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ABSTRACT. We study a periodic Kolmogorov system describing two species
nonlinear competition. We discuss coexistence and extinction of one or both
species, and describe the domain of attraction of nontrivial periodic solutions
in the axes, under conditions that generalise Gopalsamy conditions. Finally,
we apply our results to a model of microbial growth and to a model of phyto-
plankton competition under the effect of toxins.

1. Introduction. Consider the competition system
=z f1(t, 21,2
! 1fi(t,z1, m2), (S)
Ty = T fo(t, w1, 72)
where 1,z represent the densities of two species and f1, fo: R % Rio — R are

respectively the per capita growth rate of the first and the second species, which we
suppose to be continuous, (x1, x2)-continuously differentiable, T-periodic in the first

of;
variable functions and satisfying for all (¢,21,22) € [0,T] x R%,, 8—f(t,xiei) <0,
z;
dfi
for i = 1,2, and —f_(t,xl,mg) <0, for4,j =1,2 and 7 # j. (If necessary, check

O0x;

the notation in use at the end of this section.) In the literature, system S is
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called a Kolmogorov system and it models the interaction of two competing species
experiencing seasonally fluctuating environments. From the ecological point of view,
to know if there is extinction of one or both species or the convergence to a positive
periodic solution, which gives rise to an oscillatory regime, is of course of great
importance.

In the seminal paper [5], the authors consider the system

CL’ll =1 (Al (t) — au(t)xl — alg(t)l'g),
{1'/2 = T2 (Ag(t) — agl(t)xl — agg(t)fl,‘g) (SO)

where the coefficients A;(t) and a;;(¢t) are T-periodic continuous functions. This
system describes the dynamics of two species under linear competition, the a;;(t)
reflect the intra-specific competition and the a;;(t), ¢ # j, the inter-specific com-
petition. The authors prove that all the orbits converge to a periodic one. This
important result is a consequence of the monotonicity of the Poincaré-map associ-
ated to a competitive system. Through a detailed analysis of the behaviour of the
Poincaré-map the authors obtain results on the domain of attraction of its fixed
points and give an example of existence of a positive periodic orbit even when for
the corresponding averaged system no periodic orbits exist. In a subsequent paper
[7] the author assumes

(az21)m (A2)r _ (Ao)nm  (a22)L
(@)r ~ A = (A~ (aw)ar

where (.)ps and (.)1, represent, respectively, the maximum and minimum in [0, 77,
and proves the existence of a positive periodic solution. These conditions and
their improved version in [8] for the n-dimensional case are known as Gopalsamy
conditions. Then in [1] the global stability of the positive periodic solution was
proved under these conditions and this result was refined in [21] both in the case
of competitive systems and prey-predator ones. In [3] the authors prove the global
stability in a more general setting for the case of the prey-predator system.

Some years later, in [20] the authors analyze the case of extinction of both or
one of the species for system Sy. They prove the extinction of one species under
conditions on the coefficients which imply that all hypothetical positive periodic
solutions are asymptotically stable or asymptotically unstable, arriving then to a
contradiction when assuming that one of such orbits exists. These conditions gen-
eralise the Gopalsamy conditions and hence the results of Gopalsamy were obtained
under the assumption that all the possible positive periodic orbits have the same
stability.

As mentioned in [6] (see also the references therein) to assume the per capita
growth rate of each species a linear function is not always adequate. In this paper
a variant of the classical Lotka-Volterra model motivated by experiments was given
in which the linear functions are replaced by nonlinear ones. The models proposed
here and their variants were used in many situations. We refer a recent paper about
microbial growth [14] which presents a competitive model which we will analyze in
section 6. Also several papers about two species competition under the effect of
toxins consider nonlinear per capita growth rates [4, 19, 10, 23].

Taking into account the importance of modelling competition in a more general
way, we considered system &. For this system we were able to give conditions
for the extinction of both species (Theorem 4.1), for the extinction of one species
when there exists only one nontrivial periodic orbit on the axis (Theorem 4.2),

(A;)r >0,i=1,2 and
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for the extinction of one species when there exists one nontrivial periodic orbit on
each axis (Theorem 4.3 and Theorem 4.4) and for coexistence (Theorems 4.5 and
Theorem 4.6). We can deal with the case in which for an interval of time the intra-
specific or the inter-specific competition are zero which is natural in periods of time
in which there is more abundance of resources.

In the case of extinction of exactly one species, when both axis have nontrivial
periodic solutions, our results assume a condition analogous to the one in [20] and
hence assume that all possible positive periodic orbits have the same stability. In
order to tackle cases which do not satisfy these assumptions we obtained results
(Theorem 5.3 and Corollary 4) in the line of a previous in [5] which describe the
attraction domain of the periodic orbits in the axis. These results help doing nu-
merical simulations as they give hints about initial conditions of solutions which
can converge to coexistence orbits.

We end the paper with two applications.

Notation. Here, we list a few notations that will be used throughout this paper.
For any continuous functions z,w: I x Q C R — R, we write z < w if z(¢,7) <
w(t, ) for all (t,z) € I x @ and there exists t* € I such that z(t*,z) < w(t*,z) for
all x € Q. Likewise, we write z < w if z,w: I C R — R with 2(¢) < w(t) for all
t € I and z # w. We may also write w > z whenever z < w. Given f: Q CR — R,
Grafy represents the graph of f. For any P € R?, we call its first coordinate P,
and its second P,,. We denote R} = ]0, +oo[ and Ry = [0, +oo]. Finally, (e1, ez)
stands for the canonical basis of R2.

2. Basic properties of system S. In this section, we establish the first properties
of system S and some tools that will be useful in our future analysis.

For the convenience of the reader, we start by reproducing a classical result on ex-
istence and uniqueness of nonnegative T-periodic solutions for the one-dimensional
problem

¥ =zH(t, ). (1)
Lemma 2.1. Assume

(Ho) H: R xRyg— R is a continuous function such that H(-,x) is T-periodic for
all z >0 and H(t,-) is continuously differentiable for all t € R,
0H
Hy) —(t 0
( 1) O ( ,Jj) =4y, .
(Hz) there exists R > 0 such that / H(t,R)dt <0,
0

(Hs) /OT H(t,0)dt > 0.

Then problem 1 has a unique positive T-periodic solution Z(t). This solution is
defined in R and is a global attractor of 1 in ]0,400|, that is, if x(t) is a positive
solution of 1, then

t_13+moo (z(t) — z(t)) = 0.

This result, which is a direct consequence of [25, Proposition 5] and [12, Theo-
rem 1.1] — see also [13, 24, 22] — will often be useful when considering the evolution
of each species in the absence of the other. This situation corresponds to the restric-
tion of system S to each positive coordinate axis and is described by the decoupled
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equations

x) =1 f1(t,21,0) (2)
and

I/2 = J,‘gfg (t, 07 1‘2). (3)

Remark 1. Assume (Hy), (Hy) and

T
(H) / H(t,0)dt < 0.

0
Then the same conclusion as in Lemma 2.1 holds with Z = 0.

Note that in this case, (Hz) follows from (H;) and (H3), and hence all nonnega-
tive solutions are bounded. Also, the assumptions imply that there are no positive
periodic orbits. Thus, the remark follows from [13, Theorem 2].

Now, we turn our attention to some preliminary results on the qualitative analysis
of system S.
Lemma 2.2. Assume

(ho) fi: RxR%, — R is a continuous function such that f;(-,x1,x2) is T-periodic
for all (z1,22) € R3 and f;(t,-) is continuously differentiable for all t € R,

fori=1,2,
(h)%(t ;) <0, fori=1,2 d afi(t ) <0, fori,j=1,2 and
1 axz , Li€4 , Jor 1 = 1,4, an 8£EJ , L1, T2 , Jort, )] =1, an
i # J,

T T
(ha) there exists R > 0 such that / fi(t,R,0)dt < 0 and / f2(t,0,R)dt < 0.
0 0

Then system S is dissipative, that is, there exists v > 0 such that any solution
(z1(t),22(t)) of S in R, satisfies

limsup || (z1(£), 22(t)) oo <7 (4)

t—+4o0
Proof. Let (z1(t),z2(t)) € R%, be a solution of system S. Then, for all i = 1,2,
x;(t) satisfies

2, < xifi(t,x;e;) forallt € Rand x; > 0.

By the comparison theorem for first order ordinary differential equations,

z;(t) <zi(t), foraltelR
where 27 (t) is the solution of the Cauchy problem for

' =xfi(t,ve;) (5)
with initial condition x(0) = 2;(0). From Lemma 2.1 and Remark 1, , liﬂ_n (xf(t) —
— o0

Z;(t)) = 0, where &;(t) is the unique nonnegative T-periodic solution of equation 5.
Therefore, there is r > 0 such that for all : = 1,2,

lim sup z;(¢) < limsup x} (¢) < 7.
t—+o0 t—+o0

O

Remark 2. Under our assumptions, any Cauchy problem for S has a unique solu-
tion defined for each ¢ > ¢, for each initial data (z1(to), z2(to)) = (210, x20) € R3.
An easy consequence of the uniqueness of solution of Cauchy problems associated
to S is that the first quadrant Ri is invariant for the flow of system S. The same
happens with the positive axes ]0, +oo[ x {0} and {0} x |0, +o0].
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As the solution of any Cauchy problem for S in R3 is defined in [0, +oo[, we
may introduce the Poincaré-map

®: R2, — R%, (6)
which is the function that associates to any (z10,220) € R3, the point
P (210, 220) := (z1(T), z2(T)),

where (21 (t), x2(t)) is the solution of system S satisfying (21(0), z2(0)) = (z10, Z20)-

As usual, fixed points of ® are in a one-to-one correspondence with T-periodic
solutions of S. Moreover, any such solution has the same asymptotical stability
as its corresponding fixed point of ® relative to the discrete dynamical system
N x R%, 3 (n,P) — ®"(P) € R2,,. See [11] for more details.

Lemma 2.3. Assume (hg), (h1) and (hy). Then there exists R > R, with R defined
in (h2), such that &1 = [0, R] x [0, R] is invariant under ®. That is, ®(&1) C ;.

Proof. Indeed, notice that the map ¢ — ftT fi(s,R,0)ds is continuous on [0,T].
Thus, we can define ¢, € [0,T] such that

T T
My = / fi(s,R,0)ds > / fi(s,R,0)ds, for every t € [0,T].
t1 t

By the same argument, there exists to € [0, T] such that

T T
My = f2(s,0,R)ds > / f2(s,0,R)ds, for every ¢ € [0,T].
t

to

Now, let M := max{M, My} > 0 and R := Re™M.

By contradiction, let us suppose that there exists (29, yo) € &1 such that ®(zo, yo)
¢ ;. Without loss of generality, we may assume that x(7T) > R. If z;(t) > R for
all t € [0, T, then assumptions (h;) and (hg) imply that

2 (T) = xl(O)efoT fr(twa(t),w2(t)) dt zl(())efoT fi(tR0)dE 21(0) < R
Otherwise, by the continuity of x1(t), there exists
t:=max{t € [0,T): 1(t) < R}.
Then we have
xl(T) _ xl(f)effT 1tz (t),z2(t)) dt
< a:l(f)effT fi(tR0)dt xl(f)efg fi(6R0)dE _ poMy < ReM — R.
In both cases, we obtain a contradiction. O

Corollary 1. Assume (hg), (h1) and (hy). Then there exists R > 0 such that the
set ©1, defined in Lemma 2.3, is both ®-invariant and attractive.

Proof. Indeed, in the proof of Lemma 2.3, we may consider R = maX{ReM, r}, with
r given in Lemma 2.2. By doing so, the claim is proved. O

Also, note that the Poincaré-map ® is a particular case of the solution operator
defined for any ¢t > tg as the map

G(t,to): R7 ) — R%,
that associates any point (19, z20) € R%, to the point
G(t,to) (w10, T20) = (21(t), w2(1)),
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where (x1(+),22(+)) is the solution of S satisfying (z1(to), z2(t0)) = (10, T20)-

The map G is continuous, t-differentiable for ¢ > ¢, Ri and the positive coordi-
nate axes are invariant under G, and G(t,7)G(r,tg) = G(¢,1o) for all t > r > 5. In
what follows we will always consider tg = 0.

For any P= (Z1,29) € Ri’ we define the relative open quadrants ofp as

[ﬁ’]l = {(Il,l'g) € Ri: T1 > T, To > :ig},
[]5]2 = {(xl,xg) € Ri_: 1 < Ty, o > :22},
[P]?’ = {(wl,xg) € Ri: 1 < T1, Ta < :22},
[P]4 = {(ml,xg) € ]Ri: 1> T, Ta < :%2}‘

In the remaining of this section, we shall prove some useful results concerning the
evolution of the relative open quadrants through the solution operator G(t,0).

Lemma 2.4. Assume (hg) and

(hy) forall (t,z1,22) € [0,T] x R%, %(t,xl,xg) <0, fori,j=1,2 andi# j.
Ly
Take P € R2 and Q € [PL \ {P}, with i = 2,4. Then the following inclusion
holds

G(t,0)Q € [G(t,0)P], \ {G(t,0)P},  for all t > 0.

Proof. The claim for ¢ = 4 follows from Lemma 2 in [18].

On the other hand, if P € R and @ € [P],\{P}, then obviously P € [Q],\{Q}.
By the previous statement,

G(t,0)P € [G(t,0)Q], \ {G(t,0)Q}, for all t >0,

and therefore
G(t,0)Q € [G(t,0)P], \ {G(t,0)P}, forall t > 0.

Lemma 2.5. Assume (ho) and (hy). Let P € R3 and Q € [P],, with i = 1,3.
Then one of the following alternatives holds

(S1) G(t,0)Q € [G(t,0)P], for all t >0,
(S2) there exists t > 0 such that
G(',0)Q € [G(t',0)P] \{G(t',0)P}  forj=2orj=4,
and for all t > ¥,
G(t,0)Q € W\ {G(t,0)P} with j =2 or j =4, respectively.
Proof. Without loss of generality, we may take ¢ = 1. Let us write
G(t,0)P = (x1(t), z2(t)) and G(t,0)Q = (21(t)+hi(t),z2(t) + ha(t)), for all ¢t >0,

where h;(t) is continuous for ¢ > 0 and ¢ = 1,2. Note that h1(0), h2(0) > 0. Then
there are only three possibilities.

If hi(t) > 0 and ha(t) > 0, for all ¢ > 0, then situation (S7) holds.

If there is some t' > 0 such that either hy(¢') = 0 and ho(t") > 0, or h1(t') > 0
and ho(t') = 0, then

G(t',0)Q € [G(t’,O)P]j for j = 2 or j = 4,respectively, and G(t',0)Q # G(t',0)P.
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Then the statement of situation (S3) follows from Lemma 2.4.

Finally, if there is t” > 0 such that hi(t”) = ha(t”) = 0, then G(t",0)Q =
G(t",0)P. Note that this contradicts the uniqueness of solution for Cauchy prob-
lems associated with S, and therefore this situation will not occur. O

In the next corollaries we see that a stronger assumption on the partial derivatives
allows to sharpen the previous results.

Corollary 2. Assume (hg) and

Of
(hT) for all (t,z1,22) € [0,T] x R%,, a—g{z(t,xl,xg) <0, fori,j=1,2 andi#j.
J
Take P € R2 and Q € [PL \ {P}, with i = 2,4. Then the following inclusion
holds

G(t,0)Q € [G(t,O)P]Z,, for allt > 0.

Corollary 3. Assume (ho) and (h). Let P € R% and Q € [P]z., with 1 = 1, 3.
Then one of the following alternatives holds
(S1) G(t,0)Q € [G(t,0)P], for all t >0,
(S3) there exists t' > 0 such that

G(t',0)Q € [G',0)P] \{G(t',0)P}  forj=2orj=4,

and for all t > t',
G(t,0)Q € [G(t, O)PL. with j = 2 or j = 4, respectively.

We will only demonstrate Corollary 2, as the proof of Corollary 3 is identical to
the one of Lemma 2.5.

Proof of Corollary 2. Tt follows closely the proof of Lemma 3.2 in [5].

Without loss of generality, let us assume that i = 2. Take @ € [P], and Q # P.
We will show that

G(t,0)Q € [G(t,0)P],.
To do so, let us denote
G(t,0)P = (21(t), z2(t)) and G(t,0)Q = (21(t) +hi(t),z2(t) + ha(t)), for all ¢t >0,
where h;(t) is continuous for t > 0 and ¢ = 1,2. By assumption,
h1(0) <0, ho(0) >0, —hy(0)+ ha(0) >0,
and we would like to prove that
hi(t) <0 and hg(t) >0, forallt>0.
The pair (hi(t), hao(t)) satisfies
{hll = (f1(75,$1 + hy,x9 + he) — fl(t,xl,xg)) + hifi(t,z1 + hi, 2o + ho)
Wy = 2o (f2(t, 1 + ha, w2 4 ho) — folt, 21,22)) + ko fo(t, 21 + hy, 22 + ho)
If h1(0) = 0, then ho(0) > 0 and, from assumption (h]"), we have
Ry (0) = 21 (f1(0, 1, 22 + he) — f1(0,21,22)) < 0.
The same way, if ho(0) = 0, we see that
h1(0) <0 and  h5(0) = 2 (f2(0, 21 + b1, 22) — f2(0, 21, 32)) > 0.
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Then, there exists 7 > 0 such that
hi(t) <0 and hso(t) >0, forallte]0,7[.

Now, let us suppose that hi(7) = 0. By the uniqueness of solution for Cauchy
problems associated with S, we see that ho(7) > 0. So, arguing as above, we obtain

Ry(7) = 21 (f1(t, z1, @2 + he) — f1(t, 21, 22)) <O,

which is impossible. Analogously, we would obtain a contradiction if we considered
h2 (7') =0. ]

Finally, we conclude this section with an important result on the limit of all
nonnegative solutions of system S, which follows from [18, Theorem 4]. Its proof is
included for completeness.

Theorem 2.6. Assume (hg), (h1) and (ha). Then for any P € R%,, the sequence
(@”(P))n converges to a fixed point of ®. In other words, any nonnegative solution
of § converges to a T-periodic solution as t — 4o00.

Proof. Notice that if P € [0,4o00[ x {0} or P € {0} x [0,400[, then the claim is
a direct result of the application of Lemma 2.1 and Remark 1 to systems 2 or 3,
respectively.

If P € R?, we may follow the lines of [5, Theorem 4.1].

If ®(P) = P, the claim is proved. If not, there is some i = 1,2,3,4, such
that ®(P) € [PL \ {P}. From Lemmas 2.4 and 2.5 and Corollary 1, there exist
j=1,2,3,4 and ng > 0 such that for all n > ng we have

®"(P) € [e"~1(P)], and ®"(P)€ &1.

Then both coordinates of (®"(P)) are monotone and bounded. Therefore the

n>ng

sequence (@”(P))n converges to a fixed point of ®. O

3. Auxiliary Lemmas. Here, we collect some useful results on the stability of the
trivial solution of linear T-periodic systems with continuous coefficients of the form

’U,ll an(t) alg(t) U1 U1
= - A t . 7
l:’U,IQ:| |:a21(t) aQQ(t) U2 ( ) U2 ( )
Our results generalise Lemmas 3 and 4 in [20], as we allow the coefficients a;;(t),

with i # j, to take the value zero.
Until the end of this section, let V(t) be the fundamental matrix of system 7

. 10
with V(0) = I = {0 1].
Lemma 3.1. Assume
(Ao) aij: R =R is a continuous T-periodic function for all i,j = 1,2,
(A1) a;j(t) =0 for alli,j =1,2 and i # j.
Then Rf_o is invariant under the flow of system 7. In addition, for any nontrivial
solution in R, with u;(0) = 0, for some i = 1,2, there ezists t' € [0,T] such that
u;(t) >0 for allt > t'.

Proof. We may assume, without loss of generality, that a;; > 0 for ¢ = 1, 2. Indeed,
if it were not the case, let g > 0 be such that a;;(t) + 79 > 0 for all t € R and
1 =1,2. Set W(¢t) = V(t) exp(not). Notice that W (t) satisfies

W'(t) = (A(t) +mol2) W(t) = A@)W(t) and W(0) = I,
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where A(t) is a T-periodic matrix satisfying all our positivity assumptions, and that
Vi;(t) as the same sign as W;;(t) for all t € R.

It is easily seen that Ri is invariant under the flow of system 7.

If without loss of generality, we suppose that u1(0) = 0 and u3(0) > 0, then we
get

UIQ(O) = GQQ(O)UQ(O) > 0.

So, there exists § > 0 such that ug(t) > 0 for all ¢ € [0,0[. This implies that
uz(t) > 0 for all t > 0. In fact, if that was not the case, let

t* :=inf{t > 0: ua(t) = 0}.

Then there exists s € |0, ¢*[ such that u(s) < 0.
On the other hand, notice that writing ¢(t) := a12(t)uz(t), we have

ui (t) = an(Hua (t) + (1)

Then, given the initial condition u1(0) = 0, we see that

t
uy (t) = edo 41165 ds/ o(s)edo —a1©dEqs >0 for all £ € [0, 7). (8)
0

Therefore, we obtain the contradiction
uh(8) = ag1(s)u1(s) + aa(s)uz(s) >0
and verify that ua(t) > 0 for all t > 0.
From 8, we now conclude that u;(¢) > 0 for all ¢ > 0. Moreover, since there

exists t' € [0,T] such that aj2(¢') > 0, then wuy(¢) > 0 for all ¢ > ¢/, which proves
the claim. O

Lemma 3.2. Assume (Ap), (A1) and
(Bg) there exist aq, g > 0 such that for all t € [0,T]

Bl (t) = alau(t) + a2a21(t) S 0, BQ(t) = alalg(t) —+ OéQ(ng(f) § 0,
and By (t) + Ba(t) < 0.

Then the eigenvalues A1, Ao of V(T') satisfy 0 < A\ < Ay < 1, and hence, the zero
solution of system 7 is asymptotically stable.

Proof. From Lemma 3.1, it follows in particular that the fundamental matrix V (t)
satisfies V(¢) > 0 for all ¢ > 0. More precisely, V;;(¢t) > 0 for all t > 0, for i = 1,2,
and there exists t” € [0,T[ such that V;;(t) > 0 for all ¢ > ¢”, for 4,5 = 1,2 and
i # j.

Therefore, we have V;;(T") > 0 for all ¢, j = 1,2. Then Perron-Frobenius Theorem
(see for example [9]) implies that the eigenvalues A1, Ay of V(T) satisfy

Z) /\1,)\2 eR, Ao >0 and |)\1‘ < /\27

1) there exists an eigenvector vg = (v1p, v2) such that v;g > 0, for i = 1,2, and

V(T)’UQ = )\21}0.
- (0 Vaa(£)ero + Via(?)
v (t 11(¢)v10 + Via(¢)v20
v(t) = L&(t)} = V(t)vo = |:Vv21(t)'U10 + Vaa(t)vao|

Clearly, v;(t) > 0 for all t > 0 and ¢ = 1,2 and v(T") = Agvo. Now, let us consider
S(t) := ayv1(t) + agua(t), where a; and ay are the constants in assumption (Bg).
Taking the derivative, we obtain

%f = By(tyui(t) + Ba(t)va(t) forall £ >0
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and thus
T
S(T) — S(0) = / Bu(t)os (£) + Ba(t)ua(t) dt < 0.
0
Hence, we get

A2 (a1v10 + qav29) < a1v10 + Qa2

and, since vg is an eigenvector,
Ao < 1.

From Liouville’s formula we see that
AAe =det V(T) = el an®+as(dt o o
Then
0<A <A <L

Finally, the Floquet theory for periodic linear systems yields the asymptotical sta-
bility of the zero solution of 7. O

Lemma 3.3. Assume (Ayp), (41) and
T
(AQ) / (all(t) + agg(t)) dt S 0,
0
(By) there exist ar, g > 0 such that for all t € [0,T)
B1 (t) = alan(t) + Oégagl(t) Z O, Bg(t) = Oélalz(t) =+ a2a22(t) Z 0,

and Bl(t) + Bg(t) > 0.

Then the eigenvalues A1, Ay of V(T) satisfy 0 < A\ < 1 < g, and hence, the zero
solution of system 7 is a saddle point.

Proof. Arguing as in the Proof of Lemma 3.2, we see that
T
S(T) — S(0) = / Bu()or(8) + Ba(t)ua(t)dt > 0.
0

Therefore,
Az(@1v10 + Qov20) > 1v10 + 220,
which yields
A2 > 1.

On the other hand, from Liouville’s formula and assumption (A4;) it follows that
0<AAy=detV(T) = eJo ari(t)+aza(t)dt <1

Hence,
0< A\ <1

Then the Floquet theory for periodic linear systems implies that the zero solution
of system 7 is a saddle point. O

Remark 3. Notice that assumption (Bg) in Lemma 3.2 implies that a;; < 0, for
i = 1,2, which is a stronger condition than assumption (As).
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4. Extinction and coexistence results. In this section, we study the dynamics
of system S. Under our assumptions, system S has a trivial solution (0,0) and at
most two semi-trivial T-periodic solutions (Z1,0) and (0,%2), with #;(t) > 0, for
all t € R and ¢ = 1,2. Our results will correspond to different dynamics of S:
extinction of one or both species or coexistence. We mention that in [16] there are
results in the line of the ones in this section for discrete systems. In particular,
permanence is proved under analogous conditions of the ones in Theorem 4.6.

We will first consider a situation where there are no positive T-periodic solutions
on the axes. As one may expect, in this case both species will go extinct.

Theorem 4.1. Assume (hg), (h1), (h2), and

T
(h3a)/ fi(t,0,0)dt <0, fori=1,2.
0

Then any nonnegative solution (x1(t),z2(t)) of problem S with x1(0) > 0 and
x2(0) > 0 satisfies
lim z1(t) = lim x5(t) = 0.

t——+oo t——+oo
Proof. From (hq), we have
1,/1 = xlfl(t7x1ax2) < xlfl(tvxlvo)

for all ¢ > 0 and all (z1,22) € R2,). Let us consider the solution u;(¢) of the initial
value problem

u' = wu f1(t,u,0),
u(0) = z1(0).
The comparison theorem for first order differential equations implies that
0<uz(t) <wui(t) forallt>0.
Under our assumptions, Remark 1 yields lim wq(¢t) = 0, and therefore lim x4 (¢)
t—+oo t—+o00
=0.
In a similar way, one can see that , lim a5(t) = 0. O

— 400

Next, we discuss a situation where there exists a positive T-periodic solution on
one axis, and none on the other.

Theorem 4.2. Assume (hy), (h1), (h2),

(hiH') for all (t,z1) € [0,T] x Ry, g%(t,xl,O) <0,
1

T T
(hg,,)/ fl(t,0,0)dt>Oand/ £2(t,0,0) dt < 0.
0 0

Then any nonnegative solution (x1(t),x2(t)) of problem S with z1(0) > 0 and
22(0) > 0 satisfies

lim (21(t) —Z:(t)) =0 and lim x5(t) =0,

t—4o00 t—+4o00
where T1(t) is the unique positive T-periodic solution of 2.
Proof. The same argument as in Theorem 4.1 shows that

lim a5(t) = 0. (9)

t—+oo
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Also as before, we have
2y = a1 fi(t, 1, 22(t) < @1 fi(t,21,0),
for all t > 0 and all z; > 0. By Lemma 2.1, equation 2 has a unique positive
T-periodic solution Z;(t) which is globally asymptotically stable in |0, +oo[x{0}.
Then the comparison theorem implies that for every ¢ > 0 there exists ty > 0 such
that

.Tl(t) < i‘l(t) +e€ for all ¢ > to. (10)
We will now show that there exists ¢’ > tg such that
T1(t) —e <mxq(t) forallt>t. (11)

From the assumptions on fi, we infer that there exists 779 > 0 such that for all
n € [0,m0] we have

0 _
Tﬁ(t,xl,n)<07 forall ¢t >0 and 0 <z, <R,
Tl

/OTfl(t,O,n)dt>O and /Tfl(t,R,n)dt<O,
0
with R and R > 0 given in (hy) and in Corollary 1, respectively. Moreover, from 9,
we see that for all n € ]0,n[ there exists ¢1(n) > 0 such that
7y =z fi(t, 21, 22(t) = 21 f1(t 21,m)
for all ¢ > ¢1(n) and all z; > 0. Note that, by Lemma 2.1, the auxiliary equation
u = fi(t,u,n)
has a unique positive T-periodic globally asymptotically stable solution, which we

will represent by u,(¢). Then, the comparison theorem implies that there is some
ta(n) > t1(n) such that

z1(t) > u,(t) —n for all t > ta(n).
By the theorem on the continuous dependence on parameters, we see that
up(t) = uo(t) uniformly in [0,7] as n — 0

and this convergence is indeed in R as the solutions are T-periodic. Note that
uo(t) = Z1(t), by the uniqueness of the positive T-periodic solution of equation 2.
Then, for all € > 0 there exists 7. > 0 such that

x1(t) >y (t) —me > Z1(t) —e  for all t > ta(n.),
so that 11 is indeed true. Finally, from 10 and 11 we conclude that
t_l)lﬂ)(J (z1(t) — 21(¢)) = 0.
O

The situations that interest us the most are the ones where both species survive
when isolated. Motivated by [20], we will discuss situations where all positive T-
periodic solutions of & have the same stability. We will see that the stability of the
semi-trivial solutions plays a fundamental role in the dynamics of S.

Theorem 4.3. Assume (hg), (h1), (ha),

T
(hs3) / fi(t,0,0)dt > 0, fori=1,2,
0



PERIODIC KOLMOGOROV COMPETITIVE SYSTEMS 5755

(hs) / f1(t,0,22(¢))dt > 0 cmd/ fo(t,Z1(t),0)dt < 0, where Z1(t) and Za(t)

are the unique positive T-periodic solutions of equations 2 and 3, respectively,
(hss) there exist ay,ag > 0 such that for all (t,z1,22) € [0,T] x &3
22!
o1
of1
0o
and Ay (t,z1,x2) + Aa(t, x1,72) < 0.
Then any nonnegative solution (x1(t),x2(t)) of problem S with z1(0) > 0 and
22(0) > 0 satisfies

lim (21(t) —&:1(t)) =0 and lim x5(t) = 0. (12)

t—+oo t—+oo

0fa
ail (t 1‘1,1‘2) < 0,

0 fa
8£2 (t .Tl,.’L‘Q) < O7

Ai(t,xr, ) = a1 27— (t, 21, 22) — ag

As(t, ) = —a1 =—(t, 21, 22) + 2

Proof. First, we notice that S has a trivial solution (0,0) and two semi-trivial
solutions (#1,0) and (0,Z2), where, according to Lemma 2.1, #; and Zy are the
unique positive T-periodic solutions of the decoupled equations 2 and 3, respectively.
We will prove that under our assumptions (#1,0) is a global attractor. To do so,
we divide the proof in five steps.

Step 1: Stability analysis of the trivial and semi-trivial solutions of S. For the
trivial solution, the linearization of S at (0,0) is

ull = Ulfl(t7070)7

u'2 = UQfg(t, O, O)
Then, by assumption (h3), the Floquet multipliers are
efoT 0.00dt 5 1 and efoT F2(£.0,0)dt - .

Hence, (0,0) is linearly unstable.
The linearization of S at (Z1,0) is

0
(t .’171,0) + U1 = f

8%2 (t .Tl,O),

~ 0
uy = uy f1(t,21,0) + ur @ 7 — fi

0x1
uy = ua f2(t, 71,0).
Since fOT f1(t,%1,0)dt = 0, assumptions (k1) and (h4) guarantee that the Floquet
multipliers are
T B0 1 anq s BOFEER M0

and so (Z1,0) is linearly asymptotically stable.
Analogously, the linearization of S at (0, Z2) is

ull = Ulfl(t, 07‘%2);

f2 (t,0,%2) + ua fo(t,0,Z2) + usZo— 0fs

a (t 0 fEQ)

U2 = 7.L1£L’2

0x1
The Floquet multipliers are
eJd AE0E () dt 5 1 anq ef 2 () 522 (£,0,2(¢)) dt <1,

and therefore (0, Z5) is a saddle point.
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Step 2: Stability analysis of any positive T-periodic solution of S. Let us assume
that (27(t),23(t)) € R% is a T-periodic solution of S. Introducing the change of
variables

€ T2
uy=——1 and uy=1-——
* * 7
Ty Lo

the linearization of system S at (uy,us) = (0,0) becomes

b 0
uj = a—f(t,xf,xé)ﬂ:}‘m - a—g]:l(t,x}‘,mg)xgw,
1 2
(13)
8f2 * * * af2 * * *
Ul2 = —aim(t.]}'l’xz)xlu:[ + £<t7q’117$2)$2u2'

Notice that system 13 satisfies all the assumptions of Lemma 3.2. Then the zero
solution of system 13 is asymptotically stable. This in turn implies that any positive
T-periodic solution (x7(¢),z5(t)) of S is also asymptotically stable.

Step 3: Finiteness of the number of positive T-periodic solutions of S. By contra-
diction, let us suppose that there exists a sequence ((x1,,(t),z2n(t))), of positive
T-periodic solutions of S such that (z1,,(t), x2,n(t)) # (T1,m(t), z2,m(t)) for every
n # m. From Lemma 2.2 it follows that any T-periodic solution of S belongs to
Q = {(z1,22) € R%;: [|(z1,22)] s < 7}. We notice that

|x;n(t)| <7 fillLeo(o,r)xq) for every t e R, i =1,2,

and so the sequence ((21,n(t), z2,n(t))), is equicontinuous and uniformly bounded
in R. Then Ascoli-Arzela Theorem guarantees the existence of a subsequence
(@1,n,, (1), T2, (t)))]€7 that we will still denote by ((z1,,(t), $27n(t)))n7 and a contin-
uous T-periodic function (z;(t), z2(t)) € Q such that ((xlyn(t),xg’n(t)))n converges
to (21(t), z2(t)) uniformly in R.

From Steps 1 and 2, it follows that any T-periodic solution of S in Rio is iso-
lated. Thus, we conclude that (z1(t), 22(¢)) is an isolated T-periodic solution of S,
contradicting the fact that it is the limit of a sequence of T-periodic functions.

Step 4: Nomn-existence of positive T-periodic solutions of S. Let us consider the
Poincaré-map ® defined in 6.

Lemma 2.3, together with the invariance of ® in {0} x [0, R] and in [0, R] x {0},
allows us to extend the map ® by reflection on the axes to the set & = [~ R, R] x
[~ R, R]. We will still denote this extension by ®. This way, the map ® is continuous
on & and (6) C &. Since there are no fixed points on the boundary of &, the
Leray-Schauder degree is well defined and satisfies

deg(I — @,6,0) =1. (14)
On the other hand, from [11] we infer that [®,(0,0)] = 1, i[®,(&1,0)] = 1,
i[®, (0,Z2)] = —1, and i[®, (z7, x3)] = 1 for any positive T-periodic solution (z7, x3)

of S. Let us assume that there exist n T-periodic solutions of S in RY. By the
symmetry of ®, there are exactly 4n + 5 fixed points of ® in & and each has the
same index value as its reflection in &;. Thus, we have

deg(I — ,6,0) = 4n(i[®, (], x3)]) + i[®, (0,0)] + 2(i[®, (1, 0)]) + 2(i[, (0, 72)])
=4n + 1.
(15)

From 14 and 15, it follows that n = 0, and therefore S has no positive T-periodic
solutions.
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Step 5: Extinction of the species xo. Theorem 2.6 guarantees that any nonnegative
solution of S converges to a T-periodic solution. Since (0,0) is a repeller, (0, Z2)
repels solutions in R% and (Z1,0) is asymptotically stable, we conclude that (Z1,0)
is a global attractor of S in RZ U0, 4o00[ x {0}. O

In the next theorem, we discuss a situation where all positive T-periodic orbits
are unstable. The conclusion will be identical to the one of the previous theorem.

Theorem 4.4. Assume (ho), (h1), (h2), (hs), (h4),
(hsy) there exist ay, an > 0 such that for all (t,z1,22) € [0,T] x &3

0 0
Atz 20) = Oélaiﬁ(taxlaﬂh) — 04287£j(t»x1ax2) >0,
0 0
Ag(t,xl,l‘g) = _alaiaf;(taxhlé) =+ QQTﬁ(tvxlva) >0,
and Al(t,lL'l,(EQ) + Az(t,xl,l’g) b 0,
T (oh Ofs
(he) / <(t,x1,x2) + (t,ml,xg)) dt <0, for all (x1,22) € &1.

0 3.%1 3%2

Then any nonnegative solution (x1(t),x2(t)) of problem S with z1(0) > 0 and
x2(0) > 0 satisfies

tl}gloo (z1(t) —Z1(t)) =0 and t_l>15r110<J x2(t) = 0. (16)
Proof. Analogous to the proof of Theorem 4.3 and makes use of Lemma 3.3. O

We now discuss situations where the T-periodic solutions on the axes have the
same asymptotical stability. We begin with the case where both (#1,0) and (0, Z2)
are asymptotically stable.

Theorem 4.5. Assume (hy), (h1), (h2), (hs), and
T

T

(has) / fi1(t,0,Z2(¢))dt <0 and/ fo(t,Z1(t),0) dt < 0, where #1(t) and Z2(t)
0

are the unique positive T-periodic solutions of equations 2 and 3, respectively.

Then there exists at least one positive T-periodic solution (x5 (t),z5(t)) of S which
is mot asymptotically stable.

Moreover, if assumptions (hsy) and (hg) hold, then there exists exactly one positive
T-periodic solution (z7(t),z5(t)) of S and it is a saddle point.

Proof. Arguing as in the proof of Theorem 4.4, we see that
deg(I —®,6,0) =4 i[®, (a],23)] +i[®, (0,0)] + 2(i[®, (Z1,0)]) + 2(i[®, (0,7

of S. Then
4K +5=1
K=-1

Then there exists at least one positive T-periodic solution (z7(t), z5(t)) of S. If all
such solutions were asymptotically stable, then

i[®, (27, 23)] =1 for all (27, 23) € R%.
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Then K = 4n, where n > 0 is the number of positive T-periodic solutions of S,
and 17 would yield a contradiction.

Finally, under assumptions (hsy) and (hg), any positive T-periodic solution
(x5(t),x5(t)) of S is linearly unstable and its index is
i[@, ('f{a x;)] =-1
Therefore, we obtain
deg(I—®,6,0) = 4n(i[®, (z], z3)])+i[®, (0,0)]+2(i[®, (Z1,0)]) +2(i[®, (0,2)]) = 1
—4dn+5=1
n=1

which proves that there exists exactly one positive T-periodic solution (z7(t), z5(t))
of S. O

An analogous conclusion follows when both (Z1,0) and (0, Z2) are saddle points.

Theorem 4.6. Assume (hg), (h1), (ha), (hs), and
(harr) f1 t,0,Z2(t))dt > 0 and /ng(t Z1(t),0) dt > 0, where #1(t) and Z2(t)

are the unique positive T-periodic solutions of equations 2 and 3, respectively.

Then there exists at least one positive T-periodic solution (x7(t),z5(t)) of S which
is not a saddle point.

Moreover, if (hsg) holds, then there exists exactly one positive T-periodic solution
(z5(t),z5(t)) of S which is a global attractor in RZ..

5. Domains of attraction. As mentioned in section 2, the fixed points of the
Poincaré-map @, defined in 6, are in a one-to-one correspondence with the T-
periodic solutions of system S. In particular, the trivial solution (0,0) and the
semi-trivial solutions (Z1,0) and (0, Z2) of S, when they exist, correspond to three
distinct fixed points of ®. Moreover, given Corollary 1, all fixed points of the
Poincaré-map & lie in the set G;.

Inspired by [5], the aim of the present section is to characterise further the
domains of attraction of the fixed points of the Poincaré-map ® in the positive
axes.

We start by introducing some notation. Let P € ]Rf_o be a fixed point of ®. We
denote by A(P) the domain of attraction of P, that is, the set

={QeRy: ?"(Q) —~ P }.
The next result is a straightforward consequence of Lemma 2.4.

Lemma 5.1. Assume (ho) and (hy). Let P € R% be a fized point of ®. Then for
any R, S € A(P), we have [R], N [ ], CA(P).

Proof. Let Q € [R]2 N [5]4.
[@"(S)h, for all n > 0, that is, the coordinates of the three points satisfy
"(8),, < "(Q),, S"(R), and B(R),, < 8"(Q),, <" (5)

Since R, S € A(P), we conclude that ®"(Q) — P, as n — +o0. O

From Lemma 2.4, we see that ®"(Q) € [®"(R)]

5 N

xo"
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From now on, we centre our attention in the domains of attraction of the semi-
trivial solutions (Z1,0) and (0, Z2), and the corresponding fixed points of ®, (1(0), 0)
and (07 To (0)), respectively.

Lemma 5.2. Assume (hg), (h1), (he) and (hs). Let Z1(t) and Zo(t) be the unique
positive T-periodic solutions of equations 2 and 3, respectively.

Then for any P € A(%1(0),0), we have [P]4 C A(%1(0),0), and for any P €

A(0,22(0)), we have [P]2 C A(0,22(0)).

Proof. Let P € A(@(O), O) and @Q € [P]4.

From Lemma 2.4, it follows that ®"(Q) € [@"(P)h, for all n > 0, that is, the
second coordinates of these points satisfy

0<o™"(Q),, <®"(P),, foraln>0.

Since P € A(%1(0),0), Theorem 2.6 and the inequalities above imply that the
sequence (@”(Q))n converges to a fixed point of ® of the form (X, 0), with X > 0.
But from Lemma 2.1, we see that the only fixed points of ® in the nonnegative
x1-axis are (0,0), which is repulsive, and (5:1(0),0). Therefore we conclude that
2"(Q) — (%1(0),0), as n — +oo.

An analogous argument holds for (0,72(0)). O

x

Theorem 5.3. Assume (hg), (h1), (he) and
T

hy) / £1(£,0,0)dt > 0,
0

T
(hy) / fa(t,Z1(t),0) dt < 0, where 1 (t) is the unique positive T-periodic solution
0
of equation 2.

Then either A(%1(0),0) = R% U ]0,+oo[ x {0}, or there exist z € ]0,+00] and
a nondecreasing function ¥y : |0, z1[ — [0, +00[ such that

A(jl(O),O) = {(.’1?1,.%‘2) S Rioi 0<z1<2z21,0< 22 < ’(/Jl(iL‘l)}

U {(xl,l’g) S Rﬁ_oi X Z 21, X2 Z O}

If 21 = +00, then the second set is empty.
Proof. Notice that under our assumptions (il (0), O) is locally asymptotically stable.
By [2, Remark 17.5], its domain of attraction .A(:El(O), O) is a nonempty open set.

Fix a1 > 0.

If P = (41,02) € A(sEl(O),O), for some @y > 0, then all points of the form
Q = (i1, z2), with 0 < 25 < g, belong to A(&?l(O), 0), by Lemma 5.2. Therefore,

A(21(0),0) N {(z1,22) ERYg: 2y =1 } =
={(z1,22) ER3 1 21 =11, 0 < 30 < Y(i01)},
where the map : |0, +00[ — [0, +00] is defined as
Y(ty) = sup {xg > 0: (41, 22) € A(F1(0),0)}.

Notice that v is a nondecreasing map. Indeed, given 0 < 7 < &}, with ¥(z1) >
0, take 0 < x5 < t(z1) and consider the points P = (z1,22) € A(#1(0),0) and

Q = (¢}, %), with 0 < zf < x5, Clearly, @ € [P],. Thus, Lemma 5.2 implies
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that @ € A(21(0),0). Therefore, ¥(z}) > z2, for all x5 < t(z1), and hence
Y(xz}) > ¢(x1). Finally, notice that if ¢(x1) = 0, the conclusion is obviously true,
by the definition of 1.

Finally, if (0%) < +oo, let

21 = sup {xl >0: () < —|—oo}.

It is easily seen that the map ;:]0,z1[ — [0, +oo[ defined as the restriction of 1
to 0, 21| satisfies all the claims in the theorem. O

Theorem 5.4. Assume (ho), (h1), (h2), (hs) and (hy). The map 1, defined in
Theorem 5.3, has at most a countable set of jump discontinuities. Moreover, the
boundary of A(%1(0),0) in R3 is a ®-invariant set given by

fr A(%1(0),0) = Grafy,
U {(1‘1,332) €10, 21 x Ryg: 4y is discontinuous at x1, 1 (x7) < x2 < 9y (xf)}
U {(0,22) € R3: 0 <o <9p1(07)} U {(21,22) € REj: 22 > ¥ (27)},
where the last set is empty, if either z1 = 400 or 1(z7 ) = +o0.

Proof. The first claim follows from Darboux-Froda’s Theorem (see [15]) while the
characterisation of the boundary of .A(fcl(()), 0) is due to the definition of ;.

It remains to prove that fr A(Z1(0),0) is a ®-invariant set. Let P = (Py,, Py,) €
fr A(21(0),0). Then there exist sequences (P;), C A(#1(0),0) and (Qx), C R%,\
A(Z1(0),0) such that

PkLP and QkLP, as k — +o0,
and, for all k > 0,
®"(Py) = (%1(0),0) and ®"(Qx) A (1(0),0) asn — +oc.
As the Poincaré-map @ is continuous,
(D) 25 ®(P) and  ®(Qx) —— B(P), as k — +oo,

and obviously, for all k£ > 0,

" (®(Py)) = " (Py) — (#1(0),0) and

" (2(Q)) = " TH(Qk) A (21(0).0)  asn — +oo,
which proves that ®(P) € fr A(#1(0),0). We then conclude that fr A(Z(0),0) is
O

d-invariant.

Remark 4. Note that, as no point of the xs-axis is the image by ® of a point
P =(P,,,P,,) with P,, > 0, the set

I =fr A(21(0),0) \ {(0,22) € R3;: 0 < 2o <91 (07)}
is also ®-invariant.

Under the stronger assumption (hf) on the inter-species competition terms, we

may generalise the characterisation given in [5].
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Lemma 5.5. Assume (ho) and (h{). Let ¥ C R2 be a ®-invariant curve such that
for all (z1,x2), (x],24) € %, we have

x1 <) if and only if o < a5

Then ¥ does not contain any horizontal or vertical segment, that is, for all (x1,z2),
(2}, 24) € 3, we have

Ty <z} if and only if xe < .

Proof. Suppose without loss of generality that P = (z1,22), P’ = (2},2}) € ¥ are
such that
r1 <) and @y =),

Then -

P e [P],\{P}.
Let ®(P) = (v1,v2) and ®(P’) = (vi,v4). Either v; < v] or v > v]. As X is
®-invariant, ®(P), P(P’) € X. Therefore, either vy < v} or ve > vh.

In both cases,
o(P') & [®(P)],,

which contradicts Corollary 2. O

Corollary 4. Assume (ho), (b)), (h{T), (h2), (h3) and (hy). Then the function
1, defined in Theorem 5.3, is a continuous increasing map such that 1 (01) = Yy,
with Yo > 0 such that (0,Yy) is a fized point of ®, and if z1 < +o00, 1(z] ) = +00.
Moreover,

fr A(%1(0),0) = Grafy, U {(0,22) € R%,: 0 <z <Yy}

Proof. By Lemma 5.5, 11 is a continuous and increasing function, as the set I,
defined in Remark 4, cannot contain any vertical or horizontal segment. Moreover,
if z1 < 400, then 91 (2] ) = +oo.

As 1) is increasing and bounded from below by zero, 11(07) € [0, +oc[. Let us
denote it by Yy. Let x,, — 0, then ¢ (z,,) — Yo and ®(xy, Y1 (z,)) — ©(0,Ys).

By Remark 4, the graph of 91, Grafy, =T is ®-invariant. As (z,,¢1(zy)) €
Grafy,, then ®(z,,¢¥1(z,)) € Grafy,. Hence, we have that ®(0,Y;) is both in
Grafy, and in the xzo-axis. We conclude that ®(0,Ys) = (0,Y)). O

Remark 5. If also (hq) holds and Yy # 0, that is if Yy = Z2(0) we conclude that
there must exist a fixed point of ® in Grafy, as in this case (0,Z2(0)) cannot be
attractive. If we assume that ggf Z, i = 1,2 are negative in the first quadrant, by
[17, Proposition 3.7] and [12, Theorem 2.2], the fixed points of ® lie in a decreasing
curve connecting the fixed point in the xs-axis to the one in the zi-axis. This is in
contradiction with the fact that 1 is increasing. Hence, under this extra condition,
P1(0%) = 0.

When the characterisation of the dynamics of system S is not fully understood
and one would like to run numerical simulations, Theorem 5.3 gives some suggestion
as where to look for initial conditions of solutions which converge to hypothetical T-
periodic solutions. If, for instance, the semi-trivial solution (Z1,0) is asymptotically
stable, but the number of positive T-periodic solutions is unknown, or the stability
of all positive T-periodic solutions is not known, then it seems a good idea to
investigate the asymptotical behaviour of solutions with initial conditions in the
upper left corner of the invariant set &; defined in Lemma 2.3 and near the positive
To-coordinate axis.
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6. Applications. We consider two models with nonlinear competition that have
been studied in the literature. The first model was considered only in its autonomous
version.

In the examples, we opted to study the case in which in the axes we have one
stable and one unstable solution, as this is the case for which the behaviour of the
averaged system can be completely different.

A model for microbial growth in a mixed culture
In [14] the authors studied the model

zh = ri(t)a (t)a (1 TR CQ(t)Kl(Qt)Vl> ’
(R)

wh = ro(t)as(t)zs (1 AN K:<;2> > ’

which describes the competition between two microbial genotypes. This model is
deduced in [14] from a model of two genotypes of virus which compete for a nu-
trient. The authors explain the importance of a mathematical model in order to
give insight, as opposed to competition experiments, which have many counterparts
(require distinct markers, require competition strains to growth in the same envi-
ronment, among others). For i = 1,2, z; represents the density of each strain, r; is
the specific growth rate at low density, K; is the maximum cell density, v; is a decel-
eration parameter, «;(t) is the adjustment function, which describes the fraction of
the population that has adjusted to the new growth conditions by time ¢, and ¢; is a
competition coefficient, more precisely, the ratio between interstrain and intrastrain
competitive effects. In [14], r;, K;, ¢; and v; are positive constants and «;(t) can be
a constant or a non-periodic function, and some results were obtained numerically.
The aim in that paper was to find estimates for the competition coefficients and
then predicting the values for the cell densities.
Here, we assume that,
(C1) Ri=ria; >0, ¢; >0, K; > 0, are continuous T-periodic functions, for i =
1,2.
We have the following result.

Proposition 1. Assume (C1),
(Cg) v; > 1, fori=1,2,
th,z = 1,2, such that Ry(t1)ca(t1) > 0 and Ra(t2)ci(tz) > 0,

04/1%1 ( g)lf?)()>dt>0and/ Ry( <1—w>dt<0,

where, for i = 1,2, Z;(t) is the non-zero component of the unique T-periodic
solution of R in the x;-axis,

(Cs) %(I)llj% c1(t) %(I)llj% co(t) > 1 or I[Bl%)]( c1(t) r[g%)]( co(t) < 1.

Then any nonnegative solution (x1(t),x2(t)) of problem R with x1(0) > 0 and
x2(0) > 0 satisfies

lim (z1(t) —#1(t)) =0 and lim zs(t) = 0. (18)

t——+oo t—+oo

Proof. The result follows from Theorems 4.3 or 4.4. In fact, (ho), (h1), (h2), (hs3),
(hg) and (hg) hold. In what concerns (hss) and (hsy), they follow from the as-
sumptions on ¢;, 7 =1, 2. O
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A model for two competing phytoplankton species with the production
of a toxin

As a second application, we consider a two phytoplankton species competitive sys-
tem with nonlinear inter-inhibition terms and the production of a toxin proposed
in [23]. More precisely, we consider the system

by (t
T =x1 (rl(t) —ay(t)r; — % - (t)xlm) ’

7y = <r2 (t) — bf(j);l - ag(t)x2> ,

(P)

where, for ¢ = 1,2, x; represents the population density of each species, r; is the
intrinsic growth rate, a; is the intraspecific competition rate, b; is the interspecific
competition rate, and c; is the toxin production rate. Note that only the second
species can produce toxins affecting the other species.

We assume that,

(D1) ¢1 >0, r; =0, a; = 0, and b; > 0 are continuous T-periodic functions, for
i=1,2.
We have the following result.

Proposition 2. Assume

1)

(D
T T ~
b
(D2) / ri(t) — ( )T2 (( )) dt >0 and/ ro(t) — Mdt < 0, where, fori=
0
1,2, &;(t) is the non-zero component of the unique T-periodic solution of P
in the x;-axis,
(D3) forallt €[0,T], a2(t) >0 and ba(t) >0,

and one of the following assumptions
bl(t) + 1 (t)R < . al(t)

D) B bR w0 2
T R (t)+c1( )R)(1+ R)
(Dav) pin ax(t)(1+ R)’ T by (1) ’

where R > 0 is defined in Lemma 2.5.
Then any nonnegative solution (x1(t),z2(t)) of problem P with x1(0) > 0 and
x2(0) > 0 satisfies
t_li+moo (z1(t) —31(t)) =0 and t_13+moo x2(t) = 0.
Proof. The result follows from Theorems 4.3 or 4.4. It is easily seen that (hg), (h1),
(h2), (h3), (ha) and (hg) hold. From (Dyg), there exist ay, s > 0 such that for all
(t,x1,22) € [0,T] X &1, we have that

ba(t)
QW <o (0,1 (t) +c1 (t).%‘g).

Then (hss) holds. Similarly, if we assume (Dyy), then (hsy) is satisfied. O

Acknowledgments. We thank Professor Fabio Zanolin for very useful and inter-
esting discussions about this problem.
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