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A B S T R A C T

The effect on confinement loss of thickness variations along the perimeter of the tubes composing the cladding
of inhibited-coupling guiding Tube Lattice hollow-core fibers is investigated by using the Azimuthal Fourier
Decomposition technique (developed in Part I) for the description of the cladding modal dynamics and their
interaction with the fundamental core mode. The results show that the thickness inhomogeneity affects the
confinement loss spectrum through confinement loss increase and frequency red- and blue-shift of the high-
loss spectral regions. The magnitudes of the confinement loss increase and the high-loss region frequency
shift strongly depend on the spatial distribution of the thickness inhomogeneity. The study provides insight
into the loss mechanism of non-ideal tube lattice fibers, it allows to quantify the impact of such kind of
structural deformations, identifying the route to make fibers more resilient to such fabrication imperfections,
and highlighting once again the importance played in inhibited-coupling fibers by the interaction between
core modes and the intricate set of cladding modes.
1. Introduction

Hollow-Core Photonic Crystal Fibers (HCPCFs) based on the In-
hibited Coupling (IC) waveguiding mechanism exhibit very attractive
properties such as wide transmission bandwidth, low loss, low disper-
sion, and a relatively simple cladding structure. In the last few years,
IC guiding HCPCFs (IC-HCPCF)s with Tube Lattice cladding (TLFs)
have experienced an impressive transmission loss reduction (Debord
et al., 2017; Pryamikov et al., 2011; Sakr et al., 2019; Gao et al.,
2019; Amrani et al., 2021). However, a gap remains between the ex-
perimentally measured loss and the theoretically achievable minimum
defined by confinement loss (CL) (Melli et al., 2021; Joseph Weiblen
et al., 2016). This difference is currently attributed to the non-ideal
structure of real fibers, such as glass surface roughness due to frozen-
in thermal surface capillary waves (SCW) excited during the fiber
drawing process (Roberts et al., 2005), deformations of the fiber cross
section (Joseph Weiblen et al., 2016), and micro- bending loss (Sakr
et al., 2020). Furthermore, these fibers are commonly fabricated using
the ‘stack and draw’ technique (Knight et al., 1996), supplemented
by pressurizing the core and cladding holes (Benabid and Roberts,
2011) to control both the hole size and the silica thickness. Due to
variations in local surface tension between cladding regions with and
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without nodes, the thickness of the glass surrounding a fiber hole is not
necessarily uniform along its perimeter. Studies on the tolerances of
some deformations has been carried out (Joseph Weiblen et al., 2016),
however, a thorough theoretical analysis showing in detail the causes
of this gap and the role of the thickness inhomogeneity in altering CL
values and spectral structure is not yet available. These considerations
bear importance both for the physics of light guidance via the IC
mechanism and in several applications, especially those related to IC-
HCPCF designs or new manufacturing processes. The current effort
in designing ultra-low loss IC-HCPCF in the short wavelength range
faces a limit in the CL defined by surface roughness, regardless of the
confinement power of the cladding design (Osório et al., 2019). In the
context of fiber manufacturing, new processes were recently proposed
in literature for both infrared (Ventura et al., 2020; Carcreff et al.,
2021) and THz (Cruz et al., 2017) ranges. They offer more flexibility in
terms of transverse geometry configuration, but do not yet guarantee
the same accuracy and repeatability of the more traditional stack-
and-draw approach (Debord et al., 2019). Finally, in more and more
applications, an additional layer is added on the inner wall of HC-PCF
for fiber functionalization (Shi et al., 2008; Barozzi et al., 2017) and
bio-detection (Khozeymeh et al., 2022) or for reducing or controlling
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Fig. 1. (a) Example of cross-section of the analyzed fibers together with the geometrical parameters. (b) Shape of the inner boundary of a deformed tube (red solid line) and of an
ideal one (black dashed line). (c) Magnified tube highlighting the thickening variation (𝛼 > 0). (d) Magnified tube highlighting the thinning variation (𝛼 < 0). (For interpretation
f the references to color in this figure legend, the reader is referred to the web version of this article.)
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tom-surface interaction in all-fiber alkali-vapor photonic microcells
PMCs) (Bradley et al., 2014; Zheng, 2017). Here, the thickness of
his layer can be locally altered due to the deposition process or bio-
etection causing a distortion of the real cross section with respect
o the ideal one. In this work, we exploit the Azimuthal Fourier De-
omposition (AFD) technique (developed in Part I Melli et al., 2024)
o evaluate the impact of transverse geometrical imperfections in the
ladding tube thickness and, more accurately, when the thickness
hanges along the tube perimeter. The analysis shows that local thick-
ess variations induce changes in both the cut-off frequencies and
lectric field distribution of the fiber cladding modes (CLMs), causing
lteration of the CL magnitude and spectral structure. In particular,
FD clearly and effectively shows that the spatial field distribution
hange is responsible for the coupling enhancement between the Fun-
amental Mode (FM) and CLMs which are uncoupled in ideal fibers,
nd why this occurs only for particular classes of CLMs and thickness
ariations. Finally, guidelines for designing more robust TLFs against
ube thickness variations are given.

. Analysis

Fig. 1 shows the cross-section of a TLF and summarizes the type of
ransverse structural perturbation here investigated. Fig. 1(a) highlights
he physical and geometrical parameters: 𝑅𝑐𝑜 is the TLF hollow core
adius, 𝑟𝑒𝑥𝑡 and 𝑟𝑖𝑛𝑡 are the outer and inner radius, respectively, of
he cladding tubes with thickness 𝑡 and refractive index 𝑛𝑑 . Unlike an
deal fiber, the tube thickness 𝑡 is azimuthally varying over the inner
alf of the cladding tubes’ circumferences. It progressively increases or
2

ecreases when approaching the extremity of the tube inner boundary
ith the fiber hollow core, that we label hereinafter ‘‘tube apex’’.
ig. 1(b) shows the radial parameters of the deformed tube. The outer
alf of the tube, facing the tube bonding point with the external dielec-
ric wall, can be considered as belonging to a circular tube with inner
adius 𝑟𝑖𝑛𝑡, whereas the inner half belongs to an elliptical shape with
emi-axes equal to 𝑟𝑖𝑛𝑡 and 𝑟𝑖𝑛𝑡 − 𝛼 ⋅ 𝑡, respectively. 𝛼 is the normalized

thickening parameter, and 𝛥𝑡 = 𝛼 ⋅ 𝑡 is the maximum thickness variation
reached at the tube apex with respect to the ideal structure, which is
defined as 𝛼 = 0. Fig. 1(c) and (d) show schematically the cases of tube
apex thickening (i.e. 𝛼 > 0) and thinning (i.e. 𝛼 < 0), respectively.

In order to better highlight the effects of the perturbations, we
ntroduce the normalized frequency 𝐹 :

= 2𝑡
𝜆

√

𝑛2𝑑 − 1, (1)

and express 𝐶𝐿 via the normalized confinement loss 𝑁𝐶𝐿 (Vincetti,
2016):

𝑁𝐶𝐿 = 𝐶𝐿
𝐶𝐿𝑚𝑖𝑛

,

where

𝐶𝐿𝑚𝑖𝑛 = 5 ⋅ 10−4 𝜆
4.5

𝑅4
𝑐𝑜

(

1 − 𝑡
𝑟𝑒𝑥𝑡

)−12
√

𝑛2𝑑 − 1

𝑡
√

𝑟𝑒𝑥𝑡
𝑒

2𝜆
𝑟𝑒𝑥𝑡 (𝑛2𝑑−1) .

This allows to abstract the dependence on wavelength, core size, tube
thickness, and dielectric refractive index, which is present even in the
ideal fibers.
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Fig. 2. NCL spectra of an 8-tube TLF (#1) for (a) tube thickening with 𝛼 = 0.1, (b)
thinning with 𝛼 = −0.1, and their comparison with a TLF with tubes having azimuthally
constant thickness alternately of 𝑡 and (c) 𝑡′ = 𝑡 + 0.1𝑡 or (d) 𝑡′ = 𝑡 − 0.1𝑡. (For
nterpretation of the references to color in this figure legend, the reader is referred
o the web version of this article.)

Fig. 2 shows the 𝑁𝐶𝐿 spectra of an 8-tube TLF, hereinafter called
iber#1, over a frequency range of 𝐹 = 0.5 ÷ 4.0, comprising thus four
ransmission bands (TBs): the fundamental TB (i.e. 𝐹 = 0.5÷1.0) and the
irst three higher-order TBs. The geometrical and material parameters
re reported in the first row of Table 1. Fiber#1 has an overlap between
he tubes and the external silica wall at the bonding point equal to 𝑡∕50
he same as all the other fibers here analyzed. Fig. 2(a) and (b) compare
he 𝑁𝐶𝐿 of an ideal fiber (black curves) with fibers exhibiting tube
pex thickening ( 𝛼 = 0.1, solid red curve) and thinning (i.e. 𝛼 =
0.1, dashed red curve), respectively. Here, the impact of the thickness
ariation mainly affects the High-Loss Regions (HLRs) of 𝑁𝐶𝐿, whereas
he values of the minima in the TBs are basically unchanged. We recall
hat the HLRs correspond to spectral ranges where the fundamental
ore mode (FM) and CLMs are phase-matched both longitudinally and
ransversely (Couny et al., 2007; Debord et al., 2019), and hence there
s a strong coupling between the core mode and the cladding ones. This
ccurs around 𝐹 = 𝑖, where 𝑖 is a positive integer. Consequently, and
ue just to the dependence of 𝐹 on thickness, positive 𝛼 (thickening)
nduces HLRs to shift toward lower frequencies (red-shift), and negative
alues of 𝛼 (thinning) induce HLR blue-shift. Also, this 𝐹 -thickness
3

ependence explains the observed increase of the magnitude of the
hift as the TB order increases. However, the loss spectra changing
annot be ascribed only to the cutoff frequency shift due to thickening
nd the thinning of the tube apex. In fact, as it is deeply described
n the next sections also the field profiles of CLMs will be affected
pon tube thickness variation. In order to illustrate this point, we
onsider Fiber#1, but with a cladding comprised of alternating ideal
ubes having thicknesses of 𝑡 and 𝑡′ = 𝛼 ⋅ 𝑡 respectively. Fig. 2(c) and
d) show the spectra obtained with this modified Fiber#1 (blue curves)
long with the ideal fiber (black curves) and the one having either
hinned or thickened tubes with 𝛼 = ±0.1 (red curves). Even though
oth types of perturbations cause HLR broadening and frequency-shift,
he results show very different HLR spectral structures, thus indicating
hat the mechanism cannot be solely reduced to a thickness-variation-
nduced frequency-shift. As a matter of fact, the above examples show
he importance of knowing the nature of CLMs and how they evolve
nder structural perturbations. Indeed, while the case of fibers with
lternating tubes is easily understood through the contribution of the
wo ideally circular tubes with two different thicknesses to the modal
ontent of the cladding (Kharadly and Lewis, 1969; Debord et al.,
015; Melli et al., 2024), the case of fibers with identical distorted
hickness requires a prior knowledge of the modal content of these
on-ideal circular cladding single tubes. This is illustrated in Fig. 2(c)
nd (d) by vertical dashed orange lines, which mark the integer values
f 𝐹 ′ = 2𝑡′∕𝜆

√

(𝑛2−1). Here, HLRs are split in two subsets with the same
shape and bandwidth, one corresponding to integer values of 𝐹 , and the
ther to integer values of 𝐹 ′. However, in the case of non-azimuthally
niform tube thickness variation, the spectral shapes are different from
he above one, and stand out with their HLR’s strong dependence on the
ign of 𝛼, i.e. tube thickening impacts the CL spectrum differently from
ube thinning. In case of thickening (𝛼 > 0), there is a red broadening
f the HLRs with the appearance of isolated peaks in the red edges with
ower amplitudes than the original HLRs. In case of thinning (𝛼 < 0),
here is a HLRs blue shift without the appearance of peaks or HLRs
plitting and with a stronger shift for the blue HLR edges than the red
nes.

Fig. 3 extends the above calculations to several different values
f 𝛼. The results indicate four regimes depending on the 𝛼 value. The
irst regime corresponds to small positive 𝛼 shown in Fig. 3(a). Here,
he 𝑁𝐶𝐿 minimum value and frequency location are not affected, and
he 𝑁𝐶𝐿 spectrum change is limited to a red-shift of the HLRs. The
econd regime corresponds to larger thickening (see Fig. 3(b)) where
he HLRs break down into several structured and resolved narrow
eaks, causing a serious degradation of the TBs and an increase of the
inimum 𝑁𝐶𝐿. We note that the values of 𝛼 corresponding to the

ransition from one regime to the other depend on the TB order. The
undamental band is more resilient and significant effects occur only
or thickenings greater than 20% of the tube thickness. Considering the
ourth band, relative thickenings of 5% and larger are enough to affect
he TB, which is completely compromised for a relative thickening
f 20%. Finally, for perturbations having 50% relative thickening, all
Bs are seriously degraded. The third regime corresponds to small tube
hinning (Fig. 3(c)). Here, HLRs broaden with strong blue shifts of the
lue-edges, TBs shrink, but without variation of the 𝑁𝐶𝐿 minimum.
ith larger thinning (Fig. 3(d)) we have the fourth regime. Here, the
LRs tend to occupy all the TBs, which disappear. Also in this case,

he entity of the perturbation defining the transition from one regime
o the other depends on the order of the TB, where the low order ones
re more robust than the higher order ones. In order to investigate
he impact of the thickness perturbation on the modal confinement the
ffective area 𝐴𝑒𝑓𝑓 (Rosa et al., 2021) of the perturbed and ideal fibers
ave been compared. Fig. 4 shows the relative variation of the effective
rea 𝛥𝐴𝑒𝑓𝑓%:

𝐴𝑒𝑓𝑓% =
𝐴𝑒𝑓𝑓𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑒𝑑 − 𝐴𝑒𝑓𝑓𝑖𝑑𝑒𝑎𝑙

⋅ 100, (2)

𝐴𝑒𝑓𝑓𝑖𝑑𝑒𝑎𝑙
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Fig. 3. NCL spectra of an 8-tube TLF (#1) in the frequency range [0.5 − 4.0] for different (a) positive 𝛼 = +0.02,+0.05, (b) 𝛼 = +0.20,+0.50, and (c) negative 𝛼 = −0.02,−0.05, (d)
𝛼 = −0.20,−0.50 thickness variations. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Relative effective area variation with 𝛼 = ±0.05 (left) and 𝛼 = ±0.2 (right) for fiber #1.
Fig. 5. 𝑁𝐶𝐿 spectra of TLFs from #2 to #6, whose design parameters are reported in Table 1, for different positive (solid lines) and negative (dashed lines) values of the thickness
parameter: 𝛼 = ±0.05, ±0.1.
of the FM of fiber#1 in the four regimes above defined. In case of small
perturbations (𝛥𝛼 = ±0.05) 𝐴𝑒𝑓𝑓 is affected close to the blue and red
edges of HLRs. In the TBs centers the impact is very small. In case
of strong perturbations (𝛥𝛼 = ±0.2) also the TBs are affected, with
resolved narrow peaks in case of tube thickening.

The above analysis has been carried out on different TLFs listed in
Table 1, which is constructed in such a way that a minimum number of
parameters (among 𝑡, 𝑛 , 𝑟 , and 𝑁) is changed between two adjacent
4

𝑑 𝑒𝑥𝑡
fibers. Last column of Table 1 reports the values of 𝜌 = 1 − 𝑡∕𝑟𝑒𝑥𝑡
parameter. The importance of the role played by this parameter will
be highlighted in the next sections, and in particular in Fig. 14. The
FM CL spectra of eleven TLFs having different geometrical parameters,
different number of tubes 𝑁 , and different refractive index 𝑛𝑑 of the
dielectric were calculated for different 𝛼. We considered fibers with
8 and 6 tubes since these are the most widely used structures. The
results show that all the TLFs exhibited the same trends as the ones



Results in Optics 16 (2024) 100726F. Melli et al.

t
C
M
a
i
t
i
a
d
n
f
c
L
T
o
e
t
o
i
e
r
a

a
f

t
i
d
i
t
p
n
o
t
b
a
w

c
n
c

𝑔

w

𝑅

i

𝐸

S
o
c
t
M
t
r

t
f
f
s
v
t
f

i
s
r
t
r
a
d
A
c
t
F
C
o
r
i
c
𝜇
t
c
t
w
a

Table 1
TLF parameters. All geometrical parameters are given in micrometers.

Fiber 𝑡 𝑟𝑒𝑥𝑡 𝑛𝑑 𝑁 𝑅𝑐𝑜 𝜌

#1 0.75 6.0 1.45 8 13.6 0.875
#2 0.75 10.0 1.45 8 20.0 0.925
#3 1.25 10.0 1.45 8 20.0 0.875
#4 1.25 10.0 2.45 8 20.0 0.875
#5 1.25 10.0 1.45 6 13.6 0.875
#6 1.25 10.0 2.45 6 13.6 0.875
#7 0.75 10.0 2.45 8 20.0 0.925
#8 0.6 6 1.45 8 13.6 0.9
#9 0.6 6 2.45 8 13.6 0.9
#10 0.5 12 2.45 8 22 0.958
#11 0.5 12 1.45 8 22 0.958

discussed above. Fig. 5 illustrates this by comparing the 𝑁𝐶𝐿 spectra
for 𝛼 = ±0.05,±0.1 and for six TLFs (fibers from #1 to #6). The spectra
readily exhibit the same trends as those of Fig. 3, demonstrated by the
HLR’s small frequency red-shifted resolved narrow peaks in the case of
tube thickening, and by the HLR’s strong blue-shift in the case of tube
thinning.

Finding out the physical mechanisms behind the alteration of the
CL spectra here discussed entails analyzing the CLMs’ evolution from
that of ideal fiber due to the tube structural perturbation, and subse-
quent FM-CLMs coupling modification. In the next section, we use the
single tube approximation and the Azimuthal Fourier Decomposition
(AFD) (Melli et al., 2024) to analyze and interpret the above results.

3. Model

In IC fibers, the HLRs and TBs are defined by the coupling between
the FM and CLMs with slow and quick electric field spatial varia-
tions (Couny et al., 2007), corresponding to high and low values of
the overlap integral:

𝐾 = ∬𝑆∞

𝐸𝑡𝑐𝑜 ⋅ 𝐸𝑡𝑐𝑙 𝑑𝑆 (3)

respectively. 𝑆∞ is the whole fiber cross-section, 𝐸𝑡𝑐𝑜 and 𝐸𝑡𝑐𝑙 are the
electric field transverse components of the FM and CLM, respectively.
Since the FM effective index 𝑛𝑒𝑓𝑓𝐹𝑀

is close to but lower than 1,
he frequencies where couplings occur can be approximated by the
LM cut-off frequencies 𝐹𝑐 (Debord et al., 2019; Melli et al., 2024).
oreover, in TLFs the large pitch regime allows to apply the single-tube

pproximation and CLMs can be described in terms of superposition of
dentical modes of an isolated single tube (Vincetti and Rosa, 2019). In
he following, we will refer to the modes confined in the dielectric of an
solated tube as CLMs (Melli et al., 2024). These modes are classified by
n azimuthal index 𝜇 defining the number of periods of the electric field
istribution along the azimuthal direction, a radial index 𝜈 defining the
umber of maxima and minima along the radial direction, and two dif-
erent polarizations 𝐻𝐸𝜇,𝜈 and 𝐸𝐻𝜇,𝜈 where the electric field dominant
omponent is the azimuthal and radial one, respectively (Kharadly and
ewis, 1969; Vincetti and Setti, 2010). Summing up, in TLFs, HLRs and
Bs are defined by the spectral distribution of the cut-off frequencies
f the CLMs with slow and high azimuthal index, respectively (Melli
t al., 2024). In the fiber here investigated, the azimuthal change of
ube thickness modifies both the cut-off and electric field distribution
f the CLMs, and in turn the 𝐶𝐿 spectra. Fig. 6 immediately gives an
dea of the impact of tube thickness variation on those. It shows the
volution of the dispersion curve and the electric field distribution of
epresentative modes among low azimuthal index CLMs (here 𝐻𝐸2,3)
nd among high azimuthal index ones (𝐻𝐸10,3) of Fiber#1 versus the

thickening parameter 𝛼 of an isolated tube having a varying thickness
as shown in Fig. 1. The results readily show that the change in 𝛼 sign
nd value affects both the tube mode dispersion (and thus the cut-off
requencies 𝐹 ) and the field profile.
5

𝑐

The effect on the cut-off frequency is quantified in Fig. 7, where
he variation 𝛥𝐹𝑐 = 𝐹𝑐 − 𝐹𝑐0 with respect to the value 𝐹𝑐0 of the
deal tube is shown versus the normalized thickening parameter 𝛼, for
ifferent CLMs with different azimuthal (Fig. 7(a)) and radial (Fig. 7(b))
ndices. Fig. 7(a) shows different kinds of dependence according to
he sign of 𝛼. The frequency shift is positive with a weak dependence
roportional to the azimuthal index 𝜇 in case of thinning and it is
egative with a stronger dependence inversely proportional to 𝜇 in case
f thickening. Fig. 7(b) analyzes the radial index dependence. Again,
here is a stronger dependence in case of thickening than of thinning,
ut the dependence on the radial index is opposite with respect to the
zimuthal one: in case of thinning there is an inverse dependence on 𝜈,
hereas in case of thickening the dependence is direct.

In order to investigate the consequences of the electric field profile
hange induced by the thickness variation, we apply the AFD tech-
ique (Melli et al., 2024). The CLM-FM coupling can be estimated by
onsidering the Azimuthal Spectral Overlap (ASO) coefficient 𝑔:

(𝑟) =
∑

𝑠=𝑟,𝜃

( 𝑚=∞
∑

𝑚=−∞
𝑅𝑐𝑜𝑠
𝑚 (𝑟)𝑅𝑐𝑙𝑠

−𝑚(𝑟)

)

(4)

here

(𝑐𝑜∕𝑐𝑙)𝑠
𝑚 (𝑟) = 1

2𝜋 ∫

2𝜋

0
𝐸(𝑐𝑜∕𝑐𝑙)𝑠 (𝑟, 𝜃)𝑒

−𝑗𝑚𝜃𝑑𝜃

s the azimuthal Fourier coefficient of the azimuthal Fourier series:

𝑐𝑜𝑠 =
+∞
∑

𝑚=−∞
𝑅𝑐𝑜𝑠
𝑚 (𝑟𝑖𝑛𝑡)𝑒𝑗𝑚𝜃 , 𝐸𝑐𝑙𝑠 =

+∞
∑

𝑚=−∞
𝑅𝑐𝑙𝑠
𝑚 (𝑟𝑖𝑛𝑡)𝑒𝑗𝑚𝜃 .

ince the coupling strength between two modes is proportional to the
verlap of the corresponding azimuthal spectra, and the loss due to the
oupling is proportional to |𝑔2|, in the following we analyze how the
ube variations affect the azimuthal spectra and consequently the ASO.
oreover, spectra show an Hermitian symmetry (Melli et al., 2024)

hus for shake of simplicity in the following only single side spectra
epresentation is used.

Fig. 8 analyzes profiles and corresponding azimuthal spectra of
he radial and azimuthal components of the FM 𝑦-polarized electric
ield on the tube highlighted in the figure. Results not shown here
or sake of brevity, obtained by thinning and thickening the tubes,
how the FM spectra are not appreciably affected by thickness tube
ariations. For the following analysis, the most important feature is
hat the azimuthal spectra are dominantly populated at low azimuthal
requencies, showing a ‘‘low pass-like’’ profile.

Fig. 9(a) investigates the effect of tube thinning on the CLMs az-
muthal spectra. Only 𝐸𝐻 CLMs are here reported for sake of brevity,
ince the effects on 𝐻𝐸 CLMs are very similar. Since 𝐸𝐻 CLMs are
adially polarized (Vincetti and Setti, 2010; Kharadly and Lewis, 1969),
he azimuthal spectra of the azimuthal component is negligible with
espect to the radial one, so in Fig. 9(a) only |𝑅𝑐𝑙𝑟

𝑚 | are shown. The
zimuthal spectra of CLMs calculated at the inner and outer boundaries
o not show significant differences. In order to clearly highlight the
SO between CLM and FM spectra, the figures are filled with a gray
olored background, whose darkness is scaled according to the ampli-
ude of the dominant component coefficients 𝑅𝑐𝑜𝑟

𝑚 of the 𝑦-polarized
M calculated on the inner boundary of the tube highlighted in Fig. 8.
onsequently, the FM-CLMs coupling can be visually assessed by the
verlap between the orange drop-lines and the background’s darkest
egion and quantified by the 𝑔 parameter plotted in Fig. 9(b). For
deal tubes, the 𝑅𝑐𝑙𝑟

𝑚 CLM azimuthal spectra feature a dominant spectral
omponent centered at the azimuthal index of the tube mode (𝑚 =
). Also, the results show that, among the CLMs here shown, only
he 𝐸𝐻5,3 exhibits an overlap with the FM, resulting in high ASO
oefficients and consequently contributing to the HLRs. Conversely,
he dominant spectral component of higher azimuthal index CLMs falls
here the FM spectrum is negligible. According to IC model, their ASO
nd their contribution to CL is expected to be low. This is readily shown
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Fig. 6. Evolution of the field distribution (top) and dispersion curve (bottom) of the single tube cladding modes (a) 𝐻𝐸2,3 and (b) 𝐻𝐸10,3, for different values of the parameter 𝛼.
The tube parameters are those of #1. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 7. Cut-off frequency variation 𝛥𝐹𝑐 vs 𝛼 for a number of CLMs of varying (a) azimuthal index and (b) radial index. Tube parameters are those of Fiber#1.
by the values of the 𝑔 parameter computed on the inner boundary
(𝑟 = 𝑟𝑖𝑛𝑡) shown in Fig. 9(b). ASO 𝑔 value for 𝐸𝐻5,3 is close to 20-fold
higher than those for 𝐸𝐻10,3, 𝐸𝐻16,3, 𝐸𝐻25,3 (see Fig. 9(b)).

As shown in Fig. 6, when tube thinning is applied, the field distri-
butions, and in particular the azimuthal dependence, change causing a
broadening of the CLM spectra on both sides. The broadening increases
with stronger thinning. In particular, the broadening toward low 𝑚
values contributes to increase the ASO. The broadening depends very
weakly on the CLM azimuthal index number. Consequently, the overlap
between the CLM and FM spectra is stronger for lower azimuthal index
CLMs. For example, with 𝛼 = −0.05, not only CLMs with azimuthal
index 𝜇 = 5, but also CLMs with 𝜇 = 10 have the left side of the
azimuthal spectra (orange lines) overlapped with the FM one (dark
background). Despite the spectral broadening, CLMs with 𝜇 = 16
and 𝜇 = 25 still have a negligible overlap with the FM spectrum. By
increasing the thinning (𝛼 = −0.1) the wider broadening causes a non-
negligible overlap also for mode with 𝜇 = 16, while CLMs with 𝜇 = 25
6

still have a negligible overlap. The dynamic is clearly shown by the 𝛼
dependence of 𝑔. For 𝛼 = −0.05, 𝑔 increases only for CLMs with
𝜇 = 5, 10 (orange and green curve of Fig. 9(b)), whereas it is almost
unchanged for CLMs with higher azimuthal index. By increasing the
thinning to 𝛼 = −0.1, 𝑔 increases also for CLMs with 𝜇 = 16. A spreading
of the azimuthal spectra is also observed in case of tube thickening, as
shown in Fig. 10 for the case of 𝐻𝐸10,3, and 𝐸𝐻10,3 CLMs. Unlike the
tube thinning case, it can be observed that thickening causes a smaller
broadening of the CLMs spectra, and the 𝑔 parameter changes little.
Finally, Fig. 11, compares the spectra and ASO of 𝐸𝐻 CLMs with same
azimuthal index (𝜇 = 16) and different radial index, and thus with 𝐹𝑐
falling in different TBs. Results clearly show the spreading caused by
the thinning and the corresponding ASO increase with the CLM radial
index.

In conclusion, the tube thickness variation causes two changes in
the CLMs features. The first is a change in the CLMs cut-off frequencies,
which is stronger in case of tube thickening and for low azimuthal index
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Fig. 8. (a) Fiber#1 cross section with FM field distribution and detail of local frame of reference, and inner and outer boundary of the 𝑖th tube. (b) Radial (solid line) and azimuthal
(dashed line) 𝑦-polarized FM electric field components along the inner (orange) and outer (red) boundaries. (c) |𝑅𝑐𝑜𝑟

𝑚 | (top) and |𝑅𝑐𝑜𝜃
𝑚 | (bottom) coefficients of the profiles plotted

in (b). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. 𝐸𝐻 CLMs azimuthal spectra, in case of tube thinning. Left panel (a): spectra of |𝑅𝑐𝑙𝑟
𝑚 | calculated at the inner (orange) and outer (red) boundary of tube 𝑖th of Fiber#1

highlighted in Fig. 8 for four different modes (from top to bottom: 𝐸𝐻5,3, 𝐸𝐻10,3, 𝐸𝐻16,3, 𝐸𝐻25,3) and different perturbations (ideal tube on left side, 𝛼 = −0.05 at center, and
𝛼 = 0.10 on right side). Background gray scale shows the corresponding value of |𝑅𝑚𝑐 𝑜𝑟 |. Insets show the field distribution of the modes. Cut-off frequency is also shown. Right
panel (b): magnitude of the ASO coefficient 𝑔 calculated along the inner boundary (𝑟 = 𝑟𝑖𝑛𝑡) for all modes shown in the left panel (a). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. CLM spectra, in case of tube thickening. Left panel (a): spectra of |𝑅𝑐𝑙𝜃
𝑚 | and |𝑅𝑐𝑙𝑟

𝑚 | calculated at the inner (orange) and outer (red) boundary of tube 1 of Fiber#1 for
two different CLMs having the same indexes (𝐸𝐻10,3 at the top and 𝐻𝐸10,3 at the bottom) and different perturbations (ideal tube on left side, 𝛼 = ±0.05 at center, and 𝛼 = ±0.10
on right side). Background gray scale shows the corresponding value of |𝑅𝑚𝑐 𝑜𝑝 |. Insets show the field distribution of the modes. Cut-off frequency is also shown. Right panel (b):
magnitude of the ASO coefficient 𝑔 computed along the inner boundary (𝑟 = 𝑟𝑖𝑛𝑡) for all modes shown in the left panel (a). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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Fig. 11. 𝐸𝐻16,𝜈 CLM spectra, in case of tube thickening (𝛼 = −0.1), for different radial index 𝜈. Left panel (a): spectra of |𝑅𝑐𝑙𝑟
𝑚 | computed at the inner (orange) and outer (red)

boundary of tube 1 of Fiber#1 of the CLMs 𝐸𝐻16,𝜈 with different radial index: 𝜈 = 2 (left), 𝜈 = 3 (center), 𝜈 = 4 (right). Background gray scale shows the corresponding value of
|𝑅𝑐𝑜𝑟

𝑚 |. Insets show the field distribution of the modes. Cut-off frequency is also shown. Right panel (b): magnitude of the ASO coefficient 𝑔 computed along the inner boundary
(𝑟 = 𝑟𝑖𝑛𝑡) for all modes shown in the left panel (a). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
CLMs. This explains the additional peaks appearing in case of tube
thickening in Figs. 2, 3, and 5, causing the red shift of the HLRs red-
edges. In case of tube thinning, cut-offs are weakly affected and do not
play a significant role in loss enhancement. The second is the change
in the spatial distribution and thus in the coupling strength quantified
by the ASO coefficient 𝑔. In this case, the impact of thickening and
thinning reverses. In case of thickening, the spatial deformation causes
a weak effect of the coupling strength. Conversely, tube thinning sig-
nificantly modifies the ASO causing an enhancement of the coupling,
and of the consequent loss of the FM due to CLMs which are only
negligibly coupled in the ideal fiber. This explains the blue shift of the
HLRs blue-edges. Red-edges are not affected because they are defined
by low azimuthal index CLMs, whose ASO is already high and thus not
particularly affected by the thinning. The little blue-shift is mainly due
to the weak change of their cut-off frequencies. Both the 𝐹𝑐 frequency
shift and the azimuthal spectrum broadening increase with the radial
index, and thus with the order of the TB.

4. Model validation

In order to verify the validity of the proposed approach, we focused
on the third TB of Fiber#1 in case of 𝛼 = ±0.10. Fig. 12 compares the
loss, the real and imaginary parts of Fiber#1’s FM field distribution at
particular frequencies (𝐹𝛼 = 2.770, 𝐹𝛽 = 2.798, 𝐹𝛾 = 2.208, 𝐹𝛿 = 2.342)
highlighted with vertical dotted lines. In case of 𝛼 = +0.1, Fig. 12(a)
compares points 1 and 2 at 𝐹𝛼 = 2.770, showing that the loss in
the perturbed fiber is 250-fold the ideal one. The inspection of the
corresponding fields labeled 2 in the blue box of Fig. 12(c) shows FM
hybridizes with a slow azimuthal varying CLM having only one peak
in case of perturbation. Details of the hybridization are highlighted
in the inset. The hybridization is completely absent in the ideal fiber,
labeled 1, according to the model, since at this normalized frequency no
CLMs with non-negligible ASO exist. The same comments can be made
about the loss and fields corresponding to points 3 and 4 at 𝐹𝛽 = 2.798,
except in this case the slow varying CLM has two lobes (green inset).
Mode profiles and peak frequencies correspond to those of the 𝐻𝐸1,4
and 𝐻𝐸2,4 modes of an isolated tube with the same thickness variation,
showing that the peaks are due to the red shift of the CLM cut-off
frequencies.

In case of 𝛼 = −0.1, Fig. 12(b) compares points 5 and 6 at 𝐹𝛾 =
2.208, showing that the loss enhancement is more than four orders
of magnitude. Fig. 12(d) shows that the enhancement is due to the
hybridization of the FM with a CLM having a relatively quick azimuthal
variation. For point 6, the chosen frequencies correspond to the cut-off
of the single tube 𝐸𝐻5,3 mode, and the field profile highlighted in the
inset of Fig. 12 corresponds to the 𝐸𝐻5,3 one, shown in the inset of
Fig. 9. The same for points 7 and 8. Here the chosen frequency 𝐹𝛿 =
2.342 corresponds to 𝐸𝐻10,3 and again the agreement between the field
profiles is very good.

Mode hybridization and the deformation of the FM main lobe
showed in Fig. 12(c) and (d) are also responsible of the 𝐴𝑒𝑓𝑓 changes
showed in Fig. 4.

The comparison of the results shows a strong consistency between
the model predictions using the single tube approximation and the
numerical simulation of the whole fiber.
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In order to have quantitative comparison and a global view of
the effects, Fig. 13 shows for different 𝛼 and in a single graph the
second-order TB 𝑁𝐶𝐿 spectra of #1 on one hand and the single tube
CLMs 𝐸𝐻5,3, 𝐸𝐻10,3, 𝐸𝐻16,3, 𝐸𝐻25,3 (see Fig. 9) cut-off frequencies
and |𝑔|2 (symbols and bar charts, respectively) on the other hand.
Despite the limited number of CLMs used to illustrate the link between
their 𝐹𝑐 and |𝑔|2 and the 𝑁𝐶𝐿, the figure clearly highlights the good
fit between the variation of 𝑁𝐶𝐿 and the |𝑔|2 evolution when 𝛼
changes, coherently with the model developed in Melli et al. (2024).
The observed blue-shift in 𝑁𝐶𝐿’s TB in the case of tube thinning
is dominated by the |𝑔|2 increase of the low azimuthal index CLMs
as illustrated with the 𝐸𝐻5,3, 𝐸𝐻10,3, and 𝐸𝐻16,3 modes. Here, these
modes’ |𝑔|2 value and 𝐹𝑐 follow the 𝑁𝐶𝐿 curves of the different fibers
remarkably well. It also shows the variation of 𝐹𝑐 induced by the
thinning has a marginal impact of the 𝑁𝐶𝐿 increase. Tube thickening
does not cause a significant 𝑁𝐶𝐿 variation, but only a decrease of the
resonance frequencies. Finally, the discrepancy between the evolution
of 𝑁𝐶𝐿 and 𝐸𝐻25,3 |𝑔|2 is due to the resonance appearing at 𝐹 = 2.77,
caused by the 𝐹𝑐 red-shift of modes 𝐻𝐸1,4 and 𝑇𝐸0,4.

5. Dependence on fiber’s parameters

In this section, we attempt to address the following question: ‘‘what
are the driving parameters in 𝑁𝐶𝐿 alteration upon the considered tube
thickening and thinning?’’. Before proceeding toward this goal, it is
appropriate to summarize the main results of the analysis carried out
so far. The loss enhancement affecting the perturbed fibers is due to the
change in the coupling between FM and CLMs and it occurs at the cut-
off frequencies of the latter. In case of thickening, the red shift of the
cut-off frequencies of the CLMs and in particular of the low azimuthal
index ones dominates with respect to the field distribution distortion.
In this case, it is a matter of whether and which parameters affect
the cut-off frequencies of the low azimuthal index CLMs. In case of
thinning, the field distribution distortion dominates and in particular
the consequent enhancement of the ASO causes the blue-shift of the
blue-edge HLRs. In this case, the CLMs involved have an azimuthal
index higher than the previous case and the question is addressed to
whether and what parameters affect the cut-off frequencies of high
azimuthal index CLMs. In summary, the distribution of the CLM cut-off
normalized frequencies plays a decisive role in defining how the fiber
physical and geometrical parameters affect the fibers sensitivity toward
such kind of perturbations. This distribution depends on the tube shape
ratio 𝜌 = 1 − 𝑡∕𝑟𝑒𝑥𝑡 and the dielectric refractive index 𝑛𝑑 (Kharadly
and Lewis, 1969), and thus simultaneously on several geometrical and
physical fibers’ parameters. This is the reason why the parameters of
the fibers of Table 1 have been chosen to have different 𝜌 and 𝑛𝑑 values
in the range of practical interest. An in-depth analysis of CLMs cut-off
dependencies can be found in Vincetti and Setti (2010) and Vincetti and
Rosa (2019), and their influences on TLF confinement loss is analyzed
in Melli et al. (2024).

CLMs with low azimuthal index and radial index 𝜈 have cut-off
frequencies very close to 𝐹 = 𝜈 − 1 and they are de facto independent
of 𝜌 and 𝑛𝑑 . As a consequence, the red shift of the red-edges does not
depend on fibers parameters. This is confirmed by Fig. 14, where the
loss variation 𝛥𝑁𝐶𝐿 = 𝑁𝐶𝐿 −𝑁𝐶𝐿 between perturbed fiber (𝑁𝐶𝐿)
0
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Fig. 12. Left: Detail of #1 𝑁𝐶𝐿 spectra between 𝐹 = 2.1 and 𝐹 = 3.1 in case of ideal and perturbed tubes with (a) 𝛼 = +0.1 and (b) 𝛼 = −0.1. Right: comparison of the electric
field transverse component 𝐸𝑡 real and imaginary parts for the perturbed and ideal fibers (left and right of each box, respectively) at the frequencies highlighted in the left panel
with (c) 𝛼 = +0.1, and (d) 𝛼 = −0.1. All magnitudes are normalized to the corresponding real part maximum of the ideal fiber. Details of the field distribution in the tubes bounded
by the dashed rectangles are show in the insets. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 13. CL spectra of #1 with ideal tubes (𝛼 = 0, black), thicker tubes (𝛼 > 0, solid colored), and thinner tubes (𝛼 < 0, dashed colored). Symbols show 𝑁𝐶𝐿 at 𝐹𝑐 for 𝐸𝐻5,3
(triangles), 𝐸𝐻10,3 (circles), 𝐸𝐻16,3 (squares), and 𝐸𝐻25,3 (diamonds) CLMs. Orange and red arrows show CL variations caused by thickening and thinning the tubes, respectively.
Red bars show the corresponding |𝑔|2 values. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
and ideal one (𝑁𝐶𝐿0) computed at 𝐹 = 2.7 for 𝛼 = +0.1 is shown
for all fibers here investigated. 𝛥𝑁𝐶𝐿 is substantially independent of 𝜌
and 𝑛𝑑 .

By increasing the azimuthal index, 𝐹𝑐 progressively increases at a
rate proportional to 𝜌 and inversely proportional to 𝑛𝑑 , so the higher
the azimuthal index, the higher the dependence on 𝜌 and 𝑛𝑑 . The blue
shift of the blue-edges occurring for tube thinning depends on the cut-
off frequencies of CLMs with relatively high azimuthal index and thus
depend on 𝜌 and 𝑛𝑑 . These features are shown in Fig. 14, where the
loss variation 𝛥𝑁𝐶𝐿 computed at 𝐹 = 2.5 for 𝛼 = −0.1 only depends
on 𝜌 and 𝑛𝑑 irrespective of thickness, core size, number, and radius of
the tubes of the fibers here investigated. By referring to Figs. 5 and 14,
#1, #3, and #5 have the same blue shift because 𝜌 and 𝑛𝑑 are the same,
even though 𝑡, 𝑅𝑐𝑜, 𝑟𝑒𝑥𝑡, and 𝑁 are different. The same is observed for
fibers #4 and #6, even though they have a wider shift when compared
to the first set, because their refractive index is higher. Fiber#2 has at
least one parameter equal to the previous fibers, but having higher 𝜌
and smaller or equal 𝑛 , shows a smaller shift and 𝛥𝑁𝐶𝐿.
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𝑑

The effects of the tube variation also depend on the radial index 𝜈
and consequently on the TB considered. In case of thickening, Fig. 7(b)
shows that for low azimuthal index CLM the 𝐹𝑐 shift increases with
the radial index, explaining the increasingly red-shift of the peaks in
CL spectra by increasing the TB order shown in Figs. 2(a), 3(a), and 5.
In case of thinning, Fig. 11 shows the azimuthal spectrum broadening
increases with 𝜈 making more higher the CL enhancement, as shown in
Figs. 2(b), 3(c) and (d), and 5. Finally, the number of tubes does not
significantly affect the high-loss edge shifts because, in the context of
the single tube approximation, the features of the CLMs do not depend
on the number of tubes.

In summary, fibers with the same CLM cut-off distributions (same 𝜌
and 𝑛𝑑) exhibit the same loss variations. To make TLFs more resistant
to the damaging effects of tube thickness variations, it is necessary to
design them to work in the fundamental or low order TBs by keeping 𝜌
as high as possible and preferably choosing materials with 𝑛𝑑 as low
as possible, since this allows the fiber to work in those TBs at the
wavelengths of interest. Finally, a low number of tubes helps to increase
the tube radius and thus 𝜌 without increasing the core size.
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Fig. 14. Relative CL variation 𝛥𝑁𝐶𝐿 = 𝑁𝐶𝐿 −𝑁𝐶𝐿0 vs. 𝜌 for the TLFs described in
Table 1, computed at (a) 𝐹 = 2.7 and 𝛼 = +0.1 and at (b) 𝐹 = 2.5 and 𝛼 = −0.1. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

6. Conclusion

In this work, the effects of tube deformation in terms of thickness
variation have been investigated and their detrimental effects on TLF
performance in terms of confinement loss have been analyzed. Results
show that tube thinning causes a frequency blue shift affecting the
blue-edges of HLRs, and that tube thickening causes the appearance
of red-shifted loss peaks. Both effects cause an increase of the loss
in the TLF transmission bands and a reduction of their bandwidth. A
study based on the inhibition of the coupling between FM and CLMs,
single tube approximations and the Azimuthal Fourier Decomposition
of the modes has been applied in order to understand and explain the
mechanisms, and foresee the effects. The effectiveness of the approach
is confirmed by numerical simulations. The study shows that the addi-
tional loss caused by the thickening is related to a red-shift of the low
azimuthal index CLMs cut-off frequencies. The mechanism occurring
in case of tube thinning is different. In that case, the deformations
cause a modification of the field spatial distribution of the CLMs, which
results in an increase of the coupling between FM and CLMs. Since in
case of tube thinning the additional losses are related to the spectral
distribution of the cut-off frequencies of the CLMs, any parameter
affecting them plays a role in the additional loss. In particular, the
increase of the 𝜌 parameter or the reduction of the tube refractive
index tend to increase the azimuthal index of the CLMs with cut-off
frequency falling in the TBs, making the fibers more resilient toward
tube thinning. An increase of the resilience both for thickening and
thinning is also observed by reducing the order of the working TB.
Although not all the possible disturbances have been included in the
analysis here presented, the approach followed is quite general and
can be applied to other kinds of analysis. Finally, it also shows the
effectiveness of the IC model in describing the waveguiding mechanism
of TLFs and the role played by the articulated set of CLMs.
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