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Abstract The analysis of critical conditions of
dynamic systems under combined parametric and
external excitations is a research field of theoretical
interest with important applications in several
branches of physics and engineering. Parametric
excitation occurs in the presence of time-varying
coefficients in the dynamic equilibrium equations, and
an extensive body of literature exists in the case of
time-periodic coefficients. Dynamic systems under the
effects of both parametric and external excitations are
worthy of great attention as well, since they represent a
rather common occurrence. This study is focused on
the development of a theoretical method of analysis of
general validity, however applied to rotor dynamics.
Parametrically excited rotors constitute a research
field in which theoretical developments are still
needed to fully understand problems of practical
relevance such as instability and resonant behaviour,
which can cause issues ranging from anomalous noise
and wear to catastrophic failures in several classes of
machines. The additional effect of unbalance (always
present in real rotors) causes external harmonic loads
acting on flexural deflection, which can affect the
dynamic responses of the machines in their
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stable operational fields. The aim of this study,
therefore, is the frequency analysis of dynamic
systems under the effects of both parametric and
external excitations in stable working conditions.
Basic models of distributed-parameter slender rotors
are considered to facilitate decoupling of the equations
of motion, and the analysis of steady-state responses,
including both cases in which natural frequencies are
independent of, and dependent on, angular speed, the
latter case due to gyroscopic effect. Steady-state
responses are studied by reducing the problem to the
analysis of non-homogeneous single-degree-of-free-
dom damped Mathieu-Hill equations. It is shown that,
even in the linear problem, a theoretically infinite
sequence of resonances is related to each modal
coordinate of the decoupled system, due to the
combination of parametric and external excitation
frequencies, and that, in the presence of parametric
excitation, flexural critical speeds can occur at lower
values than in the same, non-parametrically excited
rotors.

Keywords Parametric excitation - Non-
homogeneous Mathieu-Hill equation - Floquet
analysis - Stability - Rotor dynamics - Unbalance -
Frequency analysis - Resonance - Critical speed
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1 Introduction

The analysis of dynamic systems under combined
parametric and external excitations is a research field
of both theoretical and practical importance. Early
studies on forced oscillations of Mathieu-Hill equa-
tions [1] were motivated by experimental evidence in
electrical circuits [2], eventually leading to the math-
ematical derivation of the steady-state solution as
proposed by H. D’ Angelo in 1970 [3]. Other important
studies on time-varying coefficient differential sys-
tems dedicated marginal attention to this problem [4],
and the results obtained in [3], still reported in [5]
(even though not reproducing correctly the demon-
stration), were then partially forgotten. Several more
recent studies ignored the solution presented in [3], as
[6, 7], in some cases focusing on some specific
mathematical aspects of the problem, as for instance
the existence of periodic solutions for a forced Hill
equation [8, 9], the oscillatory nature of the solution of
a particular example of forced Mathieu equation [10],
or the existence of periodic and subharmonic solutions
of a non-homogeneous Hill equation [11]. While in
[12] some partial insights into the problem were
obtained by following a different approach, based on
an energy-rate method applied to detect the so-called
‘splitting curves’, consisting of periodic solution
curves embedded in stable or unstable regions of the
stability map, or Ince-Strutt diagram, of the Mathieu
equation [13].

As for applications, an extended body of literature
exists focused on stability analysis of parametrically
excited systems, also including external excitation. On
the other hand, frequency analysis of dynamic systems
under the effects of both parametric and external
excitations in stable working conditions, at least in
the mechanical engineering field, received less atten-
tion [6].

In this study, mainly theoretical, a frequency
domain analysis method based on the result derived
in [3] is proposed, with application to rotor dynamics,
i.e. to rotating machines under combined parametric
and external excitations.

The analysis of parametrically excited rotors is in
itself a research field in which developments in
theoretical investigations are still needed to fully
understand problems of practical relevance. Among
the most important applications, slender rotors loaded
by periodic axial end thrusts can be mentioned, with
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possible unstable flexural behaviour at excitation
amplitudes far below the static critical buckling load
[14-16]. High-speed and high-power-transmitting
rotors, commonly used in turbines and compressors
for power plant and aeronautical applications, slender
shafts and multi-bladed rotors in helicopters [17, 18],
as well as hydraulically actuated clutch systems in
automotive drivelines [19], represent other important
examples of rotor systems which can be affected by
issues caused by parametric excitation.

The main sources of parametric excitation in rotors
are either anisotropy in their rotating elements, with
excitation frequency proportional to angular speed
[20, 21], also including the effects of cracks [22, 23],
or oscillating components of external loads, as axial
end thrust and twisting moment, with excitation
frequency that can be independent with respect to
angular speed [24].

Several studies focused on stability analysis of
parametrically excited rotors, considering as causes of
instability: i) anisotropy in the rotating elements of the
machine [21], or in both its rotating and non-rotating
elements, including the effects of cracks (which in
horizontal rotating shafts may cause instability of the
system because of the periodic opening and closing of
the crack, a ‘breathing mechanism’ causing stiffness
variation and parametric excitation of the rotor
[23, 25, 26]); in these studies the adopted models
range from the Jeffcott rotor [27, 28] to 3D finite
element models [23, 29, 30,]; ii) oscillating compo-
nents of external loads, including lumped-parameter
models [31], and distributed-parameter models such as
axially loaded spinning Rayleigh beams [32],
Timoshenko beams [33], rotating flexible shafts driven
by oscillating applied torques [34], Timoshenko spin-
ning beams carrying rigid discs, loaded by axial end
thrusts and twisting moments [35, 36].

However, none of the above-mentioned studies
focused on frequency analysis of rotor systems in
stable working conditions, under the effects of both
parametric and external excitations (unbalance,
always present in real rotors). Even though unbalance
does not move the linear stability threshold due to
parametric excitation, since it yields non-homoge-
neous terms in the linearized equations of motion of a
rotor, nevertheless it may be highly influential on its
dynamic response.

In this study, unbalance effects in the asymptoti-
cally stable domain of a slender parametrically excited
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rotor are considered, a research topic which, to the best
of the authors’ knowledge, in the scientific literature
has not been investigated. Rotor unbalance causes an
additional harmonic load acting on flexural deflection,
influencing the frequency response together with the
parametric excitation. Basic models of distributed-
parameter slender rotors are considered, to facilitate
decoupling of the equations of motion, and the
analysis of steady-state responses, including both
cases in which natural frequencies are independent
of, and dependent on, angular speed (i.e., on the
external excitation frequency), the latter due to
gyroscopic effect.

The simplest model considered, able to study the
effects of angular speed independently of variations of
the natural frequencies, is a homogeneous Euler—
Bernoulli beam with circular section, rotating at
constant angular speed about its longitudinal axis on
isotropic supports, affected by unbalance and loaded
by an axial end thrust, assumed to have a harmonic
time-dependent component. It is also assumed that the
lateral displacement of the beam is so small that axial
motions are negligible, meaning that the axial excita-
tion frequency does not induce axial resonance. Shear
and gyroscopic effects are studied separately, to
facilitate decoupling of the equations of motion of
the parametrically excited rotor: first, by adding the
shear deformation term in the Euler—Bernoulli model
(Euler-Bernoulli model plus shear) [32]; second, by
adding the rotary inertia and the gyroscopic effect of
the beam to the translational inertia (Rayleigh model).

The steady-state response is analytically investi-
gated in the frequency domain after decoupling the
linear equations of motion, in exact (whenever possi-
ble) and approximate forms (to facilitate the analysis,
in the presence of both damping and gyroscopic
terms), yielding scalar non-homogeneous Mathieu-
Hill equations, either in real or complex coordinates,
cast in full dimensionless form to generalize the
results.

The analysis is aimed at showing how the presence
of non-homogeneous terms due to unbalance, together
with parametric excitation, can affect the frequency
response of the rotor, on combination external reso-
nances, and on the flexural critical speeds.

Section 2 presents a description of the above-
mentioned basic rotor models, Sect. 3 recalls the

mathematical expression of the steady-state response,
of general validity, Sect. 4 presents a series of general
remarks about the steady-state response, Sect. 5 shows
the results of the frequency response analysis and their
discussion, also compared with some partial results
found in the literature.

2 Model description and equations of motion

Three basic distributed-parameter models of a spin-
ning beam are considered: the Euler—Bernoulli model
(Sect. 2.1), the Euler—Bernoulli model plus shear
(Sect. 2.2), and the Rayleigh model, undamped
(Sect. 2.3) and damped (Sect. 2.4). The equations of
motion are decoupled either in exact or approximate
forms, working in both real and complex coordinates,
leading in all cases to single-degree-of-freedom non-
homogeneous Mathieu-Hill equations to facilitate the
analysis of steady-state responses, cast in full dimen-
sionless form to generalize the results.

2.1 Euler-Bernoulli model

The simplest rotor model here considered consists of a
homogeneous Euler—Bernoulli straight beam with
circular section, rotating at constant angular speed
about its longitudinal axis on isotropic supports at both
ends [21]. It is affected by unbalance and loaded by an
axial end thrust, time-dependent and harmonic, i.e.
N(t) = AN cos(wpyt), positive if tensile. A stationary
component in N is not considered, without loss of
generality in the present analysis. The equations of
motion can then be written in a non-rotating x, y, z
Cartesian coordinate system, in which x coincides with
the rotation axis of the shaft, as shown in Fig. 1,

Fig. 1 Schematic representation of the rotor under analysis
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adopting a notation in which dots indicate differenti-
ation with respect to time #, and roman numbers
indicate differentiation with respect to the spatial
variable x (in particular, the superscript ‘II” will denote
the second partial derivative with respect to x, and the
superscript ‘IV’ will denote the fourth partial deriva-
tive with respect to x):

pAV+EN"Y
{ pA Y+ EW" — AN cos (ont)w" = pA ol f,, (x,1)
fr(x,1) =ey(x)cos (wyt + @) — e (x)sin (wyt+ @)
{fw(x, 1) =ey(x)sin (wyt+ @) +e,(x) cos (wyt+ @)
(1)

where v and w are the displacements in the y and
z directions, respectively, p represents the density of
the shaft, A its cross-section area, I the planar moment
of inertia of the cross-section of the shaft, £ the
Young’s modulus, w; the angular speed, AN the
amplitude of the parametric excitation, wy its angular
frequency, e,(x) and e (x) are the mass eccentricity
distributions in the y and z directions, while ¢ is the
phase-lag  between parametric and external
excitations.

Separating the variables, assuming boundary con-
ditions making decoupling possible using Euler—
Bernoulli eigenfunctions (as simply supported ends),
and introducing an external damping distribution
(making decoupling possible as well, as discussed in
[35]), the problem can be reduced to the study of the
following scalar equation:

— AN cos (oyt)V" = pA ol f, (x,1)

[2 + a, cos(wnt) |, = e, cos(wyt + )
(2)

where 7, is the n™ modal coordinate, w, is the n'™
natural angular frequency, {, is the n'™ modal damping
ratio, a, is the n" modal parametric excitation
amplitude, e, is the n'™ modal unbalance amplitude
and v, is the n™ modal phase-lag. The analysis is
herein developed on basic dissipative models, as in
[35]. However, it would be possible to define equiv-
alent damping ratios [37], which may be included in
Eq. (2), even for more advanced damping models.
The modal parameters in Eq. (2) can be expressed
in integral form by applying a weighted residual
method [38] together with exact eigenfunctions:

i/in + 24'1(0"7;’71 +
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x)dx, m,,—pA/qS

_ AN o1 (x)
/ 2

en:fni: { /0 ley(x)d)”(x)dx] +

where m,, is the n™ modal mass and ¢, is the n™
eigenfunction. In the case of simply supported ends,
the well-known expressions of the modal parameters
are:

4
m, = pA, ky = EI(?)

o [, Sy

where k, is the n"™ modal stiffness. Defining a

dimensionless time t, two dimensionless frequencies,
a normalized amplitude of the parametric excitation
and a normalized modal coordinate as:

@y

N
T=w,t, o=— Q= y =7, —
w"l w"l (&) el’l

yields the following dimensionless form of the
damped Mathieu-Hill equation with external har-
monic forcing term:

dz’?on d’lon

s + [1 4 o, cos(Q1)]1g, = ®* cos(wt + ,)

(6)

Equation (6) allows the analysis of the modal
frequency response in terms of five dimensionless
governing parameters: normalized frequency of the
unbalance excitation ®, normalized frequency and
amplitude of the parametric excitation Q, ,,, damping
factor {,, and phase-lag y,,.

+ 2Cn

2.2 Euler-Bernoulli model plus shear effect

The shear effect is added to the model according to
[32], using a standard complex notation:

u=v+iw (7)

Consequently, the equilibrium equations Eq. (1)
can be rewritten in complex form as:
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pA i + EIu" — AN cos(wyt) u"
= pA w%][fv()@ 1) +ifi(x, )] =F (8)

A shear term is added to Eq. (8), yielding:
E
pA i + ETu" — Xplazln — AN cos(oyt) u" = F

©)

where G is the shear modulus and  is the shear factor,
representing the Euler—Bernoulli model plus shear,
which does not include any effect related to the
rotation of the shaft in the homogeneous part of the
equilibrium equation.

Assuming boundary conditions making decoupling
possible using Euler—Bernoulli eigenfunctions (as
simply supported ends), Eq. (9) can be written in the
form of Eq. (2) introducing also in this case a damping
term, with same modal stiffness, but with different
modal mass, which in the case of simply supported
ends is given by:

E /nm\2
my = pA+ yple (T) (10)

According to Eq. (10), due to shear effect, the
modal mass m,, is increased (with modal stiffness &,
unchanged), reducing the natural angular frequency
,,, the modal damping ratio {,,, the modal parametric
excitation amplitude a,, and the modal unbalance
amplitude e,,.

It is important to note that also in this case the
descending dimensionless Mathieu equation can be
written in the same form as Eq. (6). Therefore, even
though the modal mass m,, changes, and consequently
also the modal parameters (w,, {,,, a,, €,), the analysis
and results about the stable steady-state response of
the rotor given in dimensionless form are valid for
both the Euler—Bernoulli model and the Euler—
Bernoulli model plus shear, as it will be discussed
and clarified in Sect. 5.1.

2.3 Rayleigh model (gyroscopic effect),
undamped

Following the same approach as in Sect. 2.2, the
equilibrium equations Eq. (1) is rewritten using the
complex notation. Then the rotary inertia of the cross-
section and the gyroscopic effect can be added to the
model, yielding:

PA i — L i + i J, 0y i + ETu"™Y — AN cos(wyt) u' = F
(11)

where I,,, is the diametral (cross-section) mass moment
of inertia per unit length and J,, is the polar (cross-
section) mass moment of inertia per unit length of the
shaft (due to symmetry, J,, = 2[,). Equation (11)
represents the Rayleigh model for flexural oscillations
of a spinning shaft, including a parametric excitation
term [32].

Assuming boundary conditions making decoupling
possible using Euler-Bernoulli eigenfunctions (as
simply supported ends), Eq. (11) yields the following
modal equilibrium equation in complex coordinates:

G, — i (7,00) g, + [wﬁ +a, cos(cu;\;t)}q,1 = f—" = enaﬁ, PG
(12)

where g, is a complex modal coordinate, y, is the
modal parameter related to the gyroscopic term, and f,,
is the modal component of the external load. In the
case of simply supported ends the modal parameters in
Eq. (12) take the form:

nm\ 2 nm\4
my, = pA + I, (T) , ko =EI (T)

Jn /nm\2 AN /nm\ 2
B () e

m, \ [ m, \ 1

(13)

Note that y,, < 2, since J,, = 21, (},, is monotonic
increasing with n, tending to 2 as n tends to infinity).

The characteristic equation descending from
Eq. (12), setting AN = 0 (no parametric excitation),
yields a pair of complex, non-conjugate (imaginary)
roots:

S12 = i[;?an =4/ 0} +i(7’nwu)2] (14)

Another pair of complex, non-conjugate (imagi-
nary) roots descend from the adjoint problem (impos-
ing negative angular speed wy [39-41]), yielding the
two pair of complex conjugate (imaginary) forward (f)
and backward (b) roots (and related natural angular
frequencies):
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(15)

where w,,, represents the mean value between the
forward and backward natural angular frequencies:

‘ ng) * S(lb)‘ 2 1 2

The same result could also be obtained working
with real coordinates, as shown in the Appendix.

Note that the forward and backward natural angular
frequencies, as their mean value, depend on the
angular speed, and therefore on the excitation fre-
quency of the external load (unbalance), making the
analysis of the system’s response more difficult than in
the previous cases.

Note also that a forward (modal) critical speed
occurs only if y, < 1, since if y, — 1, the forward
critical speed tends to infinity. Hence 7, =1 is a
discriminant value, as it will be clarified with more
details in Sect. 5.2.

To facilitate analytical developments, it is now
convenient to reduce Eq. (12) to the simpler form of
the undamped Eq. (2). To this purpose, the following
coordinate transformation is adopted [42]:

gn = gne+%iy" wyt (17)
and introduced into the model with parametric exci-

tation (AN > 0), Eq. (12), yielding the modal equilib-
rium equation in the form:

&n T+ [a)ﬁm + a, cos(wn1)] gn = f—"e*%i’/'l out (18)

Dimensionless parameters are defined as those in
Eq. (5), with the only difference that w, is now
replaced by w,,,,:

T=Oyt, @

Note that w,,, depends on the angular speed wy
through Eq. (16), and so also the time scaling. Whilst
the angular speed w; is a theoretically unbounded
parameter, as well as its dimensionless representation
w in Eq. (5), this is not true for @ in Eq. (19). In fact,
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as oy —> o0, then @ — 2/y,, hence & < 2/y, is
bounded.

Equation (18) can then be rewritten in the follow-
ing full dimensionless form:

d217]0,, + [1 +d, COS(Q‘E)} fon = >2el (Ortti,)
dr® "

1

where the normalized modal coordinate given in
Eq. (19) is now complex, as the non-homogeneous
term. Equation (20) is a dimensionless form of the
undamped Mathieu equation with an external har-
monic forcing term. It reduces to the undamped
version of Eq. (6) by setting y, = 0 (no gyroscopic
effect, Euler—Bernoulli model).

Comparing Eq. (6) without damping with Eq. (20),
apart from the obvious difference given by adopting
different symbols to distinguish the normalization in
Eq. (19) from that in Eq. (5), the most important
difference is due to the gyroscopic term, producing a
frequency shift in the imaginary exponent on the right-
hand side of Eq. (20). This means that the forward
resonance of the non-parametrically excited system
(AN = 0) does not occur at m,,,,, as it would happen by
setting y, = 0 in Eq. (20). Actually, it occurs at a
larger value, given by the forward natural angular
frequency, Eq. (15):

(20)

1
Wpf = Oy + 5 @V (21)
which is a critical speed of the rotor. This resonance
occurs at the forward natural angular frequency since
the forcing term, due to unbalance, acts at a frequency
given by the (forward) angular speed wy.

2.4 Rayleigh model (gyroscopic effect), damped

The modal equilibrium equation in complex coordi-
nates Eq. (12) is rewritten including a modal damping
term, considering the realistic presence of a certain
amount of external (non-rotating) damping [35]:

2

G, + (20,0, — iy,00) 4, + [wﬁ + aycos(wyt)] gy = eay, (@ut+d,)

(22)

ei

where {, is the modal damping factor.
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Note that the characteristic equation descending
from Eq. (22), setting AN = 0 (no parametric excita-

tion), reads:
s* + (20,0, — iy,00) s + @2 =0 (23)

yielding two complex non-conjugate roots:

1
sip = —Cum, +i 2 In®U

1
+ l\/(l)%(l - é/121) + Z (yan)z + iCnVnwan
(24)

Under the realistic assumption of small damping
amounts, and hence setting Cﬁ =~ (), the two complex
non-conjugate roots in Eq. (24) can be rewritten as:

1 1v
Sio = —én(j)n<1 i_w> + i Wy <i1 _‘__W/n(/)l/)
’ Dppm 2 Wpm

~ vV, W Y,
Vnw:/n U: n <2

G T ()

= Re [5172] <0

(25)

which means that a separation occurs between forward
and backward eigenvalues also in their real parts, and
that the backward eigenvalue (minus signs) has a
smaller (in modulus) real part, tending to O as the
angular speed w, tends to infinity. Note that the ratio
Yy | Wy in Eq. (25) is monotonic increasing with
the angular speed, yielding a negative real part of s,
even at extremely high values of angular speed. If the
ratio y,wy / w,,, is sufficiently low, i.e. when the factor
v is sufficiently small, and considering low values
for the modal damping factor (,, then a further
simplification is possible in the expression of the two
complex non-conjugate roots in Eq. (24):

S12 =2 =L, +i (%ynwy + wnm) (26)

The roots in Eq. (26) have the same real part, and
imaginary parts which are the same as in Eq. (14).
This simplifying assumption underestimates external
damping in the forward eigenvalue; hence it is
conservative for amplitude estimation of forward
resonance peaks.

Considering the same simplifying assumptions
leading to Eq. (26), and applying the coordinate
transformation Eq. (17) to Eq. (22), gives the modal
equilibrium equation in the form:

g--n + 2an11gn + [w2 +a, COS(CL)Nt)] &n = fie*%i}x,, wyt

nm
my

(27)

which is the same as Eq. (18), plus a modal damping

term. Recalling Eqgs. (18) and (19), Eq. (27) can be

finally rewritten in dimensionless form, as Eq. (20):
dzﬁOn

s dilg, " AT s 2 ildpiy
W-l—%n e + [l-i—oc,,cos(Qr)]nOn = el ],

. 1 .
wf = l_i’yn w

where an equivalent damping ratio is defined:

b=t cp, (29)

1+1(,0)°

(28)

which depends on the gyroscopic parameter y,. The
gyroscopic effect tends to reduce the damping ratio in
Eq. (29), however, under the assumption of a small
factor y,,m, this correction may be negligible.

Equation (28), compared with Eq. (22), has the
simpler form of Eq. (6). Therefore, as Eq. (20), its use
is convenient to facilitate analytical developments.

However, for comparison with respect to the case
with no gyroscopic effect in terms of direct numerical
computation of the response, it is more convenient
casting Eq. (22) in dimensionless form by means of
the parameters defined in Eq. (5), which avoids the
difficulty given by the normalization in Eq. (19),
involving a parameter (w,,,) dependent on the angular
speed:

qun
dt

d*qo .
d’!,'zn + (ZSn - r})nw)

_n
e”

2 i(wt+i,)

ei(

+[14 o, c08(Q1)]gon =
qon
(30)

which is a differential equation with a complex
coefficient, where ¢, is a dimensionless complex
modal coordinate.

In conclusion of this Section, the model described
by Eq. (6) can be used for studying the steady-state
response of the unbalanced and parametrically excited
stable rotor without shear and gyroscopic effects, as
well as in the case of the Euler Bernoulli model plus
shear. On the other hand, Eq. (6) should be replaced
either by Eq. (20), undamped case, or by Egs. (28) and
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(30), damped case, for studying the effects of gyro-
scopic actions on the steady-state response of the rotor.

Equations (6), (20), (28) and (30) are modal
equilibrium equations in full dimensionless form.
Therefore, different boundary conditions would affect
the values of the modal parameters given in Eqgs. (4)
and (10), but not the steady-state solutions of the
above-mentioned modal equilibrium equations, in
terms of dimensionless parameters. This is true if the
equations of motion can be decoupled into modal
equilibrium equations (as for the models considered in
the present study), for which the knowledge of the
eigenfunctions (either in exact or approximate form) is
necessary. Reference [41] provides a complete list of
standard boundary conditions for a spinning beam
(including as particular cases all the models adopted in
the present study), with related eigenfunctions.

3 Steady-state response

The theory of non-homogeneous Mathieu-Hill equa-
tions [3] is recalled for writing the expression of the
steady-state solution of Egs. (6), (20) and (28).
Descending from an application of the Floquet-
Fourier-Hill method [43], the solutions of the homo-
geneous equations associated to Egs. (6), (20) and (28)
can be expressed as the product of an exponential
function (with an unknown exponential coefficient,
say A) by a periodic function represented by a
truncated Fourier series of (dimensionless) period T:

T =2n/Q (31)

This yields an algebraic quadratic eigenproblem,
where the eigenvalues A are called characteristic
exponents [4], which can be normalized according to:

A=A/Q (32)
and linked to the Floquet multipliers u [4] by the
following exponential relation:

AEEE)T _ AT _ ,iQT _ 2w _ 2n(dtiz) ze7

(33)

u= el

According to [3], the steady-state solution of the
non-homogeneous equation, Eq. (6), in its asymptot-
ically stable domain (say #g,;s), can be written in the
form:

@ Springer

w2+t
WOMS(T) € |:Chk<] (l(w + kQ) - Aj>:| (34>

hkeZ, g=h+k j=1,2

where Cjy; implicitly denotes a triple sum (with
indexes 4, k, j), while the eigenvalues A are linked to
the normalized characteristic exponents A and to the
Floquet multipliers u through Egs. (32) and (33).

Therefore, the steady-state modal response is a
linear combination of terms, each of them given by the
expression in round brackets reported in Eq. (34),
multiplied by a complex-amplitude coefficient,
including a factor due to the phase-lag v, (a frequency
independent, complex exponential factor with modu-
lus equal to unity). In the case of the model described
by Eq. (6), each coefficient is a function of four
governing parameters: normalized frequency and
normalized amplitude of the parametric excitation
(Q, o,,), damping factor ({,,), and phase-lag (i,,). It can
be shown that in this case Eq. (34) can be rewritten in
the following simpler form:

o0

7’](),,‘“(‘[) = Z Re [qui(aﬂrqﬂ)r]
ow(2) = 3 {Ageosi-+ 90)1] + B sl + )

(35)

where A, = Re(C,) and B, = -Im(C,) are real coeffi-
cients. As well as C, they also depend on the
unbalance excitation (w), other than on the other
governing parameters (Q, o, (, ¥,). Note that
Eq. (34) can be represented as a Fourier series only
if w and Q are commensurate.

The steady-state solution of the non-homogeneous
equation, Eq. (28), in its asymptotically stable domain,
can be written in the same form of Eqgs. (34) and (35),
considering the different normalization given in
Eq. (19), the presence of complex variables, and the
role of the modal gyroscopic term y,,, producing a shift
in the normalized frequency of the external load
(w — @f)

Note that in the undamped case, in general, an
additional term has to be added to the solution
expressed in Eq. (34), due to the solution of the
homogeneous equations [3]. Hence, the steady-state
response of the non-homogeneous system, Eq. (20),
can be studied in the form of Egs. (34) and (35) as a
limit case of Eq. (28), considering {, — O.
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Note also that the series in Eq. (34), as originally
derived in [3], is valid for multiple-degree-freedom
systems, it considers the possibility of having a
periodic parametric excitation (not necessarily given
by a single harmonic term), and it considers a single
harmonic term in the external excitation, however
showing that in the latter case the superposition
principle holds true.

When considering a parametric excitation term
expressed by a Fourier series, it is known that higher-
order harmonics can change significantly the results in
terms of stability analysis [9, 44, 45], therefore it is
expected that they also affect the system’s frequency
response in stable conditions. In the present study,
however, the analysis is focused on a single harmonic
term in the parametric excitation.

4 General remarks on the steady-state response

In this Section, the notation valid in the case with no
gyroscopic effect, Eq. (5), is adopted. However, most
results are valid also in the case with gyroscopic effect,
except for a few of them, explicitly highlighted,
needing further developments and comments, for
which the reader is referred to Sect. 5.3.

The steady-state response, Eq. (34) can be studied
according to the following 10 remarks:

1. Periodicity of the solution. The steady-state
response of the asymptotically stable system
given in Eq. (34) is periodic only if @ and Q are
commensurate, i.e. only if the ratio:

w Ly

ﬁ_w_N_R’ ReQ (36)
is a rational number, as it descends clearly from
Eq. (35). Note that the periodicity of the solu-
tion does not depend on the natural angular
frequency.

2. Maximum amplitude of the steady-state
response. If, for a given set of values of the
governing parameters (in the presence of damp-
ing), the solution is periodic, then it is always
possible to calculate its maximum amplitude
(the accuracy depending on truncation errors in
the Fourier series).

3. Diagram of maximum amplitudes of the steady-
state response. Since each given ratio @ / Q can

always be approximated by a rational number R,
the maximum amplitude defined in point 2 can
be represented as a function of @ / Q=R in a
diagram, as displayed below in Figs. 2, 3, 4, 5, 6,
7, 8,9, and 11 (maximum amplitudes A,,,x of
the steady-state response, normalized to get
unitary amplitude in the case of aq,=0 =
o, =0, ie. in the case with no parametric
excitation).

Differences between the diagram of maximum
amplitudes, and representation of the modulus
of frequency response functions of linear-time-
invariant systems. This becomes evident con-
sidering that at different values @ / Q = R, the
steady-state responses are characterized by
different periods (tending to infinity whenever
R approaches an irrational number), and by
different harmonic spectra, affecting the wave-
forms (in general not given by a simple
harmonic term). Therefore, additional informa-
tion for a better characterization of the steady-
state responses is provided by combining the
diagram of maximum amplitudes of periodic
waveforms, with the diagram of their RMS
values, as displayed in Figs. 7, 8 and 9.
Resonances in the case {,, — 0. For any fixed
value of Q, the values of w causing resonances
can be easily identified at least when {,, tends to
zero, i.e., when the real part of A; in Eq. (34)
tends to zero (practically, considering a suffi-
ciently low modal damping amount), yielding
the following sequence:

©=Q(+hn+k), k=0,1,2, ...,

(37)
0</im<05 (Jiw=0 = k#0)

where /;, is the minimum absolute value of
Im(Z). Which can also be rewritten in terms of a
sequence Ay

0}

— = (£dim + k) =4

g = (Fhm k) =14

= (/limv 1 - /limy 1+ ;Limy 2 — /lima 2+ /lim )
(38)

Hence, resonances occur depending on the

values taken by the characteristic exponents.

For any fixed value of 4;,, Eq. (38) proves that

in the diagram of maximum amplitudes as a
function of w / Q, the position of resonances

@ Springer
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Fig. 2 Ince-Strutt diagram
drawn at {,, = 0.03, with a
sequence of is0-4;, curves
(top), and maximum
amplitude diagram drawn at
different values of «,
(bottom)

Fig. 3 Maximum
amplitude diagram, same
parameters as in Fig. 2, but
drawn as a function of @
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Fig. 4 Ince-Strutt diagram E=w
drawn at {,, = 0.03, with a 1.5
sequence of is0-4;, curves

(top), and maximum

amplitude diagram drawn at

different values of Q;

(bottom) 1.0
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Fig. 5 Maximum A
amplitude diagram, same 15—m
parameters as in Fig. 4, but Q,=5/9
drawn as a function of @ Q=5/11
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Fig. 6 Maximum amplitude diagram, as in Fig. 2, and steady-state response signals at resonances (¥, functions of 1)

A, =0.14

it

w/Q

Fig. 7 Ince-Strutt diagrams (top), maximum amplitude (solid line) and RMS value (dashed line) diagrams (bottom), drawn at different
operating conditions, identified by black dots (4,, = 0 and Z;,, = 0.14)

when {,, - 0, given by 4, remains unchanged.
Also, if a resonance occurs at an irrational value
of w / Q, then the undamped response will
evolve with oscillations increasing in ampli-
tude, with no exact pseudo-period. Therefore, in

@ Springer

the presence of damping, the value taken by 7,
can generate resonances with non-periodic
responses. In some cases, these responses may
be quasi-periodic.
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1.0
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im

=0.1587

A, =0.2418

im

Fig. 8 Ince-Strutt diagrams (top), maximum amplitude (solid line) and RMS value (dashed line) diagrams (bottom), drawn at different
operating conditions, identified by black dots (4,, = 0.1587 and /;,, = 0.2418)

A

i

ol Q)

=0.4097

Fig. 9 Ince-Strutt diagrams (top), maximum amplitude (solid line) and RMS value (dashed line) diagrams (bottom), drawn at different
operating conditions, identified by black dots (4, = 0.4097 and 4,, = 0.5)
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0.00 v, [m]

[}
w
'S

Fig. 10 Values of y, for modes 1-5 of an iron shaft with length / = 1 m and hollow circular section (left) Sequence of resonances (dots)
as a,—0 in presence of gyroscopic effects, with 4,9 = 11/5 and 7, = 0.2 (right).

Fig. 11 Comparison of the A

maximum amplitude
diagram already displayed
in in Fig. 8, right (black
curve; y, = 0, {, = 0.03,
Aim = 0.2418) with the
diagram obtained with the
same input parameters and
considering in addition the
gyroscopic effect (grey
curve: 7, = 0.15)

6.

max

Characteristic exponents and Floquet multipli-
ers. The role of the characteristic exponents in
the generation of resonances, as described in
point 5, can be extended in the presence of non-
negligible damping, and better understood by
recalling Eq. (33). It can be observed that in the
case of a pair of complex conjugate Floquet
multipliers within the unit circle in the complex
plane (which occurs in the presence of

@ Springer

1/Q,

damping), all the related characteristic expo-
nents have the same (negative) real part Re(4),
and pairs of imaginary parts Im(4) with opposite
signs, which can be expressed by the sum of 4;,,
plus an integer number. While in the case of a
pair of real Floquet multipliers, the related
characteristic exponents have distinct values for
their real parts (coincident in case of collision)
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and only two different values for 4,,, either 0 or
0.5 [4].

Ince-Strutt diagram. A comparison between the
diagram of maximum amplitudes and the Ince-
Strutt diagram of the Mathieu-Hill equation
[13, 46] is of great advantage for a deeper
understanding of the steady-state response. The
Ince-Strutt diagram is a stability map of the
system, as a function of frequency and ampli-
tude of the parametric excitation. Here it is
convenient to represent the Ince-Strutt diagram
of the homogeneous equations associated to
Egs. (6), (20), (28), as displayed in Figs. 2 and 4
(top), as a function of two frequency and
amplitude parameters (say o and g):

d=—=, e=o, (39)

which is not the common standard representa-
tion, however it has the advantage to facilitate
the comparison with the diagram of maximum
amplitudes of the steady-state response. The
thick black curves in Figs. 2 and 4 (top), called
Arnold tongues [46], represent the stability
threshold of the damped system (unstable for
values of & and ¢ yielding points inside the
tongues). Reducing the damping amount pro-
duce an extension of the Arnold tongues
towards the abscissa axis of the diagram: the
thin grey curves in Figs. 2 and 4 (top) represent
the instability tongues in the case of no damping
(tips on the 6 axis). In this analysis the stability
region is considered, which in the Ince-Strutt
diagram includes all points outside the Arnold
tongues defined by a given value of {,,.
Response amplitudes when a,, — 0. Recalling
that on the § axis of the Ince-Strutt diagram it is
Im(1) = 8 = 1/Q, and that without parametric
excitation (a, = 0), resonance only occurs at
wy = w, (e at o =1, like in the classical
Jeffcott rotor model [21]), then for any chosen
value of Q (say Q) this single resonance (which
in the following will be referred to as principal
resonance) arises at:

w 1 w,
—=— = =Im(1) = Ao,
Q Q oy (4) = 4o (40)

Aim = ko — int (Zgo)

which descends from Eq. (38) and allows the
immediate identification of both /,, and k as
functions of Q. In the 4; sequence, the value A4
determines the principal resonance position on
the abscissa axis of both the maximum ampli-
tudes and Ince-Strutt diagrams (as shown in
Figs. 2 and 4, top and bottom), while all the
other values in the 4; sequence identify other
resonances, which in the following will be
referred to as secondary resonances. To this
purpose, it is convenient reading the diagram of
maximum amplitudes as if Q = Q,, so that the
only varying parameter on the abscissa axis is .
The variation of o (normalized angular speed)
does not influence the position of resonances
(vertical grey lines in the diagrams in Figs. 2 and
4, bottom, drawn at the points identified by the
sequence /; generated by /). However, this
happens only if 4, is independent from the
angular speed wy, as in Figs. 2 and 4, bottom,
which occurs for both the Euler-Bernoulli
model and the Euler-Bernoulli model plus
shear, but not for the Rayleigh model.

Response amplitudes when a, > 0. The
sequence A; generated at a,, = 0 based on /g,
as described in point 8, identifies the positions of
all potential resonances, which begin to become
effective at a,, > 0. In the presence of damping,
however, only a limited number of them
produce prominent peaks, growing with increas-
ing values of a,, (as discussed in Sects. 5.1 and
5.2, and shown in Figs. 2 and 4, bottom). Again,
it is convenient reading the diagram of maxi-
mum amplitudes as if Q = €, so that the only
varying parameter on the abscissa axis is @,
which in the case of both the Euler—Bernoulli
model and the Euler—Bernoulli model plus shear
does not affect the position of resonances
(vertical grey lines in the diagrams in Figs. 2
and 4, bottom). It should also be noted that the
position of resonances is influenced by damping
(¢, = 0.03 in all cases, Figs. 2,3,4,5,6,7,89
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and 11), so that the actual resonance peaks are
not exactly on the vertical grey lines, drawn in
the case {, — 0. Increasing a,, while keeping
constant /,,, generates a sequence of curves in
the Ince-Strutt diagram, a curve for each value
of the sequence 4;, which is originated by 7,9 as
in point 8 (dark grey curves in Figs. 2 and 4,
top). These form a sequence of iso-4;, curves.
Increasing a,, and moving on these iso-4;,
curves, makes it possible to clearly see the
effects of the amplitude a, of the parametric
excitation on the height of each resonance peak,
occurring always at the same abscissa in the
maximum amplitude diagram (Fig. 2, bottom).
Note that in this study the amplitude of the
frequency responses is multiplied by a factor w?
in all cases/Superscript> in all cases, Figs. 2, 3,
4,5,6,7,89, and 11, increasing the amplitude
with increasing values of external excitation
frequency. However, simply removing the fac-
tor w” in Eq. (6) would make it possible an
immediate extension of the proposed analysis to
a wider class of problems.

10. Constant ratio o / Q =R. Great practical
relevance has the case in which the ratio
between the angular speed of the rotor (wy)
and the parametric excitation frequency (wy) is
kept constant (i.e. when the parametric excita-
tion frequency varies proportionally to angular
speed), which also occurs when parametric
excitation is caused by anisotropy in the rotating
parts of a machine, as it can happen in the case
of cracked rotors (for which the reader is
referred to the specific literature [23, 25, 26]).
The diagram of maximum amplitudes above
described in point 3 in this case is not very
useful, since a fixed ratio R identifies just one
point on the abscissa axis, at the principal
resonance. Therefore, in this case it would be
more meaningful to couple the Ince-Strutt
diagram to a diagram of maximum amplitudes
(and/or RMS values) plotted as a function of a
different abscissa: either 6 = w,, / wy (same
abscissa of the Ince-Strutt diagram) or w,, / wy,
to see the sequence of principal and secondary
resonances, as it will be discussed adding all the
necessary details in Sect. 5.3.
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5 Results and discussion

The solution for the steady-state response recalled in
Sect. 3 is applied to study in the frequency domain the
models of spinning beams described in Sect. 2. All
results are relative to damped models, even though for
the sake of simplicity some analytical derivations are
obtained from Egq. (6) and Eq. (28) letting {,, — 0,
hence also considering Eq. (20).

Then the analysis considers two cases: no gyro-
scopic effect (natural frequencies and characteristic
exponents independent with respect to angular speed,
Euler—Bernoulli model, and Euler—-Bernoulli model
plus shear, Sect. 5.1); non-negligible gyroscopic
effect (natural frequencies and characteristic expo-
nents dependent on the angular speed, Rayleigh
model, Sect. 5.2). Finally, Sect. 5.3 deals with the
particular case in which the parametric excitation
frequency varies proportionally to the angular speed
according to a fixed relative ratio.

The dimensionless modal equilibrium equations
and related parameter values adopted in each sub-
section are recalled and summarized in Table 1.

5.1 Frequency response analysis, no gyroscopic
effects

Considering the remarks given in Sect. 4, the dia-
grams displayed in Figs. 2, 3, 4, 5, 6, 7, 8 and 9 can
now be discussed in the case of the Euler Bernoulli
model and the Euler Bernoulli model plus shear. Both
models can be studied by means of Eq. (6). Note that
the modal natural frequency w, and the modal
eccentricity e,, simply play the role of scaling factors,
while the modal phase-lag i, does not affect the
maximum amplitudes of the responses, since in the
expression of the steady-state solution, Eq. (33), it
simply produces a complex exponential factor with
modulus equal to unity. Note also that the diagrams are
displayed in full dimensionless form, therefore, when
considering dimensional parameters, attention must be
paid to the achievable limits in their respective
technological ranges of variation.

Figure 2 (top) displays the Ince-Strutt diagram of
Eq. (6), homogeneous part, drawn setting a modal
damping ratio {, = 0.03 and a phase-lag ,, = 0, as
functions of the frequency and amplitude parameters
(9, €) defined in Eq. (39). In the stable region of the
diagram, a sequence of iso-4;, curves is also
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Table 1 Dimensionless
modal equilibrium

Section

Equilibrium equation and parameter values

equations and related 5.1
parameter values

52

53

d;;’;’" + 28, on (1 + a1, cos(Q)]ng, = @ cos(wT + )
Modal damping ratio ¢, = 0.03

Phase-lag i, = 0

L+ (20, — i7,0) 42+ [1 + 2, c05(Q1)]gon = wPel (V)

Modal damping ratio ¢, = 0.03

Modal gyroscopic factor y, = 0.15 and v, = 0.20
Phase-lag ,, = 0

Ll + 20, U 4 (1 + 04, c05(Q0))1g, = 2 cos(@t + )
Modal damping ratio {,, = 0.03
Phase-lag y,, = 0

Q/o=p, peNT

displayed, drawn at 4;,, = 0.2 (dark grey curves). It is
generated at a given value (Q = Qy=15/9) of the
parametric excitation angular frequency. Four differ-
ent values of normalized parametric excitation ampli-
tude o, are then identified by dots (labelled 00, 01, 02,
03) on the iso-4;,, curve departing at 6 = 1/Q,. Those
four levels of normalized parametric excitation ampli-
tude (including «, = 0, point 00) are then adopted to
draw consequent maximum amplitude diagrams.

Figure 2 (bottom) shows a superposition of the
maximum amplitude diagrams drawn according to the
above mentioned four working points in the Ince-
Strutt diagram. As already noted, increasing o,, does
not change the position of the (undamped) resonances
in the w / Q domain (represented by vertical lines).
Low damping amounts (in this case {, = 0.03) do not
produce relevant shifts. In the diagram, it is clearly
visible the principal resonance (at w / Q = 5/9 = 1.8),
together with secondary resonances, their onset occur-
ring at:

0= (Ehim+k)#1, 0,=0 (41)

Note that all values of w in Eq. (41) produce actual
resonances, since with no damping all of them would
yield vertical asymptotes in the maximum amplitude
diagrams.

All resonance peaks, but the principal one, vanish
as o, — 0. In any case, and whatever the selected
value for €, at a,, = 0 (no parametric excitation) it is
clear from the diagram that only the principal
resonance survives, with w =1 (i.e. wy = w,), like
in the classical Jeffcott rotor model. The peaks of

secondary resonances, at different values of w / ), are
characterized by different values of prominence
(which in the diagram are normalized with respect to
the prominence of the peak at o, = 0, curve labelled
00). The sequence of resonances is theoretically
infinite, but only a limited number of them produce
prominent peaks in the diagram, all confined in an
interval of values @ / € close to the principal
resonance. Note the presence of a peak on the left of
the principal one (at lower w), and of several peaks on
its right (one of them with very high prominence). But
it is also interesting the almost complete cancellation
of a resonance, very close to the principal one
(at w / Qu=1.2). This indeed shows that the
dependency of the prominence of resonant peaks on
the parametric excitation amplitude o, and on the
modal damping ratio {, is not straightforward. At
sufficiently large values of w / Qg (theoretically when
o/ Qg — 0), all the curves in the diagram converge
to the same asymptotic value (the same given by the
horizontal asymptote in the classical Jeffcott rotor
model, here represented by the curve labelled by 00).

Figure 3 shows the same diagram as in Fig. 2
(bottom), but displayed as a function of w, instead
of w / Q. Here, the most interesting feature is the shift
of the resonance peaks with respect to o (i.e. with
respect to the normalized angular speed). By increas-
ing the normalized parametric excitation amplitude a,,,
all the peaks move towards lower values of w, and this
is due to the inflection of the iso-4;,, curves in the Ince-
Strutt diagram.
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Of great interest for rotor dynamics is the fact that
the presence of a parametric excitation can lower the
critical speeds of a rotor. This can be clearly observed
in Fig. 3, with both the presence of a secondary
resonance peak at < 1 (in general, the prominent
secondary resonance peaks at @ < 1 may be more than
one), and the shift of the principal resonance peak
towards lower values of angular speed w. Even though
in this specific case the prominence of the secondary
resonance peak at w < 1 becomes relevant only at
extremely high values of «,, nevertheless special
attention should be paid to the effects on the principal
resonance peak (shift towards w < 1 and increase of
prominence).

Figure 4 (top) displays the same Ince-Strutt dia-
gram shown in Fig. 2 (top), drawn adopting the same
parameter values ({, = 0.03, /,,=0.2), the only
change regarding the choice of four different working
points (labelled 02, 12, 22, 32, where 02 is the same as
in Fig. 2). In this case the four working points are still
identified by the same value of /,,,, but they are now all
positioned at the same normalized parametric excita-
tion amplitude o,, on iso-4;, curves of the same
sequence. This allows to study the effect of discrete
variations of €; while keeping constant o, (Q = Qy,
Q, Qy, O3).

Figure 5 shows the same maximum amplitude
diagram as in Fig. 4 (bottom), displayed as a function
of w, instead of w / Q. Here, the principal resonance
peak occurs at w = 1, independently of variations of
Q. It can be noted that reducing € produces both a
convergence of the secondary resonance peaks
towards the principal one, and an evident increase of
their prominence, while, as already noted, the promi-
nence of the principal resonance peak is lowered.

Figure 6 reproduces the same diagram as in Fig. 3
(curves 00 and 02 only), split into two parts for
showing steady-state response signals at some reso-
nance points. Even small variations in the governing
parameters, can strongly affect the signals in terms of
both their period, and their waveform.

This can be even better understood looking at the
diagrams displayed in Figs. 7, 8, 9, showing different
points on the Ince-Strutt diagrams, with respect to
those selected for drawing the plots in Figs. 2, 3, 4, 5,
and 6. Great spectral differences can be observed in
the related maximum amplitude diagrams (solid lines),
on which also the RMS values are displayed (dashed
lines), putting in evidence the crest factors (the RMS
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values are computed on discretized time-domain
responses, with equally spaced samples). The ampli-
tudes of the frequency responses in terms of RMS
values follow patterns similar to those of the maxi-
mum amplitudes. However, the scaling factor between
the two amplitudes is not exactly constant with
frequency. Even small changes in the characteristic
exponent (/;,) can produce dramatic changes in the
sequence of resonant peaks, and when two adjacent
peaks get closer each other, it is also possible to see a
certain degree of merging, as in Fig. 9 (left).

It is important to note that the sequences given in
Egs. (37) and (38) also identify the resonances of the
Euler Bernoulli model plus shear. In this case the res-
onances occur at different values of w / Q = wy/ wy,
due to a different value of 4;,,. In other words, the shear
effect is affecting the characteristic exponents since it
modifies the natural frequencies of the system. The
dimensional frequency spectrum of resonances
changes (resonances occur at lower frequency values),
but not the dimensionless form of the frequency
response charts, which are the same as in Figs. 2, 3, 4,
5,6, 7, 8 and 9, if the characteristic exponents and the
modal damping ratio are the same.

As for the whirl direction, the results displayed in
Figs. 2,3,4,5,6,7, 8 and 9 are all related to steady-
state modal solutions with forward whirl, without
backward whirl [47]. The latter would be a conse-
quence of considering non-isotropic supports.

Finally, considering modal superposition, it may
happen the case of two, or more resonances of
different modes in close proximity of the same
frequency, which may produce a magnification, or a
reduction of the response amplitude.

5.2 Frequency response analysis, with gyroscopic
effects

Even in the presence of non-negligible gyroscopic
effect, most conclusions presented in Sect. 4 are still
valid. However, some points need further develop-
ments and comments, as discussed in the following of
this Section, considering the additional difficulty due
to the dependency of the characteristic exponents on
the external excitation frequency (angular speed).

The steady-state response of the Rayleigh model,
described in Eq. (28) is periodic only if:
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%:(1—%3)")2—5:& Re® (42)
that is, only if the frequency of the external load (in the
transformed coordinate domain) and the frequency of
the parametric excitation are commensurate. How-
ever, it should be remembered the inverse coordinate
transformation to bring the system back to its original
coordinate system. Therefore, the condition of peri-
odicity (wy/ wy = R) givenin Sect. 4, Eq. (36), is still
valid even in the presence of gyroscopic effect.

In the case of the Rayleigh model, Egs. (37) and
(38) must be modified considering that in the trans-
formed coordinate domain, the frequency of the
external harmonic load is shifted due to gyroscopic
effect, and therefore:

%: <1 ;/> Z—Z:ﬂi,,,+k = i (43)
which means that there is a direct effect of the
gyroscopic term on the sequence of resonances,
consisting of a shift towards higher values of
oy ! oy, simply given by a constant (positive) factor
dependent on the modal parameter 7,,.

It must be pointed out, however, that there is also
another, indirect effect of the same parameter on the
sequence in Eq. (43). In fact, the characteristic
exponents, and hence 4,,, are related to the natural
frequency in the transformed coordinate domain w,,,,,
Eq. (16), which affects the equation of motion
according to Eq. (19). Therefore, the sequence of
resonances given in Eq. (43) becomes dependent on
the angular speed wy.

As for the response amplitudes when a, — 0, the
procedure for getting the principal resonance adopted
for deriving Eq. (40) can be followed also in this case,
yielding:

@)

1 Dpmer I 7
a6, om (4) = Ao

dy =1
(44)

where ,,,,., 1s the mean natural frequency value at the
principal forward critical speed. Because of Eq. (44),
and recalling Eq. (16), the principal forward critical
speed (say wy.,, angular speed at which the principal
forward resonance occurs) can be found, together with

wnmcr'

WOyer _ 1

w, 1=y,
CUnmcr:; 1_1
o, T—7, 27

where, as already noted, it must be y, < 1, otherwise
no principal forward critical speed can exist (i.e., it
tends to infinity as 7y, — 1). Note also that the
principal forward critical speed tends to be higher
than in the case without gyroscopic effect, and that
Opmer =, for sufficiently small values of y,. As an
example, possible values of y,, for a simply supported
iron shaft (density p = 7800 kg / m®, length [ = 1 m,
hollow circular section with external radius r,, internal
radius r;) are reported in Fig. 10 (left) for the first 5
modes.

The definition of 1;,, given in Eq. (40) can now be
modified considering the gyroscopic effect:

2 1 1 nmer . nmcr 3 . >
Jeim :a —int (,\7> = Lnmer _ nt (L) = — 1nt(Ak0)

0 Qo WNO WNO

(45)

2 ;LkO

o= (1 ! ) PP
k0 NiEoH 2Vn 5 k0 P

(46)

which is valid at w; = wyg,.,. However, at different
values of angular speed @y, the definition of 4,,
changes as a function of ey itself, since in this case the
angular speed affects the characteristic exponents.
Hence, recalling again Eq. (16), Eq. (46) can be
generalized as a function of the angular speed wy, as:

) (o A
Aim = "M _ int (nm) = Ar — 1nt(/1k)

WNO WNO

2
3 “/2 Wy Wy
=1 1+ —"— Ao =
/Lk ko\/ * 4(1 - Vn) <wU€r> , «0 WNO

(47)

In the presence of a non-negligible gyroscopic
effect, the sequence of resonances, which would
otherwise be independent on angular speed as in
Egs. (37) and (38), becomes dependent on the
gyroscopic modal parameter y, and on the angular
speed according to Eqgs. (43) and (47). In this case,
each term of the sequence depends on a different value
Aim as a function of wy. The sequence of resonances
(i.e. the secondary resonances) when a,, — 0 can then
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be found by solving the following system, directly
descending from Eqgs. (43) and (47):

ik = :tj»im +k

. 1 N 48

()
WNO WOyer

in which the first equation is an implicit representation
of a sequence of curves, each of them being a function
of the angular speed wy given by Eq. (47), while the
second equation is a linear function of wy, its angular
coefficient given in Eq. (46). Curves and line in
Eqgs. (47) and (48) are expressed as functions of the
dimensionless angular speed wy / wy.,. The intersec-
tion points give the sequence of secondary resonances,
as shown in Fig. 10, right, drawn taking ;o = 11/5
and y, = 0.2. In the case of no gyroscopic effect, the
sequence of secondary resonances is determined by
knowing just one parameter (1), while in the case of
a non-negligible gyroscopic effect, the sequence is
determined by setting two parameters (4, and 7,,), as
shown in Fig. 10, right, in dimensionless form. The
first parameter (/) determines the sequence on the
vertical axis, at wy = 0. The second parameter (y,,)
determines the deviation of each term of the sequence
from its value at wy = 0.

Once the sequence of resonances when a,, — 0 has
been identified in terms of w; / wy., (Which in Fig. 10,
right, is given by normal projection of the intersection
points, black dots, on the abscissa axis), it is then
possible to get the same sequence in terms of w / Q by
means of the following linear coordinate transform,
descending from Eq. (45):

©_o_oy___ | (w) (49)
Q Q ov QvIi—7y, \ou

which allows to draw the maximum amplitude
diagram as a function of the ratio « / Q as in Figs. 2,
3 and 4, 7, 8 and 9, and therefore to compare on the
same diagram the results of the Rayleigh model with
those of the Euler—Bernoulli one. Note that in Eq. (49)
the ratio & = 1/ € identifies the initialization point of
the principal resonance on the abscissa axis of the
Ince-Strutt diagram, as shown in Figs. 2 and 4.

As an example, Fig. 11 shows a comparison of the
maximum amplitude diagram already displayed in in

@ Springer

Fig. 8, right (black curve: y,=0, ¢{,=0.03,
Aim = 0.2418, Qy =~ 4/7) with a diagram obtained
using the same input parameters and considering in
addition the gyroscopic effect (grey curve; y,, = 0.15).

In Fig. 11, the frequency response with gyroscopic
effect has been computed by means of Eq. (30), while
the theoretical sequence of resonances (vertical dotted
lines, undamped case) has been determined by solving
the system in Eq. (48). The analytical tool developed
in this Section, Egs. (47) and (48), is able to identify
the resonance frequencies of the undamped system
when its characteristic exponents depend on both the
parametric and external excitation frequencies. Fre-
quency shifts of resonance peaks can be observed, due
to gyroscopic effect, following a pattern similar to the
one that is possible to deduce from Fig. 10, right. Note
that this pattern is not given by a simple proportion-
ality constant, as already discussed. Note also the
differences in the hierarchy of peak prominences,
which confirms that their dependency on the paramet-
ric excitation amplitude o, and on the modal damping
ratio (, is not straightforward, in this case with an
additional influence given by the gyroscopic param-
eter y,,.

It is important to point out that in the case of the
undamped Rayleigh model represented in the trans-
formed coordinates, the Ince-Strutt diagram computed
at a fixed value of angular speed retains the same shape
as that shown in Figs. 2, 4, 7, 8, and 9 (with tips of the
Arnold tongues on the abscissa axis), drawn for the
Euler Bernoulli model, or the Euler Bernoulli model
plus shear [32]. However, back to the original
coordinate system, the Ince-Strutt diagram would
appear substantially different, with shifts and merging
of Arnold tongues created by combination parametric
resonances [35, 36].

In conclusion, gyroscopic effects can produce
substantial changes in the dimensionless Mathieu-Hill
equation and therefore in the related frequency
response charts, mainly consisting of shifting of the
resonance peaks at higher (forward) frequency values.
The magnitude of these shifts tends to increase with
the angular speed, it depends on the modal parameter
v»» and it cannot be disregarded even for relatively
small values of y,, (see Fig. 10, left).
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5.3 Frequency response analysis, varying both
excitation frequencies with fixed relative ratio

Some more insights and comments are needed in the
case in which the parametric excitation frequency
varies proportionally to the angular speed according to
a fixed relative ratio, i.e.:

Wy =p oy (50)

Indeed, a rather common circumstance in applica-
tions, when p is an integer factor. In particular, this is
relevant in the case of anisotropy in the rotating
elements, and in the presence of cracks [22, 25, 26].

For simplicity, this particular occurrence is dis-
cussed in the case of no (or negligible) gyroscopic
effect.

If R=1/ p, rational, according to Eq. (36) the
response is periodic. Introducing Eq. (50) in Eq. (40)
immediately yields the values for ;9 and 4, as
functions of p:

1 1 1
lkozfa ;Limint<p>7 p:1,2,... (51)
p p

Therefore, as already noted in Sect. 4, point 10, the
principal resonance occurs at R =1 / p. Then, as a
consequence of Eq. (41), the whole sequence of
resonances as o, — 0 can be expressed either as a
function of & (i.e. w, / wy, abscissa of the Ince-Strutt
diagram) or as a function of w,, / wy, according to:

p=1= & =0Or =k, k=1,2,...
@OU| ¢
Wp

p>2 = —p Sy =41 4pk>0, k=1,2,...
QU ¢

(52)

At this stage it is also possible to provide a
satisfactory explanation to some partial results found
in the literature. As an example, the sequence of
resonances in the frequency response of the linearized
model presented in [6], related to wind turbine
dynamics, can be immediately obtained setting
p = 1. Note that in [6] the frequency response is
displayed as a function of the ratio between excitation
frequency and natural frequency, hence the sequence
of resonances is given by 1 / k, and also that the
amplitude of the response, differently from the present
study, is not multiplied by a factor . In [6], only the
super harmonics of order 2 and 3 (occurring at 1/2 and

1/3) are identified, using the method of multiple scales.
However, in the frequency response obtained by
numerical solution of the linearized problem, it can
also be seen the contribution of the super harmonic of
order 4 (occurring at 1/4), fourth term of a theoreti-
cally infinite sequence.

Finally, as a possible contribution in the field of
damage detection in rotors parametrically excited by
cracks [26, 48, 49], it should be noted that even in
stable operating conditions, the onset of some sec-
ondary resonances as in Eq. (52) may provide helpful
insights into fault identification procedures.

6 Conclusions

A contribution has been given to highlight fundamen-
tal aspects of the steady-state response of asymptot-
ically stable dynamic systems with both parametric
and external excitations, making further investigations
and results possible also in the field of nonlinear
dynamics.

The proposed method has been applied to the
analysis of slender rotors with parametric excitation
and unbalance, also including shear deformation and
gyroscopic effects, but it may also be easily applied to
investigate a large variety of dynamic systems in
different engineering branches.

The results can be summarized as follows:

1. The steady-state response is aperiodic unless the
parametric excitation frequency and the external
excitation frequency (angular speed) are
commensurate.

2. The frequency components of the response are

determined by the governing parameters and by
the characteristic exponents of the homogeneous
equations of the parametrically excited system.

3. Each modal coordinate of the decoupled system is

related to a theoretically infinite sequence of
resonances, due to the combination of parametric
and external excitation frequencies, for which
analytical expressions have been derived, also
considering the case in which the characteristic
exponents are dependent on the external excitation
frequency (angular speed).

4. Flexural critical speeds can occur at lower values

than in the same, non-parametrically excited,
rotors.
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5. Flexural critical speeds tend to increase with
gyroscopic effects.

6. The amplitudes of the steady-state response in
resonant conditions are highly dependent on the
parametric excitation, other than on external
damping and (if non-negligible) gyroscopic
effect.

Consequently, a correlation has been found
between resonances and working points in Ince-Strutt
stability maps, introducing a new representation of the
frequency responses in the presence of both paramet-
ric and non-homogeneous harmonic terms.

The developed analysis, through the dynamic
signature given by secondary resonances, can provide
a helpful contribution in the field of damage detection,
when parametric excitation is generated by wear or
damage, as in rotors parametrically excited by cracks,
and when the dynamic system is still operating well
into stable working conditions.

As a future work, the analysis shall be extended to
generalize the results to periodic excitations given by
Fourier series expansions, and to consider the effect of
anisotropy in the supports on frequency responses, and
on whirl behaviour.
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Appendix

The equations of motion of the Rayleigh spinning
shaft in real coordinates reads [41]:

AW — pI + pJ v 4 EIwY — AN cos(wyt)wl =F.
(53)

{ pAV— pIv" — pJ v + EIVY — AN cos(wyt) V! =f,

Decoupling the partial differential equations, as for
instance in the case of simply supported ends:

[od — ({10 -

and disregarding the parametric excitation (AN = 0),
yields the following system of two modal ordinary
differential equations:

iy + Vp @ by + O3, = fin

) . (55
Wy — P01, + wi:un :.ﬁ”.n )

which can be reduced to a single fourth-order ordinary
differential equation:

nn + |:2(/Uﬁ + (Vnw)2:| i/in + Wiﬂn :f'y.n —7a® ;n + wrzAf.;'”
(56)

with characteristc equation given by:

st [2(1)% + (y,0 )2] s +ot=0 (57)

yielding the same four roots as in Eq. (15).
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