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Abstract
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bilinear models and their powers. Under suitable assumptions, we prove that the
sample estimators of the spectral and bispectral density matrices are consistent and
asymptotically normally distributed. A simulation study confirms the validity of the
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1 Introduction

Since the seminal works by Hamilton (1989, 1990) Markov switching (MS) time
series models have received a growing interest in macroeconomics and continue to
gain more popularity especially to adequately describe economic and financial data.
For such models, the process is assumed to switch between different regimes, which
are governed by an unobservable latent state variable following a Markov chain. This
means that the probability of the current state depends only on the previous state.
MS models have higher flexibility in capturing the persistence and/or the asymmet-
ric effects on the shocks of volatility, and are useful in modeling time series which
exhibit structural changes or distinct phases, such as periods of economic growth
and recession in financial markets. Among them, the most popular being the Mar-
kov switching vector auto-regressive moving-average (MS VARMA) models and
the Markov switching generalized autoregressive conditionally heteroskedastic (MS
GARCH) models. For information concerning stationarity, estimation, consistency
and asymptotic theory for MS VARMA and MS GARCH models see, e.g., Francq
and Zakoian (2001); Krolzig (1997); Hamilton (1994, 2016); Stelzer (2009); Cavic-
chioli (2014a, b, 2017a, b), and Alvarez et al. (2019) for the former, and Francq and
Zakoian (2005, 2008); Bauwens et al. (2010), and Cavicchioli (2021, 2022) for the
latter.

An interesting class of Markov switching time series models, called Markov
switching bilinear (MS BL) models, has been studied by Bibi and Ghezal (2015,
2016, 2018); Ghezal (2013, 2024), and Ghezal and Zemmouri (2023), in which the
process follows locally from a bilinear representation in the sense of Subba Rao
(1981, 1983); Subba Rao and Gabr (1984). For such models, the time series still
switches between different regimes but, within each regime, the relationship between
variables involves products of their lagged values. This non-linearity captures more
complex patterns, such as volatility clustering, leverage effects, or sudden shifts in the
data behavior. MS BL models cover many commonly used models in the literature,
as e.g. those cited above, and give a general flexible and parsimonious framework
for data-sets exhibiting occasional sharp spikes or involving high-amplitude oscilla-
tions (e.g. bull or bear markets). For these reasons, several authors have considered
MS BL models to drive various economic and financial time series. For information
concerning stationarity, existence of moments, estimation, geometric ergodicity and
statistical inference for MS BL processes see, e.g., Aknouche and Rabehi (2010);
Bibi and Ghezal (2015, 2018), and Maaziz and Kharfouchi (2018).

As benefits, MS BL models improve forecasting accuracy and flexibility in captur-
ing a large variety of time series behaviors and non-linearities, as e.g. abrupt shifts,
sudden jumps or volatility clustering in patterns and intricate relationships between
lagged variables. This is common in financial data, economic cycles, and market
volatility. Further, unlike conventional MS models, the MS BL ones allow non-linear
dynamics to vary by regime, offering a greater modeling framework. This enables the
model to better reflect the changing nature of time series data across different states.
Finally, such models present advantages in terms of parsimony and ease of interpre-
tation, coupled with lower computational requirements, while remaining effective in
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capturing non-linear characteristics of the data, thus providing a viable alternative to
more complex approaches.

However, there are some limitations of the recent developments in MS BL models
both in terms of their practical implications and the theoretical foundations, high-
lighted in the current literature. Issues like model complexity, estimation difficulties,
overfitting, interpretability, and model validation make them challenging for both
researchers and practitioners. Further advancements are required to fully exploit the
potential of such models, and the present paper aims to be a proposal to address a
number of the above limitations.

In this paper we consider univariate Markov switching bilinear (MS BL) models,
and we concentrate on some problems that were not completely solved in the cited
literature. Specifically, the contribution of this paper is threefold. First, we derive
general and explicit matrix formulas in closed form for the (unconditional) higher-
order moments and the autocovariance function of MS BL models, and describe
tractable conditions to check the higher order stationarity of such models. Notice
that Bibi and Ghezal (2015) already derive results on moments and autocovariance
structure of such models albeit that their formulas to put it mildly are somewhat
complicated, lacking simple closed forms. The difference to their approach is that we
follow an indirect construction based on a suitable Markovian representation of the
initial process. This allows to get much simpler matrix expressions in closed form
which are essential to improve estimation efficiency and forecasting, for easier calcu-
lation of test statistics (e.g., heteroskedasticity, skewness and kurtosis), to help assess
whether the model adequately captures the underlying data distribution (validation),
providing deeper insight into model dynamics, and making the model more practical
and computationally feasible for real-world applications. Second, based on the vector
representation of the MS BL model, we compute the spectral and bispectral density
matrices of the power vector process, and show the importance of the (bi)spectral
analysis in distinguishing the linear and bilinear models. Such matrices are useful for
analyzing MS BL models because they provide insights into the frequency-domain
characteristics, capture non-linear interactions across different time lags, and serve
to better understand the asymmetric responses of shocks. Sample estimates of the
spectral and bispectral densities are then proposed, and their consistency and asymp-
totic normality are established (under suitable assumptions). To our knowledge, the
proposed (bi)spectral analysis and the corresponding asymptotic results for general
MS BL models cannot be found in the literature, and complete the works of Ghezal
(2013, 2024), and Ghezal and Zemmouri (2023), where only special classes of MS
BL processes have been treated. The main advantage of our approach is related to the
simplicity of the mathematical expressions that eases the computational effort. Third,
we propose numerical and real-world examples to illustrate the obtained results, and
to describe how to use the practical formulas in (bi)spectral analysis. Specifically, we
discuss the replication/comparison with some numerical outputs in Aknouche and
Rabehi (2010), and Maaziz and Kharfouchi (2018), and analyze various processes
related to empirical applications.

The paper is structured as follows. Section 2 formally states the MS BL model
studied in the paper, and restates the important results on the existence of station-
ary MS BL processes from Bibi and Ghezal (2015, 2018). In Sect. 3 we provide
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matrix formulas in closed form for the higher-order moments and the autocovariance
function of the MS BL model and its power. Section 4 uses the derived autocovari-
ance functions to obtain expressions for the corresponding spectral and bispectral
density matrices. Based on these expressions we define estimators for the spectral
and bispectral density matrices and derive their limiting behavior. In Sects. 5 and 6
simulation studies and empirical examples are proposed to illustrate the theoretical
results. Section 7 concludes. Proofs are given in the Appendix.

2 Markov switching bilinear models

An R-valued univariate process (y:)icz, defined on some probability space
(Q, F, Pr), has a general Markov switching bilinear representation of type MS(M)
BL(p, ¢, P, Q) if it is a solution of the following equation

P Q
stytz+zb (s)m—j + > > cij(s)yeim—y (1)
7=0

i=1 j=1

|\'M~s

where 1 ~IID(0,1), (s¢) is an irreducible and aperiodic Markov chain
with a finite state space == {1,...,M}, stationary transition probabilities
pij = Pr(s; = j|s;—1 =14} and unconditional (or steady state) probabilities
m; = Pr(s; = i), for i € Z. Since the chain (s;) is finite, assuming it irreducible and
aperiodic is enough for it to be ergodic (i.e., regular). Let P = (p;;) denote the transi-
tion probability matrix of the chain. The Markov chain is ergodic if exactly one of the
eigenvalues of P is unity and all other eigenvalues are inside the unit circle. Under
this condition there exists a stationary probability distribution of the regimes, that
is, m = (m1,...,m) € RM. The model coefficients a;(s;), bj(s;) and c;;(s;) are
functions of the unobserved Markov chain (s;). Here by (s;) # 0. In addition, assume
that (s;) is stationary, and that (7;) is independent of (s¢).

Equation (1) includes many commonly used models in the literature, such as stan-
dard bilinear time series models, hidden Markov models, MS ARMA models, and
some classes of MS GARCH and periodic models. See Bibi and Ghezal (2015) for
more details and the references therein.

In what follows, we assume that P = p in (1), without loss of generality, because
otherwise zeros of a;( - ) and ¢;;( - ) can be filled in.

As remarked in (Bibi and Ghezal (2015), Sect. 2.2), it is difficult to handle the
product terms in (1) because of the non-linear dependence between y; and 7;_
for k£ > 0. So, in order to investigate the stationarity properties of the process v,
the cited authors restrict their attention to the subdiagonal bilinear model, in short
MS(M) SBL(p, q,p, @), for which ¢;;(-) = 0in (1) for i < j and Q < p. That is,
such a model is defined by

Q p

p
Z Styt1+zb (s)m—j + > > cij(s)yeim—j. ()

Jj=1 1i=j
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We briefly review the main results from Bibi and Ghezal (2015) to make the reading
self-contained, but using slightly different constructions and notations. Consider a
Markovian representation of (2) (setn = p + gand N = n (Q + 1)) given by

7z = P71 + wy 3)
where:

2 = (X0, Xy 06y X) 1 Mty - X1 M—q41) €RY
Xy = (yt,yt—1,~~~,yt—p+1,77t,77t—1,~~-,77t—q+1)/ e R"”
= w(stvnt) = ( 2771&7 infaollxm"'v()/lxn)/ GRN
b; = b(s;) = (bo(s¢),0,...,0,1,0,...,0) € R"

w

~+

and ®; = ®(s¢, ;) is the N x N matrix given by

Po(si)  Pa(se) Po-1(st)  Po(se)
Po(se)m P1(se)me Po-1(st)m Po(se)m
. =
0, 0, In 0,
with n X n matrices
ar(sy) a(se) -+ ap—1(s)) ap(s)) bi(s)) ba(s)) -+ bg—1(st) by(se)
1 cee 0 0 0 0 e 0 0
0 1 0 0 0 0 0 0
| o 0 1 0 0 0 0 0
Po(se) = [ g 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
and
cjj(st) =+ cpi(se) 0 -+ 0
0 0 0 0
®i(st) = 0 0 0
0 0 0 0
forj =1,...,Q. Here 0,,x, denotes the m x n matrix whose entries are zeros, and

I,, is the n x n identity matrix. For simplicity, we set 0,, = 0,,x,. Note that z;_;
depends upon y—1, Yt+—2, ..., Mt—1, Nt—2, ...and hence it is independent of 7;.
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For any function f : & — R™*™, where R™*™ denotes the space of real n x m
matrices, the following matrices are defined

p11 £27(1) por £57(1) - pann £27(1)
P p12£27(2) paf®(2) - puaf?(2)
f&r — . . .
Pt 7 (M) pang (27 (M) -+ paar 7 (M)

which is (Mn") x (Mm"), and

Hf@r _ e R(Mn")xm"'

where €7 (i) = ()® - @ f(i), rtimes, r > 1 (if = 1, then 2" (i) = f(4)).
Let (i) = E, [®§"|s; = i] denote the conditional expectation of & given

s; = i, foralli € E. Collect them ina block matrix & = (&) (1),..., &™) (M))".

Theorem 1 (Bibi and Ghezal 2015). With the above notation, suppose that for some
integer v > 1, it holds that E[n}**] < 0o and p (Pgx ) < 1, where p(-) denotes
the spectral radius. Then the MS(M) SBL(p, g, p, Q) model in (2) with Markovian
representation (3) has a unique, causal, ergodic and strictly stationary solution (yy),
which satisfies E[y[] < oo.

The existence of a nonanticipative (i.e., measurable with respect to the o-field
generated by (s;,n,) for all 7 < t) stationary solution of (2) is equivalent to the
existence of a nonanticipative stationary solution of (3). Since (s¢,7;) is an ergodic
process, (P, w;) is also a strictly stationary ergodic process. Suppose that (7;) has
finite higher-order moments. Then both E[log™ ||®||] and E[log™ ||w;||] are finite
due to finiteness of the state space = of (s;):cz and finiteness of higher moments of
(n¢)¢ez. Here log™ 2 = max(log z,0) for every positive real number x. Therefore,
from Brandt (1986) and Bougerol and Picard (1992) the unique, causal, bounded in
probability, strictly stationary and ergodic solution of (3) is given by almost surely

(a.s.)

o] k—1
Zy = Wy + Z <H q’t—i) Wik 4)

k=1 =0

whenever the top Lyapunov exponent 7, (®) associated with the sequence of station-
ary and ergodic random matrices (®;);cy is strictly negative, i.e.,
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1 m—1

— log | H0 .| }< 0. 5)
e

Since all the norms are equivalent on a finite-dimensional vectorial space, the choice
of the norm is unimportant in this definition.

In the general case, the Lyapunov exponent seems difficult to compute but it is
easily estimated by Monte Carlo simulations since

®) = inf ( F
’YL( ) T}I%N{

m— 00

m—1
. 1
(@) = lim — log || 130 ®,_| (6)

The following theorem provides a sufficient condition for the existence of a strictly
stationary solution of (3), and hence of (2). The proof follows essentially the same
arguments as in Francq and Zakoian (2001) and Bibi and Ghezal (2015), hence it is
omitted.

Theorem 2 . Consider the MS SBL(p, q, p, Q) model in (2) with Markovian rep-
resentation (3) and suppose vi,(®) < 0. Then equation (3), and hence (2), has a
strictly stationary solution. Moreover, the solution is unique, ergodic, nonanticipative
and defined by (4).

3 Higher-order moments and autocovariance structure

We give neat matrix expressions in closed form for higher-order moments and the
autocovariance function of process (z;) in (3), and hence (y;) in (2). Such expres-
sions are new and quite different to those obtained in Bibi and Ghezal (2015), who
also derive results on moments and the autocovariance function but their formulas
are somewhat complicated, lacking simple closed forms. Our matrix expressions
have the advantage to be readily programmable in addition of greatly reducing the
computational cost. Given this, we then illustrate tractable conditions to check the
higher-order stationarity of MS SBL(p, ¢, p, Q) processes. The main advantage of
our approach is related to the simplicity of the mathematical expressions that eases
the computational effort.

3.1 Higher-order moments
The following results are proved in the Appendix:
Theorem 3 Let us consider the MS(M) SBL(p, q, p, Q) model in (2) with Markov-

ian representation (3). Under the conditions of Theorem [ (case r = 1), the uncondi-
tional expectations of (z¢) in (3) and (y:) in (2) are finite and are given by
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E(Zt) = (e/®IN) ]'_‘[E[Ztlst:'] E(yt) = (e/®6l> HE[zt\St:']
where
Mg, s- = Iuy — Pg] ' IL,.

Hereweset e = (1,---,1) €¢RM, §=(1,0,---,0) € RV,
®() = En[q’t‘b’t = Jandw(-) = En[wt\st =

Let 8@ (.) = E,[®%%]s, = -], D(-) = E,[®; @ w; + w; © ®|s, = -], and
w@ () = Bylwi?s; = 1.

Theorem 4 Let us consider the MS(M) SBL(p, q, p, Q) model in (2) with Markov-
ian representation (3). Under the conditions of Theorem [ (case r = 2), the second
order moments of (z) in (3) and (y;) in (2), are finite and are given by

Blzf?) = (¢' ® Iy2) Moz, Ely] = (¢ ®8' @ 8') Mpp,ee),,
where
HE[Z§>2|St:-] = [IMNz — ]P’g,(z)]_l [PD HE[zt|st:~] -+ Hw(z)].

From Theorems 3 and 4 the variance of z; (and hence ;) is easily deduced.
Let @7 (-) = B, [®7s; = J,w®(-) = Ey[w®|s; = ], and

D) = B w0 ® + w0® 0w + & 0wd?|s = ]
Dgg)() = En[“’t@'i)?z + ¢, Qw; QP + @£®2®wt|5t: ]

Theorem 5 Let us consider the MS(M) SBL(p, q, p, Q) model in (2) with Markov-
ian representation (3). Under the conditions of Theorem 1 (case r = 3), the third
order moments of (z) in (3) and (y;) in (2), are finite and are given by

Blz®) = (¢ @ Ina) Hppes),,_ | E(y}) = (¢ ® (6")%°) Mppes),, |
where
HE[Zt@3|st:~] = [Imne — P(}(S)]71 [PD? HE[zfm\st:J + PD<13> HEp,)s=1 + Hum)} .

The proof of the next general result is derived by iteration from the previous theo-
rems using similar computations.

Theorem 6 Let us consider the MS(M) SBL(p, q, p, Q) model in (2) with Markov-
ian representation (3). Under the conditions of Theorem 1 and for any integer r > 1,
the r-th order unconditional moments of (z) in (3) and (y:) in (2), are finite and are
given by
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Elzg"] = (¢ @ Int) Mpper,,_ Ely] = (' @ (8")*") M er,, |
where
r—1
M=y = [Dane = Pao] |3 P Mpgoey,— ) + Mo
(=1

Here D( )( ), i=1,..., M, are (MNT) x (MN*) well-specified matrices obtained
by taking expectatlons (with respect to 1 and conditional on sy = 1) of sums of

< Z ) tensor products of r-tuples formed by £ components ®s and (r — £) com-

ponents wy s (e.g., D(12) = D as in Theorem 4; D(Ig) and D;‘?) are as in Theorem 5).
Further, set ®) () = E,®Y" sy = Jand w () = B, [wP"|s; = |, as usual.
Theorem 6 directly implies the following consequence:

Corollary 7 Under the assumptions of Theorem 1, suppose that the Markov chain
(s¢) is 1.i.d. Then a sufficient condition for model (2) to have a unique r-th order sta-

tionary solution is that p(i)m) < 1, where
(T) Z . (I)(r) ) € RP xn"

This corollary generalizes Theorem 3 of Aknouche and Rabehi (2010), case
p=P=Q=1andq=0.

3.2 Autocovariance function

Once second-order stationarity is ensured, it can be useful to compute the autocovari-
ance function of (z;) and (y;). Throughout the section, the conditions of Theorem 1
are assumed to hold.

For computational convenience, we consider the centred version of the vector pro-
cess (), that is,

7= @z + Wy ™

where z; = z; — p, and p, = E[z;]. Then w} is the centred residual vector such
that, given s; = i € E, wj (i, ) is orthogonal to z* for all 7 < ¢. By using (3) and
(7, we getw; = wi + (P — In) p,.

Theorem 8 Let us consider the MS(M) SBL(p, q, p, Q) model in (2) with Markov-
ian representation (3). Under the conditions of Theorem 1 (r = 2), the autocovari-
ance functions of (z}) in (7) and its first component (y;) are given by
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vecT,+(h) = (¢/ ® INZ)HE[Z;‘®Z”f

p,hlst: ]

Yy~ (h) — (e/ ® (6/)®2) HE[Z:®Z*,h‘St:‘]

t

where

Mgp:enr | |s=1 = (Ph @ Iy) (unz — Pee) ' e

Jor every h > 0 (here we set A" = 1,,, if h = 0 for any square m x m matrix A).
Furthermore, T, (h) = T'.(—h) and 7, (h) = ~,~(—h) for every h < 0.

Using Theorem 8 above and Theorem 4 from Cavicchioli (2014a) we have the
following result whose proof is omitted because follows similar arguments as in the
cited paper.

Theorem9 Under the conditions of Theorem I (r = 2), the MS(M) SBL(p, q, p, Q)
process in (7) admits a stable VARMA (p*, q*) representation where p*, ¢* < MN?
with N =n(Q + 1) and n = p + q. If the lag polynomials of the AR and MA parts
of the VARMA representation have no roots in common, then equalities hold in the
above relations.

This result is potentially useful for statistical applications and for model selection
as, for example, the identification of the regime number and parameter estimation.

4 (Bi)spectral representation of MS SBL models

We compute the spectral and bispectral density matrices for the MS SBL process
(2), and show the importance of the (bi)spectral analysis in distinguishing the linear
and bilinear models. Sample estimates of the spectral and bispectral densities are
then proposed, and their consistency and asymptotic normality are established (under
suitable assumptions). The asymptotic theory for sample (bi)spectral density can be
used for testing normality. The proposed (bi)spectral analysis for MS SBL models (2)
are new and complete the works of Ghezal (2013, 2024), and Ghezal and Zemmouri
(2023). More precisely, the last authors derive formulas for the third-order theoreti-
cal moments for the special MS BL model y; = ¢(s¢)yi—k et—e + ey, for k, £ € N,
and an expression for the spectral and bispectral density functions, under the strong
hypothesis that the innovations e; are independent of {(ys_1, s¢) : s < t}. In this sec-
tion we need only the assumption that the innovations are independent of the Markov
chain. The main novelty is that the (bi)spectral representation is provided for the
general MS SBL model (2) together with the asymptotic theory of sample estimators.

4.1 Spectral density matrix
It might be useful to look at the frequency domain properties of the process in (7)

compared to the time domain. Some features are more easily detectable in one
domain than the other. For example, periodic behaviors and frequency components
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are easily observed in the frequency domain, but transient events and short-duration
phenomena are clearer in the time domain. Further, the model specification process
might compare the empirical spectral density with the theoretical counterpart of a fit-
ted model, providing a useful validation test. In addition, the frequency domain gives
a clearer view of how different frequencies contribute to the overall behavior, and
helps to understand long-term cycles, which might be difficult to detect in the time
domain due to the noise and complex transitions between regimes.

As usual (see Brockwell and Davis (1991), Sect. 11) the spectral density F,« of
(zf) can be obtained from I',« (k) by taking its Fourier transform, that is,

vecF,« (w) = Z vec Ty« (h) e~ ™h (8)

h=—o00

where the frequency w belongs to [—, 7].

As stated in (Pataracchia (2011), p.13), we can compute the diagonal terms of the
spectral density matrix F,«(w) by considering the summation (also denoted by the
same symbol)

oo

vecF,« (w) = Z vec Ty (

h=—00

hD e—iwh

which can be expressed as

vecFu« (w) = (¢/ @ In2) [ i (Pg' ® IN) e—mh}

h=—o00

)

-1
X (IMN2 - Pq)(z)) II,.

from Theorem 8 above. This is a neat matrix expression in closed form that eases
the computational effort to derive the spectral density. The above series converges as
p(Pg2) < 1, which also implies that p(Pg) < 1.

Theorem 10 Under the condition of Theorem 1 (r = 2), the spectral density matrix
of the centred process (z}) in (7) is given by

vecFy« (w) = (¢/ @ Inz2) [~Iynz + 2 ReX(w)] W (10)

where

w1
X(w) = (IMN — Pge ) ® In
W = (Iynz — Pae) ' M.

For the centred process (y; ), defined as the first component of (z}), we get
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Yy (W) = (¢ ®(8)%%) [~lanz + 2 ReX(w)] W (1)

where the frequency w belongs to [—m, 7|.

For a random sample of size T drawn from (z}), the sample autocovariance func-
tion of (z}) is given by

T—|h|
=~ 1

L, (h) = T Z Zitin| %t

t=1

where h =0,+1,...,4+(T — 1). Note that the estimation of the spectral density
requires the observation of the disturbance (7;) which are typically not observed.
However, for T large we can approximate them by the standard normal distribution
with zero mean and unit variance.

For the estimated autocovariance function, we can estimate the spectral density by

T-1

~ 1 h = ]
vecF, « (w) = o Z A <R> vec - (|h]) e wh (12)

h=—(T—1)

where the following assumptions hold:

Assumption A The function R = R(T) is chosen such that R — oo and R/T — 0
as T goes to infinity.

Assumption B The map A(-) is a lag window generator, i.e., it is assumed to be
bounded, even and square integrable with A(0) = 1. See, for example, Subba Rao
(1983) for details. (In Sect. 5 below we use the Bartlett-Priestly window).

We now provide distributional theory for the above spectral density estimator. These
asymptotic results can be used for testing in empirical work.

Theorem 11 Let the density function of (n;) strictly positive, with support containing
an open set centred on zero, and absolutely continuous everywhere in R with respect
to the Lebesgue measure. Suppose that z; is initialized in the infinite past. Under the
conditions of Theorem 1 for all r > 1 the spectral density estimator in (12) is consis-
tent and asymptotically normally distributed.

From (Subba Rao (1983), Sect. 6) the variance-covariance matrix of the vector
vecF,- (w) is given by
(oo}

Vi =T R[vecF,- (w)] [vec F- ()] / M (u) du

— 00

for w # 0 and w # 7. Thus we have
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Theorem 12 Under the hypothesis of Theorem 11, the asymptotic distribution of the
spectral density estimator in (12) is given by

VT R [vec F e (w) — vecF e (w)] L, N(0,V(w))

where V(w) = T R™1 Vr(w) forw # 0 and w # .
In particular, from Theorem 12 and the obtained expression of the spectral density
in Theorem 10, we get

VT R~ 1/ vecF (w) — vecFy« (w)] dwi>N(0,V)

where

—T

V=27 (/! ®In2) {/W [~Innz + 2 ReX(w)] WW' [Iyn2 + 2 ReX'(w)] dw}

x (e ®In2) /:: A2 (u) du.

4.2 Bispectral density matrix
Using the third ordinary cumulant, define
vec Cye (h k) = Elz] ® 77, ®@7zf_,])

Taking the Fourier transform yields the bispectral density function of (z} ), that is,

vee Fyv (w1, wq) = Z Z vec Gy« (h, k) e —ihwr —ihws

h=—00 k=—o0

for wy,ws € [—m, 7]. Reasoning as in 4.1 above, and to simplify computation we
consider the following summation (also denoted by the same symbol):

vec F (w1, ws) = Z Z vec Cyx

h=—o00 k=—o0

) e—ihUJl—ikUJQ' (13)

We now derive a matrix formula in closed form for the bispectral density function in
(13). Using similar arguments as in 3.2, for every h, k > 0 with h < k, we get

vec Cye (B k) = (¢ @ Ins) Mg 0o, 0o, |si=1]

where
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k—h
HE[Z: ®z;_,®zf |st="] = (Pg ® INQ) (]P‘I’(z) ® IN) HE[ZJ:@S‘St:']

and IT B[22®3)s,= ] arises from Theorem 5 by obvious changes based on the centred
t

power vector process (the case h > k can be derived in a similar manner).
From Subba Rao (1983), p.306), a form of the bispectral estimate is given by

T—1 T—1
vec ﬁz* (w1, ws) = Z Z A(h/U,kJU) vec (AJZ* (h, k) e*ihwrz‘sz(M)
h=—(T—1) k=—(T—1)

where

T

—£
1 * * *
Do s Qg Oz
t=1

vec Gy (h, k) =

=l

and & =max(0,|h|,|k|]). Here U=U(T) is a window parameter chosen
such that U%/T — 0 as T — oo, U — oo. The two-dimensional lag window
can be chosen as a product of the one-dimensional windows used in 4.1, i.e.,
Az, y) = M) AMy) AM(xz — y), where A( ) is as above.

From Brillinger and Rosenblatt (1967a, 1967b), the variance of the bispectral esti-
mate for (wq, ws) with 0 < we < wy is given by

. 2
var (vec F, (wl,wg)) = U? V {vecF,« (w1) [vec Fys (w2)]'} ® Fypr (w1, w2)

where

V:/ /Ag(x,y)dxdy.

For the bispectral estimator in (14) the same results as in Theorems 11 and 12 main-
tain their validity.

5 Simulation studies
5.1 Moments

To check the correctness of the formulas proposed in 3.1, we run some simulation
experiments. Particularly, we first check if the proposed analytical moments approach
their empirical counterparts. To do so, we simulate time series from the data generat-
ing process MS(M) SBL(p, ¢, p, O), withp =Q =1, ¢ = 0, and M = 2, in (Maaziz
and Kharfouchi (2018), Ex.4), thatis, y: = a(s¢) ye—1 + b(st) e + ¢(S¢) Ye—171—1,
where s; € {1,2}, n. ~ NID(0,1) and the true parameter values are defined by
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a(sy) = 0.1s; +0.05, b(sy) =1, ¢(sy) =0.2s; — 0.1, p11 = 0.75 and pos = 0.8.
This DGP is selected because it combines both regime-switching and bilinear fea-
tures in the simplest possible structure, allowing us to directly verify the theoretical
expressions without the confounding effects of higher-order dynamics. From a practi-
cal standpoint, such a process can mimic short-run non-linear dependencies typically
encountered in financial time series (e.g., conditional heteroskedasticity and asym-
metric reactions to shocks) while maintaining a relatively stable long-run regime
structure.

The experiment simulates artificial time series of length 7'+ 50 with
T = 100, 500, 1000. The first 50 initial data points are discarded to minimize the
effect of initial conditions. Then one thousand replications are carried out and a
typical realization is plotted in Fig. 1. This figure provides an insight into how the
underlying system switches between different regimes, and gives a sense of the ran-
domness and variability inherent in the process. Even though the model is governed
by deterministic rules (transition probabilities), the randomness of the state transi-
tions introduces variability, reflecting abrupt regime-dependent changes in volatility
as often found in financial returns.

In Table 1 we report the values of the true moments up to order four and their
sample counterparts, together with the spectral radius of the matrices involved in

0 50 100 150 200 250 300 350 400 450 500
T

Fig. 1 A typical realization of the simulated univariate MS(2) SBL(1, 0, 1, 1) model with 7" = 500 as
described in Subsection 5.1
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Table 1 True and empirical True T =100 T = 500 T = 1000

moments up to order four of the = er C TS0 (06 02757 0.2698

simulation exercise from the

MS(2) SBL(1, 0, 1, 1) model 2nd moment 1.3058 1.2956 1.3151 1.3047

described in Sect. 5.1 3rd moment 1.4053 1.3570 1.4481 1.4004
4th moment 13.5111 13.3641 13.6462 13.4877
p(Ps) 0.2178 0.2193 0.2173 0.2179
P(Pg(2)) 0.1245 0.1223 0.1263 0.1241
p(Pgs)) 0.0670 0.0654 0.0683 0.0668
P(Ps)) 0.0497 0.0475 0.0513 0.0494

their computations. Firstly, the assumptions of the theorems in 3.1 are all satisfied, as
can be seen from the values of the computed spectral radius. Secondly, we clearly see
that the empirical moments approach the true moments as the sample size increases.
However, a certain discrepancy can be observed between 7' = 100 to 7" = 500 and
it might be attributed to transient dynamics and finite sample bias. In fact, in MS
models, the chain must "mix" well enough to ensure that it approximates its station-
ary distribution. If 7 is not large enough relative to the mixing time of the chain,
the empirical moments can be biased or unstable. As the sample size increases, the
mixing process has more time to take place and better reflect the true moments of the
process, which is why moving from 7" = 500 to 7" = 1000 works well.

5.2 (Bi)spectral density

Consider the univariate MS(2) SBL(1, 0, 1, 1) model in 5.1. The frequency domain
properties of this model are first investigated by plotting the spectral density func-
tion in Fig. 2. Here we can clearly note long term memory of the process, where the
composite lagged effects play an important role. Specifically, initial value 0.72 at fre-
quency 0 suggests that the process has a significant low-frequency (or long-run) trend
component. This implies that the series exhibits persistence or "trend-like" behavior,
meaning that it has a strong autocorrelation at low frequencies. Values between 0.72
and 0.78 in the frequency range 0 to 0.5 indicates that there is a moderate level of
variability at low frequencies, but this variability is not increasing significantly. This
suggests that the data has some cyclical but smooth behavior, with less volatility in
the short run. The fact that the spectral density increases with negative convexity
means that as the frequency increases, the variance at higher frequencies rises at a
decreasing rate. Overall, this spectral density function indicates a system that has a
dominant long-term trend with moderate periodic fluctuations at low frequencies,
and increasing short-term variability that slows down as the frequency increases.
Such a structure is beneficial (in practical terms) to model financial data where both
long-term stability and short-term shocks or adjustments are present.

The bispectral density function of the same model is depicted in Fig. 3. This graph
reveals a main peak at high frequencies and two other peaks at longer time horizons,
indicating a system with nonlinear interactions across different frequency bands
(which can be critical for making accurate predictions). Thus, the bispectral analysis
may be useful to suggest departure from linearity identifying mixed features of the
considered processes. Moreover, it may guide the researcher in the model selection
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Fig. 2 Spectral density function of the univariate MS(2) SBL(1, 0, 1, 1) model described in Sect. 5.2,
where w is the frequency

phase for the identification of nonlinear characteristics, such as bilinear features (the
memory of the process) and switching features (the high-frequency changes of the
process), which can be beneficial for more accurate modeling of complex signals.

5.3 (Bi)spectral comparison

To shed some light on the behavior of MS SBL models under different parameter-
izations, we now present an high-persistence design which generates smoother
regime durations and stronger autocorrelation, obtained by setting a(s;) = 0.45s;
and p11 = pa2 = 0.9 (other parameters as before). This configuration may represent
macroeconomic time series with slow regime transitions (e.g., business cycles), as
can be seen from a typical realization in Fig. 4, which is substantially different from
Fig. 1 (much volatile). The spectral and bispectral density functions of such DGP are
depicted in Fig. 5.

While the spectrum is unable to detect differences between the two DGPs, the
bispectrum clearly differentiates their features. In particular, the sharp and dominant
spike at the origin indicates strong correlation among low-frequency components,
which is typical of non-linear yet stationary processes, accompanied by a symmetric
cyclical decay away from the origin. This pattern is consistent with business-cycle
or trend interactions (e.g., growth/trend mixing with slow cyclical components). The
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Fig. 3 Bispectral density function of the univariate MS(2) SBL(1, 0, 1, 1) model described in Sect. 5.2,
where w1 and wa are the frequencies

Fig.4 A typical realization of 35

the simulated univariate MS(2)

SBL(1, 0, 1, 1) model with 30t l

T = 500 as described in Sect. 5.3 ’
251
20 f
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Fig.5 Spectral and bispectral density function of the univariate MS(2) SBL(1, 0, 1, 1) model described
in Sect. 5.3, where ws are the frequencies

elevated central peak is likely influenced by a persistent level (trend), which can
inflate the bispectral magnitude at the origin and suggest the presence of regime-
dependent dynamics (e.g., expansions versus recessions).

The simulation results across the different DGPs consistently demonstrate that
bispectral properties of MS SBL models are reliable and robust to changes in per-
sistence, non-linearity, and volatility structure. In fact, the bispectral analyses reveal
how distinct parameterizations can be associated with meaningful empirical behav-
iors: smooth, persistent cycles typical of macroeconomic indicators, or rapid, high-
frequency adjustments as observed in financial data.
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As a final note, we point out that simulations and empirical exercises were per-
formed using Matlab(2024a) in a desktop (Intel Core i7CPU with 32 GB Ram).
Codes are given in the Supplementary materials.

6 Empirical applications
6.1 Canadian lynx

We apply our new tools to the well-known dataset on the Canadian Lynx data. It
comprises annual records of lynx trappings in the Mackenzie River district of North-
West Canada from 1821 to 1934. These data are publicly available and widely used
in time series analysis. Such series has been studied in different works: (Subba Rao
and Gabr (1984), p.93) estimate a standard bilinear model (with 12 lags), Aknouche
and Rabehi (2010) apply a 2-state mixture bilinear model, while (Maaziz and Khar-
fouchi 2018, Sect. 5.1) consider a 2-state Markov switching bilinear model. Since
the first two models are nested in the third, we are able to provide a comparison
between the graphical representations of spectral and bispectral density functions. In
Fig. 6 we report the spectra density functions of the three estimated models: bilinear
(BL), mixture BL and MS BL. The spectral density of the MS BL model differs from
those of the BL and mixture BL models because the former specification introduces
distinct regimes, each with its own bilinear dynamics. The unconditional spectrum
is then obtained as a weighted combination of the regime-specific spectra according
to the stationary distribution of the Markov chain. Such an averaging effect smooths
out the peaks at the lower frequency (say, w less than 1.5) that are characteristic of
the BL-type dynamics and results in highlighting the high frequency explosion of the
series (say, w greater than 1.5). Nevertheless, despite these differences, the second-
order spectra alone are not sufficient to capture and fully discriminate the non-linear
features of the data.

On the contrary, from the bispectral densities reported in Fig. 7, we can clearly
differenciate the different behavior of the estimated models. The first and second
bispectral densities of Fig. 7 relate to the standard bilinear and mixture bilinear
models, respectively. Here the dominant spikes at high frequencies do not capture

Bilinear Mixture Bilinear MS Bilinear
Fig.6 Spectral density functions of the standard bilinear model by Subba Rao and Gabr (1984), p.93),

the mixture bilinear model by Aknouche and Rabehi (2010), and the MS bilinear model by (Maaziz
and Kharfouchi (2018), Sect. 5.1)
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Fig. 7 Bilinear Mixture Bilinear MS Bilinear Bispectral density functions of the standard bilinear
model by Subba Rao and Gabr (1984), p.93), the mixture bilinear model by Aknouche and Rabehi
(2010), and the MS bilinear model by (Maaziz and Kharfouchi (2018), Sect. 5.1)

any recurrent behavior at lower frequencies. The bottom plot, instead, relates to the
Markov Switching bilinear model that is able to capture the bimodality supported
also by Chan and Tong (2004). Moreover, the plot shows regular jumps at various
frequencies, highlighting the different states of the world as well as their progres-
sive decreases show the typical cyclical behavior of the data. Finally, from the lat-
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ter bispectral density function, the presence of high-magnitude peaks and structured
spectral interactions strongly suggests that the underlying data exhibits leptokurtic
behavior. This means that the data likely contains heavy-tailed distributions, where
extreme values occur more frequently than in a normal distribution.

6.2 Stock prices

Firstly, as a worked example, we apply our findings to a well-known dataset previ-
ously used in Aknouche and Rabehi (2010), i.e. IBM stock closing price data (source:
Box et al. 1994). We preliminary analyze this time series because the key character-
istics of the series are already known to us. In fact, such data are subject to multimo-
dality and non-linear features which are detected in the bispectral representation. The
bispectral density is reported in Fig. 8 where bimodality is actually present at lower
frequencies indicating recurrent long cycles. In particular, sharp peaks and valleys in
the graph show strong nonlinear interactions between frequencies and the presence
of multiple lobes suggests periodic or recurrent market behaviors. Such characteriza-
tion via spectral analysis retraces the common features identified by the mentioned
researchers. Furthermore, the bispectral density function suggests a moderately lep-
tokurtic distribution due to higher spectral kurtosis values with respect to the Gauss-
ian ones and structured peaks.

Next, we analyze a more recent dataset, i.e. daily log returns of the S&P500 stock
price index from June 3, 2013 to December 30, 2022 (total number of observations:
2,414). Data are publicly available in Yahoo Finance. These data exhibit several styl-
ized facts that suggest the need for nonlinear models, including the absence of serial
correlation, a heavy-tailed marginal distribution, and volatility clustering. Francq
and Zakoian (2008) applied a two-state MS-GARCH(1,1) and their results demon-
strated that this model outperforms the standard GARCH approach. We estimate a
MS bilinear model of type MS(2) SBL(1,0,1,1) using the EM algorithm proposed by
Maaziz and Kharfouchi (2018), and the bispectral density function for such a series is

XS

s
f {
) .‘.‘q’o’o‘o’c’oﬁ#

Fig. 8 Bispectral density function of the IBM stock prices mixture bilinear model in Aknouche and
Rabehi (2010)

@ Springer



(Bi)spectral analysis of Markov switching bilinear time series 341

4.6 <

a0
M.
i

Fig. 9 Bispectral density function of the S&P500 stock price index modelled as a MS SBL model

reported in Fig. 9. Here the central peak suggests a dominant non-linear effect rather
than multiple interacting regions, with higher movements at high frequencies of the
business cycle. Moreover, the S&P500 bispectrum exhibits a more global non-linear
dependency, possibly due to broader market trends influencing higher frequencies.
In addition, the bispectral density function suggests that the data exhibits strong lep-
tokurtic behavior, as seen from the high spectral kurtosis values. Here the absence
of extreme peaks suggests a more continuous heavy-tailed distribution, rather than
one dominated by extreme spikes. This could indicate financial return data or other
real-world signals where extreme deviations occur more frequently than in a Gauss-
ian process.

To conclude, the comparison of the bispectral plots of two stock prices reveal dif-
ferent non-linear behaviors. The first IBM plot exhibits more localized and distinct
non-linearity, while the S&P500 plot suggests a more uniform and globally non-lin-
ear structure. This could imply that individual stocks experience more pronounced,
event-driven market shocks, whereas an index like the S&P500 reflects overall mar-
ket sentiment with less distinct non-linear frequency interactions and higher move-
ments at the business cycle frequencies.

7 Conclusions

We analyze the probabilistic structure of Markov switching bilinear models, and
derive explicit matrix expressions in closed form for higher-order moments and auto-
covariances of the process and its powers. These matrix expressions improve com-
putational performance since they are readily programmable and greatly reduce the
computational cost. We also give sufficient conditions for ARMA representations of
these processes. These results generalize various methods that have been proposed
in the literature for standard bilinear models. Then we discuss spectral and bispectral
representations of MS subdiagonal bilinear models, and provide distributional theory
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for sample spectral and bispectral density estimators. This serves to derive statisti-
cal tests for linearity and Gaussianity of such general processes. To our knowledge,
the proposed (bi)spectral analysis and the corresponding asymptotic results for the
general MS SBL model (2) cannot be found in the literature. Some authors partially
develop such a theory in different manner and only for special classes of MS SBL
models. Deriving closed-form matrix expressions for higher-order moments, auto-
covariance and (bi)spectral density of MS SBL models provides numerous practi-
cal benefits, ranging from computational efficiency in estimation to improved model
understanding (interpretability, model diagnostics and validation, frequency-domain
behavior) and predictive capabilities (forecasting and uncertainty quantification),
which are critical for making informed decisions in various applied fields. Numerical
and empirical examples suggest that the switching recurrence plays an important role
in the frequency decomposition of regime switching bilinear models.

To complete our proposal, we plan to extend our results by exploring alternative
directions. First, in the context of MS bilinear models, we aim to study forecast-
ing accuracy to evaluate model performance over short-, medium-, and long-term
forecast horizons. Second, it would be of interest to analyze spectral and bispectral
characterizations for other classes of non-linear models (e.g., NN-GARCH, MS-
FIGARCH, MS-ARMA-GARCH, TAR, or TR-GARCH). Third, we intend to further
investigate the integration of the MS framework in bilinear models and its contribu-
tion in terms of structural, predictive, and computational parsimony.

Appendix
Proof of Theorem 3 Starting from (3), fori = 1,..., M, we have

v E[Zt|8t = Z] = T E[wt + i’t Z¢—1 |St = Z]

=T E,,[wt|st = Z] + Eﬂ[(}t Zi—1 |St = Z]

= mw(i) + m; En[(pt|st = ’L] E[Zt,1 |St = Z]
M

=mw(i) + m ®(i) Z Elzi_1|8¢ = 1,51 = j]pji ™
j=1

M
=mw(i) + > pi®(i) 7 Elz_1|si-1 =]
j=1

as ®, is is a function of s; and 7; which is independent of z;_;. In vector form, we
have

HE[zt|st:-] = Ps HE[Zt\St:'] + 1L,

hence

@ Springer



(Bi)spectral analysis of Markov switching bilinear time series 343

(Iun — Pg) Mg, s—) = .

Since p(P(®)) < 1 (see Theorem 1 for r = 1), the matrix Iy;ny — P(®) is invert-
ible. This implies the last equation of the statement of Theorem 3.1. Finally, we have

Elz] = Zi\il i Ezy | 5; = i] = (¢/ ® In) I gy, |s,— 1. The unconditional expec-
tation of (y;) is now easily deduced as y; is the first component of z;. ]

Proof of Theorem 4 Starting from (3) and reasoning as above, we have

mE[Z?Z |si=1i] = m E [(wt + P, Zt71)®2 |5t = Z]
= m Bylwi®|s; = i] + mi Bylw, @ @ + @ @ w; |5 = i] Elzi—1 | s = i]
+ mi By [@?2 | s¢ = z] E[2%2% | s; = i
=mw® (i) + mD(i) Bz | s = i] + m @3 () B[22 | s, = i]
M

= 71'1(4)(2)(2) + 7 D(Z) Z E[Zt_1 ‘St =1,8_1 = j} Pji T
j=1

M
+ m @) Y B s =i,s01 = jlpimy
=mw® (@) + Y pjiD@E) 7 Elzioy|si1 =]

M
+ 3 i @2(0) B2 51 = ]
j=1

fori =1,..., M. For this computations, the fact that the matrices ®, and the vectors
w; are independent of z;_; conditional s; is crucial.
In vector form

HE[z;®2|s,,:-] = P@@) HE[z§2\st:~] + PD HE[zt\st:.] + Hw(2)~

Since the spectral radius of Pg2) is less than one (see Theorem 1 for r = 2), the
matrix Insn2 — Pg2) is invertible. This implies the last equation of the statement.

Then the result follows as above. O
Proof of Theorem 5 Starting from (3) and reasoning as above, fori = 1,..., M we
have
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T E[Z§3 ‘ St = Z} = T E[(wt + @tzt,1)®3|st = Z]

:ﬂ'iEn[w;?3|St:Z-] =+ TiEn[W?2®§t + wt®‘I>t®wt + ¢t®W§2)|8t:i]
X E[Zt_1|8t :Z]

+ ﬂiEn[wt®¢§2 + <I>t®wt®<1>t + ¢£®Q®wt|8t:i]E[Zi®31‘St:i}
+ En[‘t'ggg |s¢ = i) B[22 | 50 = d]

= T w(?’)(z) + m; Dgg) (’L) E[Zt—l | St = Z] + m; Dgg)(l) E[Z?fl | St = Z]
+ m <I>(3)(i)E[z®3 | 5¢ = i

= mw® () + Zpﬂ )(§) ) Elze—r | si-1 = ]

Jj=1
M
+ 3 0 DSV ) 75 Blzi? | s = ) + Z pii @0 (i) 7y Elz7% | 511 = jl.
In vector form
HE[Z?3|st:-] =Pgse) HE[Z?S\st:J + IPDgs) HE[Z§2\st:~] + IP)Dgs) gp, s=1 + Lue.

Since the spectral radius of Pgs) is less than one (see Theorem 1 for r = 3), the
matrix Insns — Pgs) is invertible. This implies the last equation of the statement.

Then the result follows. i
Proof of Theorem 6 Starting from (3) and reasoning as above, fori = 1,..., M we
have

T E[Z?T ‘ St = l] = ’/TiE [(wt + (I)t Zt,1)®r |St = Z]

r—1
=mFE w?r—l—ZBr)z,‘?zl—l—{)@Tz 1lse =1

= Bylwf" |se =i + mi Y By[B{" s =i B[z, | s =]
+ En[‘i)f”“ | s¢ = 1] E[z;@’_’"1 | s¢ = i
r—1
= mw (@) + m Y DY) Bl s = i) + m @) (i) B[z | s, = i

=1

r—1 M

= mw (i) + Z Z pﬂzDér) Bz 501 = j]
=

1 j=1

M
+ > 05 ®70) 75 Bl | s = ]
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where D{") (i) = E,[B{"” | s, = i]. In vector form, the last relation becomes

r—1

HE[Z?Tlst:'] = ]Pq;(r) HE[Z;@T‘St:'] + Zz: PDET‘) HE[Z;@E‘(%:.] + Hw(r),
=1

Since the spectral radius of Pg () is less than one, the matrix Insnr — Pg is invert-
ible. This proves the last equation of the statement. Then the result follows as above.
O

Proof of Theorem 8 For every h > 0 we have

mi Bz @ zi_plse = i] = mi E[(®ezi_ + wi) @z ylse =]
= i (En[®4fse =i @ In) Elz;_y @ 2;_p[se = i] + m Elw] @2z _yse =]
M

= mi [®(i) ® In] Z Blz;_y ®@2z;_1_(_1)lst = i,80-1 = j]pjim;
j=1

M
= Z pji [B() @ In] 7 Elzy_y @ z{_1__y)lse—1 = j.
=1

In vector form
HE[Z?@zjih\st: = (P‘i' ® IN) HE[Z:(X)ZZ,(;L,U‘S)&: -]
hence by iteration

HE[Zf@zzih\st:ﬂ = (Pg & IN) HE[ZI@z:\st:-]

for every h > 0. Now the matrix expression in closed form of the term IT Elzr®zt|si=]
is given by Theorem 4.

Proof of Theorem 10 We have

vecFu (w) = (¢ @ Inz2) {Z (Pe e_i“’)h ® Iy + Z (Pe ei“)k ® Iy
h=0 k=1

X (IMN2 — P(}(z))_l Hw*(m

= (e/®IN2) |:I]\IN2+ Z (Pq) €_iw>h ® IN + Z (Pq) €iw)k ® IN W

h=0 k=0

= (e/®IN2) {_IMN2 + |:(IMN — Ps e,m,)—l + (Iyn — Pa ez’w)_l} ®IN} W

as p(Ps) < 1. Here W is defined as in the statement. It is a finite matrix as
p(]P’@(Q)) < 1. O

@ Springer



346 M. Cavicchioli et al.

Proof of Theorem 11 As (s;) is stationary and ergodic, the joint random sequence
(n, s¢) is stationary and ergodic. Because (y;) is a function of the infinite past of the
Markov chain (s;) and the noise (7)), the process (y:) is ergodic. By the existence
of the higher order moments and the stationarity and ergodicity of (z}) resp. (y;)
and their powers, we can apply the ergodic theorem to establish the consistency of
the empirical autocovariances. Then the sample autocovariance estimator converges
to the true autocovariance with probability one as 7' — oco. The consistency of the
sample spectral density estimator follows. The assumptions of the theorem imply
the geometric ergodicity of (2}, s¢), and hence (y;, s¢), which are therefore strongly
mixing with geometric rate. Such properties hold for the MS SBL(p, ¢, p, Q) process
(y¢) by Theorem 4.1 from Bibi and Ghezal (2015). The geometric ergodicity ensures
not only that a unique stationary probability measure for the process (z}, s;) exists,
but also that the Markov chain converges to it at a geometric rate with respect to
the total variation norm. Markov switching processes with such properties satisfy
conventional limit theorems such as the law of large numbers and the central limit
theorem (CLT) given the existence of higher order moments. See, for example, Jones
(2004), Theorem 1 and Corollary 5. Geometric ergodicity implies that if the process
is initiated from its infinite past, it is regular mixing with exponential decaying mix-
ing numbers. See (Doukhan (1994), Sect. 1.1). By (Zivot (2013), Remark 3 after
Theorem 28), any transformation g(-) of a stationary and geometric ergodic pro-
cess (zy) is also stationary and geometric ergodic whenever the moments of g(z;)
exist. Thus, the existence of moments and the geometric ergodicity of (z}, s;) imply
the geometric ergodicity of the tensor product (z;®", s;) for every r > 1. See also
(Jones (2004), Corollary 2 and Theorem 9). This gives the asymptotic normality of
the empirical spectral density. O
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