half-lines identify the directions along which the tangential stress
is maximum. These two directions are orthogonal to each other and form angles of 7 and
%7[ with respect to the principal axis x”. In absolute value, the maximum of the tangential
stresses is equal to the radius of the circle: Ty, = 1 (T}, — T5,). Along these two directions,
the tangential stresses are associated with the same normal stress, whose value is equal to
the abscissa of the center of the circle: T, , = % (T’l' L+ ng). The results relating to these two
directions coincide with those already obtained previously (cf. footnote 24 and (50)).

There are two directions, highlighted in Mohr’s circle with dotted half-lines, not orthog-
onal to each other, along which there is only tangential stress. They are identified by the two
angles ¢ and m — ¢. Each point of the Mohr’s circle has a one-to-one correspondence with
the stress values given by the following two expressions:

{ ty =T/, cos>a + T}, sin’ & 63)

. . b
tym = —T}, sina cosa + T5, sina cosa
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where « is the angle indicated on the left side of Fig. 10. Therefore, by imposing t,» = 0 and
using (36), (49), (53) and (63);, the following expression for the angle ¢ is obtained:

ino— (3 =) [wa+r30,:]
NG ) [0 3]

(64)

Then introducing the values of ¢ and w — ¢ into (63), we obtain the corresponding values
of the tangential stresses (i.e. the points of intersection of the two dotted half-lines with the
circle).

The normal direction to the inclined face of the first quadrant of Fig. 6 forms an angle
Vv=7+ % with the x” axis. The normal of the second quadrant forms the angle = —
Y. These two directions, highlighted in Mohr’s circle of Fig. 10 with dashed half-lines,
are not orthogonal to each other. The normal to the first quadrant is represented by the
following unit vector: n’ = (cos ¥, sinyr, 0), where cos ¥y = */75)»2 and sinyr = %Ekl. Using
(63), together with (36), (49) and (53), the normal and tangential stresses along this direction
can be evaluated (upper intersection point). Instead, for the normal of the second quadrant,
n’ = (—cos ¥, siny, 0), formulae (55) and (56) (bottom intersection point), derived in the
study of the case illustrated in Fig. 7, are obtained again.

Appendix B: Linearization of the Purely Angular Shear Model

Invoking the hypothesis of smallness of both the deformation and displacement fields, the
nonlinear mathematical formulation presented in the Sect. 4 for the purely angular shear
will be linearized, retrieving the classic results of linear theory. In particular, the angle
Yxy 1s supposed to be a very small quantity, so that its tangent can be confused with it
(ie.,tanyy, =y +o0 (yxy)).32 Therefore, with reference to Fig. 4, it follows that

V2
81 = 52 ~ QTVXy +o (yxy) s 53 ~o0 (yxy) . (65)

With these displacements, the principal stretches become??

1 1
)‘l:1+§yxy7 )»221—5%@«, A3 =1 (66)

Substituting (66) in (35), the displacement field for the purely angular shear reduces to

u= %yny
v=3yX (67)
w =0

coinciding with the displacement field of the linearized elasticity for the pure shear strain,
as represented in Fig. 1b. Being 1 (A} —A3) =~ y,,, the linearization of the Green-St.
Venant tensor (38) leads directly to the infinitesimal strain tensor (10),. This is impor-
tant for describing the deformation during the large/small transition. The relation (36),

32The Landau symbol was used.

331n the following, the infinitesimals of higher order will be omitted.
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being % (A% + A%) =~ 1, transforms into an identity, therefore, in linearized elasticity, it al-
ways results satisfied. The linearization of (39) also provides an identity (sin y, > yx, and
L33 =32) = ).

Using (66), the invariants (42) assume the following values:

11212:3, I;~1, (68)

showing how in linearized elasticity there are no variations in area and volume.

Using (66), the linearized forms of the tensors (37), (43) and (44) are obtained. Intro-
ducing these tensors, together with (68), into (45) the linearized expressions of the non-zero
components of the Piola-Kirchhoff stress tensor are computed

TRxx :TRzz :2(60,| +26(),2 +w73) (69)
Tny = Yiy (0,1 —w,3).

Condition (49), which prescribes zero stresses in the two faces of the cube with normals
parallel to the Z axis, simplifies in

w, +2w, +w,3=0. (70)
Given (70), the normal stresses (69), vanish and the shear stress (69), becomes
Tr,, =272y (@1 +0.2). (1)
The linearization of the Cauchy stress tensor (51) provides
T =0, Ty =2y (@,11w,2), (72)

showing, as is well known in linearized elasticity, that the two stress measures coincide.
For Mooney-Rivlin materials at small deformations, the shear modulus of elasticity is
Umr =2(a+ b) [42], and from (72) the classical form of linearized shear stress is obtained

Txy = MMR Vxy- (73)
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