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Abstract

Three optimization problems based on node-colored undirected graphs are the subject
of the present study. These problems model real-world applications in several domains,
such as cybersecurity, bioinformatics, and social networks, although they have a similar
abstract representation. In all of the problems, the goal is to partition the graph into
colorful connected components, which means that in each of the connected components, a
color can appear in at most one node. The problems are optimized according to different
objective functions, leading to different optimal partitions. We propose a compact Mixed
Integer Linear Programming formulation for each of the three problems. These models
are based on spanning trees, represented through multi-commodity flows. The compact
nature of the new linear models is easier to handle than the approaches that previously
appeared in the literature. These were based on models with an exponential number of
constraints, which, therefore, required complex solving techniques based on the dynamic
generation of constraints within a branch-and-cut framework. Computational experiments
carried out on the standard benchmark instances for the problems show the potential of
the new compact methods, which, once fed into modern state-of-the-art solvers, are able
to obtain results better than the previous algorithmic approaches. As an outcome of the
experimental campaign, a dozen instances of the different problems considered are closed
for the first time.

Keywords: colored graphs; minimum orthogonal partition; maximum edges in transitive
closure; minimum colorful components; compact mixed integer linear programming models

1. Introduction

Connected components are a crucial tool in graph theory to model and solve real-world
problems in several application domains. A connected component is a subgraph such that a
path exists between each pair of nodes in the component. In this work, they are considered
in the context of colored graphs, where each node is assigned a color, and typically, colorful
connected components are relevant. Given a node-colored graph G = (V, E), a connected
component of G is colorful if no two nodes within the component share the same color.
Starting from this common background, this paper focuses on three optimization problems
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involving colorful components: the Minimum Orthogonal Partition (MOP), the Maximum
Edges in Transitive Closure (MEC) problem, and the Minimum Colorful Components (MCC)
problem. These problems were originally introduced in the context of orthology gene
identification in bioinformatics [1-3], with colors associated with genes from different
genomes connected through pairwise homology relations. In this context, the aim is to
remove redundant and spurious homologies, and this is technically achieved by looking
for connected components that satisfy the orthogonality property. In all three problems, the
goal is, therefore, to remove edges so that the resulting graph is partitioned into colorful,
connected components. The objective of the three problems is, however, different and
reflects alternative desiderata in the biological context: the MOP problem minimizes the
number of deleted edges, the MEC problem maximizes the number of edges in the transitive
closure of the resulting graph, and the MCC problem minimizes the total number of colorful
components. Beyond bioinformatics, the MOP, MEC, and MCC problems have applications
in other domains, such as social network analysis, cybersecurity, computer network design,
and blockchains (see [4] for full details).

The MOP problem was first introduced by Ref. [5]. As noted by Ref. [2], it can be
viewed as a special case of the N'P-hard Minimum Multi-Cut problem, which asks for the
minimum number of edges to be removed in order to disconnect given pairs of nodes
(which are pairs of nodes with the same color in the case of MOP). The MOP problem
can also be formulated as an instance of the Multi-Multiway Cut problem [6], which is
defined over sets of nodes (that are the nodes with the same color in MOP). The MOP
problem has been shown to be solvable in polynomial time when the number of colors
is at most two, whereas it is N'P-hard in general [2]. Fixed-parameter algorithms have
also been proposed in the same work for special cases, showing that the problem is fixed-
parameter tractable with respect to the number of colors and the number of edge deletions.
Again, concerning parametrization, Ref. [7] studied the problem parameterized by the
size of a node cover. Ref. [5] proposed an approximation algorithm for edge-weighted
graphs. Several heuristic approaches were explored in Refs. [1,2]. In Bruckner et al. [8],
two more heuristic approaches were proposed together with some reformulations in terms
of implicit hitting set problems and a clique partitioning problem. The implicit hitting set
framework [9,10] allows constraints to be generated dynamically and added iteratively
as needed. The clique-partition-based formulation [11] instead transforms the problem
into finding a partition of the graph into cliques, ensuring that the colorful property is
maintained. In spite of having a polynomial number of constraints—the implicit hitting set
formulation has exponentially many constraints—the number of constraints is considered
too large by the authors, and a row generation scheme is employed.

The MEC problem—based on transitive closures—is motivated by the observation that
relations between genes exhibit transitivity in several bioinformatics applications studying
orthologies. The authors of [1] conjectured the MEC problem to be NP-hard, and presented
a rudimentary heuristic approach. Some other complexity and approximation results can
be found in [3,12], showing that MEC is AP X-hard when there are at least three colors
and NP-hard to approximate within a given factor. More results related to parametrized
approximation complexity can be found in Ref. [13].

The MCC problem was first introduced in [3], where the authors provided several
general and special-case complexity and approximation results. Further approximation
and complexity results can be found in [13], where the authors also show that the MCC
problem is equivalent to the Minimum Multi-Cut problem [14].

The reference and inspiration for the present manuscript is the work by Archetti et al. [4],
where the authors analyze MOP, MEC, and MCC within a common framework. They present
Linear and Non-Linear Integer Programming formulations characterized by an exponential
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number of constraints, several theoretical results on the structure of the problems, and an exact
branch-and-cut algorithm incorporating several valid inequalities, variable bounding, warm-
start strategies, and preprocessing routines. To the best of their knowledge, no previous exact
global algorithms existed for solving these problems. The resulting framework represents
the current state-of-the-art for solving the three problems considered.

In the present manuscript, we introduce compact Mixed Integer Linear Programming
models for the problems considered, based on a common representation of the colorful-
components subproblem based on a multi-commodity spanning tree formulation. The
advantage of compact models is that they do not require complex algorithmic approaches to
be effective in practice, but they can instead be fed directly into black-box solvers, making
the whole solving process extremely simple and more accessible to a wider community.
Traditionally, purpose-designed algorithms that dynamically generate constraints from
an exponential set perform better than compact models. However, recent developments
in black-box solvers such as Google OR-Tools CP-SAT 9.14 [15], which use a portfolio of
solvers running in parallel and exchanging information, are reviving interest in the latter,
simpler models. Examples of applications where compact models attacked with modern
solvers are able to provide state-of-the-art solutions can be found in [16-18].

The remainder of this paper is structured as follows. Section 2 formally defines
the three problems that are the object of the present study. Section 3 presents compact
models based on a common multi-commodity-flow spanning-tree formulation [19] for the
three problems. Section 4 discusses the outcome of an extended computational campaign
where the new models are compared with the methods presented in [4] on the instances
available in the literature. Section 5 concludes the study and proposes some extensions for
future work.

2. Definition of the Problems

In the context of the problems addressed in this manuscript, a node-colored graph
G = (V,E,C) is provided as input, with C being a set of colors associated with the nodes
in V, such that col(i) is the color of node i € V. Given a connected component S C G with
node set Vs, S is defined as colorful if ¢; # c; Vi, j € Vs, which means all the nodes of S have
different colors. An example of a colored-graph is provided in Figure 1.

Figure 1. Example of a colored graph. The different colors assigned to nodes are instrumental in
defining the different problems treated in this study.

For the three problems treated in this work, the set of feasible solutions is represented
by the possible partitions of G into colorful components. However, they differ in terms of
the objective. For ease of reading, let us remind the reader of the definition of the transitive
closure of a graph. The transitive closure of an undirected graph G is a graph H = (V, EH),
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where EH = {{i,j} : there is a path connecting i and j in G}. Notice that in the graph H,
each connected component forms a clique.
We are now ready to provide a formal definition for each one of the three problems.

Definition 1 (Minimum Orthogonal Partition Problem—MOP). Given a node-colored graph
G = (V,E,C), the MOP problem consists of finding the smallest subset of edges E' C E to remove
from the graph G such that in the resulting graph G' = (V,E \ E'), all the connected components
are colorful.

An example of an optimal solution for the MOP problem defined on the graph of
Figure 1 can be found in Figure 2.

a C
XG

Figure 2. A solution of MOP for the colored graph introduced in Figure 1. The red dashed line
identified the only edge left out while creating the connected components, which implied a solution
cost of 1.

Definition 2 (Maximum Edges in Transitive Closure Problem—MEC). Given a node-colored
graph G = (V,E,C), the MEC problem consists of finding the subset of edges E' C E to remove
from the graph G, such that in the resulting graph G' = (V,E \ E’), all the connected components
are colorful, and the number of edges in their transitive closure is maximized.

An example of an optimal solution for the MEC problem defined on the graph of
Figure 1 can be found in Figure 3.

a N C
XG

Figure 3. A solution of MEC for the colored graph introduced in Figure 1. The red dashed line

identifies the original edges left out while creating the connected components. The dashed green
edges are those of the transitive closure of the connected components, which have to be maximized
together with the original edges (in black) left in the connected components.

Definition 3 (Minimum Colorful Components Problem—MCC). Given a node-colored graph
G = (V,E,C), the MCC problem consists of finding the subset of edges E' C E to remove from the
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graph G, such that the resulting graph G' = (V,E \ E') consists of the smallest possible number of
colorful components.

An example of an optimal solution for the MEC problem defined on the graph of
Figure 1 can be found in Figure 4.

Figure 4. A solution of MCC for the colored graph introduced in Figure 1. The colors of the edges
distinguish the different connected components. The target is to generate the smallest possible

number of connected components.

The three problems are characterized by the same structure, which is based on iden-
tifying a set of colorful, connected components. This property will be used in Section 3,
where some compact models for the problems will be devised.

3. Compact Mixed Integer Linear Programming Models

We propose compact MILPs for the three problems introduced in Section 2. These
models are characterized by a polynomial number of variables and constraints. The previ-
ous approaches available in the literature [4] were based on models with an exponential
number of constraints and on the dynamic generation of these constraints within a branch-
and-cut framework, leading to a complex overall solution approach characterized by a
substantial implementation effort. We instead propose self-contained models that can be
fed into black-box solvers, which take care of the whole solution process.

The models we propose all rely on a spanning tree used to identify colorful, connected
components and are calculated on a slightly modified input graph. We first introduce the
set of constraints for such a spanning tree in Section 3.1. Then the models for the three
problems are defined in detail in Sections 3.2-3.4.

3.1. Backbone Spanning Tree: A Compact Formulation to Model Colored Clustering

In this work, we propose compact models based on spanning tree formulations for
MOP, MEC, and MCC. In the model, each connected component is identified by a rep-
resentative node that is part of it. The idea of exploiting spanning tree concepts in the
context of clustering is well established [20], and we want to show that it can be competitive
also in the context of Mixed Integer Linear Programming models for the problems under
investigation in this manuscript.

In order to formally define our model, we need to create a directed graph GP, that will
be instrumental in modeling connected components problems in terms of an arborescence
problem. The node set of GP is that of G with the addition of a new node; we will refer to
it as r—the root of the original graph—which is connected by a directed arc (7, i) to each
node i € V. The node r will act as a root of the arborescence used to model the connected
components. In fact, each connected component will be connected to r. Moreover, for
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each edge {i,j} of the graph G, we create two directed arcs (i,j) and (j,i). Formally,
GP = (VP,A),where VP = VU {r}and A = {(i,j) : {i,j} € E} U{(r,i) : i € V}. Notice
that the undirected edge {i,j} € E is represented as a set containing nodes i and j and in the
definition will generate two directed arcs (i, j) and (j, i), represented as ordered pairs in our
notation. In the model we propose, connected components are identified by representative
nodes, which are those connected to the root r through an arc (r,i) in an arborescence
shaping the solution. An example of a support arborescence is provided in Figure 5.

Figure 5. Backbone arborescence for the MCC solution depicted in Figure 2 relative to the example of
Figure 1. The dotted node r is the artificial root of the tree, and the dotted arcs are the artificial arcs
used by the solution among those added to connect r to the other nodes. Notice that the nodes a and
b are in this solution the representatives of the two connected components.

Given the new graph GP, we can model an arborescence rooted in r via a multi-
commodity flow formulation, as discussed, for example, in [19]. The branches of the
spanning tree on the original graph G corresponding to an arborescence on GP will identify
the connected components at the basis of the solutions of the three problems considered
in this study. To model the arborescence problem, a binary variable x;; is introduced for
each i,j € V; it takes the value 1 if the arc node i is part of the connected component with
representative j, and 0 otherwise. A binary variable w;; is introduced for each {i,j} € E;
it takes the value 1 if the edge {i,j} is part of the tree used to represent the connected
components, and 0 otherwise. On top of w variables representing the spanning tree, a set of
integer variables y is defined to model a multi-commodity-flow arborescence representing
the backbone of the spanning tree, such that y;; = « > Oifarc (i, ) is part of the arborescence
and carries a units of commodity. Given these variables, the resulting model is as follows.
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jev
Y v =1V 2)
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(ji)eA (ij)eA

wij < Yij (i,j) €A 4)

[V]w;j > yij (i,j)e A ()

wij = 1= xy = x]-k (l,]) cAkeV (6)

[Vxii > yi ieV )
xi]'gl ceCjeVv (8)

ieV:col(i)=c

Xij € {0,1} i,jeV 9)

vij € Ny (i,j) € A (10)

wjj € {0,1} {l,]} ev (11)

Constraints (1) state that each node has to be assigned exactly to one cluster.
Constraints (2) and (3) define an arborescence rooted in node r over the graph G'. They
are based on a classic multi-commodity-flow model (see [19]). Constraints (2) specify that
|V| units of commodity—one for each vertex of V—must be sent out of the root r, while
equalities (3) are conservation constraints and also impose that one unit of commodity is
consumed by each vertex. The inequalities (4) and (5) connect w variables to y variables,
making sure that an edge of the tree represented by w variables can be active only when
one of the two corresponding arcs of the arborescence described by y variables carries
some commodity. The indicator constraints (6) state that if w;; = 1, then nodes i and j
have to be assigned to the same cluster identified by a representative k. The constraints (7)
regulate the selection of the representative of the clusters, which correspond to the nodes
connected to the root r in the arborescence described by the y variables. Constraints (8)
address colorfulness and stipulate that each color can appear at most once in each active
cluster (identified through its representative). Finally, constraints (9)—(11) describe the
domains of the variables.

The model above, describing a spanning tree via an arborescence, and, in turn, identi-
fying connected components that fulfill constraints on the colors of the nodes they contain,
will be the backbone of the models for the MOP, MEC, and MCC problems, as described
in the next sections. The most relevant characteristic of the model is that it is based on a
number of variables and constraints that are both polynomial in the number of nodes of the
original graph G. The previous models discussed in the literature for the MOP, MEC, and
MCC problems were instead characterized by an exponential number of constraints [4],
and required a complex branch-and-cut framework to practically solve them. Conversely,
the models we propose can be attacked directly by black-box solvers.

3.2. A Compact Model for the MOP

Making use of the model for the backbone spanning tree described in Section 3.1, the
MOP can be modeled as follows. A new binary variable z;; is introduced for each {i,j} € E
and takes the value 1 if i and j are not part of the same connected component; 0 otherwise.
The resulting model is as follows.



Algorithms 2025, 18, 759 8of16
(CMOP)min ) z; (12)
{ij}€E
st (1) —(11)
Zij > Xik — Xjk {i,j} €EkeV (13)
Zjj 2 Xjg — Xk {i,j} € EkeV (14)
zij € {0,1} {i,j} €E (15)

The objective function minimizes the number of edges of the original graph G that are
across different connected components in the solution. Inequalities (13) and (14) force each
z;j variable to take the value 1 if the nodes of an edge i, j € E are not in the same connected
component. Constraints (15) finally define the domain of the z variables.

3.3. A Compact Model for the MEC

A new binary variable u;; is introduced for each i, j € V and takes the value 1 if i and
j are not part of the same connected component; 0 otherwise. Notice that with respect to
the z variables of the model for the MOP problem, which were defined only on the edge
set E, here the u variables are defined for each pair of nodes in V. The resulting model is

as follows.
(CMEC)min ) uj (16)
ijeVvV
s.t. (1) — (11)
Uij > Xik — Xjk i,j,keV (17)
Ujj > Xjg — Xik LjkeV (18)
ujj € {0,1} i,jeVv (19)

The objective function (16) minimizes the number of pairs or nodes that are in differ-
ent connected components in the solution. This optimization is trivially equivalent to
the MEC objective function described in Section 2, which aims at maximizing the edges
within the transitive closures of the connected components. In fact, in (16) we mini-
mize the complement of the edges maximized in Definition 2, and the objective function
value v(MEC) of a solution calculated according to Definition 2 can always be obtained
as follows:
U(MEC) = w - 2 uij (20)
ijeVvV
Inequalities (17) and (18) force each z;; variable to take the value 1 if nodes i and j are
not in the same connected component. Constraints (19) finally define the domain of the

u variables.

3.4. A Compact Model for the MCC

Making use of the model for the backbone spanning tree described in Section 3.1, the
MCC can be modeled as follows.

(CMCC)min )_ y,; (21)
ieV
s.t. (1) — (11)

Given the objective of the problem, which is to minimize the number of colorful connected
components, it is enough to add an objective function to the constraints used to define the
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backbone structure. In detail, in (21), we minimize the number of outgoing arcs from the
root 7 in the solution.

4. Experimental Results

This section is devoted to the presentation and discussion of the experimental cam-
paign we carried out on the MOP, MEC, and MCC problems by the models discussed
in Section 3. The benchmark instances adopted—which are those commonly used in the
literature—are introduced in Section 4.1, while the experimental comparison between the
new models and the methods discussed in the recent work [4] can be found in Section 4.2.

4.1. Benchmark Instances

To assess the effectiveness of the compact models discussed in Section 3, the instances
already adopted in [4] for the problems treated in this work were used. The interested
reader can download such instances from [4], where all the solving codes of the methods
proposed by the authors are also available. The instances track back to [2], where the
authors generated the multiple alignment dataset of the BAIiBASE 3.0 benchmark set [21].
For the instances consisting of multiple connected components, the authors of [4] solved
the problem separately for each of them and restricted the analysis to all graphs having
between 10 and 210 nodes. The resulting dataset consists of 409 instances, with a broad
range of difficulty levels.

4.2. Computational Experiments

The models discussed in Section 3 have been solved with both Gurobi version 12.0.3 [22]
and Google OR-Tools CP-SAT 9.14 [15]. The experiments have been carried out on a computer
equipped with an Intel Core i7-12700F processor running at 2.1 GHz and 32 GB of RAM,
using 20 threads. The results will be compared with those reported in [4], obtained on a
computer equipped with an Intel Core i7-3770 processor running at 3.4 GHz and 16 GB of
RAM using one thread only. For all the methods, a maximum of 10 GB of RAM is allowed
for the calculations. The computation times of our approaches are multiplied factor of
14.67, which, according to [23], makes the comparison fair by taking into account both the
differences in the CPUs and the number of threads allowed for the computation. In the rest
of the paper, we will, therefore, refer to times normalized to the Intel Core i7-3770 processor.

For attacking the models described in Section 3, we decided not to use any of the
preprocessing techniques or valid inequalities discussed in [4], since preliminary experi-
ments suggested that both Gurobi and CP-SAT were not receiving any observable benefits
from them.

Notice that the choice of using the maximum number of available threads for solving
the models described in Section 3 is suggested by the use of the CP-SAT solver, which takes
great advantage of parallel computation, but would not be competitive if run longer on
one thread only. The Gurobi solver, on the other hand, is not expected to benefit greatly
from the parallel environment.

In the tables reported in the next sections, several variations of the methods reported
in [4], with runs of a maximum 3600 s on a single core, are listed. We use the names as they
appear in the paper and in its online compendium, and we refer the interested reader there
for full details about the differences. When relevant, we also report statistics about the best
bounds obtained by all the methods reported in [4] (Overall Best Bounds). Concerning the
methods discussed in Section 3, the results achieved by solving them using Gurobi and
CP-SAT with a maximum computation time of 3600 wall seconds are reported, in order
to have a fair comparison with the results reported in [4]. A longer run of CP-SAT with
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a maximum of 36,000 s, aiming at understanding the full potential of the models, is also
reported when relevant.

For each method considered to solve the different problems, we report the aggregated
results for the 409 instances considered in terms of:

*  LB: The average lower bounds obtained in the given computation time;

e UB: The average upper bounds obtained in the given computation time;

*  Gap %: The average optimality gap obtained in the given computation time;

*  #Solved: The number of instances solved to optimality in the given computation time;

*  Sec: The average computation time in seconds. For the new methods introduced in
this work, we also report in brackets the unnormalized wall time registered for each
instance on the Intel Core i7-12700F adopted for the experiments.

The detailed disaggregated results can be found in the online repository available at
https:/ / github.com/Montel14/MOP_MEC_MCC/ (accessed on 25 November 2025).

4.2.1. Minimum Orthogonal Partition Problem

The results for the MOP problem are summarized in Table 1. All the instances could
be solved to optimality by some of the methods proposed in [4]; therefore, the challenge
is mainly in the computation time required to close all the instances. When attacking the
model CMOP presented in Section 3.2 with Gurobi, we see that already 396 out of the
409 instances can be closed within the given time, showing that reasoning in terms of
compact models makes sense for this problem. CP-SAT performs remarkably better than
Gurobi on the model CMOP, being able to solve all 409 instances to optimality within the
given time. CP-SAT is likely to take advantage of the interaction of linear programming
solvers, SAT solvers, and metaheuristic algorithms that run in parallel during the solving
effort, while Gurobi relies only on enhanced linear programming solvers (and, eventually,
metaheuristics). For this problem, a variety of collaborative solvers seem to be more
effective than a self-standing sophisticated linear programming solver.

Table 1. Experimental results for the Minimum Orthogonal Partition (MOP) problem. Statistics are
over 409 instances.

Method LB UB Gap % # Solved Sec
“MOP (D)” [4] 17.53 20.01 1.87% 385 280.63
“MOP (A)” [4] 17.91 20.12 1.53% 384 255.14
“MOP” [4] 18.72 19.32 0.24% 408 2.94
“MOP + (15)” [4] 18.72 19.32 0.24% 408 3.22
“MOP + (14a)” [4] 17.92 19.74 1.08% 394 158.13
“MOP + (14b)” [4] 18.72 19.33 0.25% 406 29.61
“MOP + Alg.3" [4] 19.16 19.16 0.00% 409 4.81
“MOP + Alg.5” [4] 18.72 19.32 0.24% 408 3.41
“MOP + Alg.3 + Alg.5” [4] 19.16 19.16 0.00% 409 5.46
CMOP-Gurobi 19.15 19.59 0.35% 396 132.48 (9.02)
CMOP-CP-SAT 19.16 19.16 0.00% 409 3.33 (0.23)

In the chart reported in Figure 6, we plot for each of the methods considered in the
experiments reported in Table 1 a line representing its performance in terms of instances
solved over time. In detail, the number of instances closed to optimality is reported on
the x-axis, while the computation time in seconds is reported on the y-axis. Therefore, the
best performing methods are those with a line sticking as much as possible to the x-axis
and reaching out as far as possible on the right. From the figure, we can see how several
methods have similar favorable lines reaching 409, while others are clearly dominated, with
Gurobi operating on model CMOP showing average performance. In terms of normalized
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computation times, Gurobi shows average performance, while CP-SAT appears to be the
fastest method. When considering the wall times reported in brackets, we can see that
CP-SAT is able to solve each instance in negligible time.

In order to clarify the situation among the best methods, in Figure 7, we zoom in on
the relevant area of the plot of Figure 6. We can observe how the blue line of CP-SAT is
close to the fastest methods when solving up to 408 instances; however, it is the fastest one
to close the whole set of benchmarks.

35004 """ MOP(D) —
MOP (A) :
= MOP :
3000 === MOP+(15) .
MOP+(14a) il
s+ MOP+(14b) ‘e
2500 - 2
2001 mop+aig3 =
MOP+AIg5
2000 | === MOP+Alg3+Alg5 _.':
] == CMOP -- Gurobi o
v —— CMOP -- CP-SAT N
1500 -
1000 -
500 A
0
Q Q Q Q Q
ey AV o P P

# Solved Instances

Figure 6. Minimum Orthogonal Partition problem. Times vs. number of instances solved to optimality.

MOP

MOP+(15)
MOP+AIg3
MOP+AIlg5

m— MOP+Alg3+Alg5
800 1 === CMOP -- CP-SAT

1000 A

L 6001
(0]
w0
400 -
200 4 ;———'_
/
0 -
> o © a 2 )
X w W W o O

# Solved Instances

Figure 7. Minimum Orthogonal Partition problem. Times vs. number of instances solved to optimality,
zoomed on the right end of Figure 6.
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4.2.2. Maximum Edges in Transitive Closure Problem

The results for the MEC problem are summarized in Table 2. Solving the model CMEC
presented in Section 3.3 with Gurobi, the number of solved instances and computation

times position the method in the range of the most basic methods presented in [4], while

CP-SAT outperforms the previous methods both in terms of solving time and number of

instances solved. CP-SAT remains superior even when compared to the overall best bounds

previously appeared in the literature. A further 3 instances can be closed if we let the solver

run for 36,000 normalized seconds, reaching a total of 404 instances closed. These results

are achieved with very short wall times.

Table 2. Experimental results for the Maximum Edges in Transitive Closure (MEC) problem. Statistics

over 409 instances.

Method LB UB Gap % # Solved Sec
“MEC (D)” [4] 23.66 236.74 21.74% 257 1504.49
“MEC” [4] 28.89 258.72 12.48% 321 840.90
“MEC + (15) + (16)” [4] 28.64 254.71 13.64% 317 891.95
“MEC + Alg.1” [4] 32.39 190.19 2.63% 372 429.24
“MEC + (14a)” [4] 25.81 211.21 5.71% 356 498.73
“MEC + (14b)” [4] 28.72 189.32 2.38% 397 148.19
“MEC + (14b) + Alg.1” [4] 33.17 191.36 2.05% 394 164.17
Overall Best Bounds [4] 33.24 172.29 1.90% 398 -
CMEC-Gurobi 27.99 223.01 13.21% 328 796.14 (54.18)
CMEC-CP-SAT 33.04 110.99 1.12% 401 90.78 (6.18)
CMEC-CP-SAT 36,000 s 33.63 33.79 0.05% 404 501.61 (34.14)

A chart analogous to that reported in Figure 6 is presented in Figure 8 for the results

on the MEC problem. From the chart, the dominance of the method involving the run of

CP-SAT on the model CMEC is clearly dominant, both in terms of computation times and

the number of instances closed.

35004 "*° MEC(D)
R MEC
MEC+(15)+(16)
3000 | === MEC+AIg1l
—— MEC+(14a)
m— MEC+(14b)
L — MEC+(14b)+Alg1
e CMEC -- Gurobi
2000 - === CMEC -- CP-SAT
o
(7]
1500 1
1000 1
500 A
0 Jrnnnann
o o o o o o o
NS N D » > P o

# Solved Instances

Figure 8. Maximum Edges in Transitive Closure problem. Times vs. number of instances solved

to optimality.
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An analysis of the disaggregated results reported in the online compendium finally
suggests that when the CP-SAT solver was run on model CMEC for 3600 normalized
seconds, it was able to improve the best-known results for 8 lower bounds and 10 upper
bounds, closing for the first time three instances. When the method was run for 36,000 s,
these figures increased, respectively, to 10, 11, and 6.

4.2.3. Minimum Colorful Components Problem

The results for the MCC problem are summarized in Table 3. The model CMCC pre-
sented in Section 3.4, while solved with Gurobi, guarantees poor performances, emerging as
the worst method of them all. When the model CMCC is attacked with the CP-SAT solver,
the maximum number of instances closed among the different methods is achieved (400),
notwithstanding one of the methods discussed in Ref. [4|—namely MCC + (14b) + Alg.2—
was able to have a lower average percentage gap. This indicates that CP-SAT might have
some robustness issues, with particularly poor performances on some of the instances. It is
also interesting to observe that the overall best bounds reported in [4] allowed the closure
of 400 instances, suggesting that the different methods perform differently on different
instances. Finally, wall times remain very favorable for CP-SAT.

Table 3. Experimental results for the Minimum Colorful Components (MCC) problem. Statistics over
409 instances.

Method LB UB Gap % # Solved Sec
“MCC (D)” [4] 4.70 8.14 5.08% 362 454.94
“MCC” [4] 4.71 6.98 2.12% 387 229.93
“MCC + (14a)” [4] 4.72 6.82 2.38% 385 237.91
“MCC + (14b)” [4] 4.90 6.13 1.18% 399 101.80
“MCC + Alg.2” [4] 4.87 5.55 0.92% 390 174.07
“MCC + (15) + (17)” [4] 4.72 7.09 2.42% 384 227.95
“MCC + (14b) + Alg.2” [4] 5.02 5.19 0.43% 397 113.57
Overall Best Bounds [4] 5.03 5.15 0.28% 401 -
CMCC-Gurobi 4.04 5.09 6.70% 356 552.63 (37.61)
CMCC-CP-SAT 4.90 5.08 0.63% 400 98.78 (6.72)
CMCC-CP-SAT 36,000 s 4.99 5.08 0.24% 404 538.96 (36.68)

A chart similar to those seen in the previous sections is presented in Figure 9 for the
results on the MCC problem. The chart suggests that CP-SAT performs similarly to the best
methods (in terms of time to close instances) up to circa 390 instances, when its advantage
over the competitors is clear. Although the average optimality gap is not considered in the
figure, and—as observed before—the method defers somewhat to MCC + (14b) + Alg.2
under this viewpoint.

The disaggregated results reported in the online compendium indicate that when
the CP-SAT solver was run on model CMEC for 3600 normalized seconds, it was able to
improve the best-known results for four lower bounds and four upper bounds, closing for
the first time six instances. When the method was run for 36,000 s, these figures do not
change, although the optimality gap is reduced. Remarkably, by combining the results of
the methods presented in [4] with the new ones in this manuscript, a total of 407 instances
have been closed to optimality, with a certain choice of methods able to prove optimality.
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Figure 9. Minimum Colorful Components problem. Times vs. number of instances solved to optimality.

4.3. Discussion

The results presented in the previous sections mainly suggest that the new compact
models in Section 3 can achieve state-of-the-art results (and sometimes improve the best-
known results) when solved with modern solvers such as the CP-SAT solver. The advantage
is likely due to the exploitation of the intrinsic parallel environment guaranteed by modern
processors, making compact models very attractive. More complex algorithmic methods,
typically based on metaheuristics or branch-and-bound, are less prone to benefit from these
new hardware architectures, due to the centralized nature of their solving process.

5. Conclusions

In this work, some new compact formulations for three optimization problems defined
on node-colored undirected graphs have been introduced, namely the Minimum Orthog-
onal Partition, the Maximum Edges in Transitive Closure, and the Minimum Colorful
Components problems. All the models rely on a common structure, based on a spanning
tree, to represent connected components. Despite their common structure, each problem
targets a different objective function while sharing the same goal, namely, partitioning the
graph into colorful connected components.

The proposed compact formulations, based on spanning-tree representations through
multi-commodity-flow models, offer a different approach compared with previous solving
methods, which mainly rely on exponentially large models and complex branch-and-
cut strategies.

Extensive computational experiments on standard benchmark instances confirm the
effectiveness of the new compact formulations, in particular when solved with modern
state-of-the-art black-box solvers. A dozen benchmark instances across the three problems
have been solved to optimality for the first time, further highlighting the practical potential
of the proposed approach.

Future work should be in the direction of investigating compact models for other
optimization problems on colored graphs.
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