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Abstract. The paper deals with semilinear evolution equations in complex Hilbert spaces. Nonlocal
associated Cauchy problems are studied and the existence and uniqueness of classical solutions is
proved. The controllability is investigated too and the topological structure of the controllable set
discussed. The results are applied to nonlinear Schrédinger evolution equations with time dependent
potential. Several examples of nonlocal conditions are proposed. The evolution system associated
to the linear part is not compact and the theory developed in Okazawa-Yoshii [21] for its study is
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1. INTRODUCTION

This paper concerns Schrodinger evolution equations with a time dependent poten-
tial. As it is known, these dynamics are models for the behaviour of the elementary
particles and hence they are of great interest in applied sciences.

The initial value problem associated to the linear Schrodinger equation,

i%u(m,t) — Au(z,t) + V(x, t)u(z,t) = f(x,t) for (x,t) € R3 x I,

LS
u(z,0) = up(x) for x € R? %)

where [ :=[0,T], V:R3*xI = R, f: R®x I — C and ug: R? — C, was extensively in-
vestigated and several important contributions already appeared. They are frequently
based on the semigroup theory introduced by Kato [13] [14] (see also Kato [15] and
Vrabie [28]). We quote, in particular, the results by Acquistapace-Terreni [1], Neid-
hardt [18] (see also Tanabe [27, Chapter VI]), Okazawa [20] and Okazawa-Yoshii [21].
In [21] the existence of a unique solution to (LS) was proved, in the very general case
of moving Coulomb potentials with multiple charges (see Section 2). The survey by
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Yajima [29] accounts of the most important methods used for the study of (LS).
In abstract setting problem (LS) becomes

d
S0+ A@u(t) = f(t) fortel,

u(0) = uyg.

(Po)

where {A(t);t € I} is a family of closed linear operators in a complex Hilbert space
X with inner product (-, -) and norm || - ||. The domain D(A(t)) may vary with ¢ but
it is assumed the existence of a subspace Y C X such that Y C D(A(t)) for all t € T
and f: [ =Y.

In this paper a nonlinear term is added, into the Schrodinger equation. We assume
that the linear part has the very general behaviour discussed in [21] and briefly recall
its properties in Theorems 2.2 and 2.4; the proofs are omitted and can be found
in [21].

The paper splits into two parts. The first one is in Sections 4 and 5 and deals with
the nonlocal problem

i%u(m,t) — Au(z,t) + V(z, t)u(x,t) = f(z,1)
—|—’y(t, %/0 /RB a(y, s)Au(y, s) dyds)g(x,t) for (z,t) € R3 x I,

u(z,0) = up(x) +/0 b(s)u(z, s) ds for z € R3,

(NLS)
with V and f asin (LS), v: IxC — C, a,g: R3xI — C and b: I — C. The existence
of a unique solution for (NLS) is discussed in Section 5 (see Theorem 5.1). As usual
problem (NLS) is treated in its abstract setting

%u(t) +A)u(t) = f(t) + T, K(t)u)g(t) fortel,
u(0) = ug + Mu,

with {A(¢);t € I} and f as in (Pg), K(t): C(I;Y) — C linear and bounded for all
tel,g: I =Y, T:IxC— C continuous, ugp € Y, and M: C(I;Y) — Y linear and
bounded.

Definition 1.1. (Nonlocal (classical) solution to (P)) A vector-valued function
uw: I — X is said to be a classical solution to (P) if u € CY(I; X) N C(I;Y) and
satisfies (P).

(P)

The existence and uniqueness of a classical solution to problem (P) is in Theorem
4.1. Tts proof is based on the Schauder-Tychonoff fixed point theorem (see e.g. Theo-
rem 3.5) applied to the solution operator ® which is defined in (4.3) by a linearization
device. In Remark 4.3 we show that, in the genuinely nonlinear case for the equation
in (P), by Theorem 4.1 we never obtain the trivial solution v =0

Let V and W be arbitrary Banach spaces. The symbol L(V, W) denotes the space
of all bounded linear operators from V' to W, with norm ||-|| . (v,w). The abbreviations:
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L(V):=L(V,V), L(W) := L(W,W) will be used. The symbol C,(I; L(V,W)) stands
for the space of all strongly continuous functions from W to V. More precisely,
F(-) € Ci(I; L(V,W)) means that F(t) € L(V,W) is defined for all ¢t € I and F(-)v €
C(I; W) for each v € V (for this notation see e.g. Kato[16]). Notice that, in Theorem
4.1, the function K(-) will be assumed strongly continuous from C(I;Y") to C.

Some concrete examples for the operators M and K are proposed now. They
provide an idea of additional nonlocal problems which could be considered besides
(NLS) (see also Remark 5.4).

Examples of M : C(I;Y) = Y.

T
(1) Mu= / u(t)u(t) dt with € L' (I). Tt is possible to show that || M|| = ||u| £ (n)
0
1
(a proof is given in Lemma 7.2). In particular, when wu(t) = T for t € [0,T], then

Mu is the mean value of u.
n

2) Mu:Z/\iu(ti) with \; € C,t; €I, i=1,2,....nand 0 < t; <ty < - <

t, <T. Then we obtain | M|| = Z |Ail. In fact, it is clear that ||M]| < Z |Ai]. On

the other hand, set y € Y satlsfymg lylly =1, a € C(I;C) such that |a( )\ <1 and
alt;)) = X/l A #£0; a(t;) =0, A, =0, where the symbol * stands for the complex

conjugate. Then u(t) := a(t)y satisfies ||ul|c(;;y) = 1 and |[Mully = Z [Aql.
i=1
Examples of K(-) € C.(I; L(C(I;Y),C)).

(1) For all w and p € C(L;Y), (u(-), u(+))y € C(I;C). Therefore if we set

1
K(t)u := 2/0 (u(s), u(s))y ds, te€(0,T];
(u(0), 1(0))y t=0.

Then K(-) € Cu(I; L(C(1;Y),C)), and || K(t)[| < ||pllc(r;yy, for t € 1.

(2) Let {A1(t);t € I} be a family of closed linear operators such that Y C D(A;(t)) C
X forall t € I and A;(-) € C.(I; L(C(I;Y),C)). Notice that ||A1(t)y|| € C(I) for
y € Y, and thus it follows, from the uniform boundedness principle, that there exists
a positive constant c¢; such that

€1 = max 141 ()|l v, x)-
As a consequence, (Ai(-)u(-),u(-)) € C(I;C) for p € C(I;X) and u € C(;Y).
Therefore if we set
¢
Koo |1 [ @) s, te 0.1
(A1(0)u(0), 1(0)), t=0,
then, again, K () € C.(I; L(C(1;Y),C)), and [|K(t)|| < cillpllcrx) for t € 1.
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The use of an abstract framework is fairly common for the study of boundary
value problems associated to differential dynamics. Usually, it is combined with the
application of some fixed point theorem or with the use of an index invariance by
homotopy. Except with the topological argument, the sole well posedness of the
associated linear dynamics is always involved, and this explains the success of the
technique. The seminal contributions go back to Hartman [10], Mawhin [17] and
Schmitt-Thompson [26] (see also the references therein). The books by Pazy [24] and
Kamenskii-Obukhovskii-Zecca [11] deal with this method. The technique is still actual
and successfully used for the study of semilinear equations. We refer, in particular, to
Paicu and Vrabie [22] and Papageorgiou [23], where the linear part does not depend
on t and it generates a compact semigroup. We also mention Benedetti, Malaguti and
Taddei [2] and Benedetti, Taddei and Vath [4] about nonlinear boundary conditions
in a multivalued dynamic. The solution is always intended in integral form.

The domain of the solution operator in this paper is the space C(I;Y) of continuous
functions. Due to the special form which take both the nonlinear part and the nonlocal
condition in (NLS), the weak topology in C(I;Y") can be used, for proving the required
regularities (see Lemmas 4.7 and 4.8); as a consequence, though the evolution system
generated by {A(¢);t € I'} is no longer compact, the study of (NLS) can be lead with
the only continuity of . Moreover, due to the properties of the evolution system,
classical solutions are furnished. To the best of our knowledge (NLS) is the first study
of a nonlocal problem associated to a nonlinear Schrodinger equation.

The second part of this paper is in Section 6 and treats the controllability of the
nonlocal solutions for the Schrédinger equation, i.e. it is about the problem

igu(x,t) — Au(z,t) + V(x, t)u(z,t) = v(x,t) + f(z,t)
ot L 3
o, tT/“ [, a8ty dyds)g(a.t), (.0 € RO x . o
u(z,0) = up(z) +/ b(s)u(zx, s) ds, z € R3,
0
u(z, T) = uy (), z € R3,
and its abstract formulation, i.e.
%u(t) + AW®)u(t) = F(t) + Tt K(Ow)g(t) + Bo(t) for t € I,
u(0) = up + Mu, (CP)

uw(T) = uq,

where ug, u; € Y, the control function v(-) is considered in a Banach space D and
B: D — X is a bounded linear operator.

Definition 1.2. ((Classical) controllable solution to (CP)) A pair of vector-valued
functions u(-) : I — X and v(:) : I — D is said to be a classical controllable solution
to (CP) if (u, Bv) € (CY(I; X)NC(I;Y)) x C(I;X) and satisfies (CP).
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The existence of a solution (u,v) satisfying (CP) for every given ug,u; € Y is
discussed in Section 6 (see Theorem 6.1). The application to problem (CPS) is in
Example 6.5. The weak compactness in C(I;Y") of the solutions to problem (CP)
is proved in Theorem 6.4. It implies the possibility to find a solution u*, and a
corresponding control v(u*), which minimizes (or maximizes) any suitably regular cost
function J : C(I;Y) — R. Again, the discussion is based on a topological argument
and has some similarities with the recent contributions by Obukhovskii and Zecca [19]
and by Benedetti, Obukhovskii and Taddei [3]. However, the abstract setting in [3]
and [19] does not allow applications to Schrédinger evolution equations; further M = 0
there, and the solutions are intended in integral form. The controllability of the
Schrodinger equation by an additive control as in (CPS) was recently studied in
Sarychev [25] whereas a multiplicative control was introduced in Chambrion, Mason,
Sigalotti and Boscain [7], for the same purpose. In Section 6 we are able to discuss the
exact controllability of the nonlinear Schrodinger equation; the solutions are classical
and satisfy a nonlocal additional condition given by M; they form a compact set and
the concrete formula for the associated control Bu(-) strategies is furnished.

Several preliminary theorems are contained in Section 3. Some calculations are
confined in Section 7.

2. THE LINEAR ABSTRACT PROBLEM

This part is about the initial value problem (Pg). Sufficient conditions are proposed
in Theorem 2.4 for its unique solvability. The result is based on [21].

In the case, as in this paper, that D(A(t)) depends on t € I, the introduction of
an auxiliary family of operators {S(¢);¢t € I} with suitable properties can be very
useful for the construction of the evolution system associated to {A(t);t € I} (see e.g.
[21]). We follow this method here and hence we first introduce a family of operators

{S(t);t € I}.

Assumption on {S(¢)}.

(S1) For every ¢t € I, S(t) is positive selfadjoint in X and
(u, S(t)u) > ||ul|*> for u € D(S(t)).

Let Y; be the Hilbert space D(S(t)!/2) with new inner product (-, )y, and norm |||y,
fort € I and u,v € Y;:

(u,0)y; = (SO, SOY20),  Jully, = ()
assume that Y; is embedded continuously and densely in X and that Y := Y.
(S2) For t € I, Y; =Y and S(-)'/? € C.(I; L(Y, X)).
(S3) There exists a nonnegative function o € L!(I) such that for

(t,s) € Ay ={(t,5);0< s <t <T},

oo (= [ otrar) st 2l < 52 < exp( [ otr)ar) st el we:
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Remark 2.1. (1) Under conditions (S1) and (S2), although domain D(S(t)'/?) is
independent of ¢ € I, both inner product (-, )y, and norm || - ||y, depend on ¢t € I.

(2) Condition (S3) and following conditions are equivalent:
(S3)’ There exists a nonnegative function o’ € L!(I) such that for (t,s) € A,

[S(@)20] = 15(s)! 0] | < /St o'(r) dr min, 1S(r) 20|, veY.
(S3)” There exists a nonnegative function ¢” € L'(I) such that for (t,s) € Ay,

[1S(&)Y 0] — [1S(s)/20]|| < /: o (r) dr max IS(r)/?]|, veY.
The proof of this equivalency is given in Section 7.

Assumption on {A(t)}.
(A1) There exists a constant « > 0 such that

|Re (A(t)v,v)| < al|v||?, v e D(A(t), tel.
(A2) Y C D(A(t)), te 1.
(A3) There exists a constant S > « such that
|Re (A(t)u, S(t)u)| < BIIS®)?u|?, we D(S(t) CY, tel.
(A4) A(-) € C.(I; L(Y, X)).

When the linear part {A(t)} satisfies all conditions (A1)-(A3) and (S1)-(S3),
then a unique evolution system exists and its main properties can be showed. This
is discussed int the following result (see Theorem 2.2). Instead, we refer to Section 5
for a concrete example of linear part which satisfies all the quoted conditions.
Theorem 2.2. ([21, Theorem 1.2] see also [30]) Suppose that Assumptions on {A(¢t)}
and {S(t)} are satisfied. Then there exists a unique evolution operator

{U(t,s);(t,s) e :=1x1}
for (Pg) having the following properties:
(i) U(,-) € Cu(3; L(X)), with
Ut 8)lox) < el (t,5) € %,
where « is defined in (A1).
(ii) U(t,r)U(r,s) = U(t,s) on ¥ and U(s,s) =1 (the identity).
(iti) U(t,s)Y CY and U(-,-) € Co(S; L(Y)), with

t
UG 5)lacrap < exp (Bt = sl + | [ otrydr
S

), (t,s) €3, (2.1)

tVs
U, 5)lloerv) < exp (B|t—s|+2/0 o(r)dr), (Ls)€S,  (22)

where tV s := max{t, s}, B and y(-) are defined in (A3) and (S3), respectively.
Furthermore, let v €Y. Then U(-,-)v € C1(2; X), with
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(iv) (9/ot)U(t,s)v = —A@)U(t,s)v, (t,s) € X, and

(v) (8/9s)U(t,s)v =Ul(t,s)A(s)v, (t,s)€ 2.

Remark 2.3. We remark that in [21, 30] all the results in Theorem 2.2 are given
only for (t,s) € Ay :={(t,5);0 < s <t <T}. However, we can obtain the results on
Y. In fact, set

A(t) == —A(T —t), S(t):=S(T —t), fortel.

Then {A(t)} and {S(t)} also satisfy Assumptions {A(t)} and {S(¢)}. Therefore we
can show that there exists a unique evolution operator {U (%, s); (¢, s) € A, }. Define
Ult,s) :=U(T —t,T—s), (t,s)eA_:={(t,s):;0<t<s<T}

This is an extension of {U(t,s);(t,s) € Ar} to ¥ = Ay U A_ and satisfies the
properties in Theorem 2.2 on X. For instance, we can show that for (¢,s) € A_ and

veY,
0 0 = ~ ~

aU(t,s)v = —mU(T—t,T— sjv=AT -t UT —t,T—s)v=—-At)U(t, s)v

(see also [21, Remark 4] and [20, Remark 1.3 and Section 5.2]).
Theorem 2.4. ([21, Theorem 1.3]) Let {U(t,s)} be the evolution operator for (Pg)
as in Theorem 2.2 above. For ug €Y and f(-) € C(I; X) N LY(I;Y) define u(-) as

u(t) == U(t,0)ug +/0 U(t,s)f(s)ds, tel.

Then u(-) € CH(I; X)NC(I;Y) and u(-) is the unique (classical) solution to (Pg).
Remark 2.5. According to Theorem 2.2 it is easy to see that if u; € Y and

feCcI; X)NLY(I;Y).

Then
t

u(t) :=U(t, T)uy —|—/ U(t,s)f(s)ds

T
belongs to C(I; X) N C(I;Y) and it is the unique (classical) solution to the final
value problem

iu(t) + A@)u(t) = f(t) fortel,

3. PRELIMINARY RESULTS

In this section we propose useful theorems for the study of the nonlinear problems
(P) and (CP). Their proofs appear, for instance, in the quoted references.

Let {z,} C X be a sequence in the Banach space X and z € X. If {z,,} converges
to x with respect to the weak topology then we write x,, — x in X, while x, — =
stands for the strong convergence in X.

Let A C X. Then A and ZW denote the closure of A in X with respect to the

strong and weak topology, respectively. The symbol A€ stands for the complementary
of Ain X.
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We recall now the characterization of weak convergence in spaces of continuous
functions.
Theorem 3.1. (Bochner and Taylor [5, Theorem 4.3]) Let X be a Banach space. Set
{fn} € C(la,b]; X) and f € C([a,b]; X). Then f, — f in C(|a,b]; X) weakly, if and
only if

(a) there exists M > 0 such that || fullc(ap:x) < M, n €N,
(b) fort € [a,b], fu(t) = f(t) in X.

We recall now the Eberlein Smulian theory about weak compactness in Banach
spaces.
Theorem 3.2. (Eberlein Smulian theory (see also Kantorovich and Akilov [12, Theo-
rem 1, p.219])) Let Q be a subset of a Banach space. Then the following two statements
are equivalent:

(a) Q is weakly relatively compact;

(b) Q is weakly relatively sequentially compact.
Corollary 3.3. ([12, p.219]) Let 2 be a subset of a Banach space. Then the following
two statements are equivalent:

(a) Q is weakly compact;

(b) Q is weakly sequentially compact.
The following result is about a sufficient condition for the weak compactness in
L'-space.
Theorem 3.4. (Diestel, etc.[8, Corollay 2.6]) Let X be a Banach space. Assume that
A is a bounded and uniformly integrable subset of L([a,b]; X) such that for f € A,
one has f(t) € By a.e. t € [a,b], where, fort € [a,b], By C X is weakly relatively
compact. Then A is weakly relatively compact in L*([a, b]; X).
Theorem 3.5. (Schauder-Tychonoff fixed point theorem, see e.g. Dunford and
Schwartz [9, p. 458]) Let E be a locally convez topological vector space. Let Q C E be
convex and closed. If F: Q — Q is continuous and compact then F has a fized point.
In a Banach space X endowed with its weak topology, the continuity condition
of the map can be replaced by its weak sequential closure. This is showed in the
following proposition. We recall that ®: ) — @ with Q C X is weakly sequentially
closed if {z,,} C Q with z,, = = € Q implies ®(z,,) = D(x).
Proposition 3.6. Let X be a Banach space. Assume that Q C X is convexr and
closed. If ® : Q — Q is weakly sequentially closed and weakly compact, then ® has a
fixed point.

The proof of previous proposition is a straightforward consequence of the following
lemma.
Lemma 3.7. In the same conditions of Proposition 3.6 there exists CC Q convex
and weakly compact such that @(C’) CCand®:C—Cis weakly continuous.
Proof. Step 1. First we show the existence of a convex and weakly compact set

C C Q satisfying CIJ(C‘) C C. Since Q is closed, we have (Q)W C @. Moreover

——W
@ (®(Q) ) is the smallest convex and closed subset of X which contains ®(Q)
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Notice that @ is also convex, closed and ®( ) C @, so define

¢ =w(3@Q)") Q.

Then C is convex and closed. By the compactness of @, C is also weakly compact
(see e.g. Dunford and Schwartz[9, p.434]). According to the above results we have

A — W —W .
®(C) S 2(Q) S Q) Cwo(e(@) ) =C.
Thus C is convex, weakly compact and @ : C' — C.

Step 2. We show that ® : C — C has weakly closed graph. Since C is weakly
compact, C' x C' is also weakly compact in X x X. By Corollary 3.3, C' x ' is weakly
sequentially compact in X x X. The graph G(®|s) = {(z,®(z));z € C} is weakly
sequentially compact. In fact, let

{(2n, ®(20));20 € C} C G(D|) C C x C.
By weakly sequentially compactness of C' x C, there exists {(,, ®(#n, )} x>1 such
that
(), ®(xp,)) — (z0,50) inC xC.
Since ® has weakly sequentially closed graph, we obtain that yo = ®(x¢). Therefore

(%0,%0) € G(®|p), and then G(®|4) is weakly sequentially compact. By Theorem 3.2
G(®|p) is weakly compact. Thus G(®|x) is weakly closed.

Step 3. We show that @ : ¢ — C is weakly continuous. Fix z € C and take
W C C weakly open with ®(z) € W. Take y € ®(C) \ W. It implies that y # ®(x)
and then (z,y) ¢ G((I>|C) This means that (z,y) € (G (<I>\C))C. Since (G(®|))°
is weakly open in C x C’ there exist two weakly open sets V and W such that
(z,y) € V, x Wy C (G(®|4))¢. And then we have

d(V,) N W, =0. (3.1)

—W R
Next we con51der a set {VVy cy € ®(C)\ W}. Since ®(C)  is weakly compact in C,
() \ W is also weakly compact 1n C. Then, noting that {Wy cy e ®(C)\ W}is

a weakly open covering of ®(C ) \ W , wWe can extract a finite sub-covermg; that is
n

there exist y1,...,yn € ®(C)\ W such that UW D<I>( )\W SetV::m‘N/i.
i=1 i=1
Then x € V and V is weakly open and ®(V) C W. In fact, if and only if v € V|

then v € 17 for i = 1,2,...,n. By (3.1) it implies that ®(v) & W,, Vi = 1,--- ,n
so ®(v) & U Wy, . Therefore we have ®(V') C W. For the arbitrariness of x, we have

showed that <I> is weakly continuous.
Proof of Proposition 3.6. 1t is sufficient to apply Schauder-Tychonoff fixed point
theorem (see Theorem 3.5) to ®|4.
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4. THE ABSTRACT NONLOCAL PROBLEM

This part deals with problem (P). Its solvability is discussed in Theorem 4.1 and
the proof involves a fixed point argument. The solution operator ® is defined in (4.3)
and its properties discussed in Lemmas 4.6, 4.7 and 4.8.

Theorem 4.1. Suppose that Assumptions on {A(t)}, {S(t)} are satisfied. Take
K() € C.(I; L(C(I;Y),C)), g(-) € C(I; X) N LY (I;Y). Let

r, s
(TM) I and M satisfy || M||L(c(r;y);y) +liminf —[|g|[z1(7,v) < e BT=2llollr ) here
n—oo N

ko := suII) KO Lea;y)c)y, Tni=max{|['(t,h)|;t € I,|h] <nko} forn €N,
te

the constant B was introduced in (A3) and the function o(-) in (S3). Then forug € Y
and f(:) € C(I; X)NLY(I;Y), (P) has a (classical) solution

u(-) € CHL; X)NC(I;Y).
Further if the following condition is added
(Lip) There ezists a constant L > 0 such that
IT(t,h1) = T'(t, ha)| < Llhy — ha|, t€I,hy,hyeC (4.1)

and

M| Lcr:vyyy + Lkollgllor vy < e T2l llay,

then the solution u(-) is unique.
Remark 4.2. (1) By a similar reasoning as in Example (2) about K (-) in Section 1
it is possible to show that kg is well-defined.

(2) Condition (Lip) is stronger than condition (I'M). In fact, it follows from condition
(Lip) that for ¢ € I and |h| < nko

P(t, )] < LIA| +[T(1,0)] < nLko +max [T (t,0)],

and then

r
liminf —% < Lk.

n—oo N

Remark 4.3. Assume that

f()+T(0)g(t) £0, t €1,

and consider ug = 0. By the linearity of K (t) for all ¢ € I, it is immediate to see that
the solutions given by Theorem 4.1 are never the trivial solution u = 0.

Now we introduce two special cases of Theorem 4.1. If, in particular, we consider
the case I' = 0, then we obtain following
Corollary 4.4. Suppose that Assumptions on {A(t)} and {S(t)} are satisfied.
Assume that

M| Liciryyyy < e PT=2lollL1qy
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Then forug €Y and f(-) € C(I; X)NLY(I;Y), the abstract nonlocal Cauchy problem
for linear evolution equation of the form

%u(t) + A(t)u(t) = f(t) fortel,
u(0) = up + Mu
has a unique (classical) solution
u(:) € CHI; X)NC(L;Y).

On the other hand, if we consider the case M = 0, then we obtain
Corollary 4.5. Suppose that Assumptions on {A(t)}, {S(¢)} are satisfied. Assume
that K(-) € C.(I; L(C(I;Y),C)), g(-) € C(I; X)N LY(I;Y) and
r, _gT—
liminf —||g||z1(r,v) <e AT=2lloll ey
n—oo n
with T, defined in (TM). Then forug € Y and f(-) € C(I; X)NLY(1;Y), the abstract
Cauchy problem for nonlinear evolution equation of the form

%u(t) + A)u(t) = f(t) + T, K(t)uw)g(t) fortel,

u(0) = ug
has a (classical) solution
u(-) € CHI; X)NC(I;Y).
Further if (4.1) is satisfied and

Lkollgllzr vy < e T2l

Then the solution u(-) is unique.
The case I' = 0 and M = 0 was studied in [21, Theorem 1.3] (see also Theorem
2.4). Thus we can regard Theorem 4.1 as a generalization of [21, Theorem 1.3].

The proof of Theorem 4.1 is based on a fixed point argument. So, we first introduce
a solution operator ® (see (4.3) below) and discuss its main properties in the following
Lemmas 4.6, 4.7 and 4.8.

For every ¢ € C(I;Y) we consider the linearized problem

Log(1) + Alyuqt) = F(1) + T(1 K (Da)g() for v e 1.
uq(0) = ug + Mgq.

Note that ug + Mg €Y and

I(, K()q)g(-) € OI; X) N LY(L;Y). (4.2)

)
In fact, by the assumption on K(-), we get that K(-)¢g € C(I;C) and then, by the
continuity of I'(+, -), we have that I'(-, K(-)q) € C(I;C). Therefore we obtain (4.2). It
follows from Theorem 2.4 that (P,) has a unique solution u,(-) € C*(I; X)NC(I;Y).
So we can define the solution operator as follows:

O:CO(LY) = CHL; X)NC(LY), ®:q+— u, (4.3)

(Pg)
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It is easy to see that every fixed point of ® corresponds to a solution of (P). For
this reason we need to investigate the properties of ®. First we show the existence of
Q C C(I;Y) which satisfies ¢(Q) C Q.

Lemma 4.6. There exists Q C C(I;Y) with Q bounded, closed and convex satisfying

Q) CQ.
Proof. Set Q. :={q € C(I;Y);sup,c; lg(t)|ly < n}; then @, is bounded, closed and
convex. Assume that ¢ € Q,,. We see from Theorem 2.4 that

D(q)(t) = uq(t) = U(t,0)(uo + Mq) +/O U(t,s)(f(s) + T'(s, K(s)q)g(s)) ds. (4.4)

We have from | K (s)q| < nko that
Tt K(t)g)| <Tn, tel,
with ko and T, given in (I'M). Notice that
[Mqlly < ||M||Stl€1113 la(®)lly < nl|M]|,

it follows from Theorem 2.4 that
lug@lly < [IUE O Loy (luolly + [[Mglly)

+/O 1O )Ly (1 (8)lly + [T(s, K(s)a)lllg(s)llv) ds

< elo B2 (|l |y + n|| M)
t

t
+ [Few(Bie—s)+2 [ oryar) (Gl +Tallalo)lv) ds,
0 0
and then
o o Fn
g (®)ly < T2 (fuglly + £l vy )+me” 21Nt (AL 42 g1y )-

By condition (I'M), there exists i € N satisfying ||uq(t)|ly < 7 (details of this
computation are in Lemma 7.3). It is clear that Q5 satisfies ®(Qr) C Q.

In the following @ := Q5 and we denote by ng the upper bound of the norm of
q € Q. Next we show that the solution operator ® is weakly sequentially closed.
Lemma 4.7. Let ® as in (4.3) and Q C C(I;Y) be as in Lemma 4.6. Then ®|q is
weakly sequentially closed.
Proof. Set {qx} C Q and ¢ € C(I;Y) with ¢, — ¢ € C(I;Y). Then

+ < limi < n.
lallowyy < liminf {lgxlloy) <n

Therefore g € Q). The proof is complete when showing that ®(gx) — ®(¢) in C(I;Y).
Since K(t) : C(I;Y) — C is linear and bounded, then K (¢)qr, — K(t)q in C.
It implies that
It K(t)q) — T, K(t)q) inC
for t € I. The convergence of {I'(¢, K (t)qx)} is dominated. In fact, by the assumption
on K(-) we have that
K (t)gk| < kong-
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Then
IT(t, K(t)qr)| < max{|T'(¢t,h)|;t € I, |h| < kong} =: T4,
with kg defined in (I'M). Therefore, by definition of g and the property (2.2), we have
U(t,s)I'(s, K(s)ar)g(s) = U(t,s)I'(s, K(s)q)g(s) inY, aa . sel (4.5)
and the convergence is dominated, that is
Ut )0 (s, K (s)an)g(s)lly < 2N, |lg(s) ]y € L}(T), (4.6)

with T, as in ('M). Thus, by Lebesgue’s dominated convergence theorem, we have

¢ ¢
/ U(t,s)I'(s, K(s)qx)g(s)ds — / U(t,s)I'(s,K(s)q)g(s)ds inY.
0 0
On the other hand,
Mg, — Mq inY as k — oo,

because M is linear and bounded. According to previous estimates, it follows that

D(gr)(t) = U(t,0)(uo + May) + /O U(t,s)(f(s) +T(s, K(s)qr)g(s)) ds

weakly converges to

P(q)(t) = U(,0)(uo + Mgq) +/0 U(t,s)(f(s) + (s, K(s)q)g(s)) ds

inY, for t € I. Since {®(qr)} € Q C C(I;Y) is bounded, we obtain from Theorem
3.1 that ®(gx) — ®(q) in C(I;Y).

We show that the solution operator ® is weakly relatively compact.
Lemma 4.8. Let Q C C(I;Y) be as in Lemma 4.6 and set ® : Q — Q, ®(q) = uq as
in (4.3). Then ®(Q) is weakly relatively compact in C(I;Y).
Proof. By Theorem 3.2, it is enough to show that ®(Q) is weakly relatively sequen-
tially compact. So let {grx} C @ for k € N. Then

D(gr)(t) = U(t,0)(uo + Mgx) +/0 Ut s)(f(s) +T(s, K(s)qr)g(s)) ds, t €I

(a) {Mgx} C Y is a bounded sequence. Y is a Hilbert space, so it is reflexive. By
Kakutani’s theorem (see e.g. Brezis[6, Theorem 3.17]) {Mgqy} is weakly relatively
compact in Y. By Theorem 3.2 {M¢;} weakly sequentially relatively compact. So

there exist a subsequence {qy, } of {gx} and ¥ € Y;
Mgy, — €Y.
(b) Define my, € L'(I;Y);
mp(t) =T, K(t)qx, )g(t), a.a.tel.

We show that {my,} satisfies all the assumptions in Theorem 3.4. By definition of my,
we have that
[mnr(®)lly <Tugllg()|ly, foraa. tel. (4.7)



670 LUISA MALAGUTI AND KENTAROU YOSHII

Hence {my} is bounded in L!(I;Y). Take an arbitrary ¢ > 0. Since

m/ lg(s) v ds

is absolutely continuous, there exists § > 0:

S
t dt < —
[ ool ar < =

for every E C I, E measurable with Lebesgue measure u(E) < §. So

/E ma(t) e

Hence {my,} is uniformly integrable. Let By := {y € Y : ||y|ly < Tnllg(®)|ly} a.a.t € I.
B, is bounded in Y. Y is a Hilbert space, then it is reflexive. By Kakutani’s Theorem
B, is weakly relatively compact. Moreover notice that B; is convex and strongly
closed, since it is a closed ball. So B; is also weakly closed. In conclusion B; is weakly
compact. By estimate (4.7) we have that my(t) € B; for a.a. ¢, h € N, so we can
apply Theorem 3.4. Then there exists a subsequence {my,} and 7 € L*(I;Y) such
that myp, — m in L(I;Y). Fix t € I. We claim that

U(t,-Jmn, () = U(t,-)i() in L'([0,2];Y). (4.8)

Notice that L>([0,t];Y”) is the dual space of L!([0,#];Y) (see e.g. [6]).
Let R € (L'([0,t];Y))’, R : L'([0,#];Y) — C. Then there exists p € L>([0,t];Y")
with

<e.

Ro = / (0(3), 9(5)) v,y ds,

where (-, -)y,y+ denotes the duality between Y and its dual space Y'. Let us define
R:LM([0,4];Y) = C,

Roi= [ 9. Ut s)ol)yir s

Notice that R is linear and bounded. Then R € (L'([0,t];Y))’. Hence by my,, — 7 in
L'(]0,);Y) we have that Rmj, — R in C. This is equivalent as R [U(t, -)ma, (-)] —
R[U(t,-)m(-)] in C. Since R is arbitrary in (L'([0,#];Y))’, then the claim (4.8) is
proved. By (4.8) we have that

/Utsmhé ds—\/Uts )Jds inY, tel.

Put
ot) = U000 +9) + [ V() +is) ds
0
then v € C(I;Y) and
®(q,,)(t) ~v() inY, tel
Since {®(gx)} C @ is bounded in C(I;Y), we have ®(qy,,) = v in C([;Y).
Proof of Theorem 4.1. (Existence) Let us consider the solution operator ® defined
n (4.3). By Lemma 4.6, there exists @ closed and convex such that ®(Q) C Q. By
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Lemmas 4.7 and 4.8, ® is weakly sequentially closed and weakly relatively compact.
By Proposition 3.6 ® has a fixed point ¢y € C(I;Y). Clearly g is a solution of (P),
and qo = ®(qo) € C'(I; X).

(Uniqueness) Let u, ugz be solutions to (P), hence fixed points of ®. Then it follows
from (4.1) that

IT(s, K(s)u1) — (s, K(s)ug)| < LIK(s)u; — K(8)uz| < Lkgl|ur — uz||,

with kg as in (M). Therefore, with a similar computation as proof of Lemma 7.3,
we obtain

lur (1) = w2 () ly < T2t (|01 + Lro gl pr (1)) lur = wallorery-

It follows from the latter half part of (Lip) that ||u; —u2||c(r;y) = 0. Thus we obtain
U1 = uUg.

5. APPLICATION TO SCHRODINGER EQUATION

In this section we shall apply Theorem 4.1 to the nonlocal Cauchy problem for the
nonlinear Schrodinger equation (NLS). We assume that ug : R? — C, V : R3x I — R,
frgoa:R3xI —-C,v:IxC—Candb: I — C. Let W™P(R3) be the usual
Sobolev space and we set H2(R?) := W22(R?). We define

Hy(R?) :={u € L*(R%); (1 + |2 )u € L2 (R}, lulls, = I(1 + |2*)ul e,
S (R?) := H*(R®) N Ha(R?), [ulls2 = [lull a2 + llul a2,
We simply wrote Hy and X2 for denoting norms in the spaces Ho(R?) and ¥2(R3),

respectively and we will use this shorter notation also in the following.
By a solution of (NLS) we mean a function u(x,t) such that

a(-) € CM(I; L*(B%)) N O(1; 5 (BY)), (5.1)

where i(t) := u(-,t) € L*(R3) (or X3(R?)) for t € I.
We will prove
Theorem 5.1. Let V satisfies

Ve WHH(I; LA(R?) + (2)? L (RY)), (5.2)
where
(@)2L(R?) == {f € Lis(R%); (1 + [«|*) 7' f € L=(R?)}
and Zy + Zy :={z1 + z0;21 € Z1, 22 € Za}, i.e., (5.2) means that there exist
Vi€ I(LIARY), Vs € L(T (22 L% (R®)),
Wi e INEI2(RY), W € LT (22) L (RY))

0
satisfying Vi + Vo =V and Wy + Wy = EV. Assume that

g € C(L; L*(R?*)) N LY(I; £2(R?)), a € C(I; L*(R?)), y € C(I x C) and b € L'(I;C).
Let vy, := max{|y(t,h)|;t € I, |h| < nlla|c,r2)} forn € N. The following cases occur
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(i) If

.. Y _BT—
6]l 221y + liminf 2 [|g]| 21 (rm2y < e AT 200,
n— o0 n

where 3 € R and o € L'(I) depend only on V (concrete forms are given in
the proof), then for every initial value ug € ¥?(R3) and f € C(I; L*(R3)) N
LY (I;3%(R3)), problem (NLS) has a (classical) solution (5.1).
(ii) If there exists a constant L > 0 satisfying
|7(t7h1)_7(t7h’2)|SL|h1_h2‘7 te[7 h‘lvh‘2€Ca

16l 211y + Lllallorez gl gm2y < e #7720,

with B and o(-) as in (i), then for every initial value uy € X?(R3) and f €
C(I; L*>(R3))NLY(I; 22(R3)), problem (NLS) has a unique (classical) solution
(5.1).

Remark 5.2. Under the conditions in Theorem 5.1, it is clear that the function

t 1/; (/}RS a(y, s)Au(y, s) dy)ds

is well-defined on ¢ € (0,7]. We can consider the closed (continuous) extension of
previous function, i.e., regard 0 — / a(y, 0)Au(y, 0) dy.
3

R
Before proving Theorem 5.1 we prepare a lemma.
Lemma 5.3. Set S(t) := (cy, — A+ V(x,t) +cv, (14 |2]?))?, where V satisfies (5.2),
cy, > 0 depends on ||Vi|| e (r;12) (concrete definition is given at the end of the proof)
and

evy = 1421+ ) T Val Lo (i)

Then S(t) is positive selfadjoint in L*>(R3) and D(S(t)'/?) = £2(R3).
Proof. Define Hy := —A +cy, (1+ |z|?) with D(Hp) := $?(R?). Then S(t) := H(t)?,
where H(t) := ¢y, + Ho + V(z,t) with D(H(¢)) := D(Hp) N D(V (t)). First V(¢) is

1
Hy-bounded with Hy-bound 7 if we show that for u € X2(R?),

1
Vi@)ullzz + [Va@)ull > < —=

HH()U||L2 —+ (\/3CV2 +b1)||UHL2, (54)
V2
where b; > 0. By the Gagliardo-Nirenberg interpolation inequality we have
Vit ullLz <IVallzee sz llullzes
3/4) y1/4
SCGN||V1||Loo(1;L2)||AU||L/2 ||U’HL/2
1
< 51 Aull 2 + byflu 2,

where cg is the constant given by the Gagliardo-Nirenberg interpolation inequality
and by > 0 depends on [|Vi| e (r;z2). On the other hand we see from the definition
of cy, that

- cv,
Va(®ull < NI+ [21*) 7 Vall oo (o) | (14 2 P)ull2 < = o,
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Combining two inequalities, then we have

1
IVi(@)ullze + [Va()ullze < —s(1Au]Ze + ¢, llullF,) " + buful 2.

S

Noting that Re(—Au, (1 + |z[2)u)r2 = ||(1 + [2]?)/2Vul/2, — 3|ju||2., we have
1AulFe + &, lullfy, <IAulfe +2ev, (1 + |2*) 2 Vullfa + e, ullf,
= || Houl|Z + 6evs [lull 7.

Therefore we obtain (5.4). It follows from the Kato-Rellich theorem that H(¢) is
selfadjoint in L2.
Next we show the positivity of H(t). By the similar way, we can show that

C
[ vatto)luta) P ds| < Sl
R3
and

[ Vil da| < IVillo ol

1/2 3/2
< CGN/”VlHLOO(I;L2)||U||L/2 ||V“||L/2

1 4 3
< Z(CGN'HVlllLoo(z;m)) JullZ + Z”VUH%%

where cgn’ is also the constant given by the Gagliardo-Nirenberg interpolation in-
equality. Therefore we obtain

()i = ol + [Vl + cvlllfy, + [ Vel da
1 ’ 4 2
> (on = 7 (can/Willzrian) ) fullf-.

1
Thus, setting ¢y, := 1+ Z(CGN’||V1||LOQ(I;L2))4, then H(t) is positive.
It follows from Lemma 5.3 that || - ||x2 and ||S(¢)}/2 - ||z> are norm equivalent, such

that, there exists a positive constant ¢ satisfying

lull = + ullzz, < el Sl 2, (5:5)

where ¢ > 0 depends on only [|[Vi||peo(r;z2) and [|(1 4 |z[?) ™ Va| oo (1,000

Proof of Theorem 5.1. Set A(t) :=i~'(—A+ V(z,t)) and S(t) as above. Then A(t)
and S(t) satisfy conditions (S1), (S2), (S3), (A1), (A2), (A3) and (A4) with a =0,
B8 = 2ccy, and

o(t) = emax{ean [Wi(, )2, [(L+ |- )7 Wl )|, (5.6)

where c is the same constant as in (5.5).
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In fact, (S1) follows from Lemma 5.3. We show (S2) and (S3). By the definition
of S(t), we have
S(z, t)2u(x) — S(z, to) 2ulx) =V (z, t)u(z) — V(x, to)u(z)
¢
= / (Wi(x,s) + Wa(z, s))u(z) ds

to

for t, to € I. By the same way as in the proof of Lemma 5.3 we obtain
Wi(t)ull2 < can[Wi(t)l L2 ull

and
IWa(t)ullL2 < [I(1+ |2[*) " Wat) || Lo, -

Therefore we obtain

IS8 20 — S(to)?ul| L2 <

/ (W2 (s) + Wa(s))ul 2 ds|

b

t
< ‘/t o()15(5) 2| 2 ds

where o € L'(I) is given by (5.6). This inequality means (S2), and by the estimation
of integral inequality, we obtain (S3) with (5.6) (see also Lemma 7.1).
(A1) with a = 0 is clear because A(t) is skew-symmetric. (A2) is shown in a way
similar as in proof of Lemma 5.3. Let u € ¥2(R?), then
3 Cy.

lA@ullz2 < [Aulze + [Vi()ullzz + [IVa(@)ullrz < Sl Au]zz + = [Jull zz + ballull 2.
Hence there exists a positive constant c4 satisfying

JA@ulze < callullse.

This inequality implies X2(R?) C D(A(t)).
To prove (A3) let v € D(S(t)) C Y. Then we see from definitions of A(t), S(t)
and H(t) that

Re(A(t)v, S(t)v) 2 = —2¢v, Im(3u + 2z - Vu, H(t)u) 2.
By simple computations we have
3u + 2z - Vul|Z: = 4]z Vul* — 9|ul|?
and
Re((1=A)u, (1+[2*)u) 2 = |||z Vull® + |2 |ull®+ [ Vel = 2[lul* > [[|2| V] —2[|ul|*.
Thus we can show that
13w+ 22 - Vul| g2 < ull gz + |ulla, < el S ull 2.
Therefore we obtain
| Re(A(t)v, S(t)v) 12| = 2ccv, || S ()Y 2ul|2..
(A4) follows from (5.2); note that W(I) c C(I).
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Set
1 t
K(t)u :zf/ / a(y, s)Au(y, s) dyds
t 0 R3
and
T
Mu :z/ b(s)u(x, s) ds.
0

Then |K(t)u| < ||lallc;2)lullo; a2y and [[M ]| = ||b][ 21 (1) (see also Example of M (1)
in Section 1). Thus we see from Theorem 4.1 that, in case (i), (NLS) has a (classical)
solution u(-) € CY(I;L?*(R3)) N C(I;X2(R?)). Such a solution is also unique, when
conditions (i) occur.

Remark 5.4. Consider the equation in (NLS) associated to the Cauchy multicon-
dition

u(0) =ug + > Aiu(t:)

with ug € LY(I;X2(R3)) and \;,t;, i = 1,...n as in Example of M(2) in Section 1. If,
n

in the statement of Theorem 5.1, ||b||1(y) is replaced by Z |A;| then the conclusions
i=1
of Theorem 5.1 remains true, also in this case.

6. CONTROLLABILITY

This part is about problem (CPS), i.e. it deals with the controllability of nonlocal
solutions of the Schrodinger equation. In Theorem 6.1 we prove that its abstract
formulation (CP) has a classical controllable solution for every given ug,u; € Y. The
proof exploits a topological method hence we introduce a solution operator II (see
(6.3) below) which is obtained by combining the operator ® defined in (4.3) with
the solution ¥ of the final value problem (6.2). The application to (CPS) is then
straightforward and given in Example 6.5.

Theorem 6.1. Suppose that Assumptions on {A(¢)} and {S(¢)} are satisfied.
Assume that K(-) € C.(I; L(C(I;Y),C)), g(-) € C(I; X) N L*(I;Y) and

1. ..T T2l
IM sy + 5 iminf =2 gl < T2 omy

with ', as in (TM). Then for ug, u; € Y and f(-) € C(I; X) N LY(I;Y), (CP) has a
(classical) controllable solution (u,v) with

uwe CHI; X)NC(I;Y)

and Bu(-) € C(I; X)N LY(1;Y).
Set ¢ € C(I;Y). Before constructing the solution operator of (CP), we introduce
the operator

t

U(q)(t) :==U(t, T)uy +/T U(t,s)(f(s)+T(s,K(s)q)g(s))ds, tel. (6.1)
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where u; € Y. By Remark 2.5, ¥ : C(I;Y) — CHI; X) N C(I;Y) and ¥(q) is the
unique solution of the following problem:

{Zqut) + A(t)ug(t) = F(t) + T(t, K(H)g)g(t) forte I, 6.2)
’u,q(T = Uz.

Therefore, we expect that a solution to (CP) with some suitable Bv(:) corresponds
to a fixed point of the following operator:

(q)(t) := (1 = C())2(q)(t) + C() ¥ (q)(D), (6.3)
where ®(q) was defined in (4.3) and ¢ € C*°(I;R) satisfying (0) =0, {(T) = 1. The
function II(g)(-) is the unique solution of a two-point boundary value problem.
Lemma 6.2. Let II(q) be defined as in (6.3). Then I1(q) is the unique classical
solution of the two-point problem:

%uq(t) + A@)ug(t) = F(E) + Tt K(#))g(t) + Bo,(t) fortel,
ug(0) = uo + Mg, (CPy)
’LLq(T) = Uy,

where

Bug(t) := — 2 (1)(®(4) (1) — W(0)(1)).

Proof. First notice that, by Theorem 2.4, problem (CP,) may have at most a classical
solution u,(-). Clearly, II(q)(0) = ®(¢)(0) = uo + Mg and II(¢)(T) = U(T) = u;. We
show that II(q) satisfies the differential equation in (CP,).
Since ®(q), ¥(q) € C1(I; X) N C(I;Y), we obtain II(q) € C*(I; X) N C(I;Y). Noting
that

d

5 2@)@) = — AD)2(a)(t) + f(1) + T, K(t)a)g(?),

L w(q)(1) = — AWBG)(0) + (1) + Tt K (D)t

and by the definition of Buv(-), we have that

CTg)(1) = (1~ C(0) TB(0) (1) + <) L)1) — 5 (1) (BLa) (1) — V(o)1)

dt
= — AWI(g)(t) + f(1) + (¢, K(t)q)g(t) + Bug(t).
Therefore II(g) is the classical solution to (CP,).
¢

We see from g € LY(I;Y) that the function t — / llg(s)|ly ds is continuous and

0
increasing. Therefore there exists ¢ty € (0,7") such that

to T 1 T
[ Naeds = [ gieds =5 [ ol ds (6.4)
Let

F .= {Sp € C(I;R);¢(0) =0, ¢(ty) = =, ¢(T) =1, monotone increasing}. (6.5)
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We choose in the following a function ¢ € C*°(I;R) N F with ¢y satisfying (6.4).
Consequently (see Lemma 7.4), for t € I,

t T
(1=ce) [ ol ds+<o) [ oy ds < Glal (69

Proof of Theorem 6.1 Let ¢ be as above. We prove the existence of a fixed point
of II.
Step 1. First we show that there exists @ C C(I;Y) with @ bounded, closed and

convex satisfying II(Q) C Q. Set @, as in the proof of Lemma 4.6 and assume that
q € Qn. We see from (4.4) and (6.1) that

t
|2(@) )]y < T+l (Iluolly Ll M+ / 17()lly + Tullg()lly d8> ,

T
19 (@) @)y < THHn <Ilu1||y - / 1£)lly + Tallg(s)ly ds) '

Therefore we have by (6.6) that
e PT=2le e |T1(g) (8) |y

<e P2l (1= ¢ @) )y + I (@) (@)lly)
< max{{|uolly, [lurlly } + 2| M| + | Fll 12y

(¢ [ gl ds +(0) / ool ds)

I'n
< mac{lJuolv, sy } + £ty + n (1M1 + 29l rm)-

By the same way as in the proof of Lemma 4.6 (see also Lemma 7.3), it follows from
condition (I'M)’ that there exists i € N satisfying II(Qr) C Qz. In next steps, we
set () := Q» and denote by ng the upper bound of the norm of ¢ € Q.

Step 2. Next we show that IT is weakly sequentially close. Set {qr} C @ and
g € C(I;Y) with ¢t — qin C(I;Y). We already proved in Lemma 4.8 that ¢ € Q and
D(gr) = ®(q) in C(I;Y). By (4.5) and (4.6) it is easy to show that ¥(gx) — ¥(g) in
C(I;Y). Therefore we obtain II(g;) — II(q) in C(I;Y).

Step 3. Third we prove that II is weakly relatively sequentially compact. Let {qx} C
Q. By Lemma 4.8, there exists a subsequence {qgy, } and ve € @ satisfying ®(gy,, ) —
ve in C(I;Y). We define the sequence {my} as in part (b) of the proof of Lemma
4.8; with a similar reasoning as there we can find a subsequence {my,} and a function
m € LY(I;Y) such that

/ t U(t, s)mp, (s) ds — /T t U(t, s)in(s) ds

T
inY,t el It implies that ¥(qx,,) — ve in C(I;Y) where
t

va(t) = Ut T)ur + /T U, s)ri(s) ds.
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Therefore, I(qy,,)(t) — v(t) :== (1 — ((t))va(t) + ((t)ve(t) in YV for ¢t € I. Since
{l(gx)} C @ and Q is bounded, by Theorem 3.1 we obtain that II(gy,,) — v in
C(I;Y). By above properties we see from Proposition 3.6 that II has a fixed point
u(+) which is a solution of (CP) with

Bo(t) := —%(@(‘I’(U)(t) —U(u)(t), tel (6.7)

and u(-) € CHI; X)NC(L;Y).

Remark 6.3. It is easy to see that every solution u(-) € C*(I; X)NC(I;Y) to (CP)
with Bu(-) satisfying (6.7) is indeed a fixed point of II, i.e. u(-) = II(w)(-).

We investigate the topological structure of the solution set to (CP). Put
S:={uecCYI;X)NC(I;Y); (u,v) is a solution of (CP) with Bv as in (6.7)}.
Theorem 6.4. Suppose that Assumptions on {A(t)} and {S(t)} are satisfied. Assume

that K(-) € C.(I; L(C(1;Y),C)) and
1 r, -
HMHL(C(I;Y);Y) + 3 limsup ?HQHLI(];Y) <e AT—2]| ”LI(I)7 (I‘M)”
n—oo
ug, uy € Y and f(+), g(-) € C(I; X)NLY(I;Y). Then S is weakly compact in C(I;Y).
Proof. The proof splits into two parts.
(Boundedness of S). Let u(-) satisty (CP) with Buv(-) given by (6.7). We show the

I
boundedness of u(-). Put b := limsup,,_, ., 2—n||g||L1(I;y). Then for € > 0 there exists
n
T

i = n(e) € N such that 2—n\|g||L1(I;y) < b+e for n > n. By condition (T'M)”, we

n
can choose € = g satisfying

M| +b+eo < e PT2oleran

For v € C(1;Y), there exists n € N such that n — 1 < |Jul|¢(;;y) < n. If n < n, then
lulleryy < n. If n > n, then we obtain from |I'(s, K(s)u)| < T', that

Lullgllzr iy < 2n(b+c0) < 2(1 + [lullo;y)) (b + <o),
and therefore by Remark 6.3
[u(®)lly < (1= NP @)y + )Y (w) ()]l
g Fn
<TI0 (g |V |+ M ey + 17 scrvy + 2 lgllos
< ePTHINn (fluol| V fluall + 1M [wllogryy + 1 £l vy
+ (1 + lulloy)) (b + <o)
<fTH2lelleian (ol V llus | + 1 Fll L1 (rivy + b+ €0)
1 BT+2l0ll L1y (||MH +b+ 50) lullery)-
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Thus we have
lwoll V lurll + [ fllrryy +0+¢€0

e PTEL0 — M = b e

lullcry) <

In conclusion, we obtain |uc(r,y)y < 7V m.

(Weak compactness of S). By the Eberlein-Smulian theory (see e.g. Corollary 3.3) it
is sufficient to prove that S is weakly sequentially compact. So, let {ux} C S. Since
S is bounded, then {Muy} is also bounded in Y. Then we can find ¢ € Y and a
subsequence {uy, } such that Muy, — 0 € Y. Let

mp(t) == T(t, K(t)ug, (t))g(t), a.a.t el

With a similar reasoning as in the proof of Lemma 4.8 we can find m € L'(I;Y) and
a subsequence {my, } satisfying ms, — 7 in L'(I;Y). Hence (see the the proof of
Lemma 4.8)

U(t,-ymp, () = U(t,)m(-)  in L([0,];Y) (6.8)
and

Ut -ymp, () = U(t,)ym(-)  in L'([t,T];Y) (6.9)
for t € I. Put

(t) = (1= C() [U(t,0) (uo + ) + / U(t,5)(f(s) + 1(s)) ds]

U(t,)(f(s) + 1(s)) ds]

for t € I with ¢ defined in (6.6). By (6.8), (6.9) and the definition of 9, it follows that
M(ug,,)(t) = a(t) in Y for t € I. Since {uyx} C S, we have that uy = I(uy) for all k
(see Remark 6.3). By the boundedness of S we obtain that

+C(0) UG T + /

T

ukhe = H(ukw) — 4 (610)

in C(I;Y). Notice that ®(up,,) — ®(@) according to Lemma 4.7 and ¥(up,,) —
U (@) by Step 2 in the proof of Theorem 6.1 and both convergences are in C(I;Y).
Consequently, as in Step 3 of the proof of Theorem 6.1 we get that

uny, = (1= Q)®(un,,) + ¥ (un,,) = (1= ¢)®(a) + (¥(a) = I(a) (6.11)

in C(I;Y). Thus we obtain from (6.10) and (6.11) that & = II(4) and then 4 € S.

Example 6.5. Let V satisfy (5.2). Assume that g € C(I; L*(R3)) N L1(I; ©%(R3)),
a € C(I; L3(R3)),y € C(I x C), b € L*(I;C) and they satisfy
max{|y(t, h)[;t € 1, |h] < nllallcu;2)}

C, := liminf < 00,
n— o0 n

C — —
1Bl ) + 7’Y||9||L1(1;z2) < e AT=2lell
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where 3 € R and 0 € L'(I) are defined in Theorem 5.1. Then for every initial
value ug, up € L2(R3) and f € C(I; L*(R3)) N LY (1; £2(R?)), controllable problem for
Schrédinger equation

igu(x,t) — Au(z,t) + V(x, t)u(z,t) = v(x,t) + f(z,t)

ot
t
tr(tg [ ] alvs)duty.s) dyds)g(a ), (ot) € RO <,
t Jo Jrs (CPS)

T
u(z,0) = ug(x) —|—/0 b(s)u(x, s) ds, xr € R3,
u(z, T) = up (z), reR3

has a controllable solution
u € CH(I; L*(R?)) N C(I; 2*(R?))

with v(-,t) as in (6.7).
By the same way as in the proof of Theorem 5.1, we can verify the conditions of
Theorem 6.1.

7. APPENDIX FOR SOME CALCULATIONS

We collect in this part some technical results which are useful in the proofs of main
results.
Lemma 7.1. Let f € C(I) be a nonnegative function. Then following properties are
equivalent:

(a) There exists a nonnegative function o € L*(I) such that

f) < exp(/sta(r) dr)f(s) (t,s) € AL,

(b) There ezists a nonnegative function o’ € L'(I) such that

f(t)—f(s)g/ o/ (r)dr min f(r), (4s)€ A,

re(s,t]

(c) There exists a nonnegative function o” € LY (I) such that
t
£~ )< [ o) dr ma £0), (t,9) € A
s re|s,t
Proof. (b) = (c) is clear. First we show that (a) = (b). Fix (¢,s) € A;. Then there
exists r, € [s,];

f(rm) = min_ f(r).

re(s,t]

We see from (a) that

) < exo | o) dr) ). 1(0) > e~ | etmar) )

m
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Therefore we obtain

1016 < (exo( [ ot)ar) = exp( [ otrrar))sto

m

:/:g(r)exp(/: o(r) dr) drf(rm) < /to— el7lera dr f (r,,).

m

Thus we obtain (b) with ¢’ := gellollion

681

¢
Next we show that (c) = (a). Fix (t,s) € A, and take n € N grater than / a(r)dr.
S

Then we can find a finite sequence {t;} C I (1 =0,1,2,...,n) satisfying
s=to<th1L <<ty =t

and

t; t
‘ 1
/ U”(T)drzf/a”(r)dr(<1) fori=1,2,...,n
ti—1 nJs
There exist r; € [t;—1,ti];

f(ri) =max{f(r);r € [ti—1,t;]} fori=1,2,.
We see from (c) that for i =1,2,...,n,

16~ 1) < [ s, S0~ ) < [ o"0)drf ().

[

Therefore we obtain for ¢ = 1,2,...,n,
O +/ o (r)dr) (), flri) < (1- /t o" () dr)*lf(ti_l).

Noting that (1 +a)~*(1 —b) > (1 —a —b) for a,b > 0, we have for i = 1,2,...,n,

" 1 - /t o (7) dr)_lf(ti_l)

(oo ] o
oo [ wtra)”

ti

ti
1+

| N

f(tiz1),

and then )
£(t) < (1 - %/ o (r) dr)_nf(s).

Passing to the limit as n — oo, we obtain (a) with o = o”.

Lemma 7.2. Let X be a Banach space with norm || - || and p € L*(I;C).
Set M : C(I; X) = X,

T
Mu = /O n(tu(t) dt.

Then | M| Lca.x)x) = Ikl
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Proof. (<) Set u € C(I; X) satisfying ||ul|c(r,x) := maxser [[u(t)|| = 1. Then

T T
([ Mull S/O Iu(t)\HU(t)HdtS/O (@) dt [[ullorx)-

(>) Put £ > 0 and = € X satisfying ||z|| = 1 and set p.(t) := (G * p:)(t), where [ is
0-extension of y and p. is a mollifier. Define

SOM
U 1= x(luf(w * ps)

is complex conjugate, p(t) = p(—t) (t € R) and |7 is the restriction to I.
Then u. € C(I; X) and |Juc||c(r;x) < ||z|| = 1. By properties of the convolution, we

have
pe()* ; pe(t)”
Mu. = [ ) (L)W= [ G oot

e (1)
R e ()] +€

t
Mu / d —/ dt—g/
M) = [ CEST = [ o) e

> /R \ug(t)ldt—EISUPp(ueN-

Since pe — @ in L'(R) and ||zl 22wy = ||l 22 (1), therefore we have

(t),

I

where *

)

and then

IMl[Lowxyx) = sup|[Mul > liminf [|Mue|| > {lullz1 1)

luller;x)<1
Thus we obtain the desired equality.
Lemma 7.3. Let {a,} C R satisfy liminf,, . a, < 1. Then for every C > 0 there

exists i € N such that C + nayp < 7.
Proof. Set b := liminf a,,. Then we can find a subsequence {a,, } such that

n—oo
an, < (b+1)/2.
2 1-b b+ 1
Choose n € {ny} grater than 1 Cb Then C + nas < ?n + —|2_ n=n.
Lemma 7.4. Let ty € (0,T) and ¢, ¢ € F, with F defined in (6.5). Then fort eI,
1

(1= e@)p(t) + ()1 -9 () < 5.
Proof. Since ¢, ¥ € F, we have
t€[0,t0) = 1 —2¢(t)
t € [to, T] = 1 —2¢(t)
and therefore obtain for ¢t € I,

(1= @(@)9(t) + ) (1 —¥(t) =

— 2¢(t)
— 2¢(t)

>0 >0
S S

N~

(1 =2¢(1))(1 = 2¢(1)) <

l\DM—l
NJM—I
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