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Coherent coupling between spin wave excitations (magnons) and microwave photons in a cavity
may disclose new paths to unconventional phenomena as well as for novel applications. Here, we
present a systematic investigation on YIG (Yttrium Iron Garnet) films on top of coplanar waveguide
resonators made of superconducting YBCO. We first show that spin wave excitations with frequency
higher than the Kittel mode can be excited by putting in direct contact a 5 µm thick YIG film with
the YBCO coplanar resonator (cavity frequency ωc/2π = 8.65 GHz). With this configuration,
we obtain very large values of the collective coupling strength λ/2π ≈ 2 GHz and cooperativity
C = 5× 104. Transmission spectra are analyzed by a modified Hopfield model for which we provide
an exact solution that allows us to well reproduce spectra by introducing a limited number of free
parameters. It turns out that the coupling of the dominant magnon mode with photons exceeds 0.2
times the cavity frequency, thus demonstrating the achievement of the ultrastrong coupling regime
with this architecture. Our analysis also shows a vanishing contribution of the diamagnetic term
which is a peculiarity of pure spin systems.

I. INTRODUCTION

The interplay between magnetic excitations and elec-
tromagnetic radiation has recently assumed a pivotal role
in many fields of research such as magnonics, spintronics,
magneto-opto-mechanics and information processing for
its potentialities in the development of hybrid systems
and devices [1–4]. The control of magnon-photon cou-
pling and cooperativity is one of the keys for enabling
the exploitation of unique functionalities related to the
coherent dynamics in these systems. Novel applications,
including memory devices [5], coherent spin pumping
[6], haloscopes for axion detection [7], microwave-optical
transducers [8] and coherent microwave sources [9] have
been already tested. An open issue is the realization of
all-on-chip devices for their efficient integration in mi-
crowave circuits [4].

In the prototypical case of a ferromagnetic sample em-
bedded in a microwave resonator, spin waves couple with
resonant electromagnetic modes [10] and the system can
be modelled by combining Maxwell and Landau-Lifshitz-
Gilbert (LLG) equations [11, 12]. This classical descrip-
tion works remarkably well in the case of the ferrimag-
netic Yttrium Iron Garnet (YIG) [3], that has been stud-
ied in detail showing a combination of several optimal fea-
tures, including the exceptionally low damping of mag-
netization precession [13].

In the quantum regime, spin waves are collective
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FIG. 1. Sketch of the YBCO/sapphire CPW resonator with
the YIG/GGG film positioned above.

(bosonic) excitations (magnons) that may coherently in-
teract with cavity photons [14, 15]. The Dicke model and
its evolution in the Hopfield version, which also includes
the diamagnetic term, have been developed to describe
a large variety of hybrid light-matter quantum systems
[16? ]. In the strong coupling regime, the rotating wave
approximation (RWA) and the (Jaynes) Tavis-Cummings
Hamiltonian have been mainly used to interpret experi-
mental data [3]. However, there is a general trend now to
push these studies beyond conventional coupling regimes
and more specifically to reach coupling strengths, λ, be-
ing a non-negligible fraction of the cavity frequency, ωc.
Under these conditions novel effects related to processes
that do not conserve the number of excitations in the
system have been predicted [16, 54]. For λ/ωc ≥0.1, we
refer to the ultrastrong coupling (USC) regime, in which
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counter-rotating terms, neglected in RWA, must be con-
sidered. In this context, the description of the fundamen-
tal interaction between the electromagnetic field and the
magnetic system, including the diamagnetic term which
plays a key role in the superradiant phase transition [17–
20], still need to be clarified and tested on real magnetic
materials.

FIG. 2. Calculated profile of the oscillating field (magnetic
component) for the fundamental mode of the bare CPW res-
onator. (a) Top view of the distribution hac(x, y, z = 0) show-
ing the magnetic antinode in the middle of the resonator. (b)
Profile of hac (phase = 0) in the plane perpendicular to the
x-direction. The x component of hac is vanishingly small. (c)
Mean value of hac(z) plotted as a function of the z height.

Few experimental reports show magnetic systems
achieving the USC regime with microwave resonators.
The USC regime was first reported in the case of mm-size
YIG crystals in 3D cavities [21–25] and few other mag-
netic materials [26–29]. In view of the realization of scal-
able architectures, small magnets coupled to supercon-
ducting planar resonant geometries have been recently
designed and observed to achieve the (ultra-)strong cou-
pling regime [30–37]. In spite of these encouraging re-
sults, the optimization of these hybrid systems for the
USC is still largely unexplored. For instance, the geome-
try of the hybrid superconductor-magnet system needs to
be optimized in order to maximize their mutual coupling,
while magnetic materials may be preferably insulating in
order to minimize the damping. Moreover, the vicinity
to a superconducting material, which has to be resilient
to magnetic fields [38] to allow for ferromagnetic reso-
nance (FMR) experiments, may significantly affect the
spectrum of magnetic excitations through several mech-
anisms [33, 39].

In this article, we address the problem of reaching the
USC regime in coupled superconductor/ferrimagnet hy-
brid architectures. By means of a series of systematic
experiments carried out with YIG films and planar trans-
mission line resonators, we demonstrate the achievement
of high coupling rates by positioning the magnetic film
in direct contact with the superconducting resonator. In
our geometry, the excitation of spin waves take place
at the superconductor/ferrimagnet interface, where the
amplitude of the microwave field is maximum. The opti-
mized magnon-photon coupling results in collective cou-
pling strengths as large as 0.2 times the cavity frequency.
Data analysis, carried out with a modified Hopfield model

for which we provide an exact solution, also evidences
vanishingly small diamagnetic coupling for magnon exci-
tations in YIG.
The article is organised as follows: we start present-

ing the experimental methods in Section II whist in Sec-
tion III we report numerical simulations of the profile of
the oscillating field which allow us to estimate volume
and coupling strength involved in the spin-photon pro-
cess. Experimental results are presented in progressive
way by considering the broadband characterization first
in Section IV, then transmission spectra on resonators
in Section V. Modelling and data analysis are reported
in Section VI, then discussion and concluding remarks in
the latest sections.

II. EXPERIMENTAL METHODS

We prepared planar resonators with different sizes and
geometries, including meanders with multiple resonance
frequencies and inverse anapole resonators with focused
electromagnetic radiation [40], to study the coupling with
different YIG samples. Here we report on two types
of planar devices: microstrip and coplanar waveguide
(CPW) resonator (Fig. 1). For each of them, the corre-
sponding broadband transmission line, having the same
dimensions and geometry (except for the presence of
the input and output coupling gaps defining the half-
wavelength resonator), has been fabricated to investi-
gate the spin wave excitation spectrum in the differ-
ent cases. Microstrip lines having 500 µm wide central
strips were obtained by wet etching of Ag/Al2O3 films
[41]. Superconducting coplanar waveguide (CPW) lines
(Fig. 1) were fabricated from commercial YBa2Cu3O7

(YBCO) films deposited on sapphire. Etching was car-
ried out by Ar plasma in a reactive ion etching (RIE)
chamber. The central conductor had length l ≈ 6 mm,
width w = (17± 1) µm and separation s = (14± 1) µm
from the lateral ground planes. Further details are given
in [42].
The experiments were carried out at low temperature

in applied magnetic field (H0), which was oriented in
the plane of the film along x (Fig. 1). Frequency-swept
spectra were acquired using a Vector Network Analyzer
with typical incident power Pinc = −8 dBm. We stud-
ied YIG films grown by liquid-phase epitaxy on 500 µm
thick gadolinium gallium garnet (GGG) substrates. Un-
less specified, the film has rectangular shape with thick-
ness of 5 µm and in-plane sizes of 4×3 mm2. The sample
was mounted in diverse ways on the aforementioned mi-
crowave transmission lines and resonators. We anticipate
that different spin-wave spectra and, ultimately, differ-
ent magnon-photon coupling strengths were obtained in
different cases. In the following we thus consider three
experimental configurations: YIG film glued on metallic
microstrip (case #A); YIG film glued on YBCO CPW
line (case #B); YIG film in contact with the YBCO
CPW line (case #C). In #A and #B the estimated film-
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FIG. 3. Broadband characterization of the YIG film. (a) Ag/alumina microstrip, case #A. Top: field-swept transmission
spectra (temperature T = 50 K), taken at different continuous wave frequencies, as indicated. Bottom: plot of the excitation
frequencies as a function of the measured resonance field; the dashed line shows the fit with Eq. 1. (b) YBCO/sapphire CPW
line, case #B (T = 30 K). Center: Spectral map showing ∂S21(ω,H0)/∂H0. Top: Plot of S21 and ∂S21/∂H0 as function of H0

for ω/2π = 8.65 GHz. Right: Plot of S21 and ∂S21/∂H0 as function of ω for H0 = 0.21 T. (c) Same as (b) with YIG in contact
with the CPW line, case #C.

resonator separation was on the order of 10 µm. In
case #C we obtained a good contact between YBCO
and YIG surfaces thanks to a polytetrafluoroethylene
(PTFE) screw that gently pushed the GGG substrate
against the YBCO surface from the backside.

III. ELECTROMAGNETIC SIMULATIONS

Finite-element electromagnetic simulations were car-
ried out using commercial software to evaluate ampli-
tude and distribution of the resonator fields. The maps
calculated for the CPW resonator (Fig. 2(a,b)) show
the expected in-plane and out-of-plane profiles of the
microwave magnetic field, hac. The resonator field is
mostly confined around the central line between the lat-
eral ground planes, in a region of approximate width
w + 2s = 45 µm [42]. To evaluate the z dependence of
the resonator field, we calculated the in-plane averaged
value of hac as a function of the z height (Fig. 2(c)). The
decay of hac(z) is quasi-exponential and for z = 10 µm
it results in a reduction of a factor ≈ 2 with respect to
the maximum value.

We can exploit these electromagnetic simulations to
estimate the amplitude of the vacuum fluctuation bvac
and, consequently, of the spin-photon coupling strength
(gs) expected with this particular CPW resonator. By
rescaling the calculated magnetic field to the single pho-
ton power level [42], we obtain bvac ≈ 3 nT. This value
is in perfect agreement with the value derived from
bvac ≈ µ0ωc/(4w)

√
h/Z0 [30, 43], being h = 6.626 ×

10−34 J s the Planck constant and Z0 = 58 Ω the nominal
impedance of the CPW resonator. The spin-photon cou-
pling strength then results gs = γbvac/4 = 21 Hz, where
γ=28.02 GHz/T is the electron’s gyromagnetic ratio. For
comparison, the value of the spin-photon coupling ex-

pected for the fundamental mode of the microstrip res-
onator is less than 1 Hz.

IV. BROADBAND TRANSMISSION
SPECTROSCOPY CHARACTERIZATION

We first present a series of transmission (S21) spectra
acquired with broadband transmission lines by sweep-
ing the microwave frequency (ω) at steady values of the
external magnetic field H0 (Fig 3). In the case of the mi-
crostrip (#A), the main resonance dip follows the Kittel
relation (Fig. 3(a)), which, for in-plane magnetized films,
reduces to [44]:

ωFMR =
√
ωH(ωH + ωM ), (1)

where ωH/2π = γµ0H0 and ωM/2π = γµ0Ms, being
µ0 = 4π × 10−7 H/m the vacuum permeability and
µ0Ms = 0.245 T the saturation magnetization of YIG
as reported in the literature [13, 42].

For case #B, the numerical derivative of the signal
∂S21(ω,H0)/∂H0 is shown in Fig. 3(b). Additional spin
wave resonance modes are well visible in this case. Such
modes are commonly observed for YIG films [45, 46] but
their frequency specifically depends by the profile of the
microwave field hac. In particular, narrow CPW lines ef-
ficiently excite travelling spin waves with finite wavevec-
tor 0 < k ≤ 2π/s [47]. Given the in-plane magnetization
of the film (H0||x) and the negligible x-component of hac

(Fig. 2), the dispersion of the Damon-Eshbach modes fol-
lows the characteristic expression [12]:

ωDE =

√(
ωH +

ωM

2

)2

−
(ωM

2

)2

e−2kd, (2)

where k = ks = 2π/s = 4.5 × 105 rad m−1 (dash-dot
line in Fig. 3(b)) [48]. We note that ωDE is near the
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FIG. 4. Coupling of the YIG film with different planar resonators (Pinc = −8 dBm). (a) Microstrip resonator, case #A
(T = 50 K). (b) CPW resonator, case #B (T = 30 K). (c) YIG in contact with the YBCO CPW resonator, case #C (T = 30 K).
The blue dashed lines display ωFMR(H0) (Eq. 1) while the white dash-dot lines indicate the resonators’ frequencies. The dotted
lines correspond to the frequency of a broad mode due to the metal box hosting the CPW lines.

maximum limit of Eq. 2, ωH(H0) + ωM/2, whilst the
coupling between the magnetization of YIG and GGG
[49] is not evident from the measured spectra [42].

Fig. 3(c) displays the spectrum obtained in case #C.
Here the transmission spectrum shows several additional
spin wave modes whose origin can be related to the spe-
cial boundary conditions imposed by the contact of the
magnetic YIG with the superconducting YBCO planes,
as observed in similar experiments [50, 51]. Such modes
are located in a wide absorption band between ωDE(H0)
and ωH(H0) + ωM and their typical linewidth is 10 <∼
κm

<∼ 40 MHz.

V. ENHANCED SPIN PHOTON COUPLING
AND COOPERATIVITY

Once we had identified the main features of the spin
wave excitation spectrum, we performed experiments
in a similar configuration, with the YIG film on half-
wavelength resonators having dimensions and geometries
equivalent to the ones of the broadband lines used in
Fig. 3 [42]. The S21 map taken with the microstrip res-
onator (case #A) is shown in (Fig. 4(a)). The lower
branch has an oblique asymptote with the FMR mode
(Eq. 1), while the upper branch is barely visible owing
to multiple resonances with spin wave modes. This sit-
uation is common with other spin ensemble [52, 53] or
YIG [3] systems in a resonator mode. From Fig. 4(a) the
collective coupling strength can be roughly estimated to
be of order of hundreds of MHz.

The YBCO CPW resonator has, with respect to the
microstrip, a smaller mode volume that results in a larger
spin-photon coupling gs (Sect. III). A large anticrossing,
having well defined polariton branches, is obtained in
this case (#B, Fig. 4(b)). Even larger couplings were
obtained when the YIG film was put in direct contact
with the YBCO resonator (case #C): with this geome-
try the splitting raises to 2λ/2π ≈ 4 GHz (Fig. 4(c)), a

factor ≈ 2 larger than case #B. Within the anticrossing
gap, no additional modes are visible except for ωFMR.
This suggests that this mode is weakly coupled to the
CPW resonator. Additional spin wave modes are ob-
served above ≈ 10 GHz due to the presence of a spurious
box mode (Fig. 4(b,c)).

It is worth to estimate the cooperativity, that is com-
monly defined as C = 4λ2/(κmκc) [54]. From our spec-
tra we take κm/2π = 40 MHz and κc/2π = 8 MHz
as decay rates of magnon (Sect. IV) and uncoupled
cavity [42] modes. With these numbers, we achieve
C = 5 × 104. Considering the normalized parameter
U =

√
(4λ2/κmκc)(λ/ωc) = 108, we infer that our re-

sults ranks among the best performing physical platforms
for the reaching of the USC regime [54].

VI. SYSTEM HAMILTONIAN

We model our system by considering a quantized
single-mode electromagnetic field (with ωc cavity fre-
quency) interacting with an ensemble of magnetic mo-
ments. We consider collective operators for the spin en-
semble, the quantization of both spin excitations and the
electromagnetic field which allows us to introduce the

respective bosonic operators â and b̂. Due to the van-
ishing orbital angular momentum of Fe3+ in YIG [12],
we expect a prominent Zeeman interaction of the type

ĤZ = −geσ̂ ·µBĥ for a single spin. Here [σ̂j , σ̂k] = iϵjklσ̂l

are the Pauli operators, ĥ is the magnetic field compo-
nent of the cavity resonator while µB is the Bohr magne-
ton and ge ≈ 2 in the case of a simple electron. However,
to not exclude the possibility of having orbital angular
momentum contributions in our hybrid system, we also
consider this degree of freedom including a diamagnetic
term, which comes from the usual minimal coupling re-
placement.
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The total Hamiltonian then reads (h̄ = 1)

Ĥ = ωcâ
†â+

ωb

2

N∑
j=1

σ(j)
z +

λ

2
√
N

N∑
j=1

σ(j)
x

(
â+ â†

)
+β

(
â+ â†

)2
, (3)

where â (â†) is the photon annihilation (creation) op-
erator, ωc is the cavity resonance frequency, ωb is the
resonance frequency of a single spin, λ is the collective
light-matter coupling, and β is the coefficient of the dia-
magnetic term.

By using the collective spin operators Ĵz ≡
(1/2)

∑N
j=1 σ̂

(j)
z and Ĵx = Ĵ++ Ĵ− ≡ (1/2)

∑N
j=1 σ̂

(j)
x , we

can apply the Holstein-Primakoff transformations [55]

Ĵz → b̂†b̂− N

2
, Ĵ+ → b̂†

√
N − b̂†b̂ , Ĵ− = Ĵ†

+ , (4)

where b̂ and b̂† are the magnon annihilation and cre-
ation operators respectively, which obey to the standard
bosonic commutation relations. In the thermodynamic

limit (i.e. N → ∞) we can approximate Ĵ+ ≈
√
Nb̂†.

Then, by applying the Holstein-Primakoff transforma-
tion, we obtain:

Ĥ = ωcâ
†â+ ωbb̂

†b̂+ λ
(
b̂+ b̂†

) (
â+ â†

)
+β

(
â+ â†

)2
, (5)

that is the well-known Hopfield Hamiltonian [56].
We consider the dependence of the magnon resonance

frequency ωb to the external magnetic field H0 as de-
scribed by ωb =

√
ωH(ωH + ωM )+∆, leaving as the sole

free parameter the energy shift ∆ characterizing high fre-
quency magnons for the next step of our investigation. In
our analysis we also leave as free parameters the cavity
frequency ωc, the collective coupling λ and the factor of
the diamagnetic term β.
The Hamiltonian in Eq. 3 of the main text can be ex-

pressed in terms of two non-interacting harmonic oscilla-

tors Ĥ = Ω−P̂
†
−P̂− +Ω+P̂

†
+P̂+, where P̂± are the polari-

ton operators, which are linear combinations of light and

matter operators P̂µ = c
(µ)
1 â+c

(µ)
2 b̂+c

(µ)
3 â†+c

(µ)
4 b̂†, with

µ = ±. To fit our parameters, we need first to find the
polariton frequencies, and, being a proper bosonic excita-
tion of the system, the operator P̂µ fulfills the equation of

motion of the harmonic oscillator [P̂µ, Ĥ] = ΩµP̂µ. Since

the polariton operator P̂µ is a linear combination of the
light and matter operators, we need to calculate first the
commutator of the latter with the Hamiltonian[

â, Ĥ
]

= ωcâ+ λ
(
b̂+ b̂†

)
[
b̂, Ĥ

]
= ωbb̂+ λ

(
â+ â†

)
[
â†, Ĥ

]
= −ωcâ

† − λ
(
b̂+ b̂†

)
[
b̂†, Ĥ

]
= −ωbb̂

† − λ
(
â+ â†

)
,

and the polariton frequencies Ωµ are obtained by finding
the positive eigenvalues of the following Hopfield matrix

M =

ωc + 2β λ −2β −λ
λ ωb −λ 0
2β λ −ωc − 2β −λ
λ 0 −λ −ωb

 . (6)

leading to:

Ω± =
1√
2

√
ω̃2
c + ω2

b ±
√
(ω̃2

c − ω2
b )

2
+ 16ωcωbλ2 , (7)

where ω̃c =
√
ωc(ωc + 4β).

The above equation fits well the peaks of the S21

spectrum (case #C). Figure 5 shows the best fit result
obtained with these parameters: ωc/2π = 8.65 GHz,
∆/2π = 2.05 GHz, and λ/2π = 2.002 GHz. For what
concerns the diamagnetic parameter β, the only nontriv-
ial result (i.e. nonzero result from fit) has been obtained
by assuming a dependence on the magnon frequency: β =
α/

√
ωb, which can be justified by the fact that the pres-

ence of this term is dominant at low frequencies. With

this assumption, we obtained α/
√
2π = 3× 10−3 GHz

3
2 ,

corresponding to a value of the diamagnetic coefficient
β/2π ∼ 10−3 GHz on resonance condition. The ratio
between the collective coupling and the cavity frequency
is approximately 0.23, fulfilling the criterion λ/ωc > 0.1
for USC. The fit confirms that the influence of the dia-
magnetic term is almost negligible leading us to conclude
that the system couples to the resonator mainly through
the spins. Notice that its value is more than two orders of
magnitude smaller than the standard diamagnetic term
for electric dipolar interactions (Appendix D).

VII. DISCUSSION

The dispersion characteristics of the spin wave spec-
trum in an infinite ferromagnetic film have been re-
ported by Kalinikos and Slavin [57]. Taking into account
both dipole-dipole and exchange interactions, theory pre-
dicts the excitation of perpendicular standing spin waves
(PSSW) modes even in the long wavenumber (kyd ≪ 1)
limit. These modes are due to the broken translational
invariance along the film thickness. Remarkably, in these
conditions, the lowest mode shows a quasi-uniform pro-
file with a dispersion equation very similar to the Damon-
Eshbach dipolar surface mode (Eq. 2). Conversely, higher
order PSSW modes display a nonuniform magnetization
profile along z [57, 58].
Broadband spectroscopy data in Fig. 3 evidence that

the spin wave spectrum is influenced by two main fac-
tors: (i) the distribution of the exciting electromagnetic
field and (ii) the boundary conditions at the ferrimagnet-
superconductor interface. The effect of (i) emerges from
the comparison between Fig. 3(a) and (b). In the case
of the wide microstrip line, the modes calculated with
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Eq. 1 and Eq. 2, the latter by considering k = 2π/w′ with
w′ = 500 µm, are very near. They both follow the mea-
sured dispersion of lowest resonance mode in Fig. 3(a),
showing that the magnetostatic approximation is valid in
this case. Conversely, in the case of the narrow CPW line,
the modes calculated with Eq. 1 and Eq. 2 (k = 2π/w)
are different. Since the main absorption line is found for
ω(H0) ≈ ωDE(H0) in Fig. 3(b), according to the dipole-
exchange theory [57, 58], we expect this mode shows a
homogeneous magnetization profile along the film thick-
ness.

The effect of (ii) is clearly evident from the direct com-
parison between Fig. 3(b) and (c), which shows the ap-
pearance of additional modes at ω > ωDE for supercon-
ductor and ferrimagnet in direct contact. The interplay
between a magnetically ordered film in the vicinity of a
superconductor is an interesting and open issue. In the
first instance, we can assume that the Meissner effect
(perfect diamagnetism) imposes the expulsion of the os-
cillating field at the interface. Intuitively this can be visu-
alized as a superconducting plane reflecting the image of
the magnetic excitations in YIG [59, 60]. Analysis of the
portion of the spectrum can be attempted by simulations
as suggested in [60], yet the dispersion law may depend to
a large extent on the specific materials and geometry of
the problem. We cannot exclude other mechanisms, like
those related to vortex configuration and dynamics [39],
anisotropy-induced surface pinning and other interfacial
effects [61], although these were reported for thin ferro-
magnetic films. Particular effects can also be induced on
the superconductor and these may depend on the type
of superconducting wave function and on its coherence
length. Whilst our experiments represent a case study in-
volving insulating YIG and the high critical temperature
YBCO superconductor that merits further attention, this
issue goes beyond the scope of our research that is fo-
cused on the ultrastrong coupling regime which, instead,
is achieved also in different conditions and geometries.

In the experiments with YIG film and resonators
(Fig. 4) the profile of the resonator field (Fig. 2) may in-
troduce additional quantization of the spin wave modes
[62]. Consistently with Fig. 3(c)), we note that the fit-
ted value of the frequency shift ∆/2π = 2.05 GHz is
ωDE < ∆ < ωM +ωH , thus within the band of spin wave
resonance modes observed for YIG and YBCO CPW
line in direct contact. This frequency shift can be cap-
tured by finite-element electromagnetic simulations [25],
in which YIG film and resonator are respectively mod-
elled as gyrotropic medium and perfect electric conductor
(Appendix A).

The collective coupling strength λ/2π = 2.002 GHz ob-
tained by fitting the experimental data with Eq. 7 (Fig. 5)
can be spelled out as λ = gs

√
2sFeN , where sFe = 5/2 is

the ground state spin of YIG and N = 1.8×1015 is the to-
tal number of spins. The latter resulted much higher than
the mean number of photons in the resonator [42, 63].
The spin-photon coupling is gs = 21 Hz as derived in
Sect. III. Considering the spin density ρ = 2× 1028 m−3
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FIG. 5. Best fit of the transmission spectrum obtained in case
#C with the YIG film pressed on top of the superconducting
YBCO CPW. The obtained parameters are: ωc/2π = 8.65
GHz, ∆/2π = 2.05 GHz, λ/2π = 2.002 GHz, α/

√
2π = 3 ×

10−3 GHz
3
2 .

[3] and the effective area of 4 mm×45 µm in which the mi-
crowave field overlaps the YIG film (Fig. 2(a,b)), we can
estimate an upper bound d′ ≈ 500 nm ≪ d for the thick-
ness of the portion of YIG film coupled with the CPW
resonator. This suggests that the magnon modes that are
effectively coupled to the cavity one are located in close
vicinity with the superconducting resonator. This obser-
vation is supported by similar experiments we performed
with 20 µm thick YIG film, which provide results quite
similar to those obtained with the 5 µm YIG film, thus
confirming that the coupling is confined within few µm
(Appendix B). The ratio between the collective couplings

in configuration #C and #B is gs,C/gs,B
√
NC/NB ≈ 2

(Fig. 4(b,c)). From finite-element simulations, we esti-
mated gs,C/gs,B ≈ 2 due to the exponential decay of
bvac with z distance (Fig. 2(c)). We therefore expect
NC ≈ NB . These observations indicate that in our ex-
periments the achievement of the USC regime takes place
mainly as a consequence of the optimized magnon-photon
coupling strength.

The Hopfield model we used to analyze our spectra al-
lows us to overcome the RWA approximation generally
used in previous works with magnetic systems, thus pro-
viding a quantum description of the problem that can be
applied to safely explore the USC regime. We stress that
the analysis of the spectrum reported in Sect. VI is quite
robust since it relies on a minimal set of free parame-
ters. Obviously, by introducing more degrees of freedom
in the Hamiltonian the spectrum can also be fitted well.
For instance, one may wonder whether more magnetic
modes couple to cavity photons simultaneously. Results
of simulations with three (and more) modes are reported
in Appendix C. It always results that the best fit is ob-
tained with one dominant mode, ultra-strongly coupled
to the resonator’s one, plus additional modes coupled
more weakly. As a matter of fact, on the basis of the
sole fitting of the polaritonic branches, one cannot ex-
clude that additional magnetic excitations are involved
in our and in similar experiments reported in the litera-
ture. However, the representation with only one effective
mode allows putting stringent bounds to the other terms
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of the Hamiltonian. Specifically, this is the case for the
diamagnetic term, that in our analysis results vanishingly
small. This result is consistent to what is expected for a
pure spin interaction, although the issue is still debated
in the literature. For instance, we just mention that con-
clusions reported in Ref. [35] lead to a finite diamagnetic
contribution yet, as those authors concluded, this may
arise from surface plasmonic modes or by the different
nature of magnetic material (permalloy). In our case,
the absence of this diamagnetic term may be relevant
for the observation of superradiant phase transition ex-
pected for λ/ωc > 0.5 (see discussion in Appendix D),
making pure spin systems interesting and unique in this
perspective.

As concerns a possible route for applications, the coex-
istence of superconductivity and magnetism is not trivial
since the presence of a magnetic field can be detrimen-
tal to the superconductor. In our experiments, the use
of high critical temperature YBCO resonators, resilient
to high magnetic field [38], indicates a good option for
the realization of this kind of hybrid device. Our ex-
periments also show that the contact between supercon-
ductor and magnet, and in particular the vanishing gap
between the two, is critical to enhancing the coupling be-
tween magnetic and microwave modes (Fig. 4(b,c)). The
direct growth of YIG on top of superconducting oxide
is not straightforward but there can be different options
to overcome this technical issue [64, 65]. The availabil-
ity of commercial YIG films of excellent quality allows
the easy implementation of our experiment in different
geometries.

VIII. CONCLUSIONS

In summary, our experimental and theoretical results
show the achievement of the ultrastrong coupling with a
YIG film positioned in direct contact with a supercon-
ducting CPW resonator. The obtained collective cou-
pling strength λ/2π = 2.002 GHz is improved by at least
one order of magnitude with respect to previous reports
involving YIG films in 3D cavities [66] or bulk YIG crys-
tals in planar resonators [30, 31]. The estimated λ/ωc

ratio of 0.23 and the cooperativity C = 5×104 are among
the largest reported so far for magnetic systems yet we
believe that there are still margins to further increase
them for instance by using planar resonators with more
confined mode volumes and higher quality factors, or by
means of YIG films detached from the GGG substrate
[64, 65] to reduce magnetic losses [67, 68]. The very
small diamagnetic coefficient (compared to standard elec-
tric dipole interactions) observed in these systems makes
them suitable for exploring superradiant phase transi-
tions [17–20].
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Appendix A: Additional finite-element
electromagnetic simulations

FIG. A.1. Transmission spectral maps obtained by finite-
element electromagnetic simulations. (a) The YIG film is
lifted of 10 µm with respect to the surface of the CPW res-
onator. (b) The YIG film is in contact with the conduct-
ing surfaces of the resonator. Blue dashed lines indicate
ωFMR(H0) while the dotted lines show ωc in the two cases.

We carried out electromagnetic simulations with a
commercial software (CST Microwave Studio) to eval-
uate the scattering parameters of the coupled system
composed by CPW resonator and YIG film. The super-
conductor was modelled as a perfect electric conductor,
whilst the magnetic film was included on the lower face
of the GGG substrate [69] with a thickness d = 5 µm.
Finite-element simulations were carried out by assum-

ing that the precession of the magnetization in the ferrite
can be described by the gyrotropic model, in which the
permeability is modelled as a nonsymmetric Polder ten-
sor with characteristic frequency dependence [12]. The
magnetic dispersion of YIG was defined by directly in-
troducing the Larmor frequency, ωH/2π = γµ0H0, and
the gyrotropic frequency, ωM/2π = γµ0Ms, as input pa-
rameters of the simulator, with γ=28.02 GHz/T, µ0 =
4π × 10−7 H/m and µ0Ms = 0.245 T.
The simulation of frequency spectra was repeated for

increasing values of the external magnetic field (H0 =
H0x̂) to obtain the the spectral maps shown in Fig. A.1.
The evolution of the coupled YIG-resonator modes dis-
plays the appearance of polaritonic branches. The sim-
ulations carried out with the YIG film lifted of 10 µm
(panel (a)) or in contact (panel (b)) with the CPW
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resonator, essentially reproduce the experimental trend
shown in Fig. 4(b,c), showing a good correspondence with
the measured splittings of the polaritonic branches. In
agreement with the measured spectra, the spectral maps
in Fig. A.1 show that in both cases the lower polariton
branch converge towards ωFMR(H0) at low frequency.
The increase of the spltting from panel (a) to (b) deter-
mines a shift of the anticrossing towards lower magnetic
field, which is compatible with the frequency shift ∆ in-
troduced in Sect. VI.

For the sake of completeness, we mention that finite el-
ement simulations fail to mimic the polariton lineshapes
shown in [42]. A more detailed model is probably re-
quired to reproduce broadening effects, this however goes
beyond the scope of our work.

Appendix B: Effects of YIG films with different
thickness

Figure B.2 shows a direct comparison between trans-
mission data taken with the same CPW resonator and
films of different thickness and size. In these experiments,
the sample was held on the resonator with a copper
spring, this resulted in a lower coupling with respect to
data reported in the main body of the article. Panel (a)
shows the spectral map taken with the YIG/GGG film
having a thickness of 5 µm and an area of ≈ 4× 3 mm2.
Panel (b) shows data acquired on a YIG/GGG film hav-
ing a thickness of 20 µm and area of ≈ 5× 1 mm2. The
splitting indicated by the blue arrow, corresponding to
2λ/2π ≈ 3.6 GHz, is comparable in the two cases.

FIG. B.2. Comparison between data obtained with
YIG/GGG films of different thickness (T = 30 K): (a) 5 µm,
(b) 20 µm. The red arrows indicate the splitting 2λ/2π ≈
3.6 GHz. The blue dashed lines display ωFMR(H0). Both
measurements were carried out by means of the same YBCO
CPW resonator, horizontal dash-dot lines show the frequency
of the fundamental mode in the two cases.

Appendix C: Multimode fit

Despite the fitting analysis presented in the main body
of the article involving one magnonic mode is statisti-
cally significant on its own, we extend the model by
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FIG. C.3. Best fit of the transmission spectrum obtained in
case #C with the YIG film pressed on top of the supercon-
ducting YBCO CPW by considering three magnonic modes
instead of only one, are ωc/2π = 8.64 GHz, ∆0/2π = 0.23
GHz, ∆1/2π = 1.92 GHz, ∆2/2π = 3.17 GHz, λ0/2π = 0.192
GHz, λ1/2π = 1.93 GHz, λ2/2π = 0.2 GHz, α/

√
2π =

0.035 GHz
3
2 . Among the three modes, only one is ultra-

strongly coupled with the cavity field. Again, the factor α
of the diamagnetic term is very small.

introducing more magnonic modes. In addition to the
results shown in the main text, we present here the
fit results considering three magnonic modes (Fig. C.3).
The method can be straightforwardly extended from the
case of single mode, and the parameters obtained from
the fit are ωc/2π = 8.64 GHz, ∆0/2π = 0.23 GHz,
∆1/2π = 1.92 GHz, ∆2/2π = 3.17 GHz, λ0/2π = 0.192

GHz, λ1/2π = 1.93 GHz, λ2/2π = 0.2 GHz, α/
√
2π =

0.035 GHz
3
2 . It is worth noting that, among the three

modes, only one results to be ultrastrongly coupled with
the field of the resonator, corroborating the validity of
considering only one magnonic mode. The obtained dia-
magnetic factor α is slightly larger than the single mode
case.

Appendix D: On the diamagnetic term

It is useful to compare the obtained diamagnetic terms
with the standard one βstd = λ2/ωb, which comes from
the minimal coupling replacement [17, 70] for electric
dipolar interactions. Notice that the expression for βstd

is fixed by gauge-invariance requirements [70]. This con-
straint, preventing superradiance phase transitions, does
not hold in the presence of magnetic interactions [17–
20]. We calculate the ratio B ≡ β/βstd = α

√
ωb/λ

2,
which is B ≈ 0.002 and B ≈ 0.027 for the single mode
and three modes cases, respectively. These results pave
the way for the transition to a superradiant phase [17],
as the obtained values are extremely low. To clarify the
role of the diamagnetic term, Fig. D.4 shows the polari-
ton eigenfrequencies in three different conditions. The
left panel shows the eigenfrequencies using the same pa-
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FIG. D.4. Left: polariton eigenfrequencies considering only
one magnonic mode and using the same parameters of the fit
in the main text, that are: ωc/2π = 8.65 GHz, ∆/2π = 2.05

GHz, λ/2π = 2.002 GHz, α/
√

2π = 3×10−3 GHz
3
2 . Here the

fitted term of the diamagnetic term is relatively small. How-
ever, the coupling λ is still too small to show the superradiant
phase transition. Right: Polariton eigenfrequencies with the
same parameters as before, except for λ/2π = 3 GHz, which
is large enough to achieve the superradiant phase transition.
The continuous blue lines correspond to the case of β = 0 (no
diamagnetic term), clearly showing a critical point in the re-
gion of small magnetic fields. The red dashed lines correspond
to β = λ2/ωb which avoids the superradiant phase transition.

rameters of the fit obtained in the main text, that are:
ωc/2π = 8.65 GHz, ∆/2π = 2.05 GHz, λ/2π = 2.002

GHz, α/
√
2π = 3 × 10−3 GHz

3
2 . The coupling strength

is still too small to achieve a superradiant phase tran-
sition, but a slightly higher value would be enough to
achieve it. Indeed, the continuous blue lines of the right
panel show the polariton eigenfrequencies in the absence
of the diamagnetic term and a larger coupling (β = 0
and λ/2π = 3 GHz). With these parameters, we can
see a critical point in the region of small magnetic fields.
On the other hand, as shown by the red dashed lines,
the superradiant phase transition is forbidden by includ-
ing the standard diamagnetic term of the Hopfield model
(β = λ2/ωb).
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V. SUPPLEMENTAL MATERIAL

A. Experimental details

FIG. S1. Schematic representation of (a) microstrip resonator and (b) CPW resonator. In (a) the regions covered with Ag are
black while the uncovered alumina substrate is white. In (b) YBCO regions are black while sapphire is white. The images on
the right show blow-ups of launcher and central line of the CPW resonator as indicated by the different colors.

Microstrip lines were fabricated by optical lithography and wet etching of Ag films (thickness ≈ 3 µm), which were
thermally evaporated onto alumina 14 × 10 × 0.63 mm3 substrates [41]. The central strip is w′ = 500 µm wide,
while two δ′ = 300 µm coupling gaps were made to define the corresponding resonator (Fig. S1(a)). Superconducting
coplanar waveguide (CPW) broadband lines and resonators (Fig. S1(b)) were fabricated from commercial YBa2Cu3O7

(YBCO) films (thickness 330 nm) deposited on a sapphire substrate and diced into 8× 5× 0.43 mm3 blocks. Etching
was carried out by Ar plasma in a reactive ion etching (RIE) chamber. The central conductor has typical width
w = (17 ± 1) µm and is separated by s = (14 ± 1) µm from the lateral ground planes (Fig. S2(c)). In the CPW
resonator, the coupling gaps have width δ = 140 µm.

FIG. S2. Photographs of (a) Ag/alumina microstrip resonator and (b) YBCO/sapphire CPW transmission line, both with the
YIG/GGG film positioned on top. (c) Blow-up of the central region of the CPW line. The lateral widths are w = (17 ± 1) µm
and s = (14 ± 1) µm.

We studied 5 µm thick yttrium iron garnet (YIG) films which were grown by liquid-phase epitaxy on a gadolin-
ium gallium garnet (GGG) substrate with (111) crystallographic orientation (Matesy GmbH). Reflection (S11) and
transmission (S21) spectra were acquired in the 0.1-18 GHz range by means of a Vector Network Analyzer (VNA).
The experiments were carried out in the 10-50 K temperature (T ) range. Planar transmission lines and resonators
were installed in a cryomagnetic set-up (Quantum Design PPMS), having variable temperature control and external
magnetic field up to 7 T, by means of a cryogenic insert wired with a pair of silver-plated stainless steel coaxial
cables connecting the low temperature stage to the external circuitry. The microstrip transmission line and resonator
(Fig. S2(a)) were mounted in a brass box and connected to the coaxial line by means of two metallic pins positioned
on the microstrip. Coplanar waveguide (CPW) transmission line and resonator (Fig. S2(b)) were installed in a copper
box and wire bonded (Al wire) to a printed-circuit board. Gold (thickness 200 nm) pads were patterned on the edges
of the YBCO resonator to facilitate the bonding.

In all the measurements, the incident power supplied to the planar transmission line is Pinc ≈ −8 dBm. Spectra
taken with Pinc in the range between -28 dBm and 2 dBm showed no variations with the microwave power. The
number of photons can be calculated as [63]

n =
PincQL10

−IL/20

πhf2
0

, (1)
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FIG. S3. Transmission spectra of the YIG film acquired by the microstrip broadband line at different temperatures. (a)
Comparison between fixed-frequency field-swept spectra taken at 10 K and 50 K. (b,c) Spectral maps measured by sweeping
the frequency at progressively increasing magnetic field. The temperature is (b) 10 K and (c) 50 K.

where f0 = ω0/2π is the fundamental mode frequency, QL is the loaded quality factor, IL is the insertion loss and h is
the Planck constant. Depending on the resonator’s parameters (see below), the estimated number of photons results
nmic ≈ 7 × 108 for the microstrip resonator and nCPW ≈ 3 × 1010 for the CPW resonators. In all the experiments
the number of photons resulted much smaller than the estimated number of spins.

B. Additional transmission spectroscopy data

The YIG film has been initially characterized by means of the broadband microstrip line, which allowed the
acquisition of ferromagnetic resonance spectra at different excitation frequencies in the 4.5-16.5 GHz range (Fig. S3).
Fixed-frequency field-swept transmission spectra taken at 10 and 50 K show similar features below ≈ 13.5 GHz while
little differences in absorption intensity and line position can be observed for higher frequencies (Fig. S3(a)). Spectra
taken with the microstrip line are characterized by maximum absorption amplitude in correspondence to the Kittel
mode, while additional higher modes have lower amplitude. The measured spectral maps (Fig. S3(b,c)) show that
the dependence on the lowest mode can be fitted with the Kittel formula (Eq. 1 in the main text) by considering the
saturation magnetization µ0Ms = 0.245 T both for 10 and 50 K.

FIG. S4. Transmission spectra of the YIG film acquired by the CPW broadband line. (a) Comparison between frequency
spectra taken for cases #B and #C. (b) Direct comparison between the spectra at 0.21 T after background subtraction.
Dashed lines show the integral calculated between 8 and 12 GHz.

Fig. S4(a) shows broadband transmission-vs-frequency spectra acquired by YBCO CPW lines (case #B and #C,
as defined in the main text) for zero and 0.21 T applied magnetic field. In panel (b) the spectra taken at 0.21 T
are directly compared to evidence the increased depth and width of the S21 spectrum when YIG and YBCO CPW
line are put in direct contact. To quantify this point, we calculate the total absorption related to the transitions in
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Fig. 3(b) and (c) in the main text, which can be obtained by integrating S21(ω) with respect to the frequency. For
H0 = 0.21 T, the ratio of the integrals calculated between 8 and 12 GHz (Fig. S4) gives IC/IB = 3.49. The total
number of magnon excitations in this frequency range thus results much larger when the YIG film is positioned in
direct contact with the YBCO resonator.

FIG. S5. Transmission spectral maps obtained with the same YIG film and different resonator. The background transmission
curve has been subtracted from the data. (a) Metallic microstrip resonator (T = 50 K, case #A). Inset: transmission-vs-
frequency spectrum taken at H0 = 0.45 T. (b) Superconducting CPW resonator (T = 30 K, case #B). (c) CPW resonator
with the YIG film pressed against the superconductor (T = 30 K, case #C). In (b) and (c) the insets show the transmission-
vs-frequency spectrum taken at H0 = 2 T.

FIG. S6. Evolution of the derivative spectra (case #C) plotted as a function of frequency for fixed applied magnetic fields.
Green squares and blue circles indicate respectively the position of the lower and upper polaritonic branches, yellow triangles
shows the evolution of the FMR mode.

Figure S5 shows S21(ω,H0) transmission spectral maps acquired with microstrip and CPW resonators corresponding
to the same dataset reported in Fig. 4 in the main text. Since resonator and YIG are already coupled in zero magnetic
field, we exploited the resilience of YBCO in high magnetic field [38] to characterize the uncoupled CPW resonators.
From transmission-vs-frequency spectra acquired at H0 = 2 T, we obtain the resonator frequencies ω0,B/2π = 9.1 GHz
and ω0,C/2π = 8.5 GHz, respectively for case #B and #C (Fig. S5(b) and (c)). The discrepancy between the latter
and ωc/2π = 8.65 GHz obtained from the fit (Fig. 5 in the main text), indicates that at 2 T resonator and magnon
modes are still weakly coupled, due to their large collective coupling strength. Since CPW resonators are fabricated
from the same lithographic mask, the differences between ω0,B and ω0,C originate from specific experimental details,
including sample installation in diverse ways. The insertion loss is ILB = 32 dB and ILC = 30 dB. In both cases,
the loaded quality factor is QL ≈ 1000, which is dominated by losses introduced by the GGG substrate (permittivity
ϵr = 11.99 and tan δ = 5.2 × 10−3 at room temperature [69]). The corresponding decay rate of the resonator
(κ0 = ω0/QL) amounts to κ0,B/(2π) = 9 MHz and κ0,C/(2π) = 8 MHz. For comparison, the microstrip resonator
(case #A) displays ω0,A/2π = 9.5 GHz, ILA = 42 dB and QL ≈ 120 (Inset in Fig. S5(a)), resulting in the decay rate
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κ0,A/(2π) = 79 MHz.

FIG. S7. Transmission spectral data taken with the YIG film in contact with the CPW resonator. S21 (a) and ∂S21/∂H0 (b)
spectra plotted as a function of the magnetic field for different frequencies, as indicated. (c) Spectral map acquired for H0

spanning between 0.38 to -0.38 T.

Figure S6 shows the evolution of derivative spectra corresponding to the dataset in Fig. 4(c) of the main text and
plotted as a function of the frequency for fixed fields. The lower polaritonic branch typically shows narrower and
more marked derivative peaks with respect to the upper one. This behavior is evident also in the spectra plotted in
Fig. S7(a,b) as a function of the magnetic field. Transmission S21 spectra taken at positive and negative field shows
a quite similar behavior (panel (c)).

The coupling between YIG film and superconducting CPW resonator was studied by means of spectral maps
acquired at T = 10, 30 and 50 K (Fig. S8). In this range of temperatures, the coupling strength remains essentially
constant, while it is possible to observe a broadening of the polaritonic modes for decreasing temperatures. Since
the quality factor of the YBCO resonator typically increases from 50 to 10 K [38], this behavior can be ascribed to
the effect of the GGG substrate, which is known to exhibit a paramagnetic behavior below 70 K that is reported to
increase the damping of magnetization precession in the YIG film grown on its surface [65, 67, 68]. We just mention
here that narrow linewidths, lower than those measured at 300 K, were reported for temperatures as low as mK with
substrate-free YIG films obtained by detaching the GGG in different manners [64, 65].

FIG. S8. Comparison between derivative maps taken at different temperatures, as indicated. The YIG/GGG film had an area
of 4 × 2 mm2 and a thickness of 5 µm. The red dashed lines show the Kittel equation (µ0Ms = 0.245 T) while the white
dash-dot lines indicate the frequency of the resonator determined at H0 = 2 T. Cyan arrows have the same length and indicate
the splitting of the polaritonic branches.

Additional effects reported for YIG films grown on paramagnetic GGG are the deviation of the resonance field from
that of a free thin YIG plate [67] and the coupling between the magnetizations of ferrimagnetic YIG and paramagnetic
GGG [49]. Fig. S9 shows the transmission map of a YIG/GGG film measured with the GGG side in contact with the
CPW resonator. In contrast with Fig. S8(b), only a weak absorption line is observed in this case. From such spectra,
as well as from data in Figs. S3 and S9 or in Fig. 3 of the main text, the presence of additional coupled modes [49]
was not observed. This likely follows from the different conditions in our experiment, particularly lower microwave
power and narrower (and superconducting) CPW line with respect to Ref. [49]. Thus, the magnetization coupling
between YIG and GGG cannot be inferred from our data. However, the presence of the paramagnetic GGG substrate
probably influences the value of the saturation magnetization µ0Ms = 0.245 T entering in the Kittel equation (Eq. 1
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FIG. S9. Transmission spectral map measured with the GGG substrate (volume 4 × 2 × 0.5 mm3) positioned in contact with
the CPW resonator. The red dashed line shows the Kittel equation calculated with µ0Ms = 0.245 T. The upper panel shows
the ∂S21/∂H0-vs-H0 spectrum taken at 9 GHz.

in the main text), that well reproduces the field dependence of the FMR line for temperatures between 50 and 10 K
(Fig. S3). We stress that little changes in the choice of µ0Ms by no means affect the interpretation of the results
reported in our work.

C. Additional finite-element electromagnetic simulations

FIG. S10. Electromagnetic simulation of the bare CPW resonator. (a) Comparison between experimental (T = 30 K) and
simulated spectra. (b) Spectral map showing the normalized value of hac around the central conductor. (c) x-dependence of
the y-averaged value of hac calculated for z heights of 0 and 10 µm. (d) Calculated dependence of the microwave magnetic
field along the z-axis. The solid line show the fit with Eq. 2.

Preliminary simulations of the electromagnetic field profile with commercial codes (CST Microwave Studio) have
been used as a guide to evaluate and the distribution of the microwave field and to optimize the effective volume of
interaction. The CPW resonator was modelled with realistic geometry, dimensions and materials parameters while
the superconducting film was approximated as a perfect electric conductor (PEC).

We initially calculated the transmission spectrum of the bare resonator . To obtain a substantial correspondence
with the measured spectrum (Fig. S10(a)), we modelled the sapphire substrate (volume 8 × 5 × 0.43 mm3) with
the permittivity ϵr = 10.74, while losses where included by forcing tan δ to values higher than those expected for
sapphire. The frequency of the fundamental mode results in good agreement with the value obtained from ωc,bare/2π =
c/2

√
ϵeff l being l = 6.02 mm the length of the central strip (Fig. S1(b)) and ϵeff = 5.77 the effective permittivity

calculated for the CPW line.
The simulated distribution of the magnetic component of the fundamental mode of the resonator (hac) shows that

the field is localized along y in a region of approximate width w + 2s = 45 µm around the central conductor (panel
(b)). The value of hac shows a pronounced decay with increasing z distance from the upper surface of the resonator
(z = 0), as it can be seen in the profiles calculated for z = 0 and 10 µm and plotted as a function of x (Fig. S10(c)).
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To quantify this trend, we calculated the average of hac in regions centered in the middle of the CPW resonator
(area 4 mm× 45 µm) with progressively increasing z height. The obtained points (h̄ac(z)) show a quasi exponential
dependence from z (Fig. S10(d)) that roughly follows

h̄ac(z) = hmax exp(−z/η) (2)

being hmax = h̄ac(z = 0) and η = 13.5 µm. Since h̄ac(10 µm)/hmax = 0.45 and by assuming that the normalized
spin-photon coupling gs(z)/gs(z = 0) scales as h̄ac(z)/hmax, we obtain the ratio gs(z = 0)/gs(z = 10 µm) = 2.2. This
value is in good agreement with the ratio of the anticrossing splittings in configurations #C and #B derived from
Fig. 4 in the main text.

The absolute value of hmax obtained from the simulation can be used to estimate the amplitude of the zero-
point vacuum fluctuation, bvac. Being bmax = µ0hmax = 26 mT the value obtained for Pinc = 0.5 W, we obtain
bvac = bmax

√
Pvac/Pinc ≈ 3 nT by considering the threshold power Pvac ≈ 5 fW for single-photon operation (Eq. 1).

On the other hand, the vacuum magnetic fluctuation can be calculated from [43]

bvac ≈
µ0ωc

4w

√
h

Z0
(3)

with h = 6.626 × 10−34 J s and Z0 = 58 Ω. From Eq. 3 we get bvac ≈ 3 nT in excellent agreement with the value
resulting from finite-element simulations.

As a next step we modeled the effect of a GGG substrate having volume of 4× 3× 0.5 mm3 (Fig. S10). By using
as permittivity ϵr = 11.99 and dielectric loss tangent tan δ = 5.2 × 10−3 for GGG [69], the simulated fundamental
mode frequency ωc,sim/2π = 8.62 GHz results in good agreement with ωc/2π = 8.65 GHz obtained from the fit of the
experimental data (Fig. 5 in the main text). With respect to the bare resonator, the presence of the GGG substrate
determines the shift of the fundamental mode towards lower frequency and the broadening of resonant peaks. The
latter gives rise to a higher decay rate κc. The distribution of hac = hxx̂+hy ŷ+hz ẑ simulated with the GGG substrate
above the resonator is in line with that of the bare resonator (Fig. 2 in the main text): the magnetic antinode is
located in the middle of the resonator, the microwave field is localized around the central conductor (panel (c)) and
hx is negligible as expected for a quasi-transverse electromagnetic (TEM) mode (panel (d)).

FIG. S11. Electromagnetic simulations of the CPW resonator with the GGG substrate positioned on top. (a) Representation
of the model used for the simulations. Colors indicate different materials: PEC, grey; Au, yellow; sapphire and GGG, cyan.
(b) Simulated reflection S11 and transmission S21 spectra showing the comparison between bare resonator and GGG cases. (c)
Vertical section of the simulated hac field in the middle of the resonator (phase ϕ = 0). (d) Blow-up of the CPW line showing
the simulated root-mean square cartesian components of hac. Letters in (a,c,d) correspond to δ = 140 µm, w = 17 µm and
s = 14 µm.

D. Modelling of spin systems in a cavity

Magnetic excitations, i.e. spin waves in magnetically ordered materials, can be described by considering the pre-
cession of the macroscopic magnetic vector M around the effective local magnetic field Heff through the Landau-
Lifshizt-Gilbert (LLG) equation, that also accounts for damping by a phenomenological term characterised by the
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Gilbert parameter. Exchange and dipolar interactions between different local values of M can be included in the LLG
equation as effective local fields, Hexc and Hdip respectively, that contribute to Heff along with the externally applied
static field H0 [12]. Both exchange and dipolar interactions are naturally included in a microscopic description of a
regular lattice of interacting spins, the relative spectrum of excitation shows spin wave modes having characteristic
dispersion between energy (h̄ω) and propagation wavevector (k) [3]. For an isotropic infinite lattice, the low lying
states assume parabolic dispersion law ω ≈ k2 with a characteristic stationary (k=0) ground state (Kittel mode). Yet,
for a real specimen with a specific shape, the finite size and the boundary conditions, as well as the way the antenna
excites them, can make the spectrum of magnetic excitations much richer with the appearance of characteristic bands.

The collective coupling λ between magnetic and microwave modes is the key parameter that needs to be compared,
in the first instance, with the damping of both the magnetic system (i.e. the dissipation rate κm) and the photon
losses (κc) of the cavity. Since λ determines the rate at which the two systems exchange energy and information at
resonance, when λ ≥ κm, κc we have coherent dynamics of the two systems, and the so-called strong coupling regime.
The dipolar coupling of single spins to the oscillating magnetic component of radiation bvac has the relative coupling
strength gs = 1

4γbvac which turns out to be very weak, typically on the order of 0.1 to 50 Hz for bvac ∼ nT. For

spin ensembles, either paramagnets or magnetically ordered systems, the collective coupling strength λ = gs
√
Ns is

enhanced by a factor scaling as
√
Ns [14], being Ns the number of spin transitions in the ensemble interacting with

the electromagnetic radiation. For instance, with Ns ∼ 1012 − 1014 we can get λ = gs
√
Ns = 1 to 10 MHz. For YIG,

Ns = 2sFeN , where N is the number of spins and sFe = 5/2 is the ground state spin of Fe3+. In a YIG sphere, κm

is of the order of MHz, thus for experiments with cavities having high quality factor, that is small κc, the strong
coupling regime is achieved (see references in the main text).
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